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2 Theory

In this chapter the CARS response is derived analytically, and the
properties that make the technique suitable as a quantitative mi-
croscopy imaging technique are described. At the end of the chapter,
the basics of a multivariate analysis method for data treatment, Prin-
cipal Components Analysis, are also presented.

2.1 CARS theory

When light interacts with matter, the electrons surrounding the nuclei respond
by oscillating at the same frequency as the incoming fielda. The field, in other
words, induces a polarization in the sample. For relatively weak incident light
fields, the induced displacement of the electrons is small and the induced po-
larization of the electrons is linearly proportional to the incoming field. The
proportionality factor (determined by the properties of the sample) is the sus-
ceptibility χ. This simple proportionality may break down for stronger electric
fields such as the ones produced by the pulsed laser beams used in CARS setups.
In this case, the displacement of the electronic cloud caused by the interaction is
no longer linear and higher order terms are necessary to describe the interaction.

Expressing the electromagnetic wave as a vector
−→
E with amplitude E, the

general expression of the response of an optical material is described by the
expansion of the induced polarization as a power series in the electric field
strength:

−→
P = χ(1)−→E + χ(2)−→E

−→
E + χ(3)−→E

−→
E
−→
E + . . . (2.1)

where the expansion coefficients χ(n) are known as n-th order susceptibilities.
Higher order susceptibilities are expected to grow progressively smaller so that
the power series expansion converges to a finite polarization. The susceptibilities
are expressed by tensors, relating the different field directions and frequencies
to the direction and strengths of the induced polarization. In the regime of low
intensity fields, only the first order term is important and is the basis for classical
linear optics including normal Raman scattering. In the presence of an intense
field, higher order terms are required to correctly describe the polarization in
the medium. The magnitude of the third-order nonlinear susceptibility shown
in the previous equation is a measure of the conversion efficiency of the specific

aThe light sources used in CARS experiments have frequencies in the optical range between
1013 − 1017 Hz. Such frequencies are too high for the nuclei in the molecules to respond to
the oscillations, hence the response of the material arises only from the induced oscillations
of the electrons.
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20 Theory 2.1

process involving the interaction of three incoming photons, e.g. in the CARS
process the signal is emitted at the anti-Stokes frequency, ωAS = 2ωpu−ωS [10].
The third order susceptibility χ(3) involved in the CARS process is the sum of
a frequency dependent resonant part, and a nearly frequency-independent non-
resonant part:

χ(3)(ωAS) = χ
(3)
R + χ

(3)
NR (2.2)

The resonant part χ
(3)
R contains the quantitative and chemically specific

information about the sample in focus, as it reports on the spectral properties
of spontaneous Raman vibrational resonances, as discussed below.

The magnitude of χ
(3)
R , and hence the efficiency of the photon energy con-

version of the CARS process, increases rapidly when the frequency difference
between the pump and the Stokes beams is resonant with a vibrational transi-
tion ων of a chemical moiety in the sample, i.e. when ωpu−ωS = ων . Close to a
Raman-active resonance, the resonant part of the susceptibility is given by [47]:

χ
(3)
R =

Aj
ων − (ωpu − ωS)− ıΓj

(2.3)

where Aj and Γj are the amplitude and line width of the j-th vibrational mode of
frequency ων . The detailed derivation, following the approach used by Boyd [14],

of the analytic form of χ
(3)
R is reported in the Appendix in Paragraph 2.4.

By comparing the form of χ
(3)
R in Eq. (2.3) with the spontaneous Raman

scattering line shape for a single vibration

IRaman(ω) ∝ AjΓj
(ων − ω)2 + Γ2

j

(2.4)

it is immediately evident that the line shape of Raman peaks can be obtained
from the imaginary part of the third order molecular susceptibility

Im(χ
(3)
R ) =

AjΓj
(ων − (ωpu − ωS))2 + Γ2

j

(2.5)

Crucially, Im(χ
(3)
R ) is chemically specific and depends linearly upon concen-

tration [178] (cfr. Eq. (2.38) in appendix). Unfortunately, this information is
not readily available from the data directly obtained in a CARS measurement as
the detected signal, IAS , depends on both the resonant and nonresonant terms
of the susceptibility, according to

