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Chapter 6

Judgment Aggregation

In this chapter we study the framework of judgment aggregation (JA), a topic
that in recent years has received considerable attention both in Social Choice
Theory and in Artificial Intelligence. JA studies situations in which a set of
agents express their judgments over a set of correlated propositions, and this
needs to be aggregated into a collective judgment. Such a process may lead to
paradoxical situations, as seen in Section 3.2, and in this chapter we investigate
the source of such paradoxes proving a series of results in JA, inspired by our
findings in binary aggregation with integrity constraints (BA with IC).

We define a new problem in the study of JA procedures called the safety of
the agenda: Given a class of procedures defined axiomatically, we seek necessary
and sufficient conditions on the set of propositions under consideration (i.e., the
agenda) to avoid paradoxical situations. Once we have studied this problem for
some classes of procedures defined axiomatically, we turn to identify the computa-
tional complexity of recognising safe agendas for such classes. We show that this
problem is highly intractable, proving completeness for the complexity class Πp

2.

In Section 6.1 we give the basic definitions of the framework of JA we shall
be working with, and we list axiomatic properties for the study of judgment
aggregation procedures. The relation between the framework of JA and BA with
IC is investigated in detail in Section 6.2, showing that the two frameworks are
equivalent in terms of expressive power. Section 6.3 presents the problem of
safety of the agenda, and contains several safety results for classes of procedures
defined axiomatically. We also compare our findings with characterisation results
from Chapter 4, providing another example of the generality of the proof method
for (im)possibility results described in the introduction and used in Chapter 5
to obtain several results in preference aggregation. In Section 6.4 we study the
computational complexity of recognising safe agendas for such classes for which
a safety result was proven. Section 6.5 concludes.
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90 Chapter 6. Judgment Aggregation

6.1 The Framework of Judgment Aggregation

In this section, we give precise definitions for the framework of JA we shall be
working with for the rest of the chapter, giving particular attention to computa-
tional problems arising from the use of logical formulas as objects of aggregation.
We introduce some new terminology to shed light on the difference between the
“syntactic” and “logical” properties of a judgment set, a difference that we be-
lieve is worth stressing. We also introduce a list of axioms specifying desirable
properties for a judgment aggregation procedure. All our definitions are closely
related to existing ones, resulting in a framework that is essentially equivalent to
the version given by List and Puppe (2009). We shall refer to the setting defined
in this section as the formula-based framework for JA.

6.1.1 Basic Definitions

Let PS be a set of propositional variables, and LPS the set of propositional formu-
las built from PS using the usual connectives ¬, ∧, ∨, →, ↔ (see Appendix A).
If α is a propositional formula, define ∼α as the complement of α, i.e., ¬α if α is
not negated, and as β if α = ¬β.

Definition 6.1.1. An agenda is a finite nonempty set Φ ⊆ LPS that does not
contain any doubly-negated formulas and that is closed under complementation
(i.e., if α ∈ Φ then ∼α ∈ Φ).

In a slight departure from the common definition in the literature (List and
Puppe, 2009), note that we do allow for tautologies and contradictions in the
agenda. Our reason for relaxing the framework in this manner is that one of
our interests is to study the computational complexity of JA, and recognising a
tautology or a contradiction is itself a computationally intractable problem. The
complexity results we will prove in Section 6.4 would however remain unchanged if
we added the additional requirement that agendas should not contain tautologies
and contradictions.

Definition 6.1.2. A judgment set J on agenda Φ is a subset of the agenda J ⊆ Φ.

We call a judgment set J : complete if α ∈ J or ∼α ∈ J for all α ∈ Φ; complement-
free1 if for all α ∈ Φ it is not the case that both α and its complement are in J ;
and consistent if there exists an assignment that makes all formulas in J true.

Denote with J (Φ) the set of all complete and consistent subsets of Φ. Given
a set N = {1, . . . , n} of n individuals, denote with J = (J1, . . . , Jn) a profile of
judgment sets, one for each individual.

1This property is called weak consistency by Dietrich (2007), and consistency by List and
Pettit (2002). Our choice of terminology is intended to stress the fact that it is a purely syntactic
notion, not involving any model-theoretic concept.
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Definition 6.1.3. A judgment aggregation procedure (JA procedure) for agenda
Φ and a set of individuals N is a function F : J (Φ)N → 2Φ.

That is, a JA procedure maps any profile of individual judgment sets to a single
collective judgment set (an element of the powerset of Φ). Since F is defined on
the set of all profiles of consistent and complete judgment sets, we are already
assuming a universal domain, which is sometimes stated as a separate property
(List and Pettit, 2002). The definition also includes a condition of individual
rationality: all individual judgment sets are complete and consistent.

6.1.2 Axiomatic Properties

In analogy with Section 2.2, we now list the most important axioms and properties
that have been introduced in the literature for JA procedures. We will use the
same terminology and letters of Section 2.2 to denote axiomatic properties for JA
procedures. This should create no confusion since, as we will prove in Section 6.2,
there is direct correspondence between the two formulations.

In Definition 6.1.3 we did not put any constraints on the collective judgment
set, the outcome of aggregation. This is the role of the following definition:

Definition 6.1.4. A JA procedure F , defined on an agenda Φ, is said to be:
(i) complete if F (J) is complete for every J ∈ J (Φ)N ;

(ii) complement-free if F (J) is complement-free for every J ∈ J (Φ)N ;
(iii) consistent if F (J) is consistent for every J ∈ J (Φ)N .

We now present several axioms to provide a normative framework in which to
state what the desirable properties of an acceptable JA procedure should be. The
first axiom is a very basic requirement, restricting possible aggregators F in terms
of fundamental properties of the outcomes they produce.

Weak Rationality (WR): F is complete and complement-free.

This condition differs from what is called “collective rationality” in the litera-
ture on JA (List and Puppe, 2009), as we do not require the collective judgment
set to be consistent. However, we will see that WR corresponds to an instance
of our notion of collective rationality for binary aggregation with a suitable in-
tegrity constraint (cf. Section 6.3.4). The first reason to separate the notion of
consistency from the other conditions is that the requirements of WR are purely
syntactic notions that can be checked automatically in an easy way. The second
is that the notion of consistency is not intrinsic to the aggregation function, but
depends more on the properties of the agenda. This will be made more pre-
cise in Section 6.3, where we will study the consistency of a class of aggregators
depending on the agenda.

The following are the most important axioms discussed in the literature on
JA (List and Pettit, 2002; List and Puppe, 2009; Nehring and Puppe, 2010).
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Unanimity (U): If ϕ ∈ Ji for all i ∈ N then ϕ ∈ F (J).

