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S1 Mathematical deriva-

tions in the algorithm

The purpose of the RBB-NA algorithm is to
bias the rotational and translational rigid base
coordinates X of a DNA (or RNA) strand,
given the representation of this strand as a se-
ries of bases B,. Here b ranges from 0 to 2NV
with NV being the length of the strand in ques-
tion in base pairs. Notably any base will during
the simulation be represented by a collection of

—

atom positions {AZ} It is from these atom po-

sitions that the calculation of the collective vari-
ables must start, and it is on these atoms that
in the end forces can be applied using Eq. .
For sake of completeness and to introduce the
required notations and concepts this section be-
gins with a description of the curves algorithm
developed by Lavery et al.®!' which is used to
calculate the collective variables. This algo-
rithm has been re-implemented in RBB-NA to
fit with the PLUMED code base.

S1.1 Curves in brief

The standard choice in the Curves+ software is
to first fit a set of ideal base coordinates {A;“ }

to the measured ones by finding the appropriate
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rotation in a procedure described by McLach-
lan.® This is usually done to reduce the influ-
ence of fluctuations within a base on the collec-
tive variables, thus reducing the noise. For the
purposes of this work this step is useful as it in-
corporates all heavy atoms in a given base into
the calculations of the collective variables. As
such it is this step that facilitates both treating
the entire base as a rigid body as well as pre-
venting forces from interfering with fluctuations
in the bases themselves.

After the optional fitting the curves algorithm
starts by defining reference frames B, for each
base consisting of a triad of orthonormal vectors
B, and a reference point 7, where this frame
is to be attached.®! Here B, can be seen as a
rotation matrix

By, = [é1, é2, é3]. (S1)
where the vectors é1, és, €3 collectively form the
base triad with é; pointing into the major
groove, éy connecting the backbones and é3 be-
ing normal to the base plane.

To keep track of the different frames and
many variables needed in the calculations that
follow we include here a diagram . On this
diagram the reference frames involved in the
calculation of rigid base coordinates in this par-
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Figure S1: A strand of DNA. Attached to the
right is a diagram showing the relation be-
tween different rotations and reference triad.
Attached below is an illustration of the unit vec-
tors forming a base triad and the action small
rotations have on them

ticular step are labelled according to their po-
sition in relation to the step. We denote all
frames in the upward direction from the step
with a subscript ‘u’, The frames in the down-
ward direction are denoted similarly with sub-
script ‘d’. For frames on the left strand we add
‘I’ and for those on the right ‘r’.

When the frames are constructed one defines
the transformation from one base to the oppos-
ing one, say in the diagram, from B, to
B.., by rotation matrix R, and translation t,
which are defined as

R,=B,Bl, &, =7, — . (S2)
In addition to these transformations a frame in
which to express them is needed. This is given
by the midframe M, of this particular base pair

for which the triad can be written as

M, = vR.,B, = /RIB,,.

Here the square-root v/R is a short notation for
exp%logR which yields a rotation about the
same axis by half the angle.

In practice the midframe is not found by ex-
plicit calculation of the square root but simply
by rotating the three vectors in B,; around the
axis of rotation of R, by half its rotation angle.
For any rotation matrix the angle of rotation
O(R) can be found by

(S3)

OR) = arccos% (Tr(R)—1),  (S4)

and subsequently the axis of rotation K (R) is
given as

N 1 Ros — Rso
(R) = 5= R31 — Ris (S5)
2sin©(R) Riy — Ros

This conversion of rotation matrices to axis an-
gle representation also allows us to define the
rotational collective variables of a base pair as
Similarly the translational collective variables
of the basepair are defined by

dy =1 - M,. (S7)
After the calculation of the basepair collective
variables the algorithm largely repeats itself.
The transformation from one pair to the next,
say from My to M, on the diagram, is now

given by a rotation Ry and a translation t,
which are defined by

I | 1
Rs = MuMga ts - §(Fur + Ful) - §(Fdr + 7:‘dl)'
(S8)
Like before a midframe is then defined by half
rotation:

M, = /R,M, = v/RTM,,

and finally the transformations are expressed in

(59)



this midframe

47 = OR)(K(R,)" M,)
pr = .M,

s

(S10)
(S11)

With these four sets of collective variables we
can turn to the calculation of forces, which as
noted in the main text, requires the calculation
of gradients with respect to the cartesian coor-
dinates of atom positions.

