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Shewhart-type control charts are sensitive for large disturbances in the process, while 

CUSUM- and EWMA-type control charts are intended to spot small and moderate 

disturbances. In this chapter we propose a mixed EWMA-CUSUM control chart for detecting 

a shift in the process mean and evaluating its 
�8. Comparisons of the proposed control 

chart are made with some representative control charts including the classical CUSUM, 

classical EWMA, Fast Initial Response (FIR) CUSUM, FIR EWMA, adaptive CUSUM with 

EWMA based shift estimator, weighted CUSUM and runs rules based CUSUM and EWMA. 

The comparisons reveal that the mixing of the two charts makes the proposed scheme even 

more sensitive to small shifts in the process mean than the other schemes designed for 

detecting small shifts. 

 Following the mixed EWMA-CUSUM chart for location, we also propose a new 

control chart for monitoring the process dispersion. This chart is named the CS-EWMA chart 

as its plotting statistic is based on a cumulative sum of the exponentially weighted moving 

averages. Comparisons with other memory charts used to monitor the process dispersion are 

done by means of the 
�. An illustration of the proposed technique is done by applying the 

CS-EWMA chart on a simulated dataset. 

This chapter is based on two papers; one for monitoring the location parameter (cf. Abbas, 

Riaz and Does (2012a)) and the other for monitoring the dispersion parameter (cf. Abbas, 

Riaz and Does (2012b)). 
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After the development of CUSUM and EWMA charts, several modifications of these 

charts have been presented in order to further enhance the performance of these charts. Lucas 

(1982) presented the combined Shewhart-CUSUM quality control scheme in which Shewhart 

limits and CUSUM limits are used simultaneously. Lucas and Crosier (1982) recommended 

the use of the FIR CUSUM which gives a head start to the CUSUM statistic by setting the 

initial values of the CUSUM statistic equal to some positive value (non-zero). This feature 

gives better 
�� performance but at the cost of a decrease in 
��. Yashchin (1989) 

presented the weighted CUSUM scheme which gives different weights to the previous 

information used in CUSUM statistic. Section 2.2 introduced the runs rules schemes to the 

CUSUM charts and shown that the runs rules based CUSUM performs better than the 

classical CUSUM for small shifts. Similarly, on the EWMA side, Lucas and Saccucci (1990) 

presented the combined Shewhart-EWMA quality control scheme which gives better 
�� 

performance for both small and large shifts. Steiner (1999) provided the FIR EWMA which 

gives a head start to the initial value of the EWMA statistic (like FIR CUSUM) and hence 

improves the 
�� performance of the EWMA charts. Section 2.3 discussed the runs rules 

schemes to the EWMA charts and showed that the runs rules based EWMA performs better 

than the classical EWMA for small shifts. In the next subsection we present a mixed EWMA-

CUSUM quality control scheme for monitoring the mean of a normally distributed process. 

The inspiration is to get an improved 
� performance by combining the features of EWMA 

and CUSUM charts in a single control structure. 
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 In this subsection we propose an assortment of the classical EWMA and CUSUM 

schemes by combining the features of their design structures. The said proposal mainly 

depends on two statistics named as 7�� and 7�� which are defined as: 

.7�� � ������ ��� � ��� �  �q !7���� �
7�� � ������ ���� � ��� �  �q !7���� ��                (3.1) 

where  �q  is a time varying reference value for the proposed  charting structure, the quantities 

7�� and 7�� are known as the upper and lower CUSUM statistics which are initially set to 

zero (i.e. 7�� � 7�� � �) and are based on the EWMA statistic �� which is defined as: 

�� � *��� ! 5+ � *�6����                  (3.2) 

In (3.2), *� is the constant like * in (1.3) such that � , *� - + and the initial value of the �� 
statistic is set equal to the target mean i.e. �� � ��. Now the mean and variance of statistic �� 
is given as: 

�������� � ��� ������� � '�� � 0���0� \+ � 5+ � *�6��a�             (3.3) 

and this will be used later in the calculation of the parameters of the proposed chart.  

In (3.1) and (3.2) we are considering the case of individual observations �Z � +� 
which may be extended easily for the subgroups. Now the statistics 7�� and 7�� are plotted 

against the control limit, say $�q . As long as the values of 7�� and 7�� are plotted inside the 

control limit, the process is said to be in control, otherwise out of control. It is to be noted 

here that if the statistic 7�� is plotted above $�q  the process mean is said to be shifted above 

the target value and if the statistic 7�� is plotted above $�q  the process is said to be shifted 

below the target value. The control limit $�q  is selected according to a prefixed 
��. A large 
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value of the prefixed 
��, will give a larger value of $�q  and vice versa. The two quantities 

 �q  and $�q  are defined as: 

. �q � &� � ���K���� � &� � '�/ 0���0� \+ � 5+ � *�6��a$�q � (� � ���K���� � (� � '�/ 0���0� \+ � 5+ � *�6��a13
4

              (3.4) 

where &� and (� are the constants like & and (, respectively, in the classical set up for the 

CUSUM (cf. Section 1.2). The time varying values  � and $� are due to the variance of the 

EWMA statistic in expression (3.3). For a fixed value of &�, we can select the value of (� 

from the tables (that are given later in this subsection) that fix the 
�� at our desired level. 

In general  �q   is chosen equal to half of the shift (in units of the standard deviation of ��). 
Hence, we choose &� � �>B  as it makes the CUSUM structure more sensitive to the small 

and moderate shifts (cf. Montgomery (2009)), to which memory charts actually target.  

To evaluate the 
� performance of a control scheme, we have used the Monte Carlo 

simulation approach in this chapter. An algorithm in R language (provided in Appendix 3.1) 

is developed to calculate the run lengths. The algorithm is run 50,000 times to calculate the 

average of those 50,000 run lengths. A detailed study on the 
� performance of the 

proposed EWMA-CUSUM control chart to monitor the mean of a normally distributed 

process is provided in Tables 3.1 – 3.3 for some selective choices of @, *� and (�. For this 

purpose 
���8 are fixed at 168, 400 and 500 which are the commonly used choices. For 

other values of 
���8 one may easily obtain the results on similar lines. 

The relative standard errors for the results provided in Tables 3.1 – 3.3 are also calculated 

and found to be less than 1.2%. Moreover, we have also replicated the 
� results of the 

classical CUSUM and the classical EWMA using our simulation algorithm and found almost 
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similar results as by Hawkins and Olwell (1998) and Lucas and Saccucci (1990), 

respectively, ensuring the validity of the simulation algorithm used.  