Anonymity (A): For any profile J ∈ J (Φ)N and any permutation σ : N → N
we have F (J1, . . . , Jn) = F (Jσ(1), . . . , Jσ(n)).

Neutrality (N): For any ϕ, ψ in the agenda Φ and profile J ∈ J (Φ), if for all
i ∈ N we have that ϕ ∈ Ji ⇔ ψ ∈ Ji, then ϕ ∈ F (J)⇔ ψ ∈ F (J).

Independence (I): For any ϕ in the agenda Φ and profiles J and J ′ in J (Φ),
if ϕ ∈ Ji ⇔ ϕ ∈ J ′i for all i ∈ N , then ϕ ∈ F (J)⇔ ϕ ∈ F (J ′).

Systematicity (S): For any ϕ, ψ in the agenda Φ and profiles J and J ′ in
J (Φ), if ϕ ∈ Ji ⇔ ψ ∈ J ′i for all i ∈ N , then ϕ ∈ F (J)⇔ ψ ∈ F (J ′).

Unanimity expresses the idea that if all individuals accept a given judgment, then
so should the collective.2 Anonymity states that aggregation should be symmetric
with respect to individuals, i.e., all individuals should be treated the same. Neu-
trality is a symmetry requirement for propositions: if the same subgroup accepts
two propositions, then either both or neither should be collectively accepted. In-
dependence says that if a proposition is accepted by the same subgroup under two
otherwise distinct profiles, then that proposition should be accepted either under
both or under neither profile. Systematicity is satisfied if and only if both neu-
trality and independence are. While all of these axioms are intuitively appealing,
they are stronger than they may seem at first, and several impossibility theorems,
establishing inconsistencies between certain combinations of axioms with other
desiderata, have been proved in the literature. The original impossibility theorem
of List and Pettit (2002), for instance, shows that there can be no collectively
rational aggregation procedure satisfying A and S.

A further important property is monotonicity. We introduce two different
axioms for monotonicity. The first is the one commonly used in the literature
(Dietrich and List, 2007a; List and Puppe, 2009). It implicitly relies on the
independence axiom. The second, introduced in our previous work (Endriss et al.,
2010a), is designed to be applied to neutral procedures. For systematic procedures
the two formulations are equivalent.

I-Monotonicity (MI): For any ϕ in the agenda Φ and any two profiles J and
J ′ in J (Φ), if ϕ ∈ Ji entails ϕ ∈ J ′i for all i ∈ N , and for some s ∈ N we
have that ϕ 6∈ Js and ϕ ∈ J ′s, then ϕ ∈ F (J) entails ϕ ∈ F (J ′).

N-Monotonicity (MN): For any ϕ, ψ in the agenda Φ and profile J in J (Φ),
if ϕ ∈ Ji ⇒ ψ ∈ Ji for all i ∈ N and ϕ 6∈ Js and ψ ∈ Js for some s ∈ N ,
then ϕ ∈ F (J)⇒ ψ ∈ F (J).

2As already remarked in Section 2.2, this notion of unanimity is stronger than the stan-
dard formulation which can be found in the literature (List and Puppe, 2009), but the two
formulations are equivalent under the assumption of independence.
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That is, MI expresses that if ϕ is collectively accepted and receives additional
support (from s), then it should continue to be collectively accepted. Axiom MN

says that if ϕ is collectively accepted and ψ is accepted by a strict superset of the
individuals accepting ϕ, then ψ should also be collectively accepted.

The axioms we have introduced can be used to define different classes of
aggregation procedures: Given an agenda Φ and a list of desirable properties AX
provided in the form of axioms, we define FΦ[AX] to be the set of all procedures
F : J (Φ)n → 2Φ that satisfy the axioms in AX.

Representation results, like those we proved in Section 2.3, can also be stated
for classes of JA procedures. In Section 6.2 we shall extend the correspondence
between JA and binary aggregation to the level of axiomatic properties, making
it possible to translate representation results from one framework to the other.

6.2 From Judgments to Binary Ballots, and Back

In Section 6.1 we have presented the formula-based framework for JA, and we shall
now recall its embedding into BA with IC introduced in Section 3.2.1, extending
it to a correspondence between axiomatic properties. We then provide an inverse
translation of BA with IC into JA, by allowing the use of constraints in the
latter setting. We conclude by discussing the relations between various equivalent
frameworks for JA that have been introduced in the literature.

6.2.1 Translation Revisited

Given an agenda Φ, we have shown in Section 3.2 that we can construct an
integrity constraint ICΦ over a set of issues I = Φ that encodes the logical cor-
relations between formulas of Φ. The first part of the formula ICΦ encodes the
completeness of a judgment set, while the second part encodes its consistency
by ruling out explicitly the acceptance of all formulas in each minimally incon-
sistent subset of Φ. We were then able to show that there is a correspondence
between every complete and consistent JA procedure for Φ and every aggregation
procedure that is collectively rational with respect to ICΦ.3

This correspondence can be easily extended to axiomatic properties. It is
sufficient to substitute J for B and the expression “ϕ ∈ J i” for “bi,ϕ = 1”
in the axioms presented in Section 2.2 to obtain their formulation for JA given
in Section 6.1. There is a direct correspondence between the two axioms of
independence, between the axiom of neutrality and that of issue-neutrality (NI)
for binary aggregation, between the axioms of anonymity, and between the two
axioms of monotonicity MI and MN and their counterparts in binary aggregation.
The axiom of unanimity in JA is slightly weaker than its BA version, involving

3The correspondence is not a bijection, as every JA procedure corresponds to several aggre-
gation procedures, depending on how it is extended to cover the full boolean domain D.
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only the acceptance of a formula, but the two formulations are equivalent under
the assumption of weak rationality. The axiom of domain-neutrality (ND) does
not have any correspondent in the literature on JA.

This correspondence entails, for instance, that every JA procedure for Φ that
satisfies systematicity and I-monotonicity corresponds to an aggregation proce-
dure that is collectively rational with respect to ICΦ and that satisfies I, NI and
MI on Mod(ICΦ)N . Using the notation introduced in previous sections, every
procedure in FΦ[AX] corresponds to an aggregation procedure in FICΦ

[AX]. The
restriction to the domain defined by the integrity constraint ICΦ is necessary
since the binary aggregation procedure obtained by the translation can be ex-
tended arbitrarily outside the domain of consistent and complete judgment sets.

6.2.2 From Binary Ballots to Judgments

The formula-based framework for JA that we introduced in Section 6.1 can be
expanded to cover the case of more general logical languages (Dietrich, 2007), and
to the case of external propositional constraints (Dietrich and List, 2008b). This
last case is particularly simple: given an agenda Φ ⊆ LPS and a set of propositional
constraints Ψ ⊆ LPS, a judgment set J ⊆ Φ is said to be Ψ-consistent if it is
consistent with respect to all formulas in Ψ (see Appendix A). The remaining
definitions of Section 6.1 can be adapted by substituting every occurrence of
consistency with Ψ-consistency. The initial JA setting is obtained by considering
an empty set of constraints, or Ψ = {>}.

