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Chapter 4

Lifting Individual Rationality

Individual agents may be considered rational in many different ways, and for most
cases, as exposed in Chapter 3, it is possible to devise paradoxical situations
leading to an irrational collective outcome. The purpose of this chapter is to
develop a theoretical analysis of the relation between axiomatic properties and
collective rationality with respect to given integrity constraints, generalising what
observed in the previous chapter to a full-fledged theory of collective rationality
for aggregation procedures in binary aggregation.

In Section 4.1 we introduce two definition schemas for classes of aggregation
procedures: the first in terms of collective rationality with respect to a given
language for integrity constraints, and the second by using classical axiomatic
requirements. The relation between these two definitions is studied in detail
in Section 4.2. For several fragments of the propositional language we provide
necessary and sufficient axiomatic conditions for an aggregation procedure to be
collectively rational with respect to all integrity constraints in the given fragment.
The analysis is continued in Section 4.3, this time focusing on axioms rather than
on languages for integrity constraints. For several axiomatic requirements we
provide negative results that rule out possible characterisations of such properties
in terms of collective rationality. In Section 4.4 we concentrate on the class of
quota rules, providing precise bounds on quotas to ensure collective rationality
with respect to languages of clauses. We also characterise the set of integrity
constraints that are lifted by the majority rule, thus formalising our observations
from Chapter 3. Section 4.5 discusses related work and concludes.

4.1 Classes of Aggregation Procedures

Recall that a binary aggregation problem is given by a set of agents N having
to take a decision on which combination of binary issues I to choose. Depending
on the situation at hand, a subset of such combinations is designated as the set
of rational choices, and is specified by means of a propositional formula in the
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46 Chapter 4. Lifting Individual Rationality

language LPS associated to I (cf. Section 2.1).
Let therefore I be a finite set of issues and let LPS be the propositional

language associated with it. We call any subset L of LPS a language. Examples
include the set of atoms PS, or the set of formulas of a given size, as well as
more classical fragments obtained by restricting the set of connectives that can
be employed in the construction of formulas, like the set of clauses, obtained from
the set of literals using only disjunctions. In Section 2.1.4 we called an aggregation
procedure collectively rational with respect to a formula IC ∈ LPS if the outcome
of aggregation satisfies the same integrity constraint IC as the individuals on every
rational profile. We now extend this definition to collectively rational procedures
with respect to a given language L:

Definition 4.1.1. Given a language L ⊆ LPS, define CR[L] to be the class of
aggregation procedures that lift all integrity constraints IC ∈ L:

CR[L] := {F : DN → D | N is finite and F is CR for all IC ∈ L}.

Note that in this definition we do not fix the number of individuals, making I the
only parameter that is fixed in advance. This choice is arguably a natural one, as
a decision problem is usually defined before specifying the number of individuals
that are going to take part in the decision process. However, its appeal does not
only reside in its practical use; rather is it a mathematical assumption that allows
us to gain clarity in some of the results that follows. Many of our results, e.g.
Theorems 4.2.1 and Corollary 4.3.3, still hold if we fix the number of individuals
in Definition 4.1.1, as shown in our previous work (Grandi and Endriss, 2010).

The next step is to introduce notation for defining classes of aggregation pro-
cedures in terms of classical axioms as the ones we listed in Section 2.2. Recall
that an axiom may be satisfied on a subdomain of interest X ⊆ D, but not on
the full domain DN (see the observation on page 23). Here, we are interested in
domains defined by means of integrity constraints (i.e., propositional formulas),
as this is interpreted as the domain of rational ballots. We therefore need a no-
tation to identify procedures that satisfy an axiom on the subdomain Mod(IC)N

induced by a given integrity constraint IC.
Let F�Mod(IC)N denote the restriction of the aggregation procedure F to the

subdomain of rational ballots Mod(IC)N . We give the following definition:

Definition 4.1.2. An aggregation procedure F satisfies a set of axioms AX with
respect to a language L ⊆ LPS, if for all constraints IC ∈ L the restriction
F�Mod(IC)N satisfies the axioms in AX. This defines the following class:

FL[AX] := {F : DN→D | N is finite and F�Mod(IC)N sat. AX for all IC ∈ L}

In particular, F := {F : DN → D | N is finite} is the class of all aggregation
procedures for a given I. In the sequel we shall omit mentioning explicitly that
N is finite, keeping it as a general underlying assumption.
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4.1.1 Collective Rationality and Languages

In this section we study the behaviour of the classes defined in the previous section
with respect to set-theoretic and logical operations performed on the languages
and on the axioms. In particular, we give a definition of languages for integrity
constraints that is specific to the study of collectively rational procedures.

Let L be a language. Define L∧ to be the closure of L under conjunction,
i.e., the set of finite conjunctions of formulas in L. We now prove that the class
of collectively rational procedures is invariant under closing the language under
conjunction, i.e., that the set of collectively rational procedures for L and for L∧
coincide:

Lemma 4.1.3. CR[L∧] = CR[L] for all L ⊆ LPS.

Proof. CR[L∧] is clearly included in CR[L], since L ⊆ L∧. It remains to be shown
that, if an aggregation procedure F lifts every constraint in L, then it lifts any
conjunction of formulas in L. This fact is rather straightforward; however, we now
prove it in detail to get acquainted with the definition of CR[L]. Let

∧
k ICk with

ICk ∈ L be a conjunction of formulas in L, and let B ∈ Mod(
∧
k ICk)

N be a pro-
file satisfying this integrity constraint. Note that Mod(

∧
k ICk) =

⋂
k Mod(ICk),

thus B ∈ Mod(ICk)
N for every k. Now suppose that F ∈ CR[L], then when we

apply F to profile B we have that F (B) ∈ Mod(ICk) for every k by collective
rationality of F . This in turn implies F (B) ∈ Mod(

∧
k ICk), thus proving that

F is CR with respect to
∧
k ICk.

This lemma entails that different languages for integrity constraints can define the
same class of CR procedures. For instance, we have that the language of cubes
(conjunctions of literals) generates the same class as the language of literals,
i.e., CR[cubes] = CR[literals], since the former is obtained from the latter by
closing it under conjunction. A more interesting fact is that procedures that
are CR with respect to clauses (disjunctions of literals) are CR with respect to
any integrity constraint in LPS, i.e., CR[clauses] = CR[LPS]. This holds because
every propositional formula is equivalent to a formula in conjunctive normal form
(CNF), where it is expressed precisely as a conjunction of clauses.

One last remark about this lemma. In Section 2.1 we defined collective ratio-
nality with respect to a single formula, rather than with respect to a set of in-
tegrity constraints. Lemma 4.1.3 provides a formal underpinning for this choice:
an aggregation procedure is CR with respect to a set of formulas if and only if
it is CR with respect to a single formula given by the conjunction of all integrity
constrains in the set.

We have just proven that the class CR[L] is invariant under closing the lan-
guage under conjunction. Another such property is the closure under logical
equivalence.1 Recall that two formulas are logically equivalent when they share

1It is important to stress the fact that we consider logical equivalence inside the language
LPS, not allowing the use of additional propositional variables.
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the same set of models. Let us indicate with L≡ the set of formulas in LPS that
are equivalent to a formula in L. We have the following lemma:

Lemma 4.1.4. CR[L≡] = CR[L] for all L ⊆ LPS.

The proof of the lemma is straightforward from our definitions. It is sufficient to
observe that an equivalent formulation of our definition of collective rationality
can be given by substituting formulas with the set of rational ballots given by
their models. Two formulas that are logically equivalent have the same set of
models, giving rise to the same requirement of collective rationality.2

Bringing together the results of Lemma 4.1.3 and of Lemma 4.1.4, we can now
give the following definition:

Definition 4.1.5. A language for integrity constraints L is a subset of LPS that
is closed under conjunction and logical equivalence.

In the following sections we often characterise languages by means of syntactic
properties, e.g., cubes or clauses, denoting the language for integrity constraints
generated by these formulas, i.e., the subset of LPS obtained by closing the original
language under conjunction and logical equivalence. For instance, the language of
2-clauses (i.e., disjunctions of size at most two) indicates the language of formulas
that are equivalent to a conjunction of clauses of size at most two3. The language
of literals and that of cubes coincide, as well as the language of clauses and the
full language LPS, as we have previously remarked.

Tautologies and contradictions play a special role in languages for integrity
constraints. First, observe that if a language L includes a tautology (or a con-
tradiction, respectively), then by closure under logical equivalence L contains all
tautologies (all contradictions, respectively). Thus, we indicate with > ∈ L the
fact that L contains all tautologies, and with ⊥ ∈ L the fact that L contains all
contradictions. Second, not all languages for integrity constraints include both
tautologies and contradictions, or either of them. For instance, the language of
literals includes the contradiction p∧¬p but it does not contain any tautology. On
the other hand, the language of positive clauses, composed by clauses in which all
literals occur positively, does not include neither tautologies nor contradictions.

Nevertheless, it is easy to see that collective rationality with respect to tau-
tologies and contradictions corresponds to a vacuous requirement: In the first
case, the outcome of a procedure will always satisfy a tautology, and in the sec-
ond case the set of rational ballots is empty. These remarks constitute a proof of
the following lemma.

2This is the standard approach in the literature on binary aggregation (cf. Dokow and
Holzman, 2010a). Our choice of using formulas rather than sets is motivated by the compactness
of this representation (see the observation at page 27) and by the possibility of using syntax to
classify rationality assumptions.