S1.2 Calculus of rotations

The calculated rigid base-pair coordinates fall
into two different categories: translations and
rotations. For the two sets of translations
derivation and thus the application of forces is
simple, the two sets of rotations require more
work. Here the construction of gradients of
those two sets of rotations © and & to small
rotations of the underlying base frames dgz?b is
discussed.

To start, the derivative of the base reference
frame B, to rotations dng about its own axis
can be found as follows. Subsequently imposing
the infinitesimal rotations dg¢y,d¢;,dé? on By,
yields

1 —d¢®  dg¢?
B,+dB,=Byo | dp* 1 —do!
—d¢?  d¢t 1

Which implies the derivative of B is given by

(S12)

Where S is a vector of skew matrices defined by

~ [(000) (001) (0—10)}T
S=((o0-1]),({ 000),(100 .
01 0 -100 000
From this result the derivatives of the other
relevant rotation matrices used above can be
calculated. To start the derivatives of the R*

are given by:

R _ B..S"BY, R _ B..SBY,. (S13)
8(,bul 8¢ur

For the mid-pair frame M, we find:

OM,, B 8\/RUB
6571‘7' ang)u'/' ul
1 OR 1 -
= —v/R,RI—/—“B,, = -M,$514
p VI B = MY
and likewise:
M 1 o
4 —~ = _-M,S. (S15)
a¢ul 2

Where we used the fact that R, vRy, RI, and
\/R_}f all commute and we used both represen-
tations of the midframe in Eq. . Similar re-
sults can be obtained for the lower basepair in
a given base-pair step. As such the derivatives
of the rotation matrices R, and M relevant for
the step parameters can also be written down.
Doing this gives for the rotation:
afj“s = af}s = 1Mu§1v1§ ,
agbul a(bur 2
R, R, _ 1Mu§TM§ .
Ooa  Obar 2
where it should be noted derivatives to both
base in the same pair have become equal. Like-
wise for the midframe of the step we find:

(S16)

(S17)

OM, OM. M, M, 1. o

aq_gul aggur a(Edl agdr 4

(S18)
Now we have calculated the derivatives of all
rotation matrices and R and mid frames M to
small rotations of the bases. Subsequently we
need to compute the derivatives of axis angle
coordinates to the corresponding rotation ma-
trix R. To do this one can simply refer to the
formulas to construct the axis angle representa-
tion from a matrix in and , and derive
them:

0OR) -1

oR QSin@(R)I3””3’ (519)
OKMR) S —cot@(R)K(R)@ngSZO)
oR 2sin O(R) ‘

With this final bit of information the deriva-
tive of any one of our angular coordinates to a



small rotation of a base frame can be written.
To do this one needs only the relevant formula
and the equations derived in this section.
For example deriving some step rotation «a to a
rotation of base b about axis k& would read:

00 00, 1~
s _ 99 T M
a = agf Ko M)
K, . OM,
+ 0o, —g¢k M, [a] + K, 88¢£a]]
b b
(S21)

Here we dropped the explicit indication that ©,
and K, are functions of R,. Their derivatives
are calculated using the chain rule:

9K, 0R,
- OR, 0¢f

00, 0K
0o} 0o}
Subsequently these derivatives can be combined

into the gradient of a rotational rigid base coor-
dinate to the orientation of an underlying base

by:
Z o0¢
loloix
Note that replacing 2 by w and s by p in the

previous three equation would yield the equiv-
alent formulas for a pair rotation.