Utilising these notions we are able to show that this slightly more general
formula-based framework for JA is equivalent to BA with IC. Given a set of issues
I = {1, . . . ,m} and an integrity constraint IC, define an agenda Φ = {p1, . . . , pm}
and a propositional constraint Ψ = {IC}. There is a direct correspondence
between rational binary ballots over I and judgment sets over Φ that are Ψ-
consistent. Therefore, every BA procedure that is CR with respect to IC corre-
sponds to a complete and Ψ-consistent JA procedure for Φ. The correspondence
extends to the level of axioms. We used these observations in our previous work
to provide an alternative proof of Theorem 4.4.8 (Grandi and Endriss, 2011).

6.2.3 Related Work in Judgment Aggregation

Other frameworks have been proposed for the study of judgment aggregation from
a more abstract perspective, and we already discussed some of them in Section 2.4.
In this section, we give a more detailed overview of two such settings, comparing
them with the formula-based framework defined so far.

Dokow and Holzman (2010a) study the aggregation of binary ballots on do-
mains X ⊆ {0, 1}m. Aggregation procedures are defined as functions f : XN →
X , directly including collective rationality in their definition. This framework is
equivalent to formula-based JA, as explained in detail by the authors for both
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truth-functional agendas (i.e., agendas divided into a set of independent premises
and a set of conclusions whose truth values can be inferred from the judgments
on premises) and the general case (Dokow and Holzman, 2009, 2010a).

Nehring and Puppe (2010) propose another approach, based on their previous
work on strategy-proof social choice (Nehring and Puppe, 2007). The authors
consider as domain of aggregation a set X equipped with a set of properties
H ⊆ 2X . Formally, they define a property space (X,H) as a set X and a collection
of subsets H ⊆ 2X such that (i) if H ∈ H then H 6= ∅, (ii) if H ∈ H then also its
complement X \ H ∈ H, (iii) for all x, y ∈ X there exists an H ∈ H such that
x ∈ H but y 6∈ H. There is a natural embedding of X into {0, 1}|H|, listing for
each element the properties that are satisfied by it (marked with a 1) and those
that are not (marked with a 0). This observation is used to show the equivalence
of this setting with that of binary aggregation and with that of formula-based JA
(Nehring and Puppe, 2010, Section 2.1).

All these frameworks for judgment aggregation are equivalent: aggregation
procedures, our main object of study, can be transferred from one setting to the
other, keeping their axiomatic properties unchanged. We can identify the main
difference between these frameworks in the way in which rationality assumptions
are represented: by explicitly providing a set of rational ballots (Dokow and
Holzman, 2010a); by introducing the concept of property space (Nehring and
Puppe, 2007); by referring to the consistency of propositional logic (formula-
based JA); by explicitly using a propositional formula (BA with IC).

From a computational perspective, the last two frameworks of BA with IC and
formula-based JA are the closest to a possible implementation. The main rea-
son supporting this claim is the compactness of the representation of rationality
constraints.4 The framework of BA with IC has moreover the advantage of be-
ing computationally more tractable than the formula-based framework for JA, at
least for what concerns some basic problems. The easiest example is the problem
of checking the rationality of a given binary ballot, which corresponds in JA to
checking the consistency of a given judgment set. While for BA this problem can
be solved with model checking in polynomial time, making it a tractable problem,
in JA it corresponds to checking the satisfiability of a set of formulas, which is
considered intractable (unless P is equal to NP). For a more detailed discussion
of the computational complexity of similar problems in these two frameworks we
refer to Section 7.5.

6.3 Safety of the Agenda

In this section, we introduce the concept of safety of the agenda (SoA): an agenda
is safe for a class of JA procedures, if consistency is guaranteed for every procedure

4See also the observation on page 27, regarding the full expressivity of propositional logic
with respect to characterising sets of ballots.



96 Chapter 6. Judgment Aggregation

in that class. This concept captures a central problem in an application-driven
study of the subject. In this section we characterise safe agendas for a number
of classes of procedures defined axiomatically, and we relate such findings to the
results we obtained in Chapter 4.

6.3.1 Problem Definition

Procedures for judgment aggregation are traditionally studied using the axiomatic
method, and results are often negative. The usual finding is that dictatorships
are the only JA procedures satisfying a number of appealing conditions (see e.g.
List and Pettit, 2002; Pauly and van Hees, 2006; Gärdenfors, 2006; Nehring and
Puppe, 2010; Dokow and Holzman, 2010a). An important set of results in the
literature on JA are possibility theorems, sometimes called “characterisation re-
sults” (Nehring and Puppe, 2007; List and Puppe, 2009): Given some axioms as
desiderata for the aggregation procedure (always including consistency), the aim
of a possibility theorem is to characterise agendas on which such conditions are
satisfiable. Despite their theoretical interest, results of this form are somewhat
less relevant for applications. The reason is that actual users are more likely
to want an assurance that aggregation will be safe (provided certain axioms are
satisfied and the agenda has certain properties) rather than to learn that there
exists a safe form of aggregation (satisfying certain axioms). Moreover, in view of
the stress we have put on the distinction between “logical” and “syntactic” prop-
erties of an aggregation procedure and the collective judgment set it produces,
a thorough study of the consistency of a class of procedures depending on the
agenda is of immediate relevance. We therefore introduce the following concept:

Definition 6.3.1. An agenda Φ is safe with respect to a class of JA procedures
F , if every procedure in F is consistent when applied to judgment sets over Φ.

The example for a discursive dilemma presented in Section 3.2 demonstrates the
unsafety of the agenda {α,¬α, β,¬β, α∧β,¬(α∧β)} with respect to the majority
rule.

6.3.2 Agenda Properties

While possibility theorems address a different issue than the one we are interested
in here, some of the properties of agendas defined in that context are still poten-
tially useful for our purposes (List and Puppe, 2009). One of these is the so-called
median property. Later, we will use this property, and some of its variants, to
characterise agendas that are safe for certain classes of aggregation procedures.
We call an inconsistent set ∆ nontrivially inconsistent if it does not contain any
contradiction (⊥ 6∈ ∆).
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Definition 6.3.2. We say that an agenda Φ satisfies the median property (MP),
if every nontrivially inconsistent subset of Φ has itself an inconsistent subset of
size 2.