3The language of 2-clauses can be equivalently defined by closing the set of 2-CNF under
logical equivalence.
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Lemma 4.1.6. CR[L ∪ {>}] = CR[L ∪ {⊥}] = CR[L] for all L ⊆ LPS.

We now move to answering the question of whether the operations that we have
included in Definition 4.1.5 are all the operations that we can perform on L
leaving the set CR[L] invariant. The following result provides a positive answer
to this question, provided that a language include tautologies and contradictions:

Lemma 4.1.7. Given two languages for integrity constraints L1 and L2 contain-
ing > and ⊥, if it is the case that L1 6= L2, then CR[L1] 6= CR[L2].

Proof. As the two languages both contain tautologies and contradictions, they
must differ on a contingent formula ϕ. Without loss of generality we can consider
a formula ϕ ∈ L2 such that ϕ 6∈ L1. We want to prove that there exists an
aggregation procedure F ∈ CR[L1] that is not CR with respect to ϕ. This
in turn implies that F is not in CR[L2], and that the two classes CR[L1] and
CR[L2] are different.

Let |N | = n where n = |Mod(ϕ)| and let F be a procedure in CR[L1] defined
for N .4 Observe that n 6= 0, 2|I|, since ϕ is a contingent formula. We claim that
it is possible to modify the behaviour of F on a single profile B in order to create
another procedure F ′ that is still CR with respect to L1 but sends the profile B of
ϕ-rational ballots to an outcome that does not satisfy ϕ. To do so it is sufficient
to find a profile B = (B1, . . . , Bn) of models of ϕ and a ballot Bc outside Mod(ϕ)
such that whenever each of B1, . . . , Bn satisfy the same formula ψ ∈ L1 then
also Bc |= ψ. If we can find such a B and Bc, then by setting F ′(B) = Bc and
F ′(B′) = F (B′) for all remaining B′ 6= B we obtain an aggregator procedure
that is in CR[L1] but not in CR[L2].

Mod(ϕ)

Bc•

Bc′
•

ψc

ψc′

Figure 4.1: ψc separates Bc from Mod(ϕ).

Suppose for the sake of contradiction that such a profile does not exist, i.e., that
for every choice of n ballots in Mod(ϕ) and ballot Bc outside Mod(ϕ), there is a
formula ψ ∈ L1 that separates them: for all i we have that Bi |= ψ but Bc 6|= ψ.
Note that |Mod(ϕ)| = n, as well as the size of the profile B we are looking for.

4In Section 4.2 we will prove that CR[L] can never be empty for any language L and any
set of agents N (see Theorem 4.2.8), i.e., that it is always possible to find an F meeting our
requirement. For the sake of this proof it is sufficient to consider a dictatorship of the first
individual, i.e., a procedure that outputs the first coordinate of a profile.
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This entails that we can construct a profile Bϕ which contains all distinct models
of ϕ, and that for every Bc 6|= ϕ there is a formula in L1, that we shall call ψc,
that separates the set Mod(ϕ) from Bc.

We have assumed that ϕ 6∈ L1, i.e., ϕ is not equivalent to a conjunction of
formulas in L1. Let us now consider the conjunction

∧
ψc for Bc 6|= ϕ. We claim

that ϕ ≡
∧
ψc, in contradiction with our assumption, since all ψc are in L1 and L1

is closed under conjunction. By construction we know that Mod(ϕ) ⊆ Mod(
∧
ψc),

as all models of ϕ are individual ballots in the profile Bϕ. We need to prove
the other inclusion. Assume for the sake of contradiction that there exists a
B∗ in Mod(

∧
ψc) \ Mod(ϕ). By construction, there exists a formula ψ∗ ∈ L1

that separates B∗ from Mod(ϕ), and this formula is included in
∧
ψc. But by

construction B∗ 6|= ψ∗, therefore it cannot be included in Mod(
∧
ψc).

By reaching this contradiction we have concluded the proof: it is possible to
modify F on the profile B of all models of ϕ to output a ballot that is not a
model of ϕ but respects all integrity constraints in L1. That is, F ′ so defined is
in CR[L1] but not in CR[ϕ].

A crucial assumption used in the previous proof is that CR[L] contains procedures
defined for arbitrarily large sets of individuals.5 The construction we used in the
previous proof would not be possible if we had fixed in advance the number
of individuals. An example can be obtained in the special case of |N | = 1,
considering the language L obtained from {p,¬p, q,¬q}. This language cannot
express the formula ϕ = p↔ q, even if the class CR[L∪{ϕ}] = CR[L], as can be
seen with some easy calculation. Similar counterexamples involving bigger sets
of individuals are hard to obtain.

We conclude this section by establishing some easy properties of CR[L] and
of FL[AX] that shall be useful in the next sections.

Lemma 4.1.8. The following facts hold:
(i) If L1 ⊆ L2, then CR[L1] ⊇ CR[L2];

(ii) CR[L1 ∪ L2] = CR[L1] ∩ CR[L2] for all L1,L2 ⊆ LPS;
(iii) CR[L1 ∩ L2] = CR[L1] ∪ CR[L2] for all L1,L2 ⊆ LPS.

The proof is straightforward from our definitions. Similar properties can be
proven for classes of procedures defined in terms of axioms. We write F[AX]
as a shorthand for F{>}[AX], the class of procedures that satisfy the axioms in
AX over the full domain D. It is easy to see that the following lemma holds:

Lemma 4.1.9. The following facts hold:
(i) if L1 ⊆ L2 then FL1 [AX] ⊇ FL2 [AX];

(ii) in particular, if > ∈ L, then F[AX] ⊇ FL[AX];
(iii) FL[AX1,AX2] = FL[AX1] ∩ FL[AX2].

5This is the only result in this chapter the proof of which hinges on this assumption.
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Observe that for most axioms an additional fact holds: if the axiomatic property
AX is satisfied on the full domain D, then AX is also satisfied on every sub-
domain of D. This is true in particular for all the axioms we considered.6 Thus,
for most axioms AX it holds that F[AX] ⊆ FL[AX] for all L ⊆ LPS. Moreover,
by (ii) of Lemma 4.1.9, if > ∈ L then F[AX] = FL[AX] for all L ⊆ LPS.

4.1.2 From Classes of Aggregation Procedures to Integrity
Constraints and Back

In the first part of Section 4.1 we have associated with any language for integrity
constraints L a class of aggregation procedures CR[L] that are collectively ra-
tional with respect to all formulas in L. Once a set of issues I is fixed, CR[−]
can therefore be viewed as an operator from the set of languages for integrity
constraints (i.e., subsets of LPS closed under conjunction and logical equivalence)
to subsets of the class F of all aggregation procedures for I. In this section we
introduce an inverse operation, that we shall call LF [−], which, given a class of
procedures, outputs the set of integrity constraints that are lifted by all proce-
dures in that class. As we will see, LF is the left inverse of CR, but on the other
side the two operators do not commute.

L ⊆ LPS G ⊆ F

CR[−]

LF [−]

Figure 4.2: The operators CR[−] and LF [−].

Definition 4.1.10. Given a class of aggregation procedures G ⊆ F , let LF [G]
be the set of integrity constraints that are lifted by all F ∈ G:

LF [G] = {ϕ ∈ LPS | F is CR with respect to ϕ for all F ∈ G}

LF [G] is the intersection of all LF [{F}] for F ∈ G. We now prove the following:

Proposition 4.1.11. Let I be a set of issues, L a language for integrity con-
straints containing > and ⊥, and G ⊆ F a class of aggregation procedures on I.
Then the following facts are true:

(i) LF [CR[L]] = L
(ii) CR[LF [G]] ⊇ G and this inclusion is strict for some classes.

6See the observation at the end of Section 4.3.2 for an example of an axiomatic property
that can be satisfied on the full domain but falsified on a proper subset of it.
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Proof. (i) We start by proving that LF is a left inverse of CR. A direct conse-
quence of our definitions is that L ⊆ LF [CR[L]], and we now prove the other
inclusion. We want to show that if an integrity constraint ϕ is lifted by all
procedures that are CR with respect to L, then ϕ belongs to L. This is a
straightforward consequence of Lemma 4.1.7. Assume for the sake of contra-
diction that ϕ 6∈ L (and thus that ϕ is neither a tautology nor a contradiction).
By Lemma 4.1.7, there exists a procedure F which is collectively rational for L
but not for ϕ, against our assumption that all procedures in CR[L] are CR with
respect to ϕ. Therefore ϕ is in L.

(ii) It is straightforward from our definitions that CR[LF [G]] ⊇ G. Recall that
a dictatorship is a procedure that copies the ballot of a given individual in every
profile. It can be easily observed that such a procedure is collectively rational
for every integrity constraint, and in Section 4.2 this fact will be given a formal
proof (see Theorem 4.2.8). Let us therefore consider a class of procedures G not
containing any dictatorship. In view of our previous observation we know that all
dictatorships are contained in CR[LF [G]], as they are collectively rational for any
integrity constraint. As we assumed that G does not contain any dictatorship, we
infer that CR[LF [G]] ) G.

