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This chapter proposes a control chart for monitoring the process location, named as 

Progressive Mean (�7) control chart, in which a progressive mean is used as a plotting 

statistic. Taking the inspiration from the �7 chart, two new memory control charts for 

monitoring the process dispersion, named as floating � � �� and floating � � �� control 

charts, are also proposed. The proposed charts are designed such that they utilize not only the 

current information but also the past information. Therefore, the proposed charts are natural 

competitors for the classical CUSUM, the classical EWMA and some recent modifications of 

these two charts. 

This chapter is based on two papers; one for monitoring the location parameter (cf. Abbas, 

Zafar, Riaz and Does (2012)) and the other for monitoring the dispersion parameter (cf. 

Abbas, Riaz and Does (2012d)). 
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Let � be a quality characteristic of which the mean will be monitored. It is assumed 

that we use individual observations from a normal distribution. If ��, # � +� M� Pxx> is the 

sequence of independent and identically distributed observations from the process under 

investigation, then progressive mean �7  is defined as the cumulative average over time. 

Mathematically, we may define the �7 statistic as: 
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�7� � ¦ �¨§̈«¬�                     (5.1) 

�7� is an unbiased estimator of population mean �� and its variance is given by 
]©̂� . 

According to the typical three sigma control limits, the control charting structure based on the 

�7 statistic and its variance may be defined as: 

���� � �� � P ]_̂��h �� � ���h ���� � �� ! P ]_̂�              (5.2) 

where all the parameters used in (5.2) are as explained earlier. It is obvious that the control 

limits given in (5.2) are time varying and exploit the past and present information using equal 

weights. Note that the design structure of the proposed chart is relative simple and easy to 

execute compared with the CUSUM and EWMA control charts. 

A problem with the control structure in (5.2) is that the control limits remain too wide for the 

large values of # (wide relative to the plotting statistic). It turns out that it is almost impossible 

for the plotting statistic in (5.1) to cross the control limits in (5.2), in case of shifted mean. 

We have solved this issue by imposing a penalty on the control limits such that the control 

limits are a bit narrower for large values of #. We choose this penalty function equal to 

��#� � #æ. Hence, the penalized limits for the proposed �7 chart are given by: 

���� � �� � �q ]^�^>çèé�hh �� � ���h ���� � �� ! �q ]^�^>çèé             (5.3) 

where �q is a constant that is used to control the run lengths.  

In (5.3) we have used different possibilities of ê and we have searched for a suitable 

constant �q for each possibility to fix the in control process properties in terms of 
�� and 

optimum out of control 
� properties in terms of 
��. We identified ê � �>M as the most 

suitable choice in terms of optimizing the 
� properties. For this optimum choice of ��#� (i.e. 

#�>�) we have worked out the values of constants �q by fixing 
��. These constants for some 
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commonly used 
�� values are provided in Table 5.1. For these constants and 
�� values 

given in Table 5.1 we have carried out a RL study and the resulting properties in terms of 


�� and 
�� are provided in Table 5.2. Appendix 5.1 contains the details regarding the 

algorithm, that is made in R language, used for the computation of 
�8. The standard errors 

for the results of Tables 5.1 – 5.2 remain less than 1.3%.  

TABLE 5.1: Values of the control limit constant nq for different choices of 9:;= for the 

proposed Äë control chart  


�� 168 200 370 400 500 �q 3 3.129 3.568 3.639 3.846 

�

TABLE 5.2: 9:; values for the proposed chart with different shifts 

Pre-fixed 
�� 

@ 

0 0.25 0.5 0.75 1 1.5 2 3 4 5 

500 498.14 47.2353 19.032 11.1564 7.5504 4.5204 3.1455 1.9803 1.4248 1.1186 

400 400.938 44.474 17.872 10.313 7.200 4.261 2.985 1.877 1.360 1.0847 

370 369.00 17.452 10.166 10.166 7.0941 4.184 2.931 1.721 1,236 1.043 

200 200.82 34.7366 14.6914 8.6191 5.9814 3.5996 2.5415 1.6124 1.1981 1.0338 

168 170.33 33.0695 12.1479 8.1779 5.659 3.4086 2.4437 1.5555 1.1598 1.0263 

 

 

We conclude from Tables 5.1 – 5.2: 

i. The proposed �7 control chart is really good in detecting small and moderate shifts  

and is still good in detecting large shifts (cf. Table 5.2); 

ii. 
�� decreases fastly with an increase in @ (cf. Tables 5.1 and 5.2); 

iii. The control structure of the proposed chart is very easy compared to the CUSUM and 

EWMA charts. 