The name of this property, introduced by Nehring and Puppe (2007), derives from
a property of the set of all judgment sets J (Φ) viewed as a subset of a particular
vector space. The typical phrasing of this property in the literature is that an
agenda satisfies the median property if all minimally inconsistent subsets of Φ
have size 2. For agendas without tautologies the two formulations are equivalent.
In our case, we have to include an additional check of nontriviality in case there
is a contradictory formula in the agenda. We can generalise the median property
as follows:

Definition 6.3.3. An agenda Φ satisfies the k-median property (kMP) for k > 2,
if every inconsistent subset of Φ has itself an inconsistent subset of size at most k.

Observe that we have dropped the restriction to nontrivially inconsistent sets in
Definition 6.3.3, because for trivially inconsistent sets it is always the case that
there is an inconsistent subset of size at most k (namely one of size 1). The MP
of Definition 6.3.2 and the 2MP are the same property.

Agendas satisfying the MP are already quite simple, but the restriction can
be made tighter by requiring all inconsistent subsets to have a particular form:

Definition 6.3.4. An agenda Φ satisfies the simplified median property (SMP),
if every nontrivially inconsistent subset of Φ has itself an inconsistent subset of
the form {ϕ, ψ} with |= ϕ↔ ¬ψ.

A further simplification yields:

Definition 6.3.5. An agenda Φ satisfies the syntactic simplified median property
(SSMP), if every nontrivially inconsistent subset of Φ has itself an inconsistent
subset of the form {ϕ,¬ϕ}.

Agendas satisfying the SSMP are composed of uncorrelated formulas, i.e., they
are essentially equivalent to agendas composed of atoms alone. The SMP is less
restrictive, allowing for logically equivalent but syntactically different formulas.

Observe that every agenda that satisfies the SMP also satisfies the MP. The
converse is not true: Φ = {p,¬p, p ∧ q,¬(p ∧ q)} satisfies the MP, but not the
SMP. Similarly, every agenda that satisfies the SSMP also satisfies the SMP.
Again, the converse is not true: Φ = {p,¬p, p ∧ p,¬(p ∧ p)} satisfies the SMP,
but not the SSMP.

6.3.3 Linking Agenda Properties and Axioms

We now prove several characterisation results for the safe aggregation of judg-
ments. For several classes of aggregation procedures we will give necessary and
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sufficient conditions for an agenda to be safe on that class, i.e., all aggregation
procedures in that class are consistent when applied to judgment sets over the
agenda. We choose to concentrate on classes of procedures defined by weakening
the axiomatisation of the majority rule (cf. Section 2.3). The first result is famil-
iar from the literature (Nehring and Puppe, 2007), although it is presented there
in a different formulation.

Proposition 6.3.6. If the number of individuals is odd, then an agenda Φ is safe
for the majority rule if and only if Φ satisfies the MP.

This proposition is a direct consequence of a result proved by Nehring and Puppe
(2007) (see Theorem 3 in the survey by List and Puppe (2009) for a formulation in
the framework of JA), which in turn is equivalent to our Theorem 4.4.8. In their
work, Nehring and Puppe show that if the number of individuals is odd, under
the assumption of collective rationality (WR plus consistency), I-monotonicity,
unanimity, systematicity, and anonymity, there exists an aggregation procedure
on agenda Φ if and only if Φ satisfies the median property. The witness they
give as a consistent aggregator is nothing other than the majority rule. Since
Proposition 6.3.6 speaks of a “class” consisting only of a single procedure, namely
the majority rule, the concept of safety of the agenda and the kind of concept
inherent in a possibility theorem coincide and our result is a direct consequence of
theirs. Unfortunately, the same kind of approach cannot be used to adapt other
possibility theorems available in the literature, because the classes of procedures
we consider in the sequel each contain more than just a single procedure.

The following result shows that the SMP is a necessary and sufficient condition
for an agenda to be safe with respect to systematic and anonymous JA procedures.
Recall that an agenda satisfies the SMP if all its inconsistent subsets contain two
formulas of which the first is equivalent to the negation of the second. We show
that this is a necessary and sufficient condition for a systematic and anonymous
JA procedure to output a consistent outcome:

Proposition 6.3.7. An agenda Φ is safe for FΦ[WR,A, S] if and only if Φ sat-
isfies the SMP and does not contain a contradictory formula.5

Proof. (⇐) Suppose that Φ satisfies the SMP and suppose, for the sake of con-
tradiction, that there exists a procedure F ∈ FΦ[WR,A, S] and a profile J such
that F (J) is inconsistent. Note first that F (J) cannot be trivially inconsis-
tent, as we assumed that Φ does not contain a contradictory formula. Therefore,
F (J) contains a minimally inconsistent subset of size 2 of the form {ϕ, ψ} with

5The additional requirement of Φ not containing a contradictory formula may be dropped by
adding the axiom of unanimity U to the statement. To see this, observe that a unanimous JA
procedure cannot accept a contradictory formula, since by individual rationality a contradiction
is rejected by all the individuals. Thus, contradictory formulas do not play any role in the safety
of an agenda when unanimity is assumed.
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|= ϕ↔ ¬ψ. Now, since every individual judgment set is consistent, we have that
ϕ ∈ Ji ⇔ ∼ψ ∈ Ji for all i ∈ N , which implies, by neutrality (which follows
from systematicity), that ϕ ∈ F (J)⇔ ∼ψ ∈ F (J). As we have {ϕ, ψ} ⊆ F (J),
this entails that ∼ψ ∈ F (J), which is a contradiction, since the outcome must
be complement-free.

(⇒) For the other direction, suppose that Φ violates the SMP, i.e., there exists
a nontrivially inconsistent subset that does not contain two formulas one of which
is equivalent to the negation of the other. This set must contain a minimally
inconsistent subset, which we shall call X. In case X has size > 3, we know by
Proposition 6.3.6 that the majority rule will generate a discursive dilemma (since
the MP is violated). Therefore the agenda is not safe on the class FΦ[WR,A,S],
which includes the majority rule. In case X has size 2, then it must be of the form
{ϕ, ψ} with ϕ |= ¬ψ but ¬ψ 6|= ϕ. Consider then the following systematic and
anonymous aggregation procedure for 3 individuals, defined with the notation
used in Proposition 2.3.3, adapted to the JA framework: h(0) = h(1) = 1 and
h(2) = h(3) = 0. That is, Fh accepts a proposition only if it is accepted by 0
or 1 individual. Consider the following profile, restricted to ϕ and ψ and their
complements: J1 = {∼ϕ,∼ψ}, J2 = {ϕ,∼ψ}, J3 = {∼ϕ, ψ}. Note that each
of these sets is consistent. This profile (opportunely extended to a profile on
the whole agenda) will generate an inconsistent outcome, since both ϕ and ψ
are accepted by only one of the individuals. This proves that when the SMP is
violated there always exists a function satisfying WR, S and A that generates an
inconsistent outcome.

