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Introduction

1.1 Adaptive methods

The topic of this book is an adaptive numerical solution method for operator equations
of the form Au = f , where A ∈ L(H,K ′) is boundedly invertible, H andK are Hilbert
spaces, for simplicity over the scalar field R, and f ∈ K ′ is a given forcing function.
An example of such an equation that is central in this work is a variational formulation
of a boundary value problem on a bounded domain Ω ⊂ Rn.

Standard numerical solution methods, like the Galerkin method when H = K,
yield a near-best approximation to the solution u from a selected finite dimensional
subspace of H, known as the trial space. Typically, the space H is a Sobolev space
of the form Hm(Ω), or a closed subspace of it incorporating essential boundary con-
ditions, like Hm

0 (Ω). A typical trial space is a space of functions in H that are
piecewise polynomial of order d w.r.t. a partition of Ω into n-simplices. Assuming a
quasi-uniform partition, meaning that the diameters of all simplices are comparable
to some scalar h, known as the mesh size, the error in the (near-)best approximation
can be proven to be of order hd−m, assuming u ∈ Hd(Ω). Generally, this error bound
is the best possible. In terms of the dimension N of the trial space, the error bound

is of order N− d−m
n . The fact that the convergence rate d−m

n is inversely proportional
to the space dimension n is known as the curse of dimensionality.

Thinking of an elliptic partial differential equation (PDE) of second order, so
that m = 1, the regularity condition u ∈ Hd(Ω) is satisfied in rare cases only, in
particular when d > 2. Usually, the solution contains singular terms caused by
non-smooth parts of the boundary of the domain (corners when n = 2, corners and
edges when n = 3), non-smooth coefficients in the partial differential operator, or a
non-smooth forcing function. Consequently, employing quasi-uniform partitions, the

converge rate d−m
n known for smooth solutions, will be reduced to min(s,d)−m

n , where
s = sup{t : u ∈ Ht(Ω)}, being thus usually less than d.

In many cases, however, the optimal error bound of order N− d−m
n in terms of the

dimension of the trial space can be retrieved by employing a proper refinement of the
partition towards the singular support of the solution. It is known that for this to
hold true, it is essentially sufficient when u has its partial derivatives up to order d
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2 1. INTRODUCTION

in Lτ (Ω) for arbitrary τ > ( 12 + d−m
n )−1, possibly even less than 1, instead of in the

(much) smaller space L2(Ω).

An a priori construction of a sequence of locally refined partitions that gives rise
to the best possible convergence rate is restricted to model cases. A much better
approach to construct such partitions is by the application of an adaptive method.

With such a method, after computing a near-best approximation from the current
trial space, one computes an a posteriori error estimator, i.e., an estimator in terms of
the given forcing function and the computed approximate solution only, and extracts
from it the information where is it best to refine the partition, or more generally, to
enlarge the trial space.

A class of such adaptive methods is given by the adaptive finite element methods.
In this book, we will focus on adaptive wavelet methods.

1.2 Adaptive wavelet methods

Recalling our operator A ∈ L(H,K ′), we equip the Hilbert space H with a Riesz
basis ΨH = {ψHλ : λ ∈ ∇H}, meaning that the analysis operator FH : H ′ → ℓ2(∇) :
g 7→ [g(ψHλ )]λ∈∇H is boundedly invertible, and so is its adjoint F ′

H : ℓ2(∇) → H :
c 7→ c⊤ΨH :=

∑
λ∈∇H

cλψ
H
λ , known as the synthesis operator. Similarly, we equip

the Hilbert space K with a Riesz basis ΨK = {ψKλ : λ ∈ ∇K}, with analysis and
synthesis operators denoted by FK and F ′

K .

The basis ΨH , and similarly ΨK , will be of wavelet type. That is, we consider
a nested sequence V0 ⊂ V1 ⊂ · · · ⊂ H, known as a multi-resolution analysis, such
that clos∪ℓ≥0Vℓ = H; and, for ℓ ≥ 1, construct Wℓ such that Vℓ = Vℓ−1 ⊕Wℓ, and
for any wℓ ∈ Wℓ, ∥

∑
ℓ≥0 wℓ∥2H ≂

∑
ℓ≥0 ∥wℓ∥2H , which in particular holds true for an

orthogonal decomposition. With W0 := V0, equipping, for each ℓ ≥ 0, Wℓ with a
Riesz basis, that has a condition number that is bounded uniformly in ℓ, the union
of these bases is the wavelet Riesz basis for H.

