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Chapter 2

The coordinate Bethe ansatz

In this chapter the Bethe ansatz is discussed, both for the Lieb-Liniger model and
the XXZ spin chain. We start with an intuitive picture of what wavefunctions in
one dimension in general look like. This is followed by introducing the coordinate
Bethe ansatz. For pedagogical reasons we will focus our attention on the Lieb-
Liniger model where the physics behind the coordinate Bethe ansatz is most clear.
We briefly discuss the coordinate Bethe ansatz for other quantum integrable mod-
els, including the XXZ spin chain. When imposing periodic boundary conditions,
one has to deal with the Bethe equations, whose solutions define the eigenstates of
the model. We give a brief outline for the Lieb-Liniger case, followed by an exten-
sive dicussion of the XXZ spin chain case. While all other results in this chapter
are well known the classification of states for the XXZ chain (gapped regime) is a
new result.

2.1 Dynamics in 1D

In this section we consider interacting many-body problems restricted to one spa-
tial dimension. We will discuss what is special about one-dimensional models in
contrast to higher-dimensional ones. In order to keep this section as simple as
possible we consider only models defined on the continuum with indistinguishable
particles. Later on in this chapter we will discuss models without those restrictions.

2.1.1 Wavefunction for free particles

It is instructive to first study the N -particle wavefunction for models without inter-
actions. The Hamiltonian for N free scalar particles defined on a one-dimensional
continuous space is

H0
N = −

N∑
j=1

∂2

∂x2
j

. (2.1)

The eigenfunctions can be found by first considering the 1-particle problem for
which the wavefunction is simply χ0

N (x|k) = eikx. By imposing boundary con-
ditions the momentum k becomes quantized. For the moment we will consider
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2.1 Dynamics in 1D

periodic boundary conditions for a system of length L which implies kn = 2πn/L.
One can easily construct the N -particle wavefunction

χ0
N (x1, . . . , xN |λ1, . . . , λN ) =

∑
P∈SN

S[P]ei
PN
j=1 kPjxj (2.2)

where the sum is over all permutations SN of the set {1, . . . , N}. Here, the factor S
reflects the statistics of the particles and [P] is the parity of the permutation P. In
case of Bosons we have a completely symmetric wavefunction; this corresponds to
S = 1. The completely anti-symmetric wavefunction S = −1 corresponds to free
Fermions. The wavefunction in this case can be written as a Slater determinant.

2.1.2 Wavefunction for interacting particles

A more interesting situation is when we turn on interactions between the particles.
We consider a model described by the following Hamiltonian

HN = −
N∑
j=1

∂2

∂x2
j

+
∑
j>k

v(xj − xk) (2.3)

where we assume that the interactions via the potential v(xj−xk) are only pairwise.
Furthermore, we assume that v(r) has the following properties: it is symmetric
v(r) = v(−r), decays monotonically dv(|r|)/dr > 0 and vanishes at large distances
limr→∞ v(|r|) = 0.

2 particles

The first non-trival case is for 2 particles. If the interaction potential v(r) decays
sufficiently fast 1, one can define asymptotic regions x1 � x2 and x1 � x2 where
the two particles can be considered as free. In this asymptotic region we expect
the wavefunction to be approximately of the form

χ2(x1, x2|λ1, λ2) = A1e
i(λ1x1+λ2x2) +A2e

i(λ1x2+λ1x2) (2.4)

where the coefficients can be functions of λ1 and λ2. In the asymptotic region the
λj can be thought of as the momenta of the particles. To distinguish the λj from
physical momenta we will call them rapidities in the future. If we now consider
the case x1 � x2 and λin1 > λin2 the two particles will scatter at some point and
eventually end up in the other asymptotic region x1 � x2 with rapidities λout1 , λout2 .
Since the total momentum and energy are conserved we have the following set of
equations

P = λin1 + λin2 = λout1 + λout2 (2.5)
E = ε(λin1 ) + ε(λin2 ) = ε(λout1 ) + ε(λout2 ) (2.6)

which lead to the two possible solutions λin1 = λout1 , λin2 = λout2 and λin1 = λout2 ,
λin2 = λout1 . Of course, we assume that the one-particle energy ε(λ) is linear

1To quantify what sufficiently fast is one can imagine that the integral
R∞
R v(r)dr should exists

for some finite R.
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The coordinate Bethe ansatz

independent from λ (e.g. ε(λ) = λ2). Therefore, we expect that (2.4) is also
true in the other asymptotic region x1 � x2. Note that exchange factors of the
particles can be absorbed into the coefficients A1 and A2. To conclude: all 2-
particle problems where the interaction potential decays sufficiently fast can in
the asymptotic regions be described by the wavefunction (2.4). In two or more
dimensions this is generally not true, since momentum and energy conservation
alone are not sufficient to constrain the rapidities λj .

3 particles

The case of 3 particles is more interesting, since now we have not only 2-body scat-
terings but also 3-body scatterings. In the generic case momentum conservation
and energy conservation are not sufficient to constrain the rapidities {λj}. The
wavefunction in the asymptotic region x1 � x2 � x3 will generally be of the form

χ3(x1, x2, x3|λ1, λ2, λ3) =
∑
P∈S3

APe
i(λP1x1+λP2x2+λP3x3)

+
∫

Γ

dµ1dµ2dµ3S3(λ1, λ2, λ3|µ1, µ2, µ3)ei(µ1x1+µ2x2+µ3x3)

(2.7)

where Γ is the domain of fixed momentum P and energy E. The first term contains
only 2-body scattering processes and is therefore similar to (2.4). The second
contains the 3-body scattering term S3 which probably makes it an insurmountable
problem to find the wavefunctions exactly for generic 3-body scattering. On the
other hand, if there exists a third local conserved charge, Q3 = q3(λ1) + q3(λ2) +
q3(λ3), this leads to non-diffractive scattering (i.e. {µj} = {λj}) and therefore the
second term in (2.7) vanishes, thus drastically simplifying the wavefunction.

N particles

Thus far we have discussed 2- and 3-particle problems. Typically, however, one
is interested in the case where the number of particles N is large. Based on our
analysis for 3 particles, exact wavefunctions for a large number of particles are
difficult to find. However, if for the N -particle problem there exist N independent
local conserved quantities, then after every scattering process we have {λinj } =
{λoutj }. In this case we expect in the asymptotic region x1 � x2 � . . .� xN the
wavefunction to be of the form

χN (x1 . . . xN |λ1 . . . λN ) =
∑
P∈SN

APe
i

PN
j=1 λPjxj (2.8)

It turns out that there exist several interesting models where the wavefunction in
the asymptotic region is of the form (2.8). Below we will discuss some examples.