In the following section we will prove several characterisation results for the class
CR[L] in terms of classical axioms. These results define unambigously the class of
integrity constraints lifted by the class of procedures under consideration. To see
this, suppose we can prove that CR[L] = FL[AX] for given L and AX; then, by
part (i) of Proposition 4.1.11, we have that LF [FL[AX]] = L.7 On the other hand,
a characterisation of the class LF [G] cannot be turned into a characterisation of
CR[L]. By part (ii) of Proposition 4.1.11 we can infer that if LF [G] = L then
G ⊆ CR[L], but there is no guarantee that G will be equal to CR[L].

Let us spend one last paragraph concerning this asymmetry between the two
definitions. As we will see in the next section, the two operators commute for
every class of procedures defined in terms of classical axiomatic properties like
those described in Section 2.2 (provided that they contain the set of generalised
dictatorships, see Definition 4.2.7). This is because classical axioms define suffi-
ciently big classes of procedures. The conditions we have imposed on languages
for integrity constraints guarantee that languages are closed under the “right” set
of operations when talking about collective rationality. This is not so for classes
of aggregation procedures, but the results that we prove in the following sec-
tion suggest that defining classes of procedures by means of axiomatic properties
might be a good candidate to obtain the commutativity of the two operators.

7The behaviour is slightly different in case L does not contain > or ⊥, in which case
LF [FL[AX]] = L ∪ {>,⊥}.
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4.2 Characterisation Results for Propositional

Languages

The aim of this section is to explore the relationship between the two definitions of
classes of aggregation procedures introduced in Section 4.1: collectively rational
procedures on one side, and procedures defined by axiomatic requirements on the
other. In particular, we look for results of the following form:

CR[L] = FL[AX],

for languages L and axioms AX. We call such findings characterisation results :
they provide necessary and sufficient axiomatic conditions for an aggregation
procedure to be collectively rational with respect to a language for integrity con-
straints. The focus of this section is on languages: We provide complete character-
isation for some basic classes of languages defined in a syntactic fashion, proving
the correspondence with some of the main classical axioms from the literature on
Social Choice Theory. We shift the focus to axioms in Section 4.3.

Definitions of all the axiomatic properties we refer to in this section can be
found in Section 2.2. Axioms will be denoted with the capital letter associated
with it, e.g., we will write U for unanimity and I for independence. Recall that a
language for integrity constraints is a set of propositional formulas closed under
conjunction and logical equivalence.

4.2.1 Full Characterisations

Recall that a procedure is unanimous if it shares the view of the individuals in
case they all agree, either all accepting or rejecting a certain issue. The first
characterisation result shows that the set of aggregation procedures that lift all
rationality constraints that can be expressed as conjunctions of literals is precisely
the class of unanimous procedures:

Theorem 4.2.1. CR[literals] = Fliterals[U].

Proof. One direction is easy: If X := Mod(`) is a domain defined by a literal
`, then every individual ballot must agree with it, either positively or negatively
depending on its sign. This entails, by unanimity, that the collective outcome
agrees with the individual ballots. Thus, F is collectively rational with respect
to `, and by Lemma 4.1.3 F is CR with respect to the full language of literals.

For the other direction, suppose that F ∈ CR[literals]. Fix an issue j ∈ I.
Pick a profile B ∈ Dn such that bi,j = 1 (or 0) for all i ∈ N . That is, B ∈
Mod(pj)

N (or ¬pj, respectively). Since F is collectively rational for every literal,
including pj and ¬pj, it must be the case that F (B)j = 1 (or 0, respectively),
proving unanimity of the aggregator.
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As remarked in Section 4.1.1, the language generated from literals is the same as
the language of cubes, i.e., finite conjunctions of literals. We can therefore state
the following corollary.

Corollary 4.2.2. CR[cubes] = Fcubes[U].

An equivalence is a bi-implication of literals where the literals are both positive (or
both negative, which amounts to the same thing). Call the language for integrity
constraints generated by equivalences L↔, i.e., the set {pj ↔ pk | pj, pk ∈ PS}
closed under conjunction and logical equivalence. This language allows us to
characterise issue-neutral aggregators, i.e., procedures that treat distinct issues
in the same way:

Theorem 4.2.3. CR[L↔] = FL↔ [NI ].

Proof. To prove the first inclusion (⊇), pick an equivalence pj ↔ pk. This defines
a domain in which issues j and k share the same pattern of acceptance/rejection,
and since the procedure is neutral over issues, we get F (B)j = F (B)k. Therefore,
the constraint given by the initial equivalence is lifted. Thus, we can conclude by
Lemma 4.1.3 that the full langauge L↔ is lifted.

For the other direction (⊆), suppose that a profile B is such that bi,j = bi,k for
every i ∈ N . This implies that B ∈ Mod(pj ↔ pk)

N , and since F is in CR[L↔],
F (B)j must be equal to F (B)k. This holds for every such B, proving that F is
neutral over issues.

With an analogous proof we can obtain a characterisation result involving the
axiom of domain-neutrality. Recall that a procedure is domain-neutral if it sym-
metric with respect to any two issues. An XOR formula is a bi-implication of
one negative and one positive literal. Let LXOR be the language for integrity
constraints generated from {pj ↔ ¬pk | pj, pk ∈ PS}.

Theorem 4.2.4. CR[LXOR] = FLXOR
[ND].

Proof. The first inclusion is straightforward: When every individual ballot in a
profile satisfies the same XOR formula, then this means that there are two issues
the behaviour of which is symmetrical. By domain-neutrality, the outcome of the
aggregation is also symmetrical, and therefore the constraint is lifted.

To prove the remaining inclusion (⊆), suppose that a profile B is such that
bi,j = 1 − bi,k for every i ∈ N . This implies that B ∈ Mod(pj ↔ ¬pk)N . As
before, since F is in CR[LXOR], it must be the case that F (B)j = 1−F (B)k and
F is domain-neutral.

Consider now the language L+
→ of positive implications, generated from formulas

of the form pj → pk, or equivalently ¬pj → ¬pk, for pj, pk ∈ PS. Since L+
→ ⊇ L↔,

we know that CR[L+
→] ⊆ CR[L↔] = FL↔ [NI ]. Therefore, a characterisation

of the language of positive implications must involve the axiom of neutrality in
combination with others. The right combination is the following.
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Theorem 4.2.5. CR[L+
→] = FL+

→
[NI ,MN].

Proof. (⊇) Let us first consider the case of individual ballots all satisfying a
certain positive implication IC = pj → pk. We want to prove that if F satisfies I
and MI then F lifts the integrity constrait IC. Note that if an individual accepts
issue j then she also accepts issue k. Therefore, the first part of the antecedent
forming the axiom of N-monotonicity is satisfied. We now have to consider two
cases: if for all i ∈ N we have that bi,j = bi,k = 1, then by issue-neutrality we
have that F (B)j = F (B)k. The constraint IC is therefore satisfied, as the only
way to falsify it is by accepting j and rejecting k. If on the other hand there is an
individual i such that bi,j = 0 while bi,k = 1, then B fully satisfies the antecedent
of MN and therefore F (B)k = 1 whenever F (B)j = 1, again making it impossible
to falsify the integrity constraint IC.

For the remaining inclusion (⊆), suppose that a profile B is such that when-
ever bi,j = 1 then bi,k = 1 for every i ∈ N . This implies that B ∈ Mod(pj → pk)

N .
Since we assumed F to be in CR[L+

→], F (B)j = 1 entails F (B)k = 1, for the
constraint pj → pk has to be lifted. Therefore F is N-monotonic. We have al-
ready remarked that, due to Theorem 4.2.3, all procedures in CR[L+

→] are also
issue-neutral.

The last result would suggest that a characterisation of the language of negative
implications (i.e., when exactly one of the two literals is negative) might be proven
by considering the axiom of domain-neutrality combined with N-monotonicity.
Unfortunately, in the absence of additional restrictions on the set of profiles, this
characterisation does not hold. We prove a partial characterisation for this class
in Section 4.2.3.

We conclude this section by characterising the classes of collectively rational
procedures for languages at the extremes of the spectrum: the full language LPS,
the language of tautologies, and that of contradictions. For the last two classes
the characterisation is straightforward. Recall that F = {F : DN → D} is
the class of all aggregation procedures (for fixed I). We have already stated in
Lemma 4.1.6 that tautologies and contradictions are vacuous requirements for
what concerns collective rationality, and here we use these arguments to give a
characterisation result for this trivial class of formulas. Let {>} be the language
of all tautologies, and {⊥} be the language of all contradictions:

Proposition 4.2.6. CR[{>}] = CR[{⊥}] = F .

If on the other hand we turn to study the class of procedures that lift any integrity
constraint in LPS we discover an interesting class of procedures. Let us give the
following definition,that generalises the notion of dictatorship.8

8This class was introduced by Cariani et al. (2008) in the context of judgment aggregation
under the name of rolling dictatorships. A related (but different) notion is that of positional
dictatorships, introduced by Roberts (1980a) and rather standard in Social Choice Theory
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Definition 4.2.7. An aggregation procedure F : DN → D is a generalised dic-
tatorship, if there exists a map g : DN → N such that F (B) = Bg(B) for every
B ∈ DN .

That is, a generalised dictatorship copies the ballot of a (possibly different) in-
dividual in every profile. Call this class GDIC. This class fully characterises the
class of collectively rational aggregators for the full propositional language LPS:

Theorem 4.2.8. CR[LPS] = GDIC.

