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HYPERKAHLER MANIFOLDS OF JACOBIAN TYPE

MINGMIN SHEN

ABSTRACT. In this paper we define the notion of a hyperkéhler manifold (po-
tentially) of Jacobian type. If we view hyperkéhler manifolds as “abelian vari-
eties”, then those of Jacobian type should be viewed as “Jacobian varieties”.
Under a minor assumption on the polarization, we show that a very general
polarized hyperkihler fourfold F of K3[2l-type is not of Jacobian type. As a
potential application, we conjecture that if a cubic fourfold is rational then its
variety of lines is of Jacobian type. Under some technical assumption, it is
proved that the variety of lines on a rational cubic fourfold is potentially of
Jacobian type. We also prove the Hodge conjecture in degree 4 for a generic
F of K3Pl-type.

1. INTRODUCTION

The study of weight one Hodge structures leads to the theory of abelian varieties.
Among all principally polarized abelian varieties, there is a special class called Ja-
cobian varieties which corresponds to Hodge structures of curves. A corresponding
theory for higher weight Hodge structures is still missing. In this paper, we propose
a possible direction of a theory of “Jacobians” for weight two Hodge structures.

We do not know yet what the “principally polarized abelian varieties” for weight
two Hodge structures should be. The most typical weight two Hodge structure
is H2(S,Z) where S is a smooth projective surface, which is equipped with the
intersection blinear form. A “p.p.a.v.” in weight two should be a variety X whose
cohomology group H?(X,Z) carries a natural nondegenerate bilinear form that
is compatible with the Hodge structure. We know one class of such varieties,
namely the hyperkiihler manifolds F' whose cohomology group H?(F,Z) carries
the canonical Beauville-Bogomolov bilinear form, see [I], [I0]. Examples of such
manifolds include generalized Kummer varieties, Hilbert scheme of points on a K3
surface and the variety of lines on a smooth cubic fourfold.

To motivate the definition of “Jacobians” in weight two, we recall a characteri-
zation of Jacobian of curves. Let (A, ©) be a principally polarized abelian variety
of dimension g. Then a result of Matsusaka [I7] says that A is a Jacobian if and

_ e !

only if there exists a curve f : €' — A such that f.[C] = =y is the 1-dimensional

minimal cohomology class. Or in other words, A is a Jacobian if and only if the 1-
-1
dimensional minimal cohomology class 9 _ is effective. We define the “Jacobian”

(g—1)!
in weight two as follows.
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Definition 1.1. Let F' be a hyperkéhler manifold of dimension 2n. Let b(—, —) be
the Beauville-Bogomolov bilinear form on H?(F,Z). Let

Alg®”(F) = Im(cl : CHP(F) — H?’(F, 7)), Hdg®(F) =H? (F,Z)NHPP(F)

be the subgroups of algebraic and Hodge classes. We define the transcendental
lattice of F to be

H2(F, Z) = Alg?(F)*
with the restriction of the bilinear form b. A minimal class is an element 6 €
H4"4(F,Z) such that

(0-ar-a2)p =blar,2), Vag,as € HQ(F, Z)er

A minimal Hodge class is a minimal class that is also a Hodge class. A projective
hyperkéahler manifold F' is of Jacobian type if there exists a surface f : S — F such
that f.[S] is a minimal class.

By definition, a necessary condition for F' to be of Jacobian type is that it admits
a minimal Hodge class. It is easy to see that if ' = S for some K 3-surface S,
then F' is of Jacobian type. In fact, we can fix n — 1 general points on S and let
the n™ point vary and get a surface S C F. We can take 6 to be the cycle class of
S and verify that F is of Jacobian type. From now on, we will restrict ourselves to
the case where F is of K3[2-type, i.e. deformation equivalent to S!?!. The following
definitions will be useful throughout this article.

Definition 1.2. Let F be a hyperkéhler manifold of K3[P-type. Let b(—,—) be

the Beauville-Bogomolov bilinear form on H?(F,Z). An element o € H?(F,Z)

is primitive if it is not divisible (in H2(F,Z)) by any integer greater than 1. A

primitive element o € H?(F,Z) is even if b(a,a’) € 2Z, for all o/ € H2(F,Z);

otherwise, « is called odd. An element § € H2(F,Z) is exceptional if (i) b(6,5) = —2

and (ii) § is even. Let Q(F) C H2(F,Z) be the set of all exceptional elements. We

use Qo(F) to denote Q(F)/{£1}. A polarization Ao € Pic(F) of F is the class of

an ample divisor. We say that (F, \g) is primitively polarized if furthermore \g is

primitive.

Remark 1.3. An exceptional class § is always primitive and satisfies b(5, H*(F, Z)) =

27. Let + be the orthogonal complement (with respect to b(—, —)) of §. Then
(6+,b) is isomorphic to the K3-lattice and

H?(F,Z) = 75 ® 6.
We will show that if « is even, then o — §2 is divisible by 8 in H4(F, Z), for all
d € QF).
For a primitively polarized hyperkéhler manifold, (F, \o), of K3Z-type, we will
refer to the following technical assumption frequently.
Assumption 1.4. Either the polarization )\ is odd or it is even and W is
an even integer.

The first main result of this paper is that a generic deformation of S is not of
Jacobian type; see Corollary [£.61

Theorem 1.5. Let (F, \) be a primitively polarized hyperkihler manifold of K32 -
type which satisfies Assumption[I.4 If F' has a minimal Hodge class, then Pic(F)
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has rank at least 2. In particular, a very general such (F, \g) has no minimal Hodge
class and hence is not of Jacobian type.

Our motivation for this study is the rationality problem of cubic fourfolds. Works
concerning this problem include [8], [13] and [12]. In their famous paper [5], Clemens
and Griffiths proved that a smooth cubic threefold is not rational by showing that
its intermediate Jacobian is not a Jacobian. The key point here is that if a 3 dimen-
sional algebraic variety is rational, then its intermediate Jacobian is the Jacobian
of a curve. As an analogue, we make the following

Conjecture 1.6. Let X C Py be a smooth cubic fourfold and F(X) its variety of
lines. If X is rational, then F(X) is of Jacobian type.

We have two known classes of rational cubic fourfolds, namely the Pfaffian cubic
fourfolds obtained by Beauville-Donagi [2] and the rational cubic fourfolds con-
taining a plane obtained by Hassett [9]. In both cases, the above conjecture can
be easily verified; see Remark In [8], B. Hassett defines a cubic fourfold to be
special if it contains a surface which is not homologous to a complete intersection.

Proposition 1.7. Let X be a smooth cubic fourfold and F = F(X) its variety of
lines with g1 being the Pliicker polarization on F. Then the polarization Ao = ¢1
satisfies Assumption[I4 If F is of Jacobian type, then X is special.

Then the following proposition follows immediately.

Proposition 1.8. If X is a very general cubic fourfold, then F(X) is not of Jaco-
bian type. Conjecture [ implies that a rational cubic fourfold is special.

To give further evidence of the Conjecture [ we need the following definition.

Definition 1.9. Let F' be a hyperkahler manifold. We say that F' is potentially of
Jacobian type if there exists a smooth surface S (not necessarily irreducible) and a
correspondence I' € CHy (S x F), such that

([T - [T)*B)s = b, B), Vo, B € HA(F, Z)s,.

Theorem 1.10. Let X be a smooth cubic fourfold and F its variety of lines. If
there is a birational map f : P* ——» X whose indeterminacy can be resolved by a
simple successive blow-up, then F' is potentially of Jacobian type.

For the definition of simple successive blow-up, see Definition

The plan of this paper is as follows. For a hyperkéhler manifold F of K3[-type,
our investigation relies on an explicit basis for H*(F,Z) obtained in Theorem 217
The following canonical torsion group

T*(F) = HY(F,Z)/Sym*(A), A =H*(F,7)

comes into the picture in a subtle way. We give a description of this group in
Theorem B4l In section 4, we first give an explicit description of a certain sub-
group Vi, C Hdg*(F) of integral Hodge classes; see Definition Bl for the notation.
This is the technical Lemma which becomes quite useful later on. We show
that a minimal Hodge class in H*(F,Z) is always contained in the linear span of
intersections of divisors and the Beauville-Bogomolov form. In particular, if F" has
Picard rank one then a minimal Hodge class is always in V),. From this combined
with the technical lemma mentioned above, we deduce Theorem In section
5, we carry out an infinitesimal deformation calculation and show that on a very
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general F' the Hodge classes in degree 4 are generated by the polarization and the
Beauville-Bogomolov form, i.e. Hdg*(F) = Vi, ; see Theorem 5.1l This yet gives a
second proof of the fact that a very general F is not of Jacobian type. One conse-
quence of this calculation is a proof of the Hodge conjecture for very general F. If
F is the variety of lines on a very general cubic fourfold, we are able to prove the
integral Hodge conjecture thanks to the rich geometry that we have in this case; see
Theorem 5.5l Section 7 gives a proof of Theorem [[LTOl This section is independent
of the previous ones.

Before ending this introduction, we would like to make a few remarks on some
open questions. We see that S!™ is of Jacobian type, but we do not know whether
the converse holds true or not. Namely, if we know that a hyperk&hler manifold
F (deformation equivalent to SI™) is of Jacobian type, can we conclude that F' is
birational to S[™, for some K3 surface S? If F = F(X) is the variety of lines on a
cubic fourfold, then there is always the surface S; of lines meeting a given general
line [ and the natural inclusion

f S = F
such that
fra- f*8 =2b(a,B), Va,B € H*(F, 7).

