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A B S T R A C T 

Barium stars have been studied extensively over the past few decades, yet our current understanding of how these intriguing objects 
formed leaves much to be desired. Many trends observed in systems containing barium stars cannot be satisfactorily explained 

by classical binary evolution models, naturally raising the question of whether triples and other higher order multiples can give 
rise to such exotic objects. In this paper, we study the possibility that a Roche Lobe o v erflow from a tertiary in a hierarchical 
triple system can potentially lead to surface barium enrichment within the inner binary, while at the same time causing the inner 
binary to merge, thereby producing a barium star. This possibility has the potential to form a large proportion of Barium stars, as 
Roche Lobe o v erflow from a tertiary is typically much more stable for close orbits than that from a binary companion. Various 
formation channels and mechanisms by which this can be achieved are considered, and constraints on relative formation rates 
are placed on each scenario. Three recently disco v ered triple systems containing Ba stars further support our proposed formation 

mechanism. We conclude that a significant portion of barium stars may be formed from hierarchical triple systems, and that 
further studies are required in this area before a complete understanding of Barium star populations can be achieved. 

Key words: binaries: close – stars: chemically peculiar – stars: evolution. 

1  I N T RO D U C T I O N  

Usually, barium (Ba) in stars is a slow neutron-capture process (s- 
process) product that is only found in the later stages of stellar 
evolution. This is because the pre-requisite s-process that synthesizes 
this element only starts to occur during the asymptotic giant branch 
(AGB) phase of stellar evolution, which only takes place long after 
the main sequence (MS) and red giant branch (RGB) phases have 
ended. Ho we v er, man y pre-AGB stars hav e been demonstrated to 
have detectable traces of Ba at their stellar surfaces (Bidelman & 

Keenan 1951 ), and astronomers were quick to define these irregular 
objects as ‘barium stars’ (e.g. Warner 1965 ). 

Over the years, much has been unco v ered re garding the origins 
of the chemical peculiarity of these Ba stars. Their unusually high 
surface Ba content turned out to be due to donations from a stellar 
companion (e.g. Boffin & Jorissen 1988 ). Once the companion 
evolves into an A GB star , it will be producing Ba, and will at the 
same time be expanding in size. If this companion is in a close enough 
orbit, then it will eventually interact with the primary, endowing the 
primary with matter that has the same chemical composition as its 
own outer layers, and enriching it with Ba through this process. Since 
the simplest concei v able stellar system that allo ws such a process to 
occur is a binary system, application of Occam’s razor leads naturally 
to a standing consensus that Ba star progenitors are binary systems. 

� E-mail: ygbcyy@star .sr .bham.ac.uk 

Ho we ver, recent work has discovered inconsistencies between the 
statistical orbital properties of binaries containing a Ba star and what 
is predicted by theory, assuming that all Ba star progenitors are binary 
systems. For instance, when Ba-star-producing binaries evolve into 
their characteristic AGB phase, the subsequent mass transfer from 

the more massive star to its less massive companion will induce 
unstable mass transfer, which will in turn lead to either tighter orbits 
with little accretion or a merger event. This leads to a range of 
orbital periods around the 1000 d mark in which Ba stars should 
not be found, whereas in reality there are many Ba stars co-orbiting 
companions in this period range (Izzard, Dermine & Church 2010 ). 
Also problematic is the issue that current theories predict that binaries 
containing Ba stars with orbital periods less than 4000 d should be 
highly circular, whereas in reality such systems frequently have large 
eccentricities, sometimes up to 0.4 (e.g. Jorissen et al. 1998 ; Escorza 
et al. 2019 ; North et al. 2020 ). 

To address these problems, many solutions have been proposed to 
reconcile Ba star progenitor models with observations in the context 
of binary evolution. In answer to the issue that long-period Ba star 
binaries can have high eccentricities, it has been proposed that some 
peculiarity of the mass transfer from the AGB to the Ba star may lead 
to the eccentricity being retained. Many such eccentricity-retention 
mechanisms have been studied, such as the periodic mass-loss rates 
in resonance with the orbit (e.g. Bona ̌ci ́c Marinovi ́c, Glebbeek & 

Pols 2008 ), and interaction with a circumbinary disc from which 
the mass is being accreted (e.g. Dermine et al. 2013 ; Vos et al. 
2015 , see also Rafikov 2016 ). Ho we ver, despite these solutions being 
able to account for the survi v al of large eccentricities during and 
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hence immediately after mass transfer, none of them are capable 
of explaining how the eccentricity can be maintained long after the 
mass transfer has ended, and there is evidence that Ba giants, which 
ha ve ev olved for a long time after receiving the initial Ba injection 
from their companions, can have highly eccentric orbits (Escorza 
et al. 2020 ). As for the existence of Ba stars with orbital periods 
shorter than 1000 d, Escorza et al. ( 2020 ) investigated the possibility 
that Ba stars can themselves undergo a giant phase and interact 
with their companion, resulting in a different orbital separation, and 
found that this could produce Ba star binaries in the 1000-d range. 
Ho we v er, the y note that this does not reproduce the short-period 
end of the observed Ba giant population, and also point out that 
this would result in eccentricities inconsistent with observations; if 
regular circularization is assumed, then the eccentricities practically 
vanish, while adopting reduced circularization prescriptions lead 
to eccentricities far in excess of what is seen. In short, these 
solutions cannot fully account for observations. In the absence of 
formation channels that have not yet been thought of, explaining 
these discrepancies would be a daunting task indeed. 

One possible way to o v ercome this quandary is to propose that a 
significant proportion of Ba stars do not form merely as a result of 
binary interactions alone. If this proposition is true, then one probable 
candidate for Ba star creation would be triple stellar systems. We 
already know that triple systems constitute 13 per cent of all stellar 
systems consisting of low-mass stars (e.g. Tokovinin 2014 ), or in 
other words, one in three binary systems have a tertiary companion. 
This ratio is drastically higher for stars of higher masses (Sana et al. 
2012 ; Moe & Di Stefano 2017 ; Sana 2017 ), the average multiplicity 
of which has been found to be 3. 

Given their prevalence, it is expected that at least some interacting 
triple systems can lead to Ba stars, and triple systems containing 
Ba stars have indeed been seen (e.g Escorza et al. 2019 ). Given their 
structural complexity, it is also expected that they can lead to Ba stars 
in more ways than one. The existence of a tertiary can potentially 
drive a previously non-interacting inner binary to exchange mass dur- 
ing the AGB phase of one of its components (Toonen et al. 2020 ); al- 
ternatively, an AGB-phase common envelope (CE) occurring within 
the inner binary can potentially eject Ba-rich material, which can then 
be accreted by the tertiary; one of the stars can potentially be respon- 
sible for a circumtriple CE, bringing one previously non-interacting 
stellar pair within the triple system to within interaction range of a 
subsequent AGB event; the tertiary may drive an inner binary previ- 
ously not massive enough to form an AGB star into a main-sequence 
merger, whereupon the now-merged inner binary attains enough mass 
to form an AGB star which then transfers Ba-rich material to the 
tertiary; and so the list continues. Among all these possibilities, 
which all doubtlessly deserve to be examined in future studies, we 
note that one possibility is particularly interesting: that in which the 
tertiary expands as an AGB star prior to the inner binary, and transfers 
Ba-rich material into the inner binary. Should the tertiary’s influence 
be sufficient to merge the inner binary henceforth, the system will 
ultimately evolve into a binary in which the merged binary is a Ba 
star, and the tertiary will take on the form of a binary companion. 

In this scenario, the combined masses of the inner binary can 
be greater than that of the tertiary, despite being individually less 
massive. If this is the case, the first mass transfer phase of the system, 
initiated by the tertiary, causes the orbital separation of the outer orbit 
to increase, thus a v oiding the runaway mass transfer that is typical 
of analogous phases in binary evolution. We posit that this leads to 
this formation channel being doubly interesting, as it can give rise 
to behaviours within the system for which there is no counterpart in 
binary evolution. Furthermore, due to this increased level of stability 

following mass transfer, which binaries lack, a far greater proportion 
of hierarchical triple systems which undergo mass transfer in this 
way lead to Ba stars than their binary counterparts. Furthermore, 
should the inner binary merge successfully, the result will be indis- 
tinguishable from the more general Ba star population residing in 
binaries, and can thus contaminate or contribute to such populations. 