 

Note that if we apply the same set up with samples sizes Z % + instead of Z � +, the results 

will be the same with the obvious adjustments in the control limits in (5.3). 
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 To detect small and moderate shifts, EWMA and CUSUM charts and some of their 

modifications are available. We have introduced in this chapter a rather simple alternative to 

these charts, namely the �7 control chart, and in this section we compare the performance of 

our proposed chart with some of its counterparts in terms of 
�. We compare the 

performance of the proposed chart with the classical EWMA, the classical CUSUM, the fast 

initial response (FIR) CUSUM, the FIR EWMA, the runs rules based CUSUM, the runs rules 

based EWMA and the adaptive EWMA. We use for the 
�� the values +Xf, M��, Pd�, A�� 

and B��, so that valid comparisons with each chart can be made. Below, we present one by 

one the comparison of the proposed chart with its competitor. 

Proposed versus the classical CUSUM: 
� values for the classical CUSUM are given by 

in Table 2.1. Comparison of the classical CUSUM with the proposed �7 chart clearly shows 

that the proposed chart almost outperforms the classical CUSUM for all the values of @ (cf. 

Table 2.1 vs. Table 5.2). 

 Proposed versus the classical EWMA: Table 2.2 contains the 
� values for the classical 

EWMA chart. Comparison of Table 2.2 with Table 5.2 shows the uniform superiority of the 

proposed �7 chart over the classical EWMA chart. 

Proposed versus FIR CUSUM and FIR EWMA: 
� values for the FIR CUSUM 

presented by Lucas and Crosier (1982) and FIR EWMA by Lucas and Saccucci (1990) are 

given in Table 2.10 and Table 2.17, respectively. The comparison of FIR CUSUM and the 

proposed �7 chart indicates that the performance of proposed control chart is better for small 

and moderate shifts even when the 
�� for the FIR CUSUM is not fixed at +Xf (cf. Table 

2.10 vs. Table 5.2). We may conclude that the proposed chart performs really well for small 
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shifts. The same is the case for the FIR EWMA, i.e. for a 25% head start the performance of 

the proposed chart is superior to the FIR EWMA for every choice of *, but as we increase the 

head start to 50%, the performance of the FIR EWMA becomes better than the proposed 

chart for the larger shifts with * � �>+ (cf. Table 2.17 vs. Table 5.2). 

Proposed versus runs rules based CUSUM and EWMA: In chapter 2 we introduced the 

runs rules based CUSUM and the runs rules based EWMA, respectively. The 
�8 for the 

runs rules based CUSUM are provided in Tables 2.7 – 2.8 and for runs rules based EWMA 

these are given in Tables 2.15 – 2.16. The comparison of the runs rules based CUSUM with 

the proposed chart shows that the proposed chart performs better than the runs rules based 

CUSUM uniformly for both schemes (cf. Tables 2.7 – 2.8 vs. Table 5.2). Similarly, the 

comparison of the runs rules based EWMA with the proposed chart also reveals that the 

proposed chart is superior to the runs rules based EWMA for most of the values of @ (cf. 

Tables 2.15 – 2.16 vs. Table 5.2). 

Proposed versus adaptive EWMA: The adaptive EWMA of Capizzi and Masarotto (2003) 

is designed so that it performs better for small and large shifts at the same time by giving 

weights to past information using a suitable function of the current error. Three functions of 

error represented by ìVí�> �, ìîo�> � and ìïíî�> � are used in their article. 
� values for the 

adaptive EWMA with these 3 functions of errors are given in Table 5.3, where the value of @ 

is targeted between �>MB � A.  

TABLE 5.3: 9:; values for the adaptive EWMA at 9:;= � ?== 

Error function 
@ 

0.25 0.5 0.75 1 1.5 2 3 4 ìVí�> � 98.51 40.94 25.04 17.59 10.11 6.08 2.29 1.26 ìîo�> � 135.01 42.72 21.99 13.91 7.12 4.25 2.01 1.28 ìïíî�> � 97.03 41.54 25.68 18.16 10.52 6.36 2.35 1.27 
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The comparison of the proposed chart with the adaptive EWMA shows that the proposed 

chart also outperforms the adaptive EWMA for all the values of @ (cf. Table 5.3 vs. Table 

5.2). 

Proposed versus adaptive CUSUM: Jiang et al. (2008) proposed the use of an adaptive 

CUSUM with EWMA based shift estimator. 
�8 for the adaptive CUSUM with @|�`� � �>B 

and * � �>P are given in Table 3.5. Comparison of Table 5.2 and Table 3.5 shows that the 

proposed �7 chart is uniformly superior compared to the adaptive CUSUM with EWMA 

based shift estimator. 

To summarize the results, we have made some 
� curves of the proposed �7 chart against 

its existing counterparts. These are given in Figures 5.1 – 5.3. 
� curves for the proposed 

chart, the classical EWMA (with * � �>+), the adaptive EWMA (with error function ìVí�> �), 
the runs rules based CUSUM scheme II (with R� � A>f and � � B>++) and the runs rules 

based EWMA modified MOP scheme (with * � �>+) are presented in Figure 5.1.  