In analogy with the theory of abelian varieties, this is saying that F'(X) is a “Prym
variety”. In fact we do have a Prym construction as follows. There is an involution
o on S; and the image of the restriction H2(F,Z), — H2(S;,Z);, is the part on
which o = —1, see [11]. If we replace | by a rational curve of higher degree, then
we get a Prym-Tjurin construction, see [2I]. We would like to ask the following
questions. For a hyperkéhler manifold F, what is the smallest integer e > 0 such
that there is a surface f : S — F satisfying

fra- B =eb(a,B), VYa,Be€H(F,Z)y?

If S is a surface satisfying the above condition, is there a Prym-Tjurin construction
on S to give the restriction of H2(F, Z),?

Acknowledgement. The author would like to thank Claire Voisin for many helpful
email correspondences. He also thanks D. Huybrechts, B. Totaro and E. Markman
for their comments on an earlier version of this paper and C. Vial for many helpful
discussions.

2. THE DEGREE 4 INTEGRAL COHOMOLOGY GROUP

In this section, we fix F' to be a hyperkdhler manifold which is deformation
equivalent to the Hilbert scheme of length 2 subschemes of a K3 surface. Such
an F will be called a hyperkihler manifold of K3-type. We will give an explicit
description of H*(F,Z). Some general results about the integral cohomology ring
were obtained in [19], [14] and [I5].

Let (A, b) be the lattice H2(F, Z) equipped with the Beauville-Bogomolov bilin-
ear form. We define the second symmetric power of A to be

Sym*(A) =A@ A/{a®b—b® a).

We will simply use 3 € Sym?(A) to denote the image of o ® 8 € A® A. The cup
product

U: H*(F,z) ® B*(F,7Z) — B*(F, Z)
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naturally factors through Sym?(A) and induces a homomorphism
p:Sym?*(A) = HYF,Z), af+— aUB.

Lemma 2.1. (i) p® Q : Sym?*(H?(F,Q)) — H%(F, Q) is an isomorphism.
(ii) p is injective and the image has finite index in H*(F,Z).
(iii) The intersection form on H*(F,Z) restricted to Sym? A is given by

plaraz) - plazas) = b(ag, ag)b(as, aq) + b(a1, az)b(az, as) + blar, as)b(az, asz)
forall aq, ..., a4 € A.

Proof. By a result of Verbitsky [23] B], we know that the subalgebra of H*(F, Q)
generated by H?(F,Q) is isomorphic to its symmetric algebra modulo an ideal
supported at degrees of at least 6. Hence Sym” H%(F,Q) c HY(F,Q). Namely p
is injective. At the same time, we know that bs(F) = 276 = dim Sym? H?(F); see
[2]. This implies that p ® Q is surjective and hence (i) follows. Statement (ii) is a
direct consequence of (i) and (iii) is simply the Fujiki relation; see [I]. O

Definition 2.2. We define 7*(F) to be the quotient of H*(F,Z) by p(Sym? A).

Note that the group 7#(F) is always a torsion group of finite order.

2.1. The special case of F = S, In this subsection, we carry out some explicit
computations in the situation F = S for some K3 surface S. Let 7: Z — S x S
be the blow up of S x S along the diagonal Ag: S — S x S. Let j : A < Z be the
exceptional divisor of the blow-up. There is a natural morphism 7 : A — S that
realizes A as a P!-bundle over S. Actually, A = P(Ts) is the projectivization of the
tangent bundle of S. There is a natural degree 2 finite morphism 7 : Z — S2 that
ramifies along the divisor A. Let G = {1,0} 2 Z/27Z act on S x S by switching the
two factors. Then this action lifts to an action of G on Z and S[? is the associated
quotient. Let A = 7(A) € S, By construction, 7|5 : A — A is an isomorphism.
We use j’ to denote the inclusion of A into S, In summary, we have the following
picture,

S<T Al gz T .5xgS

A2 g2

The blow up 7 gives a short exact sequence

0—=H2(Sx 5,2) —— ~W2(2,7) — L .7 0.

The element f € H(Z,Z) is the class of a fiber of n : A — S. This sequence
naturally splits since we have a splitting homomorphism Z — H2(Z,Z), 1 — [A].
Hence we have a canonical isomorphism

H2(Z,7) = H%(S x S,Z) & Z[A].

This is compatible with the G-action (G acts trivially on [A]). Note that by
Kiinneth formula we have

H?(S x S,Z) = piH*(S,Z) @ psH*(S, Z) = H?(S, Z) ® Z[G).
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From now on, we will fix a Z-basis

{Cll, ag,..., a22}
for H?(S,Z). The following lemma follows from the above computations
Lemma 2.3. (i) H*(Z,2)¢ = ©22,Z 7" (pja; + p3a;) & Z[A].
(ii) For all odd i, we have H'(G,H?(Z,Z)) = 0.
(iii) For all even positive i, we have H* (G, H*(Z, 7)) = 7./ 2Z.

We have similar descriptions of H*(Z,Z). First we have the following exact
sequence (derived from the Leray spectral sequence associated to 7: Z — S x S),

1)  0——=HYS x 8,Z) —= H"(Z,Z) —2~ H2(S, R*1,Z) — 0.

Let € = ¢1(0x(1)) € H3(A,Z), where Ox(1) is the relative O(1) bundle of A =
P(Ts) — S. Then & defines an isomorphism Z =2 R?7,Z. This induces

H?(S,7) = H*(S, R*n.7Z).

Let G act trivially on H2(S, R?1,Z), then the sequence () respects the G-actions.
Lemma 2.4. (i) The homomorphism H?(S,Z) — H*(Z,Z), a; — —j.n*a;, splits
the sequence () canonically.
(i) As G-modules, we have

HY(Z,7) = H*(S x S,7Z) ® H*(S, Z)
where G acts trivially on the factor H*(S,Z).
Proof. The homomorphism ¢ : H*(Z, Z) — H2(S, R?1.Z) factors as

H4(Z,Z) L~ H4(A,Z) -~ H2(S, Z) .

It is easy to check that

-

neJ* (=Jxm"a) = —n. (57 [A]

= —n(=§-n"a)
=1.(§-n"a)
=aq, Ya € H?(S,Z),

where ¢ € H2(A, Z) is the first Chern class of the relative O(1) bundle. This proves
(i). The statement (ii) follows directly from (i). O

Lemma 2.5. (i) The group H°(G,H*(Sx S, Z)) is freely generated by p}[pt]+p3[pt],
{piei @ psa;}32, and {pja; ® pia; + pia; © psa;bi<icj<on.

(ii) For all odd i, we have H'(G,H*(S x S,Z)) = 0; for all even i > 0, we have
Hi (G, HA(S x S, 7)) = (2/22).

(iii) The group H°(G,HY(Z,Z)) is freely generated by ey = 7*(pi[pt] + pilpt]),
{ei = T (piai ® pai)}i2,, {eyy = 7" (pia; @ pia; + pia; @ psai) hi<icj<n and
{u] = jan*aifr<icon.

(iv) For all odd i, we have H(G,H*(Z,Z)) = 0; for all even i > 0, we have
H' (G, H*(Z, 7)) = (Z)27.)*.
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Proof. Statement (i) follows from the Kiinneth formula

H(S x S,Z) = H*(S,Z) @ H'(S, Z) ® H?(S,Z) ® H*(S,Z) ® H°(S, Z) ® H*(S, Z).

Then (iii) follows easily from (i) and Lemma 24l By direct calculation of the group

cohomology groups, we get (ii) and (iv). O
We will use the following spectral sequences frequently.

Proposition 2.6 (Grothendieck, chapter V of [7]). Let X be a topological space
with an action by a finite group G. Let Y = X /G be the quotient and m : X — Y
the natural map. Let (=) be the covariant functor from the category of G-sheaves
on X to the category of abelian groups which sends a G-sheaf F to the G-invariant
sections HO(X, #)€. The right derived functor of T is denoted H (G; X, Z). Then
there are two spectral sequences associated to the situation,

1By = HP(Y, R'(n{)F) = HP1(G; X, F)
and

By =HP(G,HY (X, 7)) = HPTI(G; X, F)
where 78 (F) = (1. 7)Y for all G-sheaves F .

*

Now we apply the second spectral sequence to the special case 7 : Z - F = Z/G
and .# = Z. Note that H'(Z,Z) = 0 for odd i. This together with Lemma[2.5] force
the spectral sequence to degenerate at the ;;Fo> page. Thus we get the following
lemma.

Lemma 2.7. (i) There is a short exact sequence
0 ——7Z/27 —H%(G; Z,7Z) —=H?*(Z,72)% ——0.
(i) We also have the following short exact sequence
0 — Ty —H4G; 2,2) — 04 (Z,7)¢ — 0,
where Ty is a torsion group of order 4.

Consider the first spectral sequence ;E. Direct calculation of the stalks gives
7, 1=0;
Rin¢z =X o0, i odd;
(Z/2Z)a, >0 even.

This creates enough zeros in the ;F, page and forces the spectral sequence to
degenerate at this page. Hence we have the following lemma.

Lemma 2.8. (i) There is a short exact sequence
0 — H?(S?, 7)) —= H%(G; Z,7) — H°(A, Z/27Z) — 0.
(i) We also have a short exact sequence
0 — H*(S?, Z2) —= HYG; Z,7Z) — T, — 0,
where Ty is torsion group that fits into the following exact sequence
0 ——=H%*(A,Z/27) —— Ty —— H"(A, Z/27) — 0.

