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Chapter 6 

Visualizing colloidal liquid nucleation 

by critical Casimir forces 

 

 

In the preceding chapter, we have investigated colloidal phase transitions induced by 

critical Casimir forces. We have shown that with precise temperature control of critical 

Casimir forces we achieved reversible control of colloidal gas-liquid and liquid-solid 

equilibria. In this chapter, we focus on the formation of the liquid phase and investigate 

liquid nucleation and growth with real and the reciprocal space techniques down to the 

single particle level. This allows us to obtain direct insight into the nucleation of liquids, 

which is difficult to study at the atomic scale. We directly visualize critical liquid nuclei 

and study their structure. We then measure the size-dependent surface tension and 

chemical potential directly from the distribution of droplet sizes. Using classical 

nucleation theory, we elucidate the relation between size-dependent surface tension, 

chemical potential, and thermal fluctuations that governs the nucleation of the liquid. 

Because of the similarly between the critical Casimir potential and molecular potentials, 

we argue that these observations allow insight into the nucleation of molecular liquids as 

well.  
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6.1 Introduction 

Nucleation is the formation of a thermodynamically stable phase in a metastable phase, 

produced by a first order transition. The nucleation of a liquid from its saturated vapor 

phase provides an archetypical example of nucleation, and has been studied for nearly 100 

years because of its importance to processes in the earth atmosphere, and many industrial 

applications. Nucleation reflects the competition between the energy cost Gsurf to create 

an interface between the liquid and vapor phases, and the energy gain Gbulk from the 

condensation of particles into the thermodynamically stable phase [1-4]. The total 

nucleation energy reaches a maximum G
*
 at a critical nucleus radius r

*
, where both 

contributions balance. Nuclei are only stable and grow if their radius r > r
*
. The maximum 

G
*
 represents the energy barrier for liquid nucleation, and depends sensitively on the 

amount of supersaturation determining Gbulk [5]. An important question concerns the 

relation between the liquid structure and the surface tension and chemical potential. The 

normal application of classical nucleation theory assumes the values of macroscopic liquid 

phases to apply at small scales; however, both Gsurf and Gbulk depend on the liquid 

structure inside the nucleus that itself can depend on the nucleus size; direct imaging of 

atomic configurations in molecular liquids, however, is prohibitively, difficult. While 

macroscopic expansion and diffusion measurements allow determination of the average 

nucleation rate, the structure of critical nuclei and the interplay of size-dependent surface 

tension, chemical potential and thermal fluctuations are extremely difficult to observe 

directly in atomic systems.  

In this chapter, we report the direct visualization of liquid nucleation in colloidal system 

induced by critical Casimir forces. The temperature-dependent critical Casimir force 

allows us to change directly the interaction energy U between the particles; this enables us 

to adjust the amount of supersaturation of the colloidal gas. Moreover, the direct imaging 

of the individual particles allows us investigate the structure of critical nuclei directly in 

three-dimensional (3D) space. These microscopic observations provide a unique 

opportunity to elucidate the relation between size-dependent nucleus structure and 

nucleation energies, and to test the applicability of nucleation theories.   
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6.2 Free energy barrier in classical nucleation theory 

Nucleation of the liquid phase from a supersaturated vapor phase is an activated process 

that involves the formation of a critical nucleus of the thermodynamically stable liquid 

phase within the metastable vapor phase. The free energy of formation of the liquid 

nucleus is determined by the free energy gain due to condensation of the attraction 

particles and the free energy cost due to the creation of the gas-liquid interface. The 

classical nucleation theory (CNT) [1-4] uses these two terms to obtain an expression for 

the free energy difference between a homogenous bulk gas and a system containing a 

spherical liquid nucleus of radius R as 

lRRG 


  32

3

4
4 ,     (6.1)  

where  is the interfacial tension of gas-liquid interface,  is the chemical potential 

difference between gas and liquid, and l is the number density of particles in the liquid. In 

Eq. 6.1, the first term is referred to as surface energy, Gsurf, and the second term is 

referred to as the bulk energy, Gbulk. For small nuclei, Gsurf is larger than Gbulk, and 

spontaneously formed nuclei are unstable and disappear. With increasing nucleus size, 

Gbulk grows faster than Gsurf, until, at the critical nucleus size, the bulk energy 

dominates over the surface energy and spontaneously formed nuclei are stable and grow. 