00, 0R,
~ OR, 0F’

(S22)

V00 =

5By k (S23)

S1.3 Rigid body dynamics

Having calculated the gradients of the desired
collective variables, we can recall Eq. . While
the precise gradients to atomic positions ffz are
not known, and thus we can not write out equa-
tions for the atomic forces, the rotational gradi-
ents to small rotations of the bases are known.
Considering the bases as rigid we can then write
out an equation for the torque 7, applied by
some potential V(X“) on a base B,

—

Ty =

V(XY e

rya
oXe Vi

(S24)
Here the torque is given in coordinates with re-
spect to the lab frame (the reference frame in
which the atomic coordinates are provided by
the MD engine). In order to have this torque
act during an MD simulation it needs to be con-

verted to a force for every atom i. The needed
force can be found as follows

Ty X Tp
I,

Fy = myd; = my[7s x @) = my (S25)
Here 7} is the vector pointing from the center of
mass of the base 7" to the position Al, of atom
i 7T = [A; — f}jom]T. Additionally I, has been
used to represent the moment of inertia of base
with respect to the axis of the torque. Note
that as the axis of the torque changes every
time the constraint forces need to be calculated,
so does I,. Additionally [, will change due to
fluctuations within the base.

Aside from the rotations @ and § one might
also want to impose some bias on the transla-
tions d and D. These are essentially the dis-
placement between two rigid bodies expressed
in the relevant midframe M, and as such the

gradients of these to atom position A; are

Vida = 4+ Mpair[a]a (326)
Mpase

VDY = £ Mylal. (S27)
mpair

Where the plus is used for the base above
the step (noted ul and ur in the diagram of
Fig. and for the bases on the righthand
strand (noted dr and ur in the diagram of
Fig.|S1)) when considering D and § respectively.

Fmally equations (S24] and can be com-
bined with equatlons and . to

give the final force on an atom @' in base b (and
thus in pair p = b/2 and steps s = b/2 and
s =0b/2—1) due to a potential on the collective



- —

variables V' (dJ,, Qs dy,, Dy)

(S28)

For completeness we note that with respect to
(2) we have replaced the exact positional gra-
dients with versions that apply rigid body dy-
namics. For translations they are replaced with
gradients weighed to ensure all atoms in a base
move together. For rotations we have substi-

tuted % [Fi X ﬁg} for 61 This last substi-

tution is equivalent to projecting V,; onto the
plane normal to 7 and again reweighing which
ensures that constraint forces do not distort the
internal structure of the bases.

S2 Biasing Twist and Roll

To explain the response of the DNA under the
effect of a bias in the twist and in the roll, we
consider the following free energy model

1
f(Q,9Q3) = §{A2Q§+CQ§+2G9293+

Ko (Q — Q) + Ky(Qs — Q3)2}
(529)

with €y and Q3 excess roll and twist and As,
C and G the roll stiffness, the twist stiffness
and the twist-roll coupling, respectively. In ad-
dition to this free energy, perturbations simi-
lar to and @ have been included. These
add a quadratic potential of strengths K, and
K, around an imposed roll Q, and twist (3 re-
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spectively. Equation ignores higher order
anharmonic terms which become important in
the high deformation regime. The stiffnesses
Ay, C and G are sequence-dependent.> Here
we consider the base pair step considered in
Fig. [3] which is the central AT step of a DD se-
quence. The average excess roll and twist, (€2s)
and (£23) are obtained from the minimization of
Eq. ((S29)).

We consider first the two cases of a pure twist
and pure roll bias. A twist bias corresponds to
K, =0and K; # 0 in . The minimum
is obtained by setting the partial derivatives of
the free energy f with respect to 2, and {23 to
zero. In particular the condition Jf/0€s = 0

gives
Ay

(Oa) = — ()

In the case of a roll bias, corresponding to K, #
0 and K; = 0 in (S29)), the condition 0f /003 =
0 gives

(930)

G

(©s) = ~ )
Equations (S30) and (S31]) give a linear de-

pendence of (23) vs. (€2). From prior work
we know that G > 0,4 which implies that (€23)
vs. (€29) lines must have negative slopes. This is
agreement with the simulation data of Fig. 3(b).
Note that the two slopes are different, which is
in agreement with and . On average
G is smaller than the two other couplings A,
and C, which suggests a large slope for a twist
bias and a small slope for a roll bias ,
which is indeed observed in the simulation data
of Fig. 3(c).

