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Chapter 1

Introduction

Logics of imperfect information are extensions of First Order Logic1 in which

very general patterns of dependence and independence between logical opera-

tions and/or between variables are allowed. Among these logics, Dependence

Logic is particularly suitable for the study of the very notion of dependence, be-

cause it represents dependence of variables directly by means of special atomic

formulas. After the introduction of Dependence Logic in 2007, a considerable

amount of results (some of which we will summarize in Chapter 2) have been ob-

tained about it and its extensions. In this thesis we solve several open problems

of the area and suggest new ways to think about this family of logics.

Logics of imperfect information admit a Game Theoretic Semantics, an im-

perfect information generalization of the Game Theoretic Semantics for First

Order Logic; and furthermore, they also admit an equivalent Team Semantics

(also referred to in the literature as Hodges Semantics or Trump Semantics),

which instead generalizes Tarski’s semantics for First Order Logic. Team Se-

mantics extends Tarski’s semantics by defining the satisfaction relation not in

terms of single assignments but in terms of sets of assignments, called teams.

This thesis is a Team Semantics-centered exploration of the properties of

variants and extensions of Dependence Logic. Our two principal claims, for

which we will build gradually support through this whole work and which will

find their most general formulations in Chapters 6 and 7, are the following:

1. Teams represent information states;

2. Formulas in Dependence Logic and its variants can be interpreted in terms

of transitions between information states.

1Or, more rarely, of other logics: see for example the Modal Dependence Logic of [67], or
the Independence-Friendly Modal Logic(s) of [64, 6].
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2 Chapter 1. Introduction

The first claim is not new, and in a way it is already implicit in Hodges’ proof

of the equivalence between Team Semantics and Game Theoretic Semantics.

However, what is (to the knowledge of the author) new is the idea that the

teams-as-information-states interpretation of Team Semantics can (and, in the

opinion of the author, should) be used as the main driving impulse towards the

further development of this fascinating area of research, as we try to do in this

work.

Chapter 2 The second chapter is a brief introduction to the study of logics

of imperfect information. First, in Section 2.1, we recall the history of the

development of such logics, from the early days of Branching Quantifiers Logic

until the creation of Dependence Logic. This account is neither complete nor

impartial: more could certainly be said about the development of Independence

Friendly Logic, for example, during which many of the salient peculiarities of

logics of imperfect information were first isolated. Furthermore, we will say

nothing about modal logics of imperfect information such as IF Modal Logic or

Modal Dependence Logic: indeed, even though such formalisms are certainly

of no small interest, the present work will be exclusively concerned with first

order logics of imperfect information.

Then, in Section 2.2, we introduce formally Dependence Logic, its Team

Semantics, its Game Theoretic Semantics, and some of its main properties.

Our presentation here is essentially a summarized and updated version of the

introduction to Dependence Logic contained in [65]. The principal differences

between our approach and the one of Väänänen’s book (to which we encourage

the reader to refer for a more in-depth introduction to the field) are the following:

1. We assume that all formulas are in negation normal form, and hence we

do not take the “dual negation” ¬φ as a primitive of our language. It

is easy to recover it inductively, of course, by defining ¬(φ [∨ | ∧] ψ) :=

(¬φ) [∧ | ∨] (¬ψ), ¬([∃v | ∀v] ψ) := [∀v | ∃v] (¬ψ), and so on; but as

[7, 51] show, in Dependence Logic not much can be inferred about the

satisfaction conditions of a formula from the satisfaction conditions of its

negation. Furthermore, having the dual negation as one of our primitives

would have forced us to add the (in the opinion of the author, rather

counterintuitive) rule stating that the negation of a dependence atom is

true only in the empty team.

2. When introducing the Team Semantics in Subsection 2.2.1, we give the

rule for existential quantification in both the strict version TS-∃-strict
and in the lax version TS-∃-lax. For the case of Dependence Logic,
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these two variants are easily seen to be equivalent, and the strict version

(which is adopted in Väänänen’s work, and more in general in the study

of Dependence Logic and of other downwards closed2 logics of imperfect

information) has the advantage of being terser; however, as we will argue

in Subsection 4.3.2, in the cases of some interesting non downwards-closed

logics of imperfect information only the lax existential quantifiers satisfy

the (very useful and natural) property of locality in the sense of Proposi-

tion 2.2.8.