The critical radius is 
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and the free energy cost to create the critical nucleus is 
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From the critical radius, and the particle density l, we determine that the number of 

particles in a critical nucleus is 
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In thermal equilibrium, the probability Pn for a particle to be in a cluster containing n 

particles is  








 


Tk

G
P

B

n
n exp       (6.5) 

Therefore, in the nucleation stage, the occurrence of clusters of size n allows us to directly 

determine the free energy cost Gn of formation of the liquid cluster. One of the most 

important predictions of classical nucleation theory is the prediction of nucleation rates. 

Such prediction needs accurate estimates of  and. Both quantities, however, depend on 

the structure of the liquid phase, which, for small nuclei of the order of a few part icle 

diameters, might no longer be that of the bulk liquid phase. There has been much 

discussion about the size-dependence of the surface tension for small nuclei [5-7]. Our 

direct observation of nucleation allows us to image the 3D structure of critical nuclei as 

they form. Furthermore, from density fluctuations of the gas, we can directly determine 

the particle pair potential (see chapter 5). This allows us to elucidate the relation between 

the liquid structure, particle pair potential and coarse-grained quantities like surface 

tension and chemical potential.  



6.3 Surface tension in Kirkwood and Buff theory 

According to the thermodynamic definition, surface tension is the isothermal work of 

formation of unit area of interface. However, Kirkwood and Buff found that the 

mechanical definition of surface tension in terms of the stress transmitted across a strip of 

unit width offers the most direct approach to a molecular theory. Let’s consider a system 

of coexisting gas and liquid, where the two phases are separated by a planar surface (Fig. 

6.1a-b). The density of the gas and the liquid are g and l, respectively. In thermal 

equilibrium, the pressure in the bulk gas and liquid phases is constant and equal to P
0
. In 

the interfacial region, pressure is a function of z. Let P
t
(z) be the normal pressure exerted 

by one element of volume of the fluid on a neighboring element across a plane parallel to 

the z-axis. Far away from the surface region, 

  ( )    ;       (6.6) 

whereas, within the surface region (Fig. 6.1c) 
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Figure 6.1: Representation of gas-liquid interface and its pressure deficit. 

(a) Surface layer model. (b) Variation of density across the surface region; the density of the gas and the 

liquid are g and l, respectively. (c) Variation of the normal pressure, pt, on the plane parallel to z-axis. The 

pressure deficit is indicated by the hatched region. 

 

  ( )           (6.7) 

The pressure deficit {     ( )} in the surface layer manifests itself macroscopically as a 

tension exerted by the molecules along the surface plane. The magnitude of this tension, 

per unit length, is the surface tension, and is given by [8]:  

  ∫ {     ( )}  
 

  
     (6.8) 

This equation is quite general and rigorous. However, its application to real situations is 

difficult because the pressure P
t
(z) is not known. To avoid this difficulty, Kirkwood and 

Buff relate the pressure P
t
(z) to the kinetic and the potential energy as  

  ( )     ( )  
 

 
∫
  ( )

  
 ( )       (6.9) 

where k is Boltzmann’s constant, (z) is the local density, g(r) is the molecular pair 

distribution function, and U(r) is the molecular pair potential.  

Far away from the surface, P
t
(z) becomes equal to P

0
, the equilibrium pressure in the 

system. Hence, we have 
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  ( )        (6.10a) 

             
 

 
∫
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  ( )        (6.11b) 

where gg(r) and gl(r) are the molecular pair distribution functions in the gas and in the 

liquid, respectively. 

