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Chapter 4.
Robustness

In the preceding chapters, we have studied dynamic attitudes in terms of the
propositional attitudes they realize as their targets. In this chapter, we change
the perspective, considering the robustness (or stability) of propositional atti-
tudes under various kinds of transformations. This issue is usually discussed
under the heading of “preservation”: one investigates the properties of given
structures that are preserved (or remain stable) under particular operations.

Preservation is an important topic in model theory—typical results in this
area characterize model-theoretic transformations in terms of classes of sen-
tences (i.e., properties, given a semantics for these sentences) that they pre-
serve. The Łoś-Tarski Theorem is perhaps the most famous result in this cate-
gory, showing that the first-order sentences preserved under taking substruc-
tures are just the universal ones.1 Preservation has also been an important
topic in dynamic semantics. Here, the question which sentences of a given
language are persistent arises frequently: which sentences ϕ have the property
that support for ϕ is, in general, stable under updates with arbitrary further
sentences?2 In epistemology, the stability of knowledge has been an important
concern, with Lehrer (1990)’s defeasibility theory being a prominent example
(roughly, according to Lehrer’s theory: “one knows something if one’s com-
mitment to it is stable under influx of arbitrary true information”).3 In belief
revision, preservation questions also play a role, as we will see below, even if
perhaps in an implicit manner.

Our approach in this chapter has a dynamic twist: we aim to character-
ize particular classes of propositional attitudes—for example, the ones that
are preserved under substructures—in terms of classes of dynamic attitudes
realizing the former. The main results of this chapter—Theorem 74, 75 and

1Cf., e.g., Hodges (1997).
2Persistence plays, for example, an important role in the work of Groenendijk, Stokhof,

and Veltman (1996), Veltman (2005), Gillies (2010), Willer (2012).
3Cf. also Rott (2004), Stalnaker (2006), Baltag and Smets (2008).
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132 Chapter 4. Robustness

76—are of this kind.
§4.1 shows how preservation questions naturally arise in the existing liter-

ature from belief revision theory; §4.2 provides characterizations of the propo-
sitional attitudes that are persistent (stable under any transformation given by
an upgrade) and of the propositional attitudes that are preserved under sub-
structures (stable under upgrade that deletes worlds while keeping the order
on the remaining worlds the same); in the process, we identify an important
subclass of dynamic attitudes whose fixed points are preserved under sub-
structures: the distributive dynamic attitudes; §4.3 and §4.4 investigate this
class further. In particular, our analysis yields a novel characterization of
strong trust ⇑ (lexicographic upgrade) and infallible trust ! (update).

4.1. A Puzzle in Iterated Revision

In a famous paper, Darwiche and Pearl (1996) discuss the following example:

We encounter a strange new animal and it appears to be a bird, so we
believe the animal is a bird. As it comes close to our hiding place, we see
clearly that the animal is red, so we believe that it is a red bird. To remove
further doubts about the animal birdness, we call in a bird expert who
takes it for examination and concludes that it is not really a bird but some
sort of mammal. The question now is whether we should still believe that
the animal is red.

Darwiche and Pearl claim that the answer to the above question should be
an unqualified “Yes.” They write: “once the animal is seen red, it should be
presumed red no matter what ornithological classification it obtains.” Other
authors, for example, Booth and Meyer (2006), have gone on the record as
sharing the intuition; it is also shared by the present author. Here, I want to
explore the consequences of accepting the intuition from the perspective of
the topic of this chapter.

The reason the example is interesting in the present context is that Dar-
wiche and Pearl are, essentially, discussing a preservation question: Darwiche
and Pearl claim that our agent, upon observing that an animal, believed to
be a bird, is red, should acquire a belief in the redness of that animal that is
stable (or preserved) under revision with the observation that the animal is not,
in fact, a bird.

