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3
Determining Conformal

Transformations from Minimal

Correspondence Data

In this chapter we will consider the two main aspects that extend CGA beyond purely Eu-

clidean spaces, namely the additional “book-keeping” dimensions and the power to represent

conformal transformations. We derive a method to determine a conformal transformation

in n-dimensional Euclidean space from geometrical data alone, treating the additional repre-

sentational dimensions as unknowable. The solution is derived from exact correspondences

between data and is presented in closed form. We show that a minimal dataset needed for

correspondence is a localized vector frame and an additional point.

Determining a conformal transformation from correspondence data is difficult in CGA, be-

cause of the non-commutativity of the geometric product in conjunction with the double-

sidedness of the versor product which performs the transformation on geometric objects. In

order to obtain a solution we use the representation of CGA by extended Vahlen matrices.

These are 2 × 2-matrices with entries from purely Euclidean geometric algebra (the Clifford

algebra of Rn). This ultimately reduces the problem to the determination of a Euclidean or-

thogonal transformation from given vector correspondences, for which solutions are known.

We give a closed form solution for the general case of conformal (respectively anti-conformal)

transformations, which preserve (respectively reverse) angles locally. We also treat the impor-
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30 Determining Conformal Transformations from Minimal Correspondence Data

tant special case when it is known that the conformal transformation is a rigid body motion —

also known as a Euclidean transformation — which additionally preserves Euclidean distances.

3.1. Introduction

General conformal transformations have applications in physics and engineering. For example,

functions that are governed by a potential are still governed by a potential after a conformal

transformation. Therefore, problems in fluid dynamics, electromagnetic or gravitational theory

with complicated geometric conditions can be transformed to well-known geometric configura-

tions which are more manageable. Moreover, conformal transformations preserve hyperspheres

(i.e. hyperspheres are mapped to hyperspheres), as well as intersection and incidence relation-

ships. We will use this fact later to determine sufficient correspondence data from Euclidean

geometric configurations.

Vahlen matrices are known matrix representations of conformal transformations acting by

fractional linear transformations. Historically, Vahlen matrices were introduced as complex

valued 2 × 2 matrices acing on a vector representation of complex numbers. After the in-

troduction of the invertible geometric product, they could be generalized to 2 × 2-matrices

with entries from an n-dimensional Euclidean geometric algebra with some additional alge-

braic constraints. They could act on other Vahlen matrices by matrix multiplication with the

multiplication between individual entries being realized by the geometric product. Vahlen ma-

trices and CGA versors are different representations of the same group. In fact, there exists an

isomorphism from one representation to the other. Just like versors, Vahlen matrices act on the

representation of geometric objects by a double-sided product. The geometric objects, in that

case are represented by extended Vahlen matrices [Dor09]. These are still 2× 2-matrices with

entries from an n-dimensional Euclidean geometric algebra, but with the algebraic constraints

pertaining to Vahlen matrices relaxed. There exists an isomorphism from CGA to extended

Vahlen matrices.

The representation of CGA by extended Vahlen matrices has some advantages over the

representation on a (multi-)vector basis as introduced in chapter 2. In the extended Vahlen

matrix representation the closed form formulas (such as (2.35)) are decomposed into a number

of individual, algebraically simpler, calculations. Moreover, these individual calculations are

restricted to purely Euclidean geometric algebra, which means that they do not require the

Minkowski metric of the CGA base space and therefore are easier to implement. This simplifi-

cation is essential to our approach for solving correspondence equations for the parameters of

the versor representing the common conformal transformation between correspondence data.

Furthermore, the representation by extended Vahlen matrices conveniently allows us to disre-

gard representational aspects, such as the weight of conformal points, and focus on geometrical

data, such as the location of conformal points in Euclidean space. In practice, geometrical infor-

mation is available as the result of some measurement or design process, while representational

data is often unknown or considered irrelevant.

In this chapter we use the structuring power of Vahlen matrices to derive a closed form solu-
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tion for an even conformal versor (the geometric algebra representation of a general conformal

transformation of Euclidean space) given a minimal set of exact correspondence data. The

method introduced here finds this transformation in closed form and does so with little com-

putational effort. In order to derive this solution we will draw upon a method given in [FD11],

which recovers an orthogonal transformation between two sets of fully known corresponding

vectors.

Since the given correspondences have to be exact, the solution is suitable for those applica-

tions in physics, robotics, computer graphics, differential geometry etc., where a pair of start

and target configurations is known precisely and the conformal transformation between the

two has to be found.

If the correspondence data is not exact or more than minimal data is used, our method

can still find a solution. In those cases some steps have to be approximated using various

workarounds [RFC10, Per08, FD11] or heuristics. The impact of these approximations on

the overall solution is difficult to quantify or interpret geometrically. Moreover, none of these

method alone can recover a conformal transformation from geometric data. Either they need

to know the representational dimensions (i.e. the weights of corresponding points) or they are

restricted to orthogonal transformations, e.g. rotations about the origin in the vector space

under consideration. A more detailed discussion follows in section 3.3.1.

The structure of this chapter is as follows. Section 3.2 shows how to represent the conformal

model of geometric algebra by extended Vahlen matrices. In section 3.3 we consider different

kinds of input data and explain why a localized vector frame and an additional point in

Euclidean space are minimal data for recovering a conformal transformation. Here, we also

present in detail our closed form solution for this conformal transformation. We generalize our

method to anti-conformal transformations in section 3.4, where we also show a way to obtain

a minimal set of correspondence data from Euclidean point correspondences and present the

special case of rigid body motions. We briefly consider the case of non-exact correspondence

data. Concluding remarks are found in section 3.5.

3.2. Representation of Geometric Objects and Transformations

by Extended Vahlen Matrices

In chapter 2 we introduced geometric algebra as a mathematical structure defined by properties

of its elements and operations. We mentioned that geometric algebra allows for coordinate free

representation of geometric objects and transformations and then proceeded to introduce the

conformal model of geometric algebra using a particular basis for the vector space Rn+1,1 over

which CGA is constructed.