In this paper, we seek to better understand the nuances of this 
potential Ba star formation channel in the context of the general 
triple population. To do this, we examine a population of triples 
generated via triple population synthesis, and constrain the number 
of Ba stars generated by means of a series of simple assumptions, 
followed by the corresponding calculations. This paper is divided 
into five sections, of which this introduction is the first. In the second 
section, we will summarize the possible ways by which tertiary 
Roche Lobe o v erflow (RLOF) can result in a Ba star, and provide the 
rele v ant prescriptions we adopt for each possible case. In the third 
section, we present our simulated data set and how we use it to place 
constraints on the pre v alence rate of triple-origin Ba stars, the results 
of which are provided in the fourth section. Finally, in the fifth and 
final section, we will discuss the implications of what we arrived at 
in the broader context of stellar systems in general. 

2  F O R M AT I O N  C H A N N E L S  A N D  MECHANIS MS  

Consider a hierarchical triple, in which the inner binary consists of 
two bodies with masses m 1 and m 2 , while the tertiary has a mass of 
m 3 . For simplicity, we assume that m 2 < m 1 . The semimajor axes of 
the inner and outer orbits are a 1 and a 2 , respectively, while the eccen- 
tricities are e 1 and e 2 . The mass ratios of the inner and outer orbits, 
denoted as q 1 and q 2 , respectively, are defined as q 1 = m 2 / m 1 and q 2 = 

m 3 /( m 1 + m 2 ). The initial masses satisfy m 3 > m 1 and m 3 > m 2 , and 
both the inner and outer orbital separations are small enough to allow 

RLOF. As such, the tertiary will evolve past the main-sequence phase 
and fill its Roche Lobe before either of the inner binary components, 
resulting in the configuration we seek to examine. 

2.1 Mass transfer from a tertiary to an inner binary 

Upon filling its Roche Lobe, the tertiary will begin transferring mass 
to the inner binary, and what can happen next is summarized in 
Fig. 1 . From the onset of tertiary RLOF, depending on the specific 
circumstances, this can lead to either of two results: either unstable 
mass transfer ensues, and the transferred material eventually forms 
a CE around both the inner binary and the tertiary, or mass transfer 
is stable, and it does not form this circumtriple CE. In the latter 
case, a CE may or may not form around the inner binary, but we do 
not make this distinction for now. The watershed between these two 
possibilities (circumtriple CE or no circumtriple CE) is when 

2 . 13 q 2 = 1 . 37 + 2 

(
m c 

m 3 

)5 

, (1) 

where q 2 ≡ m 3 /( m 1 + m 2 ), and m c is the value of m 3 after the RLOF 

is o v er (Hurle y, Tout & Pols 2002 ). If q 2 is greater than that in 
equation ( 1 ), a CE forms; if it is smaller, no CE forms. 

For the case in which this circumtriple CE is formed, the question 
of what happens next is still a heatedly contested debate, with 
predictions ranging from the merging of the inner binary (e.g. 
Glanz & Perets 2021 ) to outright disruption of the triple in question 
(Comerford & Izzard 2020 ). Therefore, we concentrate our efforts 
on the case in which such a circumtriple CE does not form, and stable 
mass transfer ensues from the tertiary on to the inner binary. 
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Figure 1. Flowchart representation of some possibilities of how a hierarchical triple system can evolve following RLOF from the tertiary. Some individual 
evolutionary regimes can be characterized by one or more of the four extreme scenarios we study; Scenarios A, B, C, and D are labelled correspondingly. The 
final four possibility regimes in the right-hand side of the diagram correspond to extreme cases, and what actually happens lies somewhere in between. 

2.2 Comments on potential formation of a disc 

From here, the matter flowing through the L1 Lagrange point 
will form a stream, which will flow towards the inner binary, and 
eventually enter into a Keplerian trajectory with the centre of mass 
(COM) of the inner binary. 

If the tip of the stream does not interact with the inner binary in 
any meaningful way, it will proceed to pass the point of periapsis 
and make a full orbit around the inner binary, whereupon it will 
strike another part of the same stream at the point where it first 
began its Keplerian orbit. This will have a tendency to push the 
trajectory of further infalling material outwards, away from the binary 
in relation to the original Keplerian orbit, ultimately resulting in a 
circular circumbinary disc with a radius (Frank, King & Raine 2002 ) 
of 

r disc = a 2 ( 1 + q 2 ) ( 0 . 5 − 0 . 227 log q 2 ) 
4 , (2) 

or, according to Leigh et al. ( 2020 ), 

r disc = a 2 ( 1 − R L ) 
2 , (3) 

where R L is the ratio between the Roche Lobe radius of the tertiary 
and the outer orbital separation, as given by Eggleton ( 1983 ). 

On the other hand, if the inner binary is situated in a way that it 
obstructs the tip of the stream, a violent interaction will occur close 
to or when the tip is at the periapsis of the Keplerian orbit, and the tip 
of the stream is thus unable to make a full orbit and strike the rest of 
the stream, thus no disc can form. Here, it is interesting to note that 
the distance between the tip of the stream and the inner binary COM 

at periapsis is much smaller than the circularization radius given by 
equations ( 2 ) or ( 3 ). 

The upshot of this is that having an inner binary that is more 
compact than the circumbinary disc radius does not necessarily 
guarantee a disc; to argue that a disc will form, one must demonstrate 
that the distance at periapsis is insufficient to allow the stream to 
strike either inner binary component. There are many ways by which 
various authors have attempted to make this distinction in the past, 
including but not limited to Toonen et al. ( 2020 ), who make the 
simplifying assumption that the periapsis is a constant fraction of 
r disc away from the inner binary’s COM. Regardless of how this is 

done, the evolutionary result must fall in either of two cases: one in 
which no disc forms, and another in which it does. We discuss the 
two cases in the following two subsections, respectively. 

2.3 No disc forms 

In the case in which no disc forms, the subsequent evolution will 
ensure that a certain proportion between 0 and 1 of the mass in the 
disc must be accreted on to the inner binary, and the inner binary 
would then attempt to eject the remaining mass. Here, we only need 
to consider two extreme regimes in order to place limits on what 
happens next; all other possibilities must lie in between. These two 
e xtreme re gimes are the re gime in which all the material is accreted, 
and the other in which all the material is ejected. 

2.3.1 Complete accretion – no disc 

In the event that no disc is formed, the infalling stream of material 
from the tertiary is disrupted by the inner binary. Extensive hy- 
drodynamical simulations of the inner binaries of HD97131 and ξ
Tau when presented with a similar situation by de Vries, Portegies 
Zwart & Figueira ( 2014 ) have shown that, when this happens, the 
material in the stream behaves the way a CE would. In other words, 
if the material is not ejected, then the binary must merge. This 
appears, at first glance, to be unphysical, as it is concei v able that 
infalling material might be accreted directly without becoming part 
of a CE. Ho we ver, the aforementioned hydrodynamical simulations 
show that, for a dominant proportion of the mass in the stream, no 
direct accretion occurs, and that the mass in the stream, as a whole, 
behaves statistically like a CE. 

2.3.2 Complete ejection – no disc 

Conversely, if all the material is ejected, the subsequent behaviour 
of the inner binary system will behave similarly to a CE ejection. 
We adopt the prescription recommended by de Vries et al. ( 2014 ) for 
this regime, which we briefly summarize here. 
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For the mass that passes through L1 to enter the inner binary’s 
Roche Lobe, its binding energy is 

E = −G ( m 1 + m 2 ) ( m 3 − m c ) 

λa 1 
, (4) 

where m 3 − m c is the total amount of mass that is being ejected, 
and λ is a free parameter which accounts for our ignorance of the 
details surrounding the CE ejection process, such as how much initial 
kinetic energy the envelope carries. In order to eject this mass, this 
binding energy must be equal to the amount of energy provided by 
the inner binary: 

E = 

(
Gm 1 m 2 

2 a 1 
− Gm 1 m 2 

2 a eject 

)
α, (5) 

where α is the energy conversion efficiency, and a eject is the post- 
ejection orbital separation of the inner binary. Needless to say, the 
inner binary provides this unbinding energy by depleting its own 
orbital energy. We therefore have 

a eject = 

μ
μ

a 1 
+ 

2 ( m 3 −m c ) 
αλa 1 

, (6) 

where μ = m 1 m 2 /( m 1 + m 2 ) is the reduced mass of the inner binary. 
For our purposes, the greatest uncertainty here is the value of αλ, 
which de Vries et al. ( 2014 ) find to be about 5, but studies on more 
traditional binary CEs (Toonen & Nelemans 2013 ) find to be about 
0.3. Due to the uncertainty regarding CEs in general, we prefer not 
to make any comments on which is the more appropriate value here. 
Hence, we perform our calculations for both values, and note that 
the combination of the two values should provide a reasonable lower 
and upper limit on the effects of the mass ejection. 