4.1.1. The Problem. To get clearer about what is going on, let us first see
in how far our scenario presents a problem. We start with a more rigorous
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model of the situation. The first assumption we are going to make is that
all relevant information is encoded in the story as presented in the scenario.
As in other places, this is also crucial here. In particular, it means that the
properties of “being red” and “being a bird” are to be construed as unrelated
from the perspective of our agent. Consider a variant: we observe an animal
and conclude that it is not a tiger. As it comes closer, we become convinced
that it is not dangerous, so it’s a non-dangerous non-tiger. But then, some
expert convinces us that the animal is, in fact, a tiger. Would we then believe
that the animal (a tiger!) is not dangerous? Perhaps not, since, after all: tigers
can be dangerous. So the intuition described by Darwiche and Pearl rests on
the background assumption that an animal’s not being a bird does not, from
the perspective of our agent, count as evidence against that animal’s being
red.

So to make sure that no other background assumptions slip in, we start
from the assumption that the agent has no prior evidence as to the relative
plausibility of worlds in which the animal is red, and worlds in which the
animal is a bird.

This leads to the plausibility order depicted in Figure 20. It consists of four
equiplausible possible worlds: the animal could be a red bird, a red non-bird,
a non-red bird, or a non-red non-bird.

Now what is the problem? The answer is in Figure 21: if we upgrade the
initial model with a series of minimal upgrades—thus assuming that the agent
places minimal trust ˆ in the sources from which she receives information—
, the agent will, after receiving the three pieces of information in turn, not
believe that the animal is red. Whoever accepts the intuition presented by
Darwiche and Pearl will thus have problems in accepting minimal trust ˆ as
a good model for an agent’s belief revision policy. And since in our example,
only substantial propositions are involved (propositions that are neither known
to be false nor known to be true upfront), this criticism extends with the same
force to strict minimal trust ˆ+.

Note that this is explicitly a criticism of strict minimal trust, but implicitly
a criticism of the fixed point of strict minimal trust, which is simple belief.
So what Darwiche and Pearl are really saying here is that simple belief is
not the appropriate propositional target attitude to model an agent’s belief
revision processes. And the reason for this is that simple belief fails to be
robust enough, i.e., it fails to satisfy a preservation property that it intuitively
should satisfy.

4.1.2. Two Possible Solutions. Let us first observe that there are solutions
to the problem: instead of minimal trust (or strict minimal trust), one may
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rb r b ε

figure 20. The plausibility order S representing the initial situation in the
Darwiche-Pearl scenario. Here, rb is the world in which the animal is a red
bird, r is the world in which the animal is a red non-bird, b is the world in
which the animal is a non-red bird, and ε is the world in which the animal
is a non-red non-bird.

rb b

r ε
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b

r ε

r ε

rb

b

figure 21. A sequence of minimal upgrades applied to the plausibility
order S depicted in Figure 20 above. From left to right: SˆB, (SˆB)ˆR,
((SˆB)ˆR)ˆ¬B.

choose to work with other dynamic attitudes that escape the criticism by Dar-
wiche and Pearl. We depict two of them in Figure 22 and Figure 23, respec-
tively. As the reader may want to check, if we use moderate trust ⇈ (as in
Figure 22) or strong trust ⇑ (as in Figure 23), it is indeed the case that after
the sequence of upgrades in our scenario, applied to the initial plausibility
order S (depicted in Figure 20), the agent believes that the animal in question
is red.4

The propositional attitude towards the proposition R that is created by ⇑
and ⇈, respectively, is thus stable (or robust) enough to be preserved under the
subsequent upgrade with the proposition ¬B.

As an aside, notice one aspect in which the two solutions are interestingly
different. In the order ((S⇈B)⇈R)⇈¬B depicted on the right-hand side of Figure
22, the agent has a refined belief that the animal is red; however, in the order

4The first observation is due to Darwiche and Pearl (1996), and the second is due to Booth
and Meyer (2006).
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figure 22. A sequence of moderate upgrades applied to the plausibility
order S depicted in Figure 20 above. From left to right: S⇈B, (S⇈B)⇈R,
((S⇈B)⇈R)⇈¬B.
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figure 23. A sequence of lexicographic upgrades applied to the plausibility
order S depicted in Figure 20 above. From left to right: S⇑B, (S⇑B)⇑R,
((S⇑B)⇑R)⇑¬B.