IAS ∝ |χ(3)|2 = |χ(3)
R + χ

(3)
NR|

2 = |χ(3)
R |

2 + 2χ
(3)
NRRe

[
χ
(3)
R

]
+ |χ(3)

NR|
2 (2.6)

The resonant and nonresonant term interfere via the middle of the three terms
of Eq. (2.6), and the resonant term can therefore not be retrieved by a sim-
ple background correction. Due to this interference the quantitative data con-

tained within χ
(3)
R is not directly accessible; the presence of the nonresonant
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Figure 2.1. Comparison of (red) spontaneous Raman and (black) multiplex CARS
spectra of an equimolar mixture of AMP/ADP/ATP in water at a total concentration
of 500 mM. Total acquisition time for Raman and CARS data is 3 min and 800 ms
respectively. Reproduced from reference [202].

contributionχ
(3)
NR to the overall susceptibility means that there is no simple, lin-

ear correlation between IAS and concentration. This complexity is illustrated in
Fig. 2.2, which shows the comparison of the spontaneous Raman and multiplex
CARS spectra of the same sample, an equimolar mixture of AMP/ADP/ATP in
aqueous solution at a total concentration of 500 mM [202]. The interference be-
tween the resonant and nonresonant terms results in dispersive, Fano-type line-
shapes in the CARS spectrum in comparison to the Lorentzian-type lineshapes
in the spontaneous Raman spectrum. Fig. 2.2 also highlights why, despite the
additional complexity of its spectral response, CARS is sometime preferable to
spontaneous Raman owing to its far higher response; in fact, the spectra in
figure were acquired in 800 ms and 3 min for CARS and Raman respectively.

In order to extract the quantitative information from the anti-Stokes CARS
intensity IAS we have to be reminded of the comparison of Eq. (2.4) and
Eq. (2.6), showing that the quantitative linearly dependent information is con-
tained in the imaginary part of the susceptibility. The obvious implication is

that, if we are able to extract Im(χ
(3)
R ) from IAS we can eliminate the com-

plicating influence of the nonresonant term, allowing CARS to be used as a
quantitative microscopic imaging technique. In fact, additional benefits are

obtained by retrieving the Im(χ
(3)
R ) response. As the Im(χ

(3)
R ) spectrum is di-

rectly comparable to the spontaneous Raman response of the material, reference
can be made to correlation charts of known Raman bands. Second, it is eas-
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22 Theory 2.2

ier to identify overlapping Lorentzian peaks in an Im(χ
(3)
R ) spectrum than the

overlapping Fano-type resonances occurring in an IAS spectrum. Finally, lin-
ear analysis techniques and multivariate analysis methods can be used to aid
spectral deconvolution for complex samples.

Several approaches have been developed to extract quantitative results from
CARS data and to deal with the influence of the nonresonant response. A
number of these methods aims to separate the resonant from the nonresonant
contribution to the CARS intensity in order to access the imaginary part of the
susceptibility. This separation can be done with experimental methods using
intensity calibration [7, 215], limiting cases of strong or weak resonant scat-
terers [97, 123], and time gating [204], or with mathematical methods such as
peak fitting procedures [177,206]. Alternatively, we can note that the nonreso-

nant response χ
(3)
NR is instantaneous and therefore purely real. Hence, in order

to retrieve Im(χ
(3)
R ) it is sufficient to extract the phase of the CARS field, θ,

according to

Im(χ
(3)
R ) = |χ(3)| sin θ ∝

√
IAS sin θ (2.7)

Using the nonresonant background rather than suppressing it, actually turns
out to be an advantage when measuring the CARS signal relative to it. The
heterodyne amplification of the resonant contribution through the nonresonant
background in fact increases the sensitivity of the measurement [146].

2.2 Maximum Entropy Method

Eq. (2.7) states that the analytic form of Im(χ
(3)
R ) can be obtained from the

CARS signal intensity if the vibrational phase of the signal is known. Physically,
the vibrational phase is the phase difference between the driving field, described
by the superposition of the pump and the Stokes fields, and the induced motion
of the dipoles in the sample. The nonresonant response has zero phase owing
to its instantaneous nature, making the response real and positive. Instead, the
resonant response has a nonzero vibrational phase whose magnitude will vary
depending on the detuning frequency, ων − (ωpu − ωS), and the concentration

of the sample. Very dilute samples (χ
(3)
R � χ

(3)
NR) will have a vibrational phase

close to 0, whereas for highly concentrated samples, the phase shift can reach
the limiting values of ±(π/2) radians.