Now we introduce a different way of representing this vector basis — and therefore all

elements of CGA. There is an isomorphism between the (multi-)vector basis representation

of G(Rn+1,1) introduced in section 2.4 and a representation by 2 × 2-matrices with entries

from G(Rn), the geometric algebra over the n-dimensional Euclidean space. We introduce this

representation and show how concepts from chapter 2 extend to it, only in so far as they
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contribute to the main concern of finding a conformal transformation from correspondence

data. All proofs pertaining to Vahlen matrices are omitted here and can be found, for example,

in [Lou01, HJ03]. For a more extensive introduction to extended Vahlen matrices, we refer the

reader to [Dor09].

We use the symbol ≡ to denote the equivalence between a (multi-)vector and its matrix

representation. The null basis introduced in section 2.4 can be represented by

ei ≡
(

ei 0

0 −ei

)
, (3.1)

n0 ≡
(

0 0

1 0

)
, (3.2)

n∞ ≡
(

0 −2

0 0

)
. (3.3)

The geometric product is then implemented by matrix multiplication between the represen-

tations, where the non-commutative geometric product of G(Rn) is employed between matrix

entries. The inner and outer product arise from (2.14) and (2.15). Note that the neutral

elements of addition and multiplication are no longer the scalar quantities 0 and 1, but have

matrix representations, too, namely the zero matrix and the identity matrix, respectively.

It is easy to verify basic properties, such as

e2i ≡
(

ei 0

0 −ei

)(
ei 0

0 −ei

)

=

(
e2i 0

0 e2i

)

=

(
1 0

0 1

)
≡ 1, (3.4)

ei · n0 =
1

2
(ein0 + n0ei)

≡ 1

2

((
ei 0

0 −ei

)(
0 0

1 0

)
+

(
0 0

1 0

)(
ei 0

0 −ei

))

=
1

2

((
0 0

−ei 0

)
+

(
0 0

ei 0

))

=

(
0 0

0 0

)
≡ 0, (3.5)
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n0 · n∞ =
1

2
(n0n∞ + n∞n0)

≡ 1

2

((
0 0

1 0

)(
0 −2

0 0

)
+

(
0 −2

0 0

)(
0 0

1 0

))

=
1

2

((
0 0

0 −2

)
+

(
−2 0

0 0

))

=

(
−1 0

0 −1

)
≡ −1. (3.6)

The advantage in calculations with this representation lies in the fact that the isotropic

elements of the null basis, n0 and n∞, never appear explicitly. The structure of the matrix

representation realizes the Minkowski metric and calculations between elements are carried

out in the geometric algebra over an n-dimensional Euclidean vector space only. So, even

though a multivector may have a non-invertible matrix representation, explicit calculations on

an element level never involve null vectors.

The matrix representation of a finite conformal point p is given by (2.45)

p = α

(
n0 + p+

1

2
p2n∞

)
≡

P = α

(
p −p2

1 −p

)
, (3.7)

that of a conformal tangent t by (2.54)

t = −p · (p ∧ t ∧ n∞)

≡
T =

(
pt −ptp

t −tp

)
. (3.8)

As a subset of the set of general conformal multivectors, versors play a special role. They

represent both conformal transformations of the Euclidean space Rn as well as orthogonal

transformations of the Minkowski space Rn+1,1. As we saw in section 2.3, versors are the

product of a number of invertible conformal vectors and have a special matrix representation

called Vahlen matrices. In general, we will call a matrix S =
(
a b
c d

)
with entries from Euclidean

geometric algebra, a, b, c, d ∈ G(Rn), a Vahlen matrix, if it fulfills the conditions [Lou01, HJ03]

a, b, c, d ∈ Γ(Rn) ∪ {0}, (3.9)

ab̂, b̂d, dĉ, ĉa ∈ Rn, (3.10)

Δ(S) = ad̂− bĉ ∈ R \ {0}, (3.11)
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where Γ(Rn) denotes the group of Euclidean versors in G(Rn), also called the Clifford group of

the vector space Rn, i.e. [Por95]

Γ(V ) =
{
S ∈ G(V )|S−1 exists and SV Ŝ−1 ∈ V

}
. (3.12)

A derived property is that in a Vahlen matrix representing an even (respectively odd) versor,

the diagonal entries are even (respectively odd) Euclidean versors, while the off-diagonal entries

are odd (respectively even) Euclidean versors. These properties can all be proven [Por95] from

the definition of a versor as the product of invertible CGA vectors.

The concepts of grade involution (2.22) and Clifford conjugation (2.23) extend to Vahlen

matrices as follows [Dor09].

Ŝ =

(
â −b̂
−ĉ d̂

)
(3.13)

S =

(
d̂ −b̂
−ĉ â

)
(3.14)

A Vahlen matrix is always invertible with

S−1 =
1

Δ(S)
S. (3.15)

Note that (3.7) and (3.8) are not Vahlen matrices, since they fail condition (3.11). As matrices

representing null blades they are not invertible.

Now let us assume an element X ∈ G(Rn+1,1) in its matrix representation. Vahlen matrix

S acts on it via the twisted adjoint action

X ′ = SXŜ−1

=
1

Δ(S)
SXŜ. (3.16)

Spelling out the action of a Vahlen matrix on a conformal point (3.7) and a conformal tangent

(3.8), respectively, we find that it preserves the type of object represented and we get

SPŜ−1 =
(cp+ d) (cp+ d)

Δ(S)

(
p′ −p′2

1 −p′

)
, (3.17)

ST Ŝ−1 =
1

Δ(S)

(
p′t′ −p′t′p′

t′ −t′p′

)
, (3.18)

where

p′ = (ap+ b) (cp+ d)−1 , (3.19)

t′ = (cp+ d) t(cp+ d), (3.20)
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if (cp+ d) �= 0, that is if (cp+ d)−1 exists. Otherwise we find that

SPŜ−1 =

(
0 −2

0 0

)
, (3.21)

ST Ŝ−1 =
1

Δ(S)

(
0 −2t′

0 0

)
, (3.22)

where now

(cp+ d) = 0. (3.23)

t′ = (ap+ b) t(ap+ b), (3.24)

The matrices (3.22) and (3.21) represent a conformal tangent anchored at n∞ (also called a

direction vector in section 2.4 or a free vector in [DFM07]) and the conformal point at infinity,

n∞, respectively.