We can now employ (6.8) to evaluate γ. We have  

  ∫ {     ( )}  
 

 
   ∫ {     ( )}  

 

  
  (6.12) 

Using equations (6.10a) and (6.10b) and assuming the gas is infinitely dilute and the liquid 

is homogenous right up to the dividing surface, the surface tension is simply determined as 

  
   

 

 
∫

  ( )

  
  ( ) 

   
 

 
     (6.13) 

Since published in 1949, the Kirkwood-Buff theory has become the most general 

statistical mechanical theory which is applicable to all types of intermolecular interactions. 

In this thesis, we apply this theory to relate the surface tension of liquid clusters to the 

measured liquid density, particle pair distribution, and particle pair potential.  

 

6.4 Observation of liquid nucleation and growth by dynamic light 

scattering 

We use dynamic light scattering to obtain an overview over the liquid nucleation and 

growth process. This technique allows us to measure the average size of liquid droplets 

from fluctuations of the scattered intensity due to their diffusion (see chapter 2 and chapter 

5 for more detail). We use a suspension of pNipam particles in a binary solvent of 3mp 

and water, with 3mp mass fraction of 28%. As discussed in the last chapter, this solvent 

composition offers a wide temperature range to investigate the colloidal gas-liquid 

transition. To obtain reproducible results, we follow a fixed temperature protocol; we first 

equilibrate the sample at a temperature 0.7°C below Tcx where critical Casimir forces are 

negligible, and hold it for 30 minutes to achieve a homogeneous particle suspension. We 

then increase the temperature towards Tcx and fix the temperature at T = 0.3°C, well 

inside the gas-liquid coexistence regime, to observe the nucleation and growth of the 

liquid phase. 
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Dynamic light scattering allows us to follow the growth of aggregates in time. The 

dynamic light scattering setup and technique is described in chapter 2. We record the 

scattering intensity at an angle of 90
o
 to the incident beam. In order to follow the aggregate 

size in time, we evaluate the fluctuations of the scattered intensity after different waiting 

times, tw. This allows us to determine the average aggregate radius at different stages of 

growth. 

We show the reduced correlation function of the scattered intensity at different waiting 

times in Fig. 6.2a. All curves show a double-exponential decay Ct()  =  exp(-Dq
21) + 

exp(-Dq
22); the first exponential decay, at time constant τ 1 ~ 0.01ms, is independent of 

waiting time while the second decay  2 increases with waiting time.  We interpret the first 

decay as the result of the fluctuations of the binary solvent. Using the solvent viscosity 

= 1.2mPas [9, 10], we obtain the size of the solvent fluctuation Rfluc. ~ 30 nm, which is 

close to the correlation length obtained by fitting the measured pair potential described in 

chapter 5. For the second decay, the increase of the time constant  2 with waiting time can 

 

Figure 6.2: Light scattering measurement of the growth of the colloidal liquid phase.  

(a) Reduced correlation as a function of delay time  for different waiting times tw measured at T = 0.3 oC 

revealing the fluctuations of the binary solvent (first decay at short times), and the diffusion of the colloidal 

liquid drops (second decay at longer times). (b) Average radius of colloidal liquid droplets as a function of 

time, determined from the second decay of the time correlation of the scattered intensity. The solid lines 

delineate an initial nucleation regime (blue dashed line), and two growth regimes <R>t(1/2) (red line), and 

<R>t(1/3) (black line), which are associated with diffusion limited and surface limited growth, respectively 

[11- 13].  
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Figure 6.3: Large clusters grow by merging of small clusters. (a) Two small clusters start to merge. (b 

and c) The clusters are merging. (d) Merging completed. 

 

be interpreted as the growth of particle aggregates. We use  2 to determine the mean 

aggregate radius <R> and show the resulting <R> as a function of time in Fig. 6.2b. The 

data indicates three regimes: the first regime, at t < 10 minutes, shows <R>~r0, the 

radius of a single particle. Apparently, the growth of liquid phase is delayed, and we 

interpret this regime as the initial nucleation stage. The second regime, at 10 < t < 60 

minutes, shows a growth according to <R>~ t
1/2

. This time dependence agrees with that of 

surface-limited growth. Finally, the third regime, at t > 60 minutes, shows <R>~ t
1/3

, 

reflecting diffusion-limited growth [11, 12]. These three growth regimes are confirmed by 

direct observation using confocal microscopy. The nucleation delays for 10 minutes after 

the desire temperature is reached, after that clusters form by aggregating of single 

particles, finally, large clusters form mostly by merging of small clusters growth (see Fig. 