The vibrational phase can be measured experimentally with interferomet-
ric approaches [35, 107, 108, 164], or extracted mathematically from the CARS
signal intensity. The mathematical phase retrieval represents a classical prob-
lem of how to recover the phase of a complex function from its modulus. Al-
though in the most general case there are an infinite number of solutions to
the phase retrieval problem, in practical situations, there are constrains on the
form of the solution [140]. These constraints reduce drastically the number
of allowed solutions and, in the case of CARS spectra, typically result in a
very good approximation of the real vibrational phase. Two well established
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approaches to mathematical phase retrieval of CARS spectra are the time do-
main Kramers-Kronig (TD-KK) transform and the maximum entropy method
(MEM). It should be noted that there is little difference in the effectiveness of
each of the two phase retrieval methods and both of them allow for quantitative
analysis of CARS data, as demonstrated e.g. in their comparison presented in
reference [47]. In this thesis, the MEM approach was used to retrieve the phase
of the CARS signal. The theory underlying the TD-KK approach can be found
in literature [128], as well as examples of its applications [156,192].

The MEM is based on concepts from information theory where the entropy,
there also called Shannon entropy, measures the uncertainty associated with a
random variable. C.E. Shannon stated that any additional knowledge to be
gained relative to an incomplete information, or set of data, must be based
on the probability distribution with the maximum entropy allowed by the con-
straint of the available information itself [184]. This is the typical condition we
face when trying to extract the phase from the power spectrum, as the phase
is defined as a function of the frequency in the spectral interval between 0 and
∞, to be derived from the power spectrum that is experimentally measured in
a limited spectral interval, [ωi, ωf ]. We describe here the MEM based on the
method originally developed by Burgb. Consider the function S(ωAS) represent-
ing the CARS spectrum as obtained in a CARS experiment where the signal
from the sample is divided by the signal from a reference sample containing no
vibrational resonances in the measured frequency range. Using the normalized
frequency, ν = (ωAS −ωi)/(ωf −ωi), we define S(ν) to restrict the calculations
to the [0, 1] dimensionless interval. S(ν) contains M data points and is directly
proportional to the squared modulus of the susceptibility. S(ν) can be written
as the Fourier transform of its autocorrelation functions C(m):

S(ν) =

∞∑
m=−∞

C(m) exp(−i2πmν) (2.8)

C(m) =

∫ 1

0

S(ν) exp(i2πmν)dν (2.9)

Incidentally, as the power spectrum is measured in a limited interval, only
the first 2M + 1 autocorrelations are knownc, for |m| ≤ M . Opposed to the
conventional method for the determination of the power spectrum from a limited
number of autocorrelations, where the value C(m) = 0 is assumed for |m| ≥M ,
in the MEM the missing autocorrelation functions are obtained by maximizing
the entropy rate of the power spectrum defined as [201]:

h ∝
∫ 1

0

log S(ν)dν (2.10)

Hence, the required ME power spectrum is the function Ŝ(ν), solution to the

bA complete treatment of the MEM theory can be found in references [200,201]
cFrom Eq. (2.9), C(−m) = C∗(m). Hence when C(m) is known, C(−m) is also known.
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equation
∂

∂C(m)
=

∫ 1

0

log S(ν)dν = 0, |m| ≥M (2.11)

The MEM model for CARS power spectra is expressed as [96]:

Ŝ(ν) =
|β|2

|1 +
∑M
k=1 ak exp(−i2πkν)|2

=
|β|2

|AM (ν)|2
(2.12)

where the coefficients ak and |β| can be calculated from a set of linear Yule-
Walker equations:

C0 C∗1 · · · C∗M
C1 C0 · · · C∗M−1
...

...
. . .

