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Chapter 2

Binary Aggregation with Integrity Constraints

In this chapter we provide the basic definitions of the framework of binary aggre-
gation with integrity constraints, which constitutes the main object of study of
this dissertation. In this setting, several individuals each need to make a yes/no
choice regarding a number of issues and these choices then need to be aggregated
into a collective choice. Depending on the application at hand, different combi-
nations of yes/no may be considered rational and we describe such assumptions
with an integrity constraint expressed in a simple logical language. The question
then arises whether or not a given aggregation procedure will lift the rationality
assumptions from the individual to the collective level, i.e., whether the collective
choice will be rational whenever all individual choices are. We name this problem
collective rationality, and we give it central status throughout this dissertation.

We provide formal definitions for the framework of binary aggregation with in-
tegrity constraints in Section 2.1, including the two crucial definitions of collective
rationality and of paradox. In Section 2.2, we provide a list of desirable properties
for aggregation procedures in the form of axioms. For some classes of procedures
defined axiomatically we provide a mathematical representation in Section 2.3,
and in Section 2.4 we compare our framework to the existing literature on binary
aggregation.

2.1 Basic Definitions

Many aggregation problems can be modelled using a finite set of binary issues,
whose combinations describe the set of alternatives on which a finite set of indi-
viduals need to make a choice. In this section, we give the basic definitions of
the framework of binary aggregation with integrity constraints, and we define the
two crucial concepts of paradox and of collective rationality. We present several
practical examples of binary aggregation problems, taken from the literature on
Social Choice Theory or inspired by practical cases of collective decision making.
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16 Chapter 2. Binary Aggregation with Integrity Constraints

2.1.1 Binary Aggregation

Let I = {1, . . . ,m} be a finite set of issues , and let D = D1 × · · · × Dm be
a boolean combinatorial domain, i.e., |Di| = 2 for all i ∈ I. Without loss of
generality we assume that Dj = {0, 1} for all j. Thus, given a set of issues I, the
domain associated with it is D = {0, 1}I . A ballot B is an element of D.

Let N = {1, . . . , n} be a finite set of individuals . Each individual submits a
ballot Bi ∈ D to form a profile B = (B1, . . . , Bn). Thus, a profile consists of a
binary matrix of size n ×m. We write bj for the jth element of a ballot B, and
bi,j for the jth element of ballot Bi within a profile B = (B1, . . . , Bn).

Definition 2.1.1. Given a finite set of issues I and a finite set of individuals N ,
an aggregation procedure is a function F : DN → D, mapping each profile of
binary ballots to an element of D. Let F (B)j denote the result of the aggregation
of profile B on issue j.

Aggregation procedures are defined for all possible profiles of binary ballots, a
condition that takes the name of universal domain in the literature on Social
Choice Theory. Aggregation procedures that are defined on a specific restricted
domain, by making use of particular characteristics of the domain at hand, can
always be extended to cover the full boolean combinatorial domain (for instance,
by mapping all remaining profiles to a constant value).

2.1.2 Integrity Constraints

In many applications it is necessary to specify which elements of the domain are
rational and which should not be taken into consideration. Since the domain
of aggregation is a binary combinatorial domain, propositional logic provides a
suitable formal language to express possible restrictions of rationality. In the
sequel we shall assume acquaintance with the basic concepts of propositional
logic. A list of the basic notions of propositional logic that we make use of in this
dissertation can be found in Appendix A.

If I is a set of m issues, let PS = {p1, . . . , pm} be a set of propositional
symbols, one for each issue, and let LPS be the propositional language constructed
by closing PS under propositional connectives. For any formula ϕ ∈ LPS, let
Mod(ϕ) be the set of assignments that satisfy ϕ.

Definition 2.1.2. An integrity constraint is any formula IC ∈ LPS.

