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The control chart is an important statistical technique that is used to monitor the quality of a 

process. One of the charting procedures is the Shewhart-type control charts which are used 

mainly to detect large shifts. Two alternatives to the Shewhart-type control charts are the 

cumulative (CUSUM) control charts and the exponentially weighted moving average 

(EWMA) control charts which are especially designed to detect small and moderately 

sustained changes in quality. Enhancing the ability of design structures of control charts is 

always desirable and one may do it in different ways. Runs rules schemes are generally used 

to enhance the performance of Shewhart control charts. In this chapter we propose the use of 

runs rules schemes for the CUSUM and EWMA charts and evaluated their performance in 

terms of the 
�. Comparisons of the proposed schemes are made with some existing 

representative CUSUM and EWMA-type counterparts used for small and moderate shifts. 

The comparisons revealed that the proposed schemes perform better for small and moderate 

shifts while they reasonably maintain their efficiency for large shifts as well. This chapter is 

based on two articles for monitoring the process location i.e. Riaz, Abbas and Does (2011) 

and Abbas, Riaz and Does (2011). 
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The CUSUM and EWMA chart structures discussed in Chapter 1 are known as the 

classical CUSUM and EWMA charts. The detailed study on the 
� performance of 
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CUSUM chart was done by Hawkins and Olwell (1998), whereas Steiner (1999) evaluated 

the 
�8 of the classical EWMA.  These 
�8 are provided in Table 2.1 and Table 2.2, 

respectively. 

TABLE 2.1: 9:; Values for the classical CUSUM chart with < � => ? 

@ 0 0.25 0.5 0.75 1 1.5 2 2.5 3 ( � A 168 74.2 26.6 13.3 8.38 4.75 3.34 2.62 2.19 ( � B 465 139 38.0 17.0 10.4 5.75 4.01 3.11 2.57 




TABLE 2.2: 9:; values for the classical EWMA chart at 9:;= � ?== 

C 
D � => E; � F> GFH 

D � => F?; � I  
D � => ?; � I> =JF 

D � => J?; � I> =GG 

0 499.89 500.81 499.36 499.36 

0.25 102.99 169.49 255.96 321.3 

0.5 28.86 47.5 88.75 139.87 

0.75 13.56 19.22 35.55 62.46 

1 8.22 10.4 17.09 30.57 

1.5 4.17 4.77 6.27 9.8 

2 2.66 2.94 3.4 4.46 

 

The results of Tables 2.1 and 2.2 are based on the test that one point falling outside 

the limits indicates an out of control situation (the classical scheme of signaling). This test 

may be further extended to a set of rules named as sensitizing rules and runs rules schemes 

which help to increase the sensitivity of the charts to detect out of control situations. The 

common set of sensitizing rules are (cf. Nelson (1984)): one or more points outside the 

control limits; two out of three consecutive points outside the 2 sigma warning limits but still 

inside the control limits; four out of five consecutive points beyond the 1 sigma limits but still 

inside the control limits; a run of eight consecutive points on one side of the center line but 

still inside the control limits; six points in a row steadily increasing or decreasing but still 

inside the control limits; fourteen points in a row alternating up and down but still inside the 
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control limits. The basic principle underlying these runs rules is twofold. Firstly, specific 

patterns of out of control conditions might be detected earlier, such as a small but persistent 

trend. Secondly, the decision rules are designed to have roughly the same (marginal) false 

alarm probability. 

 To enhance the performance of control charts, many researchers have used the idea of 

using different sensitizing rules and runs rules schemes with the Shewhart-type control 

charts, e.g. see Klein (2000), Khoo (2004), Koutras et al. (2007), and Antzoulakos and 

Rakitzis (2008). The application of sensitizing rules causes an increase in false alarm rates, 

whereas the runs rules schemes take care of this issue. Klein (2000), Khoo (2004), and 

Antzoulakos and Rakitzis (2008) suggested different runs rules schemes, namely K out of L 

and modified K out of L, to be used with the Shewhart-type control charts. They studied their 

performance and found that these runs rules schemes perform better as compared to the usual 

Shewhart-type control charts.  

There is a variety of literature available on CUSUM and EWMA charts. e.g. see 

Lucas and Crosier (1982), Yashchin (1989), and Hawkins and Olwell (1998) for CUSUM 

and Lucas and Saccucci (1990), Steiner (1999), and Capizzi and Masarotto (2003) for 

EWMA. All the existing approaches use only the usual scheme of signaling an out of control 

situation. It is hard to find an application of the runs rules schemes with the CUSUM and 

EWMA charts in the literature. However, Westgard et al. (1977) studied some control rules 

using combined Shewhart-CUSUM structures. They proved superiority of this combined 

approach on the separate Shewhart’s approach but ignored any comparison with the separate 

CUSUM application. Also their control rules considered only one point at a time for testing 

an out of control situation.  The false alarm rates of their control rules kept fluctuating and no 

attempt was made to keep them fixed at a pre-specified level which is very important for 

valid comparisons among different control rules/schemes.  
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In this chapter we analyze some of the K out of L runs rules schemes (like M MN , MOP and 

modified MOP schemes) with CUSUM and EWMA charts, following Klein (2000), Khoo 

(2004), and Antzoulakos and Rakitzis (2008), and compared their performance (in terms of 

the 
�) with some other schemes meant particularly for small shifts. Section 2.2 contains 

the detailed discussion about the proposed runs rules schemes applied on the CUSUM chart, 

while the discussion on the schemes applied on the EWMA chart are included in Section 2.3. 
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A process is called to be out of control when a point falls outside the control limits. 

Specific runs rules or extra sensitizing rules can be used in addition to enhance the power of 

detecting out of control situations. The CUSUM charts can also take benefit out of these runs 

rules schemes if properly applied with the CUSUM structures. Following Klein (2000), Khoo 

(2004), and Antzoulakos and Rakitzis (2008), we propose here two runs rules schemes to be 

used with the CUSUM charts to monitor the location parameter. The proposed schemes are 

based on the following terms and definitions. 

