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a b s t r a c t

We report on measuring uncertainty in the computational results of the wind wave model SWAN
(Simulating WAves Nearshore) on an unstructured mesh and exploring the sources of this uncertainty.
We considered an area in the vicinity of the Saint Petersburg Flood Prevention Facility Complex and treat
the results as risks on using the model results for the Facility gate operation.

We found that model response uncertainty is significant for small waves (Hs <0:3m), and the results
variability is moderate (z10%) for the extreme values of the model prediction. Thus the risk on the use of
model results to predict flood threats is low together with visible uncertainty about the prediction of
flood start time.

Uncertainty in wind velocity has a substantial influence on the model response. In addition, uncer-
tainty in the bathymetry, water level, and breaker index affects model output. Therefore, result uncer-
tainty can be decreased obtaining more certain values of these model inputs.

© 2017 Elsevier Ltd. All rights reserved.
Software and data availability

The third-generationwind wave model SWAN is available freely
at http://swanmodel.sourceforge.net/download/download.htm. In
this study, we performed the uncertainty analysis of the results
from the runs of the SWAN model version 41:01AB. The data and
the Python script for the data analysis are available under request.
1. Introduction

Large areas of Saint Petersburg, Russia are slightly above sea
level, which is one of the main reasons of annual flood threats.
Starting from the time when the city was founded in 1703, flood
conditions have occurred more than 300 times. Since 2011, Saint
Petersburg has been protected by the Flood Prevention Facility
Complex (Directorate of FPFC of the Saint Petersburg Ministry of
Construction Industry, 2014). The gates of the prevention com-
plex can be closed in case of a potential flooding situation in order
to hold back the rising water. A decision to close the gates is based
on forecasts, obtained by coupling models and data from different
.

sources (Boukhanovsky and Ivanov, 2012). SWAN (Holthuijsen
et al., 2006) is a third-generation numerical model well-known in
the wave simulation community. The model is a part of the model
ensemble that forms the core of the decision support system for
gate operation (Kosukhin et al., 2014).

To simulate wind waves with SWAN, users should input model
parameters, such as wind velocity, bottom depth and so on, as well
as set model coefficients, whose value usually is not know precisely
and calibrated against measurements from weather stations and
buoys. Due to uncertain inputs, the model response contains some
uncertainty too, which leads to a risk on using the model results for
the decisions about the Facility management. In this study, we
estimated uncertainty in the response of the model computations,
and detect the uncertain inputs, which may influence significantly
the model output.

There exist intrusive and non-intrusive methods for Uncertainty
Quantification (UQ) (Maître and Knio, 2010). Intrusive methods
deal with equations inside the models and substitute the solvers
with their stochastic version. Since we treat SWAN as a black box
model, we have applied a non-intrusive approach called the Quasi-
Monte Carlo method (QMC) (Sobol, 1998). The approach can be
applied regardless of model complexity or non-linearity. Moreover,
the implementation of QMC is relatively easy. However, in contrast
to the intrusive methods, the Monte Carlo approaches require
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multiple model runs, which make the method computationally
expensive. To decrease the number of samples required, we used
the quasi-random Sobol sequence (Sobo and Shukman, 1993),
where sample points spread more uniformly than in a crude
random sample.

To investigate the main sources of uncertainty, i.e. which of the
uncertain inputs contributes greatly to the uncertainty in themodel
result, we applied a Sensitivity Analysis (SA) technique. Different SA
methods can be based on derivatives of themodel output at a single
point (i.e. local analysis), or can be variance-based (i.e. global
analysis) (Saltelli and Annoni, 2010). In (Song et al., 2015), Song
et al. presented an extensive study on SA methods for hydrological
models. A comparison of different qualitative (ranking of input
parameters) and quantitative (evaluation of the uncertain inputs
effects to the total output variance) sensitivity analysis methods is
presented in (Gan et al., 2014). We applied the Sobol variance-
based method for global sensitivity analysis, because such tech-
nique does not deal with solvers inside the model and can be
applied to models with unknown or complex structure (Nossent
et al., 2011).