2.1.3 Short range interactions: the Bethe ansatz

An example of an interacting model is the Lieb-Liniger [56, 57] model for which
v(r) = cδ(r) with c some parameter and δ(r) the Dirac delta function. The
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2.1 Dynamics in 1D

asymptotic region, where the interactions can be neglected, is now simply x1 <
x2 < . . . < xN and permutations thereof. Now the surprising result is that the
wavefunction for this model is exactly of the form (2.8) for all possible xj , which
we will call the Bethe ansatz wavefunction. In the next section we will derive
the precise form of the wavefunction. As it will turn out the coefficients AP are
completely determined by the 2-body scattering processes. An intuitive reasoning
explaining this factorization of the scattering processes goes as follows. Consider a
configuration x1 < x2 < x3 with rapidities λ1 > λ2 > λ3 chosen such that a 3-body
scattering process will take place. If we now start from an initial configuration with
one of the particles slightly displaced there will be 3 subsequent 2-body scattering
processes. But since the in and out state rapidities are the same in both cases one
might expect the same scattering amplitude. In case of integrable field theories
the factorization of n-particle scattering processes can be made more precise [58].

λ1 λ2 λ3

λ1λ2λ3

λ1 λ2 λ3

λ1λ2λ3

λ1 λ2 λ3

λ1λ2λ3

Figure 2.1: Three scattering processes which in case of non-diffractive scattering
all have the same amplitude.

Another notable model where the exact wavefunction is a Bethe ansatz wave-
function (2.8) is the Heisenberg model. This model is defined on a lattice and
contains a nearest neighbor interaction. Actually this model was solved exactly
by Bethe in 1931 [59] by making the ansatz (2.8) for the wavefunction, hence the
name Bethe ansatz. The (algebraic) Bethe ansatz for the Heisenberg model will be
discussed in section 3.1. Other Bethe ansatz solvable models include: the Hubbard
model, 2-component Bose gas and many more!

2.1.4 Long range interactions: the asymptotic Bethe ansatz

An interesting model with long range interactions which can be solved exactly is
the one with v(r) = c/r2. In this case the wavefunction is only asymptotically of
the Bethe ansatz form (2.8). However this model has the remarkable feature that
the wavefunction for the ground state is of product form

χGSN =
N∏
j<k

φ(xj − xk) (2.9)

with φ(x) a symmetric (anti-symmetric) function in case of Bosons (Fermions)
[60, 61, 62].
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The coordinate Bethe ansatz

The long-range equivalent of the Heisenberg spin chain is the Haldane-Shastry
model [63, 64]. For the rest of this thesis we will only focus on Bethe ansatz
solvable models with short range interactions.

2.2 Coordinate Bethe ansatz: the Lieb-Liniger model

The Lieb-Liniger model, is a one-dimensional model of Bosons with a point-like
interaction, which is of the type discussed in section 2.1.3. It is expressed in Bose
fields Ψ(x, t) which satisfy the equal-time commutation relations:

[Ψ(x, t),Ψ†(y, t)] = δ(x− y), (2.10)

[Ψ(x, t),Ψ(y, t)] = [Ψ†(x, t),Ψ†(y, t)] = 0. (2.11)

For now we will drop the argument t since in this chapter we focus on static
quantities. The Hamiltonian of the Lieb-Liniger model of size L is

H =
∫ L

0

(
∂xΨ†(x)∂xΨ(x) + cΨ†(x)Ψ†(x)Ψ(x)Ψ(x)

)
dx (2.12)

where c is a coupling constant. In this thesis we will consider only the repulsive
(c > 0) case. This Hamiltonian conserves the total number of particles, therefore
it commutes with the particle number operator Q

Q =
∫ L

0

Ψ†(x)Ψ(x)dx. (2.13)

Because of translation invariance we also have [H,P ] = 0 where the momentum
operator P is

P =
i

2

∫ L

0

((
∂xΨ†(x)

)
Ψ(x)−Ψ†(x)∂xΨ(x)

)
dx. (2.14)

For a given number of particles N we can express the common eigenfunctions of
H,P,Q as

|ψN (λ1, . . . , λN )〉 =
∫ L

0

dNx χN (x1, . . . , xN |λ1, . . . , λN )Ψ†(x1) . . .Ψ†(xN )|0〉

(2.15)
where the Fock vacuum |0〉 is defined as Ψ(x)|0〉 = 0 and is normalized: 〈0|0〉 = 1.
The wavefunction χN is symmetric in its spatial coordinates xj as result of the
commutation relations (2.10). The λj are called rapidities and are determined via
the boundary conditions, which we will discuss later on. We express the eigenvalues
as

H|ψN 〉 = EN |ψN 〉 P |ψN 〉 = PN |ψN 〉 Q|ψN 〉 = N |ψN 〉. (2.16)

These eigenvalue equations can also be expressed in a first quantized notation in
terms of the wavefunction χN

HNχN = ENχN . (2.17)
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2.2 Coordinate Bethe ansatz: the Lieb-Liniger model

The corresponding Hamiltonian HN in first quantized notation is

HN =
N∑
j=1

− ∂2

∂x2
j

+ 2c
∑
j>k

δ(xj − xk). (2.18)

One can verify this by letting act the Hamiltonian (2.12) on the state (2.15).
Using the commutation relations (2.10) and partial integration one ends up with
the eigenvalue equation for the wavefunction χN . Similarly, it follows that the first
quantized form of the momentum operator is

PN =
N∑
j=1

−i ∂
∂xj

, PNχN = PNχN . (2.19)

Now we turn to the solutions χN of the eigenvalue equation. Due to the symmetry
of χN in all its coordinates xj we can restrict the analysis to the fundamental
domain x1 ≤ x2 ≤ . . . ≤ xN . In the domain x1 < x2 < . . . < xN the function χN
is an eigenfunction of the free Hamiltonian

H0
N =

N∑
j=1

− ∂2

∂x2
j

. (2.20)

The boundary conditions coming from the second term in the Hamiltonian (2.18)
are (

∂

∂xj+1
− ∂

∂xj
− c
)
χN = 0, xj+1 = xj + 0+. (2.21)

This is obtained by integrating (2.17) over the variable xj+1 − xj over a small
interval |xj+1−xj | < ε while keeping all the other coordinates fixed. To gain some
insight in what the wavefunction χN will look like we will first consider the case
for N = 2. First we consider the domain x1 ≤ x2. An eigenfunction of (2.20) can
be written in the general form

χ2(x1, x2) = S1e
iλ1x1+iλ2x2 + S2e

iλ2x1+iλ1x2 . (2.22)

We can determine the from the boundary conditions

(iλ2 − iλ1 − c)S1 = (iλ1 − iλ2 − c)S2 (2.23)

S2

S1
= −eiφ(λ1−λ2) φ(λ1−λ2) =

1
i

ln
c+ i(λ1 − λ2)
c− i(λ1 − λ2)

(2.24)

The completely symmetric wavefunction on the entire domain is

χ2(x1, x2|λ1, λ2) = sgn(x2 − x1)
(
eiλ1x1+iλ2x2−isgn(x2−x1)φ(λ1,λ2)/2

− eiλ2x1+iλ1x2+isgn(x2−x1)φ(λ1,λ2)/2
)
. (2.25)
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The coordinate Bethe ansatz

If we now go back to the problem for general N the wavefunction is

χN (x1, . . . , xN |λ1, . . . , λN ) =∏
j>k

sgn(xj − xk)
∑
P

(−1)Pei
PN
j=1 λPjxj+

i
2

P
j>k sgn(xj−xk)φ(λPj−λPk ). (2.26)

This wavefunction is not normalized, later in this chapter we will give the norm but
we postpone the proof until chapter 3. One can easily verify that this wavefunction
is an eigenfunction of (2.20) and satisfies the boundary conditions (2.21). As
mentioned before the wavefunction is completely symmetric in its coordinates xj .
One can also see that χN is completely antisymmetric in its rapidities λj , therefore
we have χN = 0 if λj = λk, j 6= k. Consequently, the groundstate is a Fermi sea,
as we will see in the next section.