FIGURE 5.1: 9:; Curves for proposed chart, classical EWMA, adaptive EWMA, runs rules 

based CUSUM and runs rules based EWMA at 9:;= � ?== 
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FIGURE 5.2: 9:; curves for proposed chart and adaptive CUSUM at 9:;= � H==�

�

 

FIGURE 5.3: 9:; curves for proposed chart, classical CUSUM and FIR CUSUM at 9:;= � EgG�
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In Figure 5.2 comparison of the proposed chart and the adaptive CUSUM are provided, 

whereas Figure 5.3 contains the 
� curves for the proposed chart, the classical CUSUM and 

the FIR CUSUM (with head start �� � +). Figures 5.1 – 5.3 clearly show the best 

performance of the proposed chart against the other methods. 
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 In this section we demonstrate the application of the proposed �7 chart. Also the 

classical EWMA and the classical CUSUM charts are included in the example to validate the 

superiority of the proposal. For this purpose we have generated two datasets of 40 and 30 

observations, respectively, such that in dataset 5.1 the first 20 observations are generated 

from [���+� (i.e. the in control situation) and the second set of the 20 observations from 

[��>B�+� (i.e. the out of control situation having a shift of �>B' (small shift)). Similarly, in 

dataset 5.2 the first 20 observations are generated from [���+� and the second set of 10 

observations from [�+>B�+� (i.e. an out of control situation having a shift of +>B' (moderate 

shift)). The �7 statistic for the proposed chart, the EWMA statistic with * � �>MB and the 

CUSUM statistic with & � �>B are calculated. To fix the 
�� at B�� we have used �q �
+>MXd for the �7 chart, � � P for the classical EWMA and ( � B>�d for the classical 

CUSUM. The graphical displays of the proposed �7, EWMA and CUSUM charts are 

presented in the Figures 5.4, 5.5 and 5.6 for dataset 5.1 and in Figures 5.7, 5.8 and 5.9 for 

dataset 5.2, respectively. 

From Figure 5.4 we can see that the proposed chart gives out of control signals at 

samples # 35, 36, 37, 38, 39 and 40, thus giving a total of 6 out of control signals. Figure 5.5 

shows that the classical EWMA control chart gives one out of control signal at sample # 38 

and Figure 5.6 depicts that the classical CUSUM control chart gives out of control signals at 
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samples # 38, 39 and 40, thus giving 3 signals. An upward shift occurred after sample # 20, 

which is detected by the proposed chart more quickly than the EWMA and the CUSUM. It 

illustrates the ability of the proposed chart to quickly detect small shifts in the process. 

FIGURE 5.4: Graphical display of the proposed Äë chart for dataset 5.1 

 

FIGURE 5.5: Graphical display of the classical EWMA chart for dataset 5.1 
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FIGURE 5.6: Graphical display of the classical CUSUM for dataset 5.1 

 

FIGURE 5.7: Graphical display of the proposed Äë chart for dataset 5.2 
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The situation is not much different in dataset 5.2, where the �7 chart detects the shift at 

samples # 23, 24, 25, 26, 27, 28, 29 and 30 (cf. Figure 5.7). The classical EWMA and the 

CUSUM detect the shift at samples # 27, 28, 29 and 30 (cf. Figures 5.8 and 5.9). 

FIGURE 5.8: Graphical display of the classical EWMA chart for dataset 5.2 

 

FIGURE 5.9: Graphical display of the classical CUSUM for dataset 5.2 
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In both small and moderate shifts we see that the proposed chart detect the shift more quickly 

than the others. The number of signals given by the proposed chart is also greater than the 

classic ones. These outcomes are exactly in accordance with the findings of subsection 5.1.2. 
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There is a lot of literature available on CUSUM and EWMA-type control charts for 

monitoring the process dispersion, e.g. see Page (1963), Hawkins (1981), Acosta-Mejia et al. 

(1999) and Chang and Gan (1995) for CUSUM-type charts and Ng and Case (1989), 

Crowder and Hamilton (1992) and Huwang et al. (2010) for EWMA-type charts. 

Additionally, Wu and Tian (2005) and Zhang and Chang (2008) also provided the CUSUM 

and EWMA charts, respectively, for monitoring the process mean and variance 

simultaneously. 

 Most of these charts are based on transforming the sample variance such that the new 

transformed form may be closely approximated by a normally distributed variable and hence 

applying the usual CUSUM and EWMA structures (recommended by Page (1954) and 

Roberts (1959), respectively) on it. In a similar direction, Castagliola (2005) proposed a new 

�� EWMA chart for monitoring the process dispersion. He used a logarithmic three 

parameter transformation to obtain a normal approximation for sample variance. A similar 

transformation is used by Castagliola et al. (2009) to setup a CUSUM �� chart for monitoring 

process dispersion. The details regarding the EWMA and CUSUM charts based on the 

logarithmic transformation are given in Section 3.2.  