...
CM CM−1 · · · C0




1
a1
...
aM

 =


|β|2

0
...
0

 (2.13)

AM (ν) is a complex function whose argument ψ = arg {AM (ν)} takes the name
of ME phase function. Introducing an error phase ϕ(ν) = θ(ν)− ψ(ν), we can
use Eq. (2.12) to retrieve the true phase of the susceptibilityd [202]:

χnr+χr(ν) =

√
Ŝ(ν) exp(iθ(ν)) ∼=

|β| exp(iθ(ν))

|AM (ν)|
=
|β| exp(iθ(ν)− iψ(ν))

|AM (ν)| exp(iψ(ν))
=
|β| exp(iϕ(ν))

A∗
M (ν)

(2.14)

The retrieval of the phase is then reduced in the MEM to perform a background
correction of the function ψ(ν). The ME phase in fact presents the same spectral
features as the true phase θ(ν), superimposed to a slowly varying background
expressed by ϕ(ν). Using the constraint that θ(ν) ≈ 0 far from vibrational
resonances, MEM allows to estimate the true phase function allowing to retrieve
the Raman-like spectrum hidden in the CARS data.

The MEM phase retrieval is exemplified in Fig. 2.2 for the CARS data ob-
tained from the equimolar mixture of AMP/ADP/ATP. In panel (A) the calcu-
lated MEM phase ψ(ν) (solid line) containing the spectral features is presented
together with the slowly varying background representing ϕ(ν) (dashed line).

From the comparison in panel (B) of the retrieved Im(χ
(3)
R ) (black line) and the

corresponding Raman spectrum (red line) of the same solution it is clear that
the MEM is capable of retrieving the exact same spectral features that define
quantitatively the composition of the sample.

2.3 Principal Component Analysis

Retrieving the vibrational peaks from the raw data is unfortunately only the
first challenge in data analysis of CARS images. In fact, when performing a
spectro-microscopy CARS measurement one obtains a hyperspectral dataset as

dIn typical CARS experiments, the resonant and non resonant terms are expressed in their
normalized form as χnr = χ3

NR/χ
3
NR,ref and χr(ν) = χ3

R(ν)/χ3
NR,ref respectively. The

reference sample presents no vibrational resonances in the measured frequency interval.
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Figure 2.2. (A) Phase (solid line) retrieved with MEM from the multiplex CARS
spectra of an equimolar mixture of AMP/ADP/ATP in water at a total concentration
of 500 mM. The dashed line is the error phase providing the slowly varying back-
ground to the ME phase. (B) Comparison of the retrieved Im(χ

(3)
R ) spectrum (black)

and the independently measured spontaneous Raman (red) spectrum of the solution.
Reproduced from reference [202].
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Figure 2.3. Representation of the mathematical procedure of Principal Component
Analysis. In the first step the hyperspectral datacube is unfolded to be expressed as a
two dimensional matrix where each row contains one of the point spectra. This matrix
is processed with the PCA algorithm in order to be expressed as the product of two
matrices, the scores and the loadings, summed to a residuals matrix. The mathe-
matical procedure underlying this identity, and the physical meaning are discussed in
details in the text

the output. The term hyperspectral refers to spatially resolved data with dis-
tinct spatial coordinates, and an entire vibrational spectrum collected for each
of these three dimensional points. The simplest way to deconvolute overlapping
spectral features from multicomponent mixtures occurs when the pure spectra
of the individual components are known in advance. In this case, each spectrum
in the hyperspectral image is treated as a linear combination of the pure spec-
tra, and the resulting linear coefficients are proportional to the concentration
of each component in that spectrum. Constraints to remove unphysical results
such as negative concentrations can also be included [20]. As the spectra of the
pure compounds in the sample are hardly ever available for biological samples,
different mathematical approaches are required for the analysis of these large
datasets [50]. In recent years methods of chemometrics are becoming useful
tools in vibrational spectroscopy, both IR and Raman, due to their capability
to detect small recurring differences in the spectra in presence of large random
variance, in order to reveal the simplified structures often hidden in complex
datasets [54]. This is particularly important in the analysis of CARS mea-
surements of biological matter, as the chemical composition of the sample is
inhomogeneous even on the lenght scale of a few nanometers, and the spectral
features of different components are largely overlapping.