Action Limit (9;): This is a threshold level for the value of CUSUM chart statistic. If some 

value of CUSUM statistic exceeds the �, the process is called to be out of control. The value 

of the � would be greater than the classical CUSUM critical limit $ for a fixed 
��. 

Warning Limit (Q;): This is a level for the value of the CUSUM chart statistic beyond 

which (but not crossing the �) some pattern of consecutive points indicate an out of control 

situation. The value of the R� would be smaller than the classical CUSUM critical level $ 

for a fixed 
��. 
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Using the above definitions we propose the two runs rules schemes for the CUSUM chart as: 

Scheme I: A process is said to be out of control if one of the following four conditions is 

satisfied: 

1. One point of �� falls above the �. 

2. One point of �� falls above the �. 

3. Two consecutive points of �� fall between the R� and the �. 

4. Two consecutive points of �� fall between the R� and the �. 

Scheme II: A process is said to be out of control if one of the following four conditions is 

satisfied: 

1. One point of �� falls above the �. 

2. One point of �� falls above the �. 

3. Two out of three consecutive points of �� fall between the R� and the �. 

4. Two out of three consecutive points of �� fall between the R� and the �. 

Note that the values of the R� and the � are proportional to the value of the 
� for a 

given shift; i.e. the 
� is higher if the values of the R� and the � are higher and vice 

versa. 

There are infinite pairs of R� and � which fix the in control 
�� at a desired level. 

The objective is to find those pairs of � and R� that maintain the 
�� value at the desired 

level and at the same time minimize the 
�� value.  

The 
� computations may be carried out using different approaches, like integral 

equations, Markov chains, approximations and Monte Carlo simulations. Details regarding 

the first two may be seen in Brook and Evans (1972) and Lucas and Crosier (1982) and the 

references therein. An 
� approximation for the upper-sided CUSUM (
��) and the 

lower-sided CUSUM (
��) is given as (cf. Siegmund (1985)): 
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�� � S���T�U��V��>�WW� ! M�@ � &��( ! +>+XX� � +M�@ � &��  

and 


�� � S����T�U��V��>�WW� ! M��@ � &��( ! +>+XX� � +M��@ � &��  

The 
�8 for a two-sided CUSUM can be obtained by the following relation: 


� � ++ 
��Y ! + 
��Y  

 Monte Carlo simulation is also a standard option to obtain approximations for the 
� and 

we have adopted this approach in our study. For that purpose we have developed a simulation 

algorithm using an add-in feature of Excel software which helps calculating the 
�8.  
 

������(�� ���	������	��	������ �����
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The performance of the two proposed schemes for the CUSUM chart has been 

evaluated in terms of 
� under different in control and out of control situations. To meet the 

desired objective, we have used our simulation algorithm to find the 
�� and 
�� values 

for the pairs of R� and �. We have generated for different values of @ 100,000 samples of 

size Z from [ \�� ! @ ]^_` � '��a and we have calculated the statistics ��� and ��� for all 

samples. Here �� and '� refer to the mean and the standard deviation of the process under 

study and @ is the amount of shift in ��. Here ' is assumed to be in control i.e. ' � '�. The 

value of @ indicates the state of control for our process mean, i.e. @ � � implies that the 

process mean � is in control (i.e. � � ��) and @ b � that the process mean � is out of control 

(i.e. � � ��). Without loss of generality we have taken �� � � and '� � + in our simulations. 

After obtaining 100,000 samples we have applied all four conditions of the two proposed 

runs rules schemes (i.e. Schemes I & II). In this way the run lengths are found for the two 
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proposed schemes. This procedure is repeated 5,000 times and each time the run lengths are 

computed for both schemes. By taking the average of these run lengths we obtain the 
�8 
for the two schemes. 

To evaluate the performance of the two proposed schemes I and II, we will report the 

results for the values of the 
�� equal to 168, 200 and 500. Other values of the 
�� can be 

easily obtained. The choices made will show the performance of the two schemes and enable 

us to make comparisons with the results of other schemes and approaches from the literature. 

By fixing the 
�� at a desired level for the proposed schemes I and II, we are able to obtain 

pairs of R� and � using our algorithm. Then for these pairs of R� and �, we have 

obtained the 
�� at different values of @ for both the schemes. The results of the R� and 

the � along with their corresponding 
�� values for the above mentioned pre-specified 


��8 are provided in Tables 2.3 – 2.8 for both schemes. In Tables 2.3 – 2.8 the first two 

columns contain the R� and � pairs which fix the 
�� value at a specified desired level 

and the remaining columns give the corresponding 
�� values. 

Some researchers (e.g. Antzoulakos and Rakitzis (2008)) suggest also to report the 

standard deviations of the run lengths along with the 
� values to describe more about the 

run length behavior. Moreover, Palm (1990) and Shmueli and Cohen (2003) highlighted the 

importance of percentile points of the run length distribution and suggested to report them for 

the interest of practitioners. Therefore the standard deviations (denoted by �c
�) and the 

percentile points (denoted by ��) of the run length distribution are also computed for 

proposed schemes I and II. The results of �c
� and �� (for # � +�� MB� B�� dB� e�) are 

provided in Riaz, Abbas and Does (2011) as Tables VIII – XI for the two proposed schemes 

at 
�� � +Xf. For the other values of 
�� similar tables can be easily obtained.
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TABLE 2.3: Q;, 9; and 9:;E values for the proposed scheme I at 9:;= � EgG  

Limits C Q;h 9;h 0.25 0.5 0.75 1 1.5 2 

3.42 4.8 71.872 25.564 13.539 8.66 5.078 3.679 

3.44 4.6 72.258 25.653 13.5 8.568 5.013 3.607 

3.48 4.4 71.936 25.593 13.496 8.516 4.936 3.525 

3.53 4.2 71.399 25.3 13.332 8.404 4.828 3.423 




TABLE 2.4: Q;, 9; and 9:;E values for the proposed scheme II at 9:;= � EgG�
Limits C Q;h 9;h 0.25 0.5 0.75 1 1.5 2 