Proof. Clearly, every generalised dictatorship lifts any arbitrary integrity con-
straint IC ∈ LPS. To prove the other direction, suppose that F 6∈ GDIC. Hence,
there exists a profile B ∈ DN such that F (B) 6= Bi for all i ∈ N . This means
that for every i there exists an issue ji such that F (B)ji 6= bi,ji . We now want to
build a propositional formula that is satisfied by all individuals and not by the col-
lective outcome, proving that F is not CR with respect to the full propositional
language. Define a literal `ji to be equal to pji if bi,ji = 1, and to ¬pji other-
wise. Consider as integrity constraint IC the following formula:

∨
i `ji . Clearly,

Bi |= IC for every i ∈ N , i.e., B is a rational profile for the integrity constraint
IC. But by construction, F (B) 6|= IC, as F (B) differs from the individual ballots
on all literals in IC. Therefore, F is not collectively rational for IC and does not
belong to the class CR[LPS].

As a concluding remark, recall that the language generated by clauses coincides
with the full propositional language, as every propositional formula is equivalent
to a conjunction of clauses by taking its conjunctive normal form. We therefore
obtain the following:

Corollary 4.2.9. CR[clauses] = GDIC.

We analyse restricted languages of clauses in Section 4.4.

4.2.2 How to Combine Characterisation Results

Most of the characterisation results presented thus far characterise a class of
procedures determined by a single axiom and by a uniform description of the
language. In this section we briefly explain to what extent such results can be
combined to allow us to make predictions regarding the collective rationality
of procedures satisfying several such axioms, or in the case where the integrity
constraints can be chosen from a more complex language.

(Roemer, 1996). It denotes social choice functions that follow the choice of the individual
having a certain position in society (e.g., egalitarian maximin). The same term is also used to
indicate a generalisation of the median rule in single-peaked domains (Moulin, 1988).
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Consider the case of two characterisation results CR[L1] = FL1 [AX1] and
CR[L2] = FL2 [AX2]. By part (ii) of Lemma 4.1.8 and by FL1∪L2 [AX1,AX2] ⊆
FL1 [AX1] ∩ FL2 [AX2] we can infer that

FL1∪L2 [AX1,AX2] ⊆ CR[L1 ∪ L2].

(But note that the other inclusion is not always true.) This entails that if we
express constraints in the language L1 ∪ L2 or in any of its sublanguages, then
picking procedures from FL1∪L2 [AX1,AX2] is a sufficient condition for collective
rationality. If, instead, we start from a class of procedures satisfying axioms AX1

and AX2 on the language L1 ∪ L2 then we can infer that these procedures lift
any language L ⊆ L1 ∪ L2, since as we previously observed FL1∪L2 [AX1,AX2] is
included in CR[L1 ∪ L2], which in turn is included in CR[L].

Suppose, for instance, that we are considering an aggregation procedure F
that satisfies both the axiom of unanimity and the axiom of domain-neutrality,
i.e., a function in F[U,ND]. Then we are certain that any integrity constraint that
can be expressed as a conjunction of literals and XOR-formulas is lifted by F , i.e.,
any formula in the language for integrity constraint generated by cubes ∪ LXOR.
On the other hand, if we can describe an integrity constraint as a conjunction
of an XOR-formula with an equivalence, then by Theorems 4.2.3 and 4.2.4 it is
sufficient to pick an aggregator that is both neutral over issues and domain-neutral
to guarantee collective rationality.

4.2.3 Partial Characterisation Results

In this section we prove two partial characterisations for languages of implications,
i.e., we give only sufficient axiomatic conditions for an aggregator to be CR with
respect to the language under consideration. Recall from Theorem 4.2.5 that
the language of positive implications L+

→ is the language for integrity constraints
generated by formulas of the form pj → pk for pj, pk ∈ PS.

Proposition 4.2.10. CR[L+
→] ) FL+

→
[NI ,MI, I].

Proof. It is sufficient to notice that FL+
→

[NI ,MI, I] ⊆ FL+
→

[NI ,MN] to obtain the
inclusion from Theorem 4.2.5. To see this, observe that under the assumption
of neutrality and independence the two versions of monotonicity coincide, as we
already remarked in Section 2.2.

We give a direct counterexample to prove that the inclusion is strict. Let I
consist of 2 issues j and k, and N of 2 individuals i1 and i2. Define F to accept
both issues in all profiles except for the one where both individuals accept all
issues, in which we fix F as rejecting both issues. F is clearly collectively rational
for the language of positive implications over two propositional symbols, as the
only ballots falsifying such constraints are never in the output of F . Consider
now the following two profiles.
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B:

j k

i1 0 1
i2 1 1

F 1 1

B′:

j k

i1 1 1
i2 1 1

F 0 0

The second profile B′ is obtained from the first by increasing support on is-
sue j, which is accepted by F in B while it is rejected in B′, contradicting
I-monotonicity. Note that F is also not independent, as the outcome on issue k
changes even if the individual ballots concerning this issue coincide in the two
profiles. Therefore, F is collectively rational with respect to positive implica-
tions but is neither I-monotonic nor independent. However, F has to satisfy the
axiom of issue-neutrality. The reason is that this axiom corresponds to collec-
tive rationality with respect to equivalences, as we have seen in Theorem 4.2.3,
and equivalences can be expressed as conjunctions of positive implications. For-
mally, as L+

→ ⊇ L↔, we have by Lemma 4.1.8 that CR[L+
→] ⊆ CR[L↔], and by

Theorem 4.2.3 this last class is equal to F[NI ].

With a similar proof we can obtain a partial characterisation result for the lan-
guage of negative implications L−→, i.e., formulas of the form pj → ¬pk and
¬pj → pk for pj, pk ∈ PS:

Proposition 4.2.11. CR[L−→] ) FL−→ [ND,MI, I].

Proof. Let F be a domain-neutral, independent and I-monotonic procedure. As-
sume first that pj → ¬pk is the integrity constraint, and let B be a rational
profile such that F (B)j = 1. We want to show that F (B)k = 0 to prove the
collective rationality of F with respect to the integrity constraint pj → ¬pk. By
individual rationality we have that {i | bi,j = 1} ⊆ {i | bi,k = 0}. We now build
a profile B′ from B by modifying the individual ballots on issue j only, such
that b′i,j = 1 − bi,k for all i. Observe that B′ is still a rational profile for the
initial integrity constraint. By MI we can infer that F (B′)j = 1, as we increased
the number of individuals accepting j in B′ without changing the individual bal-
lots on any other issue. Now by ND we have that F (B′)j = 1 − F (B′)k, since
b′i,j = 1− b′i,k for all i, and by I this entails F (B)k = 0, as bi,k = b′i,k for all i.

Assume now that the integrity constraint is ¬pj → pk, and let B be a rational
profile in which F (B)j = 0. As in the first part of the proof, we want to show that
F (B)k = 1 to prove collective rationality with respect to the integrity constraint.
In this case, we know that {i | bi,j = 0} ⊆ {i | bi,k = 1}, and let B′ be a
second profile constructed from B such that b′i,j = 1− bi,k for all i. Assume now
that F (B′)j = 1. Since in the move from B to B′ we increased the amount of
rejections for j, we can apply MI , this time from B′ to B, to conclude that also
F (B)j = 1, against our initial assumption. Thus, F (B′)j = 0, and the proof can
be concluded using the same arguments as in the previous case.
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A counterexample similar to the one used in Proposition 4.2.10 can be devised
to prove that the inclusion is strict.

We can combine the two partial characterisations proved in this section using
Lemmas 4.1.8 and 4.1.9 to obtain sufficient (but not necessary) axiomatic condi-
tions for lifting the full language of implications L→, i.e., the language for integrity
constraints generated from the set {p→ q | p, q ∈ PS}:

CR[L→] ) FL→ [MI, I,NI ,ND].

Observe that L→ = 2-clauses, i.e., the class of formulas that are equivalent to a
conjunction of clauses of maximal size two. This constitutes a very interesting
language for integrity constraints and, as we will see in Section 4.4.2, the majority
rule is one of the collectively rational procedures with respect to this language.

4.3 Characterisations Results for Classical

Axiomatic Properties

In the previous section we proved several characterisation results for various sim-
ple fragments of the propositional language associated with an aggregation prob-
lem. In this section we shift our focus from syntactic descriptions of languages to
axiomatic properties of aggregation procedures, having the axioms as variables
when exploring the possibility for a characterisation result.

We first generalise some of the results proven in the previous section to more
general characterisations of axioms, dropping the domain restriction given by the
language. Then, we prove some negative results involving axioms like anonymity
or independence, which are properties that constrain the aggregation on more
than one profile. For these axioms a characterisation cannot be found.

At the end of the section we turn to the problem of determining which axioms
can be characterised using collective rationality and which cannot. While we do
prove a formal result for all the axioms listed in Section 2.2, we only provide a
preliminary answer to this more general question.

4.3.1 Axioms Characterisation

Consider the class F[AX], dropping the subscript L, as representing the class of
procedures that defines an axiom. As observed at the end of Section 4.1.1, for
all the axiomatic properties considered we know that F[AX] ⊆ FL[AX] for all
L ⊆ LPS. Some of the characterisation results proved in the previous section can
be easily generalised to the class F[AX], becoming therefore characterisations of
classical axioms.
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Corollary 4.3.1. The following equivalences hold:

(i) F[U] = CR[literals].
(ii) F[NI ] = CR[L↔].

(iii) F[ND] = CR[LXOR].