3. In Subsection 2.2.2, we mention the characterization of definability in De-

pendence Logic of Kontinen and Väänänen (Theorem 2.2.14 here), which

will be of fundamental importance in a number of parts of our work and

which is certainly among the most important model-theoretic results in

the field of Dependence Logic.

4. Our treatment of Game Theoretic Semantics in Subsection 2.2.3 differs in

some details from the standard one: in particular, we only take in con-

sideration positional, or memoryless, strategies. This technically simpler

choice will allow us to extend and adapt more easily this game theoretic

semantics to extensions or variants of Dependence Logic.

5. In Section 2.3, we present a very general result by Cameron and Hodges

about the combinatorial properties of semantics for logics of imperfect in-

formation, as well as the author’s generalization of this discovery to the

case of infinite models. Cameron and Hodges’ theorem, which we report

in Subsection 2.3.1, is a highly abstract result about the question of which

semantics may capture the behaviour of a logic of imperfect information:

and, in particular, one of its consequences is that no compositional se-

mantics for IF Logic or Dependence Logic may send formulas with one

free variable into sets of tuples of elements (as Tarski’s semantics does for

First Order Logic). Cameron and Hodges’ theorem, however, fails over

infinite models, as an easy counting argument demonstrates; and in their

paper [8], they suggest that even in this case no “sensible” semantics for

a logic of imperfect information may have that property. In Subsection

2.3.2, which corresponds to the publication [28], we introduce a precise

definition of “sensible semantics”, argue that it is a natural one, and prove

Cameron and Hodges’ conjecture with respect to it.

2A logic of imperfect information is said to be downwards closed if it satisfies an analogue
of Proposition 2.2.7.
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Finally, in Section 2.4, we introduce some of the most important known exten-

sions and variants of Dependence Logic:

1. Independence Logic3 adds to the language of First Order Logic indepen-

dence atoms ~t2 ⊥~t1 ~t3, with the intended meaning of “~t2 and ~t3 are infor-

mationally independent given ~t1.” As Grädel and Väänänen show in [33],

this logic is equivalent to Dependence Logic with respect to sentences but

is more expressive than it when it comes to open formulas and definabil-

ity of classes of teams. In Chapter 4, we will answer a question asked

by Grädel and Väänänen in their paper, by characterizing definability in

Independence Logic and hence finding the analogue of Theorem 2.2.14 for

Independence Logic.

2. Linear and Intuitionistic Dependence Logics add to the language of De-

pendence Logic a linear implication φ ⊸ ψ or an intuitionistic implication

φ → ψ, respectively, as the downwards-closed adjoints of the disjunction

or conjunction of Dependence Logic. These formalisms are known to be

more powerful than Dependence Logic proper; and in Section 7.4, we will

show that intuitionistic and linear implication have very natural interpre-

tations in terms of predictions about the outcomes of belief updates.

3. Team Logic adds to Dependence Logic a contradictory negation ∼φ. It is

a remarkably powerful and expressive formalism, which is roughly equiv-

alent – as Kontinen and Nurmi’s result in [49] shows – to Second Order

Logic; and in Chapter 7, we will develop a notational variant of it and

examine its doxastic significance.

Chapter 3 The third chapter is an adaptation of the author’s publications

[26, 27]. We add announcement operators to the language of Dependence Logic

and examine their properties, showing how they may be employed to decom-

pose dependence atoms (and also the ∀1 quantifier introduced by Kontinen and

Väänänen in [50]). Furthermore, we show that as the name suggests, these

operators can be interpreted in Game Theoretic Semantics in terms of public

announcements, and we illustrate how the Ehrenfeucht-Fräıssé game for Depen-

dence Logic may be adapted to the ∀1 quantifier and its variants. Finally, we

solve an open problem of [50] by proving that the ∀1 quantifier is not uniformly

definable in Dependence Logic, in the sense that there exists no context Φ[·]
such that Φ[ψ] is equivalent to ∀1vψ for all Dependence Logic formulas ψ.