3.5 4.44 71.489 25.379 13.398 8.462 4.941 3.541 

3.6 4.19 72.938 25.368 13.352 8.383 4.83 3.424 

3.7 4.08 73.11 25.369 13.306 8.344 4.777 3.376 

3.8 4.03 73.589 25.403 13.277 8.316 4.75 3.347 




TABLE 2.5: Q;, 9; and 9:;E values for the proposed scheme I at 9:;= � F==


Limits C Q;h 9;h 0.25 0.5 0.75 1 1.5 2 

3.9 4.24 82.952 28.697 13.801 8.904 4.909 3.492 

3.8 4.29 84.537 28.736 14.065 8.661 5.002 3.523 

3.7 4.4 82.115 28.496 13.822 8.812 4.993 3.561 

3.6 4.77 84.15 28.716 13.961 8.981 5.228 3.725 

3.57 i 79.474 28.94 14.262 9.213 5.51 4.076 




TABLE 2.6: Q;, 9; and 9:;E values for the proposed scheme II at 9:;= � F==
�
Limits C Q;h 9;h 0.25 0.5 0.75 1 1.5 2 

3.9 4.23 82.975 28.206 13.77 8.869 4.978 3.435 

3.8 4.28 81.403 28.356 13.903 8.699 4.966 3.503 

3.7 4.6 82.732 28.824 14.078 8.874 5.14 3.687 

3.64 i 81.518 29.138 14.266 9.114 5.457 4.12 

�
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TABLE 2.7: Q;, 9; and 9:;E values for the proposed scheme I at 9:;= � ?==

Limits C Q;h 9;h 0.25 0.5 0.75 1 1.5 2 

4.8 5.12 141.111 38.599 17.392 10.518 5.905 4.057 

4.7 5.2 150.372 38.594 17.529 10.599 5.898 4.14 

4.6 5.39 145.189 38.195 17.468 10.558 6.007 4.237 

4.49 i 146.564 38.492 17.725 10.857 6.333 4.689 




TABLE 2.8: Q;, 9; and 9:;E values for the proposed scheme II at 9:;= � ?==
�
Limits C Q;h 9;h 0.25 0.5 0.75 1 1.5 2 

4.8 5.11 139.705 38.856 17.459 10.506 5.822 4.078 

4.7 5.19 142.159 37.975 17.267 10.583 5.872 4.104 

4.6 5.5 145.787 38.334 17.394 10.734 6.053 4.273 

4.54 i 149.035 39.904 17.568 10.966 6.451 4.873 

 

The standard errors of the results reported in Tables 2.3 – 2.8 are expected to remain 

around 1% (in relative terms) as we have checked by repeating our simulation results. We 

have also replicated the results Table 2.1 for ( � A of the classical CUSUM scheme using 

our simulation routine and obtained almost the same results which ensures the validity of the 

algorithm developed in Excel and the simulation results obtained from it. 

 

We have observed for the two proposed schemes I and II that:  

i) many pairs of R� and � may be found which fix the 
�� at a desired level 

but the optimum choice helps minimizing the 
�� value (cf. Table 2.3 – 2.8);  

ii) the two proposed schemes perform very good at detecting small and moderate 

shifts while maintaining their ability to address the large shifts as well (cf. Tables 2.3 

– 2.8);  
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iii) the two proposed schemes I and II are almost equally efficient for the shifts of 

small, moderate and large magnitude and hence may be used as a replacement of each 

other at least for normally distributed processes; 


iv) with an increase in the value of @ the 
�� decreases rapidly for both the 

schemes, at a fixed value of 
��;  

v) with a decrease in the value of 
�� the 
�� decreases quickly for both the 

schemes for a given value of @ (cf. Tables 2.3 – 2.8);  

vi) the proposed schemes I and II may be extended to more generalized schemes 

(as given in Klein (2000), Khoo (2004), and Antzoulakos and Rakitzis (2008)); 

vii) the �c
� decreases if the value of @ increases for both the schemes I and II 

(cf. Riaz, Abbas and Does (2011));  

viii) the run length distributions of both the schemes are positively skewed (cf. 

Riaz, Abbas and Does (2011)).  
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 In this section we compare the performance of the proposed schemes I and II with 

some existing schemes for detecting small, moderate and large shifts. The 
� is used as a 

performance measure for all the schemes under discussion. The existing schemes we have 

considered for comparison purpose include the classical CUSUM scheme of Page (1954), the 

weighted CUSUM scheme of Yashchin (1989), the EWMA scheme given in Steiner (1999) 

and the fast initial response (FIR) CUSUM scheme of Lucas and Crosier (1982). The 
�� 

results for the above mentioned schemes are provided in the Table 2.1 – 2.2 and Tables 2.9 – 

2.10 at some selective values of 
�� which will be used for the comparisons.  
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Now we present a comparative analysis of the proposed schemes with the existing schemes 

one by one. 

Proposed versus the classical CUSUM: The classical CUSUM scheme of Page (1954) 

accumulates the up and down deviations from the target and is quite efficient at detecting 

small shifts. Table 2.1 provides the 
� performance of the classical CUSUM scheme. 

Tables 2.3 – 2.4 provide the 
� performances of the two proposed schemes. The results of 

these tables advocate that the proposed schemes are better compared with the classical 

CUSUM scheme for small shifts while for moderate and large shifts their performances 

almost coincide. 

Proposed versus the weighted CUSUM: Yashchin (1989) presented a class of weighted 

control schemes that generalize the basic CUSUM technique by assigning different weights 

to the past information used in the classical CUSUM statistic. The 
� performance of the 

weighted CUSUM scheme is given in Table 2.9 where j represents the weight and the other 

terms as defined earlier in this article. Tables 2.7 and 2.8 provide the 
� performance of the 

proposed schemes at 
�� � B�� so these tables can be used to compare the proposed 

schemes with the weighted CUSUM scheme.  

