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Abstract

Fitting geometric models to observed data is a fundamental problem that occurs frequently

in a variety of applications such as 3D reconstruction, registration, motion capturing, object

recognition, augmented reality and many more. The models that are fit and the available

observation data vary greatly. Common models include geometric primitives such as planes,

spheres or ellipsoids, geometric transformations such as rigid body motions or Euclidean simi-

larities and kinematic models of articulated structures like the human body (or approximations

thereof).

Classically, geometric objects are represented by vectors, a collection of numbers accompa-

nied by an explicit statement of what those numbers represent: a point in space, a direction,

a plane etc. In geometric algebra geometric entities can be represented directly and become

automatically identifiable by their algebraic properties. Of particular interest in this thesis

is the conformal model of geometric algebra (CGA) whose fundamental building blocks rep-

resent Euclidean hyperspheres and conformal transformations of Euclidean space. The basic

mathematical details are recounted in chapter 2 of this thesis.

The high dimensionality of a geometric algebra, the non-commutativity of the geometric

product and the complexity of the interaction between CGA elements sometimes make it

difficult to solve equations — exactly or approximately — for certain terms. In the course of

solving the presented problems, we develop techniques for that and establish conditions under

which those techniques apply.

In chapter 3 we use CGA to infer a conformal transformation in Euclidean space from

exact correspondence data. To achieve this goal we first reduce the problem to finding a

Euclidean transformation between correspondence data. Classically, conformal transformations

are represented by complex valued matrices and restricted to the complex 2D plane. The

representation of these transformations has been extended to geometric algebra valued Vahlen

matrices. This extends their applicability to higher-dimensional spaces and also enables us to

perform the proposed problem reduction.

In chapter 4 we fit a number of component 3D screw motions to an observed composite 3D

screw motion. Such composite motions are, for example, exhibited by limbs of a kinematic

chain. We employ CGA to formalize the problem statement and uncover the underlying

structure that enables us to find a unique decomposition of the composite motion. In order
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to find the parameters of the CGA objects that represent screw motions we employ matrix

algebra. This is useful in two ways. Firstly, it enables us to formulate a number of linear

equations which can be solved for the components of CGA objects. Secondly, where an exact

solution of those equations is not possible, established matrix algebra methods like singular

value decomposition can yield approximate results.

Finally, in chapter 5 we consider the estimation of Euclidean hyperspheres from the viewpoint

of Bayesian reasoning. An advantage of the Bayesian framework — which has proven useful for

parameter estimation in many different settings — is that it forces the creator of an estimator to

make explicit all parameters, prior knowledge (or absence of it) about them and all assumptions

that are relevant to the problem at hand. In our case we derive a closed form formula for

the likelihood of a hypersphere in arbitrary dimensions given point observations degraded by

isotropic Gaussian noise. We analyze the properties of a maximum likelihood estimator based

on that formula and compare it to a least squares estimator for the same problem.

For the problems tackled in chapter 4 and chapter 5 we have run experiments with simulated

data. The numerical results of those can be found in appendix A and appendix B, respectively.

By solving the above problems we gain new insights into the practical handling of geometric

algebra. We prove its usefulness for processing geometric data and deepen our understanding

of its relation to classical branches of mathematics. The latter is especially useful in order to

exploit an existing body of research in these related fields, while adding to it the conciseness,

intuitiveness and calculational power of geometric algebra. We reflect on some of these aspects

in chapter 6.