With similar arguments we can prove that the SMP also characterises those agen-
das that are safe for the class of anonymous and neutral JA procedures:

Proposition 6.3.8. An agenda Φ is safe for FΦ[WR,A,N] if and only if Φ
satisfies the SMP and does not contain a contradictory formula.6

Proof. To prove this result it is sufficient to observe that the assumption of sys-
tematicity in the first part of the proof of Proposition 6.3.7 can be relaxed to
neutrality, and, since the class of systematic rules is contained in that of neu-
tral rules, the left-to-right direction of Proposition 6.3.7 entails the analogous
direction for Proposition 6.3.8.

We now prove a more restrictive characterisation result for the class of anony-
mous and independent JA procedures, showing that the SSMP is a necessary and
sufficient condition for an agenda to be safe for this class, i.e., an anonymous and
independent JA procedure is guaranteed to output a consistent judgment set if
and only if the agenda is composed of uncorrelated formulas:

6See footnote 5.
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Proposition 6.3.9. An agenda Φ is safe for FΦ[WR,A, I] if and only if Φ sat-
isfies the SSMP and does not contain a contradictory formula.7

Proof. (⇐) Suppose Φ satisfies the SSMP. Let J be a profile such that F (J) is
inconsistent. Since Φ does not include any contradictory formula we can assume
that F (J) is nontrivially inconsistent. The SSMP now tells us that there must
exist a formula ϕ ∈ Φ such that {ϕ,¬ϕ} ⊆ F (J), in contradiction with the
property of being complement-free. (Note that if an agenda does not contain
contradictions and satisfies the SSMP, then any weakly-rational procedure is
consistent.)

(⇒) The fact that Φ does not satisfy the SSMP is equivalent to the existence
of two distinct formulas ϕ and ψ in Φ such that ϕ |= ψ. Consider then the
constant function that accepts ϕ and rejects ψ in every profile: this is clearly a
weakly-rational, independent, and anonymous function, and it generates for every
profile an inconsistent outcome.

Another class of procedures that has not yet been considered is FΦ[A,S,MI], cor-
responding to the uniform quota rules (cf. Corollary 2.3.6, adapted to the JA
framework). Here, a characterisation result of the kind we seek is available in the
literature for certain subclasses of FΦ[A,S,MI], namely uniform quota rules with a
specific bound on the quota (Dietrich and List, 2007a). We state this interesting
result as follows (recall that n is the number of individuals):

Proposition 6.3.10. Let k > 2. An agenda Φ is safe for the class of uniform
quota rules Fq for n individuals satisfying q > n − n

k
(where n is the number of

individuals) if and only if Φ satisfies the kMP.

Proposition 6.3.10 is a reformulation of Corollary 2(a) in the work of Dietrich and
List (2007a), which is in turn equivalent to our Corollary 4.4.11.

6.3.4 Safety of the Agenda in BA with IC

In this section we translate the problem of safety of the agenda into BA with
IC and we show how to obtain new proofs and strengthen some of the results
proved in previous sections by making use of our characterisation results of Chap-
ter 4. This section constitutes a further illustration of our proof method for
(im)possibility results presented in Chapter 5: given an aggregation problem, in
this case the safety of an agenda, translate it into BA with IC and look for clashes
between the axiomatic requirements and collective rationality.

Let us first take a closer look at the integrity constraint associated with a
given agenda Φ. Recall from Section 3.2.1 that ICΦ consists of a first part given
by the completeness requirements pα ∨ p¬α for α ∈ Φ, and a second part made
of formulas of the form ¬

∧
α∈S(pα) for all S ⊆ Φ that are minimally inconsistent

7See footnote 5.
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(mi-sets). Define IC0
Φ to be the conjunction of the literals p> and ¬p⊥ associated

with tautologies and contradictions (i.e., mi-sets of size 1) occurring as conjuncts
of ICΦ. Define IC1

Φ to be the conjunction of pϕ ↔ ¬p¬ϕ for ϕ ∈ Φ, combining the
formulas of completeness with the simplest mi-subsets of size 2. Finally, define
IC2

Φ to be the remaining part of ICΦ (concerning mi-sets of size > 3).
As shown by the following lemma, all agenda properties defined in Section 6.3.2

can be characterised in terms of the syntactic properties of the formula ICΦ as-
sociated with it. Recall from Section 4.2 that L↔ is the language of equivalences.

Lemma 6.3.11. Given an agenda Φ ⊆ LPS:
(i) Φ satisfies the MP if and only if ICΦ ∈ 2-clauses.

(ii) Φ satisfies the kMP if and only if ICΦ ∈ k-clauses.
(iii) Φ satisfies the SMP if and only if IC2

Φ ∈ L↔.
(iv) Φ satisfies the SSMP if and only if IC2

Φ is empty.

Proof. By definition of ICΦ, the biggest clause occurring in it has the same size
of the maximal mi-set included in Φ (if its size is > 2). Therefore, points (i) and
(ii) are direct consequences of our definitions.

We first prove (iv). Recall that an agenda Φ satisfies the SSMP if every mi-
subset of Φ is of the form {α,¬α}. This corresponds to ICΦ being equivalent to
the conjunction of pα↔¬p¬α for all positive α ∈ Φ, and to the conjunction of p>
and ¬p⊥ in case Φ contains tautologies. All these formulas are included in IC1

Φ

and IC0
Φ; therefore the SSMP is characterised by IC2

Φ being empty.
For what concerns the characterisation of the SMP expressed in point (iii),

it is sufficient to recall that this property holds if every mi-subset of Φ is of the
form {α,∼β} for α logically equivalent to β. Equivalences between formulas are
expressed in IC2

Φ using bi-implications. Thus, the SMP corresponds to adding to
IC0

Φ and IC1
Φ a set of positive bi-implications pα↔pβ for any equivalent α and β

in Φ.