6.3). These observations of the time-dependence cluster size agree reasonably well with 

Ostwald’s prediction of the cluster growth of molecular liquids and solids [14]. The large 

droplets grow at the expense of small ones. The agreement between our measurement and 

those of molecular liquids suggests that the growth of the liquid phase in the two systems 

follow similar mechanisms. 

 

6.5. Confocal microscopy observation of liquid nucleation 

To obtain insight into the nucleation of the colloidal liquid phase, we use confocal 

microscopy to image individual particles during the nucleation stage. This allows us to 
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follow the formation of nuclei and image their structure directly in three-dimensional 

space. We follow the same temperature protocol described in the dynamic light scattering 

measurement and use confocal microscopy to follow the appearance and disappearance of 

liquid nuclei. We show confocal microscope images at fixed temperature T = 0.3°C, and 

different waiting times in Fig. 6.4 a-c. After 10 minutes of waiting, a nucleus is clearly 

visible as indicated by the arrow in the confocal microscope image shown in Fig.6.4a. 

Interestingly, this nucleus breaks up again after a few seconds. After ~15min, a stable 

nucleus finally forms and grows (Fig. 6.4b). Subsequently, more stable nuclei form and 

grow, until after ~30min, small colloidal droplets coexist with a low density of particles 

outside (Fig. 6.4c).  

 

Figure 6.4: Colloidal liquid nucleation and growth.  

(a-c) Confocal microscope images of colloidal liquid nucleation and growth: (a) arrow indicates a liquid 

nucleus that disappears within a few seconds. (b) Arrow indicates a nucleus that is stable and grows. (c) 

Colloidal liquid-gas equilibrium after 30min of growth. (d-f) Reconstructed images of liquid formation 

correspond to the confocal images (a-c). Red and blue spheres indicate particles with a large and small 

number of nearest neighbors, respectively. Red particles demarcate the unstable (d) and stable liquid nucleus 

(e), and the fully grown liquid drops (f). 
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We elucidate the nucleation of the liquid phase in more detail by showing three-

dimensional reconstructions of the stable and unstable nuclei in Fig. 6.4d and e. We also 

show a reconstruction of the stable colloidal drops in Fig.6.4f. Large red spheres indicate 

particles with more than four nearest neighbors, and small blue spheres indicate particles 

with four or less nearest neighbors. Red particles accumulate in clusters demarcating a 

local high particle density. We elucidate the structure of the nuclei and fully grown drops 

by measuring the particle density  as a function of distance r from the nucleus center of 

mass. We show the result for selected nuclei in Fig. 6.5. Inside the fully grown drop, the 

density is constant to very good approximation, and exhibits a rather sharp decay to the 

density of the gas. From the plateau, we obtain the density lid = 3.3 m
-3

 inside the liquid 

drops. For the two nuclei, there is no longer a plateau of constant density indicating that 

the density inside the nucleus is not uniform, while still the position of the surface can be 

determined from the rapid decay of . These microscopic observations provide a unique 

opportunity for direct measurement of the critical radius r
*
 of liquid nucleation. The data 

shows that the radius of the unstable aggregate is approximately 4r0, while that of the 

stable nucleus is 6r0. Thus, rc  5r0, in very good agreement with values found in computer 

simulations for Lennard-Jones liquids which are between 4 and 8r0, depending on the rate 

of cooling [5, 15, 16].  