Integrity constraints can be used to define what tuples in D we consider rational
choices. Any ballot B ∈ D is an assignment to the variables p1, . . . , pm, and we
call B a rational ballot if it satisfies the integrity constraint IC, i.e., if B is an
element of Mod(IC). A rational profile is an element of Mod(IC)N . In the se-
quel we shall use the terms “integrity constraints” and “rationality assumptions”
interchangeably.
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2.1.3 Examples

Let us now consider several examples of aggregation problems that can be mod-
elled in binary aggregation by devising a suitable integrity constraint:

Example 2.1.3. (Multi-issue elections under constraints) A committee N has
to decide on each of the three following issues: (U) financing a new university
building, (S) financing a sports centre, (C) increasing catering facilities. As an
approval of both a new university building and a sports centre would bring an
unsustainable demand on current catering facilities, it is considered irrational to
approve both the first two issues and to reject the third one. We can model
this situation with a set of three issues I = {U, S, C}. The integrity constraint
representing this rationality assumption is the following formula: pU ∧ pS →
pC . To see an example of a rational profile, consider the situation described in
Table 2.1 for the case of a committee with three members. All individuals are
rational, the only irrational ballot being B = (1, 1, 0).

B:

U S C

i1 0 1 0
i2 1 0 0
i3 1 1 1

Table 2.1: A rational profile for pU ∧ pS → pC .

The two examples that follow are classical settings from the literature on Social
Choice Theory and will be studied in more detail in later chapters.

Example 2.1.4. (Preference aggregation) A set N of individuals has to agree on
a ranking of three alternatives a, b and c. Each individual submits its own ranking
of the alternatives from the most preferred to the least preferred, e.g., b > a > c.
We can model this situation using a binary issue for every pair of alternatives:
issue ab stands for “alternative a is preferred to alternative b”. The set of issues
is therefore I = {ab, ba, bc, cb, ac, ca}. However, not every binary evaluation over
this set of issues corresponds to a preference order. An integrity constraint needs
to be devised to encode the properties of a strict preference relation: transitiv-
ity, completeness and anti-symmetry. This can be done by considering, for each
combination of pairs of issues, the following integrity constraints: pab ∧ pbc → pac
standing for transitivity, and pab ↔ ¬pba, encoding the remaining two conditions
of completeness and anti-symmetry. The correspondence between preference ag-
gregation and binary aggregation is spelled out in detail in Section 3.1.2 and
Chapter 5.

Example 2.1.5. (Judgment aggregation) A court composed of three judges has
to decide on the liability of a defendant under the charge of breach of contract.
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According to the law, the individual is liable if there was a valid contract and her
behaviour was such as to be considered a breach of the contract. The court takes
three majority decisions on the following issues: there was a valid contract (α),
the individual broke the contract (β), the defendant is liable (α ∧ β). We can
model this situation using a set of six issues I = {α,¬α, β,¬β, α ∧ β,¬(α ∧ β)}
to model the decision of a judge on the three issues at stake, and a set of integrity
constraints that reflect the consistency of a possible verdict. To do so, we need
to rule out explicitly every inconsistent set that can be created using issues in I:

Inconsistent sets of size 2: ¬(px ∧ p¬x) for all x ∈ {α, β, α ∧ β},
¬(pα∧β ∧ p¬α) and ¬(pα∧β ∧ p¬β)

Inconsistent set of size 3: ¬(p¬(α∧β) ∧ pα ∧ pβ)

Situations like the one described in this example are the subject of a wide lit-
erature in Social Choice Theory under the name of judgment aggregation (List
and Puppe, 2009). See Section 3.2.1 and Chapter 6 to see the correspondence
between judgment aggregation and binary aggregation in more detail.

We conclude with two classical examples from voting theory:

Example 2.1.6. (Voting for candidates) A winning candidate has to be chosen
from a set C = {1, . . . ,m} by an electorate N . Let the set of issues be I=C.
Assume that we are using approval voting as voting procedure, in which indi-
viduals are submitting a set of candidates they approve (Brams and Fishburn,
2007). Then, we can model the situation without any integrity constraint, since
every binary ballot over I corresponds to a set of candidates. Instead, if we con-
sider more restrictive ballots like in the case of the plurality rule, in which each
individual submits only its favourite candidate, we need to devise an integrity
constraint that forces each individual to approve a single candidate in the list.
This can only be done by taking the disjunction of all possible ballots:

(p1 ∧ ¬p2 ∧ · · · ∧ ¬pm) ∨ (¬p1 ∧ p2 ∧ · · · ∧ ¬pm) · · · ∨ (¬p1 ∧ . . .¬pm−1 ∧ pm)

The voting rule known as k-approval voting, in which individuals submit a set of
k approved candidates, can be modelled in a similar fashion.