2. Wind wave model SWAN

The spectral model SWAN has been designed by Delft University
of Technology in order to make predictions about wave parameters
in shallow water (Booij et al., 1999). SWAN solves the wave action
balance equation with sources and sinks:

vN
vt

þ vcg;xN
vx

þ vcg;yN
vy

þ vcqN
vq

þ vcsN
vs

¼ Stot
s

; (1)

where N ¼ Nðs; q; x; y; tÞ denotes the action density, s is the relative
radian frequency, q is the wave direction, x and y are the space
variables, and t is the time. cg;x, cg;y, cq, and cs are the group ve-
locities in geographical space and in spectral space ðs; qÞ, respec-
tively. Stot ¼ Stotðs; q; x; y; tÞ denotes the sum of physical processes
of wave energy generation, dissipation, and redistribution (SWAN
Team, 1993e2015):

Stot ¼ Sin þ Snl3 þ Snl4 þ Sds;w þ Sds;b þ Sds;br; (2)

In Eq. (2), Sin denotes wave growth by wind, Snl3 and Snl4 are
nonlinear wave energy transfer from three-wave and four-wave
interactions, Sds;w, Sds;b and Sds;br are wave decay due to white-
capping, bottom friction and depth-induced wave breaking,
respectively. The terms on the right hand side of Eq. (2) represent
sources and sinks of wave energy. The physical formulation of the
source terms is given in Appendix.

The uncertainty and sensitivity analysis was performed with
respect to the three model outputs:

significant wave height (Hs), defined by

Hs ¼ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ Z
Eðs; qÞdsdq

s
; (3)
1 Note that, in this study, we used the introduced mesh without varying the mesh
configuration. Uncertainty analysis was performed with a coarser computational
mesh as well, however, we did not draw any different conclusion from such an
mean absolute wave period (Tm01),

Tm01 ¼ 2p

0BB@
Z Z

uEðs; qÞdsdqZ Z
Eðs; qÞdsdq

1CCA
�1

; (4)
experiment, and this comparison is therefore not shown.
mean wavelength (l),
l ¼ 2p

0BB@
Z Z

kEðs; qÞdsdqZ Z
Eðs; qÞdsdq

1CCA
�1

; (5)

where Eðs; qÞ denotes the energy density and N ¼ Eðs;qÞ
s . u is the

absolute radian frequency, determined by the Doppler shifted
dispersion relation, and k is the wave number.

The model uncertainty was investigated with respect to the
model inputs from Table 1. The model includes a much longer list of
parameters, and our choicewas guided by the fact that these factors
are treated as uncertain, and, usually, calibrated for the wave sim-
ulations of the area near the Saint Petersburg Flood Prevention
Facility (Kosukhin et al., 2015). The calibration result is a single
value (or vector), with which model computations produce a result
with the smallest error. However, the model parameters are
random numbers, for instance, due to measurement error. In this
study, we investigated how this uncertainty affects the computa-
tional output. The rest of the model coefficients, which were not
included in Table 1, were equal to their default values.

2.1. Unstructured mesh

The choice of geographical computational grid plays a crucial
role in model simulations. A standard approach is a regular mesh
with additional runs on a nested mesh in order to decrease the
overall computational demand. However, such orthogonal struc-
tured meshes are not sufficiently flexible to fit an arbitrary geom-
etry. Zijlema (2010) showed that computations on unstructured
meshes result in stable and more accurate model outcomes for
areas of interest. Adjustable mesh size allows to avoid computa-
tions on a nested grid with increasing spatial resolution. Moreover,
unstructured meshes allow to decrease computational time by
reducing the density of points in remote areas.

We ran SWAN on an unstructured mesh shown in Fig. 2 .1 The
mesh was constructed using the two-dimensional quality mesh
generator Triangle (Shewchuk, 2002). First, we instructed the
coastal points using bathymetry data on a structured grid. Then,
using the mesh generator, we covered the whole area of the Baltic
Sea with computational points, increasing the density of points
near the Saint Petersburg Flood Prevention Facility Complex. In
addition, due to the complex coastal line in some areas, the mesh
generator automatically covered such regions by a finer mesh.

