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Appendix A

Propositional Logic

This appendix is devoted to introducing the basic terminology and definitions of
propositional logic (for a more detailed presentation see, e.g., Shoenfield, 1967).

A.1 Formulas

Propositional logic is perhaps the simplest formal language that can be defined.
The basic ingredients are a set of atomic propositions PS = {p1, . . . , pm}1 and
propositional connectives : negation (¬), conjunction (∧) and disjunction (∨).
The set of propositional formulas built on PS, which we denote LPS, is defined
recursively in the following way:

(i) every element of PS is a formula;
(ii) if ϕ is a formula, then ¬ϕ is a formula;

(iii) if both ϕ and ψ are formulas, then ϕ ∨ ψ and ϕ ∧ ψ are formulas.

Parentheses may be used to make the priorities between connectives clearer. We
will make use of two additional connectives: implication (ϕ→ ψ) as a shorthand
for ¬ϕ ∨ ψ, and equivalence (ϕ ↔ ψ) as a shorthand for (ϕ → ψ) ∧ (ψ → ϕ).
Here ends the syntactic definition of the propositional language LPS.

Definition A.1.1. We give the following definitions for types of formulas:

(i) an atom is an element of PS;
(ii) a literal is an atom or its negation;

(iii) a cube is a finite conjunction of literals;
(iv) a clause is a finite disjunction of literals.

1Here, we make the more restrictive assumption that the set of propositional symbols PS is
finite, although it is usually only assumed to be countable.
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A.2 Models

Formulas in the propositional language LPS are used to express properties of bi-
nary product spaces {0, 1}m (which is usually called its semantics). An assigment
is a function ρ : PS → {0, 1} (equivalently, an element of {0, 1}PS). We now de-
fine, in a recursive fashion, what it means for an assignment ρ to be a model of
ϕ (and we write this ρ |= ϕ):

(i) if ϕ ∈ PS then ρ |= ϕ iff ρ(ϕ) = 1;
(ii) if ϕ = ¬ψ then ρ |= ϕ iff ρ 6|= ψ;

(iii) if ϕ = ψ1 ∧ ψ2 then ρ |= ϕ iff ρ |= ψ1 and ρ |= ψ2;
(iv) if ϕ = ψ1 ∨ ψ2 then ρ |= ϕ iff ρ |= ψ1 or ρ |= ψ2.

Every formula ϕ ∈ LPS corresponds to the subset of {0, 1}PS of those assigments
that are models of ϕ. We call this set Mod(ϕ). Since we have a finite number
of propositional symbols, we can associate with every assignment ρ a formula
ϕ that has ρ as its unique model. For instance, the formula associated with
the assignment ρ that rejects all propositional symbols in PS is ϕρ = ¬p1 ∧
· · · ∧ ¬pm. Thus, every subset of {0, 1}PS corresponds to the set of models of a
certain formula, obtained as the disjunction of all formulas corresponding to each
assignment in the given subset. LPS is therefore fully expressive with respect to
subsets of {0, 1}PS.

Definition A.2.1. We give the following definitions:
(i) A tautology is a formula that is true for every assignment to its propositional

variables. We denote a tautology with the symbol >.
(ii) A contradiction is a formula that is false for every assignment to its propo-

sitional variables. We denote a contradiction with the symbol ⊥.
(iii) A formula is satisfiable (also, consistent) if it admits a model. A formula is

falsifiable if its negation admits a model.
(iv) A formula is contingent if it is both satisfiable and falsifiable.
(v) A formula ϕ is consistent with a formula ψ if its conjunction ϕ ∧ ψ admits

a model.