((S⇑B)⇑R)⇑¬B, the agent does not have a strong belief that the animal is red. So
refined beliefs are preserved under applying moderate trust in circumstances
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where strong beliefs are not preserved under applying strong trust.
These are but two of potentially many solutions to the problem. As pointed

out above, the puzzle discovered by Darwiche and Pearl has the distinctive
flavour of a preservation question. It seems that the robustness, or lack of robust-
ness, of the fixed point of the dynamic attitude that we use is the factor determining
whether the problem diagnosed by Darwiche and Pearl arises. Our analysis
so far merely shows that the fixed point of ˆ is not robust enough, while
the fixed point of ⇑ and ⇈ is. Our goal is now to clarify what preservation
property is exactly at stake here.

4.1.3. DP-Robustness. In analyzing the example from a more general per-
spective, we can simplify matters somewhat by generalizing its structure.
Consider the following variant of the scenario:

We encounter a strange new animal. As it comes close to our hiding
place, we see clearly that the animal is red, so we believe that it is red.
To determine whether it is a bird, we call in a bird expert who takes it
for examination and concludes that it is not really a bird but some sort
of mammal. The question now is whether we should still believe that the
animal is red.

The intuition, I submit, is as clear as in the original scenario: we should
continue to believe that the animal is red. The intuition is thus independent
of the initial belief that the animal is a bird (which is later overruled by the
bird expert). Any solution to the puzzle posed by Darwiche and Pearl needs
to work just as well in the modified scenario.

What matters, however, is the following: in the modified scenario, as in
the original one, there is no initial dependency among the two propositions in
the sense that coming to know that the animal is not a bird would be sufficient
to convince us that the animal is not red. More precisely, among the most
plausible worlds in which the animal is not a bird there are worlds where the
animal is red.

We are thus envisaging a plausibility order S such that

S ⊧ B∼¬BR

(“upon obtaining the hard information that the animal is a bird, it could still
be red”).5 Our intuition now boils down to the fact that after accepting, first,

5Note that we do not exclude that, in S , our agent actually believes the animal to be a
bird: we are merely factoring out the assumption, by allowing the agent to be opinionated or
unopinionated—our solution has to work regardless.



4.1. A Puzzle in Iterated Revision 137

that the animal is red, and second, that the animal is not a bird, the agent
should still believe the animal to be red. That is, we would like to have a
dynamic attitude τ that (1) is positive, and (2) satisfies

((S)τQ)τP ⊧ BQ.

Call this requirement (†).
Our observation is now that we can, if we restrict attention—as Darwiche

and Pearl do—to conserving dynamic attitudes, characterize these two require-
ments in terms of a property that clearly brings out the connection to our
topic: preservation.

We call a positive dynamic attitude τ DP-robust if τ creates belief and for
any plausibility order S and propositions P and Q, the following holds:

If S ⊧ B∼PQ, then SτQ ⊧ BQ ∧ BPQ.

Equivalently, τ is DP-robust if τQ creates, whenever the above antecedent is
satisfied, a belief in Q that is preserved (!) under coming to know that P from
an infallible source, i.e.:

If S ⊧ B∼PQ, then SτP ⊧ BQ and (SτQ)!P ⊧ BQ.

The antecedent of the conditional matches the background assumption in the
Darwiche-Pearl scenario: initially, coming to know that the animal is not a
bird is not conclusive evidence against the animal’s being red, that is, in the
initial situation of the scenario given by the plausibility order S depicted in
Figure 20, we have that S ⊧ B∼¬BR. The above condition then requires that
both SτP ⊧ BR and (SτR)!¬B ⊧ BR.

