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Appendix A

Equations of motion

The most commonly used coordinate system in accelerator physics is the Frenet-Serret coordinate
system. This system is convenient as it follows the particles along the reference path. Figure A.1
shows the trajectories of particles in deflecting systems.

Figure A.1: The trajectories of particles in deflecting systems.

The deflection angle of the ideal path is dφ0 = k0dz, where k0 ( 1
ρ0
) is the curvature of the ideal

path. The deflection angle for an arbitrary trajectory is dφ = kds. The ideal curvature k0 is evaluated
along the reference trajectory (u=0) for a particle with the ideal momentum. In linear approximation
the path length element with respect to the coordinates for an arbitrary trajectory is:

ds = (1 + k0u)dz +O(2). (A.1)

Since u is the deviation of a particle from the ideal path, the equation of motion can be written as:

u′′ = −(1 + k0u)k + k0. (A.2)

The equation of motion for charged particles in electromagnetic fields can be derived from equa-
tion (A.2) and (1.1). The horizontal (x) and the vertical (y) deflection can be expressed using the
general field expansion (appendix B) as follows:

κx =
e

p
By =

e

p
[k0x + kx+

1

2
mx2 +O(3)],

κy =
e

p
Bx =

e

p
[k0y − ky −mxy −O(3)], (A.3)

k0z, k, m are the strength parameters (m−n+1) independent of the energy. No skew components were
considered for the moment. The potentials and magnetic fields until the 2th order are given, the
sextupoles. In appendix B the magnetic field expansion is explained in more detail. As a real particle
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178 A. Equations of motion

beam is never monochromatic, effects due to small momentum are included. The particle momentum
close to the ideal momentum can be expanded to:

1

p
=

1

p0(1 + δ)
≈ 1

p0
(1− δ + ...), (A.4)

x′′ + (k + k20x)x = k0x(δ − δ2) + (k + k0x)xδ,

− 1
2mx

2 − kk0x
2 +O(3) (A.5)

y′′ − (k − k20y)y = k0yδ − (k − k20y)yδ.

+mxy + k0yky
2 +O(3)) (A.6)

For the horizontal plane the (k+k20x)x term describes the focusing effects from quadrupoles and a pure
geometrical focusing from bending in a sector magnet. A dispersive effect arises from k0x(δ−δ2) which
reflects the varying deflection angle for particles which do not have the ideal design energy. Focusing is
also energy dependent and the term (k+k0x)xδ gives rise to chromatic aberrations describing focusing
errors due to energy deviation. The term −kk0x2 must only be included if focusing and bending
are present in the same magnet, for example in a synchrotron magnet. The last term − 1

2mx
2 is the

sextupole term, which introduces both chromatic and geometric aberration. The chromatic aberration
from sextupoles can be used to cancel some of the chromatic aberration from quadrupoles, but in doing
so a quadratic effect which leads to geometric aberrations is introduced.
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