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This chapter provides an introduction to statistical process control (���) and its main 

technique: the control chart. A brief description of the so called memory control charts, 

including cumulative sum (CUSUM) and exponentially weighted moving average (EWMA) 

control charts, is also given. Finally, a synopsis of the thesis containing the inspiration 

towards the proposals and an outline are presented.  
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Production processes are subject to variations, e.g. in the process of filling bottles 

with cooking oil the amount of oil filled will not be exactly same; in the process of making 

tube light rods the diameter or length of any two rods will not be the same. These variations 

are mainly classified into two types, namely common cause variation and special cause 

variation. Common cause variation always exists even if the process is designed very well 

and maintained very carefully. This variation should be relatively small in magnitude and is, 

uncontrollable and due to many small unavoidable causes. A process is said to be in statistical 

control if only common cause variation is present. The variations outside this common cause 

pattern are called special cause variations. These variations are subject to some problem in 

the system, like poor tuning of equipment, controller fell asleep or got absent, computer 

stopped working, poor lot of raw material, machine break down. A process working under 

both types of variation is said to be out of control. The increase of variation (or the inclusion 

of special cause variation) in the process generally changes the process parameters like 
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location or/and dispersion parameters. Change in the process location can lead to a greater 

number of nonconforming items. Similarly, a change in the process dispersion is also 

important to be detected as an increase in the process dispersion shows a straightforward drop 

in the quality of process, as a larger spread in the data leads to lower uniformity in the 

process. On the other hand, the detection of the decrease in the process dispersion may 

improve the quality of the process, if the underlying special cause can be detected as early as 

possible. 

��� possesses some of the most extensively used techniques to detect the presence of 

special cause variation in processes. The control chart is one of those techniques and it started 

with Shewhart control charts containing the mean (�	) chart for process location and the range 

(
), the standard deviation (�) and the variance (��) charts for process dispersion. The 

structure of these control charts is based on a statistic plotted against three additional lines: 

the center line (��), the upper control limit (���) and the lower control limit (���).  The two 

control limits (i.e. ��� and ���) are basically the parameters of a control chart which are 

selected in such a way that there is a very small probability (generally referred as False Alarm 

Rate (�
) in the quality control literature and denoted by �) of the in control data points 

falling outside these limits. Similarly, the probability of the out of control data points falling 

outside the control limits is called the power (used as a performance measure) of a control 

chart. Another performance measure for the control charts is the average run length �
��. If 
we define a random variable 
� equal to the number of samples until the first out of control 

signal occurs then the probability distribution of this random variable 
� is known as the run 

length distribution. The average of this distribution is called average run length and is 

denoted by 
�. The in control 
� of a control chart is denoted by 
��, while out of 

control 
� is denoted by 
��.  
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A shortcoming of a Shewhart control chart is that its conclusion is merely based on 

the present sample which means that it pays no attention to the past data resulting into a 

relatively bad performance for small disturbances in the process. In contrast, the CUSUM 

control charts and the EWMA control charts (also referred as memory control charts) are 

based (in different) ways on past information along with current. Due to this feature these 

charts are more efficient to detect small and moderate shifts. The present study is based on 

providing new memory control charting techniques (by modifying the existing structures and 

also by designing some new structures) that perform relatively better than the existing ones, 

especially for small and moderate shifts in the process parameters. In the pursuing sections, 

we provide the detailed structures of CUSUM and EWMA charts for monitoring the process 

parameters. 
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The CUSUM chart was originally introduced by Page (1954) and is suited to detect 

small and sustained shifts in a process. The chart measures a cumulative deviation from the 

mean or a target value. There exist two versions of the CUSUM chart, used to monitor the 

process location: the V-mask CUSUM and the tabular CUSUM. The V-mask procedure, 

which is not very common in use, normalizes the deviations from the mean (or target) and 

plots these deviations. As long as these deviations are plotted around the target value the 

process is said to be in control, otherwise out of control. The tabular method of evaluating a 