2.4 Disc forms 

If a circumbinary disc is formed around the inner binary after 
tertiary RLOF, the subsequent dynamical interactions within the 
inner binary + disc system will not allow the disc to remain in place 
indefinitely. Thus, again, a certain proportion of the mass in the disc 
between 0 and 1 is accreted, and the rest must be ejected from the 
system. In the spirit of our prescription abo v e, we once again posit 
that the two extremes of complete accretion and complete ejection 
straddle the parameter space of all possibilities, and that what actually 
happens must lie somewhere in between. 

2.4.1 Complete accretion – disc 

In the case of complete accretion, in which all the infalling material 
from the tertiary is accreted, we start off with the expression for the 
initial angular momentum of the inner binary system: 

J 2 = G 

m 

2 
1 m 

2 
2 

m 1 + m 2 
a 1 

(
1 − e 2 1 

)
, (7) 

likewise, after all the mass has been accreted, we have 

J 2 f = G 

M 

2 
1 M 

2 
2 

M 1 + M 2 
a accrete 

(
1 − e 2 1 , f 

)
, (8) 

where a accrete is the post-accretion inner binary orbital separation, J f 
is the post-accretion angular momentum, M 1 and M 2 are the post- 
accretion values for m 1 and m 2 , respectively, and e 1, f is the post- 
accretion inner binary eccentricity. For heavily circularized inner 
orbits, e 1 = e 1, f = 0. Therefore, we have 

a accrete = a 1 
J 2 f 

J 2 

m 

2 
1 m 

2 
2 

m 1 + m 2 

M 1 + M 2 

M 

2 
1 M 

2 
2 

. (9) 

In order to find a accrete via equation ( 9 ), we need to find ( M 1 + 

M 2 ) /M 

2 
1 M 

2 
2 , and J 2 f /J 

2 . 
According to Portegies Zwart & Leigh ( 2019 ), when an inner 

binary accretes mass from a tertiary, it is al w ays the less massive 
component that receives the lion’s share of the mass. We deduce 
from this that, when the two masses are equal, the accreted mass can 
be approximated to be divided equally between the two. Therefore, 
noting that m 2 < m 1 , when 

m 2 + ( m 3 − m c ) < m 1 , (10) 

we say that 

M 1 + M 2 

M 

2 
1 M 

2 
2 

= 

m 1 + m 2 + m 3 − m c 

[ m 2 + ( m 3 − m c )] 2 m 

2 
1 

, (11) 

or else 

M 1 + M 2 

M 

2 
1 M 

2 
2 

= 

16 

( m 1 + m 2 + m 3 − m c ) 3 
. (12) 

As for the value of J 2 f /J 
2 , many different assumptions could 

be made. Here, we investigate three different possibilities: the 
prescription used by Leigh et al. ( 2020 ), the assumption that the 
angular momentum of the triple system is conserved, and the extreme 
case in which the infalling material carries no angular momentum at 
all. 

The prescription preferred by Leigh et al. ( 2020 ) is repeated here: 

v orb , 3 a 2 ( 1 − R L ) = v circ a circ , (13) 

where v orb,3 is the orbital velocity of the L1 Lagrange point of the 
tertiary relative to the inner binary’s COM, and v circ and a circ are, 
respectively, the circular orbital velocity and orbital separation of the 
accreted matter relative to the inner binary’s COM. This basically 
assumes that the specific angular momentum carried by the accreted 
mass is the same as that of an object that stays at the L1 Lagrange 
point of the outer orbit, and that the distance from the inner binary’s 
COM to L1 can be approximated as a 2 (1 − R L ). The details of 
why this approximation is valid is provided in Appendix A . This 
prescription can be expressed as 

| J f − J | = ( m 3 − m c ) a 
2 
2 ( 1 − R L ) 

2 ω, (14) 

where ω is the initial angular velocity of the outer orbit, the blackfont 
is used to denote vectors, and the angle between J f and J is simply 
the inclination angle i between the inner and outer orbits. Noting that 
ω 

2 a 3 2 = G ( m 1 + m 2 + m 3 ), this can be further simplified to 

| J f − J | = ( m 3 − m c ) ( 1 − R L ) 
2 

× [ Ga 2 ( m 1 + m 2 + m 3 ) ] 
1 
2 . (15) 

It should also be noted that, strictly speaking, equation ( 15 ) is an 
approximation of a differential equation (see Appendix A ), under 
the assumption that the amount of transferred mass is small. The 
final angular momentum can therefore be calculated via 

J 2 f = J 2 + | J f − J | 2 − 2 J | J f − J | cos i, (16) 

where, again, i is the inclination angle between the inner and outer 
orbits. 

If the angular momentum of the entire system is taken to be 
conserved, then the specific angular momentum carried by the 
accreted material must be equal to that of the tertiary. This angular 
momentum would be divided between the inner and outer orbits, 
but for our purposes, we only consider the extreme case where it 
is all dumped on to the inner orbit. Thus, in this alternate case, 
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equation ( 15 ) ought to be replaced by 

| J f − J | = ( m 3 − m c ) 

(
m 1 + m 2 

m 1 + m 2 + m 3 

)2 

× [ Ga 2 ( m 1 + m 2 + m 3 ) ] 
1 
2 , (17) 

where, again, the same approximation of a differential equation is 
applied. 

Lastly, we consider the assumption that the infalling material 
carries no angular momentum at all. In this case, equation ( 15 ) ought 
to be replaced by 

| J f − J | = 0 , (18) 

and J 2 f /J 
2 = 1. 

Here, it should be pointed out that the final orbital plane of the 
inner binary may not be the same as that prior to the accretion process. 
Ho we ver, this does not affect our study. 

2.4.2 Complete ejection – disc 

In the case in which all the material is ejected from the system after 
a disc is formed, the material is either ejected directly before it is 
accreted, in which case a CE is formed and equation ( 6 ) applies, or 
it is accreted first before it is re-ejected. In the latter case, we first 
calculate the angular momentum J f via either equations ( 15 ), ( 17 ), or 
( 18 ), and calculate the post-re-ejection inner binary semimajor axis 
a ej assuming that the accreted material all leaves the system, carrying 
the same specific angular momentum as the less massive of the inner 
binary components after the accretion: 

a ej = J 2 ej 

m 1 + m 2 

Gm 

2 
1 m 

2 
2 

, (19) 

where it is already assumed that the orbit is circularized, and the 
expression for the post-re-ejection inner binary angular momentum 

J ej is 

J ej = J f 

[
1 − m 3 − m c 

M 2 

M 1 

M 1 + M 2 

]
, (20) 

where it should be noted that M 2 ≤ M 1 , and M 1 + M 2 = m 1 + m 2 + 

m 3 − m c . When equation ( 10 ) is satisfied, 

M 1 = m 1 , (21) 

and when equation ( 10 ) is not satisfied, 

M 1 = ( m 1 + m 2 + m 3 − m c ) / 2 . (22) 

It may be argued that it is possible that some, not all, of the material 
is accreted prior to ejection. Ho we ver, in this case the material that 
undergoes accretion must be some proportion between 0 and 1, and 
the result hence lies in between the two cases mentioned abo v e. 

2.5 Summary of formation channel prescriptions 

Thus, for any system, whether or not a disc forms, and regardless of 
how much mass is accreted, ejected, or accreted, and re-ejected, we 
can provide a set of values for the final inner binary orbit for each 
extreme scenario. 

In summary, other than the regime in which no disc is formed 
and all the material is accreted, in which case a merger of the inner 
binary is una v oidable, a total of four extreme scenarios need to be 
considered. These four extreme scenarios are as follows: complete 
ejection without accretion and αλ = 5, complete ejection without 
accretion and αλ = 0.3, complete accretion from a disc, and disc 

accretion with complete re-ejection following accretion. It should be 
noted here that these scenarios do not correspond to the four different 
evolutionary regimes induced by the disc/no disc and complete 
ejection/accretion dichotomies, and we purposefully refer to one by 
the term ‘scenarios’ and the other ‘regimes’ to a v oid confusion. Once 
the results under these four extreme scenarios have been obtained, 
the final fate of the inner binary must lie somewhere in between these 
four sets of results. We proceed to name these four extreme scenarios 
A, B, C, and D, respectively, and a summary of where they apply is 
provided in Fig. 1 . 

