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1 Introduction 

 

 

The statistical evaluation of binary measurement systems is a topic in measurement system 

analysis, as the field is called in industrial statistics, or measurement theory, as it is known in 

the behavioral sciences. Measurement system analysis attempts to evaluate the quality of 

measurements statistically, based on experiments. 

 

 

1.1 Measurement 

 

Measurement is the assignment of symbols to items in such a way that specified relations 

among the symbols represent empirical relations among the items with respect to a property 

under study (cf. classical definitions of measurement, Allen and Yen, 1979, p. 2; Lord and 

Novick, 1986, p. 17; Wallsten, 1988). For example, when a person measures his body weight 

on a scale, the scale assigns a value in kilograms to the person, reflecting the person’s weight. 

The relations between values in kilograms on the scale represent empirical relations between 

the weight of persons: a higher value in kilograms represents a larger body weight, and if the 

value in kilograms is twice as large, this represents the body weight being twice as large. 

Thus, measurement is conceived as a mapping from items to measurement values (cf. Hand, 

1996; De Mast and Trip, 2005). The underlying empirical property being measured is often 

referred to as the true value or actual state, but is called the measurand in measurement 

theory and metrology (see, for example, the International Standardization Organization’s 

Guide to the Expression of Uncertainty in Measurement (ISO, 1995)). The symbol assigned 

to the items is called the measurement value. A measurement system is the collection of 

instruments, operating procedures, personnel, et cetera, used to do a measurement. 

 The extent to which relations between measurement values reflect empirical relations 

among the items is determined by the level or scale of measurement (Stevens, 1946; Allen 

and Yen, 1979): nominal scale, ordinal scale, interval scale or ratio scale measurement. 

Nominal scale measurement, such as a classification of people according to their race, only 

reflects an empirical equivalence relation among items: items assigned the same 

measurement value are equivalent with respect to the measurand (race), but the order between 
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measurement values has no empirical meaning. Ordinal scale measurement, such as a 

classification of people according to their level of education, in addition reflects an order 

relation between items: a larger measurement value implies more of the measurand 

(education). Interval scale measurement, such as the measurement of a person’s body 

temperature in degrees Celsius, in addition reflects distances among items with respect to the 

measurand, and therefore addition and subtraction of measurement values have empirical 

meaning. Ratio scale measurement, such as the measurement of a person’s body weight, is 

the richest in the information it conveys, as it also reflects proportions among the items with 

respect to the measurand (a measurement value of zero represents absence of the property 

being measured): all arithmetic operations have empirical meaning, including multiplication 

and division.  

The extent to which the measurement value is not in accordance with the measurand, 

is called measurement error. There are various properties of a measurement system that 

influence the probability distribution of measurement error and, consequently, the quality of 

measurement. The properties that are relevant depend, among others, on the scale of 

measurement. In industrial statistics, the relevant properties of interval scale and ratio scale 

measurements (numerical measurements) are divided into accuracy and precision (cf. 

Eisenhart, 1968; AIAG, 2003). Accuracy is the degree to which the measurement system is 

subject to systematic measurement error or bias, that is, the degree to which there is a 

difference between the expected value of a measurement and the measurand. Accuracy can be 

assessed by a calibration study comparing measurements to an accepted reference value; a 

value determined by a measurement system of much higher accuracy, traceable to a 

metrological standard (cf. Kimothi, 2002). Precision is the degree to which the measurement 

system is subject to random measurement error or measurement spread, that is, to variability 

in measurement values for a constant measurand. The issue of random measurement error is 

known in the behavioral sciences as the reliability of measurements (Kerlinger and Lee, 

2000). Several factors may contribute to random measurement error, such as raters, 

equipment and environmental conditions. Precision can be assessed by conducting an 

experiment in which items are repeatedly measured, and estimating the standard deviation of 

repeated measurements. Such an experiment is called a gauge repeatability and 

reproducibility (R&R) study (Montgomery and Runger, 1993a,b; Vardeman and Van 

Valkenburg, 1999; Burdick, Borror and Montgomery, 2003). Repeatability refers to the 

variation in repeated measurements conducted under identical circumstances, and 



1.1 Measurement 

3 

reproducibility refers to the additional variation in repeated measurements due to varying 

circumstances (factors). 

For ordinal and nominal scale measurements (categorical measurements), relevant 

properties of a measurement system include the probability of consistent classification, the 

probability of consistent ordering, the probability of agreement, and the probability of 

misclassification (De Mast and van Wieringen, 2004 and 2010). 

In industrial statistics, the statistical evaluation of measurement systems by means of 

experiments is called measurement system analysis (MSA). A leading standard for MSA in 

industry is the manual by the Automotive Industry Action Group  (AIAG, 2003), which gives 

extensive guidelines for performing MSA experiments. Measurements reported by (suppliers 

of) companies in the American automotive industry (and far beyond) are required to conform 

to AIAG’s standards. Another important standard is the International Standardization 

Organization’s Guide to the Expression of Uncertainty in Measurement (ISO, 1995). 