As the next observation shows, the above requirement (†) and the notion
of DP-robustness coincide under the assumption that τ is conserving:

proposition 68. Let τ be a positive conserving dynamic attitude. The following are
equivalent:

— τ is DP-robust.
— For any plausibility order S such that S ⊧ B∼PQ: ((S)τQ)τP ⊧ BQ.

proof. From (1.) to (2.), we argue as follows: suppose that τ is DP-robust.
Further, since S ⊧ B∼PQ, it follows from the assumption that SτQ ⊧ BPQ. Let
T = (SτQ)τP. Since τ is conserving, bestT = bestSτQ P. Since SτQ ⊧ BPQ, it
follows that bestSτQ P ⊆ Q. Hence T ⊧ BQ.

From (2.) to (1.), we argue as follows. Let S be a plausibility order and
suppose that S ⊧ B∼PQ. By the assumption, T = ((S)τQ)τP ⊧ BQ. Hence
bestT ⊆ Q (by definition of belief). Since τ is conserving, bestSτQ P = bestT .
So bestSτQ P ⊆ Q. Hence SτQ ⊧ BPQ. ⊣
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The result clarifies the connection between the original Darwiche-Pearl
scenario and preservation questions. A natural class of DP-robust dynamic
attitudes is now found among the moderately positive attitudes (cf. §2.5, and
in particular, Table 2).

We call a dynamic attitude τ weakly soft if S ∩ P = ∅ ⇒ SτP = S for any
proposition P and plausibility order S . Weakly soft attitudes are those dy-
namic attitudes that do not provide hard information in case their proposi-
tional argument is consistent with what the agent already knows. Unless the
agent happens to receive information that is absurd against the background
of his knowledge, the information provided by a weakly soft attitude is thus
defeasible. This property is implicit in the setting presented by Darwiche and
Pearl, where all belief revision policies are assumed to be weakly soft (con-
trast this with our general notion of a dynamic attitude, which does allow an
increase of hard information due to an upgrade).

proposition 69. Let τ be a weakly soft dynamic attitude. If τ is moderately positive,
then τ is DP-robust.

proof. Suppose that τ is a weakly soft, moderately positive dynamic attitude.
Assume that S ⊧ B∼PQ. We have to show that SτQ ⊧ BPQ, or, equivalently, that
bestSτQ P ⊆ Q. Towards a contradiction, suppose that there exists w ∈ bestSτQ P
such that w /∈ Q. By the assumption that S ⊧ B∼PQ, we know that there exists
v ∈ bestS P such that v ∈ Q and w ≈S v. Since τ is weakly soft, v ∈ SτP. Since τ

is moderately positive, v <SτP w. Hence w /∈ bestSτQ P. This is a contradiction.
So bestSτQ P ⊆ Q. It follows that τ is DP-robust. ⊣

Hence:

corollary 70. Let τ be a weakly soft conserving dynamic attitude. Then for any
plausibility order S such that S ⊧ B∼PQ: ((S)τQ)τP ⊧ BQ.

proof. Immediate from Proposition 68 and Proposition 69. ⊣

This result gives us some insight into why moderate trust ⇈ and strong
trust ⇑ are solutions to the problem raised by Darwiche and Pearl (as pointed
out in §4.1.2 above): they are solutions in virtue of the fact that they are both
weakly soft and moderately positive on the one hand, and thus DP-robust,
and conserving on the other hand.

The purpose of the present section was to show that preservation questions
arise naturally in existing research in belief revision theory. As a preservation
property, DP-robustness is already of a rather complex nature. In the next
section, we continue our investigation of the topic of preservation of propo-
sitional attitudes, while focusing on a much simpler property that has tradi-
tionally been important in model theory: preservation under substructures.
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4.2. Preservation under Substructures

The preservation property considered in the previous section had a rather
complex structure. Motivated by our example, we were interested in the ques-
tion whether a particular positive dynamic attitude τ has the property that the
belief induced by an upgrade τQ applied to an initial order S is preserved un-
der performing certain upgrades τP, namely upgrades with propositions P
such that Q was not implausible given P.