3  DATA  A N D  ANALYSI S  

3.1 Our sample 

To find a theoretical population of triples that is capable of being 
barium star progenitor candidates, we look to the recent studies 
conducted by Toonen et al. ( 2020 ). In their study, they performed a 
population synthesis study of hierarchical triples, in which the initial 
parameters are determined as follows. 

The masses of the more massive of the inner binary components 
are drawn from a Kroupa initial mass function (Kroupa, Tout & 

Gilmore 1993 ), while the remaining masses are determined either 
by sampling a uniform distribution or a distribution used by Eggle- 
ton ( 2009 ) for q 1 and q 2 . The orbital separations a 1 and a 2 are 
assumed to be either uniform in log a , lognormal, or follow the 
distribution used by Eggleton ( 2009 ). The eccentricities of all orbits 
are assumed to follow a thermal distribution, and the inclinations 
between the inner and outer orbits are taken to be uniform in cos i . 
A total of ∼60 000 systems are generated in this way. Due to the 
differences in the assumptions regarding the underlying distributions 
of q 1 , q 2 , a 1 , and a 2 , this sample is not homogeneous, but rather 
divided into three subsamples, named ‘OBin’, ‘T14’, and ‘E09’ 
in Toonen et al. ( 2020 ). Ho we ver, for our purposes, we find no 
reason to distinguish between the three, and therefore proceed to 
combine them into one sample which we treat as a single initial 
population. 

This initial population is then evolved using the triple evo- 
lution code TRES (Toonen, Hamers & Portegies Zwart 2016 ), 
which is notably one of the few existing codes which take 
into account stellar evolution and dynamics simultaneously in 
a consistent way. This results in a sample of evolved systems, 
which reasonably approximates observed triple populations, al- 
beit with all the biases and selection effects inherent to such 
observations. 

For our following analysis, we start with the same sample. 

3.2 Pr eliminary pr ocessing 

From the sample detailed abo v e, we select all hierarchical triple 
systems where the tertiary has a large enough radius to fill its Roche 
Lobe during the AGB phase. This leads to a preliminary sample 
of 440 systems, the tertiaries of which all have masses less than 
7.5 M �, and therefore have no danger of undergoing core collapse. 
This sample of 440 corresponds to a population of stellar systems that 
have a total birthrate of 4.2 × 10 −4 /M � for a given stellar population, 
or a Galactic rate of 1.3 × 10 −3 yr −1 (Toonen et al. 2020 ). Of these, we 
find 43 systems in which their tertiaries can already fill their Roche 
Lobes during the RGB phase; while these systems are expected to 
undergo processes similar to those herein studied, and consequently 
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Table 1. Initial preprocessing of our data sample. 

Selection criteria # of systems after selection Proportion to total # of systems simulated 

Tertiary AGB RLOF 440 0.73 per cent 
No pre-AGB RLOF 397 0.66 per cent 
No circumtriple CE 154 0.26 per cent 
No CHeB tertiary 143 0.24 per cent 
Tertiary mass < 4.5 M � 93 0.16 per cent 

can potentially form Ba stars, 1 the subsequent e volution follo wing 
RGB RLOF is too complicated to be co v ered in this paper. Hence, 
in the interest of the uniformity of our sample, we eliminate them. 
We also find five systems where the components of the inner binary 
are not MS stars when the tertiary fills its Roche Lobe; but, as 
we see no reason why these could not form Ba stars, we include 
them in our sample, and only mention their existence here for the 
record. 

Of the remaining 397 systems, 243 systems are found to undergo 
circumtriple CEs after tertiary RLOF commences, according to the 
criteria outlined in equation ( 1 ). Due to the contro v ersy surrounding 
these systems, we eliminate them from our sample. Of the remaining 
154 systems, 11 were found to have core He burning tertiaries at the 
time they fill their Roche Lobes, and therefore we eliminate them 

too. 
Thus, we have a sample of 143 triple systems, for which the tertiary 

fills its Roche Lobe during the AGB phase. Ho we ver, we hereby note 
that not all AGB stars have a high surface Ba abundance; some 
may be too massive, leading to the dredge-up process that brings 
s-process elements to the surface being relatively weak. Previous 
authors have constrained the mass required for AGB stars to have 
a high s-process element surface abundance (e.g. Plez, Smith & 

Lambert 1993 ; Karakas et al. 2018 ), and they note that it must be 
less than some maximum value, which usually lies around 4.5 to 
7 M �. In order to guarantee a high tertiary surface Ba abundance in 
our sample, we eliminate all systems with tertiaries more massive 
than 4.5 M �, according to the criteria appro v ed of by Karakas et al. 
( 2018 ). Eliminating these, we arrive at our final sample of 93 Ba 
star progenitor candidates. In principle, we should also eliminate all 
systems with tertiaries less massive than 1 M �, but since the least 
massive tertiary in our sample of 93 objects has a mass of 1.18 M �, 
we do not find this necessary. See Table 1 for a summary of this 
selection process. 

It is interesting to note that, for all 93 systems, the combined mass 
of the inner binary is greater than that of the tertiary. Granted, this is 
partly due to a selection effect imposed by our sample: when Toonen 
et al. ( 2020 ) generated their sample of hierarchical triple systems 
which we are using here, the mass ratios of two-thirds of the systems 
were generated using a distribution that guarantees q 2 < 1. Ho we ver, 
of the remaining one-third of the ∼60 000 systems, many ought to 
have q 2 ≥ 1. Therefore, some explanation is required as to why none 
of them end up in the final sample. Our understanding is that this is 
due to an instability that has a direct analogue in binary evolution. 
In binary evolution, systems undergoing conservative mass transfer 
from a more massive to a less massive object experience greater 
mutual gravitational attraction between their components with the 

1 The material accreted from the tertiary does not include Ba, but should the 
inner binary fail to merge, we cannot eliminate the possibility that an inner 
binary component subsequently undergoes an AGB phase, leading to a Ba 
star. 

passing of time, and hence tend to see their orbits shrink. This 
creates a positive feedback loop in which mass transfer accelerates 
with shrinking orbital separation, and orbital separations shrink 
faster with increased mass transfer rates, ultimately rendering the 
mass transfer unstable. Similarly, systems in which m 1 + m 2 < m 3 

will undergo a similar feedback loop if m 3 were to initiate any sort of 
mass transfer prior to becoming an A GB star , thus eliminating many 
such systems from our sample. The lack of these systems reflects 
the difficulty of forming Ba stars through mass transfer from a more 
massive star to a less massive star in a binary system, which is the 
very same mechanism that causes many binary Ba star progenitors to 
fail. 

We then proceed to determine how many of these 93 systems 
give birth to Ba stars. Since these systems are all undergoing 
AGB RLOF from their surface-s-process-element-rich tertiaries, they 
are accreting Ba-rich material. Since only a small amount of Ba, 
equi v alent to only 2–30 times what is expected in a regular MS star, 
is required to turn such accretors into Ba stars, it is highly probable 
that the inner binary components will have enough combined Ba to 
identify as a Ba star at the end of the accretion. The only issue is 
whether they will merge. 

3.3 Effects of tertiary tides 

Before the tertiary undergoes RLOF, its radius will have be- 
come great enough to allow significant tertiary tides (TTs) to 
come into effect (see Gao et al. 2018 ). This would decrease 
the inner binary orbital separation, increasing the possibility 
that the inner binary would merge, thereby potentially lead- 
ing to an increased Ba star formation rate. It should be noted 
that the simulations conducted by Toonen et al. ( 2020 ), from 

which we obtain our initial sample, do not take this effect into 
account. 