Proof. Refer to Theorems 4.2.1, 4.2.3 and 4.2.4. For all three classes we prove that
FL[AX] = F[AX], for the relevant axiom and language. We do so by proving that
the condition required by the axiom is a vacuous requirement outside domains
defined by formulas in L. In the first case, suppose that B is a profile in which
all individuals unanimously accept (reject) a given issue j. This means that
B ∈ Mod(pj) (B ∈ Mod(¬pj), respectively). Thus, all profiles in the scope of
the axiom of unanimity are models of a literal. The other cases are similar. In
the second one, if two formulas share the same pattern of acceptance/rejection
(issue-neutrality), then we are in a profile that is a model of a bi-implication.
Similar remarks hold for the third case of domain-neutrality. Therefore, in the
three cases under consideration, for a procedure to satisfy an axiom on domains
defined by L is equivalent to satisfying the same axiom on the full domain.

4.3.2 Negative Results

Results of this form cannot be proven for other important axioms, for which it is
not even possible to obtain a characterisation result. We study four such classes
in the following result. Recall that LF [G] is the set of integrity constraints lifted
by all the aggregation procedures in G. Let {>,⊥} be the language for integrity
constraints composed of all tautologies and contradictions.

Proposition 4.3.2. The following equivalences hold:

LF [F[I]] = LF [F[A]] = LF [F[MI]] = LF [F[MN]] = {>,⊥}

Proof. We prove this proposition by constructing for any contingent formula ϕ
(i.e., such that both ϕ and ¬ϕ are satisfiable) an independent, anonymous and
monotonic procedure that is not collectively rational with respect to ϕ. Let ϕ be
such a formula, and let B? ∈ D be a ballot such that B? 6|= ϕ. Consider now the
constant procedure F (B) = B? for all profiles B: this procedure is independent,
anonymous, I-monotonic and N-monotonic, but it is not collectively rational with
respect to ϕ.

An immediate corollary of this result is that it is not possible to obtain a charac-
terisation of these axioms in terms of collective rationality:

Corollary 4.3.3. There is no language L ⊆ LPS such that CR[L] = F[I]. The
same holds for F[A], F[MI] and F[MN].
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Proof. Recall from Section 4.1.2 that in the presence of a characterisation result,
the set of integrity constraints lifted by a class of procedures is uniquely deter-
mined. Suppose then that CR[L] = F[AX] for AX ∈ {I,A,MI,MN} and a given
L. Proposition 4.3.2 forces L to be equal to {>,⊥}, but we have already proven
that this class characterises the whole set of procedures F (cf. Proposition 4.2.6
combined with Lemma 4.1.8). Therefore, such a characterisation cannot exist.

Note that this argument can be generalised to prove that the class FL[I] (and the
same holds for A, MI and MN) cannot be characterised for any restriction given
by a language L. It is sufficient to note that the constant procedure employed in
the proof of Proposition 4.3.2 can be defined regardless of the domain restriction.

Our interest toward these axioms does not cease here. On the contrary, Propo-
sition 4.3.2 showed that the classes of monotone, independent and anonymous
procedures behave in the same way as the full class F for what concerns collec-
tive rationality. This suggests that interesting characterisations can be studied
inside those classes, replacing the set F of all procedures with, e.g., the class F[I].
We are going to pursue this approach in the following sections.

Let us conclude the session with some remarks about the structure of the
axiomatic properties seen so far. The results proven in this section are consis-
tent with the intuition that assumptions regarding the collective rationality of
an aggregator can only condition the outcome in view of a single profile at a
time. Axioms like independence or monotonicity coordinate the behaviour of the
aggregator on more than one profile, and for this reason cannot be characterised
as collective rationality with respect to a particular language. This ideal line
that can be drawn to separate “intra-profile axioms” from “inter-profile axioms”
has been given the name of “single-profile” versus “multi-profile” approach in the
literature on Social Choice Theory (Samuelson, 1967; Roberts, 1980a).

The multi-profile approach to Social Choice Theory is the rather standard
study of aggregation procedures as functions defined on the domain of all profiles,
while under the single-profile approach the object of study is a single profile at
a time, together with its outcome. Classical axioms have first been formulated
under the former approach, which led to the celebrated Arrow’s Impossibility
Theorem (Arrow, 1963). In the following decades several authors proposed the
single-profile approach to Social Choice Theory as a possible escape from Arrow’s
impossibility (Samuelson, 1967). Unfortunately, as several theorems have shown
(see, e.g., Roberts, 1980b; Pollak, 1979), the impossibility persists even after the
classical axioms are transformed into their so-called “single-profile analogues”.

It is not our purpose to give a formal treatment of such notions,9 but we may
put forward the following informal definition.

Definition 4.3.4. (informal) An axiom AX is an intra-profile property of aggre-
gation procedures if it can be written in the form ∀B Ψ(B, F (B)) where Ψ is a

9For a formalisation of similar concepts in first-order logic of predicates we refer to the work
of Rubinstein (1984) and our previous work (Grandi and Endriss, 2012).
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property of the profile B and of the outcome F (B). An axiom is an inter-profile
property otherwise.

It is easy to see that collective rationality with respect to a certain language is
an intra-profile requirement, since it comes of the following form:

∀B if Bi |= IC for all i ∈ N then also F (B) |= IC

To prove that anonymity, independence and monotonicity are genuine inter-profile
properties would require a more precise definition than the one we have provided,
but for now it is sufficient to observe that their formulation involves a quantifi-
cation on two distinct profiles, and that this cannot be easily translated into a
single-profile statement. By summing up these remarks, we can conclude that if
an axiom can be characterised as collective rationality with respect to a certain
language, then it is necessarily intra-profile, and the universally quantified formula
expressing this axiom is exactly that of collective rationality. Axioms that are
instead genuinely inter-profile, like independence, monotonicity and anonymity,
but also non-imposition, non-dictatorship and permutation-neutrality (see Riker,
1982), cannot be characterised in terms of collective rationality, and it is easy to
prove a result like Proposition 4.3.2 for such classes.

On the other hand, not all intra-profile requirements can be expressed as col-
lective rationality with respect to a certain language. A counterexample can be
found in a property inspired from the condition of “unrestricted domain over
triples” presented by Pollak (1979). This condition is the single-profile analogue
of the axiom that classically goes under the name of universal domain. It is a
condition of richness imposed on a single profile B, and in binary aggregation it
requires that for every combination that can be constructed with three individu-
als and three issues, i.e., for every profile over {0, 1}3, there exist three issues i1,
i2 and i3 and three individuals such that their ballots in B restricted to issues i1,
i2 and i3 coincide with the given subprofile. If this is the case, we set the outcome
of the function to accept all the issues, i.e., F (B) = (1, . . . , 1). The condition is
genuinely intra-profile but in view of its syntactic structure (it contains an exis-
tential quantifier over three different individuals and issues) cannot be expressed
as collective rationality with respect to a given language.

4.4 Quota Rules and Languages of Clauses

This section is devoted to a thorough exploration of the classes of collectively
rational procedures for several languages of clauses inside the class of quota rules.

We introduced quota rules in Section 2.3.1 as procedures assigning a quota
0 6 qj 6 n + 1 to every issue j such that F (B)j = 1 ⇔ |{i | bi,j = 1}| > qj. In
the same section we also proved that quota rules are axiomatised as the class of
independent, anonymous and monotone procedures. If we denote with QR the
set of quota rules, then we can write QR = F[A, I,MI].
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There are several reasons why the choice of quota rules and languages of
clauses constitutes an interesting combination. First, since we have proven in
Section 4.3 that no characterisation result is possible neither for independent,
nor for anonymous, nor for monotonic procedures, it is important to explore
classes of collectively rational procedures inside those classes. As remarked ear-
lier, by combining all three axioms together we obtain the set of quota rules.
Second, languages of clauses are the most expressive ones, ranging from literals,
to implications, to the full expressivity of LPS.

By Corollary 4.2.9 we know that to obtain interesting results it is necessary
to limit either the size or the shape of the clauses that build up a language for
integrity constraints. In this section we concentrate on languages defined by
bounding the size of clauses, and quota rules seem a perfect candidate to deal
with such restrictions, as they allow us to put restrictions on quotas and constrain
them with equations.

We will assume for the rest of this section that the number of issues is always
strictly bigger than the limitation on the size of a clause. This is because in case
the number of issues is smaller or equal than the bound on clauses this limitation
is fictitious, and the language becomes fully expressive, thereby ruling out any
non-trivial characterisation.

4.4.1 Positive and Negative Clauses

We start by studying the special case of positive and negative clauses of arbitrary
size, obtaining necessary and sufficient conditions for quota rules to lift such
constraints, and exploring characterisation results inside these classes.

For k > 1, we define an exact k-clause as a clause of length k, i.e., a clause in
which exactly k propositional symbols occur either positively or negatively but
not both.10 A k-clause is a clause of size at most k. A k-pclause is a positive
k-clause, i.e., a disjunction where all literals are positive, and a k-nclause is a
negative k-clause, where all literals are negative. Given a clause ϕ = `1∨ · · · ∨ `k,
we say that an issue j occurs in ϕ if one and only one of pj and ¬pj is one of the
literals of ϕ. For instance, the following formula p∨ q∨¬p∨¬r∨¬r is a 2-clause
in which two propositional symbols q and r occur, while p occurs in a spurious
way and does not add to the length of the clause.