TABLE 2.9: 9:; values for the symmetric two-sided weighted CUSUM scheme at 9:;= � ?== 

< � => ? C k l 0.5 1 1.5 2 

0.7 3.16 86.30 15.90 6.08 3.52 

0.8 3.46 70.20 13.30 5.66 3.50 

0.9 3.97 54.40 11.40 5.50 3.60 

1.0 5.09 39.00 10.50 5.81 4.02 

 

By comparing the results of Tables 2.7, 2.8 and 2.9 we can see that the proposed schemes 

perform better than the weighted CUSUM for small and moderate shifts. Particularly, when @ 
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is small the performance of our proposed schemes is significantly better than that of the 

weighted CUSUM scheme. However for j � + the weighted CUSUM scheme is the same as 

the classical CUSUM so the comments of the proposed versus the classical CUSUM scheme 

hold here as well.  

Proposed versus the classical EWMA: Steiner (1999) gave a simple method for studying 

the run length distribution of the classical EWMA chart. Table 2.2 presents some selective 


�8 of the EWMA chart where * is the weighting constant and � is the control limits 

coefficient. As the proposed schemes have 
�� � B�� in Tables 2.7 and 2.8 we use these 

tables for a comparison with the EWMA chart. From the Tables 2.2, 2.7 and 2.8 we see that 

for @ � �>MB the classical EWMA chart has an 
�� value of +d+>�e whereas the proposed 

schemes are minimizing the same 
�� value around +A�. This shows that the proposed 

schemes perform better than the classical EWMA scheme for @ � �>MB. The same superiority 

also holds for all �>MB - @ - +. However, for @ % + the proposed schemes and the classical 

EWMA scheme have almost the same behavior as can be easily seen from the corresponding 

tables. 

Proposed versus the FIR CUSUM: Lucas and Crosier (1982) presented the Fast Initial 

Response (FIR) CUSUM which gives a head start value, say ��, to the classical CUSUM 

statistic. A standard CUSUM has ��� � ��� � � while an FIR CUSUM sets ��� and ��� to 

some nonzero value. Table 2.10 presents the 
�8 for the FIR CUSUM at ( � A and �� � + 

for discussion and comparison purposes. The FIR CUSUM scheme decreases the 
�� 

values as compared to those of the classical CUSUM scheme at the cost of reduction in 
�� 

value from +Xf to +XP (see Table 2.1 vs. Table 2.10) which is generally undesirable in 

sensitive processes (e.g. those directly related to intensive care units which are highly time 

sensitive, cf. Bonetti et al. (2000)). The 
�� results given in Tables 2.3 and 2.4 of the 



�

���������	�
������
������
��
����������
�������
������



��0��	�����	�-�	����'('%�����#$%&�

proposed schemes are also obtained for 
�� � +Xf and hence can be used for comparison 

purposes here. Looking at the 
�� results of Tables 2.3 and 2.4 we can see that almost the 

same amount of reduction in 
�� may be achieved, as obtained by FIR CUSUM, using the 

proposed schemes without paying any cost in terms of a decrease in 
�� value and the need 

of a head start value.  

TABLE 2.10: 9:;m for FIR CUSUM scheme with n= � lOH and < � => ? 

C 0 0.25 0.5 0.75 1 1.5 2 l � H, n= � E 163 71.1 24.4 11.6 7.04 3.85 2.7 

 

In brief the proposed schemes have shown better performance for the smaller values of @ (i.e. 

small shifts), which is the main concern of CUSUM charts, while for larger values of @ the 

proposed schemes can perform equally well as the other schemes. The better performance can 

be further enhanced with the help of other runs rules schemes of Khoo (2004) and 

Antzoulakos and Rakitzis (2008). 

 

������ ������	�������	�
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To illustrate the application of the proposed CUSUM schemes we use the same 

method as in Khoo (2004). Two datasets are simulated consisting of some in control and 

some out of control sample points. For dataset 2.1 we have generated 50 observations in total, 

of which the first 20 observations are from [���+� (showing the in control situation) and the 

remaining 30 observations are generated from [��>MB�+� (showing a small shift in the mean 

level) while for dataset 2.2 we have generated 30 observations in total, of which the first 20 

observations are same as for dataset 2.1 and the remaining 10 observations are generated 

from [�+�+� (showing a moderate shift in the mean level).  
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The two proposed CUSUM schemes of this study (i.e. schemes I and II) are applied to 

the above mentioned two datasets. Additionally, the classical CUSUM scheme is also applied 

to these two datasets for illustration and comparison purposes. The CUSUM statistics are 

computed for the two datasets and are plotted against the respective control limits used with 

the three CUSUM schemes by fixing the 
�� at B��. For the classical CUSUM scheme, 

( � B>�d is used as the control limit to have 
�� � B��. For the proposed scheme I, 

R� � A>f  and � � B>+M are used, while for the proposed scheme II R� � A>f and 

� � B>++ are used to have the 
�� value equal to B�� for both schemes. The graphical 

displays of the three CUSUM schemes for the two datasets are given in the following two 

figures. 

Figure 2.1 exhibits the behavior of dataset 2.1, where a small mean shift was 

introduced. Figure 2.2 illustrates the behavior of dataset 2.2, where a moderate mean shift 

was introduced. 

Figure 2.1: CUSUM chart of the classical scheme and the proposed scheme I and II for 

dataset 2.1 
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Figure 2.2: CUSUM chart of the classical scheme and the proposed scheme I and II for 

dataset 2.2 

 

In Figure 2.1 we see that an out of control signal is received at sample points  #  49 and 50 by 

the proposed scheme I (i.e. two out of control signals) and at sample points # 49 and 50 by 

the proposed scheme II (i.e. two out of control signals). Similarly, in Figure 2.2 the out of 

control signals are received at sample point # 26 by proposed scheme I (i.e. one out of control 

signal) and at sample points # 25, 26 and 27 by the proposed scheme II (i.e. two out of 

control signal). For both datasets, the classical CUSUM scheme failed to detect any shift in 

the process mean. 