The chemometric method selected for the interpretation of the results of
Chapter 6 and Chapter 7 is Principal Component Analysis (PCA). For a de-
tailed treatment of the theory underlying the method we refer to general books
on chemometrics, e.g. [1, 106]. Here only a basic treatment of PCA theory will
be outlined.
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PCA deals with the hyperspectral dataset using simple theorems and op-
erations of linear algebra following a procedure exemplified in Fig. 2.3. The
hyperspectral data (for simplicity illustrated here for the two dimensional case)
is initially represented by an intensity matrix of dimensions (x, y, λ), where λ
is the number of entries in each spectrum. This can be easily rewritten as an
unfolded matrix S containing n = x× y rows. These rows contain the λ inten-
sity data points of the individual spectra recorded at each spatial position. The
spatial information will be retrieved at the end of the procedure. This procedure
implies that the spatial correlation of the spectral information is not a factor
taken into account in the analysis. Using linear algebra it is always possible to
write the unfolded data matrix S as the product of two matrices, called here
the scores and the loadings matrices with dimensions (n, k) and (k, λ) respec-
tivelye, summed to the residuals matrix with the same dimensions as S. The
physical meaning of this decomposition in PCA is intuitively equivalent to the
spectral decomposition of a vector along the ”most meaningful” set of basis
vectors that describes the space. This near equivalence contains the implicit
goal of PCA which is to find a new basis, linear combination of the original
basis, best re-expressing the experimental dataset, filtering out the noise and
revealing the hidden structure of the data. In other words, the aim of PCA is to
find the matrix transformation that minimizes the redundancy and maximizes
the signal in our dataset.

The first step of the analysis is to construct the covariance matrix C starting
from the unfolded data matrix S as follows:

C = SST (2.15)

C is a (λ, λ) matrix, in which each term Cu,v is the product of the intensity
values at wavelengths λu and λv summed over all spectra.

• The diagonal terms Cu,u represent the variance of a particular wavelength
λu. Hence, large values correspond to a relevant spectral feature.

• The off-diagonal terms Cu,v 6=u represent the covariance of two wavelengths
λu and λv. Here large values correspond to a high redundancy in the mea-
surement.

In order to minimize redundancy and maximize the signal, one needs to manip-
ulate the covariance matrix so that

• The off-diagonal terms should become zero, i.e. the modified covariance
matrix should be diagonal.

• Each successive dimension in the modified covariance matrix should be rank-
ordered according to variance.

eThe value of k corresponds to the number of Principal Components needed to describe
the dataset. This parameter is determined during the analysis according to the variance
associated with each of the components.
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In the language of linear algebra these requirements correspond to diagonalizing
the correlation matrix by solving the equation

PTCP = Λ (2.16)

P is the eigenvector matrix, from which the Principal Components matrix, the
loadings matrix Z, is calculated according to

Z = SP (2.17)

The eigenvalues Λ provide the variance associated with each corresponding prin-
cipal component.

The meaning of this mathematical procedure is to find a new basis of or-
thonormal vectors, the eigenvectors. The first eigenvector is aligned to the
direction of larger variance; the second is aligned to the direction of larger vari-
ance in the (λ−1)-dimensional subspace orthogonal to the first eigenvector, and
so on. Hence the Principal Components are the original spectra expressed along
this rotated basis. The original unfolded data matrix S can hence be expressed
in terms of the Principal Components as

S = αZ (2.18)

where α is the scores matrix
α = PT (2.19)

The meaning of Eq. (2.18) is explained in Fig. 2.4. The rows of the loading
matrix Z are the individual Principal Components ordered according to the
associate variance. These functions are not actual spectra as they do not fulfill
the non-negativity requirement of physical spectra, although the peaks express
the most relevant chemical features found throughout the samplef. The scores
matrix α determines how much each principal component contributes to the
spectra from each spatial coordinate. Spectra associated with similar scores
relative to a certain PC are likely to have a similar chemical composition, hence
the scores values can be used as a criterion to group spectra. Each column of
the scores matrix can be folded back to the original (x, y) form to provide a
visualization of the spatial distribution of the contribution of the corresponding
PC to the local spectra.g

Associated with PCA is another method used in this thesis in Chapter 7, the
Hierarchical Cluster Analysis. HCA classifies the data according to the smaller

fComputational methods beyond the aim of this thesis are available for treating the load-
ings matrix in order to render it in a physically meaningful form. These methods have been
proven to be reliable only for mixtures of a limited number of known chemical components, a
condition that is clearly not fulfilled in the case of biological samples.