 

 

1.2 Binary measurement system analysis 

 

This thesis is about a class of measurement systems whose measurement values are on a two-

point scale, a so-called binary scale. In industry, binary measurements abound. Think of 

visual inspections of products where the outcome can be ‘pass’ or ‘fail’, functional tests 

where the outcome is ‘ok’ or ‘nok’, and automated tests where some parts are rejected and 

others are accepted. Also beyond industry binary classifications are omnipresent, as in 

diagnostic tests in medicine (think of a pregnancy test). 

Binary measurement aims to classify items into two categories, Y=0 (‘reject’) or Y=1 

(‘accept’), reflecting a property X of the item, the measurand, that is not observed directly, 

such as ‘good’ versus ‘defective’. Binary measurement may be regarded as nominal 

measurement, or, if one category is appreciated above the other, as a trivial form of ordinal 

measurement. A common industrial application is pass/fail inspection, where X is a quality 

characteristic such as the state of a light bulb (functional or defective), the amount of 

discoloration of a food product, or the displacement of a certain component. As will be 

discussed in Chapter 2, X can be binary itself, as in the case of light bulbs being functional or 

defective. But in many cases, X is a continuous property, as in the case of the discoloration of 
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a food product, and in some cases, binary inspections reflect a combination of properties, in 

which case the measurand is multi-dimensional. 

Binary measurements are, as all measurements, subject to error, especially since they 

are often based on visual or other sensory assessments by humans. An MSA study, an 

assessment of the quality of a measurement procedure, is as important for binary inspections 

as it is for other types of measurements. The quality of binary measurements can be 

expressed as error rates, or, alternatively, as agreement. The probability that a defective item 

passes is the false acceptance probability (FAP), and the probability that a good item fails is 

the false rejection probability (FRP). Moreover, when the measurand X is continuous, it is 

often desirable to know the rejection probability for any value of the measurand X = x, which 

can be represented as a graph ( ) ( 0 | )q x P Y X x= = =  called the characteristic curve. An 

alternative measure for the quality of binary measurements is agreement. The probability that 

two measurements of the same item are equal is the probability of agreement (PA). 

Agreement is often expressed in the form of a so-called κ (kappa) index, often interpreted as 

the probability of agreement corrected for agreement ‘by chance’.  

Recently a flow of literature has appeared regarding MSA of binary measurements, 

describing methods to determine FAP, FRP, PA and the κ index. Some methods assume that a 

higher order, authoritative measurement procedure is available to determine the measurand, 

while others do not. The result of such a higher order measurement procedure is called the 

gold standard or reference value. Also, some methods model the measurand as a binary 

variable, others as a continuum. Furthermore, some methods require a random sample of 

items, whereas other methods employ different sampling strategies. See for example Van 

Wieringen and Van den Heuvel (2005) for an overview, and Boyles (2001), De Mast (2007), 

De Mast and Van Wieringen (2007), Danila et al. (2008), Lyu and Chen (2008), Van 

Wieringen and De Mast (2008), Danila et al. (2010), Beavers et al. (2011) and Danila et al. 

(2012) for recent contributions in quality engineering. The topic is also studied extensively in 

the behavioral and medical sciences; see Pepe (2003) for a recent overview in the diagnostic 

sciences. 
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1.3 Motivation and objective of the thesis 

 

Assessment and improvement of the error rates of binary measurement systems is of great 

importance for manufacturers. Inspection and testing procedures are omnipresent in industry, 

and industrial standards for quality control (ISO 9000:2005, ISO 9001:2008, ISO/TS 

16949:2009) require studying and controlling the reliability of measurements and test results. 

Direct cost savings come from avoiding false rejects, as these may lead to unnecessary 

rework or scrap. Even more important is avoiding false accepts, or defective products 

reaching the customer. This motivates the need for accurate estimation of the error rates. 

While binary MSA is relevant in industry, it is in other fields as well. In medicine and 

psychology, the error rates and their complements (usually named sensitivity and specificity) 

are important properties of screening and diagnostic tests (Pepe, 2003). The practical 

ramifications of measurement errors in these fields range from impractical to dramatic. 

 Over the past years, the statistical evaluation of the reliability of binary measurement 

systems, inspections and test methods has received increasing attention in industrial statistics 

and quality engineering. The subject has also been researched extensively in the medical and 

psychometric world, and has proved to be challenging. It appears in practice that the type of 

random samples necessary for binary MSA studies is hard to realize, and premises 

concerning exchangeability and conditional independence are violated in complicated ways. 

Therefore, for many standard situations still no satisfactory method is available. 

 The objective of this thesis is to review existing methods and practices for binary 

MSA, and develop an understanding of their effectiveness and practical guidelines for their 

use. For situations where currently no satisfactory methods are available, we pursue the 

design of new methods. 