TABLE 3.1: 9:; values for the proposed EWMA-CUSUM scheme with <� � => ? at 9:;= � EgG 

C 
D� � => El� � FE> I 

D� � => F?l� � EI> F� 
D� � => ?l� � G> EF 

D� � => J?l� � ?> HG 

0 168.0441 168.0652 169.8763 171.0422 

0.25 52.6449 54.1752 59.7829 68.15245 

0.5 24.85945 22.40665 22.54895 24.12865 

0.75 17.0208 14.0235 12.85555 12.60565 

1 13.3323 10.4832 8.9565 8.2741 

1.5 9.743 7.3272 5.78565 4.99665 

2 7.90705 5.8231 4.4341 3.7365 

 

TABLE 3.2: 9:; values for the proposed EWMA-CUSUM scheme with <� � => ? at 9:;= � H== 

C 
D� � => El� � II> ?H 

D� � => F?l� � EG> J 
D� � => ?l� � E=> ?F 

D� � => J?l� � g> �H 

0 402.0894 397.404 398.6486 400.8962 

0.25 73.31955 78.02035 90.45915 108.0086 

0.5 33.06085 29.0845 28.94885 31.44015 

0.75 22.39445 17.79425 15.75695 15.66785 

1 17.63975 13.2232 10.94695 10.17115 

1.5 12.88105 9.113 6.9587 6.03875 

2 10.45315 7.2235 5.2808 4.4203 

 

TABLE 3.3: 9:; values for the proposed EWMA-CUSUM scheme with <� � => ? at 9:;= � ?== 

C 
D� � => El� � IJ> HF 

D� � => F?l� � F=> EG 
D� � => ?l� � EE> F 

D� � => J?l� � J> IF 

0 498.3882 502.018 507.9555 507.5152 

0.25 80.13585 83.7529 100.2635 121.9883 

0.5 35.524 30.88825 30.7466 33.5054 

0.75 24.0522 18.8755 16.6399 16.5139 

1 18.8637 13.8816 11.45835 10.6107 

1.5 13.79075 9.6036 7.29565 6.3101 

2 11.19775 7.59055 5.52345 4.589 
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The main findings about our proposed EWMA-CUSUM quality control scheme for 

monitoring the mean of a normally distributed process are given as: 

i. mixing of the EWMA and CUSUM schemes really boosts the 
� performance of 

the resulting combination of the two charts especially for small and moderate shifts in 

the process (cf. Tables 3.1 – 3.3); 

ii. for detecting small shifts in the process, the performance of the proposed scheme is 

better with smaller values of *� and vice versa (cf. Tables 3.1 – 3.3); 

iii.  the proposed scheme is 
� unbiased, i.e. for a fixed value of 
��, the 
�� 

decreases with a decrease in the value of @ and vice versa (cf. Tables 3.1 – 3.3); 

iv. for a fixed value of @, the 
�� of the proposed scheme decreases with a decrease in 


�� (cf. Tables 3.1 – 3.3); 

v. for a fixed value of 
��, the control limit coefficient (� decreases with the increase 

in *� (cf. Tables 3.1 – 3.3). 
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 In this subsection we present a comprehensive comparison of the proposed mixed 

EWMA-CUSUM scheme with some existing representative EWMA and CUSUM control 

charts available in the literature. The performance of the control chart is compared in terms of 


�. The set of the schemes considered for the comparison consist of the classical CUSUM, 

the classical EWMA, the FIR CUSUM, the FIR EWMA, the adaptive CUSUM with EWMA 

based shift estimator, the weighted CUSUM and the runs rules based CUSUM and EWMA.   

Proposed versus the classical CUSUM: The 
� values for the classical CUSUM control 

scheme proposed by Page (1954) are given in Table 2.1. Comparison of the classical 
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CUSUM with the proposed schemes reveal that the proposed scheme is performing really 

good for all the values of *�, particularly for small values of *�. We can see that, for all 

values of *�, the proposed scheme has better 
� performance as compared to the classical 

CUSUM (cf. Table 2.1 vs. Table 3.1). 

Proposed versus the classical EWMA: The 
� values for the classical EWMA with time 

varying limits, given by Steiner (1999), are provided in Table 2.2. Comparing the classical 

EWMA �* � �>MBh� with the proposed scheme we observe that the proposed scheme has 

better 
���8 performance with its respective values of *� (cf. Table 2.2 vs. Table 3.3). 

Proposed versus the FIR CUSUM: The FIR CUSUM presented by Lucas and Crosier 

(1982) provides a head start to the CUSUM statistic. The 
�8 of the CUSUM with FIR 

feature are given in Table 2.10 in which head start is represented by ��. The FIR feature 

decreases the 
�� of the CUSUM chart and more importantly this decreased 
�� becomes 

very small for the larger values of �� (for �� � +, 
�� � +XP) which is not recommended 

in case of sensitive processes like in health care (cf. Bonetti et al. (2000)). Comparing the 

proposed scheme with the FIR CUSUM we see that for smaller values of *� the proposed 

scheme has a better 
� performance than the FIR CUSUM, even if the FIR CUSUM does 

not have the fixed 
�� at +Xf but has smaller 
�� value, i.e. +XP (cf. Table 2.10 vs. Table 

3.1). 

Proposed versus the FIR EWMA: FIR EWMA presented by Steiner (1999) is similar to the 

FIR CUSUM as it also gives a head start to the EWMA statistic. The control limits for the 

FIR based EWMA chart are given as: 

�� � �'�5+ � �+ � ����}�p���6� *M � * �+ � �+ � *���� 
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where � � ��M ����+ � ��N � +�O+e. The 
�8 for the FIR EWMA with * � �>+ and the 

proposed chart with *� � �>+ are given in Table 3.4. Comparing the proposed scheme with 

the FIR EWMA we see that the proposed scheme is performing better than the FIR EWMA 

for smaller shifts i.e. @ , �>B. For moderate and larger shifts, FIR EWMA seems superior as 

compared to the proposed chart. 

TABLE 3.4: 9:; values for the FIR EWMA scheme and the proposed chart 

C 
FIR EWMA EWMA-CUSUM * � �>+, � � P � � �>A 

* � �>+, � � P � � �>B 

*� � �>+, �� � �>B �� � Pd>eA 

*� � �>+, �� � �>B �� � A�>f 

0 515.6 613.8 516.48 613.62 

0.25 83.1 99.2 81.03 85.79 

0.5 18.5 22.1 35.76 37.55 

0.75 7.3 8.8 24.2 25.41 

1 3.8 4.6 19.01 19.94 

1.5 1.7 2.1 13.9 14.55 

2 1.3 1.4 11.29 11.8 

3 1 1 8.48 8.88 

4 1 1 6.96 7.29 

 

Proposed versus the adaptive CUSUM with EWMA based shift estimator: Jiang et al. 

(2008) proposed the use of adaptive CUSUM with EWMA-based shift estimator. They used 

the concept of adaptively updating the reference value of the CUSUM chart using the EWMA 

estimator and then using a suitable weighting function. The 
� values for the adaptive 

CUSUM are given in Table 3.5 in which @|�`� , *, j and ( are the parameters of the chart. 

Comparing the performance of the proposed scheme we notice that the proposed scheme is 

outperforming the adaptive CUSUM for small values of @. For moderate and large values of 

@, both the proposed scheme and adaptive CUSUM have almost the same 
� performance 

(cf. Table 3.5 vs. Table 3.2). 
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TABLE 3.5: 9:; values for adaptive CUSUM with C�� � � => ? and D � => I at 9:;= � H== 

C 
j � +>B( � B>�B 

j � M( � A>dP 
j � M>B( � A>B�B 

j � P( � A>PeA 
j � A( � A>PPd 

j � i( � A>PPA 

0 399.7 400.85 400.19 399.29 399.39 399.97 

0.25 92.82 91.65 88.96 87.02 85.81 85.8 

0.5 30.52 30.1 29.32 28.79 28.46 28.45 

0.75 14.7 14.5 14.2 14 13.89 13.88 

1 9.07 8.96 8.81 8.72 8.67 8.66 

1.5 4.89 4.87 4.84 4.83 4.83 4.82 

2 3.23 3.25 3.28 3.31 3.35 3.34 

  

There is also an adaptive EWMA chart (cf. Capizzi and Masarotto (2003)), but its 

performance is inferior to the adaptive CUSUM, so the results of our proposal are superior to 

the adaptive EWMA as well. 