Castagliola et al. (2010) proposed another similar type of transformation based on a 

four parameter Johnson �ð transformation. They claimed that this four parameter 

transformation gives a better approximation to the normal distribution as compared to the 
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three parameter logarithmic transformation. With the notation of Castagliola et al. (2010), it 

follows that 

�� � �ñ ! �ñ ¤� ¹ ò§©�ïóôó�ïó�ò§©º                  (5.4) 

where �ñ � ñ�Z�, �ñ � ñ�Z�, ¥ñ � �ñ�Z�'�� and õñ � cñ�Z�'��. Variable �� in (5.4) 

follows approximately a normal distribution with mean �ñ�Z� and variance 'ñ��Z� where the 

values of �ñ�Z�, 'ñ��Z�, ñ�Z�, ñ�Z�, �ñ�Z� and cñ�Z� for all Z � P� A� B� x � +B are given 

in Table 5.4.  

Table 5.4: Values of ¯ö� �, ±ö� �, 9ö� �, ²ö� � and nö� � 
  ¯ö� � ±ö� � 9ö� � ²ö� � nö� � ÷ö� � 
3 0.0184 0.9475 3.1936 1.1952 -0.2588 15.077 

4 0.0078 0.9739 3.3657 1.3983 -0.2438 12.591 

5 0.0039 0.9852 3.5402 1.5727 -0.2352 11.312 

6 0.0022 0.9908 3.7111 1.7281 -0.2295 10.530 

7 0.0014 0.994 3.8768 1.8698 -0.2254 10.000 

8 0.0009 0.9958 4.0369 2.0010 -0.2224 9.618 

9 0.0006 0.9970 4.1918 2.1238 -0.2200 9.328 

10 0.0004 0.9978 4.3417 2.2396 -0.2181 9.100 

11 0.0003 0.9983 4.4869 2.3495 -0.2166 8.917 

12 0.0002 0.9987 4.6279 2.4544 -0.2152 8.766 

13 0.0002 0.9989 4.7648 2.5549 -0.2141 8.640 

14 0.0001 0.9991 4.8981 2.6515 -0.2132 8.532 

15 0.0001 0.9993 5.0279 2.7446 -0.2123 8.440 

 

Note that in case of õñ ! ¥ñ � ��� - �, the transformation given in (5.4) is not possible, but 

Castagliola et al. (2010) showed that the probability of occurrence of this event is so close to 

zero that it can be neglected. From the values of ¥ñ and õñ it can be noticed that õñ ! ¥ñ �
��� - � implies a very large value of ��� as compared to the value of '�� so it can be taken as 

an out of control situation with a large positive shift. Details about the distributional 

properties of �� can be found in Castagliola et al. (2010). 
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 Furthermore, it should be noted that any change in the process standard deviation will 

change the mean of the normalized variables given in (3.5) and (5.4). So based on the these 

two (approximately) normalized statistics, we are now able to define our new control 

structures, named as floating � � �� and floating � � �� charts, respectively. These charts 

monitor basically the mean of the transformed statistics in (3.5) and (5.4) and hence control 

the process dispersion. 
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 The first proposed chart, named as floating � � �� chart, is based on the three 

parameter logarithmic transformation given in (3.5). The plotting statistic is given as: 

��� � ¦ £ø§ø«¬�                     (5.5) 

The statistic in (5.5) is a cumulative average of the three parameter logarithmic 

transformation given in (3.5). According to the probability distribution theory we have that, if 

�� follows (approximately) a normal distribution with mean �£�Z� and variance '£��Z� that 

��� � ¦ �U�U¼� #N  will have mean �£�Z� and variance 
]½©�`�� . This implies that the control 

limits (including the upper control limit (���), center line (��) and lower control limit 

(���)) for the floating statistic given in (5.5) can be defined as: 

��� � �£�Z� �  £ ]½�`�_� , �� � �£�Z�, ��� � �£�Z� !  £ ]½�`�_�             (5.6) 

where the width of the control limits is determined by  £. The 
�� can be controlled by 

adjusting this constant ( £) as the 
�8 for a control chart with wider limits are larger and 

vice versa.  The same problem (like the control limits in (5.2)) also persists with the control 

structure in (5.6), i.e. the control limits remain too wide for the larger values of # (wide 

relative to the plotting statistic).  Therefore, following (5.3), the penalized control limits for 
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the proposed floating � � �� chart are given as: 

���£ � �£�Z� �  £q ]½�`�yéè^>ç, ��£ � �£�Z�, ���£ � �£�Z� !  £q ]½�`�yéè^>ç            (5.7) 

where  £q  is the adjusted control limit coefficient.  