Representing a versor by a Vahlen matrix facilitates both design and interpretation of the

transformation performed by it. Any conformal transformation can be written as the composi-

tion of a translation, a rotation, uniform scaling and a special conformal transformation (also

called a transversion [DFM07]). The elemental conformal transformations in n-dimensional

Euclidean space are represented as follows [Lou01].

• Translation along a Euclidean vector t

S =

(
1 t

0 1

)
(3.25)

• Rotation by Euclidean rotator R (see section 2.3)

S =

(
R 0

0 R

)
(3.26)

• Uniform scaling by factor exp(γ), γ ∈ R

S =

(
exp(γ/2) 0

0 exp(−γ/2)

)
(3.27)

• Transversion parametrized by Euclidean vector v

S =

(
1 0

v 1

)
(3.28)

The first three transformations represent similarity transformations in Euclidean space, which

preserve lines but may alter Euclidean distances uniformly by a scalar factor. Geometrically,

a transversion can be seen as a hypersphere inversion followed by a translation and another
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hypersphere inversion or, alternatively, as the successive inversion in two hyperspheres of equal

radius touching in a single point. Either way, in n-dimensional Euclidean space a transversion

has n degrees of freedom, which is why it can be parametrized by a single Euclidean vector.

This transformation — while preserving angles locally — can transform lines in Euclidean

space into circles and vice versa.

These simple structures make it easy to predict the interaction between basic transformations

or analyze a composite transformation. Moreover, this representation facilitates the interpre-

tation of the algebraic result of a transformation in terms of its effects on the Euclidean parts

of a geometric object represented in CGA. Note that these elementary transformations trivially

fulfill the Vahlen matrix conditions (3.9), (3.10) and (3.11).

We would like to remark that the scaling and the transversion act on an object by changing its

weight. The weight is a homogeneous degree of freedom. In order to interpret a representative

element as a geometric object, it has to be normalized, the weight “divided out”. The effect on

a transformed object in Euclidean space manifests fully only after this interpretation step. As

a simple example, we will consider the action of a scaling versor (3.27) on a conformal point

(3.7).

1

Δ(S)
SPŜ−1 =

(
p − exp(γ)p2

exp(−γ) −p

)
(3.29)

= exp(−γ)
(

exp(γ)p − (exp(γ)p)2

1 − exp(γ)p

)
(3.30)

We see that the absolute Euclidean coordinates of the (matrix representation of the) conformal

vector (3.29) are left unchanged. However, changing the n0 and n∞-coordinate (i.e. the bottom

left and top right matrix entries) changes the interpretation (3.30) of the resulting (matrix

representation of the) conformal vector. The rewriting as in (3.30) shows that the matrix

actually represents the point at Euclidean location exp(γ)p with weight exp(−γ).

3.3. Exact Conformal Transformations and Minimal Data

Geometrically, a conformal transformation of n-dimensional Euclidean space can be seen as

a series of inversions in Euclidean hyperspheres (see section 2.4). Since every such inversion

preserves the magnitude of angles locally, but reverses their handedness, only an even number

of hypersphere inversions performs a conformal transformation representable as an even versor

in CGA. An odd number of hypersphere inversions performs an angle reversing anti-conformal

transformation. In the following, without loss of generality, we will restrict our considera-

tions to even versors and conformal transformations and only briefly return to anti-conformal

transformations in section 3.4.1.
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3.3.1. Related Methods

Before we consider the problem of finding a conformal transformation from correspondence

data, we need to address the question of what kind of input data is available. Different kinds

of input data lead to different approaches.

The probably most straightforward and most efficient method for finding the orthogonal

transformation between two corresponding sets of vectors can be found in [FD11]. It constructs

a composite orthogonal transformation by successively aligning vectors by a reflection in the

respective mid-plane between corresponding vectors. (For more details on the generalized

concept of mid-planes, please refer to section 2.4.) Assuming that two sets of input vectors {xi}
and {x′i} are indeed related by a common orthogonal transformation (i.e. a transformation that

preserves the inner product between vectors), successive reflections do not change previously

aligned vectors. In that respect the input data needs to be exact. Figure 3.1 visualizes the

method given in [FD11].

��
��

��

�� �

��
�� �

�� �����
��

Figure 3.1.: A sequence of reflections in respective mid-planes of corresponding vectors successively
aligns these vectors. As an example, here the vectors are conformal vectors representing unit weight
conformal points. The second reflection in s2 does not change the already aligned vector x′1 when {xi}
and {x′i} are related by an orthogonal transformation, i.e. xi · xj = x′i · x′j for all i, j. For details see
[FD11].

The method generalizes to higher-dimensional spaces and spaces with more complicated

metrics, in particular Minkowski spaces. However, technically, it recovers an assumed orthog-

onal transformation between corresponding vectors. By the representational power of CGA,

orthogonal transformations of the Minkowski space Rn+1,1 induce conformal transformations

on the underlying Euclidean space Rn. The main characteristic that sets the method from

[FD11] apart from the method introduced in the present chapter is that it needs vector cor-

respondences to be known in the space on which the orthogonal transformation acts. More

specifically, it is not enough to know correspondences between geometrical objects, but the

concrete conformal representation vector needs to be known — including the magnitude of its

weight, or the homogeneous coordinate.

