CHAPTER 2

Designing granular auxetic
metamaterials

Based on PNAS, 121(14), €2317915121. [66]

ranular materials are collections of discrete solid particles or grains that

interact with each other primarily through repulsive contact forces. For over

two and a half centuries [677], researchers have actively studied ensembles
of grains with largely varying properties, e.g. grain size [68], surface roughness
[69], aspect ratio [40] and packing protocol [70]. With the introduction of Discrete
Element Method [71], the mentioned granular properties have been varied even more
systematically in numerical simulations. The simulations have evolved rapidly to
accurately describe practically any physical setting [72,73]. However, grains with a
negative Poisson’s ratio had never been modeled — they were not deemed physical.
Armed with the innovative auzetic structures provided by the field of mechanical
metamaterials (e.g. [74,75]), we tried answering the question whether it was possible
to create auzetic metagrains. We succeeded in making a design scheme for 2D auxetic
metagrains. In this Chapter, we share this scheme and discuss a particularly promising
design in detail. Furthermore, we construct a simple, but phenomenologically very
accurate numerical model with which the Poisson’s ratio is parameterized to range
from -1 to +1.
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2.1 Introduction

Mechanical metamaterials are carefully engineered architectures that exhibit
tunable properties which surpass that of their constituents [62]. Importantly, these
metamaterials are solids with a well defined configuration of reference. In contrast,
granular materials are not tunable and don’t have a well defined configuration of
reference. Their jamming and flowing properties are instead entirely controlled
by the physics of contact and friction [16,76-81]. The rapidly growing field of
granular metamaterials and metafluids precisely attempts to make the mechanical
properties of granular material and complex fluids tunable by introducing designer
grains with anisotropic shapes [82,83], non-convex shapes [82-87], flexibility [88],
entanglement [51,56,89], as well as multistable grains [58] and grains in contact with
flexible strings [90,91] or plates [92].

In particular, granular metamaterials with complex shapes have been intro-
duced [47,51,53,56,82,86,89,93-96] that enhance interlocking and have been shown
to enjoy additional mechanical stability. Yet, in many applications, granular materials
need to flow. So instead of amplifying friction and promoting jamming, an important
goal, which has not been achieved before, is to create granular metamaterials that
can flow more easily. To meet this challenge, we take inspiration from flexible meta-
materials, which use flexible building blocks to exhibit shape-shifting and superior
damping performances [62,97-99]. The most basic flexible metamaterials are perhaps
those that exhibit negative Poisson’s ratio, by leveraging internal counter-rotations
within their bulk [62,88,100]. We therefore ask the basic question: how to construct

auxetic grains to enhance the tunability of larger granular ensembles?

2.2 Designing auxetic grains

The grains used throughout this chapter are inspired by a known auxetic re-
entrant structure (fig 2.1A) [63]. The structure is a repetitive pattern of the highlighted
unit cell. The shape of the unit cell forms a hole in our granular design (fig 2.1B).
For the hole to deform, we require that the corners are very flexible and that the in-
terconnecting bars are rigid. When the corners are close to the perimeter of the grain,
the hinges are flexible. We see that in this design, three out of four hinges are flexible,

highlighted in green. The rigid hinge is highlighted in red. We remove a triangular



2.2 Designing auxetic grains 19
A B C D —
| F@ G%

Figure 2.1: Auxetic grain design scheme. (A) Re-entrant auxetic structure. (B) Grain

H

with a unit cell hole. Flexible hinges are highlighted with green dots, where as rigid hinges are
highlighted with red dots. (C) 2D Auxetic grain design. There are no more rigid hinges due to the
cutout from the perimeter. (D) 3D auxetic grain design with obstruction to prevent interlocking
between grains. (E) We consider a second re-entrant auxetic structure. (F) Analogue to our
first design, we obtain a grain with a unit cell hole. (G) The rigid hinges are made flexible with

cutouts. (H) With obstructions to prevent interlocking, we find a second auxetic grain design.

section of the grain to also allow the last hinge to become flexible (fig 2.1C), thus mak-
ing the grain auxetic. In contact with similar grains, however, there will be events of
interlocking between grains. To prevent this from happening we added a tooth on the
circular perimeter of our grain (fig 2.1D), which acts as a barrier. An empty pocket

in the grain sheathes the tooth and prevents self-contact when the grain is compressed.