 

Figure 6.5: Particle density as a function of distance from the center of mass for the unstable liquid nucleus 

(squares), the stable nucleus (circles), and the fully grown droplet (triangles).  
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6.6 Free energy barrier as a function of supersaturation 

We can also measure the nucleation barrier directly from the distribution of nuclei sizes. In 

thermal equilibrium, the probability Pn for a particle to be in a nucleus containing n 

particles is given by eq. (6.5). We can therefore measure the Gibbs free energy of nuclei 

directly from the observed frequency of particles to be in a cluster of size n. To do so, we 

image a large field of view, much larger than that used for the reconstruction of individual 

nuclei. An example of a large 3D reconstruction is shown in Fig. 6.6a. Many different 

cluster sizes are apparent, indicating a thermally equilibrated cluster size distribution. We 

count the total number Nn of clusters containing n particles to determine their probability 

of occurrence Pn according to Pn = Nn/N, where N is the total number of particles in the 

field of view. We show the resultant Pn as a function of cluster size in Fig. 6.6b, inset. The 

probability decreases exponentially with increasing cluster radius.  We use this 

distribution to determine the Gibbs free energy G as a function of cluster size, according 

to eq. (6.5). The resulting G as a function of r is shown in Fig. 6.6b (open squares). They 

show the expected dependence of G on nucleus size: For small nuclei, the Gibbs free 

energy increases with increasing radius R indicating the dominance of the surface energy 

 

Figure 6.6: Cluster distribution and Gibbs free energy of clusters.  

(a) 3D reconstruction gives an over view of cluster size distribution. Many different cluster sizes are 

apparent, indicating a thermally equilibrated cluster size distribution. (b) Gibb’s free energy as a function of 

cluster size R, where r0 is the particle size, at T = 0.4 oC (dots) and at T = 0.3 oC (open squares). Solid 

lines indicate fitting of CNT to the data. Dashed line indicates the critical radius of nuclei at at T = 0.3 oC. 

Inset, Occurrence probability Pn of cluster containing n particles as a function of cluster size R. 
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over the bulk energy. The Gibbs free energy reaches a maximum TkG B10*

1  at the 

critical cluster radius of 0

*

1 5.05 rR   and a critical particle number of 530*

1 n , after 

which it starts decreasing as a result of the dominance of the bulk energy. This critical 

radius is in very good agreement with the direct observation of stable nuclei, see Fig. 6.4. 

The measured form of G versus r allows us to directly estimate the surface tension  and 

chemical potential We fit the G(r) curves with the function predicted by CNT (eq. 

6.1). Assuming lid = 3.3 m
-3

 determined from Fig. 6.3, the only free parameters are  and 

. We obtain  = 0.40 kBT and  = 0.25 kBT/d0
2
, where d0 is the particle diameter; the 

corresponding curve fits the measurements very well. The values and  are in good 

agreement with simulations of Lenrd-Jones liquids, which find values in the range of  = 

0.10-0.7 kBT and  = 0.1-1.0 kBT/d0
2
 [5, 15-17]. However, these values should depend on 

the attraction of the particles. To elucidate this dependence, we perform the same 

measurement at T = 0.4 
o
C corresponding to lower attractive potential between the 

particles. The resulting Gibbs free energy is indicated by solid circles in Fig. 6.6b. As 

result of the lower attraction, the nucleation barrier increases to ,8.11*

2 TkG B while the 

critical cluster radius becomes 0

*

2 5.02.7 rR  corresponding to 1075*

2 n particles. The 

best fit from the data with CNT gives us  = 0.12 kBT/d0
2
 and  = 0.16 kBT. Both values 

are smaller than the ones obtained at higher particles attraction. The lower values of  

reflect directly the lower degree of supersaturation associated with the lower attractive 

potential. The lower value of  associates with weaker particle bonds. Again, this trend of 

is in good agreement with simulations in Lennard-Jones system and hard sphere colloidal 

crystallization [18].  