Here and in the following, by C ≲ D we mean that C can be bounded by a multiple
of D, independently of parameters which C and D may depend on. Obviously, C ≳ D
is defined as D ≲ C, and C ≂ D as C ≲ D and C ≳ D.

Thinking of H being a Sobolev space on a domain Ω, typically Vℓ is a space of
functions in H that are piecewise polynomial of some order d w.r.t. a dyadic partition
of Ω with mesh-size 2−ℓ; and the wavelets on level ℓ, i.e., the basis functions for Wℓ,
have supports with diameter of order 2−ℓ.

The most elementary example of a wavelet basis is the Haar basis for L2(0, 1)
illustrated in Figure 1.1. After normalization in Hs(0, 1), the Haar basis is a Riesz
basis for a range of s, being another typical property of a wavelet basis. For the Haar
basis, this range is |s| < 1/2. Since, due to its insufficient smoothness, s = 1 is not
included, this simple basis is however not suited for solving PDEs. Suitable wavelet
bases will be constructed on several places in this work.

With the synthesis operator F ′
H and analysis operator FK , writing the unknown

solution u as u = F ′
Hu, an equivalent formulation of the operator equation Au = f is
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Figure 1.1: The Haar basis

given by the bi-infinite matrix equation

FKAF ′
H︸ ︷︷ ︸

A

u = FKf︸ ︷︷ ︸
f

,

where f ∈ ℓ2(∇K), and A ∈ L(ℓ2(∇H), ℓ2(∇K)) is boundedly invertible. Note that
for λ ∈ ∇K , µ ∈ ∇H , Aλ,µ = (AψHµ )(ψKλ ), and fλ = f(ψKλ ). For the model problem

of A stemming from the Laplacian, it holds that Aλ,µ =
∫
Ω
∇ψHµ · ∇ψKλ dx.

To continue, let us assume that H = K, A is self-adjoint, i.e., A = A′, and
coercive, i.e. (Av)(v) ≳ ∥v∥2H (v ∈ H), so that, taking ΨH = ΨK = {ψλ : λ ∈ ∇}
with analysis and synthesis operators denoted by F and F ′, A = A⊤ is positive
definite. Otherwise, the method we are going to describe can be applied to the
normal equations A⊤Au = A⊤f .

Given a Λ ⊂ ∇, let IΛ : ℓ2(Λ) → ℓ2(∇) denote the extension of a vector with
indices in Λ with zeros on ∇ \ Λ, so that its adjoint PΛ : ℓ2(∇) → ℓ2(Λ) is the
restriction of a vector to its indices in Λ.

With AΛ := PΛAIΛ and fΛ := PΛf , the solution of AΛuΛ = fΛ is the Galerkin
approximation to u from ℓ2(Λ). Extended with zeros on ∇\Λ, it is the best approxi-
mation from this space w.r.t. the energy-norm ∥A 1

2 ·∥ℓ2(∇) ≂ ∥·∥ℓ2(∇), or, equivalently,

uΛ := F ′IΛuΛ is the best approximation to u w.r.t. the energy norm (A·)(·) 1
2 ≂ ∥·∥H .

The error in IΛuΛ in energy-norm ∥A 1
2 (u − IΛuΛ)∥ℓ2(∇) ≂ ∥A(u − IΛuΛ)∥ℓ2(∇) =

∥f −AIΛuΛ∥ℓ2(∇), showing that the norm of the residual r(Λ) := f −AIΛuΛ can be
used as a posteriori error estimator.