 It is evident from the above figures that the proposed schemes have detected out of 

control signals, which are not spotted by the classical CUSUM scheme for the dataset 2.1, 

where a small mean shift was present, while the situation is almost identical for dataset 2.2, 

where a moderate shift we introduced. It is to be noted that these signaling performances of 

the proposed schemes versus the classical CUSUM scheme are in accordance with the 
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findings of subsection 2.2.2, where we found that the proposed schemes are more efficient 

than the classical CUSUM scheme for small shifts, while almost equally good for other shifts. 
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Shewhart control charts are good in detecting large disturbances in the process, but it 

takes too long for Shewhart-type charts to detect a small or moderate shift. To overcome this 

problem some sensitizing rules are designed but their implementation inflates the pre-

specified false alarm rate. This issue may be resolved by the introduction of the runs rules 

schemes as we have mentioned in Section 2.2. Klein (2000), Khoo (2004) and Antzoulakos 

and Rakitzis (2008) presented runs rules schemes applied on the Shewhart control charts to 

enhance their performance for small and moderate shifts, keeping the false alarm rate at the 

pre-specified level. The application of these runs rules schemes is not commonly used with 

the CUSUM and EWMA control charts. Taking inspiration from the application of runs rules 

on CUSUM charts, we propose two runs rules schemes in this section for the design structure 

of the EWMA control chart named as “simple MOM EWMA scheme” and “modified MOP 

EWMA scheme”. The procedural and conceptual framework of these two proposed schemes 

is defined as: 

Simple FOF EWMA scheme: According to the simple MOM EWMA scheme a process is said 

to be out of control if two consecutive points are plotted either below a lower signaling limit 

(���) or above an upper signaling limit (���). 

Modified FOI EWMA scheme: According to the modified MOP EWMA scheme a process is 

said to be out of control if one of the following two conditions is satisfied. 

i. At least two out of three consecutive points fall below an ��� and the point above the 

��� (if any) falls between the �� and the ���. 
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ii. At least two out of three consecutive points fall above a ��� and the point below the 

��� (if any) falls between �� and the ���. 

The signaling limits ��� and ��� mentioned above in the definitions of our two proposals 

are especially set limits chosen for the two schemes separately, depending upon the desired 


��, while �� is the same as defined in (1.4). The control structure for the proposed 

schemes is given as: 

.���� � �� � �o'�/ 0��0 �+ � �+ � *������ � ������ � �� ! �o'�/ 0��0 �+ � �+ � *����123
24

                (2.1) 

where �o is the signaling limit coefficient of the proposed schemes and the other terms are the 

same as defined in Section 1.3. It has to be mentioned that the above mentioned signaling 

limits coefficient �o is set according to the pre-specified value of 
��. Moreover, a 

signaling limit on either side may be split into two lines (as is done in Section 2.2) to reach at 

some optimum pair. We opted the choice where the outer split of the line is taken at infinity. 

However, one may take some different appropriately chosen outer splits other than infinity.  

The parameters of these two proposed schemes are the central line and two signaling 

limits as given in (2.1) (i.e. ��, ��� and ���). The upper and lower signaling limits are 

symmetric around the �� and will vary according to the pre-specified 
��. Using the 

positive relation between 
� and width of the signaling limits (depending upon �o), we fix 


�� at the desired level and find the corresponding pair of symmetric signaling limits. 

Based on these especially set signaling limits we carry out our 
�� study at the desired 


�� values. 

The calculation of 
� may be carried out using different approaches such as integral 

equations, Markov chains, approximations and Monte Carlo simulations. We have chosen to 
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use Monte Carlo simulations to obtain 
� values. The simulation algorithms for the 

calculation of 
� values of the proposed schemes are developed in Excel using an Add-In 

feature 7��#L. 
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To investigate the performance of our proposed EWMA schemes we have considered 

different in control and out of control situations. A suitable number of samples (say 100,000) 

of a fixed size Z are generated from [ \�� ! @ ]^_` � '��a. The EWMA statistics for these 

samples are then calculated and the conditions of the two proposed EWMA schemes (as 

listed in Section 2.3) are applied on them using the signaling limits given in (2.1) through our 

simulation algorithm. By executing this process repeatedly we obtain different run length 

values which ultimately help computing 
�hvalues and other properties as well. It is to be 

noted that the value of �o is worked out such that the desired 
�� value is achieved. For 

@ � �, the 
�� values are evaluated with the help of their corresponding �o and then, for 

@ b �, the 
�� values are computed by introducing different shifts in the process. 

To evaluate the performance of the two proposals we fix the pre-specified 
�� 

values, in this section, at 168, 200 and 500. These choices will suffice to exhibit the behavior 

of our proposed schemes and will enable us to make valid comparisons with their already 

existing counterparts. On similar lines other choices of 
�� can also be obtained. By fixing 

the 
�� values at the above mentioned levels (using their corresponding �o) we have 

obtained the 
�� at different values of @. These 
�� values are provided in Tables 2.11 – 

2.16 for the aforementioned desired 
�� preferences (along with their corresponding �o 
values) at different choices of *�  
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TABLE 2.11: 9:; values for the simple FOF EWMA scheme at 9:;= � EgG 

@ 
* � �>+�o � M>+AB 

* � �>MB�o � M>+fA 
* � �>B�o � M>�PA 

* � �>dB�o � +>fP 

0 169.8676 169.4769 169.6763 169.7112 

0.25 54.5771 73.4836 94.8246 110.7766 

0.5 19.8026 26.6284 37.9883 49.063 

0.75 10.5927 12.9547 17.408 23.2892 

1 6.9435 7.9456 9.8833 13.0739 

1.5 4.1117 4.3476 4.7293 5.5777 

2 2.9796 3.0954 3.1231 3.3368 

 