2.2. The Saint Petersburg Flood Prevention Facility in the model

The walls of the Flood Prevention Facility were represented in
the model using the bathymetric feature OBSTACLE with the value
of the reflection coefficient equal to 0.7. The value of this coefficient
was found by calibrating against measurements from the buoys.
The transmission coefficient had the default value equal to 0. The
top of the barriers was set on the height equal to 6.5m. The barriers
structure is indicated by yellow color in Fig. 2.

3. Quasi-Monte Carlo integration for uncertainty
quantification

In order to quantify uncertainty, we applied a Quasi-Monte
Carlo approach. The main idea of this method is to propagate



Table 1
Uncertain inputs.

Parameter Description Unit Default value Min Max

b Bottom level m Ba 0:9,B 1:1,B
4 Direction of windb deg: atan2ðv;uÞ 4� 18o 4þ 18o

U10 Wind speed m=s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
0:9,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
1:1,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
s2PM

c Wave steepness
coefficient

� 3:02,10�3 2:718,10�3 3:322,10�3

Cds
d Whitecapping

dissipation
rate coefficient

� 2:36,10�5 2:124,10�5 2:596,10�5

Cb
e Bottom friction

coefficient
m2=s3 3:25,10�2 2:925,10�2 3:575,10�2

aBJ
f Proportionality

coefficient of the
dissipation rate

� 1.0 0.9 1.1

gg Breaker index � 0.73 0.657 0.803
w Water level m Wh 0:9,W 1:1,W

a B denotes a vector of the bathymetry parameter used for standard model runs (Fig. 1).
b Wind velocity (Fig. 3) is defined in the model by u and v components. As wind speed and wind direction are measured separately, we incorporated 10% variation into both

this inputs. The range of ±18o for the wind direction was established by using the case of 100%, where we have 4±180o . Therefore, the full spectrum of possible values of the
direction would be covered.

c Pierson and Moskowitz (1964) (Pierson and Moskowitz, 1964).
d Komen et al. (1984) (Komen et al., 1984) and (Komen et al., 1996).
e The mean value of the bottom friction coefficient is equal to the value we usually use for the wind wave simulations of the Baltic Sea.
f Battjes and Janssen (1978) (Battjes and Janssen, 1978).
g Battjes and Stive (1985) (Battjes and Stive, 1985).
h W denotes a vector of the values of water level positive upward used for standard model runs (Fig. 4).
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input uncertainty through the model by sampling the outcomes
from model runs with inputs given as a random values.

Suppose our model is described by a function f ðxÞ, where x is a
vector of model uncertain inputs with input space U defined as an
n-dimensional unit cube ½0;1�n. We can then obtain the statistics of
the model response by evaluating the integrals

E½f ðxÞ� ¼
Z

f ðxÞdxz1
N

XN
i¼1

f ðxiÞ;

E
�
f 2ðxÞ

i
¼

Z
f 2ðxÞdxz1

N

XN
i¼1

f 2ðxiÞ;
(6)

where x0;/xN2U, and N denotes the number of samples.
The standard measure of uncertainty is variance. Since the value

of variance can increase (or decrease) only because the expected
value has increased (or decreased), in this research, we have used
the coefficient of variation (CoV) as the uncertainty measure, which
is equal to the amount of deviation with respect to the absolute
value of the expectation:

CoV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E
�
f 2ðxÞ�� E2½f ðxÞ�

q
jE½f ðxÞ�j ,100%: (7)
4. Sobol sensitivity analysis method

The Sobol method (Sobol and Kucherenko, 2005) was applied in
order to evaluate sensitivity indices and detect which of the input
parameters contribute to the uncertainty in the model response.
The approach was introduced by Sobol in 1990 (Sobol, 1990). The
method is based on the ANOVA representation, the analysis of
variance. The ANOVA representation allows the decompositions of
the total variance V into partial variances