2.2.1 The Bethe equations

When considering the Lieb-Liniger model on a finite volume we have to choose
the boundary conditions. For convenience, we will work with periodic boundary
conditions. On the level of wavefunctions, periodic boundary conditions translate
to

χN (x1, . . . , xN ) = χN (x2, . . . , xN , x1 + L) (2.27)

for the fundamental domain. From the Bethe ansatz wavefunction (2.26) we obtain

eiλjL =
N∏
l 6=j

λj − λl + ic

λj − λl − ic
. (2.28)

Although (2.28) are N equations with N unknowns λ, there are many solutions
because of the periodicity of the left hand side of the equation. Therefore it is
convenient to take the logarithm of (2.28).

λj =
2π
L
Ij −

1
L

N∑
l=1

φ(λj − λl). (2.29)

Here the quantum number of Ij are half-odd (integers) in case of even (odd) N and
uniquely define a state. Since (2.28) is a set of coupled transcendental equations,
one finds for a given set {Ij} the rapidities {λj} numerically. One can prove the
following properties of the Bethe wavefunction.

All the solutions of the Bethe equations are real for c > 0.

One very important fact is that the solutions of the Bethe equations for the Lieb-
Liniger model in the repulsive case c > 0 are all real. One can easily prove this
by considering the Bethe equations in the form of (2.28), see for instance [65, 66].
Physically the absence of complex solutions means that no bound states can form.
From a practical point of view it drastically simplifies the analysis of the solutions
of the Bethe equations. This leads to many theorems which we will discuss below.
In contrast, in the attractive Lieb-Liniger model (c < 0) and the Heisenberg spin
chain where complex solutions exists, fewer rigorous results are known.
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2.2 Coordinate Bethe ansatz: the Lieb-Liniger model

The solutions of the Bethe equations exist and are uniquely parametrized
by the set of quantum numbers Ij.

The Bethe equations (2.29) can be obtained form the following action [66]

S({λj}) =
L

2

∑
j

λ2
j +

∑
j<l

Φ(λj − λl)− 2πIjλj (2.30)

where

Φ(λ) =
∫ λ

0

φ(µ)dµ. (2.31)

Equation (2.29) then follows from the extremum condition ∂S/∂λj = 0. One can
further show that the Hessian matrix ∂2S/∂λj∂λk is positive definite. Thus, the
action S is convex, and S has a unique minimum which defines the solutions of
the Bethe equations.

The Hessian matrix of S plays also another important role, namely its deter-
minant is the norm of the wavefunction as conjectured by Gaudin [67]∫ L

0

dNx |χN (x1, . . . , xN |λ1, . . . , λN )|2 = det
(

∂2S

∂λj∂λl

)
. (2.32)

In order to prove this it is more convenient to consider the algebraic Bethe ansatz
instead, which we will discuss in the next chapter.

If Ij > Ik, then λj > λk. If Ij = Ik then λj = λk.

If we subtract the k-th Bethe equation from the j-th equation we obtain

(λj − λk) +
1
L

N∑
l=1

(φ(λj − λk)− φ(λk − λl)) =
2π
L

(Ij − Ik). (2.33)

Due to the monotonicity of φ(λ) the two terms on the left-hand side are of the same
sign, from which immediately follows that if Ij > Ik, then λj > λk. If Ij = Ik then
λj = λk yielding a vanishing wavefunction as we have seen before, in this sense
the quantum numbers Ij are fermionic.

The ground state is a filled Fermi sea.

The ground state of the Lieb-Liniger model for positive interaction strength (c > 0)
is the filled Fermi sea [56]

Ij = −N + 1
2

+ j, j = 1, . . . , N. (2.34)

For the case c = ∞ where the interaction kernel φ(λ) vanishes this can be easily
verified.
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The coordinate Bethe ansatz

The Bethe ansatz eigenstates form a complete set.

So far we have shown that eigenstates of the Bethe ansatz type are eigenfunction
of the Lieb-Liniger model. But we can go further then that, namely it has been
proven that Bethe ansatz wavefunctions are orthogonal and complete [68]. The
completeness of the Bethe ansatz solutions is crucial for studying thermodynamics
[66] which we will cover in chapter 7. The orthogonality and completeness also
permits to write a resolution of the identity operator which will be useful when
considering correlation functions, which we will discuss in chapter 3.

2.2.2 Tonks-Girardeau gas: c→∞
A special limit is the so-called Tonks-Girardeau [69, 70] limit c→∞. As one can
see from (2.26) the wave function in this case is

χTGN (x1, . . . , xN |λ1 . . . λN ) =
∏
j>k

sgn(xj − xk)χFN (x1, . . . , xN |λ1 . . . λN ) (2.35)

with χFN the usual Slater determinant corresponding to the problem of free fermions.
As it turns out most expectation values for the Tonks-Girardeau gas and of free
fermions are the same, for a discussion see for instance [71].

2.3 The anisotropic Heisenberg chain: XXZ model

The other Bethe ansatz solvable model that this thesis focuses on is the Heisenberg
spin chain [72] which describes nearest neighbor interactions between spin particles
on a one-dimensional lattice. The model can be generalized to the case where the
interactions between spin-components are anisotropic. The most widely studied
anisotropic Heisenberg spin chain is the XXZ model [73, 74] for spin-1/2 particles
for which the Hamiltonian (with a magnetic field term) is given by

HXXZ =
N∑
j=1

J [
1
2

(S+
j S
−
j+1 + S−j S

+
j+1) + ∆(Szj S

z
j+1 −

1
4

)]− hSzj (2.36)

the summation is over all N lattice sites, and periodic boundary conditions are un-
derstood: SN+1 ≡ S1. The interaction strength is given by J , ∆ is the anisotropy
parameter and h is the strength of the external magnetic field pointing in the
z-direction. The spin operators satisfy the usual commutation relations

[S+
j , S

−
k ] = 2Szj δj,k, [Szj , S

±
k ] = ±δj,kS±j . (2.37)

For every lattice site j we can introduce an orthonormal basis {| ↓〉j , | ↑〉j} such
that

Szj | ↑〉j =
1
2
| ↑〉j , Szj | ↓〉j = −1

2
| ↓〉j ,

S−j | ↑〉j = | ↓〉j , S−j | ↓〉j = 0,

S+
j | ↓〉j = | ↑〉j , S+

j | ↑〉j = 0. (2.38)
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2.3 The anisotropic Heisenberg chain: XXZ model
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Figure 2.2: Phase diagram of the XXZ model, with anisotropy ∆ on the horizon-
tal axis and external field h on the vertical axis. Region A is ferromagnetic, B
paramagnetic and C anti-ferromagnetic.