Example 2.1.7. (Voting for a committee) An electorate N needs to decide on
a steering committee composed of a director, a secretary and a treasurer. Can-
didates can be chosen between c1 and c2, proposed by party F, and c3 and c4,
proposed by party P. For political reasons, if the chosen director belongs to a cer-
tain party, then the remaining vacancies must be filled with candidates belonging
to the other party. Let the set of issues be I = {D=cj, T=cj, S=cj | j = 1, . . . , 4}.
In order for each ballot to correspond to a committee we need to add the following
integrity constraints:1 D=cj →

∧
k 6=j ¬D=ck and

∨
j=1,...,4D=cj and similarly for

1As a shorthand for pD=cj , which stands for the propositional variable associated to issue
D=cj , we directly use the name of the issue.
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T and S. Finally, to encode the requirement of political balance, we add the
following formulas:

(D=c1 ∨D=c2)→ (T=c3 ∨ T=c4) ∧ (S=c3 ∨ S=c4)

(D=c3 ∨D=c4)→ (T=c1 ∨ T=c2) ∧ (S=c1 ∨ S=c2)

2.1.4 Paradoxes and Collective Rationality

Consider the situation introduced in Example 2.1.3: There are three issues at
stake, and the integrity constraint is represented by the formula IC = pU ∧ pS →
pF . Suppose there are three individuals, choosing ballots (0, 1, 0), (1, 0, 0) and
(1, 1, 1), as in Table 2.1. Their choices are rational (they all satisfy IC). Assume
now that we accept an issue j if and only if a majority of individuals do, employing
what we will call the majority rule. Then, we would obtain the ballot (1, 1, 0) as
collective outcome, which fails to be rational. This kind of observation is often
referred to as a paradox.

In the literature on Social Choice Theory, situations like the one above are
ruled out by requiring aggregation procedures to satisfy a property called col-
lective rationality , which forces the output of an aggregation procedure to be of
the same form as the input, i.e., a rational ballot. In preference aggregation, for
instance, the output of an aggregation procedure is often required to be a linear
(or weak) order over a set of alternatives (Gaertner, 2006). In judgment aggrega-
tion the output is required to be a complete and consistent judgment over a set of
propositional formulas (List and Puppe, 2009). In view of our general perspective
on aggregation problems, we give here a definition of collective rationality that
depends on the integrity constraint at hand:

Definition 2.1.8. Given an integrity constraint IC ∈ LPS, an aggregation pro-
cedure F : DN → D is called collectively rational (CR) with respect to IC, if for
all rational profiles B ∈ Mod(IC)N we have that F (B) ∈ Mod(IC).

Thus, F is CR with respect to IC if it lifts the rationality assumption given
by IC from the individual to the collective level, i.e., if F (B) |= IC whenever
Bi |= IC for all i ∈ N . An aggregation procedure that is CR with respect to IC
cannot generate a paradoxical situation with IC as integrity constraint. From
Definition 2.1.8 we can obtain a general definition of paradoxical behaviour of an
aggregation procedure:

Definition 2.1.9. A paradox is a triple (F,B, IC), where F : DN → D is an
aggregation procedure, B is a profile in DN , IC is an integrity constraint in LPS,
and Bi ∈ Mod(IC) for all i ∈ N but F (B) 6∈ Mod(IC).

In Chapter 3 we explore the generality of Definition 2.1.9 by showing that classical
paradoxes introduced in several frameworks of aggregation are instances of this
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definition. In Chapter 4 we study, for several fragments of the propositional lan-
guage the class of procedures that are CR with respect to all integrity constraints
in a given language, characterising it in axiomatic terms.