This is by no means the only auxetic grain design we can think of. We can create
more auxetic grains with the same design scheme. A second example is shown in
figures 2.1E - 2.1H. The desired granular properties can be altered by choosing the
best corresponding re-entrant structure. We choose to work with the design depicted
in figure 2.1D as it displays, apart from a negative Poisson’s ratio, only one degree of
freedom. This implies that a change in one of the hinges determines how the other
hinges will deform. This ensures that the grain is robust under both compression

and shear and, quite importantly, behaves predictable in an ensemble where each
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grain is in contact with more than two other grains. The robust design shown in
this paper is a key improvement on the first produced auxetic grains by Gaspar [88].
The low number of degrees of freedom in our grain allow for a more predicable and
reactive bulk material, whereas the earlier auxetic grain design had to be compressed

from all directions.

2.3 Testing and benchmarking auxetic grains

A

Figure 2.2: Auxetic metagrains (AB) Picture of an auxetic disk (A) at rest, (B) under manual

compression.

Our printed metagrain clearly displays the auxetic behaviour that leads to
reduction in the radius of the disk as the grain is compressed (Fig. 2.2AB. We
benchmark this metagrain against a simple ring, which expands laterally when
compressed. (Fig. 2.3A). Unlike the ring, the metagrain is not isotropic (Fig. 2.3B),
but the mechanism used by the metagrain consists of a single mode of deformation,
which ensures that the grain is auxetic regardless of the direction of compression
(Fig. 2.3C).

2.4 Model based on response differences

Next, we construct a minimal computational model to describe the auxetic disks

and the rings. We remark that when compressed, the auxetic disks hardly change
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Figure 2.3: Auxetic metagrains (AB) Four stages of compaction of a regular grain (A) and
an auxetic grain (B). (C) Plot of the strain in x-direction against the strain in y-direction of
both a regular and an auxetic grain in experiment (flagged with 'exp.'); inset: Polar plot of the
Poisson’s ratio of the auxetic grain for eight angular orientations (see Materials and Methods
for more information). (D) Plot of the strain in x-direction against the strain in y-direction of
simulated grains with Poisson's ratios ranging from -1 to +1 (flagged with 'sim.'); inset: sketch

of the degrees of freedom in the simulated grains.

their shape and rather decrease their area (Fig. 2.3B). In contrast, the rings adopt an
elliptical shape while maintaining their volume approximately constant (Fig. 2.3A).
We therefore introduce a potential energy for each grain with only three main energy
components; an inter-particle repelling energy, an area restitution energy and a shape

restitution energy. Each of them controlled by their respective stiffness constant k,
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Figure 2.4: Overlap approximation. (A) Degrees of freedom of a deformable grain. (B)
Schematic of the overlap between two particles. In red is the overlap distance 7;;, which is
measured on the segment from one particle's center to the other. The angle between particle’s
centers is a;;. (C) Two exact particles touching each other. The interaction will happen at the

rightmost/leftmost section of each particle.

ka and ky):

V= Z A 22,40 Ai—A?)2+Z%ef. (2.1)

<z,J>

The first component is proportional to the overlap between particles A;;. The second
component is the energy from changing each particle’s area, A; = wa;b;, with respect
to the particle’ s initial area A? where a; and b; denote the axes of the elliptical
particle. Lastly, the third component is the energy required to change the particle’s
shape, e; = a; — b;, considering an initial circular shape (Fig. 2.3D-inset). This means
that each grain has 5 degrees of freedom: 2 translational Z;, 1 rotational 6;, and
2 of deformation, the semi-axis a; and b;, see Fig.2.4A. This distinctive model is
reminiscent of vertex models that describe foams and tissues [101-103] where area
and shape play a crucial role, yet is designed to describe deformable grains instead of
closely packed foams.