TABLE 2.12: 9:; values for the modified FOI EWMA scheme at 9:;= � EgG 

@ 
* � �>+�o � +>f�d 

* � �>MB�o � +>ePX 
* � �>B�o � +>fB 

* � �>dB�o � +>Xd 

0 167.3173 169.9927 168.5416 170.9464 

0.25 34.367 43.3236 55.4569 62.6484 

0.5 14.0389 17.8611 23.0836 27.6195 

0.75 8.1338 9.4968 11.9229 14.2207 

1 5.7064 6.4798 7.6037 8.5804 

1.5 3.7755 3.9823 4.2103 4.5232 

2 3.2047 3.2708 3.3136 3.4072 

 

TABLE 2.13: 9:; values for the simple FOF EWMA scheme at 9:;= � F== 

@ 
* � �>+�o � M>M++ 

* � �>MB�o � M>MA 
* � �>B�o � M>�e 

* � �>dB�o � +>fdB 

0 200.5694 199.8855 200.8923 201.1229 

0.25 60.9801 80.7515 107.709 126.1691 

0.5 20.9561 28.6011 42.0774 55.7335 

0.75 11.2452 13.7306 19.0848 25.862 

1 7.1859 8.1962 10.6258 13.9457 

1.5 4.198 4.4825 4.9002 5.7061 

2 3.0577 3.1331 3.1899 3.4272 

 

The standard deviation of the run lengths (denoted by �c
�) and the #pV percentiles denoted 

by �� (# � +�, MB, B�, dB and e�) are also provided at 
�� � B�� in Abbas, Riaz and Does 

(2011). Similar results can be easily obtained for other values of 
��. These measures along 

with 
� may help studying the behavior of the run length distribution. 
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TABLE 2.14: 9:; values for the modified FOI EWMA scheme at 9:;= � F== 

@ 
* � �>+�o � +>feB 

* � �>MB�o � M>��f 
* � �>B�o � +>e�M 

* � �>dB�o � +>d+B 

0 201.9206 200.5236 200.5969 200.886 

0.25 39.1578 50.0565 63.1482 70.9068 

0.5 15.4204 19.5705 25.1144 30.4725 

0.75 8.6061 10.1922 12.8642 15.3578 

1 5.981 6.7621 7.7437 9.1272 

1.5 3.8655 4.1115 4.3324 4.6841 

2 3.2523 3.3186 3.3386 3.4238 

 

TABLE 2.15: 9:; values for the simple FOF EWMA scheme at 9:;= � ?== 

@ 
* � �>+�o � M>BBX 

* � �>MB�o � M>BBA 
* � �>B�o � M>PX 

* � �>dB�o � M>++B 

0 501.7558 505.5284 501.2598 502.0725 

0.25 103.3109 169.1349 235.1138 280.6187 

0.5 29.5748 47.0105 78.0771 108.8792 

0.75 14.3216 19.2776 30.8742 45.3405 

1 8.9561 10.5964 15.1992 22.1033 

1.5 4.9197 5.2578 6.1014 7.7862 

2 3.4498 3.5527 3.6815 4.0883 

 

TABLE 2.16: 9:; values for the modified FOI EWMA scheme at 9:;= � ?== 

@ 
* � �>+�o � M>P 

* � �>MB�o � M>PAB 
* � �>B�o � M>M�M 

* � �>dB�o � +>efM 

0 502.883 499.6153 505.3564 501.9698 

0.25 66.6864 97.0108 133.7117 155.7078 

0.5 21.4251 31.2023 46.3541 57.7739 

0.75 11.7427 14.4295 20.6223 26.0312 

1 7.5539 8.6761 11.0991 13.8363 

1.5 4.4676 4.7066 5.1336 5.7812 

2 3.4534 3.549 3.6276 3.7787 

 

 

The relative standard errors of the results reported in Tables 2.11 – 2.16 are also calculated 

and are found to be around 1%. We have also replicated the results of the classical EWMA 
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chart and found almost the same results as Steiner (1999) which ensures the validity of our 

simulation algorithm. 

Mainly, the findings for the two proposed schemes are: 

i. the two proposed schemes are performing very well at detecting small and 

moderate shifts while their performance for large shifts is not bad either (cf. 

Tables 2.11– 2.16); 

ii. with an increase in the value of @ the 
�� decreases rapidly for both schemes, at 

a given 
�� (cf. Tables 2.11– 2.16); 

iii. with a decrease in the value of 
�� the 
�� decreases quickly for both schemes 

for a given value of @ (cf. Tables 2.11– 2.16); 

iv. the modified MOP scheme is performing significantly better than the simple MOM 

scheme for all choices of * (cf. Tables 2.11– 2.16); 

v. performance of the two proposed schemes is generally better for smaller choices 

of * (cf. Tables 2.11– 2.16); 

vi. the modified MOP scheme has the ability to perform well even for moderately large 

values of *; 

vii. the application of both the schemes is quite simple and easily executable; 

viii. the performance of the EWMA type charts can further be enhanced by extending 

the proposed schemes with the help of other runs rules schemes; 

ix. the �c
� decreases for both schemes as the value of @ increases (cf. Abbas, Riaz 

and Does (2011)); 

x. the run length distribution of both schemes is positively skewed (cf. Abbas, Riaz 

and Does (2011)). 
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 In this section we provide a detailed comparison of the proposed schemes with their 

already existing counterparts meant for detecting small shifts, i.e. EWMA- and CUSUM-type 

charts. The performance of all the control charting schemes is compared in terms of 
�. The 

control schemes used for the comparison purposes include the classical EWMA, the classical 

CUSUM, the FIR CUSUM, the FIR EWMA, the weighted CUSUM, the double CUSUM, the 

distribution-free CUSUM and the runs rules schemes based CUSUM.  