Table 5.5: 9:; values for the floating ° � µF chart with r°q � I> EF� and 9:;= � F== 

Ch   � Ih   � ?h   � Jh   � �h
0.5 6.041 3.779 2.890 2.417 

0.6 8.069 5.003 3.810 3.164 

0.7 11.874 7.316 5.546 4.585 

0.8 20.468 12.625 9.533 7.835 

0.9 49.392 31.652 23.918 19.851 

0.95 98.625 70.337 56.347 47.163 

1.05 92.869 67.545 54.129 46.352 

1.1 47.906 31.469 24.452 20.236 

1.2 21.249 13.379 10.268 8.496 

1.3 12.892 8.130 6.259 5.213 

1.4 9.113 5.778 4.461 3.740 

1.5 7.040 4.482 3.485 2.941 

2 3.316 2.205 1.774 1.527 

3 1.834 1.323 1.148 1.067 

 

Table 5.6: 9:; values for the floating ° � µF chart with r°q � I> ?gG and 9:;= � IJ= 

Ch   � Ih   � ?h   � Jh   � �h
0.5 7.157 4.425 3.391 2.807 

0.6 9.629 5.892 4.478 3.696 

0.7 14.123 8.674 6.542 5.371 

0.8 24.638 15.057 11.310 9.280 

0.9 61.342 38.450 28.858 23.761 

0.95 135.241 91.241 71.136 59.045 

1.05 128.999 89.714 69.639 58.704 

1.1 60.472 38.941 29.562 24.367 

1.2 25.692 16.054 12.208 10.039 

1.3 15.356 9.646 7.356 6.110 

1.4 10.757 6.792 5.220 4.333 

1.5 8.234 5.229 4.049 3.377 

2 3.813 2.506 2.001 1.703 

3 2.030 1.434 1.206 1.103 
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Table 5.7: 9:; values for the floating ° � µF chart with r°q � I> GHg and 9:;= � ?== 

Ch   � Ih   � ?h   � Jh   � �h
0.5 7.896 4.870 3.712 3.085 

0.6 10.599 6.491 4.912 4.054 

0.7 15.639 9.538 7.207 5.913 

0.8 27.327 16.588 12.501 10.242 

0.9 69.082 42.830 32.216 26.335 

0.95 158.678 104.768 80.317 66.427 

1.05 153.847 102.791 79.859 66.697 

1.1 69.135 43.487 33.006 27.250 

1.2 28.649 17.766 13.468 11.097 

1.3 17.037 10.578 8.085 6.666 

1.4 11.847 7.443 5.696 4.728 

1.5 9.008 5.711 4.405 3.684 

2 4.133 2.719 2.148 1.838 

3 2.179 1.519 1.259 1.133 

 

Note thaththe control limits given in (5.6) are a special case of the limits in (5.7) with ê � �. 

We have tested several values of ê  and ê � �>M was found to be optimal, i.e. ê � �>M gives 

smaller 
�� values for a fixed 
��. Tables 5.5 – 5.7 contain the 
� values for the 

proposed floating � � �� chart. The 
�8 for the proposed chart are evaluated by running 

+�´ simulations. The simulation program is developed in R language. 
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 The plotting statistic for the second proposed chart (based on a four parameter 

Johnson �ð transformation) to monitor the process dispersion is given as: 

��� � ¦ ñø§ø«¬�                     (5.8) 

Like ��� in (5.5), here ��� also have mean �ñ�Z� and variance 
]ó© �`�� . Therefore the control 

limits for this second proposed chart, named as floating � � �� chart, are given as: 
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���ñ � �ñ�Z� �  ñq ]ó�`�yéè^>ç, ��ñ � �ñ�Z�, ���ñ � �ñ�Z� !  ñq ]ó�`�yéè^>ç            (5.9) 

where  ñq  is the control limit coefficient for this second proposed chart. The 
� values for 

the floating � � �� chart are given in Tables 5.8 – 5.10. 

Table 5.8: 9:; values for the floating ö � µF chart with röq � I> EF� and 9:;= � F== 

Ch   � Ih   � ?h   � Jh   � �h
0.5 5.737 3.557 2.737 2.305 

0.6 7.877 4.830 3.676 3.056 

0.7 11.766 7.201 5.447 4.472 

0.8 20.684 12.632 9.476 7.789 

0.9 49.990 31.946 24.242 19.811 

0.95 101.245 71.182 56.534 47.38 

1.05 94.654 67.969 54.991 46.672 

1.1 48.593 32.012 24.519 20.390 

1.2 21.784 13.621 10.427 8.551 

1.3 13.266 8.241 6.315 5.227 

1.4 9.410 5.883 4.505 3.737 

1.5 7.176 4.549 3.496 2.924 

2 3.363 2.206 1.754 1.520 

3 1.846 1.316 1.141 1.063 

 

From Tables 5.5 – 5.10 we may conclude that: 

i. both floating charts are performing good, not only for positive shifts but also for 

negative shifts in the process standard deviation; 

ii. for a fixed 
��, the proposed floating � � �� chart is performing better for small 

shifts, like @ Û �>e and @ - +>P, whereas the performance of floating � � �� chart is 

better for large shifts, like @ - �>f and @ Û +>A; 

iii. for the fixed values of ê and 
��, the values of the control limit coefficients are the 

same for both proposed charts; 

iv. for large values of Z, the 
� values for both charts are more symmetric with respect 

to @ as the distribution of both �� and �� becomes very close to normal as Z increases. 
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Table 5.9: 9:; values for the floating ö � µF chart with röq � I> ?gG and 9:;= � IJ= 