Proposition 4.4.1. A quota rule is CR for an exact k-pclause IC if and only if∑
j qj < n + k, with j ranging over all issues that occur in IC and n being the

number of individuals, or qj = 0 for at least one issue j that occurs in IC.

Proof. Suppose IC = p1 ∨ · · · ∨ pk and let i1, . . . , ik be the corresponding issues.
Given that IC is a positive clause, the only way to generate a paradox is by

10This is to exclude from the count redundant subformulas of a clause like pj ∨pj or pj ∨¬pj .
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rejecting all issues i1, . . . , ik. It is easy to see that this cannot occur if the quota
for one of these issues is 0. We can therefore assume that all quotas are positive.

Suppose now that we can create a paradoxical profile B. Every individual
ballotBi must accept at least one issue to satisfy the integrity constraint; therefore
the profile B contains at least n acceptances concerning issues i1, . . . , ik. On the
other hand, since F (B)j = 0 for all j = 1, . . . k, we have that the number of
individuals accepting an issue j is strictly lower than qj. As previously remarked,
there are at least n acceptances on the profile B and the maximal number of
acceptances that allows rejection on all issues is

∑
j(qj − 1). Hence we have that

n 6
∑

j(qj − 1). This is equivalent to n+ k 6
∑

jqj, since all j are distinct, thus
we can construct a paradox with our IC if and only if this inequality holds. By
taking the contrapositive we obtain the statement of Proposition 4.4.1.

With a similar proof we get the analogous result for negative clauses:

Proposition 4.4.2. A quota rule is CR for an exact k-nclause IC if and only if∑
j qj > (k− 1)n, with j ranging over all issues that occur in IC and n being the

number of individuals, or qj = n+ 1 for at least one issue j that occurs in IC.

Proof. As for the previous proof, we can start by assuming that all quotas are
6 n, for otherwise the constraint is trivially lifted. Suppose now that we can
create a paradoxical profile B. For the constraint to be lifted there must be at
least n rejections on the profile B, and the maximal amount of rejections that
allows acceptance of all issues, in order to create such a paradox, is

∑
j(n− qj);

hence n 6
∑

j(n − qj). Therefore, since each quota refers to distinct issues, we
can construct a paradox with this IC if and only if

∑
j qj 6 (k − 1)n, and by

taking the contrapositive we obtain the statement of Proposition 4.4.2.

In case k = 1, i.e., the case of a literal pj or ¬pj, we obtain qj < n+1 from the first
proposition and qj > 0 from the second, thus forcing the rule to be unanimous
on issue j (quota rules satisfying 1 6 qj 6 n for all j are unanimous). This is
consistent with Proposition 4.2.1.

We now want to turn these results into characterisation results along the lines
of those proved in Section 4.2. We first have to define languages of clauses from
our definition of clauses of a limited size. Let k-pclauses and k-nclauses denote,
respectively, the set of positive (negative) clauses of size 6 k. Denote with QReq

the set of quota rules such that all quotas qj for j ∈ I satisfy the equation eq in
the subscript. The function dxe is defined as the smallest integer bigger or equal
than x. We prove the following corollary of Propositions 4.4.1 and 4.4.2:

Corollary 4.4.3. The following inclusions are true:

(i) QRqj6dnk e ⊆ CR[k-pclauses]
(ii) QRqj>n−dnk e+1⊆ CR[k-nclauses]
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Proof. The first result is a consequence of Proposition 4.4.1 and the fact that
dn
k
e < n

k
+ 1. If all quotas qj 6 dnk e then for any subset of k issues that might

occur in a k-pclause we have that
∑

j qj 6
∑

jd
n
k
e <

∑
j(
n
k

+ 1) = n+ k.
Analogously, referring this time to Proposition 4.4.2, we have that for any k

set of issues
∑

j qj >
∑

j(n− d
n
k
e+ 1) >

∑
j(n−

n
k
− 1 + 1) = (k − 1)n.

The significance of the previous result resides in the fact that the bounds given by
those equations are the lowest uniform bounds we can give to quotas to guarantee
collective rationality. This is what is proven in the following corollary, which
focuses on uniform quota rules.

Corollary 4.4.4. A uniform quota rule is CR with respect to:
(i) a k-pclause if and only if q 6 dn

k
e;

(ii) a k-nclause if and only if q > n− dn
k
e+ 1.

Proof. i) In the case of uniform quota rules the equation in Proposition 4.4.1
takes the following form

∑
j q = kq < n+ k. This holds if and only if q < n

k
+ 1,

that is equivalent, as remarked in the proof of the previous corollary, to q 6 dn
k
e.

ii) In the same way, using a single quota in the equation of Proposition 4.4.2
we obtain kq > (k−1)n, i.e., q > n− n

k
which is equivalent to q > n−dn

k
e+1.

Note that the two equations in the previous proposition are incompatible except
for the case of k = 2 and n being odd, in which case q = n+1

2
. This proves that no

uniform quota rule is collectively rational on both positive and negative clauses
of a given size, except for the case of n being odd and q = n+1

2
. This quota rule

is the majority rule, and it is now time to study this procedure in more detail.

4.4.2 The Majority Rule

The majority rule is the uniform quota rule that accepts an issue whenever there
are more individuals accepting the issue than rejecting it. The majority rule is
perhaps one of the most natural aggregation rules. It is arguably the one that
is used the most in practical applications, but as we noted in Chapter 3, it also
generates a plethora of paradoxical situations that have been widely studied in
the literature. As we have seen in Section 2.3.2, the majority rule is axiomatised
by A, I, NI , MI and ND (cf. Proposition 2.3.7).

In case the number of individuals is odd the majority rule has a unique defini-
tion by setting the quota to q = n+1

2
. The case of an even number of individuals is

more problematic, to account for profiles in which exactly half of the individuals
accept an issue and exactly half reject it. We give two different definitions. The
weak majority rule with quota q = n

2
accepts an issue if and only if at least half

of the individuals accepts it. The strict majority rule accepts an issue if and only
if a strict majority of the individuals accepts it, i.e., it is the uniform quota rule
with quota q = n+2

2
. The first rule favours acceptance, while the second favours
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rejection of an issue. In the following sections we will characterise the set of
integrity constraints that are lifted by the majority rule, by the weak majority
rule, and by the strict majority rule.

Odd Number of Individuals: The Majority Rule

In this section we make the assumption that the number of individuals is odd,
and we indicate with Maj the uniform quota rule with quota q = n+1

2
. We make

the additional assumption that there are at least 3 individuals. The majority rule
in the case of 1 individual is the identity function that outputs the ballot received
by the only individual.

Let us begin with a base-line result that proves collective rationality of the
majority rule in case the integrity constraint is equivalent to a conjunction of
2-clauses:

Proposition 4.4.5. The majority rule is in CR[2-clauses].

Proof. Since the majority rule is a uniform quota rule, its quota has to satisfy
both types of constraints from Corollary 4.4.3 to lift both positive and negative
clauses. Thus q 6 dn

k
e and q > n − dn

k
e + 1, and as remarked in the previous

section these are incompatible unless k = 2 and n is odd, in which case q = n+1
2

. It
remains to check the case of mixed clauses IC = pi∨¬pj. A paradoxical profile for
the majority rule with respect to this integrity constraint features a first majority
of individuals rejecting issue i and a second majority of individuals supporting
issue j. By the pigeonhole principle these two majorities must have a non-empty
intersection, i.e., there exists one individual that rejects issue i and accepts issue
j. This is incompatible with the requirement that all individual ballots satisfy IC,
therefore the majority rule is collectively rational with respect to every 2-clause,
and by Lemma 4.1.3 with respect to the full language of 2-clauses.

An easy corollary of this proposition covers the case of just 2 issues:

Corollary 4.4.6. If |I| 6 2, then the majority rule is in CR[LPS].

Proof. This follows immediately from Proposition 4.4.5 and from the observation
that every given IC for two issues can be put in conjunctive normal form, and since
there are only two propositional symbols this formula must consist of conjunctions
of clauses of size at most 2 (recall that repetitions of the same atom in a clause
do not count).

As we have remarked in Section 3.4, all classical paradoxes involving the majority
rule can be formalised in our framework by means of an integrity constraint that
consists of (or is equivalent to) one or more clauses of size bigger than two. We
now generalise this observation to a theorem that completes the characterisation
of the integrity constraints lifted by the majority rule, proving that these are all
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and only those formulas that are expressible as conjunctions of 2-clauses. We
need some preliminary definitions and a lemma.

Let minimally falsifying partial assignment (mifap-assignment) for an integrity
constraint IC be an assignment to some of the propositional variables that can-
not be extended to a satisfying assignment, although each of its proper subsets
can. We first prove a a crucial lemma about mifap-assignments. Given a propo-
sitional formula ϕ, associate with each mifap-assignment ρ for ϕ a conjunction
Cρ = `1 ∧ · · · ∧ `k, where `i = pi if ρ(pi) = 1 and `i = ¬pi if ρ(pi) = 0 for all
propositional symbols pi on which ρ is defined. The conjunction Cρ represents
the mifap-assignment ρ and it is clearly inconsistent with ϕ.11

Lemma 4.4.7. Every non-tautological formula ϕ is equivalent to (
∧
ρ ¬Cρ) with

ρ ranging over all mifap-assignments of ϕ.