3.3.1 Prescription for tertiary tidal influence 

Physically speaking, for a system in our sample, TTs are significant 
during two phases of its evolution: once during the tertiary’s 
RGB phase, and once during its AGB phase, as the mass transfer 
is occurring. This is because the radius of the tertiary is large 
during these two phases, which is a pre-requisite for decreasing 
the inner binary separation via this mechanism. To account for 
this effect, we apply the results of Gao et al. ( 2020 ), repeated 
here: 

1 

a 1 

d a 1 
d t 

= 

(
2 . 22 ×10 −8 yr −1 

) 4 q 

( 1 + q ) 2 

(
R 3 

100R �

)5 . 2 

×
( a 1 

0 . 2 au 

)4 . 8 ( a 2 

2 au 

)−10 . 2 
(

τ

0 . 534 yr 

)−1 . 0 

. (23) 

to our sample of 93 Ba star progenitor candidates. To do this, we 
simplify equation ( 23 ) into 
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⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

a f = 

(
4 . 8 Ct + a −4 . 8 

1 

)− 1 
4 . 8 , 

C ≡C ( q, R 3 , a 2 , τ ) = (
2 . 22 ×10 −8 yr −1 

) 4 q 
( 1 + q ) 2 

(
R 3 

100R �

)5 . 2 

(
1 

0 . 2 au 

)4 . 8 ( a 2 
2 au 

)−10 . 2 
(

τ
0 . 534 yr 

)−1 . 0 
. 

(24) 

where q = m 2 / m 1 , R 3 is the tertiary radius, t is the time o v er which 
TTs take effect, and τ is the viscoelastic relaxation time. Of these 
parameters, the value of τ for a given system is the most poorly 
understood, and will be the primary source of uncertainty when we 
seek to estimate the magnitude of TT effects on each system. 

Tertiary tidal effects are comparatively well studied for the period 
of the RGB phase in which the tertiary is expanding (in which R 3 

increases in size), during which the value of τ has been determined 
to be about 0.019 yr for HD97131, although typical values for other 
systems usually appear to be longer (Gao et al. 2018 ). For the period 
of the RGB phase during which the tertiary’s radius is contracting, 
it is relatively poorly understood, but studies of HD1810168 suggest 
that the value of τ decreases drastically during this period due to 
resonant locking (Fuller et al. 2013 ). No similar study has yet been 
attempted for what happens during the tertiary’s AGB phase, but 
similarities in the structure of the tertiary between the RGB and 
AGB phases indicate that the process should be analogous. 

3.3.2 Parameter selection 

Needless to say, in order to make the simplification of equation ( 24 ), 
q , R 3 , a 1 , a 2 , and τ all need to be constant. It should also be known 
that equation ( 23 ) was obtained under the assumption of circular and 
coplanar inner and outer orbits. For simplicity, and considering the 
aforementioned limitations of our prescription, for all systems in our 
sample, we model the effects of TTs as a one-off adjustment of a 1 
due to TTs prior to the tertiary RLOF. When calculating this one-off 
adjustment, we assume that the values of q , R 3 , a 1 , and a 2 are the same 
as those found at the onset of AGB RLOF for each system in question, 
and that the tertiary tidal influence persists o v er a period of t = 10 6 

yr, with a τ value of 10 −4 yr. The value for t is chosen to represent 
the total amount of time that a star spends close to maximum radius 
in its RGB and AGB evolution phases combined, and the value of 
τ is chosen to represent a typical viscoelastic relaxation time with 
resonant locking taken into account. For systems with orbits which 
are non-coplanar, we assume coplanar orbits for the purpose of this 
particular calculation, since the effects of deviations from coplanarity 
in the context of TTs is poorly understood. Likewise, for systems with 
eccentric orbits, we assume that the orbits are circularized under 
conservation of angular momentum: 

a i , circ = a i 
(
1 − e 2 i 

)
, (25) 

where i = 1, 2. This should provide an estimate of the effects of 
TTs on the subsequent evolution of the systems, after we replace 
the values of a 1 with a f in equation ( 24 ). Due to the uncertainties 
regarding the exact magnitude of TT effects, we also perform the 
same subsequent calculations using the original value of a 1 , without 
accounting for TTs, for comparison. 

3.3.3 Accounting for TTs 

The distribution of the initial values of 1/ a 1 with and without 
accounting for TTs at the onset of tertiary AGB RLOF is shown 
in Figs 2 and 3 . This is expressed as a RL / a 1 , where a RL is the value 
required to start the inner binary RLOF. The advantage of plotting 

Figure 2. Initial distribution of a RL / a 1 for our sample immediately prior to 
tertiary RLOF, without accounting for TTs. The dashed line represents the 
value at which the inner binary undergoes mass transfer via RLOF. 

Figure 3. Initial distribution of a RL / a 1 for our sample immediately prior 
to tertiary RLOF, having accounted for TTs. The dashed line represents the 
value at which the inner binary undergoes mass transfer via RLOF. 

our data in this way lies in the ease of determining whether or not an 
RLOF has occurred in the inner binary – if this value is 1 or greater, 
then inner binary RLOF commences for the system in question. 

In all cases, TTs alone are not suf ficient to dri ve the inner binary 
to interact prior to the RLOF of the tertiary. For our purposes, we 
treat RLOF within the inner binary as a proxy for the two binary 
components being close enough to merge. As such, none of the 
systems form Ba stars prior to RLOF. The same proxy is likewise 
used in our following analysis. 

Here, it should be noted that changing the inner binary separation 
will not affect whether or not the tertiary can fill its Roche Lobe, and 
all other orbital parameters of the hierarchical triple system remain 
practically the same. It may influence whether or not a circumbinary 
disc forms around the inner binary following AGB RLOF of the 
tertiary, and hence may affect whether this RLOF results in a merging 
event within the inner binary. Ho we ver, gi ven ho w agnostic our 
treatment is regarding whether or not such a disc forms, it does 
not influence our following analysis. 

3.4 Post-RLOF inner binary calculations 

For those hierarchical triple systems that survive the effects of TTs, 
as well as those in the sample for which we neglect the effects of TTs 
altogether, there is no known effect which would henceforth prevent 
their tertiaries from reaching the AGB phase, and filling their Roche 
Lobes. Thereafter, these systems would undergo the processes which 
we have discussed in the previous section, and their effects on the 
inner binary can be calculated accordingly. 
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For simplicity, we assume that all orbits circularize rapidly 
according to equation ( 25 ) following the onset of RLOF. Each system 

may or may not form a circumbinary disc, but due to the uncertainty 
regarding whether this happens or not, we do not make this distinction 
for each individual system. We instead proceed to calculate the final 
distributions of a RL / a 1 under the assumption that all systems in our 
sample uniformly evolve through one of each of the previously 
mentioned scenarios, A, B, C, and D. As previously mentioned, 
these scenarios correspond to no disc with complete ejection without 
accretion and αλ = 5, no disc with complete ejection without 
accretion and αλ = 0.3, complete accretion with or without a disc, 
and disc with complete re-ejection follo wing accretion, respecti vely. 
This yields four different distributions for the four different scenarios. 
It should be pointed out that, aside from the possibility that some of 
these systems will simply fail both at forming a disc and ejecting the 
subsequent CE, the true evolutionary result would lie somewhere in 
between the four different scenarios, as each of the four scenarios 
address a different extreme assumption of inner binary. 

For Scenario A evolution, we apply equation ( 6 ), under the 
assumption that αλ = 5, and take a eject to be the final value for 
a 1 . 

For Scenario B evolution, we apply the same equation as Scenario 
A, under the assumption that αλ = 0.3, and again take a eject to be the 
final value for a 1 . 

For Scenario C evolution, we adopt equation ( 9 ). For the case 
when we adopt the treatment of Leigh et al. ( 2020 ), the rele v ant 
variables are determined by equations ( 10 ) to ( 16 ). For the case 
where we assume that the angular momentum of the triple system 

is conserved, we substitute equation ( 15 ) with equation ( 17 ). For 
the extreme case in which the accreted material does not have any 
angular momentum, we substitute equation ( 15 ) with equation ( 18 ). 
Finally, in each case, a accrete is used for the final value for a 1 . 

For Scenario D evolution, we first calculate a accrete according to 
Scenario C ev olution, b ut afterwards apply equations ( 19 ) to ( 22 ), 
and take a ej to be the final value for a 1 . 

It should be noted that, for most of the treatments abo v e, the y are 
only valid for circular orbits, which we have already ascertained by 
circularizing all the orbits via equation ( 25 ). 

3.5 Outer orbital periods 

For the Ba stars originating from the hierarchical triple formation 
channel we consider, if they are to account for the observed Ba 
star binaries which lie in the theoretical period gap at 1000 d, the 
final periods of the outer orbits must fall within this gap. To test 
for this possibility, we run SeBa simulations for the systems in our 
sample, and reco v er their final orbital periods. This approach will be 
attempted in the next section, while here we lay down some of the 
equations that are rele v ant for such an undertaking. 