In particular, Ty is of order 224,
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Corollary 2.9 (Beauville, [1]). (i) The homomorphism =* : H2(S®, Z) — H%(Z, Z)¢
is an isomorphism and hence we have a canonical isomorphism

(2) H2(S1¥,7) = H2(S,7) & 75

where 0 satisfies 20 = [A].
(i) There is a short exact sequence

0——=H4(SP, Z) =~ HY(Z,2)¢ — =T —=0
where Ty = (7./27,)%.
Proof. To prove (i), we first note that the composition
H?(G,H%(Z,Z)) = 7.)2Z — H?(G; Z,Z) — H°(A, R*=CZ) = 7./2Z
is an isomorphism. By easy diagram chasing, this forces the composition
H2(S%,72) — H2(G; 2,7Z) — H2(Z, 7)€
to be an isomorphism. Hence there is an element § € H?(S?, Z) such that 7*§ =

[A]. Since 7*[A] = 2[A], we get 26 = [A]. To prove (ii), we consider the following
diagram

0——=H4(SB, Z) =~ HY(Z,2)¢ — T3 —> 0

0 —H*S®, Z2) —=HYG; 2,Z) —= T, —=0

) 3

Tl :Tl

0 0

This implies that T3 is of order 222, For any o € H*(Z, 7)Y, we have 2a = 7*(m.«).
This implies that T3 is of 2-torsion. Hence we have T3 2 (Z/27.)*2. O

Remark 2.10. For any a € H?(S,Z), its image in H?(F,Z) will be denoted a.
Hence H2(S!, Z) has a basis

{a1,a2,...,092,0}.
The element a,; can be described as the unique element satisfying

mra; = 77 (plai + p3a;).
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Consider the following diagram

T3 _ T3
0 — Sym2(H2(Z, 2)%) —2—~ H4(2,72)¢ Ty 0

0 — Sym?(H2(S[), 7)) £ H4(S1, Z) — = T4(S12)) —=0

where all the 3-terms columns are short exact. Use the canonical isomorphism in
(i) of Lemma [Z3] we know that the image of p is freely generated by

T (pla; + paa;) U T (pTa; + paa;) = 77 (py(a; U a;) + pa(a; U a;) + 2pia; Upsa;)
= (a; - a;)eq + 2¢;, 1 <i<22;
T (pia; + psai) UT"(pla; + pyaz) = 77 (pi(a; Uay) + p3(a; Uaj)+
pia; Upsa; + pia; Upsa;)
:(ai-aj)eo—i—eij, 1 <<y <22

T (prai + p30i) U[A] = 5. (777" (prai + paai))

= Jj«(2n"a;)
= 2u2
and
(3) [A]? = j.j*[A] = =g

where ¢ is the first Chern class of the relative O(1) bundle of A = P(T) — S. The

next lemma gives us
(4) 3§ = Jx(r(&)) = Ju(er(€) N*[S]) = 7" [As],
where Ag C S x S is the diagonal and & fits into the following short exact sequence

0——0x(-1) n*Ts & 0.

Lemma 2.11 ([6], Proposition 6.7). Let X be a smooth projective variety and
Y C X a smooth subvariety of codimension d. Let 7 : X — X be the blow up of
X along Y andY =P (A x) C X the exceptional divisor. Let j : Y — X be the

inclusion, n : Y — Y the natural projection and i : Y — X the inclusion. On Y,
we have the following short exact sequence

00— 0y (1) —=n"My/)x —=E—=0.
Then we have
mix(2) = ji(ca—1(E) Nn*z)
for all © in the cohomology or Chow groups of Y .

Let A = (a;j)22x22, with a;; = a;-a; € Z, be the intersection matrix of H?(S, Z).
Since the intersection form is unimodular, we know that B = A~! is integral.
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Actually, let {aY,ay,...,a¥,} be the dual basis of H(S,Z)Y. The intersection
form gives a canonical isomorphism H?(S, Z)" = H?(S, Z), under which we have

22
0.2/ = Z bijaj.
j=1
As a correspondence, Ag acts trivially on the cohomology of S; it follows that
22
[As] =Y m@a) + [pt] ® [S] + [S] @ [pt].
i=1

This implies

22
[Asl= Y biyei+ Y biei +eo.
1<i<j<22 i=1

This combined with @) and (@) implies that

22
[A]? = - Z bijei; — Zbiiei —eg.
i—1

1<i<j<22

With the chosen basis, the matrix representation for p is

2

—by e e —by - —1

2

In the matrix M, we first have 22 of “2”s on diagonal indexed by (7,1), 1 <1 < 22;
then we have 231 of “1”s indexed by (i,7), 1 < i < j < 22; after that there is a
single “—1” followed by 22 of “2”s. In the row (resp. column) corresponding to the
diagonal entry “—17, we have all the entries b;; of B sitting before (resp. a;; of A
sitting above) “—1”. All the remaining entries of M; are “0”s. One checks that
det(Mj) = 5-2%. Hence we have the following lemma.

Lemma 2.12. (i) The group Ty is of order 5 - 2.
(ii) The group T*(SP) is of order 5-2%.

Statement (ii) was first obtained in [4, Proposition 6.6]. Their method uses the
isomorphism between H?(S1?,Z) and the lattice U®? @ Fg(—1)%? @ (-2) and a
discriminant computation.

In [19, §4], the operators L* were introduced to study the cohomology of Hilbert
scheme of n points on a surface, where \ is a partition of n. In our case, we will
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use the operator L' which can be described explicitly as
1 * [ % % .
(5) Lb'(a) = o™ (7" (PraUpaa) — jin"a) € HY(F,7),

for all a € H2(S,Z). The key point here is that L' is integral. When a is the class
of a curve C C S, then L%!(a) is represented by the closure of {m(z,y) : =,y €
C,x # y}. This implies that L'! is integral on Hodge classes; see [I9, Theorem
4.5]. The above equation (§]) allows us to check the integrality of L*! on a basis
of H?(S,7Z). Thus we only need to check that for finitely many general elements a
of H2(S,Z). For each of those a, by deforming the complex structure on S, we can
arrange a to be a Hodge class and hence we see that L'! is integral on this a. It
follows that L!:! is integral on all of those finitely many a’s. Hence as an operator,
L1 is integral.
The following theorem will be very useful in explicit calculations.

Theorem 2.13. Let {a;} be an integral basis of H*(S,Z) and A the intersection
matriz. Let B = A~'. There is a basis

{vo, vil1<i<22, vijli<icj<o2, uili<i<2o}

of HY(S®, Z), such that

7T*’U0 = €y, 7T*’Ui = €; — u’i, F*Uij = €ij, w*ui = 2’11,;
The cup product H2(S1?, 7)) x H2(S?), Z) — H*(S?, Z) can be described explicitly
as

az--dj:vij—i—aijvo, 1<i<y <22

di-ﬁi:2vi+ui+aiivo, 1§’L§22,

a; -0 =u;, 1<i<22;

6 . 6 = — Z bij’Uij — Z biivi — Z %ul — 9.

1<i<j<22 1<i<22 1<i<22
In particular, a;(d; — 6) is divisible by 2 in H*(S1?, 7).
Proof. We take u; = jin*a;, = mul, vo = m (7*pi[pt]) and v;; = m.7*(pja; U pha;).
We also set v; = L' (a;) € H*(S!?, Z). We also have the following relation
e; =T (pia; Upsa;) = n* LY (ay) +ul, 1<i <22

Let N C H*(SP,Z) be the subgroup generated by vo, {v;}22,, {vij}1<icj<o2,
{u;}?2,. By writing down explicitly the matrix of 7* : N — H*(Z, Z)%, we see that
the cokernel of the above map has size 222. By (ii) of Lemma 2.9 this implies that
N = H4(S (21 Z). To check the formula of cup products, we only need to check the
identities after pulling back via 7*. For example,

(6 - a;) = 77 (pia; + pra;) - T (plas + praj)
=7"((a; - a;)pi[pt] + (a; - a;)p3[pt]) + 7" (pia; U psa; + pia; Upsa;)
:W*(aijvo—F’Uij)v 1 <<y <22

The other equalities are checked similarly. 0
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2.2. The general case. In this subsection, we assume that F' is a hyperkahler
manifold of K3[P-type. For any § € Q(F), then § (or —d) essentially arises from
some S in the deformation equivalent family, see Lemma 3.4 of [16]. Hence
for cohomological computations, it is harmless to automatically view an element
§ € Q(F) as coming from an isomorphism F = S12,

We first prove the following

Lemma 2.14. Let 6,0’ € Q(F'), then the following are true.

(i) The class 6 — &' is divisible by 2 in H*(F,Z).

(ii) The class 6% — &' is divisible by 8 in HY(F, Z).

(iii) For any o € H2(F,Z), the class a - (o — §) € H*(F, Z) is divisible by 2.

Proof. We assume that F = S for some K3-surface S. Let § be the half of
the boundary divisor. We use the notations in Theorem Then we can write
0" = a —cd, where b(a’,6) = 0. Since ¢’ is exceptional, we have b(§’, ) € 27Z for all
o € H(F,Z). This forces a’ = 2a, for some 6 = Y_ a;d; € 6+. Since ¢’ is primitive,
we know that ¢ € Z is odd. This proves (i). For (ii), we write explicitly

8% — 6% = 46% — 4¢da + 26

22
= 42(03&12 — ca; 5&1) +8 Z aiajﬁidj + (62 — 1)52
i=1 1<i<j<22

Since ¢? — 1 is divisible by 8, we only need to show that the first sum is divisible
by 8. This can be seen from

22
4;(0@&? —ca;68;) =4 a;(a] —68;) +8 (‘;) a; —4(c—1) ) aida;

and the fact that ¢ is odd and that a? — §a; is divisible by 2, see Theorem 213}
Given (i), we only need to prove (iii) for the exceptional element 6 € € coming
from an isomorphism F 22 S[2I. This case follows from Theorem 213} O

Definition 2.15. Let § € Q(F). We define a quadratic map vs : H*(F,Z) —
H*(F,Z) by putting

(6) vs(a) = %oz (o —9).

It is known that 6+ is the lattice of a K3 surface. Let {dj,...,d22} be a basis for
51 and let A = (b(d;, 6;))22x22 be the intersection matrix. Set B = A~1. We define

(7) vo(8) = 500+ Z bija; - ;).

z]l

Remark 2.16. Let ' = SI?I and notations be as in Theorem EI3, then vo(6)
is simply the class vg. This can be deduced from a direct computation using the
cup product formulas obtained in Theorem ZT3l In particular, vo(d) € H*(F,Z) is
integral.