Proof. Let A be a total assignment for ϕ. Suppose A 6|= ϕ, i.e., A is a falsifying
assignment for ϕ. Since ϕ is not a tautology there exists at least one such A. By
sequentially deleting propositional symbols from the domain of A we eventually
find a mifap-assignment ρA for ϕ included in A. Hence, A falsifies the conjunct
associated with ρA, and thus the whole formula (

∧
ρ ¬Cρ).

Assume now A |= ϕ but A 6|= (
∧
ρ ¬Cρ). Then there exists a ρ such that

A |= Cρ. This implies that ρ ⊆ A, as Cρ is a conjunction. Since ρ is a mifap-
assignment for ϕ, i.e., it is a falsifying assignment for ϕ, this contradicts the
assumption that A |= ϕ.

We are now able to provide a full characterisation of the set of integrity constraints
that are lifted by the majority rule in case the set of individuals is odd. Recall
from Definition 4.1.10 that LF [F ] is the set of integrity constraints lifted by F .

Theorem 4.4.8. LF [Maj] = 2-clauses.

Proof. One direction is entailed by Proposition 4.4.5: the majority rule is CR
with respect to conjunctions of 2-clauses.

For the opposite direction assume that IC 6∈ 2-clauses, i.e., that IC is not
equivalent to a conjunction of 2-clauses. We now build a paradoxical profile
for the majority rule. By Lemma 4.4.7 we know that IC is equivalent to the
conjunction

∧
ρ ¬Cρ of all mifap-assignments ρ for IC. We can therefore infer

that at least one mifap-assignment ρ∗ has size > 2, for otherwise IC would be
equivalent to a conjunction of 2-clauses.

11The notion of mifap-assingment corresponds to what are called minimally inconsistent sets
in the judgment aggregation literature (List and Puppe, 2009). For a detailed discussion of the
relationship between binary aggregation and judgment aggregation refer to Chapter 6. Formulas
¬Cρ associated with mifap-assignments ρ for IC are also known as the prime implicates of IC
(Marquis, 2000). Lemma 4.4.7 is a reformulation of the known result that a formula is equivalent
to the conjunction of its prime implicates.
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Consider now the following profile. Let y1, y2, y3 be three propositional vari-
ables that are fixed by ρ∗. Assume that there are at least 3 individuals. Let the
first individual i1 accept the issue associated with y1 if ρ(y1) = 0, and reject it
otherwise, i.e., let b1,1 = 1 − ρ∗(y1). Furthermore, let i1 agree with ρ∗ on the
remaining propositional variables. By minimality of ρ∗, this partial assignment
can be extended to a satisfying assignment for IC, and let Bi1 be such an as-
signment. Repeat the same construction for individual i2, this time changing the
value of ρ∗ on y2 and extending it to a satisfying assignment to obtain Bi2 . The
same construction for i3, changing the value of ρ∗ on issue y3 and extending it to
a satisfying assignment Bi3 . If there are other individuals in N , let individuals
i3s+1 have the same ballot Bi1 , individuals i3s+2 ballot Bi2 and individuals i3s+3

ballot Bi3 . The basic profile for 3 issues and 3 individuals is shown in Table 4.1.

y1 y2 y3

i1 1-ρ∗(y1) ρ∗(y2) ρ∗(y3)
i2 ρ∗(y1) 1-ρ∗(y2) ρ∗(y3)
i3 ρ∗(y1) ρ∗(y2) 1-ρ∗(y3)

Maj ρ∗(y1) ρ∗(y2) ρ∗(y3)

Table 4.1: A paradoxical profile for the majority rule.

As can be seen from the table, and easily generalised to the case of more than
3 individuals, there is a majority supporting ρ∗ on every variable on which ρ∗

is defined. Since ρ∗ is a mifap-assignment and therefore cannot be extended to
an assignment satisfying IC, the majority rule in this profile is not collectively
rational with respect to IC.

This result may be considered a “syntactic counterpart” of a result by Nehring
and Puppe (2007), in which it is proven that in the framework of judgment
aggregation the majority rule will output a consistent outcome if and only if the
set of formulas under consideration satisfies what is called the median property,
i.e., that no minimally inconsistent subsets of size > 3 can be constructed from
such formulas. A more detailed discussion about this correspondence can be
found in Section 6.3.4.

Recall that the result of Theorem 4.4.8 does not give rise to a characterisation
result, i.e., it does not imply that CR[2-clauses] = Maj (cf. Proposition 4.1.11).
On the contrary, this class includes all generalised dictatorships. We will provide
a characterisation of this class inside the class of quota rules in Section 4.4.3.

Even Number of Individuals: Weak Majority and Strict Majority

If the aggregation problem features an even number of individuals the majority
rule can take two forms. Recall that the weak majority rule (W-Maj ) is the
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uniform quota rule with quota q = n
2

while the strict majority rule (S-Maj ) has
quota q = n+2

2
.

The main difference to the case of an odd number of individuals is that
both the weak and the strict majority rule do not satisfy the axioms of domain-
neutrality ND.12 To see this, consider the profile in Table 4.2. The profile features

j1 j2

i1 0 1
i2 0 1
i3 1 0
i4 1 0

W-Maj 1 1
S-Maj 0 0

Table 4.2: Weak and strict majority.

two issues that are both accepted by two individuals and rejected by exactly the
same number. The weak majority rule accepts both issues, since at least half
of the individuals agree with them. On the other hand, the strict majority rule
rejects both issues, as it requires at least 3 individuals accepting an issue to form
a majority. Both cases are in violation of domain neutrality, as the individual
ballots on the two issues are symmetric: the first rule favours acceptance, while
the second favours rejection.

For what concerns the behaviour of the two procedures with respect to col-
lective rationality, we can prove the following proposition.

Proposition 4.4.9. W-Maj and S-Maj are CR with respect to L+
→ (i.e., 2-clauses

in which one literal is negative and one is positive). W-Maj is CR with respect to
2-pclauses. S-Maj is CR with respect to 2-nclauses.

Proof. A closer inspection of the proof of Proposition 4.4.5 reveals that the case
for mixed clauses is also applicable for an even number of individuals. The same
result can also be obtained from Theorem 4.2.5, since both W-Maj and S-Maj
satisfy issue-neutrality and N-monotonicity. The second part of the proof is a
direct consequence of Corollary 4.4.4.

Note that the profile in Table 4.2 is a counterexample to W-Maj being CR with
respect to a negative 2-clause, i.e., ¬p1 ∨ ¬p2, and a counterexample to S-Maj
being CR with respect to the positive 2-clause p1 ∨ p2.

Unfortunately, a result analogous to Theorem 4.4.8 for the case of an even
number of individuals cannot be proven. We therefore refer to the more general

12Since they are both uniform quota rules, they still satisfy I, A, NI and MI.
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result about uniform quota rules that is proven in Section 4.4.3 (Corollary 4.4.11).
To have an idea of the behaviour of the weak and strict majority rule on clauses
of size bigger than 2, let us consider a positive clause of size 3. While the majority
rule generates a paradox for any set of individuals of odd size, when this set is of
even cardinality the weak majority generates a paradox if an only if there are no
more than 4 individuals. This is a consequence of Corollary 4.4.11 but it can be
seen directly with some easy calculation.

4.4.3 General Clauses

In this section we present a general result for the collective rationality of an arbi-
trary quota rule with respect to an arbitrary k-clause. This result generalises our
previous results concerning positive and negative clauses, and clauses of size 2. At
the end of the section we prove some conclusive characterisations for collectively
rational procedures inside the class of quota rules.

We prove the following general result for arbitrary k-clauses:13

Theorem 4.4.10. A quota rule is CR with respect to an exact k-clause IC iff∑
j negative

qj +
∑

j positive

(n− qj + 1) > n(k − 1) (4.1)

for issues j that occur positively or negatively in IC, or qj = 0 for some issue j
that occurs positively in IC, or qj=n+ 1 for issue j that occurs negatively in IC.

Proof. The case of quota rules being constant on one of the issues (i.e., the case
qj = 0, n + 1) is straightforward. We can therefore assume that all quotas are
0 < qj < n + 1. Suppose now that we can generate a paradoxical profile B for
the k-clause IC. The only way to falsify the integrity constraint is to output an
assignment F (B) that rejects all issues that occur positively in IC and accepts all
those that are negative. We therefore concentrate our attention to the subprofile
Bk defined by restricting the individual ballots to the k issues occurring in IC.

Since individual ballots are rational, there are at least n “correct” symbols
in this subprofile, i.e., a 1 for a positive issue or a 0 for a negative one. We
refer to such entries with a C in Table 4.3. We now want to count how many
“wrong” symbols are present on this subprofile. As B is a paradoxical profile, all
issues that occur negative in IC have to be accepted. Therefore, for each of those
issues at least qj individuals have the wrong symbol, in this case a 1. For the
same reason, every issue that occurs positively in IC is rejected, so the profile Bk

contains at least n − qj + 1 individuals rejecting such issue. Summing up, since
the number of cells in this subprofile is nk, we can generate a paradoxical profile
if and only if there are enough cells in Bk to account for the minimal number of

13This proposition corresponds to a result proved by Dietrich and List (2007a, Theorem 2c)
for quota rules in the framework of judgment aggregation.
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j1 j2 . . . jk

i1 C W . . . W
i2 W W . . . C
...

...
...

...
i3 W C . . . W

F W W . . . W

Table 4.3: A paradoxical profile for general clauses.

correct and wrong symbols to generate a paradox. This turns into the equation
n +

∑
jpos(n − qj + 1) +

∑
jneg qj 6 nk. By taking the contrapositive of the last

statement we get Equation 4.1.