2.1.5 Rationality Constraints vs. Feasibility Constraints

An important remark needs to be made about the nature of integrity constraints.
In the previous section, we have introduced the concept of integrity constraint
as formalising a rationality assumption that separates ballots that are rational
from those to which a meaning cannot even be attached. In our framework, both
the individuals and the collective outcome should comply with the constraints
that define a problem. This, however, is not the only way in which integrity
constraints can be used. Consider the following example.

Example 2.1.10. A committee N has to decide on whether to accept or reject
three bills A, B and C. For budgetary reasons, only two of the three bills can be
financed. This can be modelled in binary aggregation using a set of three issues
I = {A,B,C} and integrity constraint ¬(pA ∧ pB ∧ pC).

In this example, the integrity constraint expresses a condition of feasibility rather
than rationality, partitioning the set of ballots into those that are feasible and
those that are not. Similar constraints are usually enforced on the outcome, but
may not be imposed on individuals. This is because we may be interested in
knowing the sincere evaluations of individuals, even if unfeasible, rather than
having them misrepresent their judgment to satisfy the integrity constraint.

In this dissertation we use integrity constraints in their first interpretation,
i.e., as rationality assumptions that need to be satisfied by both the collective and
the individuals. Feasibility constraints in aggregation theory have been studied
extensively using the framework of logic-based belief merging (Konieczny and
Pino Pérez, 2002, 2011). A combination of the two approaches constitutes a
highly promising direction for future work.

2.2 The Axiomatic Method

Aggregation procedures are traditionally studied using the axiomatic method.
Axioms are used to express desirable properties of an aggregation procedure, and
these axioms are then combined in an attempt to find the most desirable aggrega-
tion system. This methodology is widespread in the whole literature on Economic
Theory, as testified by several important results which were proven using the ax-
iomatic method in a number of disciplines: notable examples are the definition
of the Nash solution for bargaining problems (Nash, 1950), the treatment by von
Neumann and Morgenstern (1947) of decision making under uncertainty and, fi-
nally, Arrow’s Theorem in preference aggregation (Arrow, 1963). In this section,
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we adapt the most important axioms familiar from standard Social Choice The-
ory, and more specifically from judgment aggregation (List and Puppe, 2009) and
binary aggregation (Dokow and Holzman, 2010a), to our framework.

Let X ⊆ DN be a subset of the set of profiles. The first axiomatic property
we take into consideration is called unanimity:

Unanimity (U): For any profile B ∈ X and any x ∈ {0, 1}, if bi,j = x for all
i ∈ N , then F (B)j = x.

Unanimity postulates that, if all individuals agree on issue j, then the aggregation
procedure should implement that choice for j. This axiom stems from a reformu-
lation of the Paretian requirement, which is traditionally assumed in preference
aggregation. In Chapter 5 we discuss this correspondence in more detail. Several
weaker versions of this axiom have been proposed. The most common assump-
tion in the literature on judgment aggregation (List and Puppe, 2009) requires
the individuals to agree on all issues in order for the collective outcome to agree
with the individual ballot. This notion is considerably weaker than our axiom of
unanimity, but the two formulations are equivalent for procedures satisfying the
additional axiom of independence (which we shall see soon).

Another common property is the requirement that an aggregation procedure
should treat all issues in the same way. We call this axiom issue-neutrality:

Issue-Neutrality (NI): For any two issues j, j′ ∈ I and any profile B ∈ X , if
for all i ∈ N we have that bi,j = bi,j′ , then F (B)j = F (B)j′ .

The axiom of issue-neutrality often comes paired with another requirement of
symmetry between issues, that focuses on the possible values that issues can
take.2 We propose this axiom under the name of domain-neutrality:

Domain-Neutrality (ND): For any two issues j, j′ ∈ I and any profile B ∈ X ,
if bi,j = 1− bi,j′ for all i ∈ N , then F (B)j = 1− F (B)j′ .