Theorem 2.17. Let 6 € Q(F) and {ai,...,a22} be a basis of §*. Then the coho-
mology group H*(F,Z) admits an integral basis

{vo(9), ;- 0ajli<i<j<22, Us(Gi)|i<i<22, O-0;|1<i<22}
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3. A DESCRIPTION OF T*(F)

Let F be a hyperkihler manifold of K3[2-type. This section is devoted to a
canonical description of the group 7*(F). By Lemma 2I2(ii), we know that the
order of the group T*(F) is 5 - 2%5.

Lemma 3.1. Let F be a hyperkihler manifold of K32 -type and § € Q(F) an ea-
ceptional class. Then
(i) The composition H2(F,Z) ——> H4(F,Z) — T*(F) induces a homomor-
phism
s H2(F,Z) ® /27 — T*(F).
(i) The homomorphism s is independent of the choice of 4.
(iii) The image 6 of 6 in H?(F,Z) ® Z/2Z is independent of the choice of 6.
(iv) The kernel of v5 is generated by 9.

Remark 3.2. Since 95 is independent of the choice of §, we will simply write
v : H2(F,7,)27) — T*(F)
for this canonical homomorphism.

Proof. For (i), we note that

vs(a+ &) = %(a+ &) (@+a — o)

= ’U(;(li) + ’U(;(El/) + aa’

which implies that the map H?(F,Z) — T*(F) is a homomorphism. One easily
checks that this homomorphism vanishes on 2H?(F, Z) and hence (i) follows. If we
pick another exceptional class §’ € Q(F'), then

v (&) — v () = %(5 _ 8.

By Lemma 214 the element ‘5_7‘5/ is integral. Thus vs (a) and vs(a) map to the
same image in 7*(F), which proves (ii). Statement (iii) follows from the fact that
§ — ¢ is divisible by 2; see Lemma 214l By the definition of 75, we see that § is
in the kernel. Let {aj,...,a22} be a basis of 6-. Then Theorem [Z.I3] implies that
vs(@;) # 0 for all 4. Since the basis is arbitrary, we get that vs5(a) # 0 for all primitive
@ € 6. This implies that the images v5(a;) are Z/2Z-linearly independent. This
proves (iv). O

Lemma 3.3. Let F be a hyperkihler manifold of K3P-type and 6 € Q(F) an
exceptional class. Then the following are true.
(i) vo(0) € HY(F,Z) is the unique element satisfying the following

(v0(6) - &+ B)p = bla, B) + %b((i, 0)b(5,8), Va.B € H(F.Z).

(ii) The image 9o(8) of vo(8) in T*(F) is an element of order 10. For a different
choice &' € Q(F), the difference () — Uo(d") is an element in the image of vs. In
particular, the element wy = 20o(0) is independent of the choice of 6.

Proof. We take a basis {ay, ..., a2} of 6=. To prove (i), we may work in the special
case F' = S1?. Then the vy in Theorem I3l is represented by a smooth surface
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S C F, which parameterizes all length two subschemes of S containing a given
point of S. Note that S is the blow up of S at that point. Then we have
ﬁi|§:a*ai, 5|§:E

where o : S — S is the blow up with E being the exceptional curve. Since the class
of S on F' is simply vy, we have
(v0~di-5)pz(a*ai-E)§:O, (1)0'52)F:E2:—1,
and
(1)0 . ﬁl . ﬁj)p = (O'*Cli . O'*Clj)g = (Cli . Clj) = b(dz, ElJ)
One easily checks that the equality in (i) holds for «, 8 from the basis {a, ..., 822,0}.
By linearity, (i) holds for all o, 3. For (i), we may still assume F = S, First we

note that by the definition of vy(8), we know that its image in 7*(F) is an element
of order 10; see equation (7). In H*(F,Z), we have the element

. n 1
q= Z bijaiaj — 552
1<4,5<22

where B = (b;;) is the inverse of the intersection matrix of {ay, ..., a22}. We know
that ¢ is independent of the choice of the exceptional class § and the basis {a;} of
5+, see the discussion of next section. Then equation (7)) can be written as

1 1

§) = =6+ —q.
vo(6) 3 + 50
This implies that

1
vo(8") — vo () = 5(5’2 —62).

As in the proof of Lemma 214} we can write 6’ = 2d + ¢d for some a € 6+ and odd
integer c¢. Then by direct computation, we get

09(8") — 9o () = vs(a).
This finishes the proof. O

Theorem 3.4. Let F be a hyperkihler manifold of K32 -type. Let § € H2(F,Z/27)
be the canonical element as in Lemmal3.3(iii) and K2 (F) be the quotient of H(F, Z./27.)
by (Z./27)5. Then the following are true.

(i) There is a canonical short exact sequence

0 K2(F) TYF) —=7/10Z ——=0 .

Each 6 € Q(F) determines a splitting of the above sequence by the homomorphism
ZJ10Z — T(F), 1 — 5o(9).
(ii) There is a canonical exact sequence

P

0 —Z/5Z — > T4(F) H2(F,Z)" ® 7./2Z.— 0

where p(1) = wy and Y(0) = {a — (-0 -8)p mod 2}, where § € HY(F,Z) is
a lifting of 0 € TA(F) and & € Q(F) is some exceptional class. The composition
1 o v5 1s the homomorphism induced by the Beauville—Bogomolov pairing.
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Proof. To prove (i), we note that by Lemma B3] K?(F) is identified with the image
of v. Since K2(F) is of order 222 and T*(F) is of order 5 - 223, we know that the
quotient group T*(F)/K?(F) is of order 10 and thus isomorphic to Z/10Z. This
gives the short exact sequence. By the explicit basis obtained in Theorem 217 we
know that the images of vg and {vs(d;)} generate T*(F). This implies that the
element 9y, which is of order 10 by Lemma B3] gives a splitting of the above short
exact sequence.

To prove (ii), we first check that the definition of ¢ is independent of the choice
of §. The composition 3 o vs is induced by

1
a— {8~ (§a(a—5) -B-0)r mod 2}.
Then we explicitly compute that

(%a(a —9)-B-0)r=bla,8) mod 2.

This implies that ¢ o ¥s is the homomorphism induced by b(—, —) whose image is
{¢ € Hom(H?(F,Z),Z/27Z) : () = 0,5 € Q(F)}.

To show that 1 is surjective, we only need to show that there exists an element
6 € H*(F,Z) such that #-§-6 =1 mod 2. But we can simply take 6 = v (J) since
vo(8) - 62 = —1. The remaining part of (ii) follows from this. O

4. MINIMAL HODGE CLASSES AND PICARD RANK

Let F be a hyperkihler manifold of K 3[2-type. In this section we show that the
minimal Hodge classes are of special form. Namely it is always contained in the
subspace generated by divisors and the Beauville-Bogomolov form. In particular,
under Assumption [[.4 we show that being of Jacobian type will force the Picard
rank of F' to jump. As a consequence we see that a very general F' is not of Jacobian
type. We also show that having a minimal Hodge class is a birational invariant.

4.1. Some canonical Hodge classes. Let (F, \g) be a primitively polarized hy-
perkéhler manifold of K3[2-type. In this section, we study some canonical element
in the group

Hdg*(F) = H*(F, Z) n H>2(F)
of Hodge classes in degree 4. First we note that there are two canonical classes
in Hdg"(F). The first one is (A\o)? and the second one is constructed from the
Beauville-Bogomolov form via linear algebra.

Let A be a finitely geneated free abelian group with a nondegenerate integral
symmetric bilinear form b: A x A — Z. Let {a1,...,a,} C A be an integral basis
of A. Let A = (a;j)rxr be the matrix representing the bilinear form b with respect
to the above basis. Namely a;; = b(a;,a;). Let B = (b;;) = A~! and define

(8) bt =" bijaa; € Sym*(A) ® Q.

i,j=1
Note that B is usually not integral unless the bilinear form b is unimodular. Using
standard linear algebra, one checks that b~ is independent of the choice of the basis
{a;}. Actually, we can choose {a;} to be a basis of Ag = A®Q (resp. Ac =ARC)
and extend b linearly to Aq (resp. Ag), then the expression () gives the same
element b1,
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Back to our specific situation, let b(—, —) be the Beauville-Bogomolov bilinear
form on H2(F,Z). The above construction gives an element b= € Sym?(H?(F, Q)).
By Lemma 21 this gives rise to an element ¢ € H*(F, Q). We will frequently use
the following explicit expression for q. Take an exceptional element 6 € Q(F) and
let

{a,a2,...,000}
be a basis of . Let A = (a;;) be the matrix of b restricted to 51, i.e. a;; = b(a;, a;).
Let B = (b;;) = A~!. Then we have

A 1
9) q= Zbijaiaj - 552 € HY(F, Q).
3J

Definition 4.1. Let Vy, C Hdg*(F) be the subgroup defined by
Vi, = Spang{A3, ¢} NHY(F,Z).
Recall that Ao is even if b(Ag, a) is even for all o« € H(F, Z).

Lemma 4.2. Let \g € H?(F,Z) be primitive. The following statements are equiv-
alent.

(i) The element \g is even.

(i) N3 — 6% is divisible by 2 for some § € Q(F).

(iii) N3 — 62 is divisible by 2 for all § € Q(F).

(iv) N — 6% is divisible by 8 for some § € Q(F).

(v) A3 — 62 is divisible by 8 for all § € Q(F).

(vi) 9(Xo) = 0 in T4(F).