V ¼
Xn
i¼1

Vi þ
Xn
i¼1

Xn
j> i

Vij þ…þ V12:::n: (8)
The total variance V determines the variation of the function
f ðxÞ, and the quantity Vi…j characterizes the contribution of terms
f ðxi…xjÞ. Sobol defined global sensitivity indices as the ratio be-
tween partial variance and the total variance:

Ii…j ¼
Vi…j

V
: (9)

We evaluated first order sensitivity indices defined as

Ii ¼
Vi

V
;with Vi ¼

Z
f 2i ðxiÞdxi; (10)

and total sensitivity indices determined by

Itoti ¼ Vtot
i
V

;with Vtot
i ¼ Vi þ

Xn
j¼1;jsi

Vi;j þ…þ V1:::;i;…;n; (11)

where Vtot
i is the partial deviation, which includes the contribution

of all the terms of the decomposition, which depends on the vari-
able xi. In order to implement the method, partial variances can be
expressed by

Vi ¼ VXi

�
EX�i

ðY jXiÞ
�
; (12)

Vtot
i ¼ EX�i

�
VXi

ðY jX�iÞ
�
; (13)

where Xi denotes the i-th input parameter, and X�i is the matrix of
all factors but Xi.

To approximate the first order Sobol sensitivity indices, we
applied Saltelli's method (Saltelli et al., 2010), where the first order
effects are estimated by

VXi

�
EX�i

ðY jXiÞ
� ¼ 1

N

XN
j¼1

f ðBÞj
�
f
�
AðiÞ
B

	
j
� f ðAÞj



; (14)

where f ðAÞ and f ðBÞ are the model outputs with inputs from



Fig. 1. Depth maps.
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matrices A and B, correspondingly, and f ðAðiÞ
B Þj is output with values

of all inputs from A except the i-th factor, which is taken from
matrix B. We obtained the matrices A and B by generating a matrix
M of size ðN;2nÞ as 2n Sobol sequences (Sobol, 1967) of length N,
where N is the sample size and n is the number of the input factors,
and then splitting it in two matrices of size ðN;nÞ each.

A partial variance for the total sensitivity indices for i-th pa-
rameters was computed using the following formula presented in
(Sobol, 2007):

EX�i

�
VXi

ðY jX�iÞ
� ¼ 1

N

XN
j¼1

f ðAÞj
�
f ðAÞj � f

�
AðiÞ
B

	
j



: (15)

As suggested in (Sobol, 1990), in order to decrease the
approximation error, we pre-estimated the mean value of f ðAÞ, and
then subtracted this value from each term in equations (13) and
(14). In order to estimate the error, we applied the bootstrap
approach based on resampling (Archer et al., 1997; Campolongo
et al., 2011). Suppose we have received a sample ff ðxiÞg from
QMC simulations. We resampled with replacement and repetitions
the sample K times. For each of the new samples, the sensitivity

indices Ii were estimated and we obtained the sample fI�ki gKðk¼1Þ, for

i ¼ 1;…;n. Then, we applied the moment method to evaluate the
50% confidence intervals for Ii by

bI i±0:6745ε�bI i	; (16)



Fig. 2. The unstructured computational grid used in this research. The magnification
shows the mesh around the Flood Prevention facility. The mesh properties: the
number of vertices is 26950; the number of cells is 51002; the number of faces is
78003. The maxim grid size is about 21085 times larger than the smallest one.
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where

ε

�bI i	 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

K � 1

XK
k¼1

�
I�ki � Ii

	2vuut ; (17)

with

Ii ¼
1
K

XK
k¼1

I�ki : (18)
5. Model setup

We estimated uncertainty in the response of the SWAN model
(cycle III version 41:01AB) in non-stationary mode with the hot
start option 2 and time step equal to 15 min.

We used wind (Fig. 3) and water level (Fig. 4) data for the period
from 28 October 2013, 00:00 to 30 October 2013, 00:00. Wind
velocity was predicted with one hour interval using the forecasting
model HIRLAM (HIgh Resolution Limited AreaModel) (Unden et al.,
2002).