The general equation that describes the orbital evolution of a binary 
system undergoing mass transfer is ⎧ ⎨ 

⎩ 

ȧ 
a 

= −2 ṁ d 
m d 

[ 
1 − β m d 

m a 

− ( 1 − β) 
(
γ + 

1 
2 

)
m d 

m a + m d 

] 
, 

(26) 

where m a and m d are the masses of the accretor and donor, re- 
spectively. Extended to the outer orbit of a hierarchical triple, this 
becomes ⎧ ⎨ 

⎩ 

ȧ 2 
a 2 

= −2 ṁ 3 
m 3 

[ 
1 − β m 3 

m 1 + m 2 

− ( 1 − β) 
(
γ + 

1 
2 

)
m 3 

m 1 + m 2 + m 3 

] 
, 

(27) 

which is solved iteratively using SeBa for each evolutionary time- 
step. 

In this prescription, there are two free parameters, γ and β. γ is the 
ratio between the specific angular momentum taken away by matter 
leaving the system and the specific angular momentum of the entire 
system, while β is the fraction of mass transferred from the donor 
that is retained by the accretor. Assumptions must be made for γ , 
while β is determined iteratively within SeBa as being proportional 
to the ratio of the accretor’s thermal time-scale to the mass transfer 
time-scale (Toonen, Nelemans & Portegies Zwart 2012 ), and here 
we provide an example for the case where isotropic re-emission is 
assumed. 

For isotropic re-emission, in which case γ = m 3 /( m 1 + m 2 ), 
equation ( 27 ) simplifies to ⎧ ⎪ ⎨ 

⎪ ⎩ 

P t 
P 0 

= 

(
m 3 
m 3 , t 

)3 (
m 1 + m 2 

m 1 + m 2 + β( m 3 −m 3 , t ) 

) 3 
β

×
(

m 1 + m 2 + m 3 
m 1 + m 2 + β( m 3 −m 3 , t ) + m 3 , t 

)2 
, 

(28) 

where P t and P 0 are the orbital periods at the end and beginning 
of each time-step, respectively, and m 3, t is the mass of the tertiary 
at the end of each step. In the special case of β = 0, where the 
equation abo v e is not continuous, we hav e 
⎧ ⎨ 

⎩ 

P t 
P 0 

= 

(
m 3 
m 3 , t 

)3 
exp 

[ 
3 
(

m 3 , t −m 3 
m 1 + m 2 

)] 

×
(

m 1 + m 2 + m 3 
m 1 + m 2 + m 3 , t 

)2 
. 

(29) 

Throughout the simulations, the initial conditions for the orbital 
periods are provided by Kepler’s law. 

4  RESULTS  

4.1 Scenario A and B evolution 

For the scenario where there is no disc, and a complete ejection of the 
material inflowing from the tertiary is achieved, the evolution of the 
triple system corresponds to Scenarios A and B in our taxonomy. The 
final distributions of a RL / a 1 for Scenario A ( αλ = 5) and Scenario B 

( αλ = 0.3) evolution are presented in Figs 4 and 5 , respectively. 
For Scenario A evolution, six triple systems would be undergoing 

inner binary RLOF after ejecting the infalling material from the 
tertiary, and this number increases to 12 if the reduced inner binary 
separations due to TTs are considered instead of the initial values. 
Since our original sample of 440 corresponded to a set of hierarchical 
triple systems with a Galactic rate of 1.3 × 10 −3 yr −1 (Toonen et al. 
2020 ), 6 and 12 triple systems should correspond to a Galactic rate of 
1.8 × 10 −5 and 3.6 × 10 −5 yr −1 , respectively. If inner binary RLOF 

can be seen as a proxy for a merged inner binary, then this would 
indicate a corresponding number of Ba stars arising from our sample. 

Likewise, for Scenario B evolution, 62 Ba stars are expected from 

our sample in the absence of TTs, whereas 68 are expected if TTs 
have been taken into account. This corresponds to a Galactic rate of 
1.8 × 10 −4 and 2.0 × 10 −4 yr −1 , respectively. The increased Ba star 
birthrate is a natural result of a less efficient energy conversion rate. 

These results are summarized in Table 2 . 

4.2 Scenario C evolution 

The next scenario we consider is the one in which all the material that 
is dumped on to the inner binary by the tertiary is absorbed through 
disc accretion, without any form of mass-loss from the inner binary 
whatsoe ver. This e volution channel, which we have named Scenario 
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Figure 4. Results of calculations under the assumption that the mass 
o v erflowing from the tertiary undergoes complete ejection without being 
accreted, and αλ = 5 (Scenario A). Upper panel: results when TTs are not 
taken into account. Lower panel: results when TTs have been considered. A 

value of a RL / a 1 greater than 1 (dashed line) indicates that the inner binary is 
close enough to undergo RLOF; 6 and 12 systems are undergoing inner binary 
RLOF in the upper and lo wer panels, respecti v ely. F or aesthetic reasons, all 
values of a RL / a 1 greater than 2 have been binned in the rightmost bin of the 
plot. 

C evolution, co v ers the other extreme end of possible mass-loss 
ratios when considered in conjunction with the other channels we 
investigate; when coupled with either Scenario A, B, or D, the result 
of any accretion scenario must lie in between the four scenarios, as 
the proportion of mass lost in the accretion must lie in between 0 and 
1. 

As previously explained, the results of this scenario is primarily 
dependent on how much angular momentum is carried in the material 
that is accreted. We start by investigating the assumption that angular 
momentum is conserved in the triple system. This corresponds to 
equation ( 17 ). The result of this assumption is that the angular 
momentum carried by the accreted material is systematically about 
an order-of-magnitude greater than that of the inner binary. As such, 
no inner binaries of any of the 93 hierarchical triple systems merge, 
and no Ba stars are formed. Granted, inner binaries that are in 
almost exactly retrograde orbits to their tertiaries may still merge 
in this scenario, since their initial orbital angular momenta are in the 
opposite direction of the angular momenta being pumped into it, but 
it is highly doubtful that the resultant Ba star would be able to survive 
the extreme spins that would result from the subsequent pumping. In 
any case, we can be certain that this would result in very few, if any, 
Ba stars. 

Of all the assumptions regarding angular momentum that we 
attempt for Scenario C, this one can be argued to be the most 
physical, as it is the only assumption we investigate which guarantees 
the angular momentum conservation of a closed system. Indeed, if 

Figure 5. Results of calculations under the assumption that the mass 
o v erflowing from the tertiary undergoes complete ejection without being 
accreted, and αλ = 0.3 (Scenario B). Upper panel: results when TTs are not 
taken into account. Lower panel: results when TTs have been considered. A 

value of a RL / a 1 greater than 1 (dashed line) indicates that the inner binary is 
close enough to undergo RLOF; 62 and 68 systems are undergoing inner 
binary RLOF in the upper and lo wer panels, respecti v ely. F or aesthetic 
reasons, all values of a RL / a 1 greater than 2 have been binned in the rightmost 
bin of the plot. 

we were only interested in the evolution of triple systems under 
Scenario C evolution, we could probably conclude the case here 
with the result that no Ba stars result from Scenario C evolution. 
Ho we ver, it should be noted that, for many accretion scenarios where 
the mass-loss ratio is in between 0 and 1 instead of exactly 0, angular 
momentum can be carried away by the lost mass, and the remnant 
system is not one in which angular momentum is conserved. In these 
cases, our assumption that all transferred mass is accreted by the 
inner binary while retaining its original angular momentum can be 
unphysical itself. To illustrate this point, consider the case in which 
the material forms a disc around the inner binary, which would 
be typical for a system evolving in between the ‘disc + complete 
ejection’ and ‘disc + complete accretion’ scenarios. If the material’s 
angular momentum is retained, the disc cannot collapse on to the 
accreting stars and be accreted; it needs to first lose part of its 
angular momentum, possibly by ejecting a portion of its mass, in 
order to achieve this. To understand these systems in the context of 
them lying in between Scenario C and the other extreme scenarios, 
we also need to ask what happens when angular momentum is not 
conserved during Scenario C evolution. 

Hence, we next consider the assumption that the specific angular 
momentum carried by the accreted material is the same as that of the 
material at the L1 Lagrange point of the outer orbit. This corresponds 
to the treatment outlined in equation ( 15 ). The result of this scenario 
is that the amount of angular momentum injected by the accreted 
material is systematically many orders of magnitude greater than 
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Table 2. Number of inner binaries that end up in RLOF in our different scenarios, both considering and not considering the 
effects of TTs. The numbers in the parentheses correspond to inferred Galactic rates. 