Proof. (1)=(ii). Let 6 € Q(F) be some exceptional class. Fix a basis {a1,...,022}
of 6. Then we can write \g = a’ + ¢/§ with @ € 6+ and ¢ € Z. The fact that
b(Xo, @) € 27Z for all a € 6+ and the fact that b(—, —) is unimodular on §* implies
that a’ = 2a for some a € §+. Since \g is primitive, we know that ¢’ must be odd
and hence we can write Ag = 2a + (2¢ + 1)d, for some ¢ € Z. Then it is easy to see
that A3 — 62 is divisible by 2.

(il)=-(i). We still write \g = a’ + ¢’d. Then we get

M- =a?+2da'6 + (? —1)6%

Using the explicit basis obtained in Theorem [2.13] we see that the above expression
is divisible by 2 only if 2 | ¢ — 1 and @ = 2a for some a € 6. Hence we get
Ao = 2a+ (2¢ + 1)6 for some ¢ € Z. This implies that Ag is even.

(ii)=-(iii) and (iv)=-(v). This is due to the fact that §% — ¢* is divisible by 8 for
all §,¢" € Q(F), see Lemma 214

(iii)=(ii) and (v)=-(iv) are automatic.

(ii)=-(iv). As above, we can write Ao = 2a + (2c + 1)d. Hence we get

A2 — 6% = 8us(a) + 8(c+ 1)da + 4e(c + 1)02,

which is easily seen to be divisible by 8.

(iv)=(vi). Again, we can write \g = 2a + (2¢ 4+ 1)0. Then we easily see that
’U()\Q) = 55()\0) =0in T4(F)

(vi)=(i). Pick some § € Q(F). If we write \g = @ + ¢/d for some @’ € 6+ and
¢ € Z, then v()\g) = 9(a’) = 0 implies that a’ is 0 in 6+ ® Z/2%, i.e. @ = 2a for
some a € §+. Since )¢ is primitive, we get ¢/ = 2¢ + 1 for some ¢ € Z. This shows
that A\ is even. [l
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Lemma 4.3. Let (F, \y) be primitively polarized as above, then the following are
true.

(i) The two elements (X\o)? and q are linearly independent in H2(F, C).

(ii) For any «, 3 € H2(F,Z), we have

(¢-a-B)r = 25b(a, B).

(iii) The element %q 18 integral and primitive, namely %q € H*(F,Z). Furthermore,

%q + 62 =8uy(8), V€ Q(F).

() If X is odd, then
2
Vay = Z(Xo)* @ Z(gq).
. 2 . Lo
(v) If No is even, then (X\o)* + 2q is divisible by 8 and

1 2
i = Z()\o)Q ) Zg()\g + g(])

Proof. We fix an exceptional class § € Q(F) and let a;, i = 1,...,22, be an integral
basis of 61. Let A = (@ij)1<4,j<22 be the matrix representing the restriction of b to
§t. Let B = (b;;) = A~1. In particular, we have the explicit expression () for the
class q.

We prove (ii) first by direct computation as follows. Assume that

CY:G(S-FZ,TiaZ‘, ﬁ:bé—I—Zyzdz
Then we have
(q-a-B)r =) by(ai-a;-a-B)r - %(52'04'5)
= bij(b(ai, a;)b(ex, B) + b(ds, a)b(a;, B) + b(di, B)b(d;, )
— 5006, )b(018) — b(e, 8)b(3,0)

= (Z bijai;)b(a, B) + 2 Zxkﬂlkibijajlyl +b(a, B) — 4ab
= tr(AB)b(a, B) + b(a, B) + 2(2 Tragyr — 2ab)
= 22b(av, B) + b, B) + 2b(cx, B)
= 25b(w, B).

To prove (i) we first note that for all a, 8 € (Ag)*, we have

(A - @ B)r = b(Xo, Xo)b(a, B).

Hence if A3 and ¢ are proportional, then A3 = g—%q where by = b(Ag, Ag). This
implies
bo bo
365 = (A5 - A) = 5 (4 A) = 5 - 25b0 = b
This forces by = 0 which is impossible since )y is an ample class.
To prove (iii), we first compare the equation (@) and the equation (@) and get

5 A A
5U0(6) +q= 1 Zbijaiaj.
i,J
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Note that % > obijaza; is integral It follows that

—q* Zb”alaj 2v0(9)

is integral and primitive. Equation (M) implies that 5(] + 6% = 8vg(§). This proves
(iii).

The intersection matrix of {3, %q} is given by
A2 2. /\2> (3b2 100
10 M={3%"""9 = 02 0
(10) <§q.Ag gq 2 1000 92
Hence det(M) = 176b3. Now we assume that
1 2
];(a)\o + b(g‘l)) € HY(F,Z)

where p is a prime and a,b € Z with ged(a,b) = 1. By Theorem 217] we have an
integral basis

B = {1)0(5), 1)5(611'), diﬁj, 5&1}
for H*(F,Z). We assume that \g = kdg — ¢, for some k,c € Z and primitive
dp € 0+. Let u = b(\o,d) = 2c and u; = b(Xo, ;) = kfi;, where fi; = b(do, d;). The
intersection of {\3, %q} with the basis B is given by
(11) (;\?)) B (deo = (s — p) + %bo  2pip + boai; 2ﬂui>

9 50,1'1' 10aij 0

5
where ag = b(dg, ao).
Claim: The fact that p | aAd + b(2¢) implies that p | 4kc.
Proof of claim. Since both A3 and %q are primitive, we know that p t ab. The last
column of ([Il) implies that p | 4keg;, for all i = 1,...,22. This forces p | 2ke. O

Case 1: p|c
In this case we have

bo = b(Xo, Ao) = k? b(dg, do) — 2¢* = k*ag, mod p.
The first column of (Il implies
ak?ap+9b=0 mod p.
By looking at the second column of (), we get the following
0=ap(p; —p)+a- %bo—i-bﬁaii mod p

= ak2ﬁ? +a- %kan + 5a;;0 mod p

= ak%ji? + S (akPag + 96) + S0

= ak2ﬁ? + %b mod p.
This implies that a; = cofi? mod p, where ¢y = —2“k . Note that here we use the
fact that ptb. By looking at the third column of (I]]]) we get

0=a-2k*fi;fi; + a- k*apa;; + 10ba;; mod p
= 2ak2ﬂiﬂj + a;j (ak2a0 + 9()) + baij
= 2&/{2;21-,&]- + baij mod p-
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It follows that a;; = cofi;ji; mod p for all # < j. Combine the above expressions
for a;;, we have

+1 = det(A) = (co)** det(fi;fi;) =0 mod p.

This is a contradiction and hence case 1 never happens.
Case 2: p| k.
In this case, we first have by = —2¢? mod p. The first column of () gives

—ac® +9b=0 mod p.
Then the third column of ([II]) gives
0 = 2ap;pt; + aboa;; + 10ba;; mod p
a(—202)aij + 10ba;; mod p
= 2a;j(—ac® + 9b) — 8ba,;
= —8ba;; mod p.

Since p 1 b, we have p | 8a;; for all ¢,j. Since det(A) = £1, there exists (i,5) such
that p{ a;;. It follows that p | 8 and hence p = 2.

Case 3: p=2.

In this case, we have 2 | A2 + 2¢ and also 8 | 6% + 2¢. By taking the difference,
we see that \3 — 2 is divisible by 2. By Lemma[L2] we know that )\ is even. This

implies that
2 2
Ag + 54= (0% + BQ) + (A =%

is divisible by 8. When )y is even, we easily see that bg/2 = b(Ag, Ag)/2 is odd.
Hence the power of the factor 2 in det(M) = 176b3 is 64. It follows that

1., 2
g()\(ﬂ'g(ﬁ

is no longer divisible by 2 and hence is primitive. This proves (iv) and (v). O

Corollary 4.4. If Ay satisfies the Assumption[I7], then for all o« € V), and 6,d" €
(Ao)*+ C H3(F,Z), we have

(a-a-d)p =eb(a,a),
for some e € 2Z. In particular, Vy, contains no minimal Hodge classes.

Proof. We note that for all a,a’ € H?(F,Z)s,, we have
2
sq-a- a =10b(a,a’), A2-a-a’ =b(Ao, \o)b(a,a’).
Then one concludes by evaluating aa’ on the generators of V),. ]

4.2. Minimal Hodge classes.

Proposition 4.5. Let F be a hyperkihler manifold of K3P -type. Then a minimal
Hodge class 0 is always in the Q-vector space spanned by Sym?(Pic(F)) and q.

Proof. Let {ai,...,a,} be a basis of Hdg?(F) and {t;,...,t,} be an orthonormal
basis of Hdg*(F)* ® C, i.e. b(ta,ts) = 0ap, Yo, € {1,...,s}. Assume that
0 € H*(F,Z) is a minimal Hodge class. We can write § explicitly as

T T S S
0 = Z Ti50;05 + Z Z YiaOite + Z zaptats,

i,j=1 i=1 a=1 a,B=1
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for some ;, Yia, 2o € C with z;; = x;; and 2.3 = 2go. Since 0 is a minimal class,
for all a, 8 € {1,...,s}, we have

50¢3 =0-t,- ts
= 2ijb(ai,0;)008 + D Zarpr (0o 0ap + Sarabp + 6arpdpra)
4,J o B
= Z :vijb(ai, Clj)éaﬁ + (Z Za/a/)(salg + 2Zo¢ﬂ-
ij o
When a # 3, we see that z,3 = 0; when 8 = «, we get that z,, = c is a constant
that is independent of «. By definition, the element g has the form

q= Z C;ij0;0; + Zta’tm
7,7 a
which implies that g, = Y, tata is of type (2, 2) in the Hodge decomposition. Now

we take an integral basis {t;,...,t;} of H?(F,Z);,. Hence we have a new explicit
expression of 6,

kA T S
0= Z Ti;0:05 + Z Z giaai%a + Cqir
i,j=1 =1 a=1

where 9;4,c € Q. Since 6 is a Hodge class, we have

T S
Z Z gmaﬁg’Q =0.

i=1 a=1

This implies that
S
Z ?]ia{gjz = Oa
a=1

since a; form a basis. Now it follows that > : _, fiata is of type (1,1) which forces
it to be 0. Hence we have 6 = szzl 2;50;0; + cgr which is in the Q-span of
Sym?(Pic(F)) and q. O

Corollary 4.6. Let (F, \o) be a primitively polarized hyperkahler manifold of K32
type with \o satisfying Assumption[1.4]. If F is of Jacobian type, then the Picard
number of F is at least 2. In particular, a very general such F is not of Jacobian

type.