We now move to a less fine-grained stance, asking, more simply, whether
a particular propositional attitude is preserved under certain operations on
a plausibility order in which it is satisfied. In addressing this question, we
will maintain, however, our dynamic perspective on the matter: since propo-
sitional attitudes arise as fixed points of dynamic attitudes, we may strive for
a dynamic characterization of the propositional attitudes that are preserved
under particular operations. Once again, the link is provided by our notion
of a fixed point.

We will be interested in two preservation properties in this section: preser-
vation under substructures and persistence. As pointed out at the beginning of
this chapter, these have traditionally played an important role, in dynamic
semantics as well as in model theory.

— Let S , S ′ be plausibility orders. S ′ is a substructure of S if there exists a
proposition Q such that S ∣Q = S ′.6

— Let A be a propositional attitude. A is preserved under substructures iff for
any plausibility orders S , S ′ and proposition P: if S ⊧ AP and S ′ is a
substructure of S , then S ′ ⊧ AP.

— A is persistent if for any plausibility orders S , S ′ and proposition P: if
S ⊧ AP and S ↠ S ′, then S ′ ⊧ AP.

The main intuition is that propositional attitudes that are preserved un-
der substructures capture purely universal properties of a given plausibility
order that do not depend on the presence or absence of particular worlds in a
given structure; persistent propositional attitudes, on the other hand, capture
properties that are absolutely stable, no matter what new information may be
received from any source, regardless of the level of trust or distrust placed in
the source. Since they are absolutley stable in this sense, persistent proposi-
tional attitudes are also preserved under substructures.

6Recall that S ∣Q is the conditionalization of S on Q, given by S ∣P ∶= (S ∩ P,{(w, v) ∈ S ∣

w, v ∈ P}), cf. §1.1.3.
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4.2.1. Examples. Knowledge K is preserved under substructures and, indeed,
persistent. The same goes for triviality ⊺ and absurdity �. Another persistent
propositional attitude is the disjunction of knowledge and the opposite of
knowledge: K ∨K¬.

Two propositional attitudes that are preserved under substructures but not
persistent are refinedness R and the disjunction of strong belief and opposite
knowledge Sb ∨K¬ (the fixed point of strong trust ⇑).7

To see that refinedness R is preserved under substructures, an informal
remark should suffice: if, for some proposition P, there are no ties between
P-worlds and non-P-worlds in a given order S , then this property will ex-
tend to substructures of S . As an example showing that refinedness R is
not persistent, consider the two orders S = ({w, v},{(w, v), (w, w), (v, v)}) and
S ′ = ({w, v},{(w, v), (v, w), (w, w), (v, v)}). We notice that S ⊧ R{w}, S ↠ S ′,
but S ′ /⊧ R{w}, because in S ′, w is tied with v, i.e., w ≈′

S
v. So refinedness R is

not persistent.8

As for Sb∨K¬: suppose a given order S satisfies SbP∨K¬P. Assuming that
S satisfies K¬P (which just means that S ⊆ ¬P), the same will obviously hold
for any substructure of S ; and assuming that S satisfies SbP (which just means
that all P-worlds are better than all non-P-worlds), any substructure will ob-
viously satisfy either SbP or K¬P. So Sb ∨ K¬ is preserved under substruc-
tures. However, Sb ∨K¬ is not preserved under refinements. For a counterex-
ample, consider again the two orders S = ({w, v},{(w, v), (w, w), (v, v)}) and
S ′ = ({w, v},{(w, v), (v, w), (w, w), (v, v)}). We notice that S ⊧ Sb{w}, hence
S ⊧ Sb{w} ∨K¬{w}. Also, S ↠ S ′. But S ′ /⊧ Sb{w}, and also S ′ /⊧ K¬{w}, so
S ′ /⊧ Sb{w}veeK¬{w}. So Sb ∨K¬ is not persistent.