We will use a constant C' to normalize the potential such that any grain has the
same linear response regardless of their Poisson’s ratio. Putting it all together, the

potential energy for this model is:

koo 0 ks 2
V=C ZiAijJrZQAO(A —AY) +Z (2.2)
<ij>
Notice that the area energy is normalized by the initial area, to keep the
correct units for the stiffness. As there is no explicit expression for the overlap

between two ellipses, we use an approximation for this overlap distance, where
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we consider that the overlap happens in the line connecting the centers of two

grains. Thus this distance is given by A;; = R; + R; — |¥; — &,|, with R; =

\/(ai cos (0; — ai;))? + (bisin (6; — a;;))?, and ;= arctan % is the angle of the
distance vector between grains centers. We replace the stiffness constants, by the

ratios pu = %k and A = %4, Thus the system potential is:

_ 1 2 A C40\2 H 2
Vi=Ck Zf”*?mg(xﬂ)(& A7) +;2(/\+1)6i '

<i,j>

Here p controls the ratio between the particle deformation and the particle
overlap energies. And A controls how the particle will deform.

If p < 1, the particle’s will mostly deform, without overlapping at all. In this
scenario, if we set A < 1, the particles will change their shape while keeping their
area constant, i.e. they will deform elliptically like regular grains with a positive
Poisson’s ratio. On the other hand, if we set A > 1, the particles will deform while
keeping their shape or eccentricity constant, i.e. the particles will shrink like auxetic
grains with a negative Poisson’s ratio.

We performed quasistatic frictionless numerical simulations of the rings and

auxetic disks. We work in the limit of small overlaps between particles (ka+ks)/k — 0.

ka—ks
ka+ks®

Thus by changing the area and shape stiffnesses correspondingly, we can tune the

In this limit and at small strains, the Poisson’s ratio of the grains is given by v =

particle’s Poisson’s ratio from +1 to —1, which is indeed confirmed by simulations
(Fig. 2.3D). Even though the model is quite simple in nature, it provides an accurate

description of the experiments.

2.5 Conclusion

In summary, we created a robust design scheme to create auxetic grains. We
demonstrated that auxetic grains can be created effectively with as little as one
degree of freedom. This allows for very reproducible deformation modes. Moreover,
we constructed a numerical model with as little as five degrees of freedom which
describes grains with Poisson’s ratios over the total spectrum ranging from -1 all the
way up to +1. The precise control over the Poisson’s ratio of individual grains is a

novel approach towards controlling global properties of larger granular ensembles.
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2.6 Appendix 1 - Details on experimental grains

2.6.1 Obtaining the Poisson's ratio
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Figure 2.5: The role of anisotropy (A) Two point compression from eight different directions.
A polar plot where the radial axis shows the averaged Poisson’s ratio over 15% compressive
strain for a two-point compression (B). The angular axis indicates the angular rotation of the
compressed grains. The stiffness during this compression is plotted in a second polar plot (C).

Similarly, compression results with three (D-F) and four (G-1) contact points are shown.

The Poisson’s ratio of the individual grains is measured from a planar compression
in a uni-axial single column testing device (Instron 5943 series) with a 500N load cell.
The frames are recorded with 14 fps and a resolution of 2700 px x 2400 px with a
Basler Ace acA3800-14um camera. Since the auxetic grain has an anisotropic shape,
we measure the Poisson’s ratio under eight different orientations (Fig. 2.5A). The

Poisson’s ratio, v, and the stiffness, k, are shown in two polar plots (Fig. 2.5BC).
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Figure 2.6: Tracking of the grain’s Poisson’s ratio and the impacter’s position. (A) An
undeformed auxetic grain in the orientation we benchmark in the main text as 'O degrees’. The
position of the green lines is detected and consequently used for determining the strain in both
x and y directions. (A) An auxetic grain deformed by a planar compaction. (C) An undeformed

regular grain. (D) A regular grain deformed by a planar compaction.