Proof. If Pic(F) = Z), then by the proposition a minimal Hodge class is always in
V), = Spang{g, A3} NH?2(F). However, by Corollary 4 there is no such minimal
Hodge class. ([l

Proposition 4.7. Let Fy and Fy be hyperkihler manifolds of K32 -type. If Fy is
birational to Fy, then Fy has a minimal Hodge class if and only if Fy does.

Remark 4.8. This Proposition suggests that being of Jacobian type is likely to be
a birational invariant.

Proof. Since F} and F3 are birational to each other, we have have an isomorphism

H2(Fy,Z) = H?(Fy, Z)
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which is compatible with the Beauville-Bogomolov bilinear forms; see [10]. Then
Theorem 2.17] implies that

HY(F,7) = HY(F, Z)

which is compatible with the intersections. Then the Proposition follows easily. [

5. HODGE CLASSES IN DEGREE 4

Let F be a hyperkihler fourfold of K3Z-type. In this section, we study Hodge
classes in H*(F) for a generic F' using a deformation argument. It is proved that
all Hodge classes are generated by the polarization and the Beauville-Bogomolov
form when F' is very general. This provides a second proof of the fact that a very
general F' is not of Jacobian type. Since the Beauville-Bogomolov form is algebraic,
our argument also gives a proof of the Hodge conjecture for very general F. In the
special case when F' is the variety of lines on a very general cubic fourfold, we are
able to prove the integral Hodge conjecture.

Theorem 5.1. Let (F, \g) be a very general primitively polarized hyperkdhler man-
ifold of K32 -type. Then the group of integral Hodge classes in degree 4 can be
expressed as

Hdg"(F) = V.
In particular, if Ao is odd, then Hdg4(F) is freely generated by A3 and %q; if Ao is
even, then Hdg*(F) is freely generated by N2 and %()\(2) + %q)

Remark 5.2. Given Corollary 44l the above theorem gives another proof of the
fact that if Ao satisfies Assumption [[L4] then a very general F' is not of Jacobian

type.

Proof. Let A = H%(F,Z). We will use A¢ to denote A ® C. Let P be the period
map

P(IF]) = Cwp € P(A¢)

where wp € HY(F, Q%) is a generator. By the Local Torelli Theorem (see [I]), we
know that a deformation of (F,\g) corresponds to a deformation of wp such that
Xo € ALY Consider

Q;\ro ={w e P(A¢) : b(w,w) = 0,b(w,@) > 0,b(Ag,w) = 0}.
Assume that the period of (F, Ag) is w. Then we can easily compute

T oz, = { € Home(Cw, Ao/Cw) : b(w, ¢(w)) = 0,b(Xo, (w)) = 0}.

By definition, ¢(w) is only a class in A¢/Cw. Then we define b(w, p(w)) to be
b(w,w’) for any element w’ € H?(F, Z) representing the class p(w). Note that this
is well defined since b(w,w) = 0. We define b(\g, p(w)) in a similar way. We have
the Hodge decomposition

AC — A2’0 D Al’l @AO’Q.

Let {a1,...,a21} be a C-basis of AL, Then we can write

p(w) = Zﬂiai + pol, i, po € C.
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The condition b(w, p(w)) = 0 implies that po = 0. The condition b(Ag, p(w)) = 0,
together with its equivalent form b(\g, p(w)) = 0, implies that ¢(w) € A\g- N AbL.
Hence we get the following identification

_h L 1,1
T[w]!Qj:O = )\O ﬁA .

When [w] moves in QY along the direction ¢ € T[wLQIO’ the space A moves in
the Grassmannian G(21, A¢) along the direction 1, where

¥ € Homg (A", Cw @ Cw)
is the unique element satisfying

b (i), w) + blay, p(w)) =0,

b((ai), @) + b(ai, p(w)) = 0.

If we write (o) = a;,w + b;@, then the above conditions imply

a; = =b(ai, p(w)),  bi = —b(ai, p(w)).
When [w] moves in QF along the direction ¢, the space H*2(F)) moves in the Grass-
mannian (232, Sym?(A¢)) along some direction ¢ € Homg(H2, Sym?(A¢)/H?).
Under the natural identification

H?? = Sym?*(H"') @ Cw A @,

the homomorphism z/NJ is given by
Daiaz) = Plaq) Ay + ai Alay),

PYwAD) = pw) Ao+ w A p(w).
We define the fixed part Fix(H*?) of H*? to be the set of all z € H??2 such that

for all ¢ associated to some ¢ € Tiqt » we have 7,/;(3:) = 0. Our next step
@,

is to determine Fix(H*?) explicitly. Let p(w) = > pi; and A = (a;;) be the
“intersection” matrix on H"!, ie. a;; = b(ay,j). Let T = (t;;) be the matrix
representing the complex conjugation on H!, i.e.

Then we get
a;i = —b(ai, p(w))
= —b(a, Zﬂjdj)
== itiblai,ax)
= - Z @iktjkfhy
Jik

b = —b(ai, p(w)) = = Y aijpu;.

Let a = (a1,...,a21)" and b = (by,...,ba1)t. Then the above equations can be
written as
a=-A'Tq, b =—Ayu,



HYPERKAHLER MANIFOLDS OF JACOBIAN TYPE 23

where = (p1,...,u21)t Assume that
T = Zcijaiaj +cow AW € FiX(H2’2),
0,J
where C' = (¢;;) is a symmetric matrix. Then we have
)(z) = Z cijb(aiag) + cotp(w A @)
0,J
=D cis(ei Ablag) + (i) A ag) + eo(ip(w) A +w A p(w)
ij
=2("aC¥(@)) + co(p(w) A @ +w A p(w))
=2['aC(aw + bw)] + co(fap A © + ‘aji A w)
= ta(=2CA('T) i+ co(*T)p)w + fa(—2CAp + cop)w
where a = (o, ...,a21)" and ¥(a) = (¢¥(aq),...,¥(az1))t. Hence we get
(CO - 2CA),LL =0
(CQ — QCA)tTﬂ =0
& (g —2CA)u =0, VYo(w)e g NALL

r € Fix(H*?) & { Vo(w) € Ay N A

We write \g = ‘as, where s = (s1,...,521), then
pw) € Xg NAV & TsAp = 0.
Hence we have the following equivalences
r € Fix(H*?) & (cg — 2CA)pu =0, Vpu with 'sAp =0
& cp—2CA=t'sA, for somet = (t1,...,t21)"
1

1
& C = 5001471 — gt ts.

Since C is symmetric, the vector t is a multiple of s. Hence x € Fix(H??) if and
only if
C=c1B+ecs?s, cy=2c,
for some c1, ¢y € C, where B = A1, ie.
= "'a(c; B+ cas's)a+2c,w A @
=c1('aBa + 2w A ©) + caA
=c1q+ 02)\3.

Hence we get Fix(H??) = Spang{q, A3}. This computation implies that on a very
general deformation of (F, \g), the classes that remain of (2, 2)-type are generated
by ¢ and A3. This implies that for a very general (F, \g), we have

Hdg"(F) = Spang{q, A\J} N H*(F, Z).
Together with Lemma [£3] this proves the theorem. O

Corollary 5.3. Let (F, \g) be very general as in the theorem, then Ao is odd (resp.
even) if and only if the image of Hdg*(F) in T*(F) is a cyclic group of order 5
(resp. 10).
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Proof. In any case, we always have A3 — 0 € T*(F). Since 2¢ = 8vy(0) — 62, we see
that 2q — 80o. If Ag is odd, then the image of Hdg"(F) in T*(F) is generated by
87y, which is an element of order 5. To conclude the second case, we only need to

note the fact that for any even Ao, the image of (A3 — 6%) in 74(F) is an element
of order 2. g

Corollary 5.4. Let (F,\g) be a very general polarized hyperkihler manifold of
K32 type.

(i) The Hodge conjecture holds true for F'.

(ii) Let Z*(F) = Hdg*(F)/Alg*(F). If \o is odd, then there is a surjection Z,/37 —
ZA4(F); if \o is even, then there is a surjection Z./247, — Z*(F).

Proof. To prove the Hodge conjecture for F', we only need to do this in degree 4.
By the computation carried out in the proof of the theorem, we only need to show
that ¢ is algebraic. We will need the following explicit formula of the Chern classes
of F in the special case F = S[2],

CQ(F) = 24’1}0 — 362.

See [22, Lemma 9.3]. This implies that 2¢g = fc2(F). When X is odd, then Z*(F)
is generated by the image of %CQ(F ). When ) is even, then Z*(F) is generated by
the image of ﬁCQ (F)+ %)\(2). This proves the corollary. (]

We consider a special family of polarized hyperkéhler manifolds. Let X C P2 be
a smooth cubic fourfold. Let F = F(X) be the variety of lines on X. It is known
that F is a hyperkéhler manifold of K3-type; see [2, Proposition 2]. We have
a natural inclusion F' C G(2,6). Let & be the restriction of the rank 2 quotient
bundle on the Grassmannian of lines in P°. Set g; = ¢1(&) and g2 = c2(&). We
take A9 = ¢1 to be the natural polarization on F. Recall from Hassett [§] that
a cubic fourfold X is special if Hdg4(X ) has rank at least two. Beauville-Donagi
[2 Proposition 4] proved that the Abel-Jacobi homomorphism ® : H*(X,Z) —
H2(F,Z) is an isomorphism of Hodge structures. Hence X is special if and only if
the Picard rank of F' is at least two.