The first two terms of the Hamiltonian are hopping terms: if a spin-up particle is
next to a spin-down particle, the two particles interchange position. These terms
are interpreted as the kinetic part of the Hamiltonian. The last two terms can be
interpreted as the potential part. The constant 1/4 is introduced for convenience,
so that (Szj S

z
j+1− 1

4 ) only gives a nonzero contribution if the two sites have opposite
spin. The interaction strength J > 0 is chosen such that the ground state is
antiferromagnetic for ∆ > 1. The phase diagram of the XXZ model in a magnetic
field is shown in fig.2.2. Region A has a ferromagnetic ground state and C an anti-
ferromagnetic one. In regions A and C the spectrum of elementary excitations
is gapped; the energy gaps depend on h and ∆. The paramagnetic phase B is
the quantum critical phase which is gapless. These three different regimes usually
require a separate treatment. It is worth mentioning two special cases. The first
one is: ∆ = 0; this is also called the XY -model and can be mapped to effectively
free fermions. The second is: ∆ → ±∞ which is called the Ising model, which is
effectively a classical model.

2.3.1 Rotational symmetry

We can define the total spin operator in the a-direction (a ∈ {x, y, z}) as

Satot =
N∑
j=1

Saj , a ∈ {x, y, z}. (2.39)

We easily verify that [HXXZ , S
z
tot] = 0. Hence the spin in the z-direction is con-

served so the Hilbert space separates into disjoint subspaces of fixed magnetization.
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The coordinate Bethe ansatz

We will label the subspaces by the number of down spins:

M ≡ N

2
−

〈
N∑
j=1

Szj

〉
. (2.40)

The term 〈...〉 is the average magnetization which ranges from −N/2,−N/2 +
1, . . . N/2. For every subspace M we have: [HXXZ , S

x
tot] = [HXXZ , S

y
tot] = 0

iff ∆ = 1. We therefore conclude that the XXX (∆ = 1) model has an SU(2)
symmetry, while the XXZ model for ∆ 6= 1 has only a U(1) symmetry.

2.3.2 Wavefunction for down spins

If we introduce a reference state with all the spins up

|0〉 =
N⊗
j=1

| ↑〉j , (2.41)

with | ↑〉j defined in (2.38). We can write the eigenstates of Sztot as

|j1, j2, . . . , jM 〉 ≡
M∏
k=1

S−jk |0〉, (2.42)

with eigenvalues (N/2 −M). Here the M parameters jk denote the positions of
the down spins. It is sufficient to have M ≤ N/2. For M > N/2 we should use
a reference state with all spins down. Since [HXXZ , S

z
tot] = 0 we can write the

wavefunctions for the XXZ model as

|ΨM 〉 =
∑
{j}

ψM (j1, . . . , jM )|j1, . . . , jM 〉, (2.43)

where the sum is over all possbile configurations {j} of the down spins.

2.3.3 Eigenvalue equation

Trying to build up an algebraic formalism to describe the quantum integrability of
a system, one naturally uses the conserved charges of the model as the foundations
of this construction. Using the Schrödinger equation HXXZ |ΨM 〉 = EM |ΨM 〉, we
get

(
EM−h(

N

2
−M)

)
/J |ΨM 〉 =

∑
{j}

ψM (j1, . . . , jM )

(
−∆(M−

M∑
n=1

δjn+1,jn+1)|j1, . . . , jM 〉

+
1
2

M∑
n=1

(1−δjn+1,jn+1) {| . . . , jn+1, jn+1, . . .〉+ | . . . , jn, jn+1−1, . . .〉}

)
. (2.44)

For convenience we wrote jM+1 ≡ j1. The first term between the big parentheses
comes from: ∆(Szj S

z
j+1 − 1

4 ), which is zero for neighboring sites with parallel spin
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2.4 The Bethe equations

and −∆/2 for the 2(M −
∑
n δjn+1,jn+1) neighboring sites with opposite spin. The

second term comes from: 1
2 (S+

j S
−
j+1+S−j S

+
j+1). It does not contribute for adjacent

down spins: jn+1 = jn+1. Projecting (2.44) onto a position state 〈{j}|, by making
use of (2.43), gives the eigenvalue equation

(
EM − h(

N

2
−M)

)
/J ψM (j1, . . . , jM ) = −∆(M−

M∑
n=1

δjn+1,jn+1)ψM (j1, . . . , jM )

+
1
2

M∑
n=1

(1− δjn+1,jn+1) {ψM (. . . , jn+1, jn+1, . . .) + ψM (. . . , jn, jn+1−1, . . .)} .

(2.45)

2.3.4 The Bethe ansatz

To write down the Bethe ansatz wavefunction for the XXZ model one can proceed
in an analogous way as the Lieb-Liniger model [59, 73, 74]. We therefore only give
the important intermediate steps without deriving them. First we solve (2.45) for
two down spins from which we obtain the 2-particle scattering phase φ(k1, k2)

φ(k1, k2) = 2 arctan
∆ sin k1−k2

2

cos k1+k2
2 −∆ cos k1−k2

2

.

which is analogous to the scattering phase (2.24) of the Lieb-Liniger model. Note
that this scattering phase is not Galilean invariant. By studying the problem for
M = 3 downspins one can derive the general expression for the coefficients AP
appearing in the Bethe ansatz wavefunction

AP = e−
i
2

P
1≤a<b≤M φ(kPa ,kPb ). (2.46)

The complete Bethe ansatz for M downspins in the domain j1 < j2 < . . . < jM is

ψM (j1, . . . , jM ) =
∑
P

(−1)[P]ei
PM
a=1 kPa ja−

i
2

P
1≤a<b≤M φ(kPa ,kPb ). (2.47)

The factor (−1)[P], with [P] the parity of the permutation P, reflects the fermionic
structure of the wavefunction. One can easily verify that (2.47) is a solution of
(2.45) and obtain the expressions for the energy and total momentum

EM = J

M∑
a=1

(cos ka −∆)− h

2
(N − 2M), P =

M∑
a=1

ka. (2.48)

2.4 The Bethe equations

From the periodic boundary conditions we should have

ψM (j1, . . . , jM ) = ψM (j2, . . . , jM , j1 +N). (2.49)
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The coordinate Bethe ansatz

This can be easily interpreted as: sending the j1 down spin through the system,
picking up M − 1 scattering phases, and then returning it to its original position.
We identify: jn +N ≡ jn. Imposing these conditions on the Bethe wavefunction:∑

P
(−1)[P]APe

i
P
a kPa ja =

∑
P

(−1)[P]APe
i
P
a kPa ja+1eikPMN . (2.50)

For every term with AP on the LHS we should take AQ on the RHS with Q =
(P2, . . . ,PM ,P1), such that ei

P
a kPa ja = ei

P
a kQa ja+1 . This gives:

(−1)[P]AP = (−1)[Q]AQe
ikQMN ⇔ eikP1N = (−1)M−1AP

AQ
. (2.51)

Using (2.46) we have:

AP = e−
i
2

P
b>1 φ(kP1 ,kPb )e−

i
2

P
1<a<b≤M φ(kPa ,kPb ),

AQ = e
i
2

P
a>1 φ(kP1 ,kPa )e−

i
2

P
1<a<b≤M φ(kPa ,kPb ).