By definition of the Galerkin solution, r(Λ)|Λ = 0. Intuitively, coefficients r
(Λ)
λ ,

for λ ∈ ∇ \ Λ, that are “large” correspond to wavelets ψλ that can be best added
to the current set Λ to improve the approximation. This is indeed the case, and the
adaptive scheme based on this strategy has been proven to converge with the best
possible rate from the basis. That is, if for whatever s > 0, there exists a (Λ̃i)i∈N ⊂ ∇
with limi→∞ #Λ̃i = ∞ and infvΛ̃i

∈span{ψλ:λ∈Λ̃i} ∥u − vΛ̃i
∥H ≲ (#Λ̃i)

−s, then for the

sequence of Galerkin approximations (uΛi)i produced by such an adaptive wavelet
algorithm, it holds that ∥u− uΛi∥H ≲ (#Λi)

−s.
The adaptive wavelet algorithm sketched here cannot be implemented in the cur-

rent form. Generally, the vector f has infinite support, and, although the vector uΛ
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is finite, so has the vector AIΛuΛ, because generally each column of A has infinite
support. The latter is a consequence of the fact that the supports of the wavelets on
each level cover the whole domain.

It has however been shown that convergence with the best possible rate is retained
when the residuals r(Λ) are computed inexactly, within a sufficiently small relative
tolerance. To do so, a scheme has been developed where to approximate AIΛuΛ,
each column of A that corresponds to a non-zero entry of IΛuΛ, is approximated
within an absolute tolerance that decreases as function of the size of the entry. This
scheme relies on the property that under standard assumptions of the wavelets, as
being sufficiently smooth, and having sufficiently many vanishing moment, i.e., being
orthogonal to polynomials of sufficiently high degree, the bi-infinite stiffness matrixA,
although not being sparse, can be well approximated by sparse matrices. In addition,
allowing inexact solutions of the Galerkin systems, under a mild assumption on the
approximability of f , the overall scheme can be shown to converge with the best
possible rate in linear computational complexity.

For more information on numerical methods with wavelets, in particular adaptive
wavelet methods, we refer to [Dah97, CDD01, CDD02, Coh03, Ste09, Urb09].

1.3 Tensor product wavelets

Compared to the adaptive wavelet scheme, the adaptive finite element method can
more easily deal with general, i.e., non-rectangular domains, and for simple problems,
often it is quantitatively more efficient.

On the other hand, the application of the adaptive finite element method is es-
sentially restricted to elliptic problems, whereas the adaptive wavelet scheme can be
applied to any well-posed operator equation. In this book, in particular we study its
application to parabolic PDEs.

A second important advantage of the adaptive wavelet method, is that it can be
applied with a tensor product wavelet basis. Let Ψ be a univariate wavelet collection
on I = (0, 1) that, normalised in the corresponding norm, is a Riesz basis for L2(I)
and H1

0 (I). Let Ψ be of order d, meaning that the wavelets up to level ℓ span all
piecewise polynomials in H1

0 (I) w.r.t. a uniform partition of I in 2ℓ subintervals.
Setting □ = In, it is known that

H1
0 (□) = H1

0 (I)⊗ L2(I)⊗ · · · ⊗ L2(I) ∩ · · · ∩ L2(I)⊗ · · · ⊗ L2(I)⊗H1
0 (I).

Consequently, the normalized tensor product collection Ψ ⊗ · · · ⊗ Ψ is a Riesz basis
for H1

0 (□). Since the supports of the functions from this basis can be arbitrarily
stretched, they are also referred to being anisotropic wavelets.

Any sufficiently smooth function in H1
0 (□) can be approximated from the span of

the set of all tensor product wavelets for which (essentially) the sum of the levels of
the univariate wavelets in the product is bounded by some constant, with an error
that is of order Nd−1, with N being the number of these tensor product wavelets.
The remarkable aspect of this result is that this rate d− 1 is independent of the space
dimension n, meaning the curse of dimensionality is circumvented.

The smoothness that is required for having this rate with this approximation,
however, can usually not be expected for the solution of a PDE. For the combination
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of this so-called sparse-grid approximation together with “local refinement” towards
the hyperfaces, i.e., the addition of tensor product wavelets on higher levels with
supports near the hyperfaces of □, it has been shown that the solution of Poisson’s
equation with a sufficiently smooth right-hand side can be approximated with the
optimal rate d−1. Note that generally this solution contains singular terms associated
all to all hyperfaces of dimension less or equal to n− 2.