Proposed versus the weighted CUSUM: Weighted CUSUM presented by Yashchin (1989) 

gives weights to the past information in the CUSUM statistic. The 
�8 for the weighted 

CUSUM are given in Table 2.9 in which the weights given to the past information are 

represented by j. The comparison of the proposed scheme with the weighted CUSUM shows 

that the proposed scheme is performing better than the weighted CUSUM for the small and 

moderate shifts (like @ , +>B). For larger values of @, the weighted CUSUM almost coincide 

with the proposed scheme (cf. Table 2.9 vs. Table 3.3). 

Proposed versus the runs rules based CUSUM: Section 2.2 introduced the use of the runs 

rules schemes with the design structure of the CUSUM charts. The 
�8 for the two runs 

rules based CUSUMs are given in Tables 2.3 and 2.4 in which WL and AL are representing 

the warning limits and action limits, respectively. The comparison of the proposed scheme 

with both the runs rules based CUSUM schemes shows that the proposed scheme has the 

ability to perform better than the runs rules based CUSUM for all the choices of *� (cf. 

Tables 2.3 and 2.4 vs. Table 3.1). 
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Proposed versus the runs rules based EWMA: Section 2.3 introduced the use of the runs 

rules schemes EWMA structure. The 
�8 for the two runs rules based EWMAs are given in 

Tables 2.15 and 2.16. The comparison of the proposed schemes with both the runs rules 

based EWMA schemes shows that the proposed scheme is performing better as long as 

* % �>+ for the runs rules based EWMA schemes. For * � �>+, modified MOP EWMA 

scheme becomes a bit superior to the proposed chart (cf. Tables 2.15 and 2.16 vs. Table 3.3). 

Overall View: In order to provide an overall comparative view of the proposed scheme with 

the other existing counterparts we have made some graphical displays, in the form of 
� 

curves. Three selective graphs of different charts/schemes are given in Figures 3.1 – 3.3. In 

these figures RR CUSUM (EWMA) stands for the runs rules based CUSUM (EWMA) 

schemes and the other terms/symbols used are self-explanatory.  

Figure 3.1: 9:; curves for the proposed scheme, the Classical CUSUM, the FIR CUSUM and 

Runs Rules based CUSUMs at 9:;= � EgG 
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Figure 3.2: 9:; curves for the proposed scheme and adaptive CUSUM at 9:;= � H== 

 

 

Figure 3.3: 9:; curves for the proposed scheme, the classical EWMA, the FIR EWMA, the 

runs rules based EWMA and the weighted CUSUM at 9:;= � ?== 
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By examining the graphs of 
� curves of different schemes under study we see that the 


� curve of the proposed schemes are on the lower side which shows evidence for the 

dominance of the proposed scheme over the other schemes. For small values of @, the 

difference between the 
� of the proposed scheme and the other schemes is larger whereas 

for the moderate values of @ this difference almost disappears. For large values of @, the 
� 

curve of the proposed chart seems above the 
� curves of some other charts showing the 

poor performance of the proposed chart for large shifts. 

To sum up, we may infer that in general the proposed chart is superior for small and 

moderate shifts while for larger shifts its performance is inferior to some of the other schemes 

under investigation. 
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 Besides exploring the statistical properties of a method it is always good to provide its 

application on some data for illustration purposes. Here we present an illustrative example to 

show how the proposed scheme can be applied in the real situation. For this purpose a dataset 

is generated containing 40 observations. The first 20 observations are generated from the in 

control situation (i.e. [���+� so that the target mean is 0) and the remaining 20 observations 

are generated from an out of control situation with a small shift introduced in the process (i.e. 

[��>B�+�). The classical CUSUM, the classical EWMA and the proposed scheme are applied 

to this dataset and the parameters are selected to be & � �>B and ( � B>�d for the classical 

CUSUM scheme, * � �>MB and � � P for the classical EWMA scheme, *� � �>MB, &� � �>B 

and (� � M�>+f for the proposed scheme to guarantee that 
�� � B��.  
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Figure 3.4: The classical CUSUM chart for the simulated dataset using < � => ? and l � ?> =� 

at 9:;= � ?== 

�
 

Figure 3.5: The  classical  EWMA  chart  for  the  simulated  dataset  using  D � => F?  and ; � I  at  9:;= � ?== 

�
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Figure 3.6: The proposed scheme for the simulated dataset using D� � => F?, <� � => ? and l� � F=> EG at 9:;= � ?==�

�

 

The calculations for the proposed scheme are given in Table 3.6 and the graphical display of 

all three control structures are provided in Figures 3.4 – 3.6 with the statistics ��� and ���  

plotted against the control limit $ for the classical CUSUM scheme; )� plotted against the 

control limits given in (1.4) for the classical EWMA scheme; and 7�� and 7�� plotted against 

the control limit $� for the proposed scheme. 

From Table 3.6 and Figure 3.6 it is obvious that out of control signals are received at 

samples # 32, 33, 34, 35, 36, 37, 38, 39 and 40 by the proposed scheme (giving 8 out of 

control signals). Figures 3.4 – 3.5 show that the separate applications of the classical 

CUSUM and EWMA schemes fail to detect any out of control situation for the given dataset. 

This clearly indicates superiority of the proposed scheme over the classical CUSUM and 

EWMA schemes and it is exactly in accordance with the findings of subsection 3.1.1. 

 

 

�




�

�

�

��

�


� � ! ) . �� �� �! �) �. 
� 
� 
! 
) 
. �� �� �! �) �.

�
�



���	�
0��1��

%1 %" -�



�

���������	�
������
������
��
����������
�������
������


!��%�����#$%&"�'('%������	�

TABLE 3.6: Application example of the proposed scheme using D� � => F?, ¡� � => ? and ¢� � F=> EG at 9:;= � ?== 

Sample 

No. 
�� � �� ��  �q  7�� 7�� $�q  Sample 

No. 
�� � �� ��  �q  7�� 7�� $�q  

1 -0.113 -0.028 0.125 0 0 5.045 21 0.781 0.452 0.189 3.175 0 7.627 

2 -1.906 -0.498 0.156 0 0.341 6.306 22 -0.016 0.335 0.189 3.321 0 7.627 

3 -1.891 -0.846 0.171 0 1.016 6.915 23 -0.061 0.236 0.189 3.368 0 7.627 

4 0.508 -0.508 0.179 0 1.344 7.235 24 0.332 0.26 0.189 3.439 0 7.627 

5 1.374 -0.037 0.184 0 1.198 7.409 25 1.391 0.543 0.189 3.793 0 7.627 

6 0.05 -0.015 0.186 0 1.027 7.506 26 1.89 0.879 0.189 4.483 0 7.627 

7 0.401 0.089 0.187 0 0.751 7.559 27 0.709 0.837 0.189 5.131 0 7.627 

8 0.692 0.239 0.188 0.051 0.323 7.589 28 -0.82 0.423 0.189 5.364 0 7.627 

9 0.851 0.392 0.188 0.255 0 7.606 29 1.481 0.687 0.189 5.863 0 7.627 

10 0.927 0.526 0.189 0.593 0 7.615 30 0.314 0.594 0.189 6.268 0 7.627 

11 2.187 0.941 0.189 1.346 0 7.621 31 2.231 1.003 0.189 7.082 0 7.627 

12 0.02 0.711 0.189 1.868 0 7.623 32 0.802 0.953 0.189 7.846* 0 7.627 

13 0.12 0.563 0.189 2.242 0 7.625 33 -1.25 0.402 0.189 8.059* 0 7.627 

14 2.138 0.957 0.189 3.01 0 7.626 34 0.351 0.389 0.189 8.260* 0 7.627 

15 0.183 0.764 0.189 3.585 0 7.627 35 1.362 0.632 0.189 8.703* 0 7.627 

16 -2.389 -0.024 0.189 3.371 0 7.627 36 -0.529 0.342 0.189 8.856* 0 7.627 

17 -0.269 -0.086 0.189 3.097 0 7.627 37 2.59 0.904 0.189 9.571* 0 7.627 

18 0.317 0.015 0.189 2.923 0 7.627 38 0.287 0.75 0.189 10.132* 0 7.627 

19 0.055 0.025 0.189 2.759 0 7.627 39 1.676 0.981 0.189 10.924* 0 7.627 

20 1.293 0.342 0.189 2.912 0 7.627 40 -0.303 0.66 0.189 11.395* 0 7.627 

* indicates proposed scheme giving out of control signal 

 