Proof of Proposition [1.7. We only need to verify Assumption[I.4]for one cubic four-
fold X. We take X to be general Pfaffian cubic fourfold. Then F = S for some
K3 surface S of degree 14. Let § € Pic(F') be the boundary divisor and b € Pic(S)
be the polarization with (b-b)s = 14. Then under the natural orthogonal decom-
position
H?*(F,Z) = H*(S,Z) ® 75, b(6,0) = —2,

the polarization Ag can be written as A\g = 2b—>54; see the proof of [2, Proposition 6].
Then Assumption[T4lis readily verified. Then by Corollary[d.6l we have rk Pic(F) >
2. Hence X is special. O

Theorem 5.5. Let X be a very general cubic fourfold. Then the following are true.
(i) The variety of lines F' = F(X) is not of Jacobian type.

(ii) The integral Hodge classes Hdg*(F) is freely generated by go and %(g% —92).
(iii) The integral Hodge conjecture holds true for F' in degree 4.

Proof. (i) Follows from the above proposition since a very general X is not spe-
cial. To prove (ii), we need to write ¢ explicitly in terms of g; and go. Let
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® : HY(X,Z) — H%(F, Z) be the Abel-Jacobi isomorphism. Then the restriction of
® to the transcendental classes gives an isomorphism

g : HY(X, Z)ir — H2(F, Z)1,

which satisfies b(®(a), ®(3)) = —a - B for all o, 8 € HY(X, Z)+,; see [2, Proposition
6]. One relation that we need is

g2-a-a' =0, Va,a € H2(F,Z),.

This can be seen from the geometry. Let Y C X be a general hyperplane section,
which is a smooth cubic threefold. Then gs is represented by the surface of lines
on Y. For any transcendental classes a and a’, we can find the corresponding
transcendental classes o,/ € H*(X,Z);, such that a = ®(a) and o/ = &(d/).
When « is transcendental, we always have deg(aly) = 0. By the formula of the
number of secant lines of a pair of curves on a cubic hypersurface obtained in [20,
Lemma 3.10], we have

g2-a-a’ = 5deg(aly) deg(a/y) =0.

Similarly, we have go - g1 - @ = 0 and gog? = 45. The self-intersection of g is given
by
4 _ 2 _
91 = 3b(g1,91)" = 108.
Based on these identities, we get
1 4

(591 = 1z92) a-b="b(a,b), VabeH(FZ).
This implies that %g% — %gg = %q. Hence we have
12 oy _ L, o
8(5Q+91) = 3(91 g2)-

Then (ii) follows from Theorem [5.]] and the fact that gy is even.
Note that £(g7 — g2) is represented by the surface of all lines meeting a given
line, see [24], §0]. This proves (iii). O

6. RATIONAL CUBIC FOURFOLDS

In this section, we give some evidence of our Conjecture We first state
some well-known formulas for blow-ups. We then show that rationality of a four-
fold implies the existence of a Hodge theoretically special family of rational curves
parametrized by a surface. Using the techniques and constructions of [20], we were
able to relate this to the variety of lines and prove Theorem [L.T0l

6.1. Blow up formulas. Let Y be a smooth projective variety of dimension 4 and
Z C'Y a smooth closed subvariety. Let ¥ = Blz(Y) be the blow up of ¥ along
Z and E C Y the exceptional divisor. Then we have the following commutative
diagram
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Proposition 6.1. Let Y, Z and Y be as above. We use & to denote orthogonal
decomposition. Then the following are true.
(i) If Z is a point, then
HY(Y,Z) = HY(Y, Z)&Z[P?,

where the extra class [P?] is the class of a linear P? in the exceptional divisor
E = P3. Furthermore we have [P?]? = —1.
(i) If Z is a curve, then

HY(Y,Z) = H'(Y, Z)D(Zj.£§ © Zj. f),
where & is the class of the relative O(1)-bundle of m: E =P (ANz)y) — Z and f is
the class of a fiber of w. The intersection matriz of j.& and j. f is

d -1

-1 0 )’
where d = deg(A7/y ).
(ii) If Z is a surface, then we have a canonical identification

H4(}77 Z) = H4(K Z)®H2(Zv Z)(_1)7
where H2(Z, 7)) — HY(Y,Z) is given by a — —j.m*a and the intersection form is
given by
Jema- jum*a’ = —(a-d)z.

The projection H* (37, 7)) — H2(Z,Z) is given by a — m.j* .

Sketch of Proof. These formulas are classical. For example (see §2.1 of [18]), one
can use the Mayer—Vietoris sequence to get the following short exact sequence

0 — Hi(Y,2) " HY(2,2) 0 WAV, 2) T HY(E, Z) — 0.

Since E is a projective bundle over Z, we can write H*(E) in terms of the coho-
mology of Z. Then the formulas (without the bilinear form) in the proposition
follow from the above sequence. To get the bilinear form, it remains to carry out a
routine computation of intersection numbers using the Chern class of the relative
O(1)-bundle of E — Z. Please also see the proof of Lemma [Z4] O

Corollary 6.2. If Z is a point or a curve, then
HY(Y, Z) = H'(Y, Z)sr.
If Z is a surface, then
HYY,Z)y = B (Y, Z)w®H?* (Z, Z)1r (- 1).

6.2. Rational fourfolds. Let Y be a smooth projective fourfold that is rationally
connected. Let S = IIS; be a smooth (not necessarily irreducible) surface. Let
K(S) = ®K(S;) be the product of the function fields of its components. Any
nontrivial morphism

ox(s) : Pieis) = [ [ Peesy = Y
induces an Abel-Jacobi map

a=me* (Y, Z)y — H2(S, Z),.
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This can be defined as follows. First, the morphism ¢ can be defined over a dense
open subset U C S. Namely, we have the following diagram

Pl xU 2y

TFU\L
U
This picture can be completed into a proper family of rational curves on Y as
follows
¢ —2=Y
|

S
This allows us to define the usual Abel-Jacobi map

To0*  HYY, Z)i — H2(S,Z):.

It is well-known that the}ranscendental lattice of a surface is a birational invariant.
Since S is birational to S, we have the canonical isomorphism

H%(S,Z)i = H%(S, Z)1s.
This gives the homomorphism
a:HYY,Z)y — H%(S, Z):..

One checks that this definition of « is independent of the choice of the spreading
oy and the completion S. Note that by construction, the morphism « : € — S has
a rational section.

Definition 6.3. We say that S receives the cohomology of Y with index e via a
rational curve ¢g(g) : ]P}((S) — Y as above if the associated Abel-Jacobi map
satisfies

(a(x) - a(y))s = —e(z-y)y, Yr,yeH(Y,Z)y.
When a polarization H of Y is fixed, the degree of the rational curve pg (g is

defined as the degree of p(P!) for a general closed point s € S(C). We will call
YK (s) a line if its degree is 1.

Let Y be a smooth projective fourfold. Assume that Y is rational. Then there
is a birational map f : P4 --» Y. We resolve the indeterminacy of f by successive
blow-ups along smooth centers and get the following picture

Y/
P4 Y

where o is the seccessive blow-up. Let 51, ..., .S, be the smooth surfaces that appear
as the center of the blow-up at some step. Let T1,...,T, C P* be the images of
the S;’s.

Definition 6.4. We say that successive blow-up o is simple if the T;’s are all
surfaces distinct from each other.
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(a1

We assume that o is simple. This implies that S; — T; is birational and o~(t)
P! for general t € T;. Let

S = ]_[S T = ]_[T
i=1 i=1

Fix a general point € Y with its pre-image in P* being z’. For a general point
(meaning from a dense open subset) t € T, we use Ly C P* to denote the line
passing through 2’ and ¢. Let L} C Y’ be the strict transform of L; and C; C Y be
its image in Y. Note that x € C; for all such general ¢. As t varies in a dense open
subset of S, this gives a rational curve

that passes through 2 € X. For a general point ¢ € T, we also define E; = o~ 1(t) C
Y’ and E; C Y be its image in Y. Since S — T is birational, we see that E;, as ¢
runs through general points of T', defines a rational curve

QDK(S) : ]P}((S) —Y.

Lemma 6.5. Let notations and assumptions be as above, then S receives the co-
homology of Y via ¢ (s) (resp. Pk (s)) with index —1 (resp. 1).

Proof. By (iil) of Proposition [i.]] and Corollary [6.2] we see that

7up* tHY(Y, Z)er — H2(S, Z)ty = H*(Y', Z) 1
is equal to f*. This proves the case of Pr(s)- Let {Ly : b € B =P3} be all the
lines on P4 passing through z’. Then for general b € B, the line Ly, gives rise to

a rational curve Cy C Y. When L, specializes to a line L, for some general point
t € T, the rational curve Cj specializes to the nodal curve C; U E;. This gives us
g’ ,  h

the following picture
C——%¢ ——=Y
P

s—?.p
Here € is the total space of {F; U Ci}ics and € is the total space of {Eb}beg.
Then by construction, we have
T + T = pulg')"h" = g7 q. "
as homomorphisms H*(Y, Z)i, — H?(S, Z)s,. Since H?(B,Z), = 0, we get g* = 0
and hence
o = =T P,
This proves the case of vk (s)- ([l

6.3. Rational cubic fourfolds. Let X be a smooth cubic fourfold and F' = F'(X)
its variety of lines.

Proposition 6.6. The hyperkdihler manifold F is of Jacobian type if and only if
there exists a surface S that receives the cohomology of X with index 1 via lines.
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Proof. By [2, Proposition 4], the universal line defines the Abel-Jacobi isomorphism
®: HY(X,Z) —» H*(F, Z).
If there is a line pg(g) : ]P}((S) — X, then this gives a rational map f : S --» F.
By replacing S by a birational model, we may assume that f is a morphism. Then
we have
ffod=m*: HYX,Z)y — (S, Z)..
As was shown in [2, Proposition 6],
b(@(x), ®(y)) = —(x-y), z,y€H (X, Z)q.