 

 

1.4 Outline of the thesis 

 

In Chapter 2, we review methods for assessing the quality of binary measurements. Our 

framework introduces two factors that are highly relevant in deciding which method to use: 

(1) whether a reference value (gold standard) can be obtained and (2) whether the underlying 

measurand is continuous or truly dichotomous. Artificially dichotomizing a continuous 

measurand, as is commonly done, creates complications that are underappreciated in the 
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literature and in practice. In particular, it introduces an intrinsic reason for the assumption of 

conditional independence of measurement values to be violated. For most methods, this is not 

crucial provided the samples are random (or at least representative). But, also for most 

methods, it is, in general, not clear how one can obtain a random sample from the relevant 

population. The taxonomy in Chapter 2 presents methods that are generally known in 

industry, such as nonparametric estimation of FAP and FRP, AIAG’s analytic method 

(logistic regression), latent class modeling, and latent trait modeling. The methods discussed 

are applied to an example presented in AIAG’s measurement system analysis manual. 

 Chapter 3 addresses issues that arise in measurement system analysis of a binary 

measurement system if the measurand is a hybrid between a dichotomy and a continuum. A 

case study is presented, which illustrates methods to assess the error rates of binary 

measurements with such a hybrid measurand. The case study concerns pass/fail inspection of 

laptop screens for scratches, where the measurand is the presence or absence of scratches. If a 

scratch is present, the measurand corresponds with a continuum of scratch sizes, but if no 

scratch is present, the measurand corresponds with a point. It is argued that if the measurand 

is hybrid, a standard logistic regression model is not suitable to estimate the characteristic 

curve relating the reject probability to the measurand. Several alternative specifications for 

the characteristic curve are introduced and compared. We conclude that many of the methods 

currently used for the assessment of a binary measurement system with a hybrid measurand 

are unsuited. This is a remarkable conclusion, given the frequent occurrence in industry of 

leak tests, inspections for defects, and other binary measurement systems with a hybrid 

measurand. 

 In Chapter 4, we signal and discuss common methodological errors in agreement 

studies and the use of κ indices, as found in publications in the medical and behavioral 

sciences. Our analysis is based on a proposed statistical model that is in line with the typical 

models employed in metrology and measurement theory. A first cluster of errors is related to 

nonrandom sampling, which results in a potentially substantial bias in the estimated 

agreement. Second, when class prevalences are strongly nonuniform, the use of the κ index 

becomes precarious, as its large partial derivatives result in typically large standard errors of 

the estimates. In addition, the index reflects rather one-sidedly in such cases the consistency 

of the most prevalent class, or the class prevalences themselves. A final cluster of errors 

concerns interpretation pitfalls, which may lead to incorrect conclusions based on agreement 

studies. These interpretation issues are clarified on the basis of the proposed statistical 

modeling. The signaled errors are illustrated from actual studies published in prestigious 
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journals. The analysis results in a number of guidelines and  recommendations for agreement 

studies, including the recommendation to use alternatives to the κ index in certain situations. 

Reflecting the focus of this chapter on applications in the medical and behavioral sciences, 

the terminology used in this chapter deviates from the rest of the thesis in that the typical 

terminology of the diagnostic sciences is adopted (sensitivity, specificity, prevalence, and 

subjects) rather than quality engineering terminology (FAP, FRP, defect rate, and items).   

 Chapter 5 proposes a method for measurement system analysis of a binary 

measurement system if the measurand is an unobservable continuous variable. The 

measurand is modeled as a latent trait, and the quality of measurement is expressed in terms 

of probabilities of inconsistent ordering. Different sampling strategies for the items included 

in the MSA experiment are explored, aiming to obtain precise estimates of the model 

parameters. We argue that when the defect rate is low, it is optimal to sample (part of the) 

items selectively from the subpopulation of rejected items. Also, we present an estimation 

method for the latent trait model that takes into account this sampling procedure. Based on a 

simulation study, we investigate the bias and precision of the estimated probabilities of 

inconsistent ordering for different sampling strategies, the required sample sizes, and the 

robustness of the approach against model misspecification. 

 Chapter 6 briefly summarizes the main practical conclusions of the thesis, and 

formulates the author’s vision of the current state of affairs and an outlook to the near future. 

The material presented in this thesis has led to a number of papers published in peer-

reviewed journals. The review of methods for binary MSA in Chapter 2 has been published in 

the Journal of Quality Technology (De Mast et al., 2011). Chapter 3, about methods for 

binary inspection with a hybrid measurand is based on a publication in Quality and 

Reliability Engineering International (Erdmann and De Mast, 2012). Chapter 4, about 

common errors of experimental design, interpretation and inference in agreement studies, will 

appear in Statistical Methods in Medical Research (Erdmann et al., in press). Chapter 5, 

about binary MSA with a latent continuous measurand, is based on a working paper by 

Erdmann et al. (2012). Additionally, our research on measurement system analysis has 

resulted in two publications in Quality Engineering (Awad et al., 2009; Erdmann et al., 2009) 

and a master thesis (Akkerhuis, 2012). 

 

 


