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Summary

In this thesis quantum integrable models out of equilibrium are studied. We as-
sume that the many-body system is isolated, so that the dynamics are not dictated
by the environment and is therefore purely unitary. Until a decade ago isolated
quantum many-body systems out of equilibrium were mainly hypothetical. Now
this has become a reality with the recent advances in the experiments with ultra
cold atomic gases. The coherence times of cold atomic gases are sufficiently large
so that they can be considered to be isolated. These gases are highly control-
lable; both weakly and strongly interacting many-body systems can be realized.
Moreover, one can superimpose an external potential, thereby reducing the di-
mensionality and/or creating an optical lattice. This makes it not only possible
to create various systems, but also to prepare these systems in specific states. A
popular way of bringing a system out of equilibrium is to perform a so-called quan-
tum quench: first the system is prepared in its ground state, and then subjected
to a sudden change (quench) of one of the Hamiltonian parameters (e.g. switching
off an external field, changing the interaction strength, etc.). As result of such a
quench the system will not be in an eigenstate and (complicated) non-equilibrium
dynamics will follow. These experiments raised the interesting question under
which conditions an isolated quantum many-body system will thermalize; in other
words, if a systems relaxes after it was initially brought out of equilibrium, can it
be described by a statistical ensemble?

Quantum Integrability

The models discussed in this thesis are so-called quantum integrable models. These
are models in which the number of local conserved charges grows with the degrees
of freedom. In contrast, non-integrable models have only a fixed number of local
conserved quantities like energy and momentum. The additional conserved quan-
tities of an integrable model do not have a clear physical interpretation. Neverthe-
less, having the knowledge of conservation laws simplifies the problem of finding
eigenstates. For example, if there are N local conserved charges then any n-body
scattering with 2 ≤ n ≤ N will factorize into a product of 2−body scatterings.
We discuss two examples in chapter 2 and 3 of factorized scattering, where the
exact eigenstates can be found via the Bethe ansatz. The concept of quantum
integrability is more general than factorized scattering, how it precisely can be
defined is discussed in chapter 4.
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Quench starting from a domain wall
In chapter 5 we study a specific quench for the Heisenberg spin chain, which is
a one-dimensional model of spin-1/2 particles. The interaction is between the
spin-components of nearest neighbor particles. One part of the interaction terms
can be interpreted as a hopping term for down spins, while the other part tries
to anti-align nearest neighbor spins. The system is quenched by preparing it in a
very specific initial state: a so-called domain wall state where a contiguous block of
spins is forced to point down-wards while the rest points upwards. Experimentally
this can be achieved by first applying an inhomogeneous external field and then
switching it off instantaneously. The subsequent dynamics are governed by the
anti-ferromagnetic Hamiltonian, i.e. it tries to prevent to have neighboring spins in
the same direction. The time evolution of the system after the quench is computed
by solving for the exact eigenstates of the post-quench Hamiltonian using the Bethe
ansatz, from which the exact solution of the time-dependent Schrödinger can be
constructed. A quite surprising result is that as long as the spectrum is gapped
the system will maintain most of its inhomogeneous structure, the integrability of
the model plays no role for this observation.

Quenching the one-dimensional Bose gas
The other integrable model that is discussed in depth in this thesis is the Lieb-
Liniger model, which is a one-dimensional Bose gas with local interactions. We
discuss in chapter 6 an interaction quench for this model. When the interaction
is strongly repulsive the system behaves effectively as free fermions. We prepare
the system in the ground state for the strongly repulsive case. We then quench
the system by suddenly switching the interactions off, so that the final Hamilto-
nian corresponds to free bosons. Various non-local correlation functions after the
quench are studied. A clear transition from the Fermi to Bose-signature in the
correlations functions is observed. For large times we show that the system will
not reach thermal equilibrium. This can be explained by the fact that the system
is integrable. The correct ensemble for describing the system at late times is the
so-called generalized Gibbs ensemble. This ensemble is obtained by maximizing
the entropy subject to the constraints imposed by all the local conserved charges.
The interpretation is that now not only energy with a corresponding tempera-
ture is relevant but all local conserved quantities are important and have their
corresponding parameter which can be interpreted as generalized temperatures.

Generalized Gibbs in the thermodynamic limit
One of the main difficulties with describing non-equilibrium problems of fully in-
teracting systems is the tremendous number of eigenstates that is needed in order
to solve the time-dependent Schrödinger equation. However, if one is interested to
what state the system relaxes at late times (if it relaxes) one can use the gener-
alized Gibbs ensemble (GGE), assuming its correctness, one can avoid computing
the time evolution. For fully interacting systems of finite size, the GGE is of the
same computational complexity of the full time evolution. The idea is to work in
the thermodynamic limit, where the equilibrium state can de described by a single
saddle-point state of the partition function, and the fluctuations around that point
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are suppressed with system size. For integrable models in thermal equilibrium one
can use the thermodynamic Bethe ansatz (TBA) to obtain the saddle-point state.
In chapter 7 we discuss how the TBA can be generalized for the GGE. Using this
formalism we are able to address certain aspects of general quenches.
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