gAs PCs are ordered according to the variance, Eq. (2.18) can also be written as S = αZ+R
where the matrices α and Z only contain a number k of columns and rows respectively. This
is equivalent to include in the matrix multiplication only the most meaningful PCs, and
move in the residuals matrix R only the less meaningful information including the noise.
This procedure is often called Singular Value Decomposition and is often used as a filter in
measurements with large associated noise.
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Figure 2.4. Representation of the final results of PCA analysis on hyperspectral
data. On the left the original data are expressed as the product of the scores and the
loadings matrices as explained in the text. Each individual row of the loadings contains
a pseudo-spectrum representing one Principal Component. These spectra are ordered
according to the associate variance and identify the most important chemical features
present across the sample. The columns of the scores contain the information on
how large is the contribution of the corresponding PC at each position in the sample.
Hence the individual columns can be folded back to the (x, y) format of the original
data and presented as a false-color map that highlights the spatial contribution of each
of the PCs.

distance in the spectra as expressed by the correlation coefficients. Here the
correlation matrix C ′ is calculated as

C ′ = STS (2.20)

C ′ is a symmetric (n × n) matrix where off-diagonal terms Ci,j contain the
correlation between the i-th and j-th spectra summed over all the wavelengths
of the spectrum. This matrix is searched for the term closest to unity, which
identifies the most similar spectral coefficients, and the corresponding columns
are merged reducing the dimensionality of the correlation matrix. The corre-
lation coefficients are recalculated and the merging process is repeated while
keeping track of the spectral entries being merged into the different clusters.
Mean cluster spectra can be calculated, representing the chemical composition
of all spectra in a specific cluster, and pseudo-maps of the system based on
spectral similarities are obtained.

It is important to underline that since both PCA and HCA are non para-
metric methods, they require no external input that could influence the final
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results. This non parametric nature also imposes some limitations to the meth-
ods, related primarily to its underlying assumptions:

• The new basis that redefines the data is orthonormal. If this assumption is
fulfilled, linear algebra theorems apply to the problem.

• The most relevant chemical features are associated with large variance in
the system. This is true only if the signal to noise ratio (SNR) in the
measurement is large. In this case the PCs associated with large variance
are physically relevant, while the PCs with lower variance contain primarily
noise.

2.4 Appendix: derivation of the CARS suscep-

tibility

We showed in Eq. (2.2) that the total third order susceptibility is the sum of
a frequency dependent resonant part, and a nearly frequency-independent non-
resonant part, where only the resonant part of the response contains the spectral
properties of normal Raman transitions.

The analytic form of the resonant part of the susceptibility can be calculated
both with a classical and quantum mechanical approach. Here, we follow the

classical treatment for the calculation of χ
(3)
R [14]. In the following equations

we use the harmonic oscillator approximation to describe the potential of the
vibrational states. The initial assumption in this derivation is that we can
treat the electric dipole induced in the molecule, i.e. the optical molecular
polarizability α, as function of the bond stretching coordinate q. Using Placzeks
development:

α = α0 +

(
∂α

∂q

)
0

+ . . . (2.21)

where the first term is the polarizability of a molecule in which the internu-
clear distance is held fixed at its equilibrium value. The force produced on the
oscillator by an external field due to this polarizability is then expressed ash:

F =
1

2

(
∂α

∂q

)
0

E2 (2.22)

giving the following equation of motion for the damped harmonic oscillator
(where Γ is the damping constant, ων is the resonant frequency of the oscillator):

q̈ + Γq̇ + ω2
νq =

1

2m

(
∂α

∂q

)
0

E2 (2.23)

hMolecular vibrations are driven coherently in the presence of a field Ẽ(z, t). The dipole
moment induced by the field in a molecule located at z is given by p̃(z, t) = αẼ(z, t). As-
sociated to the oscillation of the dipole moment is the energy W = (1/2)〈p̃(z, t) · Ẽ(z, t)〉 =
(1/2)α〈Ẽ2(z, t)〉, where the average is taken over time. The force applied by the field on the
vibrational degree of freedom is then expressed as F̃ = dW/dq = (1/2)(∂α/∂q)0〈Ẽ2(z, t)〉
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With the assumption that all incoming radiation fields are propagating along
the same direction, the field vector can be expressed as a scalar, and we can
express the electric field in complex notation as:

Ei(ωi) =
1

2

[
ξie

ı(kiz−ωit) + c.c.
]

(2.24)

where ξi is the amplitude, ki = ωini/c the momentum vector, and c.c. the
complex conjugate. The field applied in the CARS process is the sum of two
fields: E = Epu + ES , which implies that the coordinate q is driven not only
at ωpu and ωS , but also at the beating frequency ων = (ωpu − ωS) where the
equation of motion will have another solution. Specifically, we represent the
optical field of the CARS process as:

E =
1

2

[
ξpue

ı(kpuz−ωput) + ξSe
ı(kSz−ωSt) + c.c.

