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Chapter 8

Discussion and outlook

In this thesis we studied quantum integrable models out of equilibrium. We focused
on the XXZ spin chain and the Lieb-Lingier model, although other integrable
models are discussed as well. Non-equilibrium time evolution was studied after
a so-called quantum quench (i.e. a sudden change of a Hamiltonian parameter).
The motivation for considering quantum quenches was twofold. First of all, it
allows a nice mathematical formulation. Secondly, several experiments in cold
atomic gases can be described by quenches. In chapter 1 we briefly introduced all
essential concepts discussed in this thesis. In the following two chapters 2 and 3
we introduced the most important tool used in this thesis: the (algebraic) Bethe
ansatz.

Before studying non-equilibrium dynamics we discussed the notion of quantum
integrability in chapter4. While for classical systems there is a clear definition of
integrability, there is no consensus about what the definition for quantum integra-
bility should be. For this reason we first briefly review existing definitions in the
literature, followed by a new definition. We can loosely summarize the definition
as: a system is quantum integrable if it possesses a number of mutually commut-
ing local conserved charges that becomes unbounded in the thermodynamic limit.
Since the devil is in the details, we refer back to chapter 4 for the precise defini-
tion. Based on this definition, we proposed a classification of quantum integrable
models, according to the density character of the conserved charges. The first class
are the constant integrable models to which (effectively) free models belong, when
one considers the momentum occupation operators as the conserved charges. The
second class are the linear integrable models; these models can typically be solved
by the Bethe anstaz, such as the XXZ spin chain and the Lieb-Liniger model. The
third class are quasi-polynomial integrable models; to this class belong models
with long-range interactions such as the Haldane-Shastry model and the Calogero-
Sutherland model. For models in different classes we expect different behavior in
the large time limit. This can be quantified by the number of non-zero Lagrange
multipliers one needs to describe the large time limit with a generalized Gibbs
ensemble. Thus far, this claim has not been verified.

In chapters 5 and 6 we discussed two explicit examples of quenches. We used
two different methods to compute the time evolution: the Schrödinger picture by
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decomposing the initial state in terms of eigenstates, and the Heiseberg picture by
considering the time evolution of the observables. The Schrödinger picture is only
useful when the decomposition involves a polynomial number of states. One can
expect this to happen for local quenches (i.e. when the Hamiltonian is only locally
modified) or when the relevant part of the spectrum is gapped, as was the case in
chapter 5. One of the strengths of the algebraic Bethe ansatz is that eigenstates
can be obtained one by one and that it is not limited to low energies. If we
know somehow what states are important, the algebraic Bethe ansatz can be very
powerful, as was the case for the domain wall quench considered in chapter 5. On
the other hand, for quenches where the decomposition of the initial states involves
an exponential number of states, the algebraic Bethe ansatz is as effective as brute-
force techniques such as exact diagonalization for lattice models. The Heisenberg
picture is only applicable when the post-quench Hamiltonian is (effectively) free.
This was the case in chapter 6, where we quenched the Lieb-Liniger model by
instantaneously switching the interactions off. The problem of the time evolution is
now reduced to the computation of correlation functions on the initial state, which
can be efficiently done using the algebraic Bethe ansatz. It is interesting to pursue
some sort of hybrid approach of the Schrödinger picture and the Heisenberg picture.
Consider for instance a weakly interacting Lieb-Liniger model, with interaction
strength c. For highly excited states, most of the states are effectively free. One
can expect this to happen for states for which all rapidities satisfy |λj−λk| � c for
all j 6= k; in this case the scattering phase φ(λj − λk) is simply ±1. One can then
imagine that the Heisenberg picture is used for the free system (i.e. c = 0). For
states that do not satisfy the requirement above, appropriate corrections should
be made (e.g. renormalizing the overlap coefficients) and are handled within the
Schrödinger picture.

Since the time evolution was done for system of finite size, the importance of
finite size effects has been thoroughly examined. For instance, in case of the domain
wall quench, we observed that the large time limit and the thermodynamic limit do
not commute. Nevertheless, by taking the limits properly, the finite size prediction
for the long-time average of the Loschmidt echo was in excellent accordance with
the exact result for the thermodynamic limit. For the case of the interaction
quench for the Lieb-Liniger model in chapter 6, the finite size effects were clearly
present, which made the results for large times meaningless. By studying the
results for various system sizes, the volume independent part could be extracted
and predictions for the thermodynamic limit could be made. These predictions
successfully underwent the most simple tests, but a more rigorous analysis would
be welcome.

One of the main questions asked in this thesis was: what is is the applicability
of statistical ensembles (e.g. the generalized Gibbs ensemble) for making predic-
tions for the long-time average. For the specific case of the domain wall quench,
microscopic data is required for describing the long-time average, because of the
non-vanishing Loschmidt echo. The generalized Gibbs ensemble, constructed us-
ing local conserved charges, fails in this case. The inapplicability of statistical
ensembles in this case can be completely ascribed to the presence of a gap in
the spectrum, irrespective of whether the system is integrable or not. The large
time behavior for the interaction quench for the Lieb-Liniger model discussed in
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chapter 6 is a different story, since this model is gapless. As our predictions for
the long-time average was only for a small number of particles, statistical fluctua-
tions are still important. The generalized Gibbs ensemble was unable to produce
valid predictions. Because in the GGE the total number of particles is not fixed,
it could not properly predict the fluctuations of momentum occupation numbers.
By introducing the generalized canonical ensemble (i.e. the GGE but explicitly
fixing the number of particles), the long-time average could be predicted with high
accuracy. The discrepancy between the two ensemble seems to disappear in the
thermodynamic limit.

So far, the generalized Gibbs ensemble has only been tested for models that are
(effectively) free. The real challenge is to test it for a fully interacting theory. First
of all, one needs to compute a long-time average of an observable after a quench for
a fully interacting model. This is of immense complexity for the reasons described
above. Secondly, constructing the GGE itself is also very complicated because the
partition function does not factorize, in contrast to the case for free models. This
has two important consequences. Firstly, there is no efficient way of performing
the trace, and secondly, all Lagrange multipliers βn are now coupled. One can
avoid the first problem by taking the thermodynamic limit, allowing us to use
a saddle-point approximation for the partition function. The saddle-point can be
described by the generalized TBA equations introduced in chapter 7. Although we
discussed some interesting features, of this saddle-point in case of the Lieb-Liniger
model, a worked-out example is still missing. Instead of focusing on the saddle-
point itself, it would be interesting to see what information can be extracted from
the subleading terms of the partition function. One can imagine that the curvature
around the saddle-point can be related to, for example, relaxation rates.

In this thesis, we restricted our attention to integrable models, since for these
models one can construct eigenstates exactly and compute correlation functions. A
direction that is worth exploring is when integrability is slightly broken. Of course,
the holy grail would be to formulate a quantum version of the KAM theorem.
Although there is not much doubt that something like the quantum KAM should
exist, it will probably be very different from the KAM theorem for classical system,
because of the very different nature of the time evolution for the quantum and
classical models.

To conclude, in the rapidly developing field of isolated quantum mechanical
models many of interesting questions have come up, of which most of them remain
unanswered to date. It is clear that there is a need for further development of
tools to study quantum quenches of fully interacting systems.
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