These equations must hold for all permutations P, and therefore we obtain the
Bethe equations:

eikaN = (−1)M−1e−i
P
b 6=a φ(ka,kb). (2.52)

This is a set of M coupled transcendental equations for M unknowns kj .

2.4.1 Parameterization

At this point it is convenient to reparametrize the Bethe equations, following
Orbach [73], in terms of new variables λ. The motivation for the reparametrization,
as it will turn out, is that the scattering phase in terms of λj and λk is only
a function of the difference: θ2(λj , λk) = θ2(λj − λk). The parametrization is
different for the three cases: |∆| < 1, ∆ = 1 and |∆| > 1. In this thesis we focus
mostly on the case |∆| > 1 and we will therefore work this case out explicitly. The
other two cases will be summarized afterwards.

Gapped anisotropic case: |∆| > 1

The explicit parametrization for the case |∆| > 1 is

eik =
sin(λ+ iη/2)
sin(λ− iη/2)

, cosh(η) = ∆. (2.53)

Taking the logarithm of (2.53)

k(λ) = −i ln
(

sin(λ+ iη/2)
sin(λ− iη/2)

)
= π − 2 arctan

(
tan(λ)

tanh(η/2)

)
− 2π

⌊
λ

π
+

1
2

⌋
mod 2π

≡ π − θ1(λ) mod 2π. (2.54)
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2.4 The Bethe equations

In the first step we used: ln(−1) = ±iπ. The floor function: bxc = {n ∈ Z|n ≤ x}
was introduced to guarantee that we stay in the same branch of the logarithm. We
choose the branch of the logarithm such that 0 ≤ Re(k) < 2π ↔ −π/2 < Re(λ) ≤
π/2. The scattering phase can now be brought into a convenient form

φ(k(λ1), k(λ2)) = i ln
(
− sin(λ1 − λ2 + iη)

sin(λ1 − λ2 − iη)

)
= 2 arctan

(
tan(λ1 − λ2)

tanh(η)

)
+ 2π

⌊
λ1 − λ2

π
+

1
2

⌋
≡ θ2(λ1, λ2). (2.55)

It is clear that θ2(λ1, λ2) = θ2(λ1 − λ2) and θ2(λ1, λ2) = −θ2(λ2, λ1). Using the
parametrization in terms of λ the Bethe equations (2.52) become:(

sin(λj + iη/2)
sin(λj − iη/2)

)N
=

M∏
k 6=j

sin(λj − λk + iη)
sin(λj − λk − iη)

. (2.56)

As we did for the Lieb-Liniger gas it useful to consider the logarithmic form of the
Bethe equations:

2 arctan
(

tan(λj)
tanh(η/2)

)
+ 2π

⌊
λj
π

+
1
2

⌋
=

2π
Ij
N

+
1
N

M∑
l=1

2 arctan
(

tan(λj − λl)
tanh(η)

)
+ 2π

⌊
λj−λl
π

+
1
2

⌋
(2.57)

or in a more compact notation:

θ1(λj) = 2π
Ij
N

+
1
N

M∑
l=1

θ2(λj − λl). (2.58)

The total energy in terms of the rapidities λ is

E = J

M∑
j=1

(
cos(2 arctan

tanλj
tanh η

)− cosh(η)
)
− h(

N

2
−M)

= J

M∑
j=1

− sinh2 η

cosh η − cos 2λj
− h(

N

2
−M). (2.59)

In the last step we used: cos(2 arctan(x)) = 1−x2

1+x2 . The momentum in terms of
rapidities is

P =
M∑
j=1

1
i

ln
sin(λj + iη/2)
sin(λj − iη/2)

=
M∑
j=1

(π − θ1(λj)) = πM − 2π
N

M∑
j=1

Ij mod 2π.

(2.60)
The last equality follows from the Bethe equations.
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General expressions

For completeness we give the parametrization for all ∆

XXX XXZ gapless XXZ gapped
∆ 1 −1 < cos η < 1 cosh η > 1

ϕ(λ+ iη) λ+ i sinh(λ+ iη) sin(λ+ iη)
θn(λ) 2 arctan 2λ

n 2 arctan tanhλ
tannη/2 2 arctan tanλ

tanhnη/2 + 2πbλπ+ 1
2c

2πan(λ) ≡ d
dλθn(λ) n

λ2+n2/4
2 sinnη

cosh 2λ−cosnζ
2 sinhnη

coshnη−cos 2λ

In these terms the parametrizations are:

eik =
ϕ(λ+ iη/2)
ϕ(λ− iη/2)

, (2.61)

k(λ) = π − θ1(λ), (2.62)

and the Bethe equations become(
ϕ(λj + iη/2)
ϕ(λj − iη/2)

)N
=
∏
k 6=j

ϕ(λj − λk + iη)
ϕ(λj − λk − iη)

. (2.63)

The logarithmic Bethe equations are

θ1(λj) =
2π
N
Ij +

1
N

M∑
l=1

θ2(λj − λl), (2.64)

and the total energy and momenta are

E = −Jπ
∑
l

a1(λl)ϕ(iη)− h(
N

2
−M), (2.65)

P =
M∑
j=1

(π − θ1(λj)) = πM − 2π
N

M∑
j=1

Ij mod 2π. (2.66)

Note the symmetry between the equations for |∆| < 1 and |∆| > 1: η|∆|<1 =
iη∆>1 and λ|∆|<1 = −iλ∆>1. Of course, starting with the equations for the
|∆| > 1, we can take the limit ∆ → 1 and end up with the isotropic case by
λ∆=1 = limη→0 λ|∆|>1/η. The limit can also be done starting from the |∆| < 1
case. The Bethe equations in this generic form allow us to do many calculations
simultaneously for all three parametrizations. However, the solutions in terms of
rapidities are quite different for all three cases. In the XXX model the rapidities lie
in the entire complex plane. For the XXZ gapless case the rapidities are restricted
to the strip −π/2 < Im(λ) ≤ π/2 in the complex plane, due to the periodicity of
the sinh function in the complex plane. For the XXZ gapped case the rapidities
are restricted in the real direction: −π/2 < Re(λ) ≤ π/2.
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2.5 Complex solutions: bound states

2.5 Complex solutions: bound states

In order to address the issue of completeness we can try to count the total number
of solutions of the Bethe equations. Since the Bethe wavefunctions formally vanish
when two or more rapidities coincide one might naively think that only distinct
quantum numbers Ij are allowed. Making this assumption, we can choose M
distinct quantum numbers among the set of N possibilities in (N,M) different
ways. This number coincides with the total number of eigenstates in this subspace.
However, as was known to Bethe himself [59] , this is too naive and fails for two
reasons. Firstly, the assumption that a quantum number Ij can take any of the
N values as long as it is different from the other quantum numbers is incorrect.
Secondly, coinciding quantum numbers can actually lead to proper wavefunctions.
The reason is that not only solutions with real rapidities exist, but complex ones
as well. Bethe himself found solutions involving groups of complex rapidities. He
realized that the complex rapidities typically are arranged into regular patterns
known as strings of rapidities which have coinciding quantum numbers.