CUSUM chart works by accumulating the deviations up and down from a target value for 

which we use the notations �� and ��, respectively. The quantities �� and �� are known as 

upper and lower CUSUM statistics, respectively, and these are defined as: 

��� � ������ ��� � ��� �  ! ����� ",     ��� � ���������� � ��� �  ! ����� "           (1.1) 
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where # is the sample number, � is the study variable, �� is the target mean of study variable 

�,   is the reference value of CUSUM scheme, often taken equal to the half of the amount of 

shift which we are interested to detect (cf. Ewan and Kemp (1960)). The starting value for 

both plotting statistics is taken equal to zero, i.e. ��� � ��� � �. Now we plot these two 

statistics against the control limit $ and it is concluded that the process mean has moved 

upward if ��� % $ for any value of # whereas the process mean is said to be shifted 

downwards if ��� % $ for any value of #. The CUSUM chart is defined by two parameters i.e. 

  and $. These two parameters are used in the standardized manner (cf. Montgomery 

(2009)) given as: 

 � &'�,     $ � ('�                   (1.2) 

where '� is the in control standard deviation of the study variable � and & and ( are the two 

constants which have to be chosen very carefully because the 
� performance of the 

CUSUM chart is very sensitive to these constants. 

Several CUSUM structures are also recommended for monitoring the process 

dispersion. Page (1963) introduced the CUSUM chart for monitoring an increase in process 

dispersion using sample ranges. Following him, Hawkins (1981), Tuprah and Ncube (1987), 

Chang and Gan (1995), Acrosta-Mejia et al. (1999) and Castagliola et al. (2009) proposed 

several improved versions of CUSUM charts for process dispersion. These charts are based 

on transforming the sample variance such that the new transformed form may be closely 

approximated by a normally distributed variable and hence applying the usual CUSUM 

structures (recommended by Page (1954)) on it. 
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The EWMA control chart was introduced by Roberts (1959) to particularly address 

the shifts of small and moderate magnitude. Like the CUSUM scheme, EWMA also utilizes 

the past information along with the current, but the weights attached to the data are 

exponentially decreasing as the observations become less recent. An EWMA control chart for 

monitoring the location of a process is based on the statistic:  

)� � *�� ! �+ � *�)���                  (1.3) 

where # is the sample number and * is a constant such that � , * - +. The quantity )� is the 

starting value and it is taken equal to the target mean �� or the average of initial data in case 

when the information on the target mean is not available. The control limits for the EWMA 

statistic given in (1.3) are given as: 

.���� � �� � �'�/
0��0 �+ � �+ � *������ � ������ � �� ! �'�/ 0��0 �+ � �+ � *����123

24
                (1.4) 

where � is the control limit coefficient. Like CUSUM charts, EWMA control charts also have 

two parameters (* and �). * determines the decline of weights, while � determines the width 

of the control limits, so jointly these two parameters determine the 
� performance of the 

EWMA charts. The above mentioned limits given in (1.4) are called time varying limits of 

the EWMA charts. For large values of # these limits converge to constant limits which are 

given as: 

��� � �� � �'�/ 0��0,     �� � ��,     ��� � �� ! �'�/ 0��0             (1.5) 
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Hence, the factor 5+ � �+ � *���6 in (1.4) tends to 1 if the sample number tends to infinity. 

For monitoring the process dispersion, EWMA charts are also based on normalizing 

the sample variance. Wortham and Ringer (1971) suggested an EWMA control chart for 

monitoring the process dispersion. Ng and Case (1989), Crowder and Hamilton (1992), 

Castagliola (2005) and Huwang et al. (2010) followed them and proposed improved versions 

of EWMA chart for monitoring process variance.  