4.2.2. Distributivity. In line with the above remarks, our main interest is
to ask: what properties of dynamic attitudes guarantee fixed points that are,
respectively, preserved under substructures, or persistent? Answering this
question is obviously key to arriving at a dynamic characterization of the
propositional attitudes that are, respectively, preserved under substructures,
or persistent. The starting point of our analysis is the notion of distributivity,
defined next.

7Recall the definition of refinedness R from §2.5.1: S ⊧ RP iff ∀w, v ∈ S ∶ w ∈ P, v /∈ P⇒ w /≈

v. This means that RP is satisfied in an order S iff there are no ties between P-worlds and
non-P-worlds. The attitude R should not be confused with refined belief Rb, as defined in
§1.2.8.

8Using a similar argument, one can show that refined belief Rb (cf. §1.2.8 for the definition)
is not persistent. But notice that refined belief is not even preserved under substructures!
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A dynamic attitude τ is distributive iff

SτP∣Q = (S ∣Q)τP

for any order S and propositions P and Q.9

Distributivity of a dynamic attitude τ means, roughly, that upgrades τP
commute with arbitrary restrictions: applying an upgrade τP to an order S and
then restricting the resulting order to Q yields the same result as restricting S
to Q first and then applying τP.

In particular, this means that we can recover SτP from applying τP to the
individual pairs of worlds contained in S . In fact, distributivity can equiva-
lently be defined in this way. This is spelled out in the following lemma.

lemma 71. Let τ be a dynamic attitude. The following are equivalent:

1. τ is distributive.

2. For any plausibility order S , proposition P and worlds w, v ∈ SτP: (w, v) ∈ SτP iff
(w, v) ∈ (S ∣{w,v})τP.

proof. From (1.) to (2.), suppose that τ is distributive. Let S be a plausibility
order, and let P be a proposition. Let w, v ∈ SτP. Then (w, v) ∈ (S ∣{w,v})τP iff
(by distributivity) (w, v) ∈ SτP∣{w,v} iff (w, v) ∈ SτP. This finishes the direction
from (1.) to (2.).

From (2.) to (1.), suppose that for any plausibility order S , proposition
P and worlds w, v ∈ SτP: (w, v) ∈ SτP iff (w, v) ∈ (S ∣{w,v})τP. Let S be a
plausibility order and P and Q propositions. We have to show that (S ∣Q)τP =
SτP∣Q. For one half of this, suppose that (w, v) ∈ (S ∣Q)τP. We notice that this
implies that w, v ∈ S∩Q. By the assumption, (w, v) ∈ (S ∣{w,v})τP. Again using
the assumption, (w, v) ∈ SτP. Since w, v ∈ S ∩Q, it follows that (w, v) ∈ SτP∣Q.
This shows one half of the equality. For the other half, suppose that (w, v) ∈
SτP∣Q. We notice again that this implies that w, v ∈ S ∩Q. Now since (w, v) ∈
SτP∣Q, it follows that (w, v) ∈ SτP. By the assumption, (w, v) ∈ (S ∣{w,v})τP.
Since w, v ∈ S ∩ Q, again by the assumption, it follows that (w, v) ∈ (S ∣Q)τP.
This shows the other half. We conclude that (S ∣Q)τP = SτP∣Q, and this yields
the desired result: τ is distributive. This finishes the direction from (2.) to
(1.). ⊣

So distributivity is characterized by a specific form of “acontextuality”:
one may recover the result of the upgrade τP in S by considering all “pair

9The reader may wonder if “distributivity” is an appropriate name for this property. We
motivate this choice of terminology in §4.3 below, where we consider the historical roots of
the notion in the dynamic semantics literature.
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orders” S ∣{w,v} living inside of S in isolation, applying τP to them, and taking
the union of the all orders obtained in this way. This makes it clear what we
mean by “acontextuality”: to determine the relative plausibility of two worlds
w and v in the new order SτP, all the information we need is given by the
relative plausibility of w and v in the old order S .