The radial axis corresponds to the orientation of the grain where the 0 degrees angle
is arbitrarily chosen to be the orientation presented in Fig. 2.2D. The Poisson’s ratio
is observed to remain below zero degrees for all directions. The Poisson’s ratio is
well defined by a two-point compression. Examples from the extraction are shown in
figures 2.6 A-D where the four point are highlighted by lines. However, this does not
best mimic the granular response in a larger packing. Here, a grain is typically in
contact with at least three other grains. We find that in the case of three contact
points and four contact points, the auxetic deformation and the particle stiffness
becomes less anisotropic (Fig. 2.5D-I). We have not noticed any consequence from
such anisotropy in our experiments. We interpret this by the fact that the orientation

of the grains is random and anisotropic effects average out over the packing.
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2.6.2 Stiffness correction and dissipation

When we average the force displacement curves for all eight orientations, we
obtain the averaged stiffness as shown in Fig. 2.7A. Since we experiment with
bi-disperse packings with an equal number density, we show the results for both the
small and large grains. We obtain an average stiffness of 2290N/m for regular grains
and 1800N/m for auxetic grains. The results in the Main Text are normalized by
the stiffness to ensure a fair comparison (see Supplementary Information for details).
When we also include the decompression of the grain we observe a small dissipation
due to a small viscoelastic material response (Fig. 2.7B). The dissipated energies in
both grain types are close. We can therefore conclude that any differences observed
in dissipation in larger granular packings come from the different auxeticity of the

grains making up the packings.
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Figure 2.7: Single grain stiffness and dissipation. (A) The force displacement curves for the
big and small grains used in the bidisperse packings for both auxetic and regular grains. The lines
are averages over three distinct grains and for the auxetic grains averaged over the eight measured
orientations. The black dashed lines are linear fits to determine the stiffness of the grains which
is used for the normalization of the experiments. (B) The full force displacements curves of
the cyclic compression of auxetic and regular grains. The force difference for compression and
decompression are highlighted with the shaded areas for each curve. The amount of dissipated

energy (in Nmm) is shown written with the corresponding dissipation curve.
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2.6.3 Fatigue testing of printed grains

The grains were all printed at once and have been used for all the reported

experiments. It is therefore important that the material properties are not degrading.

We conducted cyclic experiments for the all auxetic orientations (Fig. 2.8A-H) and

the regular grain (Fig. 2.8I) where the single grain is compressed and decompressed
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Figure 2.8: Cyclic experiments on single grains. (A-J) An auxetic grain is compressed and
decompressed to 15% strain (2.1 mm) for 50 cycles with a compressive speed of 1 mm/s. This
is done for eight different grain orientation. The first cycle is highlighted by the dashed line. The
consecutive cycles are plotted from transparent to intransparent, such that the final cycles is
clearly visible. Note that the auxetic grain has the tendency to rotate during the experiment as a
result of a preferred compressive direction. Therefore, the inset shows both the initial orientation
and the orientation after conducting the fatigue test. (/) A regular grain is tested similarly to
benchmark the result. The material shows a slight viscoelastic response, but does not show

plastic deformation.
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for 50 consecutive cycles with a speed of 10mm/s. From the compressed regular grain
we observe that the cycles are very repetitive after from the second cycle onward. This
confirms that the grains do not degrade and are reusable. In the auxetic response,

we see more variety. The anisotropy in stiffness leads to a preference in compression

direction. As a result, the grain tends to rotate over the course of 50 compression

cycles (see insets).

2.6.4 Manufacturing details single grains
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Figure 2.9: Granular design parameters (A) A 2-dimensional top view of the auxetic grain
design. (B) A 3-dimensional view on the auxetic grain model. The added obstruction and cutout
prevent interlocking between grains. (C) A 2-dimensional top view of the regular grain design.