An alternative method is presented in [Per08], which is based on finding a least squares solu-
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tion to a system of 2n simultaneous linear equations. The input data need not be exact for this

method to produce a result. Possible noise or uncertainty is accounted for by the least squares

criterion. However, the method does not guarantee to return a versor. Rather, the versor

conditions need to be enforced by additional constraints. Moreover, the least squares criterion

is imposed on the 2n components of the involved multivectors rather than on geometrically

meaningful quantities, which makes it difficult to evaluate the geometric interpretation of the

apparent optimality of that method. Additionally, the weights of the corresponding conformal

(multi-)vectors need to be known.

A third method [RFC10] reconstructs an assumed rotation (i.e. an orthogonal transforma-

tion) between corresponding vectors by finding a set of mutually orthogonal two-dimensional

rotation planes, each being determined by a pair of chords between corresponding vectors. In

order to obtain these planes from the chords the authors employ singular value decomposi-

tion (SVD), which makes their method viable for non-exact and non-minimal correspondence

data. Just like the other two methods it requires full vector correspondences with the weights

known. Also, this method performs poorly in special cases termed (pseudo-)isoclinic rotations.

These rotations are characterized by the fact that two or more of the recovered rotations in

the mutually orthogonal planes have the same rotation angle.

3.3.2. Input Data Requirements

In this chapter we focus on geometric configurations in Euclidean n-dimensional space. In

applications this is often the only information available, because Euclidean properties can be

measured, estimated or designed, while representational properties (such as the magnitude of

homogeneous coordinates, e.g. interpretable as point weights) may be inaccessible or irrelevant.

In order to answer the question what information is needed to specify a conformal trans-

formation of Euclidean space, we resort to a counting argument for the number of degrees of

freedom of an even versor. It has been shown [HS84] that every even versor in the geometric

algebra over a Euclidean or a Minkowski space can be written as the exponential of a pure

bivector (i.e. a multivector containing only components of grade 2), S = exp(b), with 〈b〉2 = b.

Conversely, the exponential of any pure bivector results in an even versor. Note that in gen-

eral b is not a 2-blade, but may be written as the sum of 2-blades. The number of degrees

of freedom of a pure bivector in a given CGA G(Rn+1,1) is therefore equal to the number of

linearly independent 2-blades in that CGA.

#DOF of an even versor =

(
n+ 2

2

)
(3.31)

This limits the choice of exact correspondence data to specify a conformal transformation. To

explain our basic method we take a suitably chosen minimal set of data as follows.

We start out with a Euclidean vector frame {ťi}, i = 1, . . . , n. Without loss of generality we

can assume it to be orthonormal (indicated by the check over the vectors), because every non-

orthogonal frame can be orthonormalized using Gram-Schmidt orthogonalization in Euclidean
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space Rn. Now, the first direction vector provides (n− 1) degrees of freedom, because — since

it is normalized — only its direction matters, but not its scale. The second direction vector

provides only (n−2) degrees of freedom, because it has to be orthogonal to the first one and it is

normalized, too. Proceeding like this, the last direction vector is completely determined by the

former ones because of the orthonormalization assumption we made. It does not provide any

degrees of freedom. One may argue that the handedness of the frame provides another degree

of freedom, but this is not so. Since the handedness is preserved by a conformal transformation

(as opposed to an anti-conformal transformation), it does not matter which one is picked.

By taking this frame and anchoring it at a given point, the frame’s Euclidean location in

space, p1, clearly provides us with n more degrees of freedom.

We know that conformal transformations preserve the mutual angles between the frame

vectors, but that uniform scaling is a valid conformal transformation. All vectors of one frame

can be assumed to have a common length, σ, i.e. ti = σťi, i = 1, . . . , n, which accounts for one

more degree of freedom.

In addition to the localized frame, we specify another Euclidean point, p2, providing an

additional n degrees of freedom. This makes for a total of

#DOF = (n− 1) + · · ·+ 1 + n+ 1 + n

= 1 + n+
n(n+ 1)

2

=
(n+ 2)(n+ 1)

2

=

(
n+ 2

2

)
, (3.32)

which is precisely the number of degrees of freedom accounted for by an even CGA versor and

therefore by a conformal transformation of n-dimensional Euclidean space.

In summary, to specify a conformal transformation in Euclidean n-space, as data we assume a

frame made up of n orthogonal direction vectors of a common length, t1, t2, . . . , tn, anchored at

a common point, p1, and an additional point p2, all being mapped to another such orthogonal

common length frame, t′1, t′2, . . . , t′n, anchored at a common point, p′
1, and an additional point

p′
2. See Figure 3.2 for an example in 3-dimensional Euclidean space.
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Figure 3.2.: A frame of three direction vectors with a common scale, anchored at a common point plus
an additional point constitute minimal correspondence data for a conformal mapping in 3-dimensional
Euclidean space. Note that a conformal mapping can rotate and uniformly scale the frame, locally, but
it cannot change the mutual angles between the frame vectors.
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Finally, besides the correspondences p1 ↔ p′
1, p2 ↔ p′

2 and ti ↔ t′i to be known, we require

the mutual angles between the vectors ti and between the vectors t′i to be the same. In that

sense the correspondence data has to be exact. Given this prerequisite, the above correspon-

dences determine a conformal transformation precisely and any conformal transformation is

determined by such a set of correspondences.

Note that, even though we will use the conformal model of geometric algebra to represent

the correspondences, the input data only consists of purely Euclidean quantities. We are

therefore able to determine a conformal transformation on purely geometric grounds. No

abstract algebraic or representational characteristics enter our requirements. More specifically,

unlike in the methods discussed in section 3.3.1 the weights of the conformal points p1 and p2

do not have to be known.

3.3.3. Solution

We represent the additional Euclidean point p2 by a conformal point in matrix representation

as in (3.7) and the localized frame {ti} by a number of conformal tangents as in (3.8), anchored

at a common Euclidean point p1. Then, in order to recover the conformal transformation, we

would have to solve a set of simultaneous equations (3.16) for the common even versor S.