���� $������%$&*�#�#$���	��� ������
�������

Page (1963) introduced the CUSUM chart for monitoring the increase in process 

dispersion using sample ranges. Following him, Tuprah and Ncube (1987), Chang and Gan 

(1995) and Acosta-Mejia et al. (1999) proposed several improved versions of the CUSUM 

chart for process dispersion. On the other hand, Wortham and Ringer (1971) suggested an 

EWMA control chart for monitoring the process dispersion. Ng and Case (1989) and 

Crowder and Hamilton (1992) proposed improved versions of the EWMA chart for 
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monitoring process variance. Castagliola (2005) and Castagliola et al. (2009) proposed 

EWMA respectively CUSUM control charts for monitoring the process variance based on a 

logarithmic transformation of the sample variance. This article proposes a new memory-type 

control chart based on the same transformation, named as CS-EWMA chart, for monitoring 

the process dispersion by mixing the effects of EWMA and CUSUM charts.   

After presenting the basic structures of the EWMA and CUSUM charts for 

monitoring the process dispersion in the next subsection, we present the details of our 

proposed CS-EWMA chart for process standard deviation in the subsequent subsection.  

 

������ F*�%$&�����������	���

 Castagliola (2005) proposed an ��-EWMA control chart for monitoring the process 

dispersion. This control structure is based on a three parameter logarithmic transformation 

which is given as: 

�� � �£ ! �£ ¤����� ! ¥£�                  (3.5) 

where ��� is the sample variance for #pV sample defined as ��� � ¦ 5�§¨��	§6©ª̈«¬ `�� , ��y represents 

the wpV observation from the #pV sample of size Z from a normal distribution with mean �, 

standard deviation '� and �	� is the average of the #pV sample. The constants �£, �£ and ¥£ are 

defined as �£ � £�Z�, ¥£ � �£�Z�'�� and �£ � £�Z� � M£�Z� ¤��'�� as in Castagliola 

(2005). He derived the distribution of �� and showed that if the constants �£, �£ and ¥£ are 

judiciously selected, then the distribution of variable �� becomes very close to the normal 

distribution with mean �£�Z� and variance '£��Z�, i.e. �� ® [5�£�Z�� '£��Z�6 (cf. Appendix 

A in Castagliola (2005)). Table 3.7 reproduces the values of £�Z�, £�Z�, �£�Z�, �£�Z� and 

'£�Z� for Z � P�A�B� x > �+B from Table I in Castagliola (2005). 
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Now using the approximately normally distributed variable �� from Castagliola (2005), the 

plotting statistic for the ��-EWMA chart is defined as: 

)� � *�� ! �+ � *�)���                  (3.6) 

where * is the sensitivity parameter chosen as � , * - + and the initial value of )� is taken 

as )� � £�Z� ! £�Z� ¤�5+ ! �£�Z�6. The control limits for the statistic given in (3.6) are 

given as: 

��� � �£�Z� � �/ 0��0 '£�Z�,     �� � �£�Z�,     ��� � �£�Z� ! �/ 0��0 '£�Z�           (3.7) 

where � is the control limit coefficient that determines the distance between ��� and ���. 

Table 3.7: Values of ¯°� �, ±°� �, 9°� �, ²°� � and n°� � 
  9°� � ²°� � n°� � ¯°� � ±°� � 
3 -0.6627 1.8136 0.6777 0.02472 0.9165 

4 -0.7882 2.1089 0.6261 0.01266 0.9502 

5 -0.8969 2.3647 0.5979 0.00748 0.9670 

6 -0.9940 2.5941 0.5801 0.00485 0.9765 

7 -1.0827 2.8042 0.5678 0.00335 0.9825 

8 -1.1647 2.9992 0.5588 0.00243 0.9864 

9 -1.2413 3.1820 0.5519 0.00182 0.9892 

10 -1.3135 3.3548 0.5465 0.00141 0.9912 

11 -1.3820 3.5189 0.5421 0.00112 0.9927 

12 -1.4473 3.6757 0.5384 0.00090 0.9938 

13 -1.5097 3.8260 0.5354 0.00074 0.9947 

14 -1.5697 3.9705 0.5327 0.00062 0.9955 

15 -1.6275 4.1100 0.5305 0.00052 0.9960 

 

The 
� values of ��-EWMA are given in Table 3.8 for different values of *, where ³ 
represents the amount of shift in the standard deviation (i.e. ³ � '� '�Y  with '� representing 

the shifted standard deviation) and the in control 
� is fixed at M��, as is done in earlier 

work on this subject. The 
�8 in this section are evaluated through simulation procedures 

by running +�´ replications. The program is developed in R language.  
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Table 3.8: 9:; values for the µF-EWMA chart with   � ? and 9:;= � F== 

¶ 
D � => =? ; � F> Fg�h D � => E ; � F> H?Fh D � => F ; � F> ?�Fh D � => I ; � F> gIHh D � => H ; � F> gHIh D � => ? ; � F> gI�h

0.5 9.257 6.866 5.616 5.448 5.928 7.606 

0.6 11.679 8.931 7.856 8.481 10.735 16.909 

0.7 16.101 13.03 13.064 16.699 25.58 48.763 

0.8 26.108 23.679 29.961 46.058 80.157 166.467 

0.9 63.459 70.501 107.839 169.543 274.071 474.331 

0.95 133.554 153.817 204.856 264.011 327.699 392.103 

1 199.781 200.702 200.756 200.262 200.59 199.224 

1.05 78.77 92.938 98.675 98.004 97.342 96.541 

1.1 32.542 41.746 47.688 49.736 50.94 51.373 

1.2 11.986 15.382 17.449 18.537 19.274 20.022 

1.3 7.064 8.766 9.571 9.909 10.226 10.527 

1.4 5.054 6.09 6.419 6.517 6.6 6.753 

1.5 3.983 4.722 4.835 4.801 4.787 4.82 

2 2.133 2.418 2.343 2.225 2.148 2.098 

3 1.338 1.456 1.395 1.336 1.294 1.267 

 

Note that the results from Table 3.8 coincide with the results of Table III of Castagliola 

(2005). 

�������#�#$* F�����������	���

 Taking inspiration from the ��-EWMA chart, Castagliola et al. (2009) proposed a 

CUSUM-�� chart for monitoring the process dispersion which is based on the  statistic �� 
given in (3.5). The CUSUM-�� chart uses two plotting statistics, named as �� and ��, and 

given as: 

.��� � ������ 5�� � �£�Z�6 �  ! ����� �
��� � ������ �5�� � �£�Z�6 �  ! ����� ��                (3.8) 

where   is the reference value and  the sensitivity parameter of the CUSUM-�� chart. The 

initial values for the plotting statistics given in (3.8) are taken equal to zero, i.e. ��� � ��� �
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�. These plotting statistics are plotted against a control limit $ and an out of control signal is 

received if either of the two statistics (i.e. �� and �� ) is plotted above $.   and $ are 

jointly the two parameters of CUSUM-�� chart and their standard forms are given as: 

 � &'£�Z�,          $ � ('£�Z�                 (3.9) 

where k and h are constants which determine the properties of the chart. The 
� values for 

the CUSUM-�� chart for different choices of its parameters are given in Table 3.9 with 
�� 

fixed at M��. 