The bathymetry and water level data were obtained using the
model HIROMB (HIgh Resolution Operational Model for the Baltic
Sea) (Funkquist and Kleine, 2000), represented in SWAN on the
unstructuredmesh shown in Fig. 2. Thewater level forecast interval
was equal to six hours. The bottom level map of the Baltic Sea is
shown in Fig. 1. The two indicated points S-1 and S-2 correspond to
the locations of the buoys, which are employed to measure wave
parameters and, then, the data are used for model calibration.

To propagate uncertainty through the model, input parameters
2 With hot start option, a stationary model run is performed for the first time
point. The result is used as initial condition for the non-stationary computations.
The stationary computations were performed with 50 iterations.
were uniformly distributed random variables with 10% variation3

(Table 1) as it is suggested in (Iooss and Lemaître, 2015) and
(Giap and Kosuke, 2014).

6. Results

In Figs. 5e7, we present results of the uncertainty analysis for the
threemodel outputs estimated at the points S-1 and S-2 (denoted in
Fig. 1). In the top figures, we show the mean value and the standard
deviation of the model output. Directly underneath, we show esti-
mated uncertainty in the model response, where the measure of
uncertainty is the coefficient of variation estimated by Eq. (7). The
values of the sensitivity indices (Eqs. (9)e(15)) illustrated together
with the bootstrap 50% confidence intervals (Eq. (16)).

The results of uncertainty quantification at points S-1 and S-2
show that the SWANmodel has a higher variability in the response
for low values of significant wave height (Hs <0:3 m). At the same
time, uncertainty in the response is relatively low (approx. 10%) for
the extreme values of the observables (around 12:00 on October
29). However, six hours before, the model predictions for the points
around the Flood prevention facility still contain a visible vari-
ability. This increases uncertainty in the prediction of the time
when the flood will start.

The difference in the values of the Sobol indices for the two
observed locations in Figs. 5e7 tells us that the influence of un-
certainty in a particular input affects output differently depending
on the location. Moreover, since the values of the first order Sobol
indices are close to the values of the total indices, wemay conclude
that, mostly, uncertainty is produced from the first order terms of
the model function.

Uncertainty and sensitivity maps are shown in Figs. 8e10,
where the two red bold points denotes the location of buoys S-1 (on
the left) and S-2 (on the right). We presented the result for the time
points 28 October, 06:00, 29 October, 06:00, and 29 October 2013,
12:00.

The top plots in Figs. 8e10 illustrate the mean value of the
model response at each point of the computational mesh near the
Flood Prevention Facility. Uncertainty (second row) and sensitivity
(row three - seven) maps show the value of uncertainty and Sobol
indices, respectively, estimated at the same mesh points. We show
the sensitivity maps only for bottom level, wind, breaker index, and
water level, since other parameters have a very small value of the
Sobol indices in the whole observed area. This means that uncer-
tainty in this parameters has not got a visible effect on the model
result.

The sensitivity maps show that uncertainty in the bathymetry,
water level, and breaker index inputs contributes model result
uncertainty in some coastal areas, where depth is less than 5m. The
significance of the wind direction is high mostly in the region on
the left of the Prevention Facility. The high values of the Sobol
sensitivity indices for the wind speed parameter are distributed
uniformly (result for the significant wave height) or on the right of
the Prevention Facility (result for the mean absolute wave period
and average wave length). Since we use SWAN to predict flood due
to storm surges, wewant to have a forecast as certain as possible on
the left of the Facility. This means that the values of wind direction
should be as certain as possible.

7. Discussion and conclusions

The results of uncertainty quantification show that the
3 Note that 10% variation means the default value ±10%, which is similar to a
coefficient of variation (the uncertainty measure in this study) equal to.z5:8%.



Fig. 4. Positively upwards from still water level.

Fig. 3. Wind velocity over the Baltic Sea.
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model output contains relatively low uncertainty (about
5� 10%) for significant values of this output. Thus, we may
conclude that the risk on using the model predictions for the
Facility operation is low. Nevertheless, uncertainty about the
time when flood will start and the Facility gates should be
closed is visible.