To see how complex solutions can appear we consider the Bethe equations
(2.63). For a complex root λ with Imλ > 0 the LHS of the Bethe equations goes
to infinity when N → ∞. We can distinguish two cases resulting in a diverging
RHS:

• In case of finite M , a finite number of terms on the RHS can blow up. This
case can be dealt with using the string hypothesis discussed below.

• When M/N is fixed, either a finite number of terms on the RHS can blow
up, or the product of many finite terms can diverge.

The case where only a finite number of terms on the RHS blow up are typically
(deviated) strings.

2.5.1 Self-conjugacy of the Bethe wavefunctions

Before turning to the string hypothesis, we first mention an important property
of the Bethe solutions: they are self-conjugate. For a given solution {λj} it is
easy to see that {λ̄j} is also a solution: by taking the complex conjugate and
inverting both sides of (2.63). Less obvious is that every solution is self conjugate:
{λ̄j} = {λj}, as proven by Vladimirov [75].

2.5.2 String hypothesis: |∆| > 1 and |∆| = 1

In this section we consider the string hypothesis for the |∆| = 1 case which already
appeared in Bethe’s paper [59] and was further developed by Takahashi [76]. Si-
multaneously we deal with the |∆| > 1 case [77], since in both cases the imaginary
part of the rapidities lie in the interval (−∞,∞).

Consider a system with infinite N and finite M . Take λj with 0 < Im(λj) <∞.
Recall the Bethe equations (2.56):(

sin(λj + iη/2)
sin(λj − iη/2)

)N
=

M∏
k 6=j

sin(λj − λk + iη)
sin(λj − λk − iη)

.
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The factor on the LHS of the Bethe equations is∣∣∣∣ sin(Reλj + i(Imλj + η/2))
sin(Reλj + i(Imλj − η/2))

∣∣∣∣2 =
cos(2Reλj)− cosh(2Imλj + η)
cos(2Reλj)− cosh(2Imλj − η)

> 1 (2.67)

so the LHS goes to infinity for infinite N . For finite M there must be a correspond-
ing λk for which the denominator on the RHS blows up: λk = λj − iη. Using this
argument repeatedly, and the fact that a solution {λj} has to be self-conjugate,
we find a possible set of complex roots: {λj , λj − iη, λj − 2iη, . . . , λ̄j}. This leads
us to the string hypothesis for a string of length n:

λn,jα = λnα +
iη

2
(n+ 1− 2j), (2.68)

with j = 1 . . . n. The string hypothesis for the XXX model goes completely
analogously:

λn,jα = λnα +
i

2
(n+ 1− 2j). (2.69)

Since ϕ(λ) is a monotonic increasing function in the imaginary direction, we expect
that all possible string lengths are allowed.

2.5.3 String hypothesis: |∆| < 1

The string hypothesis for the |∆| < 1 case is quite different from the previous ones.
The imaginary part of the rapidities are now periodic in the interval (−iπ/2, iπ/2],
in contrast to the cases |∆| ≥ 1, where the imaginary part stretches from minus
to plus infinity. Furthermore, the string cannot only be centered on the real axis
but also on the iπ/2 axis. So in this case the string hypothesis is:

λn,jα = λnα +
iη

2
(n+ 1− 2j) + i

π

4
(1− vj), (2.70)

with the parities vj±1. Since ϕ(λ) is not monotonic increasing in the imaginary di-
rection, studying the possible string lengths for this case is much more complicated
than the |∆| ≥ 1 case. For a discussion, see Takahashi’s book [78].

2.5.4 Deviated strings

Turning back to the problem for finite N and M � N/2, it is assumed that the
complex solutions have the form of deviated strings:

λn,jα = λnα +
iη

2
(n+ 1− 2j) + iδn,jα , (2.71)

where the deviations δn,jα are exponentially suppressed with system size, i.e. |δ| =
O(e−(const)N ). We can make this plausible by considering a 2-string: {λα = λ +
iη/2 + iδ, λᾱ = λ− iη/2− iδ}. The Bethe equation for λα is:(

ϕ(λα + iη/2)
ϕ(λα − iη/2)

)N
=
ϕ(λα − λᾱ + iη)
ϕ(λα − λᾱ − iη)

∏
l 6=α,ᾱ

ϕ(λα − λl + iη)
ϕ(λα − λl − iη)

≈ ϕ(2iη)
2iδ

∏
l 6=α,ᾱ

ϕ(λα − λl + iη)
ϕ(λα − λl − iη)

(2.72)
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The absolute value of the LHS increases exponentially in N from we which we
conclude that |δ| = O(e−(const)N ). For long chains, the deviations can typically be
neglected. However, one should check state-by-state that |δ| is indeed sufficiently
small via (2.72).

2.5.5 Bethe equations for string solutions

For string rapidities the Bethe Equations take the form:(
ϕ(λn,jα +iη/2)
ϕ(λn,jα −iη/2)

)N
=

∏
(m,β)6=(n,α)

m∏
k=1

ϕ(λn,jα −λ
m,k
β +iη)

ϕ(λn,jα −λm,kβ −iη)
×
∏
j′ 6=j

ϕ(λn,jα −λn,j
′

α +iη)

ϕ(λn,jα −λn,j
′

α −iη)
.

(2.73)
The last product is delicate because either the numerator or the denominator may
become very small. We can remove the last product by multiplying the equations
of the n rapidities λn,jα which from a string. A term ϕ(i(δn,a − δn,b + η)) in the
numerator cancels against the term ϕ(i(δn,b − δn,a − η)) in the denominator. The
LHS gives:

n∏
j=1

ϕ(λn,jα +iη/2)
ϕ(λn,jα −iη/2)

=
ϕ(λα+inη/2)

ϕ(λα+i(n−2)η/2)
ϕ(λα+i(n−2)η/2)
ϕ(λα+i(n−4)η/2)

. . .
ϕ(λα−i(n−2)η/2)
ϕ(λα−inη/2)

=
ϕ(λα+inη/2)
ϕ(λα−inη/2)

. (2.74)

Hence, the LHS of the new Bethe equations depends only on λα. We thus reduced
the Bethe equations to:(

ϕ(λα + inη/2)
ϕ(λα − inη/2)

)N
=

∏
(m,β)6=(n,α)

n∏
j=1

m∏
k=1

ϕ(λn,jα −λ
m,k
β +iη)

ϕ(λn,jα −λm,kβ −iη)
. (2.75)

The remaining product of the RHS is more complicated. First we do the product
over k

m∏
k=1

ϕ(λn,jα −λβ−iη(m+1−2k−2)/2)
ϕ(λn,jα −λβ−iη(m+1−2k+2)/2)

=
ϕ(λn,jα −λβ+iη(m−1)/2)
ϕ(λn,jα −λβ−iη(m−1)/2)

ϕ(λn,jα −λβ+iη(m+1)/2)
ϕ(λn,jα −λβ−iη(m+1)/2)

(2.76)
and introduce the notation ϕl = ϕ(λnα − λmβ + iηl/2). The product over j gives

ϕm−n
ϕ−(m−n)

[(
ϕm−n+2

ϕ−(m−n+2)

)2(
ϕm−n+4

ϕ−(m−n+4)

)2

. . .