Table 3.9: 9:; values for the CUSUM-µF chart with   � ? and 9:;= � F== 

³  � �>+ $ � +�>BPh  � �>MB $ � X>AdXh  � �>B $ � P>fBBh  � �>dB $ � M>XMh  � + $ � +>e�Xh
0.5 9.059 6.516 5.199 5.071 6.121 

0.6 11.382 8.452 7.303 8.264 13.223 

0.7 15.489 12.169 12.295 18.314 43.032 

0.8 24.394 21.619 29.699 60.662 170.474 

0.9 54.649 63.997 116.766 226.253 475.443 

0.95 114.332 143.17 213.662 294.554 379.161 

1 199.846 199.241 199.841 200.769 199.625 

1.05 102.864 104.01 104.806 102.974 100.707 

1.1 52.641 50.675 53.502 54.227 54.99 

1.2 25.057 20.867 20.373 20.777 21.353 

1.3 16.451 12.763 11.255 11.092 11.18 

1.4 12.434 9.256 7.654 7.2 7.115 

1.5 10.068 7.341 5.832 5.26 5.126 

2 5.509 3.885 2.873 2.41 2.197 

3 3.347 2.379 1.686 1.404 1.3 

 

������+����������������� �����
��
�������	���

  In this subsection we propose a memory-type control chart which is based on mixing 

the effects of EWMA and CUSUM charts into a single control chart structure. For the 

location parameter this idea was explored in Section 3.1. Again let ��y (i.e. the wpV 
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observation of #pV sample with w � +�M� x > > � Z and # � +�M� xx>) be distributed normally with 

mean �� and variance '�� under an in control situation.  Then the two plotting statistics 

(named as 7�� and 7��) for the proposed CS-EWMA chart are given as: 

.7�� � ������ 5�� � �£�Z�6 �  �q !7���� �
7�� � ������ �5�� � �£�Z�6 �  �q !7���� ��             (3.10) 

where  �q  is the reference value for the proposed chart, like K in (3.8). The initial value for 

both plotting statistics is taken equal to zero, i.e. 7�� � 7�� � �. �� is the EWMA statistic 

which is defined as: 

�� � *��� ! 5+ � *�6����                (3.11) 

where *� is the smoothing constant like * in (3.6) and is chosen as � , *� - +. �� is the 

statistic defined in (3.5). The initial value for the statistic �� is taken as �� � £�Z� !
£�Z� ¤�5+ ! �£�Z�6. The statistics 7�� and 7�� are now plotted against the control limit $�q  
and an out of control signal is received if either of the two plotting statistics given in (3.10) is 

plotted above $�q . If 7�� is plotted above $�q  that would indicate a positive shift in the process 

standard deviation and if the value of 7�� gets larger than $�q  then it would be declared that 

the process standard deviation has shifted downwards. The standard forms of  �q  and $�q  
depending upon the variance of �� (i.e. ·��u��¸����� � '£��Z� ¹ 0���0�º, cf. (3.7)) are given as: 

. �q � &� ¹'£�Z�/ 0���0�º �  �/ 0���0�$�q � (� ¹'£�Z�/ 0���0�º � $�/ 0���0�13
4

              (3.12) 

where  � � &�'£�Z� and $� � (�'£�Z�. Here in (3.12), we have used the asymptotic 

standard deviation of the statistic � but the practitioner may use the exact standard deviation 

as discussed by Steiner (1999). Note that the CUSUM-�� is a special case of the proposed 
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CS-EWMA chart with *� � +. Finally, a detailed study on the 
� performance of the 

proposed CS-EWMA chart is given in Tables 3.10 – 3.15, where the 
�� is fixed at M�� 

and n = 5. The algorithm developed in R language for computing the 
�8 is given in 

Appendix 3.2. 

Values of $� for sample sizes other than B can be found by the relation $��`»´� �
$��`¼´� \]½�`»´�]½�`¼´�a for a fixed 
�� � M��. From Tables 3.10 – 3.15, we can conclude that: 

i.  for fixed values of Z,  � and 
��, the value of $� decreases with an increase in the 

value of *� and vice versa; 

ii. for fixed values of Z, *� and 
��, large values of  � are giving small 
�� values 

for detecting a positive shift in the process dispersion; 

Table 3.10: 9:; values for the CS-EWMA chart with D� � => =?,   � ? and 9:;= � F== 

³  � � �>+ $� � XM>Xh  � � �>MB $� � Ad>�Xh  � � �>B $� � Me>Bh  � � �>dB $� � +f>+Bh  � � + $� � +�>XMh
0.5 23.156 20.626 17.482 15.133 13.289 

0.6 26.652 23.825 20.32 17.749 15.758 

0.7 32.317 28.983 24.993 22.144 19.969 

0.8 43.072 38.98 34.238 31.092 28.876 

0.9 73.716 68.713 63.844 61.61 61.053 

0.95 127.175 123.052 120.583 121.6 123.108 

1 199.718 200.262 200.951 200.69 199.752 

1.05 94.196 88.525 84.496 82.271 81.696 

1.1 52.536 47.005 41.056 37.801 35.939 

1.2 31.726 27.331 22.219 18.725 16.32 

1.3 24.789 21.241 16.942 13.848 11.534 

1.4 21.141 18.078 14.341 11.569 9.429 

1.5 18.774 16.091 12.706 10.183 8.233 

2 13.481 11.562 9.112 7.224 5.712 

3 10.16 8.729 6.877 5.442 4.271 
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Table 3.11: 9:; values for the CS-EWMA chart with D� � => E,   � ? and 9:;= � F== 

³  � � �>+ $� � Af>+h  � � �>MB $� � PB>Bh  � � �>B $� � MM>Mdh  � � �>dB $� � +A>+h  � � + $� � f>f+h
0.5 17.682 15.366 12.769 10.995 9.717 

0.6 20.542 17.895 14.96 13.009 11.626 

0.7 25.299 22.109 18.707 16.487 15.072 

0.8 34.747 30.731 26.633 24.372 23.188 

0.9 63.816 58.764 55.477 55.787 57.655 

0.95 115.831 113.49 115.278 120.601 126.425 

1 199.304 199.885 200.85 199.751 200.113 

1.05 102.296 96.919 95.415 95.943 96.935 

1.1 55.637 50.376 45.925 44.641 44.409 

1.2 30.526 26.334 22.075 19.62 18.345 

1.3 22.596 19.244 15.62 13.331 11.874 

1.4 18.601 15.786 12.672 10.624 9.178 

1.5 16.218 13.729 10.956 9.064 7.73 

2 11.075 9.385 7.424 6.039 4.997 

3 8.098 6.881 5.438 4.395 3.559 

 

 

Table 3.12: 9:; values for the CS-EWMA chart with D� � => F,   � ? and 9:;= � F== 

³  � � �>+ $� � PB>Mh  � � �>MB $� � MA>eXh  � � �>B $� � +B>Adh  � � �>dB $� � +�>�Ph  � � + $� � X>BPh
0.5 14.017 11.652 9.421 8.106 7.222 