Fig. 5. Uncertainty analysis of significant wave height estimated at points S-1 and S-2.
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Sensitivity analysis shows that the most important4 input is
wind direction. In addition, influence on model responses is also
4 Note that we use the word important in sense of a great influence of uncer-
tainty in the input on model response uncertainty.
rendered by uncertainty in wind speed, bottom and water levels,
and breaker index. Thus, in order to decrease model response un-
certainty and tomake the risk on using the model results lower, the
values of this model inputs should be as certain as possible.

Low sensitivity of the observable to the other uncertain model
coefficients says that model result variability is not growing



Fig. 6. Uncertainty analysis of mean absolute wave period estimated at points S-1 and S-2.
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significantly if the values of the coefficients are knownwithin a 10%
range. However, one should note that since the model result does
note change much, when the values of the coefficients vary, the
calibration of this parameters can be difficult (i.e. inverse uncer-
tainty is high).
8. Future work

Given a strong influence of spatial parameters uncertainty on
the model results, in the future, we will study in detail SWAN
coupled to HIRLAM and HIROMB, which provides predictions



Fig. 7. Uncertainty analysis of average wave length at points S-1 and S-2.
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Fig. 8. Mean value, uncertainty, and total sensitivity indices of significant wave height.
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Fig. 9. Mean value, uncertainty, and total sensitivity indices of mean absolute wave period.
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Fig. 10. Mean value, uncertainty, and total sensitivity indices of average wave length.
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together with their uncertainty over time as input for SWAN, in
order to find uncertainty in the model responses.

The long-term goal is to build a real time prediction system,
where uncertainty in the forecast will be estimated and re-
evaluated, whenever new wind velocity and water level forecasts
are available. Obtained uncertainty will be associated with a risk on
using the model predictions in the decision support system for gate
operation in a situation of the flood threats.
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Appendix

A.1. Wind input (Sin)

In SWAN, wind speed is defined at 10 m above sea level, and the
value should be given by u and v components, which correspond to
a two-dimensional horizontal coordinate system, defined by the
user. In Eq. (2), the wind wave growth is given by

Sin ¼ Aþ BEðs; qÞ; (19)

with A and B are linear (Cavaleri and Rizzoli, 1981) and exponential
(Komen et al., 1984) growth terms, respectively, depending on
speed and direction of wind.

A.2. Dissipation (Sds)

A.2.1. Bottom friction (Sds;b)

Sds;b ¼ �Cb
s2

g2sinh2kd
Eðs; qÞ; (20)

where Cb is a bottom friction coefficient, g is the gravity accelera-
tion, and d is depth. In the model, the friction coefficient can be a
constant value or represented on a spatial grid. We defined the
value as a constant using the JONSWAP option (Hasselmann et al.,
1973).

A.2.2. Whitecapping (Sds;w)
The whitecapping processes (Komen et al., 1984) is described by

the Hasselmann pulse-based model (Hasselmann, 1974):

Sds;w ¼ �G~s
k
~k
Eðs; qÞ; (21)

where ~s and ~k denote an average wave number and mean fre-
quency, respectively, and G is a steepness dependent coefficient
(The Wamdi Group, 1988), defined by

G ¼ Cds

�
ð1� dÞ þ d

k
~k


�
s

sPM


p

; (22)

where s is the overall wave steepness, and d and p are tunable co-
efficients. In this study, d ¼ 1 and p ¼ 2.

A.2.3. Depth-induced wave braking (Sds;br)

Sds; brðs; qÞ ¼ Dtot

Etot
Eðs; qÞ; (23)

where Etot is the total wave energy and Dtot is the rate of total en-
ergy dissipation due to wave breaking, depending on the propor-
tionality coefficient of the rate of dissipation aBJ , and the breaker
parameter g ¼ Hmax

d , where Hmax is the local maximum wave height
(Salmon et al., 2015).
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