Knowing that the solution can be approximated from the basis with rate d − 1,
recall that the adaptive wavelet scheme produces approximations that converge with
this rate.

For more information on (adaptive) tensor product approximation, we refer to
[GK00, Nit05, Nit06, SS08, Dij09, DS10a, HS12].

1.4 This book

We study the adaptive wavelet method for solving PDEs with the application of tensor
product wavelets. Chapters 2 and 3 of this book are joint work with Rob Stevenson,
and appeared as journal papers in the IMA Journal of Numerical Analysis ([CS11])
and the SIAM Journal on Numerical Analysis ([CS11b]), respectively. Chapter 4 is
joint work with Stephan Dahlke (Marburg), Ulrich Friedrich (Marburg), and Rob
Stevenson, and it appeared as journal paper in the Mathematics of Computation
([CDFS13]).

Below, we summarize the contents of each of the Chapters 2-5.

1.4.1 Chapter 2

In this chapter, we construct univariate wavelets on I = (0, 1), that have the property
that any second order partial differential operator with constant coefficients on □ =
(0, 1)n, gives rise to a truly sparse stiffness matrix w.r.t. the resulting tensor product
basis. This has the important advantage that the application of the infinite matrix
A to any finitely supported vector can be computed exactly, in linear complexity.
Consequently, the quantitatively expensive approximate matrix-vector multiplication
routine, commonly called APPLY, to approximate the residuals in the adaptive
scheme can be avoided.

Compared to an earlier construction in [DS10b], the new wavelets have the advan-
tage that the corresponding dual wavelets are locally supported, and although being
of higher order, that their condition numbers are better.

The adaptive wavelet method is applied for the numerical solution of the singularly
perturbed reaction-diffusion equation on the square. For small diffusion, the solution
exhibits sharp layers near the edges. It will be shown that, despite of that, when
applying univariate wavelets of order d as building blocks, the adaptive tensor product
wavelet scheme produces approximations that up to log-factors, converge in energy
norm with rate d − 1 for dominating diffusion, and rate d for dominating reaction.
Already for arbitrarily smooth functions, these rates are the best that can be expected.

The theoretical results are illustrated with various numerical experiments.
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1.4.2 Chapter 3

In this chapter, we consider well-posed simultaneous space-time variational formu-
lations of parabolic PDEs, a typical example being the heat equation. The arising
Hilbert spaces are Bochner spaces, or intersections of those. Our formulation is dif-
ferent from that in [SS09], and has the advantage that the initial condition enters the
formulation as a natural boundary condition, i.e., as a term in the right-hand side.

By equipping the Bochner spaces with wavelet Riesz bases, the adaptive wavelet
scheme can be applied to solve the parabolic problem as one equation, simultaneously
in space and time. This as opposed to the common approach of solving a parabolic
problem by means of solving a sequence of elliptic problems created by an (implicit)
time discretisation, known as time marching. The adaptive wavelet scheme realises
the best possible convergence rate from the basis. Such a result is not known for time
marching schemes.

Since a Bochner space is a tensor product of temporal and spatial Sobolev spaces,
it can be equipped with a Riesz basis that is a tensor product of temporal and spatial
wavelets. Consequently, there is no penalty in the order of computational complexity
by solving the problem as one system in space and time.

In this chapter, additionally we consider rectangular spatial domains, so that the
spatial wavelets can be selected as tensor product of univariate wavelets. In this
setting, the order of computational complexity of solving the parabolic problem is
even equal to that of solving one ODE.

We construct univariate wavelets such that the stiffness matrix resulting from the
parabolic problem is truly sparse, assuming that the spatial differential operator has
constant coefficients. Since the matrix is not symmetric positive definite, the adaptive
wavelet scheme has to be applied to the normal equations.