Whether we use the matrix representation or the vector basis representation, it is not trivial

to solve these equations, because of the non-commutative nature of the geometric product and

because of interactions between the different multivectors involved. In order to reduce the

complexity of the equations to solve we will introduce a set of transfer objects, which have very

simple matrix representations. Then we find the Vahlen matrices Sj =
(

aj bj
cj dj

)
, j = 1, 2 which

take each of the corresponding sets of input data, {p1, p2, t1, . . . , tn} and {p′1, p′2, t′1, . . . , t′n},
respectively, to these transfer objects. Finally, we recover the conformal transformation that

maps {p1, p2, t1, . . . , tn} to {p′1, p′2, t′1, . . . , t′n} as S = S−1
2 S1.

3

In particular, we introduce the following transfer objects,

0Ti =

(
0 0

0ťi 0

)
, i = 1, . . . , n (3.33)

∞P = n∞ =

(
0 −2

0 0

)
, (3.34)

i.e. an orthonormal localized frame at the origin with directions 0ťi and the point at infinity.

Note that, in addition to being orthonormal, we assume that the frame {0ťi} has the same

handedness as {ti} and {t′i}. The handedness of a frame {ti} is computed as the sign of the

outer product of its vectors relative to the chosen Euclidean pseudoscalar, (t1 ∧ · · · ∧ tn)I
−1
n ,

where In = e1 ∧ e2 ∧ · · · ∧ en, so the assumption is easy to check and assert.

Since S represents an even versor, either S1 and S2 both represent even versors or both

represent odd versors. Because we assumed equal handedness of the original frame, the target

3This idea is similar to the “projective frame” technique using homogeneous coordinates to calculate Möbius
transformations in the 2D (complex) plane.
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frame and the transfer frame, S1 and S2 represent even versors. An odd versor would switch

handedness.

Now, we will find a matrix S1 that maps the original data to the transfer objects. Step by

step we will make sure that this matrix is a Vahlen matrix. Consider S1 acting on a conformal

tangent (3.8) via the twisted adjoint action (3.18). Since the location of the tangents p1 is

mapped to the conformal point at the origin by S1, (3.19) implies that a1p1 + b1 = 0, so that

b1 = −a1p1. (3.35)

Furthermore, because S1 maps the additional point p2 to the conformal point at infinity, (3.23)

implies that c1p2 + d1 = 0, and therefore

d1 = −c1p2. (3.36)

Next, we ensure that S1 is a Vahlen matrix by asserting conditions (3.9), (3.10) and (3.11).

We rewrite the general condition (3.11) for our specific matrix S1 to

R \ {0}  Δ(S1) = a1d̂1 − b1ĉ1

= −a1ĉ1p2 + a1p1ĉ1

= a1p1ĉ1 − a1p̂2 ĉ1

= a1 (p1 − p2) ĉ1. (3.37)

It follows that

a−1
1 =

1

Δ(S1)
(p1 − p2) ĉ1. (3.38)

Note that this is not a proof that this condition holds. It will allow us to choose a scalar Δ(S1)

to establish the relationship between a1 and c1 and ensure that the matrix we will later find for

S1 is indeed a Vahlen matrix. The simplest choice would be for example Δ(S1) = 1, yielding

a Vahlen matrix S1 which represents an even unit versor.

By (3.37), conditions (3.10) are fulfilled, as we see when we write out the four individual
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equations.

a1b̂1 = −a1â1p1

= −a1p1â1 ∈ Rn, (3.39)

b̂1d1 = â1p1c1p2

= p1â1c1p2

= p1â1a1a
−1
1 c1p2

= p1â1a1
1

Δ(S1)
(p1 − p2) ĉ1c1p2

=
â1a1ĉ1c1
Δ(S1)

(
p2
1p2 − p2

2p1

) ∈ Rn, (3.40)

d1ĉ1 = −c1p2ĉ1 ∈ Rn, (3.41)

ĉ1a1 = Δ(S1) (p1 − p2)
−1 ∈ Rn, (3.42)

where we used (3.38), as well as the fact that ŝs ∈ R, for any s that is the geometric prod-

uct of any number of vectors. Recall that the latter fact is (2.36), and follows from the

(anti)automorphism properties of the Clifford conjugation and the grade involution, as well as

axiom (2.10) of the geometric product.

So far, our matrix S1 is of the form

S1 =

(
a1 −a1p1

c1 −c1p2

)
, (3.43)

which, together with (3.38), leaves c1 as the only unknown. In order for S1 to be a Vahlen

matrix representing an (even) versor, it needs to fulfill condition (3.9). That is, a1 and c1 have

to be (even, respectively odd) Euclidean versors.

We can find a solution using the transformation of the Euclidean frame vectors ti to the

transfer frame (3.20), which is equivalent to

0ťi = (c1p1 + d1) ti(c1p1 + d1), i = 1, . . . , n

= (c1p1 − c1p2) ti(c1p1 − c1p2)

= c1 (p1 − p2) tic1 (p1 − p2). (3.44)

Before we proceed to the solution we would like to remark that for any versor S =
∏k

i=1 si =

s1s2 . . . sk, k ∈ R, the transformation SxS−1 of any vector x leaves the length of the trans-

formed vector unchanged. By contrast, the operation SxS of (3.44) does not. It changes the

length by a scalar factor of SS. In (3.44) we are transforming a set of non-unit vectors ti of

a common length to a set of unit vectors 0ťi. We will do so by first matching the vectors’

directions and then recovering the common scaling factor.

Recall that we assumed both the frame {ťi} and the frame {0ťi} to be orthonormal with

the same handedness (see section 3.3.2). Therefore, they are n-dimensional Euclidean vectors
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with known lengths related by an orthogonal transformation.

We have therefore reduced the determination of the conformal transformation to finding a

Euclidean n-dimensional rotation of n vectors. We can use any of the methods introduced in

section 3.3.1 to recover this rotation. In the following we derive a recursive formula using the

approach in [FD11].

We introduce the even Euclidean versor c′1 = c1 (p1 − p2) which will align the two frames.