Using this lemma we are able to obtain a new proof of some of the safety results
presented in Section 6.3.3, inspired by our new proof method presented in the
introduction. Let us start by giving a new proof of Proposition 6.3.6. We want to
prove that, if the number of individuals is odd, an agenda Φ is safe for the majority
rule if and only if Φ satisfies the MP. By Definition 6.3.1 and the translation of
JA presented in Section 6.2, an agenda Φ is safe with respect to the majority rule
if and only if the majority rule is collectively rational with respect to ICΦ. Our
Theorem 4.4.8 fully characterises the set of integrity constraints that are lifted by
the majority rule as such formulas that are expressible as conjunctions of clauses
of maximal size 2 (i.e., the language of 2-clauses). It is therefore sufficient to use
Lemma 6.3.11 (i) to conclude that this holds if and only if the agenda Φ satisfies
the MP. With similar arguments we can obtain a proof of the safety result for
quota rules proved in Proposition 6.3.10 by referring to our Corollary 4.4.11 for
uniform quota rules and using Lemma 6.3.11 (ii).
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Let us now make one step further, and strengthen our Proposition 6.3.8, mak-
ing use of the same proof method:

Proposition 6.3.12. An agenda Φ is safe for FΦ[WR,N] if and only if Φ satisfies
the SMP and does not contain any contradictory formula.8

Proof. By making use of the translation of JA into binary aggregation we know
that Φ is safe with respect to complete, complement-free and neutral JA pro-
cedures if and only if ICΦ does not generate a paradox with any issue-neutral
procedure for binary aggregation. Let us focus on the structure of ICΦ. The first
part IC0

Φ is empty, since Φ does not contain contradictions. For what concerns
IC1

Φ, it is easy to see that complete and complement-free procedures are char-
acterised by collectively rational procedures with respect to IC1

Φ. Therefore, we
can concentrate on the remaining condition. We know by Theorem 4.2.3 that an
issue-neutral procedure is collectively rational for IC if and only if IC belongs to
L↔. Thus, we can conclude that Φ is safe for the class of neutral an weakly ratio-
nal procedures if and only if IC2

Φ is equivalent to a conjunction of equivalences,
and by (iii) of Lemma 6.3.11, this is equivalent to Φ satisfying the SMP.

Proposition 6.3.9 can also be strengthened, dropping both the anonymity and the
independence assumption, obtaining an interesting characterisation for the axiom
of weak rationality.

Proposition 6.3.13. An agenda Φ is safe for FΦ[WR] if and only if Φ satisfies
the SSMP and does not contain any contradictory formula.9

Proof. As remarked in the previous proof, complete and complement-free JA
procedures are associated with collectively rational procedures with respect to
IC1

Φ. Thus, using this time point (iv) in Lemma 6.3.11, an agenda Φ free from
contradictions is safe with respect to complete and complement-free procedures
if and only if Φ satisfies the SSMP.

6.4 Complexity of Safety of the Agenda

In this section, we establish the complexity of deciding whether an agenda sat-
isfies the median property (or one of its variants), and we use these results to
show that checking the safety of an agenda is Πp

2-complete for several classes of
aggregators, each characterised by a combination of the most important axioms
for JA discussed in the literature.

8See footnote 5.
9See footnote 5.
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6.4.1 Background: Complexity Theory

We shall assume familiarity with the basics of complexity theory up to the notion
of NP-completeness. Helpful introductions include the textbooks by Papadim-
itriou (1994) and Arora and Barak (2009).

We will work with Πp
2(also known as coNPNP or “coNP with an NP oracle”),

a complexity class located at the second level of the polynomial hierarchy. This
is the class of decision problems for which a negative answer can be computed
in polynomial time by a nondeterministic machine that has access to an oracle
for answering queries to SAT (or any other NP-complete problem). To prove a
problem Πp

2-complete, we have to prove both membership in Πp
2 and Πp

2-hardness.
To prove membership, we need to provide an algorithm that, when provided with
a certificate intended to establish a negative answer, can verify the correctness of
that certificate in polynomial time, if we assume that the algorithm has access to
a SAT-oracle.

The main challenge is typically to prove hardness. This can be done by giving
a polynomial-time reduction from a problem that is already known to be Πp

2-
hard to the problem under investigation. For this purpose, we will make use of
quantified boolean formulas (QBFs). While QSAT, the satisfiability problem for
general QBFs, is PSPACE-complete, by imposing suitable syntactic restrictions
we can generate complete problems for any level of the polynomial hierarchy.
Consider a QBF of the following form:

∀x1 · · ·xr∃y1 · · · ys.ϕ(x1, . . . , xr, y1, . . . , ys)

Here ϕ is an arbitrary propositional formula and {x1, . . . , xr}∪{y1, . . . , ys} is the
set of all propositional variables occurring in ϕ (that is, above could be any QBF
for which any existential quantifier occur inside the scope of all universal quanti-
fiers). The problem of checking whether a formula of this form is satisfiable (i.e.,
true), which we shall denote ∀∃SAT, is known to be Πp

2-complete (Stockmeyer,
1976; Arora and Barak, 2009). In the sequel, we shall abbreviate formulas of the
above type by writing ∀x∃y.ϕ(x, y).

6.4.2 Membership

We shall write MP for the problem of deciding whether a given agenda Φ satisfies
the MP, and similarly for the other properties defined in Section 6.3.2.

Lemma 6.4.1. MP, SMP, SSMP, and kMP are all in Πp
2.

Proof. We shall present the proof for kMP, which is intuitively the most difficult
of the four problems. The proofs for the other three problems are very similar.

We need to give an algorithm that decides the correctness of a certificate for
the violation of the kMP in polynomial time, assuming it has access to a SAT-
oracle. For a given agenda Φ (with n = |Φ|), such a certificate is a set ∆ ⊆ Φ



104 Chapter 6. Judgment Aggregation

that (a) needs to be inconsistent and that (b) must not have any inconsistent
subsets of size 6 k. Inconsistency of ∆ can be checked with a single query to the
SAT-oracle. If n′ = |∆|, then there are

∑k
i=1

(
n′

i

)
nonempty subsets of ∆, which

is polynomial in n′ (and thus also in n).10 Hence, the second condition can be
checked by a further polynomial number of queries to the oracle.

6.4.3 Hardness

To help intuition, observe that, similarly to ∀∃SAT, the median property and
its variants ask questions beginning with a universal and ending in an existen-
tial quantification (roughly: “for all subsets . . . there exists a subset . . . ”). To
formally prove Πp

2-hardness, we need to show that, although ∀∃SAT may seem a
more general problem, it can be reduced to our seemingly more specific problems.

We first prove a technical lemma. Let ∀∃SAT2 be the problem of checking
whether a QBF of the following form is true, given that we already know that
(i) ϕ is not a tautology, (ii) ϕ is not a contradiction, and (iii) ϕ is not logically
equivalent to a literal:

∀x∃y.ϕ(x, y) ∧ ∀x∃y.¬ϕ(x, y)

Lemma 6.4.2. ∀∃SAT2 is Πp
2-hard.

Proof. By reduction from ∀∃SAT: Given any QBF of the form ∀x∃y.ϕ(x, y), we
show that checking its satisfiability is equivalent to running ∀∃SAT2 on (ϕ∨a)∧b
with a being universally and b existentially quantified, for two new propositional
variables a and b not occurring in ϕ, i.e., to checking the satisfiability of the
formula

∀x∀a∃y∃b.[(ϕ(x, y) ∨ a) ∧ b] ∧ ∀x∀a∃y∃b.¬[(ϕ(x, y) ∨ a) ∧ b].