]
(2.25)

We can substitute this expression for the field into Eq. (2.23), and introduce a
trial solution. The trial solution is expressed, using the Rotating Wave Approx-
imation [72], in the form

q̃ = q(ωpu − ωS)eı((kpu−kS)z−(ωpu−ωS)t) + c.c. (2.26)

We obtain the equation of motion in the form

−(ωpu −ωS)2q(ωpu −ωS)− ı(ωpu −ωS)Γq(ωpu −ωS) +ω2
νq(ωpu −ωS) =

1

2m

(
∂α

∂q

)
0

ξpuξ
∗
S

(2.27)

leading to the solution

q(ωpu − ωS) =
(1/2m)[∂α/∂q]0ξpuξ

∗
S

ω2
ν − (ωpu − ωS)2 − ı(ωpu − ωS)Γ

(2.28)

Writing the nonlinear part of the polarization asi

P̃ (z, t) = N

(
∂α

∂q

)
0

[
q(ωpu − ωS)eı((kpu−kS)z−(ωpu−ωS)t) + c.c.

]
[
ξpue

ı(kpuz−ωput) + ξSe
ı(kSz−ωSt) + c.c.

]
(2.29)

we note that this expression contains several different frequencies components.
The Stokes polarization is the part that oscillates at frequency ωS [14]:

P̃NLS (z, t) = P (ωS)eıωSt + c.c. (2.30)

with a complex amplitude that can be expressed using Eq. (2.28) as

P (ωS) = N

(
∂α

∂q

)
0

q∗(ωpu − ωS)ξpue
ıkSz =

(N/2m)[∂α/∂q]0|ξpu|2ξ∗S
ω2
ν − (ωpu − ωS)2 − ı(ωpu − ωS)Γ

eıkSz (2.31)

iThe polarization is expressed as P̃ (z, t) = Np̃(z, t) = Nα̃(z, t)Ẽ(z, t) = N [α0 +
(∂α/∂q)0q̃(z, t)]Ẽ(z, t)
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By comparing this result with the general expression of the polarization
given by

P (ωS) = χ
(3)
R (ωS)|ξpu|2ξ∗SeıkSz (2.32)

We obtain the expression for the Raman susceptibility

χ
(3)
R (ωS) =

(N/2m)[∂α/∂q]0
ω2
ν − (ωpu − ωS)2 − ı(ωpu − ωS)Γ

(2.33)

We now look at the differential cross section of a molecule exposed to elec-
tromagnetic radiation according to the electromagnetic scattering theory:

∂σ

∂Ω
= (α′)2

(ω
c

)4
(2.34)

where for the Raman Stokes frequency (α′)2 = (∂α/∂q)2〈q2〉. We use the result
〈q2〉 = ~/2mων valid for a harmonic oscillator. Hence

∂σ

∂Ω
=

~
2mων

(
∂α

∂q

)2 (ωS
c

)4
(2.35)

We can then invert this relationship and express the susceptibility as a function
of the Raman differential cross sectionj:

χ
(3)
R (ωS) =

Nc4

~ω4
S

(
∂σ

∂Ω

)
ων∆j

ω2
ν − (ωpu − ωS)2 − ı(ωpu − ωS)Γj

(2.36)

Close to a Raman-active resonance, where ωpu−ωS ' ων , the susceptibility
can be approximated by:

χ
(3)
R (ωS) =

Nc4

~ω4
Sων

(
∂σ

∂Ω

)
j

ων∆j

ων − (ωpu − ωS)− ıΓj
=

Aj
ων − (ωpu − ωS)− ıΓj

(2.37)

where

Aj =
N∆jc

4

2~ω4
S

(
∂σ

∂Ω

)
j

(2.38)

jWe have introduced here the difference in probability of finding the molecule in the ground
or excited j-th state using the Schroedinger representation where a0 and aj represent the
amplitudes of the two states: ∆j = a0a∗0 − a1a∗1 [130]. Multiplied by the molecular density
N , this represents the population difference density between the two states.