Proposed versus the classical EWMA: The classical EWMA is defined by Roberts (1959). 


� values for the classical EWMA are given in Table 2.2. The classical EWMA refers to 

one out of one (+O+) scheme. The comparison of the three schemes (i.e. the classical EWMA 

and the two proposed schemes) shows that both proposed EWMA schemes of Section 2.3 are 

performing better than the classical scheme in terms of 
� (cf. Tables 2.15 & 2.16 vs. Table 

2.2). Moreover the modified MOP scheme is outperforming the simple MOM scheme with a 

great margin for the small shifts (i.e. �>MB - @ - +>B). The performance of the two proposed 

schemes almost coincide for larger values of @.  

Proposed versus the classical CUSUM: The classical CUSUM is defined by Page (1954). 

The 
� values of the classical CUSUM are given in Table 2.1 at 
�� 168 and 465. The 

comparison of the classical CUSUM with the proposed schemes reveals that both schemes 

are outperforming the classical CUSUM scheme at all the values of @ (cf. Tables 2.11 & 2.12 

vs. Table 2.1). Particularly, comparing the three schemes at @ � �>MB, we observe that the 

modified MOP scheme is performing the best with 
�� � PA>A followed by the simple MOM 

scheme with 
�� � BA>X, whereas the classical CUSUM has 
�� � dA>M which mean that 

the modified MOP scheme is giving almost half 
�� than the classical CUSUM scheme with 


�� fixed at +Xf. 
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Proposed versus the FIR CUSUM: The FIR CUSUM presented by Lucan and Crosier 

(1982) gives a head start to the CUSUM statistic rather than setting it equal to zero. The 


�8 of FIR CUSUM with two different values for the head start (��) are given in Table 

2.10. Comparing the performance of FIR CUSUM with the proposed schemes we can see that 

the modified MOP scheme is performing better than the FIR CUSUM even though that there is 

a problem with the FIR CUSUM because its 
�� value is less than 168 (the desired level). 

Moreover, we see that if the value of Co increases than the value of 
�� decreases, which is 

not recommended in case of sensitive processes (cf. Bonetti et al. (2000)). The proposed 

schemes are not only fixing the 
�� at the pre-specified level (so that valid comparison can 

be made) but also performing better in terms of 
��8, i.e. the proposed schemes are 

minimizing the 
�� (with a fixed 
��) without a decrease in 
�� and without the need 

of any head start value (cf. Tables 2.11 & 2.12 vs. Table 2.10). 

Proposed versus the FIR EWMA: Lucas and Saccucci (1990) proposed the application of 

the FIR feature with the EWMA control chart (especially with small values of *). The 
� 

values of the EWMA control chart with FIR feature are provided in Table 2.17.  

TABLE 2.17: 9:; values for the FIR EWMA scheme 

@ 
% Head 

Start 
* � �>+� � M>f+A 

* � �>MB� � M>eef 
* � �>B� � P>�d+ 

* � �>dB� � P>�fd 

0 
25 

50 

487 

468 

491 

483 

497 

487 

498 

496 

0.5 
25 

50 

28.3 

24.2 

46.5 

43.6 

87.8 

86.1 

140 

139 

1 
25 

50 

8.75 

6.87 

10.1 

8.79 

16.9 

15.9 

30.2 

29.7 

2 
25 

50 

3.57 

2.72 

3.11 

2.5 

3.29 

2.87 

4.33 

4.09 

 

Comparing the FIR EWMA with the proposed schemes we observe that the proposed 

schemes are not only having smaller 
��8 but they also fix the 
�� value at desired level 
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which is not the case with the FIR EWMA (cf. Tables 2.15 & 2.16 vs. Table 2.17). The other 

comments made in favor of the proposed schemes versus the FIR CUSUM are also valid here 

with the same spirit and strength. 

Proposed versus the weighted CUSUM: Yashchin (1989) proposed a class of weighted 

CUSUM charts which generalize the classical CUSUM charts by giving weights to the past 

information and can be viewed as the EWMA version of the CUSUM charts. The 
�8 for 

the weighted CUSUM are given in Table 2.9 where the weights given to the past information 

are represented by j. Comparing the weighted CUSUM with the proposed schemes we notice 

that the proposed schemes are performing better than the weighted CUSUM for all the values 

of @, which shows the uniform superiority of the proposed schemes over the weighted 

CUSUM (cf. Tables 2.15 & 2.16 vs. Table 2.9). 

Proposed versus the double CUSUM: Waldmann (1995) has shown that the simultaneous 

use of two classical CUSUMs improves the 
� performance of the CUSUM chart. This 

simultaneous use of the two CUSUM charts is being given the name of double CUSUM. The 


� performance of the double CUSUM is given in Table 2.18 in which parameters of the 1
st
 

CUSUM are   and $ and parameters of the 2
nd

 CUSUM are  q and $q.  
TABLE 2.18: 9:;m for the double CUSUM with r � I> I, sq � g> G and rq � I> I
at 

 9:;= � ?== 

C 0 0.5 1 1.5 2 $ � M>X 507 27.1 9.85 5.55 3.57 

 

Comparison of the double CUSUM with the proposed schemes shows that the double 

CUSUM performs better than the simple MOM scheme for @ � �>B but the modified MOP 

scheme performs better than both the simple MOM scheme and the double CUSUM. For all 

other values of @, the modified MOP scheme is performing the best followed by the simple 

MOM scheme (cf. Tables 2.15 & 2.16 vs. Table 2.18). 
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Proposed versus the distribution-free CUSUM: Chatterjee and Qiu (2009) proposed a 

class of distribution-free CUSUM charts. The three non-parametric control charts named as 

B1, B2 and B3 depend upon the variable �� which is defined as: 

�� � t��hhhuvh�� � �w�hhhuvh�� b �� ���� b ��xx � ���y�� b �z w � +�M� xx � Z{ 
where �� is the number of samples since the last time the statistic �� was zero. The 
� 

performance of these non-parametric charts is given in Table 2.19.  