From the equilibrium fluctuations of the cen-
tral dinucleotide step of the DD dodecamer and
using the equipartition theorem™? we obtain
the following estimates of the elastic constants
Ay = 435 nm, C' = 80 nm and G = 10 nm.
We recall that elastic couplings in DNA are
both sequence-dependent®*>° and length-scale
dependent,"®>" being smaller at short length
scales as compared to the asymtptotic values.
Fits of the data of Fig. 3(c) in the vicinity of
the origin, using Egs. and , give
the following estimates Ay/G 3.8(1) and
G/C = 0.24(5). The former is rather con-
sistent with the vales of Ay and G from fluc-

(S31)



tuations data. The latter value overestimates
the expected G/C, which may be due to the
quadratic approximation of free energies. We
consider next biasing simultaneously the twist
and roll with K; = K, = K and Q, = Q3, as
done in simulations. Minimizing under

these constraints we find the relation

(K +C — G)Q) = (K + Ay — G)(Q) (S32)

As K = 1000 KJ/mol in simulations, one has
K > C,G, A (in length units as the other elas-
tic constant we get K = 138 nm), hence ([S32))

(Q23) = () (S33)
consistent with a slope close to one, as observed
for the green line of Fig. 3(c). In this limit the

stiffness of the biasing potential is much larger

than any local bending and torsional stiffness
of the DNA molecule.

S3 Biasing twist and base

pair opening: non-

canonical DNA confor-
mations

A constraint that strongly perturbs the DNA
structure can lead to base pair opening, dis-
rupting the canonical DNA form. An exam-
ple, which we discuss in some detail here, is
the base-pair opening induced by a strong over
twist, shown in the configuration of Fig. B(b).
One may ask if the biased simulations of the
RBB-NA algorithm remain meaningful for non-
canonical DNA. This algorithm biases rigid
base and rigid base-pair coordinates, which
were designed to describe conformations of
DNA in which complementary bases remain
bound to each other.®™® When a base pair
breaks, the twist {23, as mathematically cal-
culated following Curves+,>! may not repre-
sent a physically meaningful twist (the relative
rotation of two consecutive base pairs around
the helical axis). However, Q3 remains a well-
defined quantity and umbrella sampling simula-
tions estimate the free energy in a correct man-

ner.

RBB-NA can be used to stabilize canonical
DNA conformations. To illustrate this, we re-
peated the simulations with a bias on the twist
via Eq. (0) together with a bias on the intra-
base coordinate “opening”, which measures the
angle between complementary base pairs in the
plane orthogonal to the helical axis. This was
done by adding quartic upper and lower walls
to the opening in the two base pairs of the cen-
tral AT-step of the DD-dodecamer. We used
the following potentiall

Vupper(ws > 0.2 rad) = g (w3 —0.2)*
Vipper(ws < 0.2rad) = 0
Viower(ws < —0.25 rad) = — (ws + 0.25)"
Viower(ws > —0.25 rad) = 0
(S34)

Here w3 is the opening angle and K
1000 kJ/mol. The above potential does not
bias ws in [—0.25,0.2] (an interval chosen based
on the typical fluctuations), but strongly sup-
presses values of w3 outside this interval. We
performed seven umbrella sampling simulations
overtwisting the DNA using (6) (increasing Q3
by 0.1 radians) and simultaneously enforcing
the w3 constraint (S34)), ensuring the DNA re-
mains closed. The simulations with only a twist
bias potential are indicated as TWwIST and the
simulations with a twist bias potential and the
ws constraint are labelled TWIST+ws.

Figure [S2|(a) shows the results of these simu-
lations as a orange line, which can be compared
with the pure twist bias simulations (blue line)
already discussed in the main text. Both bi-
asing schemes produce overlapping (quadratic)
free energies for twist in the range 30° < Q3 <
45°. The additional opening constraint pro-
duces a free energy which follows the quadratic
behavior for a wider range of twist angles (yel-
low line). The deviations from the parabolic
free energy arise from non-canonical DNA con-