It is easy to see that the special cases of positive and negative clauses, i.e., our
Propositions 4.4.1 and 4.4.2, can be obtained as corollaries of the previous result.
The special case of uniform quota rules is particularly interesting:

Corollary 4.4.11. A uniform quota rule with q 6= 0, n+ 1 is CR with respect to
a k-clause IC if and only if

(k2 − k1)q > n(k2 − 1)− k1 (4.2)

where k1 (k2, respectively) is the number of positive (negative, respectively) issues
in IC.

Our Corollary 4.4.4 can be proven as the special case of k1 = k and k1 = 0. The
other special case of k1 = k2 lead to a satisfiable equation only in case of k = 2,
proving two important facts: First, every quota rule lifts a 2-clause in which one
issue is positive and the other is negative, for the equation in this case is always
true (it reduces to 0 > −1). More importantly, it implies that CR[k-clauses]
does not contain any uniform quota rule for k > 3 when the number of issues is
even, since this language includes also k-clauses where exactly half of the issues
are negative and half are positive, in which case the equation does not have any
solutions.

We are now ready to prove a characterisation analogous to that of Theo-
rem 4.4.8 for uniform (non-constant) quota rules:

Proposition 4.4.12. Let q be different from 0, n+1, and let Fq be the correspond-
ing uniform quota rule. Then, LF [Fq] is the language for integrity constraints
generated from all k-clauses that satisfy Equation 4.2.

Proof. One direction is Corollary 4.4.11. For the other direction we resort to
Lemma 4.4.7 again. An integrity constrain IC is equivalent to the conjunction of
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the negation of its mifap-assignments
∧
ρ ¬Cρ. Therefore, if Fq generates a para-

dox with IC then there is at least one of the mifap-assignments that is satisfied
by the outcome of Fq, whilst being falsified by every individual. Since every ¬Cρ
is a clause, by Corollary 4.4.11 it must not satisfy equation 4.2. Thus, if Fq is not
collectively rational with respect to IC then IC is not in the language generated
by k-clauses satisfying Equation 4.2.

In exactly the same way we can prove a characterisation for the set of integrity
constraints lifted by general quota rules:

Proposition 4.4.13. Let qj be different from 0, n+ 1, and let F be a quota rule.
Then, LF [F ] is the language for integrity constraints generated from k-clauses
satisfying Equation 4.1.

Using the equations introduced in this section we are able to prove some interest-
ing results about the characterisation of collectively rational procedures inside the
class of quota rules. We have already seen some partial inclusion in Section 4.4.1
for the language of positive and negative clauses in case the set of individuals is
odd, and we can now prove the following:

Proposition 4.4.14. CR[2-clauses] ∩QR = {Maj}

Proof. Let q1 and q2 be two quotas relative to two distinct issues. Since we assume
that every 2-clause is lifted, these two quotas satisfy the following system of
equations, obtained by instantiating Equation 4.1 to the case of positive, negative,
and mixed 2-clauses:

q1 + q2 < n+ 2

q1 + q2 > n

q1 + n− q2 + 1 > n

q2 + n− q1 + 1 > n

From the first two equations we obtain q1 + q2 = n+ 1, since quotas are integers.
From the other equations we obtain |q1− q2| < 1, which for integer values entails
q1 = q2. We can then conclude that q1 = q2 = dn+1

2
e, thus obtaining the majority

rule.

We end this section by proving an expected negative result for the characterisation
of general languages of clauses inside the class of quota rules:

Proposition 4.4.15. CR[k-clauses] ∩QR = ∅ for all k > 2.

Proof. A quota rule in CR[k-clauses] must be CR with respect to both positive
and negative clauses, therefore both equations in Propositions 4.4.1 and 4.4.2
have to be satisfied. But these are unsolvable for k > 2. To see this fact consider
the first equation, which forces

∑
qj < n + k for any subset of issues of size k,
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and the second equation requiring
∑
qj > (k − 1)n on the same subsets. These

two equations are compatible only if (k − 1)n < n + k, from which we obtain
n < k

k−2
. This in turn is true only if n < 3, against our general assumption that

there are at least 3 individuals.

Observe that the equations involved in this proof do not assume that clauses have
size strictly smaller than k, hence this result can be strengthened to the language
of clauses of size exactly k.

4.5 Conclusions and Related Work

In this chapter we developed a general theory of collective rationality in binary
aggregation. We classified integrity constraints into syntactically defined lan-
guages, and we investigated the problem of how to guarantee collective ratio-
nality with respect to all integrity constraints in a given language by means of
classical axiomatic properties (see, e.g., Theorems 4.2.1, 4.2.3 and 4.2.4). We also
investigated the related problem of characterising, given a classical axiomatic re-
quirement for aggregation procedures, the set of integrity constraints that are
lifted by all procedures satisfying that property (see, e.g., Proposition 4.3.2). In
the last part of the chapter we concentrated on quota rules, i.e., procedures de-
fined by means of acceptance quotas for every issue. In particular, we obtained a
complete characterisation of the set of integrity constraints lifted by the majority
rule and by general quota rules (Theorems 4.4.8 and 4.4.10).

While the framework of binary aggregation is well-known in the literature on
Social Choice Theory (cf. Section 2.4), the results presented in this chapter consti-
tute the first systematic study of collective rationality with respect to languages
for integrity constraints in this setting. Classical approaches usually concentrate
on Arrovian aggregation procedures, i.e., procedures that are both unanimous
and independent, while most of our characterisation results do not make such re-
strictive assumptions. While the restriction to Arrovian aggregators is in line with
standard assumptions in economics, those assumptions are not always justified
in AI applications. In this section we review some of the classical approaches to
the problem of collective rationality from the literature on Social Choice Theory
and we make some conclusive remarks.

Wilson (1975) has been the first to define and study the framework of binary
aggregation, obtaining general characterisation results for independent aggrega-
tion procedures that generalise the more famous impossibility theorem by Arrow
(1963). As pointed out in Section 2.4, Wilson’s notion of responsive aggregator for
a family of subsets corresponds to our notion of collective rationality with respect
to a language for integrity constraints. Being focused on independent procedures,
Wilson characterised classes of collectively rational procedures in terms of the
structure of winning coalitions defining those procedures (cf. Proposition 2.3.1).
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In Chapter 5 we follow a similar approach by providing a proof of Arrow’s Theo-
rem which focuses on linking requirements of collective rationality for preference
relations with the structure of winning coalitions that defines an independent
procedure.

Dokow and Holzman (2009, 2010a) focused on the similar problem of char-
acterising “impossibility domains”, i.e., subsets of the full set of binary ballots
{0, 1}I on which every independent, unanimous and collectively rational proce-
dure is dictatorial. They represented rationality assumptions directly as sets of
feasible binary ballots, and they provided graph-theoretic conditions for such a
subset to be an impossibility domain. As we have remarked at the beginning
of this section, our work differs in that we do not concentrate on independent
aggregation procedures. However, an interesting line for future research is to
investigate whether a syntactic counterpart of the properties characterising im-
possibility domains can be devised.

A similar approach has been taken by Nehring and Puppe (2010), who focused
on the study of monotonic and independent procedures. As remarked earlier, our
Theorem 4.4.8 can be considered as a syntactic analogue of a result proved by
the same authors in earlier work (Nehring and Puppe, 2007), which deals with
the characterisation of impossibility domains for a class of procedures including
the majority rule.

As we have already remarked in several places throughout the chapter, many
of the results proven in Section 4.4 are analogous to those proven by Dietrich
and List (2007a) in the framework of judgment aggregation. The use of integrity
constraints, however, enables us to obtain results that are more applicable both
in a theoretical and a practical way. First, as we argue in Chapter 5 and 6, we can
easily reduce possibility and impossibility results in other settings of aggregation
to some of the characterisation results presented in this chapter. Second, from a
computational perspective the use of formulas to model rationality assumptions,
rather than referring to the consistency of judgment sets, leads to problems that
are substantially easier to compute (cf. Section 7.5).

All results in this chapter can be generalised to cover the case of an infinite
number of issues and an infinite number of individuals (except for those concern-
ing quota rules and the majority rule, whose definitions hinge on the finiteness
of the set of individuals). Related work on this topic has been carried out by
Herzberg and Eckert (2012), focusing on the study of independent aggregation
procedures for infinite electorates.

Together with Chapter 2, this chapter constitutes a first step towards a general
application-oriented theory of aggregation, a topic that is crucial to the develop-
ment of several AI applications and, above all, to the design of multiagent systems.
The achievements of the chapter are twofold: First, this work constitutes the first
systematic study of collective rationality for non-independent aggregation proce-
dures in binary aggregation. Second, to achieve these results we introduced the
novel concept of languages for integrity constraints. By developing a complex
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theoretical machinery around this notion we were able to build a link between
classical axiomatic properties and collective rationality, proving interesting char-
acterisations and laying the basis for further investigations of aggregation theory.

The results proven in the present chapter should not be interpreted as lim-
iting the possibility of consistent aggregation, but rather as specifying for each
application at hand the right conditions that make it possible. Perhaps the most
intriguing direction for future research is to employ the machinery developed in
this chapter to design collectively rational aggregation procedures to tackle com-
plex problems of aggregation that occur in many AI applications. We make some
preliminary steps in this direction in Chapter 7.