Ch   � Ih   � ?h   � Jh   � �h
0.5 6.809 4.176 3.183 2.649 

0.6 9.339 5.692 4.301 3.562 

0.7 14.052 8.522 6.413 5.266 

0.8 24.861 14.998 11.250 9.176 

0.9 62.300 38.592 29.075 23.830 

0.95 138.501 92.615 71.719 59.133 

1.05 131.474 89.931 70.533 59.158 

1.1 62.083 39.362 29.939 24.634 

1.2 26.376 16.284 12.254 10.120 

1.3 15.833 9.753 7.411 6.090 

1.4 11.044 6.888 5.247 4.337 

1.5 8.401 5.280 4.027 3.364 

2 3.821 2.473 1.946 1.667 

3 2.015 1.402 1.187 1.093 

 

Table 5.10: 9:; values for the floating ö � µF chart with röq � I> GHg and 9:;= � ?== 

Ch   � Ih   � ?h   � Jh   � �h
0.5 7.511 4.583 3.480 2.884 

0.6 10.318 6.257 4.716 3.889 

0.7 15.587 9.379 7.044 5.769 

0.8 27.370 16.606 12.389 10.122 

0.9 70.351 43.080 32.349 26.301 

0.95 161.226 105.404 80.668 66.694 

1.05 155.272 103.961 80.665 66.948 

1.1 70.928 44.268 33.470 27.389 

1.2 29.405 18.016 13.538 11.106 

1.3 17.526 10.787 8.137 6.688 

1.4 12.167 7.525 5.735 4.723 

1.5 9.239 5.746 4.397 3.652 

2 4.125 2.654 2.085 1.771 

3 2.119 1.460 1.226 1.110 
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 In this section, we compare the performance of the proposed floating charts with some 

recently proposed CUSUM and EWMA-type control charts for monitoring the process 

dispersion. The control charts selected for the comparison purpose include the ��-EWMA by 

Castagliola (2005), EWMA Â � �� by Castagliola et al. (2010) and CUSUM ��� by 

Castagliola et al. (2009) directly, while we have also compared the performance of our 

proposed charts with the Shewhart 
 � chart, a CUSUM chart for process dispersion 

proposed by Page (1963) and an EWMA chart proposed by Crowder and Hamilton (1992), 

indirectly. 

Proposed versus µF-EWMA and EWMA Å � µF: Castagliola (2005) proposed an EWMA 

chart for monitoring the process dispersion based on the same logarithmic transformation as 

in (3.5), named as ��-EWMA. Following him, Castagliola et al. (2010) proposed another 

EWMA chart based on the same four parameter Johnson �ð transformation as in (5.4), named 

as EWMA Â � �� for controlling the process standard deviation. The two parameters of these 

charts are the smoothing parameter * and the control limit coefficient  . The 
� values of 

these two charts for the optimal choices of * and   are given in Table 5.11. Comparing the 

performance of proposed charts with these EWMA-type charts, we can notice that both 

proposed charts have smaller 
�� values for a fixed 
�� � Pd�. Moreover, the proposed 

charts are showing more dominance for small shifts as compared to large values of @ (cf. 

Table 5.11vs. Tables 5.6 & 5.9). 

Castagliola (2005) showed in his article that the ��-EWMA control chart performs better than 

the Shewhart 
 � chart for small shifts like @ - M. He also proved the dominance of his 

proposed chart over the CUSUM chart proposed by Page (1963) and the EWMA charts 
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proposed by Crowder and Hamilton (1992). Therefore, we can state that the performance of 

our proposed charts is better than these charts too. 

Table 5.11: 9:; values for the µF-EWMA and EWMA Å � µF charts with 9:;= � IJ= 

C 
µF-EWMA EWMA Å � µF   � Ih   � ?h   � Jh   � �h   � Ih   � ?h   � Jh   � �h

0.5 10 5.6 4 3.1 9.4 5.2 3.7 2.9 

0.6 13.9 8 5.7 4.5 13.6 7.7 5.5 4.3 

0.7 21.3 12.6 9.1 7.1 21.2 12.4 8.9 7 

0.8 40.8 23.1 17 13.5 40.8 23 16.8 13.4 

0.9 130.3 68.9 48.5 38.2 126.5 68.3 48.4 38.1 

0.95 289.7 184.8 137.6 110.3 274.3 179.9 135.8 109.4 

1.05 173.2 142.3 115.1 96.8 195.9 148 118.1 98.8 

1.1 91.9 59.8 45.2 36.9 97 61.6 46.1 37.5 

1.2 36.5 22.8 17 13.8 38.8 23.5 17.4 14 

1.3 20.3 12.4 9.3 7.5 21.3 13 9.6 7.7 

1.4 13.4 8.1 6.1 4.9 13.8 8.4 6.3 5.1 

1.5 9.8 5.8 4.4 3.6 9.8 6 4.5 3.7 

2 3.9 2.3 1.8 1.5 3.8 2.3 1.8 1.5 

 

Proposed vs. CUSUM �µF: Castagliola et al. (2009) proposed a CUSUM ��� chart based 

on the three parameter logarithmic transformation as in (3.5). The 
�8 of the CUSUM ��� 

chart with optimal parameter choices are given in Table 5.12. 