 

6.7 Surface tension and the structure of critical nuclei 

In this section, we aim to link the structure of critical nuclei and the particle pair potential 

directly to the measured surface tension. Following Kirwood and Buff theory eq. (6.13), 

the surface tension can be related to the pair potential U(r) and the pair correlation 

function of the liquid structure [8, 19, 20]. To explore this relation, we measure the pair 

correlation function of liquid particles and show the results in Fig.6.7. Open squares show 

the pair correlation functions at T = 0.3 
o
C (strong attraction) and solid circles show the  
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Figure 6.7: Pair distribution function of colloidal liquid at T = 0.4 
o
C (dots) and at T = 0.3 

o
C (open 

squares). Stronger attraction at T = 0.3 oC gives rise to the higher peak of g(r) indicating higher degree of 

short-range order. Lines indicate polynomial fit to the data. 

 

pair correlation functions at T = 0.4 
o
C (weaker attraction). Remarkably, a clear change 

of the pair correlation function is observed: at stronger attraction (higher degree of 

supersaturation) the first peak of g(r) is higher indicating higher degree of short-range 

order associated with the stronger bonds. The pair potentials corresponding to these 

temperatures have been shown shown in Fig. 5.11a. To calculate the integral (6.13) we fit 

g(r) and U(r) with polynomial functions and insert these functions into the Kirkwood-Buff 

integral. We then set the lower limit of the integration to the position where the particle 

pair potential reaches its minimum, since only the attractive part of pair potential 

contributes to the surface tension [20]. Doing so, we obtain values of surface tension 

2

01 /40.0 dTkB

KB   and 
2

02 /20.0 dTkB

KB   at T = 0.3 
o
C and T = 0.4 

o
C, respectively, 

which show the same trend as the surface tensions  = 0.25 kBT/d0
2
 and  = 0.12 kBT/d0

2
 

determined from the cluster size distribution but are almost factor of two larger. This 

difference is reasonable given the crude assumptions of an infinitely dilute gas and an 

infinitely narrow interfacial width. The second assumption of constant density inside the 

liquid in particular does not hold as shown in Fig. 6.5. The data shows that the width of the 

interface and the density distribution changes with the nucleus size, leading to a size-

dependent surface tension [21, 22]. In contrast, CNTassumes the surface tension is 

independent of the cluster size. Nevertheless 21 /  and 
KBKB

21 / are quite similar 
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confirming the surface tension is proportional to the well depth of the pair potential and 

the nucleation and growth process is finely tuned by controlling critical Casimir forces. 

 

6.8 Conclusions 

In conclusions, by using critical Casimir forces to control particle interactions, we 

investigated the nucleation and growth of colloidal liquids. The use of the complementary 

techniques, light scattering and confocal microscopy allowed us to follow all stages of the 

nucleation and growth process, and to test classical theories of nucleation and growth. We 

used dynamic light scattering to have an overview of the nucleation and growth process. 

The result shows that the growth process is divided into three regimes: initial nucleation, 

surface limited growth, and diffusion limited growth. The latter two regimes are in very 

good agreement with Ostwald ripening for molecular liquids and solids.  On the other 

hand, we used confocal microscopy to follow the formation and break up of liquid nuclei 

directly in real space and we determined the critical radius above which nuclei are stable 

and grow. We then used the cluster size distribution to reconstruct the Gibb’s free energy 

barrier of nucleation, assuming thermal equilibrium of cluster sizes. This measured free 

energy curve could be very well fitted by the classical nucleation theory prediction, and 

we used the fit to determine the important parameters surface tension and chemical 

potential. Furthermore, we showed that the exquisite temperature control of the particle 

pair potential via critical Casimir forces allowed us to even change the amount of 

suspersaturation. We determined that at lower attraction, the energy barrier for nucleation 

becomes larger, reflecting the lower degree of supersaturation. Finally, using Kirwood and 

Buff theory, we linked the structure of critical nuclei and the particle pair potential directly 

to the measured surface tension. While we find qualitative agreement, the value of surface 

tension computed from the structure and pair potential is a factor of two larger, indicating 

the need for a more refined model. Our results, from different methods, are consistent and 

in good agreement with simulation results on Lennard-Jones liquids suggesting that this 

colloidal system is a good model for molecular liquids.  
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