(
ϕm+n−2

ϕ−(m+n−2)

)2
]

ϕn+m
ϕ−(n+m)

. (2.77)

If n > m, n−m = |n−m| and the terms with the numerator in the symmetric
interval: −|n−m|+2 . . . |n−m|−2 cancel each other, using(

ϕ−|n−m|+2

ϕ|n−m|−2

)2

. . .

(
ϕ|n−m|−2

ϕ−|n−m|+2

)2

= 1 (2.78)
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and
ϕm−n
ϕ−(m−n)

(
ϕ|n−m|

ϕ−|n−m|

)2

=
ϕn−m
ϕ−(n−m)

, (2.79)

so we are left with

ϕn+m
ϕ−(n+m)

ϕ|n−m|

ϕ−(|n−m|)

[(
ϕ|n−m|+2

ϕ−(|n−m|+2)

)2(
ϕm−n+4

ϕ−(m−n+4)

)2

. . .

(
ϕm+n−2

ϕ−(m+n−2)

)2
]
. (2.80)

If m > n, |n−m| = m−nnothing cancels, so we get the same expression as for the
n > m case. When n = m we are left with

ϕ2n

ϕ−2n

[(
ϕ2

ϕ−2

)2

. . .

(
ϕ2n−2

ϕ−(2n−2)

)2
]
. (2.81)

Finally, the Bethe equations for the real parts of the strings become(
ϕn(λnα)
ϕ−n(λnα)

)N
=

∏
(m,β)6=(n,α)

Φnm(λnα − λmβ ), (2.82)

Φnm ≡


ϕn+m
ϕ−(n+m)

ϕ|n−m|
ϕ−(|n−m|)

[(
ϕ|n−m|+2

ϕ−(|n−m|+2)

)2 (
ϕm−n+4
ϕ−(m−n+4)

)2

. . .
(

ϕm+n−2
ϕ−(m+n−2)

)2
]

n 6= m

ϕ2n
ϕ−2n

[(
ϕ2
ϕ−2

)2

. . .
(

ϕ2n−2
ϕ−(2n−2)

)2
]

n = m.

(2.83)
It is easy to check that for all n = 1 these equations reduce to the Bethe equations
(2.63) for real rapidities.

2.5.6 Bethe-Gaudin-Takahashi equations

Just like we did for real solutions, we can consider the logarithmic version and
obtain the Bethe-Gaudin-Takahashi equations

θn(λnα) =
2π
N
Inα +

1
N

∑
(m,β) 6=(n,α)

Θnm(λnα − λmβ ), (2.84)

θn(λ) = 2 arctan
(

tanλ
tanhnη/2

)
+ 2π

⌊
λ

π
+

1
2

⌋
,

Θmn(λ) ≡

{
θ|n−m|(λ) + 2θ|n−m|+2(λ) + . . .+ 2θn+m−2(λ) + θn+m(λ) n 6= m,

2θ2(λ) + 2θ4(λ) + . . .+ 2θ2n−2(λ) + θn+m(λ) n = m,

(2.85)
where Inα is an integer (half-odd integer) if N − Mn is odd (even) and with∑M
n=1 nMn = M . So the Bethe equation for string solutions reduces to equa-

tions for the real parts of the strings.
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2.5.7 Energy and momentum of string solutions

First we introduce a useful sum:

n∑
a=1

ln

(
ϕ(λn,jα + iη/2)
ϕ(λn,jα − iη/2)

)
= ln

(
n∏
a=1

ϕ(λnα + iη
2 (n+ 2− 2a))

ϕ(λnα + iη
2 (n− 2a))

)
= ln

(
ϕ(λnα + iη

2 n)

ϕ(λnα −
iη
2 n)

)
(2.86)

from which it follows that
n∑
j=1

a1(λn,jα ) =
n∑
j=1

d

dλ
ln
(
ϕ(λ+ iη/2)
ϕ(λ− iη/2)

)∣∣∣∣
λ=λn,jα

= an(λna). (2.87)

Hence the energy in the case of string rapidities is

EM = −πJ
∑
α,j,n

a1(λn,jα )ϕ(iη) = −πJ
∑
α,n

an(λnα)ϕ(iη) (2.88)

and the total momentum

P =
∑
α,j,n

1
i

ln
ϕ(λn,jα + iη/2)
ϕ(λn,jα − iη/2)

=
∑
α,n

π − θn(λnα) = π
∑
n

Mn −
2π
N

∑
α,n

Inα . (2.89)

2.5.8 Failure of the string hypothesis

The string hypothesis is known not to be rigorously valid; even in the sector
M = 2 and for large N , taking deviations into account, there exist states that
are no solutions of the Bethe-Takahshi equations. Bethe realized that there exist
states in which strings get deformed back into extra real solutions with coinciding
quantum numbers. This analysis was made more rigorous for the XXX model in
case of M = 2 by Essler et al. [79]. A similar analysis was done for the XXZ
model [80, 81]. Another counterexample of the string hypothesis was found by
Vladimirov [82] who showed that for the XXX model in case of M = 2 complex
solutions like λ± = N ± i

√
N exist for large N . For general M in case of the XXX

model, the validity of the string hypothesis was studied by Hagemans et al. [83].
The existence of states that are not described by the string hypothesis makes it
hard to count the total number of eigenstates and therefore prove completeness.