 

���� ��������� ������������

After the development of Shewhart, CUSUM and EWMA charts by Shewhart (1931), 

Page (1954) and Roberts (1959), respectively, several modifications of these charts have been 

presented in order to further enhance the performance of these charts. Klein (2000), Khoo 

(2004), Koutras et al. (2007) and Antzoulakos and Rakitzis (2008) proposed the application 

of different runs rules with the Shewhart structure. Riaz (2008a) and Riaz (2008b) proposed 

the auxiliary based control charts for monitoring the process variability and location 

respectively, where both of these charts are based on regression-type estimators. Lucas 

(1982) presented the combined Shewhart-CUSUM quality control scheme in which Shewhart 

limits and CUSUM limits are used simultaneously. Lucas and Crosier (1982) recommended 

the use of the fast initial response (FIR) CUSUM which gives a head start to the CUSUM 

statistic by setting the initial values of the CUSUM statistic equal to some positive value 

(non-zero). This feature gives better 
�� performance but at the cost of a decrease in 
��. 

Yashchin (1989) presented the weighted CUSUM scheme which gives different weights to 

the previous information used in CUSUM statistic. Similarly, on the EWMA side, Lucas and 

Saccucci (1990) presented the combined Shewhart-EWMA quality control scheme which 

gives better 
�� performance for both small and large shifts. Steiner (1999) provided the 
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FIR EWMA which gives a head start to the initial value of the EWMA statistic (like FIR 

CUSUM) and hence improves the 
�� performance of the EWMA charts. 

It is hard to find an application of the runs rules schemes with the CUSUM and 

EWMA charts in the literature. Chapter 2 proposes the application of some runs rules 

schemes with the control structure of CUSUM and EWMA charts for process location.  The 

performance of these runs rules based CUSUM and EWMA charts is evaluated in terms of 


�. Comparisons of the proposed schemes are made with some existing representative 

CUSUM- and EWMA-type counterparts used for small and moderate shifts. The findings 

reveal that the proposed schemes are able to perform better than the other schemes under 

investigation. The work of Chapter 2 has been published in Quality and Reliability 

Engineering International as Riaz, Abbas and Does (2011) and Abbas, Riaz and Does (2011). 

Chapter 3 introduces a new control structure named as mixed EWMA-CUSUM 

control chart for monitoring the process location. The core of this idea is to mix the effects of 

EWMA and CUSUM charts into a single structure such that the resulting mixed chart 

perform better than the classical ones (i.e. CUSUM by Page (1954) and EWMA by Roberts 

(1959)). This is done by applying the CUSUM structure over the EWMA statistic. An 

obvious counterpart of this mixed chart is also developed for monitoring the process 

dispersion which is named as CS-EWMA chart as its plotting statistic is based on 

cumulatively summing the exponentially weighted moving averages. Some additional 

material in the form of comparisons and illustrative examples are also provided. From this 

chapter, an article on the mixed EWMA-CUSUM chart for location is published in Quality 

and Reliability Engineering International as Abbas, Riaz and Does (2012a), while another 

article on CS-EWMA chart for process dispersion has been accepted for publication in 

Quality and Reliability Engineering International as Abbas, Riaz and Does (2012b). 
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Following the approach of Riaz (2008a) and Riaz (2008b), chapter 4 proposes several 

new control structures using the information from auxiliary variable(s). These charts include 

the CUSUM and EWMA charts (for monitoring the process location) based on the 

information of one or more auxiliary variables. The regression estimation technique for the 

mean is used in defining the control structure of the proposed charts. Comparisons with uni-

variate as well as bi-variate EWMA and CUSUM charts are provided. An article on auxiliary 

based EWMA chart for location has been accepted for publication in Communications in 

Statistics - Theory and Methods as Abbas, Riaz and Does (2012c). 

Chapter 5 proposes an alternative to the CUSUM and EWMA charts, named as the 

progressive mean (�7) control chart. This newly developed control chart is not only 

outperforming the existing memory charts, but also, its control structure is very simple as 

compared to the CUSUM and EWMA charts. An article on �7 control chart has been 

published in Quality and Reliability Engineering International as Abbas, Zafar, Riaz and 

Hussain (2012). Using the idea of a progressive statistic, two new control charts are also 

developed (named as floating control charts) for monitoring the process dispersion. These 

floating charts also surpass the existing CUSUM and EWMA charts for monitoring the 

process standard deviation. An article on the floating charts has been submitted for 

publication in International Journal of Production Research as Abbas, Riaz and Does 

(2012d). 
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