In numerical experiments, we solve the heat equation with a very high accuracy.
The “grids” consisting of the centres of the supports of the tensor products wavelets
that were selected by the adaptive scheme, show a very strong refinement in the region
where the bottom of the space-time cylinder meets the walls. This is appropriate, since
this is indeed the region where the solution is known to behave singularly. Such a
local refinement seems very hard to realise with time marching schemes, even with
the application of local time stepping.

1.4.3 Chapter 4

As we have seen, the application of tensor product approximation allows to circumvent
the curse of dimensionality. In this chapter, we investigate this type of approximation
on non-rectangular domains, by means of a domain decomposition technique. We
consider domains Ω that can be written as a disjoint union of hypercubes, or smooth
parametric images of those, and construct a basis for a Sobolev space on Ω from such
bases on the hypercubes, which can be taken as tensor product bases. This chapter
builds on earlier work in [Che99, DS99a, KS06].

To understand the idea of such a construction, it is sufficient to consider a domain
Ω that is the disjoint union of two subdomains Ω1 and Ω2. Let E1 be an extension
operator of functions on Ω1 to functions on Ω that is bounded from say Hm(Ω1)
to Hm(Ω). Let the restriction of functions on Ω to subdomain Ωi be denoted as
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Ri. Then for any u ∈ Hm(Ω), the function E1R1u is in Hm(Ω), whereas the differ-
ence u − E1R1u vanishes on Ω2, meaning that its restriction to Ω2 is in the closed
subspace of Hm(Ω) of functions that vanish up to order m on the interface, which

space we denote as Hm
0,∂Ω1∩∂Ω2

(Ω2). We conclude that

[
R1

R2(Id− E1R1)

]
: Hm(Ω)→

Hm(Ω1)×Hm
0,∂Ω1∩∂Ω2

(Ω2) is boundedly invertible, with inverse [E1 η2], where η2 is
the extension of functions on Ω1 with zero on Ω2. Consequently, when Ψ1 is a Riesz
basis for Hm(Ω1), and Ψ2 is a Riesz basis for Hm

0,∂Ω1∩∂Ω2
(Ω2), then E1Ψ1 ∪ η2Ψ2 is

a Riesz basis for Hm(Ω).
To construct Riesz bases for Hm(Ω1) and Hm

0,∂Ω1∩∂Ω2
(Ω2), this approach can

be applied recursively. Starting with a Cartesian partition of a domain Ω into hy-
percubes, one can rely on univariate extensions in the directions orthogonal to the
interfaces. For m = 1, simple reflections will do. It will be sufficient to reflect only
those wavelets that do not vanish at interfaces.

Building the piecewise tensor product basis from univariate wavelets of order
d > m, it will be shown that in any space dimension n, under very mild regular-
ity conditions, functions in Hm(Ω) can be approximated from the basis with rate
d −m. On two- and three-dimensional domains, the solution of Poisson’s equation,
with a sufficiently smooth right-hand side, will be shown to satisfy these regularity
conditions.

Our theoretical findings will be illustrated by numerical experiments with the
adaptive wavelet scheme applied to Poisson’s equation on a two-dimensional slit do-
main, and on the three-dimensional Fichera corner domain.

1.4.4 Chapter 5

The construction of Riesz bases for Sobolev spaces from Riesz bases on the subdo-
mains in a domain decomposition using extension operators, suggests the possibility
to construct a basis that is suited for solving PDEs with coefficients that may have
jumps over the interfaces in the decomposition. In this chapter, we consider the

equation

{
− div κ∇u=f on Ω,

u=0 on ∂Ω,
in variational form, where κ > 0, and piecewise

constant w.r.t. the partition into subdomains. We construct a piecewise tensor prod-
uct wavelet basis for H1

0 (Ω) that has a condition number that is bounded uniformly in
the sizes of possible jumps of κ over the interfaces. This results holds true when the ex-
tension operators act from subdomains with a larger to those with a smaller diffusion
coefficient, a condition that excludes coefficients with a checker board pattern.

As a consequence of the uniformly bounded condition number of the basis, the
adaptive wavelet method produces approximations that in the energy-norm converge
with the best possible rate from the basis, uniformly in the sizes of the jumps. This
result will be supported by several numerical experiments in one- and two-dimensional
examples.