Table 5.12: 9:; values for the CUSUM �µF chart with 9:;= � IJ= 

  
C 

0.5 0.6 0.7 0.8 0.9 0.95 1.05 1.1 1.2 1.3 1.4 1.5 2 

3 10.8 15.4 24.1 44 108.9 216.9 183.3 98.6 39.5 21.7 14.1 10.2 3.8 

5 5.6 8.3 13.4 25.4 68.4 154.8 145.7 64.6 24.3 13.1 8.3 5.9 2.3 

7 3.8 5.7 9.4 18.2 51.1 122.9 117.5 49.2 18 9.6 6.1 4.3 1.8 

9 2.9 4.4 7.3 14.3 41.3 103.1 99.5 40.3 14.5 7.7 4.9 3.5 1.5 
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The performance of this CUSUM ��� control chart is more or less similar to that of 

��-EWMA and EWMA Â � �� charts. Comparing the performance of our proposed charts 

with the CUSUM ���, we may conclude that the proposed charts are performing better than 

the CUSUM ��� chart for almost all values of @ (cf. Table 5.12 vs. Tables 5.6 & 5.9). 

Apart from the tabular comparison, Figures 5.10 and 5.11 provide the 
� curves of the 

charts discussed in this subsection for an increase and a decrease, respectively, in the process 

dispersion. It is clear from Figures 5.10 – 5.11 that the 
� curves of both proposed charts 

are on the lower side of other curves. This shows that the proposed charts have smaller 
�� 

values for a fixed 
�� � Pd�. In addition, both proposed charts are showing almost the 

same performance as their 
� curves coincide in both figures. 

Figure 5.10: 9:; curves for floating ° � µF, floating ö � µF, µF-EWMA, EWMA Å � µF and 

CUSUM µF charts for increase in the process dispersion 
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Figure 5.11: 9:; curves for floating ° � µF, floating ö � µF, µF-EWMA, EWMA Å � µF and 

CUSUM µF charts for decrease in the process dispersion 
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 For illustrating the application of the proposed charts, we generate two datasets 

(namely dataset 5.3 and dataset 5.4) of 25 subgroups each of size Z � B, i.e. one for an 

increase and the other for a decrease in the process standard deviation. For dataset 5.3, the 

first 15 subgroups are generated from [���+� showing an in control standard deviation while 

the remaining 10 subgroups are generated from [���+>M� referring to an out of control 

standard deviation with @ � +>M. Similarly, for dataset 5.4 the first 15 subgroups are the same 

as for dataset 5.3, whereas the remaining 10 subgroups are taken from [����>f� showing an 

negative shift in the process dispersion with @ � �>f. Both proposed charts are applied to the 

datasets with parameters; �£�Z� � �>��dAf, '£�Z� � �>eXd, £�Z� � ��>feXe, £�Z� �M>PXAd, �£�Z� � �>BeXe, ê � �>M and  £q � P>BXf for the floating � � �� chart; �ñ�Z� ��>��Pe, 'ñ�Z� � �>efBM, ñ�Z� � P>BA�M, ñ�Z� � +>BdMd, �ñ�Z� � ��>MPBM, cñ�Z� �

�
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++>P+M, ê � �>M and  ñq � P>BXf for the floating � � �� chart. The calculations for both 

proposed charts with dataset 5.3 are given in Table 5.13. Figure 5.12 shows the chart output 

of the floating � � �� chart for both datasets while the chart output of the floating � � �� 

chart is given in Figure 5.13. 