(D) A 3-dimensional view on the regular grain model

In this section we elaborate on the exact dimensions of our grains. In Fig. 2.1, we
discussed the hypothetical grain with infinitely small hinge sizes. For manufacturing,
we had to adapt the design such that it can be reliably printed. We modified the
hinge sizes from our conceptual design to become a slender beam of 0.75mm thickness
(fig 2.9A). A 3-dimensional model of the auxetic grains is shown in figure 2.9B. The
regular grain design is an extruded ring. The thickness of the ring can be adjusted to
obtain a matching stiffness between the two grains. We performed our experiments
with grains with a thickness of 1.5mm (Fig. 2.9C). For the fabrication of the grains
we used a Selective Laser Sintering printer (Sinterit Lisa) that prints a thermoplastic
polyurethane with a Young’s modulus of 3.7 MPa (FlexaBlack). The powder is
sintered layer by layer to form an elastic-like solid design. The selected layer height
of the printer is 200 microns. The grains are printed with radii of both 10mm and
14mm and a thickness of 9mm. The difference in stiffness as measured after printing

all the grains (see Fig. 2.7A) is nullified by normalizing the experiments by the grain
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stiffness. A 3-dimensional model of the regular grain is shown in figure 2.9D. Both
the auxetic and the regular grains have a height of 9mm. The grains are printed in
the magnification as depicted in figure 2.9 as well as in a magnification of 1.4 times

this representation. The height is unchanged in this magnification.

2.7 Appendix 2 - Details on numerical grains

2.7.1 Particle Forces

For simulating a system of grains, we need the force over each particle, we
calculate them from the potential energy Eq.2.3. There is a total of 5 forces, each one

for each degree of freedom. Each axis of a particle i experience a deformation force:

_av a; cos (0; — aij)2
Foy =~ = —kC ZA”T

J

A G A0 m
T A0 1y b~ ADb Ry (e b”) )

- av o bZ sin (91 — aij)2
By =~ = —kC ;A”T

M i — A%+ (b — a,
Taop gy b At ey “”) '

The sum over j is a sum over the neighbour of particle :. The angle of the particle

experiences a torque:

dv .
Fei = _dGZ = —kczj: Al] (af — b?) sm(aij — Gl) COS(O&ij — 91) (23)

And the position of the particle feels a force:

_dav - o dR;  dR;
Fy, = T kC;A” (cos(alj) i > , (2.4)

av dR; dR; )
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dR;
d:l?i

dR; : .
4y, are given by:

where the derivatives and

drR; 1
dlEi o Rﬂ’ij
—&—bf sin(aj — 0;) (—sin(0;) — cos(ay;) sin(a;; — Hl))) ,

(a7 cos(a; — 0;) (cos(6;) — cos(aj) cos(aij — 6;))

dR, 1
dy; B Riri;
-H)? sin(a; — 0;) (cos(0;) — sin(a;;) sin(a; — 91-))) .

(af cos(vij — 6;) (sin(6;) — sin(eiz) cos(aij — 6;))

2.7.2 Ellipse Overlap Approximation

Even though there are several numerical algorithms to measure the overlap area
between two ellipses [104]. It is impossible to have an exact explicit formula for this
area. Usually an algorithm is used to find a solution. But as we want a differentiable
function, we opted for an approximated approach. In this approximation we consider
that the intersection between two ellipses happens in the line that connects their
centers, as shown in red in Fig.2.4B. This approximation is exact in the trivial case
of two circles or two aligned ellipses. To show that a force calculated through this
approximation is well behaved, in the following we will use a test case where we can
exactly find the overlap between two ellipses, and we will compare it against this
approximation.

Consider the test case in Fig.2.4C where two identical ellipses interact. Both
have the same orientation angle 8. In the leftmost ellipse, the distance from its center

to any point with angle « in the border of the ellipse is given by

R =1/(acos(t — a))* + (bsin(0 — ). (2.6)

Notice that the interaction between ellipses happens at the rightmost point of this
ellipse. Thus, the overlap between both ellipses is given by d —2R(a*) cos(a*). Where
d is the distance between the ellipse’s centers, and a* is the angle at the contact

between both ellipses, given by extremizing the projection of the left ellipse

R(«a) cos(a)

=0. 2.
do . 0 27)
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If we consider a linear spring on this overlap, the overlap force in the test case would
be

F! = kC(2R(a*) cos(a*) — d). (2.8)

x

We can compare it against the force in our approximation, using Eq.2.4, where a* = 0
F, = kC(2R(0) — d). (2.9)