This axiom is a generalisation to the case of multiple issues of the axiom of
neutrality introduced by May (1952). The two notions of neutrality above are
independent from each other but dual: issue-neutrality requires the outcome on
two issues to be the same if all individuals agree on these issues; domain-neutrality
requires them to be reversed if all the individuals make opposed choices on the
two issues.

The following property requires the aggregation to be a symmetric function
of its arguments, and it is traditionally called anonymity.

2Sometimes the two conditions are paired together in a single requirement of neutrality (see,
e.g., Riker, 1982, Chapter 3).
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Anonymity (A): For any profile B ∈ X and any permutation σ : N → N , we
have that F (B1, . . . , Bn) = F (Bσ(1), . . . , Bσ(n)).

The next property we introduce has played a crucial role in several studies in
Social Choice Theory, and comes under the name of independence:

Independence (I): For any issue j ∈ I and any two profiles B,B′ ∈ X , if
bi,j = b′i,j for all i ∈ N , then F (B)j = F (B′)j.

This axiom requires the outcome of aggregation on a certain issue j to depend
only on the individual choices regarding that issue. In preference aggregation
the corresponding axiom is called independence of irrelevant alternatives. In
the literature on judgment aggregation, the combination of independence and
issue-neutrality takes the name of systematicity. This axiom is at the basis of the
“welfaristic view” for ordinal utility in Social Choice Theory (see Roemer, 1996, p.
28). This research assumption states that a society, in making its choices, should
only be concerned with the well-being of its constituents, discarding all “non-
utility information”; in particular, past behaviour or hypothetical situations other
than the one a society is facing (independence), and particular characteristics or
correlations between the issues at hand (issue-neutrality). In the same spirit, the
axiom of anonymity requires that the collective decision should disregard names,
weights or importance of the individuals in a society.

We now introduce two axioms of monotonicity. The first, which we call I-
monotonicity, is often called positive responsiveness and is formulated as an (inter-
profile) axiom for independent aggregation procedures. The second version of
monotonicity is designed for neutral procedures, and it was introduced by Endriss
et al. (2010a):

I-Monotonicity (MI ): For any issue j ∈ I and any two profiles B,B′ ∈ X ,
if bi,j = 1 entails b′i,j = 1 for all i ∈ N , and for some s ∈ N we have that
bs,j = 0 and b′s,j = 1, then F (B)j = 1 entails F (B′)j = 1

N-Monotonicity (MN ): For any two issues j, j′ ∈ I and any profile B ∈ X ,
if for all i ∈ N we have that bi,j = 1 entails bi,j′ = 1 and for some s ∈ N
we have that bs,j = 0 and bs,j′ = 1, then F (B)j = 1 entails F (B)j′ = 1.

MI expresses that, if an issue j is collectively accepted and receives additional
support (from an individual s), then it should continue to be collectively accepted.
On the other hand, axiom MN says that, if issue j is collectively accepted and
issue j′ is accepted by a strict superset of the individuals accepting j, then j′

should also be collectively accepted. Under the assumption of systematicity the
two versions of monotonicity are equivalent.

Not all aggregation procedures satisfy each of these axioms. The literature
on Social Choice Theory is plagued with impossibility results showing that there
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is no aggregator satisfying certain combinations of axioms. To see an example,
consider a simple constant procedure that outputs the same ballot in every profile.
This procedure is independent and issue-neutral, since it treats all issues in the
same way in every profile. On the other hand, it is neither domain-neutral nor
unanimous.

The last property for aggregation procedures that we are going to introduce
is traditionally considered a negative one. We choose not to state it as an axiom,
but rather as a property defining a class of functions.

Definition 2.2.1. An aggregation procedure F is called a dictatorship if there
exists an individual i ∈ N such that F (B) = Bi for all profiles B.

A dictatorship copies the ballot of the same individual in every profile. This
notion is in clear conflict with the axiom of anonymity previously introduced. In
Definition 4.2.7 we will generalise this notion by defining the class of generalised
dictatorships as those procedures that copy the ballot of a (possibly different)
individual in every profile.