Following [FD11] we find this versor as the sequence of mid-planes (see section 2.3) between

corresponding vectors. Without loss of generality we take the first mid-plane to be the one

between ť1 and 0ť1, the next one between the vector ť2 reflected in the first mid-plane and 0ť2

and so on. By circumstance it may occur that a single reflection aligns more than one pair

of corresponding vectors. In this case the mid-plane between two equal vectors will evaluate

to zero. If that happens, we assume the corresponding inversion operator to be the identity

instead of the mid-plane. Recall that already aligned vectors do not change by successive

reflections [FD11]. We obtain an explicit recursively defined formula for i = 1, . . . , n.

c
′(0)
1 = 1, (3.45)

X(i) = (−1)i−1

(
i∏

k=1

c
′(i−k)
1

)
ťi

(
i∏

k=1

c
′(i−k)
1

)−1

− 0ťi, (3.46)

c
′(i)
1 =

{
X(i) , if X(i) �= 0

1 , if X(i) = 0
. (3.47)

Then we find

c′1 =
n∏

i=0

c
′(n−i)
1 , (3.48)

where the product means successive multiplication from the right.

As a simple example consider the three-dimensional Euclidean case, i.e. n = 3. We get

X(1) = ť1 − 0ť1, (3.49)

X(2) = − (ť1 − 0ť1
)
ť2
(
ť1 − 0ť1

)−1 − 0ť2, (3.50)

X(3) = 0, (3.51)

c′1 = 1X(2)X(1)

=
(
− (ť1 − 0ť1

)
ť2
(
ť1 − 0ť1

)−1 − 0ť2

) (
ť1 − 0ť1

)
= − (ť1 − 0ť1

)
ť2 − 0ť2

(
ť1 − 0ť1

)
, (3.52)

where we assumed that there is an orthogonal transformation relating {ťi} and {0ťi} (i.e. ť3 and
0ť3 are automatically aligned), and that (ť1 − 0ť1) is invertible (i.e. non-zero in this Euclidean

case).

The versor obtained in this way needs to be rescaled in order to change the scale of the

frame {ti} in the desired way when substituted into the non-versor transformation (3.44). We
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calculate

c1 =

√
1

σ c′1ĉ′1
c′1 (p1 − p2)

−1 , (3.53)

where σ ∈ R denotes the common scale of the frame {ti}.
Now, substituting (3.53) and (3.38) back into (3.43) gives us a full closed form solution for

S1. A solution for S2 can be found in a perfectly analogous way substituting p′
1, p

′
2, {t′i} and σ′

for p1, p2, {ti} and σ, respectively. We find the Vahlen matrix S = S−1
2 S1 by straightforward

application of (3.15).

3.4. Generalization and Limitations

In this section we generalize our method to odd versors in arbitrary dimensions. We analyze

the important special case of rigid body motions and present a way of extracting minimal corre-

spondence data from Euclidean point correspondences using the conformal model of geometric

algebra. Finally, we will consider the case of non-exact correspondence data.

3.4.1. Even vs. Odd Versors

Throughout section 3.3 we have assumed that the correspondence data is related by a con-

formal transformation, which can be represented by an even versor. If the two configurations

are related by a locally angle reversing anti-conformal transformation, the method has to be

modified slightly.

In this case the handedness of only one of the localized vector frames will match the

handedness of our transfer frame {0ťi}. We can compute the handedness, for example by

the sign of the expression (t1 ∧ · · · ∧ tn)I
−1
n , where In = e1 ∧ · · · ∧ en. On the other

frame (without loss of generality let this be {t′i}) we introduce an inversion in an arbitrary

but fixed hypersphere represented by an arbitrarily chosen conformal vector r and obtain

{p′′1, p′′2, t′′1, . . . , t′′n} = −r{p′1, p′2, t′1, . . . , t′n}r−1. Now we compute the even conformal versor S′

relating {p1, p2, t1, . . . , tn} and {p′′1, p′′2, t′′1, . . . , t′′n} using the method introduced in section 3.3.3,

and find the desired odd conformal versor relating {p1, p2, t1, . . . , tn} and {p′1, p′2, t′1, . . . , t′n} by

undoing the arbitrary reflection introduced before:

S = −r−1S′r. (3.54)

3.4.2. Minimal Data from Exact Point Correspondences

In section 3.3.2 we argued that a localized vector frame and an additional point are minimal

data determining a conformal transformation. However, sometimes it may be inconvenient to

give the correspondence data in this format, e.g. because of the way such data is acquired.

In this section we will introduce a way to acquire a minimal set of correspondence data from

point correspondences.

Recall that our method works with purely Euclidean geometric information, i.e. point lo-

cations in Euclidean space. The weights of the conformal points do not need to be known.
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A crucial prerequisite is that corresponding points are indeed related by a conformal trans-

formation. For example, in three dimensions the counting argument shows that a conformal

transformation has 10 degrees of freedom. Three point correspondences would provide only 9

DOF, leaving us one degree of freedom short, whereas four point correspondences provide 12

DOF, thus overdetermining the problem. As we will show now, if we assume the existence of a

common conformal transformation, we can use the properties of conformal transformations and

the representational power of CGA to find that transformation from point correspondences.

We have noted that conformal transformations preserve hyperspheres; especially, circles are

mapped to circles. Also, conformal transformations preserve angles locally, i.e. if two circles

intersect in some point, their images under the conformal mapping will intersect in the image

of that point under the same angle. Therefore, in n-dimensional Euclidean space, (n−1) circles

intersecting in a common point at Euclidean position p are enough to specify a frame of tangent

vectors localized at p up to scale. Note that (n− 1) vectors are given as the tangent directions

of the respective circles in p and the n-th vector can be determined as being orthogonal to all

of those. For a reminder of how to represent circles and tangents in CGA we refer the reader

to section 2.4.

In order to specify (n − 1) independent circles, we need at least n + 1 conformal points

{p1, . . . , pn+1}. Without loss of generality we pick the circles

Ci = p1 ∧ p2 ∧ pi+2, i = 1, . . . n− 1 (3.55)

intersecting in p1 and p2. The conformal tangents to these circles in p1 are given by

ui = p1 · Ci, i = 1, . . . , n− 1. (3.56)

Their Euclidean directions can be recovered by

ui = −n∞ · ui, i = 1, . . . , n− 1, (3.57)

un = (u1 ∧ · · · ∧ un−1) · In, (3.58)

where In denotes the Euclidean n-dimensional pseudoscalar In = e1 ∧ · · · ∧ en. See Figure 3.3

for a visualization of the obtained setup in three dimensions.
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Figure 3.3.: With four points, two independent circles, C1 and C2, can be determined. They intersect
in two common points, p1 and p2. Without loss of generality, in p1 we obtain a non-orthonormal frame of
tangent vectors {ui}, while p2 will serve in the additional point correspondence needed for our method.
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Due to the preservation properties of conformal transformations the corresponding vector

frame {u′i} can be determined perfectly analogously by replacing the conformal points by their

images {p′1, . . . , p′n+1}.
Note that the localized frames, {ui} and {u′i}, obtained in this way have the same mutual

angles between frame vectors, if the corresponding points are related by a conformal transfor-

mation. But the frames are not orthonormal, their mutual angles and individual vector lengths

depending on the chosen point correspondences. At this point we have two options to ensure

the matching of the angles in the localized frames and in the transfer frame required by our

method. The inner product provides us with a notion of intersection angles, and we could use

it to measure the mutual angles between the {ui} and create a transfer frame with matching

angles. However, we prefer to employ an orthonormalization procedure (see [HS84], section

1-3. Frames and Matrices) very similar to Gram-Schmidt orthonormalization, yielding {ti}
and {t′i}, respectively. This enables us to pick a Cartesian frame {e1, . . . , en} as the transfer

frame. With this and an additional point correspondence — without loss of generality we can

pick any point other than p1, say, p2 — we have all the information to compute the Vahlen

matrix S up to the scale parameters σ and σ′ which get lost in the orthonormalization process.
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Figure 3.4.: Using a Cartesian transfer frame {ei}, we assume that the original frame {ti} is related
to it by scale σ, i.e. ‖ti‖ = σ‖ei‖, i = 1, . . . , n, while the image frame {t′i} is related to it by scale σ′.
Therefore, {ti} and {t′i} are related by scale factor μ = σ′/σ. Since it will not change the composite
transformation S, we can perform this scaling in part or in total in either one of the component
transformations S1 and S2.

If the original frame and its image are related to the transfer frame by scaling factors σ and

σ′, respectively, they are related to each other by a scaling factor μ = σ′/σ (see Figure 3.4).

Without loss of generality we let σ′ = μ and σ = 1. Recalling the form (3.43) of the partial

solution to the Vahlen matrix S1, as well as the fact that scaling of the corresponding frame

vectors is achieved by the scale of the versor c1 (see (3.53)) we can make the required scaling

factor explicit and express S1 in terms of it as a 1-parameter family of Vahlen matrices

S1(μ) =

(
a1 b1

μc1 μd1

)
. (3.59)

Tracking the scaling factor through the whole procedure it turns out that the final overall
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Vahlen matrix takes the form

S(μ) = S−1
2 S1(μ)

=

(
d̂2a1 − μb̂2c1 d̂2b1 − μb̂2d1

−ĉ2a1 + μâ2c1 −ĉ2b1 + μâ2d1

)
. (3.60)

Its effect on the Euclidean position p of a point is that it moves to

p′ =
((
d̂2a1 − μb̂2c1

)
p+ d̂2b1 − μb̂2d1

)((
μâ2c1 − ĉ2a1

)
p+ μâ2d1 − ĉ2b1

)−1
.(3.61)

Knowing a correspondence between p and p′ we can solve for μ, yielding

μ =
(
p′ĉ2a1p+ p′ĉ2b1 + d̂2a1p+ d̂2b1

)(
p′â2c1p+ p′â2d1 + b̂2c1p+ b̂2d1

)−1
. (3.62)

In order to solve (3.62) we need to know the entries of S1 and S2 up to the value of μ. We

obtain them using the normalized frames {ti}, {ei} and {t′i}, yielding S1(1) and S2. Then we

determine the correct scale μ using another point correspondence in (3.62), as follows.

Note that by design of (3.55) the points p1 and p2 will be aligned with p′1 and p′2 by the 1-

parameter family of Vahlen matrices (3.60). This means that (3.61) is fulfilled for these points

no matter which value we choose for μ. Therefore, these correspondences do not contribute

enough information to recover the scale. So, for an additional point — without loss of generality

we choose p3 — we need to enforce the condition

p′3 = S(μ)p3Ŝ(μ)
−1
. (3.63)

Using (3.62) for p′
3 and p3 with the matrix entries from the preliminary solutions S1(1) and

S2, gives us the correct μ. Substituting that back into (3.60) gives us the final, full conformal

transformation.

3.4.3. Special Case: Rigid Body Motions

As mentioned before, an important special case of conformal transformations is the set of rigid

body motions or Euclidean transformations, which preserve Euclidean distances. Euclidean

transformations are fully characterized by the fact that they are conformal transformations

that preserve the point at infinity. If it is known beforehand that the transformation we seek

is a rigid body motion, the equations from section 3.3.3 simplify significantly.

A convenient way to specify the point at infinity as being preserved is to require p2 = p′2 =

n∞. But our method depends on the Euclidean position vectors p1, p2 and p′
1, p

′
2 of the given

points, respectively. The point at infinity cannot be specified explicitly in terms of Euclidean

position vectors, which breaks down equations (3.17) and (3.19). Therefore, we must replace

equations (3.35), (3.36), (3.38) and (3.53) by the following considerations.
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The action of a Vahlen matrix S on the point at infinity (3.34) is given by

S∞PŜ−1 =

(
a b

c d

)(
0 −2

0 0

)(
d b

c a

)

=

(
−2ac −2aa

−2cc −2ca

)
. (3.64)

Thus, if we want the point at infinity to be preserved, our conditions for S1 simplify to

c1 = 0, (3.65)

a1 = Δ(S1)d̂1
−1
, (3.66)

b1 = −a1p1, (3.67)

d1tid1 = 0ťi, (3.68)

and analogously for S2. Note that p2 has been eliminated from the equations. We therefore

only require a localized vector frame and its image as correspondence data when we know that

we are determining a Euclidean transformation. A scale parameter is no longer required, since

it is unity for all rigid body motions.

We obtain a solution for S = S−1
2 S1 by determining the versor d1 (and analogously d2) using

the above methods for Euclidean frame alignment and substituting it into (3.66) and (3.67),

respectively.

3.4.4. Non-Exact Correspondence Data

Whenever one is trying to fit a model to minimal data in general, the fit is necessarily very

sensitive to noise. Assume that the correspondence data arises from some true data degraded

by noise. Then the noisy data will still exactly define a set of model parameters, only they will

not be the true ones. Since there is no redundancy in the data, the fitting method cannot be

aware of the noise. In our specific case of fitting a conformal transformation to correspondence

data, things are slightly different.

Given minimal correspondence data in the form of a localized frame and an additional

point, the crucial step of our method is to determine the rotation and scaling between the

corresponding Euclidean frames of vectors. This step — and only this step — introduces

redundancy. Assume that the correspondence data (consisting of a localized frame of vectors

and an additional point) arises from true data degraded by noise in all parameters. Our method

cannot be aware of noise in the location of the frame of vectors or in the additional point. It

will always find a transformation that aligns the two with their images. But our method is

aware of noise in the frame vectors. If the mutual angles between vectors of the original and

the image frame do not match or the original vectors and their images are not related by a

common scale, the correspondence data does not define a conformal transformation.

Therefore we have to make the assumption that there is a conformal transformation taking

place, i.e. that the correspondence data is exact. If that is not the case, all approaches intro-
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duced in section 3.3.1 offer work-arounds4. The recursive formula (3.48) derived from [FD11],

for example, will always yield a solution, because it is the geometric product of a number of

invertible Euclidean vectors. However, in case of non-exact correspondence data, only the last

vector pair tn and t′n will be guaranteed to be aligned. Therefore the quality of the solution

is affected by the order in which the data is processed. Moreover, if the frame vectors are not

related by a common scale, some scale has to be chosen in (3.53).

By contrast, both methods introduced in [Per08] and [RFC10] give algebraic least squares

solutions to the orthogonal transformation aligning two vector frames. While [Per08] enforces

the orthogonality of the recovered transformation explicitly (e.g. by Lagrange multipliers), the

method from [RFC10] composes the full rotation of planar rotations, fitting only the rotation

planes using the SVD. Either way, once the orthogonal transformation is recovered a common

scaling factor has to be chosen as well.

Note that none of these methods give a geometrically motivated measure for the error made

or the uncertainty of the result, even though such a measure may exist. While both the

points p1 and p2 will align exactly with their images p′1 and p′2 under the obtained conformal

transformation, the effect on any other geometric object has not been quantified.

3.5. Conclusion

We have derived a closed form solution to a conformal versor given exact correspondences be-

tween two sets of data in n dimensions. We have shown that a minimal set of data needed is a

localized Euclidean vector frame and an additional point in Euclidean space. It turns out that

this provides exactly the number of degrees of freedom necessary to completely specify a con-

formal (respectively anti-conformal), i.e. locally angle preserving (respectively angle reversing)

transformation.

In order to derive this solution we have made use of the representation of the (n + 2)-

dimensional conformal model of geometric algebra by 2 × 2-matrices with entries from the

n-dimensional Euclidean geometric algebra. When these matrices fulfill a number of additional

constraints they are called Vahlen matrices. They correspond to the CGA versors and form a

group representing conformal transformations. However, relaxing these constraints allows the

matrices to represent a number of geometrical objects on which conformal transformations can

act in a structure preserving manner. This enables them to represent the full conformal model

of geometric algebra. Using this representation on our minimal data, we reduce the problem

of calculating a general even conformal versors to that of finding an even Euclidean rotator in

n dimensions, which has known solutions.

The method works with purely Euclidean geometric information on point locations and di-

rection vectors. As opposed to other methods [Per08, RFC10, FD11] which one may attempt to

extend to this problem, knowledge of the weights of conformal points is not required. This is of

4The approaches introduced in section 3.3.1 offer work-arounds only to the sub-step of finding the Euclidean
orthogonal transformation between frames of Euclidean vectors that are entirely known. None of the ap-
proaches can replace the method presented here for finding a conformal transformation from geometric data.
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advantage when information about the concrete homogeneous representation of the geometric

objects is not available — a very common situation in practice.

If the correspondence data is not exact (for example, if the mutual angles between the

vectors of the localized frames are not preserved), our method can still yield a conformal

transformation. Assuming that the non-exactness is due to noise degrading the true (and

exact) data, the resulting transformation will deviate from the true transformation. To date,

the degree of this deviation is not quantified. In [RFC10] one may find an approach that yields

a solution to the final step of our method which recovers the orthogonal transformation between

two frames even for noisy correspondence data using singular value decomposition, although an

analysis of the quality of the recovered rotation is missing. Geometrically motivated methods

for representing or propagating noise are not available (see [Per08] for an approach to noise

propagation on an algebraic level). Those would be a prerequisite for obtaining approximate

solutions under non-exact correspondences or optimization of these solutions under certain

aspects, such as minimization of Euclidean distances.

Regardless, for minimal data our method of reducing the problem of finding a conformal

transformation in n dimensions to that of finding a Euclidean orthogonal transformation in

n dimensions remains valid, even if the data correspondence is not exact. This means that

the full problem of finding a conformal transformation becomes amenable to various methods

of dealing with noise or uncertainty that are available for determining Euclidean orthogonal

transformations.