First, note that (ϕ ∨ a) ∧ b cannot be a tautology, a contradiction, or equivalent
to a literal, therefore the side constraints specified in the definition of ∀∃SAT2

are satisfied. Notice then that the first conjunct above is true exactly when the
original formula ∀x∃y.ϕ(x, y) is true. This is because b can always be set to true,
and the original formula has to be true whenever a is set to false (a falls under
the scope of a universal quantifier). Therefore, a positive answer to the ∀∃SAT2

instance entails a positive answer to the original ∀∃SAT instance. The other
direction is trivial, for the second of the above conjuncts is always satisfiable (by
making b false).

We are now able to prove Πp
2-hardness for the SSMP:

Lemma 6.4.3. SSMP is Πp
2-hard.

10This figure is not polynomial in k, but note that this does not affect the argument, because
k is a constant.
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Proof. We shall give a reduction from ∀∃SAT2 to SSMP; the claim then follows
from Lemma 6.4.2. Take any instance of ∀∃SAT2, i.e., the question whether
∀x∃y.ϕ(x, y) ∧ ∀x∃y.¬ϕ(x, y) is true for some ϕ with 6|= ϕ, ϕ 6|= ⊥, and 6|= ϕ↔ `
for literals `. Suppose x = 〈x1, . . . , xr〉, and define an agenda as follows:11

Φ = {x1,¬x1, x2,¬x2, . . . , xr,¬xr, (ϕ ∧ >),¬(ϕ ∧ >)}

We now prove that Φ satisfies the SSMP if and only if the answer to our ∀∃SAT2-
question is YES. To see this, consider the following facts. First, as ϕ is neither
a tautology nor a contradiction, any inconsistent subset of Φ must be nontriv-
ially inconsistent. Second, by construction of Φ (consisting largely of literals),
any inconsistent subset of Φ not including a pair of syntactic complements must
include either (ϕ ∧ >) or ¬(ϕ ∧ >), as well as a (complement-free) subset of
{x1,¬x1, . . . , xr,¬xr}. That is, the only way of violating the SSMP is to find
a subset of literals from {x1,¬x1, . . . , xr,¬xr} to make true that forces either
(ϕ ∧ >) or ¬(ϕ ∧ >) to be false. But this is precisely the situation in which our
instance of ∀∃SAT2 requires a negative answer. For the same reason, suppose the
answer to our initial ∀∃SAT2-question is NO. This means that we are able to find
an assignment ρ for the variables in x that makes either ϕ or ¬ϕ unsatisfiable.
Suppose we are in this last case, then we can construct a subset of Φ containing
¬(ϕ∧>), and including a literal xi if this is set true by the assignment ρ, and ¬xi
otherwise. This is an inconsistent subset of Φ, and since ϕ is neither a tautology
nor a contradiction, this falsifies the SSMP.

Proving hardness for the SMP works similarly:

Lemma 6.4.4. SMP is Πp
2-hard.

Proof. The construction used is the same as for the proof of Lemma 6.4.3. The
only additional insight required is the observation that for the special kind of
agenda constructed in that proof, the SMP and the SSMP coincide: By excluding
formulas ϕ that are equivalent to literals, we ensure that the agenda Φ constructed
in the previous proof does not contain equivalent formulas.

Finally, for the MP and the kMP we give proofs using reductions from the SSMP:

Lemma 6.4.5. MP is Πp
2-hard.

Proof. We shall give a polynomial-time reduction from SSMP, a Πp
2-complete

problem by Lemma 6.4.3, to MP.
Let Φ be an agenda on which we want to test the SSMP, and divide the

formulas in Φ into a positive and a negative part: Φ = Φ+ ∪ {¬ϕ | ϕ ∈ Φ+}. Let

11Using (ϕ∧>) rather than ϕ in Φ ensures that the agenda defined does not include doubly-
negated formulas.
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Φ+ = {ϕ1, . . . , ϕm}. Now build the set Φ′+ in the following way: copy all formulas
in Φ+ m times, every time renaming the variables occurring in ϕi, obtaining the
set of formulas ϕji for 1 6 i, j 6 m. For every i, substitute ϕii with ϕii ∨ pi, where
pi is a variable not occurring in any of the ϕji . Finally, add p1, . . . , pm to the
agenda. We obtain the following set:

Φ′+ = {p1, ϕ1
1 ∨ p1, . . . , ϕ1

m,

p2, ϕ2
1, ϕ

2
2 ∨ p2, . . . , ϕ2

m,
...

pm, ϕm1 , . . . , ϕ
m
m ∨ pm}

Define Φ′ = Φ′+ ∪ {¬ϕ | ϕ ∈ Φ′+}. We claim that Φ satisfies the SSMP if and
only if Φ′ satisfies the MP. One direction is easy: if Φ does not satisfy the SSMP,
then there exists a minimally inconsistent subset of size k > 2 not containing
both a formula and its complement. If this subset is X = {ϕi1 , . . . , ϕik}, then the
there exists a subset of Φ′, namely X ′ = {¬pi1 , ϕi1i1 ∨ p

i1 , ϕi1i2 , . . . , ϕ
i1
ik
}, that is a

minimally inconsistent subset of size k + 1 > 3, thereby falsifying the MP.
For the opposite direction, suppose that Φ′ does not satisfy the MP. That is,

there exists a minimally inconsistent subset of size > 3. By construction of Φ′, we
know that such a subset must only contain formulas with the same superscript or
their complements (all other formulas having different variables). If this subset
does not contain any pi or ¬pi, then we can find a copy of it in Φ, which then
violates the SSMP. If instead either pi or ¬pi is contained in this set for some
i, then by minimality also ϕii ∨ pi or its negation must be included. We can
now reason by cases: if both pi and ϕii ∨ pi are in the set, then by dropping
the disjunction we will still get an inconsistent subset, against the assumption of
minimality; ¬pi and ¬(ϕii ∨ pi) cannot be in the set for the same reason; finally,
pi together with the negation of ϕii ∨ pi are already inconsistent. Therefore, we
can conclude that all minimally inconsistent subsets that can be built from Φ′

are of the form {¬pi, ϕii ∨ pi, (¬)ϕi
j
}, where ϕi

j
is a vector of formulas with the

same superscript and the prefix (¬) is intended to indicate that any number of
formulas in that vector can be negated. It is now easy to see that {ϕi, (¬)ϕ

j
} is

a minimally inconsistent subset of Φ that falsifies the SSMP.

A similar construction can be done to prove the following:

Lemma 6.4.6. kMP is Πp
2-hard for every k > 2.