2.6 Classification of states: gapped XXZ

In this section we assume that all solutions of the Bethe equations satisfy the string
hypothesis. That is, we assume that all rapidites can be grouped into strings. An
n-string takes the form

λnα,j = λnα + iη(n+ 1− 2j)/2 + iδj j = 1 . . . n (2.90)

where η = acosh(∆), and δj is a deviation. The string hypothesis holds if all devi-
ations δj are sufficiently small. In this case the Bethe equations can be rewritten

42



The coordinate Bethe ansatz

as equations for the real parts of the rapidities only, yielding the Bethe-Gaudin-
Takahashi equations (2.84). For our purposes in this section it is useful to rewrite
(2.84) in a slightly different form

θn(λnα)− 1
N

∑
(m,β)6=(n,α)

Θnm(λnα − λmβ ) =
2π
N
Inα (2.91)

with the dispersion and scattering kernels defined in (2.85) and (2.85). Eigenstates
can be constructed by first specifying the number Mn of each string length n. Then
for every string length n one chooses Mn distinct quantum numbers Inj . However
not every choice of distinct quantum numbers leads to a valid and unique solution.
For the XXX chain the counting of unique solutions was considered in [59, 84, 78]
under the assumption that the string hypothesis holds. The case |∆| < 1 is more
complicated because the allowed string lengths depend on ∆, for a discussion
see [78]. The classification for the relevant regime for this thesis, ∆ > 1, was
completely unexplored. Below, we present the classification for ∆ > 1 for the
most relevant cases; the results are published in [85, 53]. A genuine proof that
the Bethe-Gaudin-Takahashi equations produce the right number of eigenstates
for ∆ > 1 remains to be found. However, using a continuity argument starting
from ∆ =∞, where the classification is trivial, Gaudin reasoned that the solutions
of Bethe-Gaudin-Takahashi equation form a complete set [67].

Bandwidth: Wn

Due to the monotonicity of the kernels θn(λ), the left-hand side of (2.91) is al-
most always monotonic in λj . Exceptions exist near the edges of rapidity space,
these states are interpreted as over-deviated states and are not important for our
purposes here. Assuming the monotonicity of (2.91) we have λj < λk if Ij < Ik.
Equal rapidities do not yield proper Bethe wavefunctions, and we therefore only
need to consider sets of distinct quantum numbers. Note that we here already
assumed that the string hypothesis holds, so when we talk of the quantum num-
bers we mean the quantum number appearing in (2.91) and not the original Bethe
equations (2.64). In the parameterization chosen in the Bethe-Gaudin-Takahashi
equations all rapidities are restricted to an interval of width π, i.e. for all strings
of given length n we have: λnMn

− λn1 < π. From this requirement and assuming
that the Bethe-Gaudin-Takahashi equations are monotonic in λnα it follows that:
InMn
− In1 < N −

∑
m tnmMm ≡ Wn with tnm ≡ 2min(n,m) − δn,m. We call Wn

the bandwidth of the quantum numbers {Inj }.

Quasi-periodicity of the Bethe-Gaudin-Takahashi equations: Bn

Since λ+ π ≡ π as far as the wavefunctions are concerned, there is no one-to-one
mapping of quantum numbers and wavefunctions. Namely, the shift λn1 → λn1 + π
leaves the wavefunction invariant although the quantum numbers in the Bethe-
Gaudin-Takahashi equations change. For every string length n we can define a

43



2.6 Classification of states: gapped XXZ

transformation: Sn : {(λaj , Iaj )} → {(λ̃aj , Ĩaj )} with

(λ̃nMn
, ĨnMn

) = (λn1 +π, In1 +(Wn+(2n−1)))

(λ̃nj , Ĩ
n
j ) = (λnj+1, I

n
j+1+(2n−1)) j = 1 . . .Mn − 1

(λ̃mj , Ĩ
m
j ) = (λmj , I

m
j + tnm) m 6= n, j = 1 . . .Mm. (2.92)

From this transformation we see that Ĩn1 ≥ In1 + 2n. For every string length n
there are Bn ≡ 2n bands of quantum numbers which cannot be transformed into
each other by Sn, whereas in the XXX case there is only one such band for every
string length. If we restrict to only one string length it follows that the number of

choices for the quantum numbers {Inj } in a single band is:
(
Wn

Mn

)
. In case of Bn

bands the number of solutions is(
Wn

Mn

)
+ (Bn − 1)

(
Wn − 1
Mn − 1

)
=

(Bn − 1)Mn +Wn

Wn

(
Wn

Mn

)
. (2.93)

Degeneracies from different string sectors

To find the minimal set of quantum numbers, one should first determine, using
Sn, the bandwidth Wn and the number of bands Bn for every string length n.
However, the transformation Sn not only affects the quantum numbers of length
n but also all the others. To take this effect into account, one should also consider
transformations of the form Sm(Sn)−1, leading to additional state exclusions. In
general these are very difficult to determine. The explicit classification for two
string types is given below.

Two types of strings

We consider m n-strings and m̄ n̄-strings such that: mn + m̄n̄ = M . The band-
widths of the two sets of quantum numbers are

Wn = N − (2n− 1)m− 2nm̄ (2.94)
Wn̄ = N − 2nm− (2n̄− 1)m̄. (2.95)

The number of bands are Bn = 2n and Bn̄ = 2n̄. To take care of the degeneracies
coming from different string sectors we consider the transformation:

Sn(n̄)−1
(
In1 . . . I

n
m

I n̄1 . . . I
n̄
m̄

)
=
(

In2 − 1 . . . In1 +Wn − 1
I n̄m̄ −Wn̄ − (2n̄− 1) + 2n . . . I n̄m̄−1 − (2n̄− 1) + 2n

)
.

(2.96)
This turns out to be the only extra transformation one needs to consider. Define:
Inmax = Inmin + (Wn − 1) + (Bn − 1). From the conditions: In1 + Wn − 1 ≤ Inmax
and I n̄m̄ − Wn̄ − (2n̄ − 1) + 2n ≥ I n̄min follows that we have to exclude: In1 ∈
{Inmin . . . Inmin + 2n− 1} and I n̄m̄ ∈ {I n̄max − 2n+ 1 . . . I n̄max}. The total number of
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unique solutions for this case is

(Bn − 1)m+Wn

Wn

(
Wn

m

)
(Bn̄ − 1)m̄+Wn̄

Wn̄

(
Wn̄

m̄

)
−(2n)2

(
Wn − 1
m− 1

)(
Wn̄ − 1
m̄− 1

)
=
N2 − 2n(m+ m̄)N

WnWn̄

(
Wn

m

)(
Wn̄

m̄

)
. (2.97)

For M = 5 all eigenstates can be constructed from two types of strings. In

these case one can show that all
(
N
M

)
can be constructed. In principle we could

continue and consider also more than two types of strings, however, the analysis
becomes considerable more complicated in these cases. Fortunately, excited states
close to either the antiferromagnetic or the ferromagnetic ground state are either
made of one or two types of strings.

2.7 Conclusion

In this chapter we have introduced the Bethe ansatz which allows the construction
of exact eigenstates for models with non-diffractive scattering. We have seen that
we can group the models without diffraction in three categories: models without
interactions, models with local interactions and models with long-range interac-
tions. In the last case the Bethe ansatz is only valid in the asymptotic regime
(when all particles are far apart). The focus of this thesis is on the Lieb-Liniger
model and the XXZ spin chain, both are models with local interactions. For these
models the Bethe ansatz wavefunction was explicitly constructed together with the
corresponding Bethe ansatz equations that follow on imposing periodic boundary
conditions. Much emphasis was on the solution of the Bethe equations for the XXZ
spin chain, since the solutions can be complicated structures in the complex plane,
so-called (deviated) strings. The new result in this chapter is the classification of
string solutions in the gapped regime (∆ > 1).
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