0.6 16.572 13.807 11.243 9.796 8.858 

0.7 20.988 17.597 14.579 12.978 12.141 

0.8 30.235 25.828 22.383 21.258 21.411 

0.9 59.291 54.54 54.423 59.188 65.493 

0.95 112.046 111.302 120.099 132.689 145.693 

1 200.201 199.572 200.733 200.695 200.392 

1.05 104.94 100.801 100.762 103.131 104.378 

1.1 56.775 51.104 48.576 48.77 49.734 

1.2 29.533 24.981 21.284 19.8 19.186 

1.3 20.761 17.182 13.998 12.367 11.485 

1.4 16.545 13.588 10.88 9.367 8.401 

1.5 14.048 11.505 9.131 7.731 6.791 

2 9.041 7.414 5.805 4.797 4.078 

3 6.369 5.252 4.117 3.372 2.797 



�

���������	�
������
������
��
����������
�������
������


���%�����#$%&"�'('%������	�

Table 3.13: 9:; values for the CS-EWMA chart with D� � => I,   � ? and 9:;= � F== 

³  � � �>+ $� � Mf>+Ph  � � �>MB $� � +e>Pdh  � � �>B $� � ++>fdh  � � �>dB $� � d>dfh  � � + $� � B>+Xh
0.5 12.39 9.956 7.911 6.822 6.134 

0.6 14.876 11.99 9.621 8.444 7.772 

0.7 19.235 15.661 12.875 11.729 11.362 

0.8 28.467 23.896 21.086 21.167 22.79 

0.9 57.66 53.647 56.972 66.231 78.395 

0.95 111.3 112.994 128.065 147.259 164.091 

1 200.262 199.154 199.005 200.568 199.814 

1.05 105.433 101.759 102.912 105.905 106.502 

1.1 56.456 50.968 49.573 51.114 52.289 

1.2 28.726 23.988 20.749 19.841 19.724 

1.3 19.793 16.096 13.122 11.908 11.206 

1.4 15.467 12.395 9.873 8.664 7.917 

1.5 12.948 10.325 8.125 6.969 6.265 

2 7.991 6.376 4.933 4.108 3.535 

3 5.473 4.409 3.412 2.789 2.366 

 

Table 3.14: 9:; values for the CS-EWMA chart with D� � => H,   � ? and 9:;= � F== 

³  � � �>+ $� � MP>APh  � � �>MB $� � +B>fPh  � � �>B $� � e>XMh  � � �>dB $� � X>P�fh  � � + $� � A>MAh
0.5 11.425 8.956 7.014 6.056 5.526 

0.6 13.878 10.937 8.707 7.703 7.26 

0.7 18.23 14.579 12.041 11.259 11.47 

0.8 27.332 22.911 20.802 22.072 25.63 

0.9 56.545 53.599 61.015 76.068 94.607 

0.95 110.015 115.617 138.526 161.045 184.439 

1 199.007 200.336 200.485 199.411 199.888 

1.05 104.542 102.206 105.385 106.762 107.729 

1.1 55.908 50.87 50.536 52.258 53.902 

1.2 28.069 23.363 20.537 19.92 20.051 

1.3 19.113 15.296 12.611 11.57 11.075 

1.4 14.786 11.625 9.3 8.193 7.625 

1.5 12.235 9.581 7.494 6.484 5.892 

2 7.32 5.716 4.373 3.647 3.158 

3 4.884 3.852 2.965 2.414 2.134 
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Table 3.15: 9:; values for the CS-EWMA chart with D� � => ?,   � ? and 9:;= � F== 

³  � � �>+ $� � M�>+h  � � �>MB $� � +P>MBh  � � �>B $� � d>eeh  � � �>dB $� � B>Mdh  � � + $� � P>Bdh
0.5 10.819 8.244 6.394 5.563 5.16 

0.6 13.25 10.215 8.096 7.292 7.082 

0.7 17.575 13.835 11.575 11.222 12.113 

0.8 26.704 22.207 21.05 23.96 30.154 

0.9 56.118 53.989 65.611 86.907 113.788 

0.95 111.12 118.942 146.808 177.365 205.588 

1 200.775 199.405 199.3062 199.499 200.476 

1.05 104.617 102.52 105.77 107.044 106.577 

1.1 55.436 50.59 51.073 53.56 54.65 

1.2 27.554 22.734 20.376 20.218 20.334 

1.3 18.626 14.656 12.186 11.379 11.054 

1.4 14.272 11.049 8.842 7.888 7.449 

1.5 11.76 9.015 7.041 6.138 5.654 

2 6.863 5.226 3.98 3.31 2.91 

3 4.487 3.464 2.601 2.22 1.87 

 

iii. for fixed values of Z, *� and 
��, negative shifts of small magnitude are detected 

efficiently using moderate values of  �  like �>MB -  � - �>B, whereas for large 

shifts in the negative direction, large values of  � are recommended; 

iv. for fixed values of Z,  � and 
��, large values of *� are recommended for detecting 

large positive shifts and vice versa while for negative shifts, varied behavior is seen; 

v. for fixed values of Z, *� and 
��, the value of $� decreases with an increase in the 

value of  � and vice versa; 

In this section we have used the statistic ��  to design the control structure of our proposed 

chart. Many other transformations of ���, that result into a statistic which is distributed 

approximately normal, can be used. Acosta-Mejia et al. (1999) proposed two such 

transformations named as �] and ¾. Castagliola et al. (2010) proposed a four parameter 

Johnston transformation and named the resulting variable as ��. Huwang et al. (2010) 
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proposed a logarithmic transformation and showed that �� � ¤�¿��� '��À Á follows 

approximately a normal distribution which can be used to design a memory control chart to 

monitor the process dispersion. In the next subsection we compare the control charts based on 

these transformations with our proposal.  

 

���������
	�������

 This subsection contains the comparison of the proposed CS-EWMA chart with the 

��-EWMA, CUSUM-�� and some other recently proposed CUSUM and EWMA charts for 

monitoring the process dispersion. 

CS-EWMA versus µF-EWMA: The 
� values for the ��-EWMA chart (discussed in 

Section 2.1) are given in Table 3.8. Comparison reveals that the performance of the proposed 

chart with  � � + is almost the same as compared to the ��-EWMA for the positive shifts, 

but for negative shifts, the performance of the CS-EWMA chart is far more superior than the 

��-EWMA. Moreover, the performance of ��-EWMA becomes very poor for moderate and 

large values of *, even the 
�� values become larger than the prefixed 
�� for negative 

shifts. This is not the case with the proposed CS-EWMA chart, as for large values of  *�, the 

CUSUM factor in the proposed chart still makes it remain better in terms of 
�8 (cf. Table 

3.8 vs. Tables 3.10 – 3.15).   

CS-EWMA versus CUSUM-µF: Table 3.9 contains the 
� values for the CUSUM-�� 

chart proposed by Castagliola et al. (2009). This CUSUM-�� chart is a special form of our 

proposed CS-EWMA chart with *� � +. The performance of the proposed chart is better than 

CUSUM-�� chart, especially for small values of smoothing constant *�. The additional 
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parameter (i.e. *�) in CS-EWMA chart makes sure that the performance of the proposed chart 

is not deflated for large values of  � like it occurs with the CUSUM-�� chart for large values 

of   (cf. Table 3.9 vs. Tables 3.10 – 3.15). 

CS-EWMA versus some other EWMA and CUSUM charts: Acosta-Mejia et al. (1999) 

proposed some CUSUM-type charts (named as ¾ CUSUM, �] CUSUM and �� CUSUM) for 

monitoring process dispersion and compared the performance of their proposed charts with 

the CUSUM 
 chart by Page (1963), CUSUM � chart by Tuprah and Ncube (1987) and 

CUSUM ¤� �� chart by Chang and Gan (1995). They showed through comparison that their 

proposed �� CUSUM is performing better (in terms of 
� values) than the other charts 

discussed. Similarly, Huwang et al. (2010) proposed two new EWMA type charts (named as 

$$R+ CUSUM and $$RM CUSUM) for monitoring the standard deviation of a process. 