We conclude with an important remark. It is crucial to observe that all axioms
are domain-dependent : It is possible that an aggregation procedure satisfies an
axiom only on a subdomain X ⊆ D in which individuals can choose their ballots.
For instance, consider the following example. With two issues, let IC = (p2 → p1)
and let F accept the first issue if a majority of the individuals accept it, and accept
the second issue only if the first one was accepted and the second one has the
support of a majority of individuals. This procedure is clearly not independent on
the full domain, but it is easy to see that it satisfies independence when restricted
to X = Mod(IC)N . We will make extensive use of this fact in Chapter 4.

One last observation: Note that the notion of integrity constraint never oc-
curs in the definition of an axiom. This choice reflects the view that axiomatic
properties should be separate from the behaviour of an aggregation procedure
with respect to domain specific problems like that of collective rationality.

2.3 Representation Results

Axiomatic properties like the ones we introduced in Section 2.2 can be used
to define classes of procedures, and in Chapter 4 we are going to make use of
this construction extensively. In this section, we start investigating some of these
classes providing, for some of them, a useful mathematical representation. All the
results proved in this section are adaptations of known results from the literature,
even if those results are rarely stated explicitly.

Let us first introduce some further notation: denote with NB
j = {i ∈ N |

bi,j = 1} the set of individuals accepting issue j in profile B. We begin by con-
sidering aggregation procedures that satisfy the axiom of independence, proving
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a representation result in terms of winning coalitions :3

Proposition 2.3.1. An aggregation procedure F satisfies I if and only if for every
issue j there exists a collection of subsets Wj ⊆ P(N ) such that F (B)j = 1 if
and only NB

j ∈ Wj. Let Wj be the set of winning coalitions of F for issue j.

Proof. Let F be an independent procedure, and let j be an issue in I. Define
Wj as the set of all sets A ⊆ N such that there exists a profile B with NB

j = A

and F (B)j = 1. As F is independent, for every profile B′ with NB′

j = A we
have that F (B′)j = 1. Thus, F is defined by the set of winning coalitions Wj.
On the other hand, given a set of winning coalitions Wj for F , let B and B′ be
two distinct profiles such that bi,j = b′i,j. It is straightforward to observe that this

implies that NB
j = NB′

j , and hence that F has the same outputs on j in the two
profiles. Thus, F is independent.

When combined with issue-neutrality, independence generates procedures that
are defined by a single set of winning coalitions, the same for every issue:

Corollary 2.3.2. An aggregation procedure F satisfies I and NI if and only if
there exists a collection of subsets W ⊆ P(N ) such that F (B)j = 1 if and only
if NB

j ∈ W.

Let us now consider the case of procedures that satisfy the axioms of anonymity,
independence and issue-neutrality. We prove that for these procedures the accep-
tance of an issue depends solely on the number of individuals accepting it.4

Proposition 2.3.3. An aggregation procedure F satisfies A, I and NI on the full
domain D if and only if there exists a function h : {0, . . . , |N |} → {0, 1} such
that F (B)j = 1⇔ h(|NB

j |) = 1.

Proof. We prove that if F satisfies A, I and NI over the full domain D, then
|NB

j | = |NB′

j′ | for profiles B,B′ and issues j, j′ implies F (B)j = F (B′)j′ . Thus,
the fact that a set of individuals is a winning coalition depends only on the
cardinality of the set, which can be specified using a function h : {0, . . . , |N |} →
{0, 1} as in the statement of Proposition 2.3.3.

Let F be an anonymous, independent and issue-neutral procedure. Since
|NB

j | = |NB′

j′ |, we can rearrange the individuals in profile B′ obtaining profile C
such that ci,j′ = bi,j. By anonymity the result of F on issue j does not change
moving from profile B′ to C. Let us now construct a fourth profile D such
that di,j = bi,j and di,j′ = ci,j′ for all i ∈ N . By independence, we have that
F (B)j = F (D)j. By issue-neutrality, we have that F (D)j = F (D)j′ . It is now
sufficient to apply independence one more time to obtain that F (D)j′ = F (C)j′
and conclude the chain of equalities by using the axiom of anonymity.