TABLE 2.19: 9:; values for different distribution-free CUSUM schemes with nominal 9:;= � F== 

w|}~ Chart 
@ 

0 0.5 1 

5 

B1 

B2 

B3 

178.43 

173.78 

201.86 

25.31 

18.37 

27.38 

12.54 

7.94 

9.14 

30 

B1 

B2 

B3 

202.92 

194.44 

197.79 

18.89 

18.68 

19.20 

6.60 

6.43 

6.45 

40 

B1 

B2 

B3 

195.04 

198.98 

201.87 

22.40 

20.52 

21.36 

5.66 

5.70 

5.77 

50 

B1 

B2 

B3 

190.88 

199.35 

202.79 

16.96 

18.73 

17.51 

6.59 

6.84 

6.50 

 

For @ � �>B the best ARL performance is at w|}~ � B� by chart B1. In this case the 
�� �+d>� whereas the 
�� for the simple MOM and modified MOP schemes is M+>� and +B>A, 

respectively, which shows superiority of the modified MOP scheme. For @ � + the 

distribution-free charts perform slightly better for w|}~ � A� but for all other values of w|}~, 

the modified MOP scheme is again performing better. This proves the dominance of the 

modified MOP scheme as compared to the distribution-free CUSUM charts in general (cf. 

Tables 2.13 & 2.14 vs. Table 2.19). 
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Proposed versus the runs rules based CUSUM: In Section 2.2 we proposed two runs rules 

schemes, namely CUSUM scheme I and CUSUM scheme II, on the CUSUM charts and 

computed the 
� values for the two schemes which are given in Tables 2.5 and 2.6 for 


�� � M��. Comparing the proposed EWMA schemes with these runs rules based CUSUM 

schemes I and II we see that the two proposed EWMA schemes are performing better than 

the CUSUM schemes of Section 2.1 (cf. Tables 2.13 & 2.14 vs. Tables 2.5 & 2.6). 

Moreover, for an overall comparison of the proposed schemes with their existing 

counterparts mentioned and compared above we have made some graphs showing 
� 

curves of different schemes. 

It is evident from the Figures 2.3 – 2.5 that the 
� curves of the two proposed 

EWMA schemes exhibit dominance in general as compared to all the other schemes covered 

in this chapter. 

  

Figure 2.3: 9:; curves for the simple FOF and modified FOI EWMA schemes, the classical 

CUSUM and the FIR CUSUM at 9:;= � EgG 
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Figure 2.4: 9:; curves for the simple FOF and modified FOI EWMA schemes, the runs rules 

scheme I for CUSUM and the the runs rules scheme II for CUSUM at 9:;= � F== 

 
 

Figure 2.5: 9:; curves for the simple FOF and modified FOI EWMA schemes, the classical 

EWMA, the FIR EWMA, the weighted CUSUM and the double CUSUM at 9:;= � ?== 
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Particularly, the 
� curve of the modified MOP EWMA scheme is on the lower side 

compared to all other schemes. This shows the best 
� performance of the modified MOP 

EWMA scheme compared to all others. For the small shifts, the gap between the 
� curves 

of the proposed schemes with those of the other schemes is large, whereas this gap reduces as 

the size of the shift increases. This implies that the proposals of the study (particularly 

modified MOP EWMA scheme) are generally more beneficial for small shifts. 
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 This section presents an illustrative example to show how the proposed schemes can 

be applied in real situations. For this purpose we have used dataset 2.1 and dataset 2.2 from 

subsection 2.2.3. The EWMA statistics are calculated with * � �>+ and the three schemes 

(i.e. the two proposed schemes and the classical scheme with 
�� � B��) are applied to the 

datasets. The graphical display of the control chart with all the three schemes applied to the 

datasets 2.1 and 2.2 are given in Figures 2.6 and 2.7 respectively. 

From Figure 2.6 we can see that the first 20 points are plotted around the central line 

whereas an upward shift in the points can be seen afterwards. The classical scheme is not 

signaling any shift whereas the simple MOM scheme is signaling at points # 49 and 50. The 

modified MOP scheme is giving 3 out of control signals and these are at points # 45, 49 and 

50. This clearly indicated that the modified MOP scheme is not only signaling earlier than the 

classical scheme but also is giving more number of signals. The situation is not much 

different in Figure 2.7 where the classical and the simple MOM schemes failed to detect any 

shift while the modified MOP scheme gives out of control signals at points # 25, 26 and 27.  
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Figure 2.6: EWMA chart of the classical scheme and the the simple FOF and modified FOI 

schemes for the dataset 2.1 

 

Figure 2.7: EWMA chart of the classical scheme and the the simple FOF and modified FOI 

schemes for the dataset 2.2 
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The above example indicates that the modified MOP EWMA scheme is giving the 

advantage in terms of run length as well the number of signals for both small and moderate 

shifts. The outcomes of these two illustrative examples are completely in accordance with the 

findings of subsection 3.3.1. 
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For small shifts CUSUM charts and EWMA charts are considered most effective. The 

efficiency of these charts can also be increased by using different sensitizing rules and runs 

rules schemes with their usual design structure. We have proposed two runs rules schemes 

each for CUSUM and EWMA charts for the location parameter. By investigating the 

performance of the these proposed schemes and by comparing them with some existing 

schemes we found that the proposed schemes have the ability to perform better for small and 

moderate shifts while reasonably maintaining their efficiency for large shifts as well. 

To make the CUSUM and EWMA charts even more efficient, some other sensitizing 

rules/runs rules schemes can be used with their respective structures on the similar lines as 

followed in this chapter. The proposals and the recommendations of this chapter can also be 

extended for the attribute control charts based on CUSUM and EWMA patterns. 

 

 

 

 

 