Scenario A B C D 

No TTs 6 
(1.8 × 10 −5 yr −1 ) 

62 
(1.8 × 10 −4 yr −1 ) 

0–19 (0–5.6 × 10 −5 yr −1 ) 0–6 (0–1.8 × 10 −5 yr −1 ) 

With TTs 12 
(3.6 × 10 −5 yr −1 ) 

68 
(2.0 × 10 −4 yr −1 ) 

0–25 (0–7.4 × 10 −5 yr −1 ) 0–11 (0–3.2 × 10 −5 yr −1 ) 

Figure 6. Results of calculations under the assumption that the mass 
o v erflowing from the tertiary is completely absorbed via disc accretion 
without mass-loss (Scenario C), and that the accreted material does not carry 
any angular momentum. Upper panel: results when TTs are not taken into 
account. Lower panel: results when TTs have been considered. A value of 
a RL / a 1 greater than 1 (dashed line) indicates that the inner binary is close 
enough to undergo RLOF; 19 and 25 systems are undergoing inner binary 
RLOF in the upper and lo wer panels, respecti v ely. F or aesthetic reasons, all 
values of a RL / a 1 greater than 2 have been binned in the rightmost bin of the 
plot. 

that of the inner binary, and the inner binary will hence unbind. No 
inner binaries of any of the 93 systems are driven closer, and it is 
even less likely to result in Ba stars than the earlier assumption that 
angular momentum is conserved throughout the triple system. 

Finally, we pose the question of how many Ba stars can form if 
the infalling material carries no angular momentum whatsoever. This 
is unlikely to be the case for any given accretion process, but since 
all our other assumptions lead to too great an amount of angular 
momentum being introduced into the inner binary for a Ba star to 
form, it is useful to place an upper limit of sorts on how many Ba 
stars can form assuming that the accreted material holds no angular 
momentum at all. This treatment corresponds to equation ( 18 ), and its 
results are plotted in Fig. 6 . Without TTs, this results in 19 Ba stars, 
while 25 Ba stars are formed if TTs are considered, corresponding 
to a Galactic rate of 5.6 × 10 −5 and 7.4 × 10 −5 yr −1 , respectively. 

Figure 7. Results of calculations under the assumption that the mass 
o v erflowing from the tertiary undergoes complete ejection after being accreted 
(Scenario D), and that the accreted material does not carry any angular 
momentum when accreted, but has the same specific angular momentum 

as the less massive inner binary component when re-ejected. Upper panel: 
results when TTs are not taken into account. Lower panel: results when TTs 
have been considered. A value of a RL / a 1 greater than 1 (dashed line) indicates 
that the inner binary is close enough to undergo RLOF; 6 and 11 systems are 
undergoing inner binary RLOF in the upper and lo wer panels, respecti vely. 
For aesthetic reasons, all values of a RL / a 1 greater than 2 have been binned in 
the rightmost bin of the plot. 

These results are summarized in Table 2 , with the numbers quoted 
co v ering the entire range of all the results arrived at from the various 
different assumptions explored above. 

4.3 Scenario D evolution 

For the situation in which all the mass from the tertiary is all accreted 
and then re-ejected, which we have dubbed Scenario D evolution, we 
calculate only the final distribution of a RL / a 1 under the assumption 
that infalling material holds no angular momentum, as the two other 
possibilities can lead to an unbinding of the inner binary prior to the 
re-ejection process. This final distribution of a RL / a 1 is provided in 
Fig. 7 , where 6 and 11 Ba stars are formed without and with TTs 
taken into consideration, respectively. In terms of Galactic rates, this 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/1/526/6775112 by U
niversity of Am

sterdam
 user on 02 Septem

ber 2024

art/stac3068_f6.eps
art/stac3068_f7.eps


536 Y. Gao, S. Toonen, and N. Leigh 

MNRAS 518, 526–538 (2023) 

corresponds to 1.8 × 10 −5 and 3.2 × 10 −5 yr −1 . These results are 
also summarized in Table 2 , where we again note that these results 
are upper limits obtained under the assumption that accreted material 
holds no angular momentum. 

4.4 Outer orbital period distribution 

To investigate whether Ba stars originating from our evolution 
channel can account for the observed Ba star binaries with an orbital 
period of around 1000 d, which theoretical studies have had a hard 
time explaining, we attempt to place constraints on the distribution of 
post-RLOF outer orbital periods for all 93 hierarchical triple systems 
in our sample. To do this, we run SeBa simulations of a binary 
consisting of a ZAMS star of mass m 1 + m 2 , and an AGB star of 
mass m 3 , with a semimajor axis of a 2 (1 − e 2 ) and an eccentricity 
of 0, for each triple system in our sample. To account for different 
mass-loss scenarios, in which the escaping mass takes away different 
amounts of specific angular momentum from the system, we consider 
three different assumptions for γ in equations ( 28 ) and ( 29 ): γ = 

2.5, γ = 1, and isotropic re-emission, in which γ = m 3 /( m 1 + m 2 ). 
The final orbital periods of the binaries thus constructed are then 

assumed to be proxies for the final outer periods of our original triple 
systems, and are plotted in Fig. 8 . For comparison, we also plot 
the initial outer orbital periods for our sample in the lower panel. 
It can be seen that the expected period distributions of the Ba star 
binaries thus formed reproduce the long-period Ba stars, but does 
not account for the Ba star binaries with orbital periods of about or 
shorter than 1000 d. It remains to be seen if a less simplistic model 
(which is out of the scope of this study) of tertiary driven mass 
transfer with AGB donors (e.g. regarding the accretion efficiency 
and angular momentum loss of a binary accretor, or the stability of 
mass transfer) can extend the expected period range and reproduce 
the more compact Ba star hosting binaries. 

5  DISCUSSION  

In our studies, we find that hierarchical triple systems, which are able 
to undergo tertiary AGB mass transfer as stipulated in our model, are 
expected to be capable of producing a significant amount of Ba stars 
under a vast majority of the triple evolution channels that we have 
studied. The only evolution channels that might contribute little to 
o v erall Ba star rates are those in which much of the mass transferred 
from the tertiary is accreted prior to losing angular momentum, 
thereby preventing an inner binary merger. Ho we v er, unless we hav e 
a reason to believe that other channels, such as that of an inner 
binary CE, do not occur, it is inevitable that a large number of 
Ba stars are the result of hierarchical triple evolution. The highest 
formation rate inferred from our four evolutionary scenarios is found 
in Scenario B after TTs are considered, or in other words energy- 
inefficient full ejection of transferred mass by the inner binary, with 
TTs accounted for under the assumption of resonant locking. This 
corresponds to a Galactic Ba star formation rate of 2.0 × 10 −4 yr −1 . 
This, ho we ver, should not be taken to be an absolute upper limit, as 
we have disregarded those systems which form a CE and fail to eject 
it. With that being said, it is equally unwise to definitively conclude 
that the number of Ba stars arising from our channels is actually 
this high, as there are still tremendous uncertainties regarding the 
proportion of triple systems that evolve through each channel. 

How does this compare with the actual Galactic Ba star formation 
rate? Gi ven that pre vious studies have found that this formation 
rate is very sensitive to model assumptions (Han et al. 1995 ), most 
notably the degree to which tidal forces enhance mass transfer rates, 

Figure 8. Initial distribution and final expected distributions for the orbital 
periods of the outer orbits for our sample of 93 systems. The four panels 
from the top display the initial distribution of outer orbital periods for our 
sample of 93 hierarchical triple systems, and their final outer orbital periods 
assuming γ = 2.5, γ = 1, and isotropic re-emission ( γ = m 3 /( m 1 + m 2 )). 

the answer could lie anywhere in between 0 and 6.6 × 10 −3 yr −1 . 
Ho we ver, comparing their predictions of the number of observable 
Ba stars for each scenario with the 546 actually seen at a magnitude 
limit of 12 (Escorza et al. 2017 ), it would appear that the real- 
world Galactic Ba star formation rate is, uncertainties aside, in the 
neighbourhood of 6 × 10 −4 yr −1 . If it is true that the scenarios in 
our study account for 2.0 × 10 −4 Ba stars per year (the Scenario B 

figures given above) then this would already account for roughly a 
third of the Galactic rate – and this is only for the triple formation 
channels that we hav e e xplored in this paper. Notwithstanding the 
uncertainties in the methods that led to these numbers, it is possible 
that to ignore Ba star binaries that started life as triples could be 
as erroneous as claiming that Ba stars are produced from them 

e xclusiv ely. 
In terms of their impact on Ba star formation rates, TTs are found 

to play a certain, albeit limited, role in the creation of Ba stars 
in hierarchical triple systems. Judging from the results in Table 2 , 
TTs may account for an enrichment of anything from 7 per cent to 
70 per cent of the total number of Ba stars produced from the channels 
we hav e inv estigated, depending on the specific formation scenario. 
Ho we ver, these numbers were obtained under the assumption that 
resonant locking systematically induces a τ value of 10 −4 yr during 
the RGB contraction phase. Whether this is reasonable for triple 
systems in general, ho we ver, remains to be seen. To this end, further 
studies on how TTs behave for different systems are required. 