3Rules defined in terms of winning coalitions are sometimes referred to as “voting by com-
mittee” in the literature on Social Choice Theory (Barberà et al., 1991).

4This is a known result. List and Pettit (2002), for instance, use this insight (adapted to
the case of judgment aggregation) in the proof of their impossibility theorem.
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Representation results along the lines of Proposition 2.3.3 can easily be obtained
for various classes of procedures. Examples can be found, for instance, in our
previous work (Endriss et al., 2010a).

Note that a (somewhat surprising) consequence of Proposition 2.3.3 is the
following corollary:5

Corollary 2.3.4. If the number of individuals is even and there are at least two
issues, then there exists no aggregation procedure that satisfies A, I, NI and ND

on the full domain.

Proof. Let j and j′ be two issues, and let B be a profile such that exactly half of
the individuals accept j and reject j′, and the other half reject j and accept j′. By
ND we have that F (B)j = 1−F (B)j′ . Since the number of individuals accepting
the two issues is exactly the same, by Proposition 2.3.3 we obtain the additional
requirement that F (B)j = F (B)j′ , in contradiction with the requirement given
by domain-neutrality.

2.3.1 Quota Rules

An aggregation procedure F for n individuals is a quota rule if for every issue
j there exists a quota 0 6 qj 6 n + 1 such that F (B)j = 1 if and only if
|NB

j | > qj. The class of quota rules, which we denote as QR, was introduced by
Dietrich and List (2007a) in the framework of judgment aggregation. Quota rules
are axiomatised as the class of procedures satisfying the axioms of anonymity,
independence and I-monotonicity, as we prove in the following result:6

Proposition 2.3.5. An aggregation procedure F satisfies A, I, and MI on the
full domain D if and only if it is a quota rule.

Proof. First, observe that if we add the assumption of anonymity to the statement
of Proposition 2.3.1, we obtain a representation for independent and anonymous
aggregation procedures. These functions can be characterised in terms of a set
of acceptance functions indicating, for each issue j, the size of possible winning
coalitions, i.e., functions hj : |N | → {0, 1} for each j such that F (B)j = 1 ⇔
hj(|NB

j |) = 1. If we now add the assumption of monotonicity in its independence
version, and we apply it to issue j, we can infer that whenever hj(m) = 1 for a
certain m, then for all t > m it must be the case that hj(t) = 1. Thus, we can
define an acceptance quota for each issue by letting qj be the minimal m 6 |N |
such that hj(m) = 1. In case such an m does not exist (i.e., in case hj(t) = 0 for
all t), it is sufficient to fix qj = n+ 1.

5Observe that Corollary 2.3.4 is an impossibility result which does not feature any require-
ment of collective rationality. This result is related to the known fact that there exists no
resolute voting procedure for 2 alternatives and an even number of individuals which is anony-
mous and neutral (see, e.g., Moulin, 1983, for a generalisation of this result).

6An analogous version of Proposition 2.3.5 for the framework of judgment aggregation can
be found in the work of Dietrich and List (2007a).
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A quota rule is called uniform if the quota is the same for all issues. We can
obtain an axiomatisation of this class by adding the axiom of issue-neutrality to
Proposition 2.3.5:

Corollary 2.3.6. An aggregation procedure F satisfies A, I, NI and MI on the
full domain D if and only if it is a uniform quota rule.

2.3.2 The Majority Rule

A particular quota rule, which we study in detail in Section 4.4.2, is the majority
rule. The majority rule is the uniform quota rule that accepts an issue if and
only if a majority of individuals accept it. In case the number of individuals is
odd, the majority rule has a unique definition by setting the quota to q = n+1

2
. In

case the number of individuals is even, the majority rule does not have a unique
definition, to account for ties between acceptances and rejections. One possibility
is to favour rejection, defining the strict majority rule with quota q = n+2

2
, or to

favour acceptance, defining the weak majority rule with quota q = n
2
. We study

these rules in more detail in Section 4.4.2. We now make the assumption that the
number of individuals is odd and we provide an axiomatisation of the majority
rule in this case.