They also compared the performance of their proposed chart with some other competitors, 

like the �$ EWMA chart by Crowder and Hamilton (1992) and the �Â EWMA chart by Shu 

and Jiang (2008), and showed that their proposed charts are more sensitive (in detecting 

shifts) than the other competitors. The 
� values of the charts discussed by Acosta-Mejia et 

al. (1999) are given in Table 3.16, while Table 3.17 contains the 
�8 of the charts discussed 

by Huwang et al. (2010). 

Table 3.16: 9:; values for some one-sided CUSUM-type charts for detecting variance increases 

with   � ? and 9:;= � F== 

³ CUSUM ¤� ��  � �>�Xf $ � M>XXh
 

CUSUM 
  � M>BX $ � A>ffh
¾ 

CUSUM  � �>Pf $ � A>Mfh
 

�] 

CUSUM  � �>Pf $ � A>Mfh
 

CUSUM �  � +>+�PA $ � +>e�h
 

��h
CUSUM  � +>+eP $ � +f>ABh

 
1 199.93 201.80 200.70 201.10 200.60 200.76 

1.1 42.94 40.40 41.04 41.04 38.80 34.60 

1.2 18.07 17.60 17.17 17.15 16.85 14.14 

1.3 10.75 10.82 10.23 10.21 10.36 8.42 

1.4 7.63 7.81 7.26 7.24 7.50 5.93 

1.5 5.98 6.13 5.66 5.65 5.85 4.58 

2 3.18 3.13 2.90 2.98 3.01 2.20 
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Table 3.17: 9:; values for some one-sided EWMA-type charts for detecting variance increases 

with   � ? and 9:;= � F== 

³ * � �>�B * � �>+ 

CH-EWMA 

(� � +>�BB) 

SJ-EWMA 

(� � +>BXf) 

HHW1-

EWMA 

(� � +>fMf) 

HHW2-

EWMA 

(� � +>fdM) 

CH-EWMA 

(� � +>P�P) 

SJ-EWMA 

(� � +>eAP) 

HHW1-

EWMA 

(� � M>�de) 

HHW2-

EWMA 

(� � M>+Pe) 

1 200.33 200.75 200.92 199.57 200.02 200.36 199.51 200.35 

1.1 43.24 32.26 28.89 27.28 44.26 35.15 34.32 32.05 

1.2 18.09 14.43 11.69 10.78 18.23 14.96 14.1 12.69 

1.3 10.77 9.17 6.85 6.2 10.56 9.09 8.2 7.21 

1.4 7.63 6.73 4.75 4.24 7.35 6.53 5.65 4.89 

1.5 5.98 5.38 3.62 3.22 5.68 5.13 4.28 3.68 

2 3.18 2.93 1.8 1.62 2.95 2.72 2.03 1.76 

³ * � �>M * � �>P 

CH-EWMA 

(� � +>B+P) 

SJ-EWMA 

(� � M>Md�) 

HHW1-

EWMA 

(� � M>MBP) 

HHW2-

EWMA 

(� � M>PBB) 

CH-EWMA 

(� � +>Bef) 

SJ-EWMA 

(� � M>APP) 

HHW1-

EWMA 

(� � M>P�M) 

HHW2-

EWMA 

(� � M>Add) 

1 200.64 199.48 199.43 200.65 199.4 199.67 200.22 199.45 

1.1 46.63 39.73 41.18 37.87 48.48 43.45 46.14 41.79 

1.2 18.79 16.05 16.66 14.7 19.52 17.25 18.65 16.2 

1.3 10.54 9.21 9.45 8.16 10.67 9.56 10.35 8.82 

1.4 7.16 6.4 6.45 5.49 7.09 6.43 6.9 5.81 

1.5 5.41 4.89 4.83 4.07 5.24 4.8 5.11 4.26 

2 2.67 2.45 2.24 1.88 2.47 2.3 2.32 1.93 

 

Table 3.18: 9:; values for one-sided CS-EWMA chart with r� � E,   � ? and 9:;= � F== 

³ *� � �>�B $� � B>Peh *� � �>+ $� � B>+Ph *� � �>M $� � A>BAh *� � �>P $� � P>eMfh *� � �>A $� � P>AMh *� � �>B $� � P>�+h
1 200.4035 200.9845 200.7247 200.1826 200.621 199.6103 

1.1 23.963 31.478 36.48 39.44 41.226 43.263 

1.2 11.261 13.798 15.39 16.031 16.599 17.147 

1.3 8.006 9.1 9.485 9.553 9.635 9.684 

1.4 6.53 7.041 7.012 6.837 6.721 6.641 

1.5 5.685 5.941 5.689 5.432 5.224 5.112 

2 3.975 3.834 3.423 3.08 2.858 2.673 

3 3.04 2.732 2.347 2.143 1.894 1.674 

 

All charts presented in Tables 3.16 – 3.17 are one-sided, i.e. designed to detect just positive 

shift in the process dispersion. For a valid comparison of the proposed chart with these charts, 

we have evaluated the 
� values of the proposed chart with the one-sided structure for 
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monitoring an increase in process standard deviation. These 
�8 are given in Table 3.18 

with  � � + and 
�� � M��.  

It can be noticed through the comparison that the proposed chart is outperforming all its 

competitors in the form of EWMA and CUSUM type charts (cf. Tables 3.16 – 3.17 vs. Table 

3.18).  

Finally, before concluding this subsection, we provide the 
� curves of the different charts 

discussed above. Figure 3.7 contains the 
� curves of the two-sided charts containing: CS-

EWMA chart with *� � �>M,  � � �>MB and $� � MA>eX; ��-EWMA chart with * � �>M and 

� � M>BeM; CUSUM-�� chart with  � �>MB and $ � X>AdX. Figure 3.8 shows the 
� 

curves of the one-sided charts for positive shifts containing: CS-EWMA chart with *� �
�>�B,  � � + and $� � B>Pe; �� CUSUM chart with  � +>+eP and $ � +f>AB; CUSUM � 

chart with  � +>+�PA and $ � +>e�; �$ EWMA chart with * � �>�B and � � +>�BB; �Â 
EWMA chart with * � �>�B and � � +>BXf; and $$RM EWMA chart with * � �>�B and 

� � +>fdM.  

Figure 3.7: 9:; curves for two-sided structures of CS-EWMA, µF-EWMA and CUSUM-µF 

charts with 9:;= � F== 
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Figure 3.8: 9:; curves for one-sided structures of CS-EWMA, nÄ CUSUM, CUSUM µ, µÅ 
EWMA, ns EWMA and ssQF EWMA charts with 9:;= � F== 

 

 

Figure 3.7 shows that the performance of all three charts is almost the same for positive shifts 

but for negative shifts, the proposed chart is giving a better 
� performance. Similarly, in 

Figure 3.8, the 
� curve of the proposed chart seems lower than all other curves for small 

values of ³ and thus showing a better performance for small positive shifts. 
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 An application of CS-EWMA chart on a simulated dataset is provided in this 

subsection to show the implementation of the proposal. For this purpose, two datasets are 

generated having 40 samples of size Z � B for both the samples. First 20 samples are 

generated from [�+��A� referring to an in control situation with � � +� and '�� � A. For 

dataset 3.1, the remaining 20 observations are generated from [�+��B� showing a positive 
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shift in the process standard deviation with ³ � _B _AÀ � +>++f. Similarly, for dataset 3.2, 

the remaining 20 observations are generated from [�+��P� showing a negative shift in 

dispersion with ³ � �>fXX. Now the ��-EWMA chart, CUSUM-�� chart and their mixture 

named as CS-EWMA chart are applied to the given datasets. The chart output of the ��-

EWMA chart with * � �>M and � � M>BeM is shown in Figure 3.9. Figure 3.10 shows the 

graphical display of the CUSUM-�� with  � �>B and $ � P>fBB. The calculation details for 

the proposed chart with *� � �>M,  � � �>B Æ  �q � �>+Xd and $� � +B>Ad Æ $�q � B>+Bd 

are given in Table 3.19, whereas the chart output is given in Figure 3.11.  