With the simplified assumptions for tertiary driven mass transfer 
(that is approximating the system as a binary), the expected period 
distribution in our models suffers from a similar shortcoming as other 
theoretical models previously mentioned, by failing to account for 
observed Ba star binaries with orbital periods of 1000 d. A more 
detailed analysis of tertiary driven mass transfer with AGB donors, 
possibly similar to de Vries et al. ( 2014 ), is necessary to confirm 

this conclusion. It should be noted, ho we ver, that triple systems in 
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which the outer orbit is much more compact than those in our sample 
do exist, and have been observed (e.g. Carter et al. 2011 ), and the 
main reason we do not investigate such systems is largely due to the 
uncertainty pertaining to the circumtriple CEs that must arise from 

such systems. Furthermore, due to our lack of knowledge of the 
physical processes that take place in triple systems, it is possible that 
this study neglects hitherto unknown effects that might shrink the 
outer orbit. This is especially true when one considers the fact that 
the equations by which we calculate the final outer orbital period is 
essentially one that is used for binary orbits under non-conserv ati ve 
mass transfer, and thereby completely ignores the spin and torque 
created by the inner orbit, which may disproportionately influence 
the outer orbit under certain resonances. Whether these neglected 
aspects will have an impact of the final orbital separations for the Ba 
stars remains to be seen. 

Another possibility by which hierarchical triple systems can 
produce Ba star binaries that lie within the 1000 d period gap is 
the case in which the inner binary fails to merge. In this case, all 
the mass donated by the tertiary ends up on one of the inner binary 
components, and the inner binary is consequently identified as a Ba 
star binary, the tertiary being too faint to be seen after being stripped 
of its envelope. 

In terms of observational tests of our models, one may naively 
expect that Ba stars that have formed as a result of a merger of two 
stars would have a much faster spin than conventional Ba stars from 

binaries, as a result of conservation of angular momentum. Ho we ver, 
recent studies seem to indicate that this is not al w ays the case (e.g. 
Schneider et al. 2016 ), as magnetic braking can slow down the spin 
in at least some situations. As such, other tests for our evolutionary 
channel will be necessary. 

One issue that we have not been able to address in this paper is that 
of chemical mixing and its influence on observed surface abundances. 
This should be looked at more carefully in a future study. Since, for 
example, if the time-scales for processes such as elemental diffusion 
and radiati ve le vitation are suf ficiently short relati ve to the age of the 
star, there is potential to constrain the properties of the donor at the 
time of mass transfer. 

Should our conclusion that RLOF from an AGB tertiary can result 
in the inner binary becoming a Ba star once they merge hold true, 
it is natural to deduce that we should be able to see the results of 
the remnant system if it fails to merge. Such a remnant system may 
include an inner binary system of two s-process-rich stars – which is 
indeed what we see in the triple system HD114520, which also has a 
WD tertiary (Gray et al. 2011 ; Escorza et al. 2019 ). Before we jump 
to the conclusion that this validates our model, it should be noted that 
not much is known about the orbit of the tertiary in that triple system, 
and more studies are required before we can say that a failed merger 
from our channel is indeed what is seen. Alternatively, the discovery 
of a triple system in which one inner binary component is a Ba star, 
and the other can be conclusively proved to be a pre-AGB object, 
would be a smoking gun for proving that mass transfer from an AGB 

tertiary can occur. To that end, another triple system disco v ered by 
the same authors, HD48565, serves to resolve the issue. HD48565 
has an inner binary that includes a Ba star, while more recent 
astrometric fits indicate that its companion is only 0.2M � in mass, 
and therefore cannot have undergone an AGB phase (Escorza, pri v ate 
communication). On an even more conclusive note, HD218356 was 
found by Escorza & De Rosa 2022 (submitted) to be a triple system 

with a WD tertiary, in which the inner binary consists of a Ba giant 
with a 0.13M � companion. Regardless of whether the tertiary mass in 
these two systems was transferred in one of the ways described in this 
paper, they certainly lay to rest the issue of whether mass transfer 

from a tertiary AGB on to an inner binary can result in Ba stars. 
Similarly, the disco v ery of a W Uma binary with a nearby stripped 
tertiary, which would greatly support the narrative that inner binaries 
can receive mass from their tertiary companions and survive the 
experience, would also support the existence of binaries containing 
Ba stars that formed in the same way. As for other failed binary Ba star 
systems that may have arisen from hierarchical triple evolution, we 
note that double blue straggler binaries have already been observed 
(Mathieu & Geller 2009 ). Regarding whether the inner binaries of a 
hierarchical triple system can merge as a result of interaction with the 
tertiary, there is already evidence hinting that some blue stragglers 
form as a result of merger events, at least in globular clusters (Leigh & 

Sills 2011 ; Leigh, Sills & Knigge 2011 ; Sills 2018 ; Reinoso et al. 
2022 ). 

To better understand Ba stars and the binaries in which they 
reside, it is important that we fully investigate how triple systems can 
give rise to these objects. Future work ought to pay more attention 
to observationally determining whether individual Ba stars are the 
products of inner binary merger events, as well as on finding physical 
processes that may be at work in triple systems, which may influence 
the results of the findings hitherto presented. To these ends of the 
latter, much work is already underway, which will be the contents of 
a future publication. 
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APPENDIX  A :  DETA ILS  R E G A R D I N G  

TERT IARY  AC C R E T I O N  

One of the prescriptions for angular momentum, for material that is 
being accreted, which we investigate, is 

v orb , 3 a 2 ( 1 − R L ) = v circ a circ , (A1) 

where v orb,3 is the orbital velocity of the L1 Lagrange point of the 
tertiary relative to the inner binary’s COM, and v circ and a circ are, 
respectively, the circular orbital velocity and orbital separation of the 
accreted matter relative to the inner binary’s COM. 

Implicit in this prescription is the assumption that material being 
dumped from the tertiary on to the inner binary is at rest relative to 
the L1 Lagrange point while passing it. While not physically true, it 
is usually seen as small by many authors (e.g. Lubow & Shu 1975 ). 

Strictly speaking, the a 2 (1 − R L ) factor on the left-hand side of the 
equation should be replaced by the distance from the inner binary’s 
COM to the L1 Lagrange point. Ho we ver, for an order-of-magnitude 
estimate, this factor is precise enough, for reasons that we mention 
below. 

Lastly, it should be noted that this equation does not ascertain an- 
gular momentum conservation within the hierarchical triple system. 
While unphysical, it should be noted that, in certain situations, mass- 
loss can extract angular momentum from the system to facilitate 
accretion. 

For one of our subsequent equations, equation ( 15 ), repeated here: 

| J f − J | = ( m 3 − m c ) ( 1 − R L ) 
2 

× [ Ga 2 ( m 1 + m 2 + m 3 ) ] 
1 
2 , (A2) 

its true form should, in fact, be 

| J f − J | = 

∫ m 3 −m c 

0 
( 1 − R L ) 

2 

× [ Ga 2 ( m )( m 1 + m 2 + m 3 − m ) ] 
1 
2 d m, (A3) 

where a 2 ( m ) is the varying value of a 2 as it changes with increasing 
m . Ho we ver, since an order-of-magnitude estimate is all that we need, 
we opt not to calculate this full integration. A similar simplification 
is used for equation ( 17 ). 

The reason that we are satisfied with an order-of-magnitude 
estimate is that this prescription leads to the final orbital angular 
momentum being systematically five orders of magnitude higher 
than that of the original inner binary. As such, all our results hold 
whether or not a more precise version of our calculation is used. 
Incidentally, it should be pointed out that, if our results concerning 
this prescription were not the case, it would not detract from our 
conclusion that Ba stars can be formed from hierarchical triples. 
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