3Independence Logic is not to be confused with Independence Friendly (IF) Logic, which
is historically antecedent to Dependence or Independence Logic and which we will briefly
discuss in Subsection 2.1.2.
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Chapter 4 The fourth chapter is a study of some variants of Dependence

Logic obtained by considering non-functional, Database Theory-inspired notions

of dependence, and it is a revised and expanded version of the publication

[30]. We show that Constancy Logic, that is, the fragment of Dependence

Logic containing only constancy atoms4, is equivalent to First Order Logic with

respect to sentences; and furthermore, we prove that Engström’s Multivalued

Dependence Logic is, in fact, equivalent to Independence Logic. We then define

Inclusion Logic, Equiextension Logic, Exclusion Logic and Inclusion/Exclusion

Logic by examining various notions of non-functional dependence, and we prove

that

1. Inclusion Logic and Equiextension Logic are equivalent, are contained in

Independence Logic, and are neither contained in Dependence Logic nor

contain it;

2. Exclusion Logic is equivalent to Dependence Logic;

3. Inclusion/Exclusion Logic is equivalent to Independence Logic.

We then adapt the Game Theoretic Semantics of Dependence Logic to the case

of Inclusion/Exclusion Logic. This is unproblematic; however, an interesting

peculiarity of our treatment is that, in order to obtain the lax interpretations

of the existential quantifiers, we need to consider nondeterministic strategies.

We then use the results found so far to prove that all NP properties of teams

are expressible in Independence Logic (or, equivalently, in Inclusion/Exclusion

Logic), thus solving an open problem of [33]; and finally, we show that, just

as dependence atoms can be decomposed in terms of constancy logic and an-

nouncement operators, independence atoms can be decomposed in terms of con-

stancy atoms, inconstancy atoms, announcement operators, and other connec-

tives. This highlights the value of announcement operators as tools for reducing

complex dependence or independence notions to simpler ones.

Chapter 5 The fifth chapter, which corresponds to the publication [29], is

concerned with proof-theoretic issues. With respect to their standard Team Se-

mantics, Dependence Logic and its extensions are non-axiomatizable; however,

we can introduce general models and a General Semantics over them which per-

mits only a limited form of quantification over teams, much in the same sense in

which Henkin’s semantics for Second Order Logic permits only a limited form

of quantification over sets. We will see that for Inclusion/Exclusion Logic or

4A constancy atom is simply a dependence atoms which states that a given variable term
or variable depends on nothing.
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Independence Logic, it suffices to examine some very special kinds of general

models; and furthermore, that in these models it is possible to represent teams

syntactically as first order formulas with parameters. We will then introduce

a proof system and verify its soundness and completeness with respect to our

semantics. The intellectual debt of the author to Väänänen is, for this chap-

ter, even greater than for the rest of the work: the idea of studying general

semantics for logics of imperfect information comes from a direct suggestion of

him, and our treatment is very much inspired by the course on Second Order

Logic which Väänänen taught at the University of Helsinki in 2011 and which

the author followed.

Chapter 6 The sixth chapter is an examination of the dynamics of informa-

tion change which lies underneath the Team Semantics of Dependence Logic.

After recalling van Benthem’s mutual embedding result between First Order

Logic and Dynamic Game Logic, we develop an imperfect-information, player-

versus-Nature variant of Dynamic Game Logic and prove the existence of a mu-

tual embedding between it and Dependence Logic. We use the insights arising

from this construction to create two variants of Dependence Logic: Transition

Dependence Logic, in which formulas are interpreted as assertions about games

against Nature, and Dynamic Dependence Logic, a Dynamic Semantics-inspired

variant in which formulas are interpreted as games against Nature. From a

technical point of view, the study of these variants requires the development

of Team Transition Semantics, a variant of Team Semantics in which formulas

are interpreted as transition systems between teams: and Hodges’ equivalence

proof between Team Logic and Game Theoretic Semantics, adapted to this new

formalism, shows that satisfaction conditions in Team Transition Semantics

correspond precisely to reachability conditions in Game Theoretic Semantics.

Chapter 7 In the last chapter, we gradually develop a notational variant

of Team Logic which contains many of the operators and concepts which we

discussed in the rest of the work. The resulting system has no pretence of

being of independent interest; rather, we use it as a means for highlighting and

emphasizing the doxastic interpretation of Team Semantics. In particular, we

show that quantifiers, the “tensorial” disjunction φ ⊗ ψ and the implications

all have natural interpretations in terms of belief updates, and that first order

expressions and dependence atoms have natural interpretations in terms of belief

descriptions. Together with the other results of this work, this lends strong

support to our claim that the doxastic interpretation of Team Semantics is

1. A solid, comprehensive point of view under which to understand Team
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Semantics;

2. A useful testing ground for the development of further extensions and

variants of our logics;

3. A highly promising area of application for logics of dependence and inde-

pendence.