Figure 3.9: Graphical display of the µF-EWMA chart with D � => F and ; � F> ?�F 

 

 

Figures 3.9 – 3.11 clearly indicate that all three charts are giving out of control signals at 

samples 39 and 40 for dataset 3.1 (i.e. positive shift in the process dispersion). Moreover, the 

proposed CS-EWMA chart detected a negative shift for dataset 3.2 at samples 37, 38, 39 and 
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40 but the other two charts did not signal the downward shift in the process standard 

deviation. 

Figure 3.10: Graphical display of the CUSUM µF 
chart with r � => ? and s � I> G?? 

 

 

Figure 3.11: Graphical display of the CS-EWMA chart with D� � => F, r� � => ? and s� �E?> HJ 
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Table 3.19: Calculation details of the proposed CS-EWMA chart for dataset 3.1 

Sample 

No. 
��� �� �� 7�� 7�� 

Sample 

No. 
��� �� �� 7�� 7�� 

1 5.61 0.74 0.32 0.14 0 21 0.81 -1.42 -0.44 0 0.32 

2 4.48 0.38 0.33 0.3 0 22 11.47 2.04 0.06 0 0.1 

3 2.58 -0.38 0.19 0.31 0 23 4.69 0.45 0.14 0 0 

4 1.7 -0.84 -0.02 0.12 0 24 3.21 -0.1 0.09 0 0 

5 7.04 1.13 0.21 0.16 0 25 6.42 0.97 0.26 0.09 0 

6 5.96 0.84 0.34 0.32 0 26 3.84 0.15 0.24 0.16 0 

7 3.84 0.15 0.3 0.45 0 27 4.94 0.54 0.3 0.29 0 

8 3.29 -0.07 0.23 0.5 0 28 9.35 1.65 0.57 0.68 0 

9 8.62 1.5 0.48 0.81 0 29 4.21 0.29 0.51 1.02 0 

10 10.33 1.84 0.75 1.39 0 30 10.5 1.87 0.79 1.64 0 

11 3.33 -0.05 0.59 1.81 0 31 1.45 -0.99 0.43 1.89 0 

12 0.65 -1.54 0.17 1.8 0 32 10.1 1.8 0.7 2.42 0 

13 3.99 0.21 0.17 1.8 0 33 3.16 -0.12 0.54 2.79 0 

14 2.21 -0.57 0.03 1.65 0 34 5.16 0.61 0.55 3.16 0 

15 0.88 -1.38 -0.25 1.22 0.1 35 7.84 1.32 0.71 3.7 0 

16 9.86 1.75 0.15 1.19 0 36 3.14 -0.13 0.54 4.06 0 

17 5.48 0.71 0.26 1.28 0 37 3.44 -0.01 0.43 4.32 0 

18 1.1 -1.22 -0.04 1.07 0 38 6.96 1.11 0.57 4.71 0 

19 3.48 0.01 -0.03 0.86 0 39 11.04 1.97 0.85 5.38* 0 

20 1.67 -0.86 -0.19 0.5 0.03 40 6.47 0.98 0.87 6.08* 0 

 

* indicates an out of control signal by CS-EWMA chart 

�

���� ��������������	�)��

CUSUM control charts and EWMA control charts are the two most commonly used 

memory control charts in the literature. These control schemes do not only use the current 

observation but also accumulate the information from the past to give a quick signal if the 

process is slightly off-target.  In this chapter we have combined the CUSUM and EWMA 

control schemes into a single control structure and proposed a mixed EWMA-CUSUM 

control scheme for monitoring the process location. Performance of the proposed scheme is 

compared with other CUSUM and EWMA type control charts which are meant to detect 

small and moderate shifts in the process. The comparisons revealed that the proposed scheme 
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is really good at detecting the smaller shifts in the process as compared to the other schemes 

under study. 

Following our proposal for location, this chapter also proposes a new memory-type 

control chart, named as the CS-EWMA chart, for monitoring the process standard deviation. 

The design of the proposed chart is based on mixing the effects of EWMA and CUSUM 

control charts into a single control structure. The performance of the proposed CS-EWMA 

chart is evaluated using 
� as indicator. In terms of 
� values, the proposed chart is 

compared with existing CUSUM and EWMA control charts and it is noticed that the 

proposed chart has better performance for both positive as well as negative shifts in the 

process dispersion. Finally, an illustrative example is provided to show the application of the 

proposed chart. 
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x=c(); Q=c(); sdp=c(); K=c(); H=c(); Mp=c(); Mn=c(); rl=c(); k=0.5; 

h=37.42; ld=0.1 

mu=0; sig=1 

for(j in 1:50000) 

{ 

for(i in 1:1000000) 

{ 

x[i]=rnorm(1,mu,sig) 

if(i==1) 

{Q[i]=ld*x[i]+(1-ld)*mu;} 

else{Q[i]=ld*x[i]+(1-ld)*Q[i-1];} 

sdp[i]=sqrt((ld/(2-ld))*(1-(1-ld)^(2*i))) 

K[i]=k*sdp[i] 

H[i]=h*sdp[i] 

if(i==1) 

{Mp[i]=max(0,Q[i]-K[i]);} 

else{Mp[i]=max(0,Q[i]-K[i]+Mp[i-1]);} 

if(i==1) 

{Mn[i]=max(0,-Q[i]-K[i]);} 

else{Mn[i]=max(0,-Q[i]-K[i]+Mn[i-1]);} 

if(Mp[i]>H[i] | Mn[i]>H[i]) 

{rl[j]=i; break;} 

else{rl[j]=0;} 

} 

} 

mean(rl) 
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Q=c(); Mp=c(); Mn=c(); rl=c(); Tk=c() 

n=5; a=-0.8969; b=2.3647; c=0.5979; ETi=0.00748; STi=0.9670 

Z0=a+b*log(1+c,exp(1)) 

ld=0.05; K=0.1*sqrt(ld/(2-ld)); H=62.6*sqrt(ld/(2-ld)) 

for(j in 1:50000) 

{ 

for(i in 1:1000000) 

{ 

x=rnorm(n,0,1) 

T[i]=a+b*log(var(x)+c,exp(1)) 

if(i==1) 

{Q[i]=ld*T[i]+(1-ld)*Z0;} 

else{Q[i]=ld*T[i]+(1-ld)*Q[i-1];} 

if(i==1) 
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{Mp[i]=max(0,Q[i]-ETi-K);} 

else{Mp[i]=max(0,Q[i]-ETi-K+Mp[i-1]);} 

if(i==1) 

{Mn[i]=max(0,-Q[i]+ETi-K);} 

else{Mn[i]=max(0,-Q[i]+ETi-K+Mn[i-1]);} 

if(Mp[i] > H | Mn[i] > H) 

{rl[j]=i;break;} 

else{rl[j]=0;} 

} 

} 

mean(rl) 

  