May (1952) provided an axiomatisation of the majority rule in the case of
preference aggregation over two alternatives. We can obtain a more general ver-
sion of his result, which accounts for the case of multiple issues, by adding the
axioms of issue-neutrality and domain-neutrality to Proposition 2.3.5:

Proposition 2.3.7. If the number of individuals is odd, an aggregation procedure
F satisfies A, NI, ND, I and MI if and only if it is the majority rule.

Proof. By Corollary 2.3.6, we know that F is a uniform quota rule. The ax-
iom of domain-neutrality then forces us to treat the two sets NB

j and N \ NB
j

symmetrically. Hence, the only possibility is to fix the quota at n+1
2

.

2.4 Previous Work on Binary Aggregation

Wilson (1975) has been the first to define and study the framework of binary
aggregation. His seminal paper contains several impossibility results for indepen-
dent aggregation procedures, including a generalisation of the famous impossibil-
ity result by Arrow (1963). Wilson starts from an attribute space A of properties
that can be assigned to individuals, and studies the aggregation of such assign-
ments. This setting corresponds to aggregating binary ballots using A as the
set of issues. Given a collection B of subsets of the space of all assignments D,
Wilson calls an aggregation procedure “responsive” with respect to B if, when-
ever all individual assignments belong to a subset X ∈ B, then the outcome also



2.4. Previous Work on Binary Aggregation 27

belongs to X . He then proves several representation results for independent and
responsive procedures depending on the structure of the collection of subsets B.
Arrow’s Theorem is obtained as a corollary of one of his results. Wilson’s notion
of responsive aggregator corresponds to our notion of collective rationality with
respect to a family of integrity constraints. We will follow the same approach in
Chapter 4, when we concentrate on the study of collectively rational procedures
with respect to a language of integrity constraints.

A similar setting has been investigated more recently by Dokow and Holzman
(2009, 2010a). Their definition of collective rationality is the same as Wilson’s,
although they consider a single subdomain X ⊆ D of rational ballots at a time
rather than a family of such subsets. As previously remarked, propositional logic
is fully expressive with respect to subsets of D, hence our approach is equivalent
to that of Dokow and Holzman. Our choice of using formulas rather than sets
is motivated by the possibility of classifying integrity constraints by means of
syntactic properties and by the the compactness of this representation. Consider
for instance the subset defined by any non-complete cube, i.e., a conjunction in
which not all literals occur. The representation of this set by means of a formula
is exponentially more concise than the full list of elements of the same set.

Another framework for binary aggregation is adopted by Nehring and Puppe
(2007, 2010). Although their aim is more general, they also concentrate on the
study of aggregation procedures over property spaces, a setting that is closer to
the original framework of Wilson (1975). We refer to Section 6.2.3 for a more
detailed discussion of this framework.

In several papers (see, e.g., List and Puppe, 2009; Nehring and Puppe, 2010;
Dokow and Holzman, 2010a) it has been observed that the framework of judgment
aggregation for propositional logic is equivalent to that of binary aggregation (see
also our Example 2.1.5). In Chapter 6, in particular Section 6.2.3, we discuss in
detail the relation between these diverse frameworks for aggregation.

Rubinstein and Fishburn (1986) generalised Wilson’s framework allowing indi-
viduals to choose elements of certain vector spaces. The case of binary aggregation
is subsumed by considering the vector space D = {0, 1}I .

An important, although not substantial, difference between our framework and
classical approaches to binary aggregation resides in our definition of aggregation
procedure. Both Dokow and Holzman (2010a) and Nehring and Puppe (2007)
define an aggregation procedure on a specific domain X ⊆ {0, 1}m, including in
this definition the notion of collective rationality with respect to the integrity
constraint that defines X . The same approach is also used in the literature on
judgment aggregation (List and Puppe, 2009). Instead, we define aggregation
procedures on all possible profiles, studying collective rationality as an additional
property. As already pointed out at the end of Section 2.2, our choice is motivated
by an attempt to separate the definition of an aggregation procedure and its
axiomatic properties from the notion of collective rationality, which depends on
the domain of rational ballots on which the aggregation is performed.