Table 5.13: Calculation details of the proposed charts for dataset 5.3 

Subgroup 

Number 
µ�F °� ù°� ;n;° ön;° ö� ùö� ;n;ö ön;ö 

1 0.815 -0.079 -0.079 -3.443 3.458 -0.045 -0.045 -3.511 3.519 

2 0.363 -0.992 -0.536 -2.116 2.131 -0.998 -0.521 -2.16 2.168 

3 1.567 0.929 -0.047 -1.592 1.607 0.924 -0.04 -1.625 1.633 

4 0.594 -0.482 -0.156 -1.3 1.315 -0.45 -0.142 -1.328 1.336 

5 1.565 0.927 0.061 -1.111 1.126 0.922 0.071 -1.135 1.143 

6 2.384 1.687 0.332 -0.977 0.992 1.654 0.335 -0.999 1.007 

7 0.659 -0.356 0.234 -0.876 0.891 -0.321 0.241 -0.896 0.904 

8 0.069 -1.857 -0.028 -0.797 0.812 -2.106 -0.052 -0.816 0.824 

9 0.709 -0.264 -0.054 -0.734 0.749 -0.228 -0.072 -0.751 0.759 

10 0.564 -0.543 -0.103 -0.681 0.696 -0.513 -0.116 -0.697 0.705 

11 0.529 -0.614 -0.149 -0.637 0.651 -0.588 -0.159 -0.652 0.66 

12 0.696 -0.287 -0.161 -0.598 0.613 -0.251 -0.167 -0.613 0.621 

13 0.875 0.018 -0.147 -0.565 0.58 0.051 -0.15 -0.58 0.588 

14 2.485 1.765 -0.01 -0.536 0.551 1.731 -0.015 -0.55 0.558 

15 0.431 -0.829 -0.065 -0.511 0.526 -0.818 -0.069 -0.524 0.532 

16 2.123 1.47 0.031 -0.488 0.503 1.442 0.025 -0.501 0.509 

17 3.219 2.27 0.163 -0.467 0.482 2.247 0.156 -0.48 0.488 

18 0.332 -1.068 0.094 -0.449 0.464 -1.085 0.087 -0.461 0.469 

19 2.552 1.816 0.185 -0.432 0.447 1.782 0.176 -0.444 0.451 

20 0.148 -1.592 0.096 -0.416 0.431 -1.731 0.081 -0.428 0.436 

21 3.935 2.677 0.219 -0.402 0.417 2.694 0.205 -0.413 0.421 

22 1.592 0.957 0.253 -0.389 0.404 0.95 0.239 -0.4 0.408 

23 3.744 2.575 0.354 -0.377 0.392 2.579 0.341 -0.388 0.395 

24 1.834 1.205 0.389* -0.366 0.38 1.187 0.376 -0.376 0.384 

25 1.215 0.51 0.394* -0.355 0.37 0.525 0.382** -0.365 0.373 

 

* indicates an out of control signal by floating � � �� chart 

** indicates an out of control signal by floating � � �� chart 
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It can be seen from Figures 5.12 – 5.13 that the proposed charts are effectively detecting both 

positive and negative shifts. This can also be confirmed from Table 5.13, where the floating 

� � �� chart is signaling at subgroups # 24 and 25, while the floating � � �� chart is 

detecting the positive shift at subgroup # 25. 

Figure 5.12: Chart output of floating ° � µF chart for datasets 5.3 & 5.4 

 

Figure 5.13: Chart output of floating ö � µF chart for datasets 5.3 & 5.4 
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 To monitor the location of a process two main types of charts, named as Shewhart-

type control charts and memory control charts (like EWMA and CUSUM) are available. 

Former are recommended for large shifts �P - @ - B� while latter are good at detecting small 

and moderate shifts (like �>MB - @ - +>B). In this chapter, we have proposed another type of 

memory control chart, the so called �7 control chart. The performance of the new chart is 

evaluated in terms of 
�8 and we have compared the performance of proposed control chart 

with different existing memory control charts. Comparisons revealed that the newly proposed 

chart performs very good and outperforms its competitors for small and moderate shifts but 

also shows good performance for large shifts.  

 Following the �7 chart for location, two memory-type control charts for process 

dispersion, named as the floating � � �� control chart (based on a three parameter 

logarithmic transformation) and the floating � � �� control chart  (based on a four parameter 

Johnson �ð transformation) are proposed. The performance evaluation of the proposed charts 

is done by calculating the 
� values using simulation procedures. These 
�8 are 

compared with some EWMA- and CUSUM-type control charts for monitoring the process 

standard deviation. The comparisons show that the proposed charts are dominating the other 

charts in terms of 
� values. Moreover, an inter-proposed charts comparison shows that the 

floating � � �� chart is better for small shifts, whereas the floating � � �� chart is superior 

for large shifts in the process dispersion. At the end, an illustrative example is provided 

which shows the application of the proposed charts on simulated datasets. 
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y=c(); PM=c(); ucl=c(); lcl=c(); rl=c() 

mu=0; sig=1 

p=0.2; K=3.129 

for(j in 1:100000) 

{ 

for(i in 1:1000000) 

{ 

y[i]=rnorm(1,mu,sig) 

PM[i]=mean(y[1:i]) 

ucl[i]=mu+K*(sig/i^(0.5+p)) 

lcl[i]=mu-K*(sig/i^(0.5+p)) 

if(PM[i]>ucl[i]|PM[i]<lcl[i]) 

{rl[j]=i;break;} 

else{rl[j]=0;} 

} 

} 

mean(rl) 

�

�

&

������,���

rl=c(); Tj=c(); FT=c(); ucl=c(); lcl=c() 

n=5; a=-0.8969; b=2.3647; c=0.5979; ETj=0.00748; STj=0.9670 

p=0.2; K=3.129 

mu=0; sig=1 

for(j in 1:100000) 

{ 

for(i in 1:1000000) 

{ 

x=rnorm(n,mu,sig) 

Tj[i]=a+b*log(var(x)+c,exp(1)) 

FT[i]=mean(Tj[1:i]) 

ucl[i]=ETj+K*(STj/i^(0.5+p)) 

lcl[i]=ETj-K*(STj/i^(0.5+p)) 

if(FT[i]>ucl[i]|FT[i]<lcl[i]) 

{rl[j]=i; break;} 

else{rl[j]=0;} 

} 

} 

mean(rl)�




