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6
Discussion and Conclusion

This thesis is concerned with geometric data processing. In this field practical problems are

posed by the observation of geometrical data to which a geometrical model is fit. The observed

data generally consists of various geometric entities, such as points, lines, planes etc. Usually,

the data is afflicted with uncertainty that is introduced, for example, by the inaccuracy of

physical sensors or previous calculations. The model is described by a number of simultaneous

equations that have to be fulfilled by the entirety of the observed data. In the context of this

thesis the model affords a geometric interpretation as another geometric entity — for example,

a hypersphere — or a geometric transformation of the data.

In the formalism of classical linear algebra, two of the three problems treated in this thesis

(namely in chapters 3 and 4) are of the following form: Given N vector correspondences

vi ↔ v′
i, solve the equation

Mvi = v′
i, i = 1, . . . , N (6.1)

for the matrix M with the additional constraint that M is orthogonal. We pointed out that

standard linear algebra techniques indiscriminately use vectors to represent geometric objects

such as points, planes or directions. In principle, the matrix M can change the type of object,

but in practice correspondences are mostly given between objects of the same type.

In geometric algebra, where orthogonal transformations are represented by versors, the prob-

lem can be represented geometrically more faithfully, but that representation is algebraically

more complicated. There, the correspondence data consists of N multivectors Xi ↔ X ′
i of
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grade mi and we have to solve the equation

(−1)miSXiŜ
−1 = X ′

i, i = 1, . . . , N (6.2)

for the versor S. There are compelling reasons to turn to this formalism. Multivectors are

better suited to represent geometric data because the type of the represented object is faithfully

reflected in its algebraic properties. Moreover, versors act on the data in a structure (and

grade) preserving manner and parametrize orthogonal transformations minimally. However,

the position of the argument of the transformation is more awkward in equation (6.2). It is

often more difficult to isolate the versor and solve for it.

We solved this difficulty in this thesis in particular instances of geometric data processing

either by reducing the specific problem from CGA to a classical linear algebra problem (in

chapter 3) or by translating the problem formulation from CGA to a classical linear algebra

formulation (in chapter 4). We see the difference between the two approaches as follows. In

the former case a crucial step is finding a linear transformation between frames of Euclidean

direction vectors. This transformation can be found completely in the established terms of

classical linear algebra. Only then is the representation of that transformation translated into

geometric algebra to yield a closed form solution to the total problem. By contrast, in the

latter case the solution is a transformation completely represented in geometric algebra as a

set of versors. The constraints on these versors are an intricate set of linear equations which

are solved using classical linear algebra techniques. But the result of these calculations is a set

of versors. All questions of uncertainty or optimality are dealt with in the realm of geometric

algebra and are not influenced by a conversion of representations from classical linear algebra.

Geometric data processing can be based on exact data and yield exact solutions. We believe

the exact cases to be invaluable in order to prove or disprove the validity of an approach,

explore what is theoretically possible, and provide ground truth for exact data. In this thesis we

have developed exact solutions to particular problems. In practice, geometric data processing

usually involves mechanisms for integrating ambiguous or contradictory data that arises from

observation noise or uncertainty. We addressed this issue only tentatively in chapters 3 and

4. In chapter 5, where we estimated a hypersphere from noisy point data, we approached this

matter directly and found that it poses a great difficulty. There, we used neither full CGA

nor classical linear algebra to tackle the problem of observation noise. Instead we employed a

Bayesian approach to obtain a geometrically motivated hypersphere estimator in an — albeit

practically relevant — special case.

6.1. Conformal Transformations and Extended Vahlen

Matrices

In chapter 3 we explained how to use exact correspondence data to determine a conformal trans-

formation in n-dimensional Euclidean space. By counting the number of degrees of freedom

we showed that a minimal set of correspondence data for determining such a transformation
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may be made up by a set of Euclidean direction vectors anchored at a common point and an

additional point in Euclidean space.

We represented conformal transformations by Vahlen matrices, a known representation of

CGA versors by 2 × 2-matrices with entries from a Euclidean geometric algebra. In order

to fulfill the properties of versors, which are the geometric product of a number of invertible

vectors, Vahlen matrices have to fulfill a number of algebraic constraints. By relaxing these

constraints one obtains extended Vahlen matrices which can be used to represent not only

versors but all the elements of CGA including, in particular, conformal points, circles and

tangents.

Employing extended Vahlen matrices, we solved the problem of determining conformal trans-

formations of Euclidean space from correspondence data in closed form. We were able to reduce

the problem to finding an orthogonal transformation between sets of Euclidean direction vectors

and generalized the solution to arbitrary dimensions. Moreover, the required correspondence

data consists only of geometrically meaningful quantities. The “bookkeeping” dimensions of

CGA are treated as unknowable. In particular, as opposed to other methods that try to solve

the same problem, the weight of conformal points does not have to be known.

There is a potential general advantage to using extended Vahlen matrices that does not

just apply to our particular problem or choice of correspondence data, namely the reduction

of CGA problems to problems in the purely Euclidean geometric (sub-)algebra. Extended

Vahlen matrices represent the full CGA, but because their entries are purely Euclidean, during

calculations the null elements never appear explicitly. This facilitates the role of geometric

algebra as an interface to classical linear algebra. There, often a Euclidean vector basis is

implicitly assumed and the Euclidean metric is implemented by default. As a result, software

implementations of Euclidean geometric algebra can be reused. Theorems that have been

proven for Euclidean geometric algebra apply to the entries of extended Vahlen matrices. No

special attention needs to be paid to the Minkowski metric of the underlying vector space of

CGA and its dimension is reduced by two: instead of G(Rn+1,1) one only needs to consider

G(Rn). On the other hand, potentially four entries of the Vahlen matrix have to be considered

and calculated.

At first glance, one might interject that by using extended Vahlen matrices we give up the

advantages of geometric algebra, such as the possibility to represent geometric objects and

transformations in a coordinate free manner. But this is not so. Extended Vahlen matrices

only structure the representation of CGA elements. Unlike classical linear algebra matrices,

extended Vahlen matrices do not act upon vectors (which would result in the same typification

issues that classical linear algebra is struggling with) but on other extended Vahlen matrices.

They do not require the introduction of a particular basis on which their components are to

be interpreted. The fact that there is an isomorphism between the representation by extended

Vahlen matrices and the representation using an arbitrary vector basis makes that clear.

When it comes to the significance of conformal transformations, one may take the standpoint

that they only come into play if one uses CGA, that their appearance is a “side effect” of

using the conformal model. But we have presented convincing reasons to use CGA, namely
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its all-purpose applicability, coordinate freeness and minimal parametrization of orthogonal

transformations. From that standpoint conformal transformations would be interesting because

they include rigid body motions and Euclidean similarities as special cases of unquestionable

practical value. Moreover, conformal transformations warrant further study as the boundary

cases of a subset of CGA restricted, for example, to rigid body motions. But conformal

transformations are also interesting in their own right, for example for applications in physics.

Functions that are governed by a potential are still governed by a potential after a conformal

transformation. This makes CGA applicable in fluid dynamics, electromagnetic field theory

and other similar fields.

6.2. Decomposing Composite Motions

In chapter 4 we introduced a method to decompose a composite 3D rigid body motion into

its constituent elemental rigid body motions. Such composite motions occur, for example, at

the end of an open kinematic chain where each of the links performs an elemental rigid body

motion. In order to solve this problem we made some constraining assumptions. The most

restrictive of those is that of constant speed of the constituent elemental motions during the

whole period of observation.

We gave a formalized problem description on which we based our considerations. This for-

malization was based on the Lie group structure of the group of 3D rigid body motions, SE(3),

and was independent of the particular representation of that group. We obtained a solution

using classical linear algebra methods, such as the determination of the null space of a matrix

or an approximation of it using singular value decomposition (SVD). The important innovation

that made a solution possible is that we first represented motions by CGA versors and only

then found a classical linear algebra analogue for this representation. This intermediate step

allowed us to parametrize 3D rigid body motions minimally. Minimal parametrization meant

a minimal number of linear correspondence equations that we had to solve for the components

of the CGA versors.

By contrast, using classical linear algebra right away comes at a great disadvantage. The

classical matrix representation of rigid body motions is redundant and requires a number

of algebraic constraints which may be non-linear or require iterative procedures to enforce.

Depending on the concrete formulation of these constraints they may involve the use of (non-

linear) sines and cosines or they require the matrix columns to be mutually orthogonal vectors

implying quadratic constraints.

Previous attempts to recover articulated structure from the observation of features in motion

usually use one of two main lines of approach. One is to set up a number of correspondence

equations that are driven by geometric considerations, constraints and heuristics. Such con-

straints may be motivated by physics and may include the rigidity of the observed moving

bodies or the connectedness of the individual links of the articulated structure. Sometimes

these constraints are not linear and have to be obtained by methods other than linear algebra.

The other, more modern, approach is called factorization and is based on algebraic consid-
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erations. The feature observations are collected in a matrix which is then factorized into a

motion matrix and a shape matrix. In this approach the factorization is obtained using a gen-

eralized singular value decomposition and the algebraic constraints are enforced using iterative

procedures. Only afterwards is a geometric interpretation of the result available.

Our method differs from those approaches in a number of ways. Firstly, the input data to

our method consists of instantaneous motions rather than (point) feature coordinates. We do

not specify how these instantaneous motions are obtained. In practice, they are most likely es-

timated from the observation of moving features. This estimation process precedes our method

and may come with its own difficulties, such as dealing with observation noise on a feature level.

On the other hand, this modularity may be regarded as an advantage, because the recovery

of articulated structures works independently of the particular features used in an applica-

tion. Secondly, our method presents a middle ground between the geometrically intuitive but

algebraically complicated classical approaches and the modern factorization approaches that

use standard linear algebra implementations but obscure geometric intuition. We describe the

motions using the geometrically intuitive conformal model of geometric algebra and solve for

the motion parameters using standard techniques from classical linear algebra. Thirdly, to

recover an articulated structure our method uses the instantaneous motion of the last link

of that structure alone. Existing methods need observations of features on all links of the

articulated structure to infer their motions.

To the best of our knowledge in classical linear algebra there exists no factorization method

to factorize an orthogonal matrix into the product of a number of orthogonal matrices which

correctly represent the individual motions of the links of a kinematic chain. Thus, again geo-

metric algebra plays the important role of an interface between the representation of geometric

data and the implementation of a problem solution using classical linear algebra.

6.3. Bayesian Hypersphere Estimation

In chapter 5 we presented a Bayesian approach to the estimation of n-dimensional hyperspheres

from noisy points in n-dimensional Euclidean space. We derived a closed form formula for the

likelihood of the hypersphere parameters “radius” and “location of center”. In order to obtain

this formula we made a number of assumptions about the distribution of the points and the

noise characteristics. More precisely we assumed the points to be uniformly distributed over

the surface of the hypersphere and the noise to be isotropic Gaussian noise.

Both are simplifications that designers of common circle and sphere estimators make, explic-

itly or implicitly. For example, easy to implement least squares estimators try to minimize the

sum of squared distances between the observed points and the estimated sphere. Incidentally,

they also minimize the (implicitly assumed isotropic Gaussian) observation noise. In the case

of isotropic Gaussian noise, least squares estimators are equivalent to maximum likelihood esti-

mators that treat the amount of observation noise as a parameter to be estimated. By contrast

our approach treats the amount of observation noise as an input parameter. We believe that

this better reflects practical situations where one often has some idea of the observation noise
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level. The assumption of uniform distribution is often even less warranted. It only becomes

evident in the fact that maximum likelihood estimators are not consistent if this assumption is

violated. In cases where the assumption of uniform distribution is made explicitly, the inten-

tion to avoid this inconsistency is given as a justification. The Bayesian approach forces the

designer of an estimator to make these assumptions explicit in the form of prior knowledge and

give justifications for them which are motivated by the problem rather than by the behavior of

the solution. Both the Bayesian approach to maximum likelihood circle and sphere estimation

from point data as well as the generalization to arbitrary dimensions are novel results.

Even though we did not use geometric algebra to describe the geometric data, the research

presented in chapter 5 was inspired by open questions related to CGA. A proper, geometrically

motivated model for noise or uncertainty in CGA is still missing and the classical linear algebra

(implicitly Euclidean) noise models do not apply. For example, the vector representation of

an uncertain conformal point should allow for uncertainty in the Euclidean components which

represent the position of the point in Euclidean space. The additional “bookkeeping” dimen-

sions, however, should be constrained, because otherwise the vector may come to represent

a conformal hypersphere with non-zero radius. When reasoning about uncertain points this

constraint constitutes a form of prior knowledge. A good way to implement this and other

kinds of prior knowledge is offered by the Bayesian approach.

In CGA, the outer product of conformal vectors represents higher grade geometrical objects

such as circles or the outer product null space (OPNS, see section 2.4) representation of hyper-

spheres. Given uncertainty in the conformal vectors, representing the resulting uncertainty in

these higher grade objects is difficult. The reason for that lies not only in the unusual behavior

of the bilinear, anti-symmetric outer product or the unusual metric employed by CGA, but in

the inherent geometric circumstances of the problem. Finding a way to formalize this problem

in CGA warrants further research. But by describing it in purely Euclidean geometric terms

we have shown how difficult this formalization is, algebraically. Moreover, we have obtained

a “gold standard” by which any future attempt to incorporate (isotropic Gaussian) noise into

CGA can be evaluated.

6.4. Future Research

Using the example of some representative problems of practical relevance, we have demon-

strated that geometric algebra is a useful mediator between geometric intuition and efficient

and well-tried, linear algebra based implementation. However, geometric algebra is a relatively

young research field and much of its territory remains uncharted.

Regarding the focus of this thesis an important question is how to represent and process noisy

or uncertain data. In chapter 3 uncertain correspondence data would determine an uncertain

conformal transformation. In chapter 4 uncertainty in the input instantaneous transformations

leads to an uncertain estimate of the decomposition of a composite rigid body motion. The

methods presented there offer work-arounds and ways to fit geometric models to noisy obser-

vations. For example, in chapter 3 uncertainty in the frame of Euclidean direction vectors is
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handled by classical linear algebra methods on which we fall back for solving this sub-problem.

In chapter 4 uncertainty in a composite rigid body motion is dealt with by employing the sin-

gular value decomposition to obtain a least squares estimate of the composite elemental rigid

body motions. However, a framework that incorporates noise in a geometrically motivated as

well as algebraically sound way is still lacking. For instance, in chapter 3 the rationale and

geometric interpretation of the resulting fit of the Euclidean sub-problem can be transferred

from the classical linear algebra methods used to solve it, but they do not extend in an obvious

way to the full problem. In chapter 4 the solution is approximated in a least squares sense on

the Euclidean vector representation of versors. This representation does not account for some

of the finer points of versor estimation (see appendix A). Since in this thesis geometric algebra

was used as an interface to classical linear algebra techniques, a first step may be to apply

well-tested linear algebra noise models at the implementation level and analyze the geometric

implications for the higher level geometric algebra descriptions.

Another interesting question is, how well geometric algebra interfaces with fields other than

classical linear algebra. We have seen that geometric algebra offers a novel way of parameteriz-

ing geometric objects and transformations. Classical linear algebra offers one way of estimating

these parameters from observation data, and we have analyzed its advantages and disadvan-

tages. A promising alternative is the Bayesian approach to parameter estimation, which allows

— even forces — to incorporate prior knowledge into the estimation process. The Bayesian

approach is sometimes more complicated, mathematically, and can lead to mathematical mod-

els whose solution is considered infeasible. With advancements in the development of more

and more powerful computer hardware and increasing understanding of probability theory the

solution to many such problems is coming withing reach. The mutual benefits of geometric

algebra and Bayesian probability theory could be explored in greater detail.