We see that S represents a minimal class if and only if it receives cohomology of X
with index 1 via ¢x(g)- O

Remark 6.7. We have two well-known examples of rational cubic fourfolds. The
first example is the Pfaffian cubic fourfolds and the second example is the cubic
fourfolds containing a plane where a certain Brauer element vanishes. We will show
that Conjecture holds in each example.

Let X be a general Pfaffian cubic fourfolds. It was proved by Beauville-Donagi
[2] that X is rational and the corresponding variety F' of lines is isomorphic to S|
for some K3 surface S. Thus our Conjecture holds for such X.

Let X be a general cubic fourfold containing a plane IT = P2 ¢ X. Let X be the
blow-up of X along II. The projection from the plane Il determines a morphism
7: X — II' = P2. A general fiber of 7 is a smooth quadric surface and hence
isomorphic to P* x PL. There is a smooth curve A C II' of degree 6 such that
for all t € A the fiber 7~ !¢ is isomorphic to the cone over a conic. Note that
a general fiber of m has two rulings and by singling out one of them, we get a
double cover r : S — II' which ramifies along A. Hence S is a K3 surface of
degree 2. Consider the actual lines in a given ruling, we get a divisor D C F which
has a natural morphism s : D — S whose closed fibers are all isomorphic to P*.
Associated to this situation, we have an element « € Br(S) that corresponds to
the fibration D — S. Now we assume that & = 0 and consequently s admits a
rational section A : S --+ D. In this case, X is rational since the vanishing of «
implies that 7 has a rational section and hence X is rational; see [9]. By blowing
up S, we get a morphism A:S = D. Together with the natural inclusion D C F,
we get a surface ¢ : S — F. We next show that S represents a minimal class
on F' and thus Conjecture is verified in this case. In H*(X,Z), we have two
natural classes, namely II and h?. Let L be the orthogonal complement of (h?,1I)
in H4(X,Z). Voisin [24, Proposition 2] proved that ®(L)|p C s*H(S,Z)° where
H2(S,7Z)° is the orthogonal complement of r*c; (Or/(1)) in H2(S, Z). Furthermore,
Voisin also proved that if z,y € L and if 2/,y’ € H?(S,Z)° such that ®(z)|p =

', ®(y)|p = s*y/, then (z-y)x = —(2' - y')s. By [2, Proposition 6], we have
b(®(x),®(y)) = —(x - y)x. It follows that

(¢"u-¢*v)g = (\'s™a" - Ns™y)g = (@' - y)s = blu,v),
for all u = ®(z) and v = ®(y) in ®(L), where z,y € L. Note that H%(F,Z)i C
®(L). Hence the above equality implies that ¢.[S] is minimal class. O

Proposition 6.8. Let C = P! C X be a general rational curve of degree e on
X and Sc the surface of lines meeting C. Then the lines defined by Sc gives a
morphism Yk (s) ]P}((S) — X and Sc receives the cohomology of X with index 2e.
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Proof. This follows from the Prym-Tjurin construction obtained in [21]. O
Given the above result, we would like to ask the following

Question 6.9. For a very general cubic fourfold X, is there a surface S that
receives the cohomology of X via a rational curve with an odd index?

We expect that the answer to this question is negative and such a negative answer
should imply nonrationality of X. To see how this question is related to Conjecture
[L6 we recall some constructions and results of [20]. Let f : C = P! — X be a
smooth rational curve of degree e on X. A secant line of C is a line on X that
meets C' in 2 points. We say that C'is well-positioned if there are only finitely many
distinct secant lines of C'. Assume that C is well-positioned. A general pair of points
(z,y) € Sym*(C) = P? determines a line L, , C P°. The line L, , intersects X in
a third point z unless L, , is a secant line of C. As (z,y) varies, we get a rational
map ¢o : Sym?(C) --» X, (z,5) — 2. Let ¥ be the blow up of Sym?(C) at the
points corresponding to the secant lines, then ¢ extends to a morphism ¢ : ¥ — X.
This rational surface X is called the residue surface of C. The condition z =z or y
defines a curve C C X. The restriction of ¢ to C' gives a morphism C — C which
has degree e — 2. There are several natural divisors on X. Let « € C be a general
closed point, we define D, C ¥ be the locus {(z,2') : 2’ € C} € Sym*(C). Let
a C C be a hyperplane section and we write a = Y;_, ;. We define

D, = Z D,..
=1

Let £ = ¢*h be the class of a hyperplane. The locus (z, z) for € C defines A C X.
The class of A is divisible by 2 in the Picard group of 3. Let Ay = —%A. Then
the following holds true in Pic(X),

N
(12) C—Da—Do—E+ > Ei=0,

i=1
where F;, i =1,..., N, are all the exceptional divisors of the blow up ¥ — Sym? @)
and a = h|¢. This is proved in Proposition 3.6 of [20]. Viewed as algebraic cycles
on X modulo rational equivalence, we have

$.C = (e—2)C, ¢.Dg=—eC+ah®, ¢.Dg=C+agh® ¢.&=ash®,

for some a1, az, a3 € Z; see the proof of [20, Theorem 4.2].

If C varies in a family, then the above constructions can be carried out in families.
Furthermore, the construction does not require the base field to be algebraically
closed. Now assume that S is a surface and

¢ - X

iﬂ

be a family of rational curves of degree e on X. Assume that for a general point
s € S, the curve % is well-positioned. By carrying out the above construction in
this family, we see that there is a dense open subset U C S and YU, ¢ C ¥,
ZCY, Dc¥, AgC¥and E C ¥ such that for any point s € U, the fiber (¥); is
the residue surface of €, and ¢, =, D, Ay and E correspond to C, &, Dy, Ag and



HYPERKAHLER MANIFOLDS OF JACOBIAN TYPE 31

> E; respectively. We view %¢,=, D, Ay and F as elements in CH;(X). Then we
define

=% —-D-A,—Z+FE e CHs(D).
Note that there is a natural morphism ¢ : £ — U x X. We define I' € CHs (S x X)
to be the closure of gb*I‘ By abuse of notation, we will simply write I' = gb*F Let
ng be the generic point of S. Note that I'|,; « x defines an element in CH; (ng x X).
By doing the above construction of residue surface over the point 7ng, then the
relation (I2)) says

1—‘|ns><X =0.

Note that we have

CHi(ns x X) = CH’(ns x X) = li_ngCHg(U x X)

where U runs through open dense subsets of S. Hence we see that T'|yxx = 0 for
some open dense U C S. Let B =5 — U and B be a desingularization of B. By
shrinking U, we may assume that B is a curve. Then we see that

I € Im(CH3(B x X) — CH3(S x X)).

It follows that the homomorphism [[']* : H*(X, L) — H?(S, Z)t, factors through
H°(B,Z). This implies that [[]* = 0. Note that ¢, = (e — 2)%¢ € CHs(S x X),
we get
[0€]" = (e — 2)[€]".
Consider T'; = ¢, (D + eC — arE) € CH3(S x X)q and run the same argument as
for T, we get
* * a1 7«
(6. D)7 = —el)" + —[5.5]"
as

Similarly, we have

TN 1% * a2 v —x

6.0l = (6 + 2[5,
Note that = is simply the pull back of a hyperplane H C X via the natural morphism
¥ — X. It follows that [¢.=]* : H*(X, Z)i, — H?(S, Z)y, factors through H*(H, Z).

Since H*(H,Z) = Z only has algebraic classes, we conclude that
[6.2]" = 0.

Put all these identities together, we get

(13) [E]* = (3 —2¢)[¢]", on HYX,Z),

The generic fiber of E — S consists of finitely many lines, namely the secant
lines of the corresponding curve %5. By selecting one of the secant lines, we get a
factorization £ — g — S and a morphism I's — F. The surface I'g gives rise to
a correspondence from S to F. Then the equation (3] can be rewritten as

(14) [Cs]" oo = (3 - 2¢)[%]",

where o : HY(X, Z), — H?(F,Z);, is the Abel-Jacobi isomorphism. Now we can
give a partial relation between Question and Conjecture

Proposition 6.10. Let X be a cubic fourfold and F its variety of lines. Assume
that there exist a surface S receiving the cohomology of X with odd index ey via a
well-positioned rational curve. Then F is potentially of Jacobian type.
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Proof. Let € — S be the rational curve defined by S. By assumption, we have
(€12 [€]'y = —ecolz-y), =,y€H(X,Z)u.

Let I's be the surface parameterizing the secant lines as constructed above. Then
the equation (4] gives

[Ts)*u - [[s]*v = eo(2e — 3)b(u,v), u,v € HA(F,Z),.

Note that eg(2e —3) is again odd. Take a = M € Z. Let | C X be a general
line and f : S; — F the surface of lines meeting [. It is known that

fru- ffv=2b(u,v), u,v€H(FZ),.

Then we can take S1 = S[][S; and 'y = I's — al'y, where I'; is the graph of f.
Then we have

C1]*u - [[1]*v = b(u,v), wu,v € H*(F, Z)x,.
This means that F' is potentially of Jacobian type. (I

Proof of Theorem [I.10l This is essentially a combination of Lemma [G.5 and Propo-
sition The only thing that we need to note is that in the proof of Lemma
[6.5] we can choose the point x’ general enough such that C; is well-positioned for
general t. (|
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