Proof. As for the previous lemma, we build a reduction from SSMP to kMP
by devising a suitable agenda. Let therefore Φ be an agenda on which we
want to test the SSMP, and let Φ+ = {ϕ1, . . . , ϕm} be the positive formulas
in Φ. As in the previous proof, construct Φ′+ by copying all formulas in Φ+

m times, and substituting for every i the formula ϕii with ϕii ∨ pi. Instead of
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adding p1, . . . , pm to the new agenda, we add a chain of length k − 1 of the form
{pik−1, p

i
k−1 → pik−2, . . . , p

i
2 → ¬pi1} for every i. Define Φ′ = Φ′+ ∪ {¬ϕ | ϕ ∈ Φ′+}.

We claim that Φ satisfies the SSMP if and only if Φ′ satisfies the kMP. Again, one
direction is easy: if Φ does not satisfy the SSMP, then there exists a minimally
inconsistent subset of size k > 2 not containing both a formula and its comple-
ment. If this subset is X = {ϕi1 , . . . , ϕil}, then construct the following subset
X ′ = {pi1k−1, p

i1
k−1 → pi1k−2, . . . , p

i1
2 → ¬pi11 , ϕi1i1 ∨ p

i1 , ϕi1i2 , . . . , ϕ
i1
il
}. This subset has

size k−1+ l > k+1 and it is minimally inconsistent. To prove minimality, notice
that if we leave out any of the formulas belonging to the chain then by minimality
of X there exists an assignment that makes pi1 true as well as all formulas in X
other than ϕi1i1 . Therefore Φ′ fails the kMP.

Now for the opposite direction. Suppose that Φ′ does not satisfy the kMP.
That is, there exists a minimally inconsistent subset of size > k + 1. By con-
struction of Φ′, we know that such a subset must only contain formulas with the
same superscript or their complements. As in the previous proof, we can reason
by cases to conclude that either this subset does not contain any pi or ¬pi, in
which case we can find a copy of it in Φ, or it is of the form X ′ = {pik−1, p

i
k−1 →

pik−2, . . . , p
i
2 → ¬pi1, ϕii ∨ pi, (¬)ϕi

j
}, since including any partial chain of implica-

tions would contradict minimality. As in the previous proof, we can now use the
set {ϕi, (¬)ϕ

j
} to prove that Φ falsifies the SSMP.

6.4.4 Summary of Complexity Results

We have shown that deciding whether a given agenda Φ satisfies the MP, the SMP,
the SSMP, or the kMP is both in Πp

2 and Πp
2-hard. Furthermore, in Section 6.3.3

we have linked these properties to the safety of Φ for various combinations of
axioms. As an immediate corollary to all of these results, we obtain our theorem
concerning the complexity of SoA:

Theorem 6.4.7. Checking the safety of an agenda is Πp
2-complete for any of

these classes of aggregation procedures:
(i) the majority rule, corresponding to FΦ[WR,A, S,MI];

(ii) systematic rules: FΦ[WR,A, S];
(iii) neutral rules: FΦ[WR,A,N] and FΦ[WR,N];
(iv) independent rules: FΦ[WR,A, I];
(v) weakly rational rules: FΦ[WR]

(vi) for any k > 2, the class of uniform quota rules Fm with m > n− n
k

, where
n is the number of individuals.

Proof. We first prove Πp
2-hardness. (i) is a direct consequence of Proposition 6.3.6

and Lemma 6.4.5. In the same way (ii) is derived from Proposition 6.3.7 and
Lemma 6.4.4, (iii) from Proposition 6.3.8, Corollary 6.3.12 and Lemma 6.4.4, and
(iv) and (v) from Proposition 6.3.9, Corollary 6.3.13 and Lemma 6.4.3. Finally,
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(vi) follows from Proposition 6.3.10 together with Lemma 6.4.6. Membership in
Πp

2 follows from Lemma 6.4.1 in all six cases.

6.5 Conclusions

In this chapter, we have given precise definitions for the formula-based framework
for JA and we have given a thorough account of the new problem of safety of the
agenda. We have shown how JA and its axiomatic properties can be embedded
into BA with IC and, vice versa, how BA with IC can be interpreted in a slightly
more general framework of JA which allows for integrity constraints (Dietrich
and List, 2008a). We then focused on the problem of safety of the agenda. Un-
like classical (im)possibility theorems, the problem at hand is how to guarantee
that the collective judgment will be consistent, given some axiomatic properties
enforced on aggregation procedures. These results share many similarities with
our lifting results of Chapter 4, and we investigated this correspondence in detail.
The new proof method that we outlined in Chapter 5 has proven useful also in this
case, proving it a truly general approach for the understanding of impossibilities
in aggregation theory. Finally, we showed how the formula-based framework can
be used to study the computational complexity of JA. In this particular case, we
have proven that the problem of checking the safety of an agenda is Πp

2-complete
for all the classes of JA procedures we considered.

JA has recently received considerable attention in Artificial Intelligence, es-
pecially from the research community of Multiagent Systems and Computational
Social Choice (Klamler and Eckert, 2008; Grossi, 2009; Endriss et al., 2010a,b;
Nehama, 2010; Lang et al., 2011; Slavkovik and Jamroga, 2012; Slavkovik, 2012).
The reason for this trend is clear: in a multiagent system, autonomous agents
may have different opinions on the same issues (maybe due to a difference in
access to the relevant information, or due to different reasoning capabilities), and
some joint course of action needs to be extracted from these diverse views. JA has
the potential to provide a formal basis for this kind of collective decision making
in multiagent systems. Moreover, JA shares strong links with the framework of
abstract argumentation theory (Dung, 1995; Caminada and Pigozzi, 2011), an
important research topic in Artificial Intelligence. One of the most important
contributions of this chapter is that of providing precise and operational defini-
tions of the formula-based framework for JA that can prepare the ground for a
possible implementation. Our complexity results are also pointing in this direc-
tion, being one of the first studies of computational complexity in JA (the only
other publications to date being the papers by Baumeister et al., 2011; Slavkovik
and Jamroga, 2011).

JA has played an important role in several areas of philosophy, such as deliber-
ative democracy (Dryzek and List, 2003), epistemic democracy (List and Goodin,
2001; Dietrich, 2010), and group agency (List and Pettit, 2011; Dietrich and List,



6.5. Conclusions 109

2010). BA with IC constitutes an equivalent framework in which the conditions
behind the impossibilities are more explicit. Understanding the consequences of
some of our findings (e.g., the interpretation in the debate on group agency of
our Theorem 4.2.8, stating the necessity of a generalised dictatorship in order to
ensure collective rationality with respect to all integrity constraints) constitutes
an exciting direction for future research.