!To ensure that these constraints only act when
the opening is outside the [—0.25,0.2] interval, “UP-
PER_WALLS” and “LOWER_WALLS” keywords in
PLUMED were used.
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Figure S2: (a) Comparison of umbrella sam-
pling free energy obtained from a bias in twist
via Eq. (0)), as in the main text (blue line), with
that obtained from an additional constraint on
the opening parameter given by Eq. (or-
ange line). (b) Sketch of the intra-base param-
eters shear (d;) and opening (w3).

formations, which however are different in the
two cases. In the pure twist biasing simulation,
as discussed in the main text, non-canonical
DNA involves base-flipping. The constraint on
opening does not allow flipping, but produces
a strong shearing of the two bases (Fig. [S2|b)
illustrates the intra basepair variables opening
and shear). This is due to geometric correla-
tions between twist and shear already pointed
out in prior literature.5¥ Snapshots of the con-
figurations generated by the simultaneous ap-
plication of the constraints on twist and open-
ing is shown in Fig.

In conclusion, the examples discussed show
how RBB-NA could be useful in studying non-
canonical structures, their conformations and
free energies, as well. There is a large flexi-
bility on the type of constraint(s) that can be
used. As a matter of fact any of the 12 rigid
base parameters, in various combinations, could
be biased, which may result in different non-
canonical structures.

Figure S3: (a) A snapshot of a simulation in
which an over-twist (34.4°) and an opening con-
straint, via (@ and respectively, are ap-
plied simultaneously. The central AT base pair
step of the DD sequence, in which the con-
straints are applied is shown in blue. The red
dashed lines indicate hydrogen bonds between
complementary bases. (b,c) Detailed view of
the structure of the two base pairs forming the
central base pair steps of the snapshot (a). Note
that the constraint in the opening is applied to
both base pairs. Of these two, one assumes a
non-canonical conformation (b), while the other
shows a canonical Watson-Crick base pairing
with hydrogen bonding (c¢). The simultaneous
rotation of both bases in (b) leads to no change
in the opening angle, but to a sheared confor-
mation.

References

(S1) Lavery, R.; Moakher, M.; Maddocks, J.;
Petkeviciute, D.; Zakrzewska, D. Confor-



(56)

(57)

(58)

mational analysis of nucleic acids revis-
ited: Curves+. Nucl. Acids Res. 2009, 37,
5917-5929.

McLachlan, A. D. Gene Duplications
in the Structural Evolution of Chy-
motrypsin. J. Mol. Biol. 1979, 128, 49—
79.

Lankas, F.; Sponer, J.; Langowski, J.:
Cheatham, T. E. DNA basepair step de-
formability inferred from molecular dy-
namics simulations. Biophys J. 2003, 85,
2872-2883.

Skoruppa, E.; Nomidis, S.; Marko, J. F.;
Carlon, E. Bend-Induced Twist Waves
and the Structure of Nucleosomal DNA.
Phys. Rev. Lett. 2018, 121, 088101.

Lankas, F.; Lavery, R.; Maddocks, J. H.
Kinking occurs during molecular dynam-
ics simulations of small DNA minicircles.
Structure 2006, 14, 1527-1534.

Noy, A.; Golestanian, R. Length Scale De-
pendence of DNA Mechanical Properties.
Phys. Rev. Lett. 2012, 109, 228101.

Skoruppa, E.; Voorspoels, A.; Vreede, J.;
Carlon, E. Length-scale-dependent elas-
ticity in DNA from coarse-grained and all-
atom models. Phys. Rev. E 2021, 103,
042408.

Olson, W. K.; Bansal, M.; Burley, S. K.;
Dickerson, R. E.; Gerstein, M.; Har-
vey, S. C.; Heinemann, U.; Lu, X. J;
Neidle, S.; Shakked, Z.; Sklenar, H.;
Suzuki, M.; Tung, C. S.; Westhof, E.; Wol-
berger, C.; Berman, H. M. A standard ref-
erence frame for the description of nucleic

acid base-pair geometry. Journal of Molec-
ular Biology 2001, 313, 229-237.

S-8



	Mathematical derivations in the algorithm
	Curves in brief
	Calculus of rotations
	Rigid body dynamics

	Biasing Twist and Roll
	Biasing twist and base pair opening: non-canonical DNA conformations
	References