We now perturb both of these expression around small changes in shape, given
by a = b(1 + ¢€) with ¢ < 1. First need to get the contact angle and its derivatives
for e = 0. From Eq.2.7

a*|ep = 0, (2.10)
ddae - sin(26). (2.11)

Using these we now expand the force in both cases:

F! =kCb (2 - % + ecos?(0) + 6251_+6SM@ + 0(63)) , (2.12)
F, = kCb (2 - % + ecos?(0) + 621_%(49) + 0(&’))) . (2.13)

We see that F! is equal to F}, up until the second order in ¢, where there is a difference
by a factor of 5. Thus we proved that at least in this test case the used approximation

is well behaved.

2.7.3 Numerical Single Particle Compression

In this section we will discuss the linear response of a single grain under the
potential of Eq. 2 of the main text. We will use the linear response to fix the value
of the normalization constant C. Lastly we will check on the relationship between
the grains coeflicients A and p, with the Poisson’s ratio.

First, we can write the potential energy for the compression of a single particle,

as seen in Fig.2.10A:

L, 2 Al 2 iz



32

2. DESIGNING GRANULAR AUXETIC METAMATERIALS

A B 1o
@ A=100
o 0.5 — =10
) — )=
B s
w 0.0 ==— A=0.01
= —_—
2
o —0.51
£
—1.01; ;
0.0 -0.1
Strain ¢,
\Q . 0.
C% S
z 2o leht, &
& @ 0.101 = =100 >
- — +
o o ’.
£ = Jr»*
© © J
g £0.05 ’*0'
[0 LJ) a
=) =) R g
c £ >
o} ’ . ? 0.0047 .
0.0 -0.1 0.0 —0.1
Strain g, Strain g,

Figure 2.10: Single grain compression. (A) Schematic of a single grain compression. (B)
Poisson’s ratio of a single grain, as a function of the strain ¢, = \/L% —1. (C,D) Normalized
vertical pressure P = % of a single grain. In (C) we compare different values of X. Notice that
the grains all start with the same linear response. In (D) we compare the strain-stress curve of
particles with different sizes A®, with A = 0.1. We see that the response is independent of the

initial area. © = 0.1 in all of these tests.

Here L, is the distance between two compressing plates, a and b are the particles semi-
axes and A is the initial area. We expand around the initial area L, = §L,, + 2v/ A0,

a=20da+ VA% b=0b+ VvAO:

0L 2 AL dadb 2 I 9
V=Ck ) —— | —= 4+ ob —— (da — b .
<< 7 —00) + gy (T +oe o)+ gty e o)
From this equation, we can measure the vertical force on the compressing piston:

_ o 0Ly
Fy——aéLy—0k<5a— 5 ) (2.14)
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And we can measure the force that deforms the particle axes:

Y B _ 0Ly
Cka(sa_(}\+1)(5a+5b)+)\+1(5a 5b)+2k(§a 5 >,

ov. A
CkOsb (A +1)

W
(0a + 6b) + >\+1(5b da).

As the particle is in equilibrium, both these forces are equal to zero. From where we

can determine that:

A+1)2\ 7!
F, = —CkéL, (2 + (L)) . (2.15)

The linear response scales with the particle’s elastic properties A and . But we want

all the particles to have the same linear response. So we normalize the potential

energy by setting

(A+1)2.

C=2
S

(2.16)

Now that we have the value of C, we simulate the compression of a single particle
on 5 grains with different A, at © = 0.1. In Fig.2.10B we see that each particle has
a distinct Poisson’s ratio that at linear strain behaves like v = i—;i In the plot of
In Fig.2.10C and Fig.2.10D we confirm that with the normalization all the particles
have the same linear response, regardless of it’s Poisson’s ratio or the particles initial
size A°. In all our numerical simulations we use the same values for our elastic
coefficients, with A = (0.01, 0.1, 1, 10, 100). Which approximately corresponds to

a Poisson’s ratio of v = (=1, —0.8, 0, 0.8, 1) in a linear regime.