4.2.3. Examples. As the reader may want to check, of the examples of dy-
namic attitudes discussed so far, infallible (dis)trust !(¬), strong (dis)trust ⇑(¬),
neutrality id and isolation ∅ are distributive. Minimal trust ˆ, on the other
hand, is an example of a non-distributive dynamic attitude.

Observe that distributivity is not preserved under strictures: while strong
trust ⇑ is distributive, strong positive trust ⇑+ is not. Intuitively, the reason is
that from looking at a pair (w, v) ∈ S such that w, v /∈ P in isolation, one is not
“able to tell” whether w, v ∈ S⇑+P: it depends on whether P-worlds are to be
found somewhere in S . This violates the “acontextuality” feature identified
above.

We notice that the fixed points of distributive dynamic attitudes are pre-
served under substructures:

proposition 72. Let τ be a dynamic attitude. If τ is distributive, then τ is preserved
under substructures.

proof. Let τ be a distributive attitude. Consider an order S and proposition P
such that S ⊧ τP, i.e., SτP = S . Pick an arbitrary Q ⊆ W. From our assumption
it follows that SτP∣Q = S ∣Q. By distributivity, (S ∣Q)τP = SτP∣Q. Hence (S ∣Q)τP =
S ∣Q. Thus S ∣Q ⊧ τP. So τ is preserved under substructures. ⊣

So distributive attitudes fall squarely under the current topic of consider-
ation. It turns out, however, that distributivity is slightly too strong a property
to be useful in obtaining a characterization of the propositional attitudes that
are preserved under substructures. That is: there are propositional attitudes
that are preserved under substructures, but which are not the fixed point of
any distributive dynamic attitude. An example of this phenomenon is the
disjunction of knowledge and opposite knowledge, K ∨ K¬. As pointed out
above, K ∨K¬ is preserved under substructures. However:

proposition 73. There exists no distributive dynamic attitude τ such that τ = K ∨
K¬.

proof. Let τ be a dynamic attitude. Suppose that the fixed point of τ is
K ∨K¬. Towards a contradiction, suppose that τ is distributive. Consider an
order S = ({x, y},≤S) such that x ∈ P, y /∈ P. Clearly, S ∣{x} ⊧ τP, S ∣{y} ⊧ τP. By
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distributivity, y, z ∈ SτP, i.e., SτP = {x, y}. We also know that SτP ⊧ τP (since
τ is idempotent). On the other hand, from the assumption that τ = K ∨ K¬,
together with the fact that x ∈ P, y /∈ P, we conclude that SτP /⊧ τP. This is a
contradiction. So τ is not distributive. ⊣

Working towards a characterization of the propositional attitudes that are
preserved under substructures, we shall thus require a weaker notion. It turns
out that working with only one half of distributivity serves our purpose.

4.2.4. Semi-Distributivity. A dynamic attitude τ is semi-distributive if for any
plausibility order S and proposition P and Q, we have: if (w, v) ∈ SτP∣Q, then
(w, v) ∈ (S ∣Q)τP.

Notice that this property addresses the above counter-example: there ex-
ists a semi-distributive dynamic attitude whose fixed point is K ∨ K¬. For
example, the test ?K ∨K¬ is semi-distributive.

4.2.5. Three Characterization Results. We are ready to state, prove and
discuss our main results. Our first result characterizes the propositional atti-
tudes that are preserved under substructures in terms of semi-distributivity
and one additional property, restrictiveness.

A dynamic attitude τ is restrictive if for any order S and proposition P,
there exists a proposition Q such that SτP = S ∣Q.

A dynamic attitude τ is thus restrictive if it does not affect the relative
hierarchy between worlds in a given plausibility order, other than by outright
deleting some of them. So for any order S : SτP can be obtained by restricting
S to some proposition Q.

theorem 74. Let A be a propositional attitude. The following are equivalent:

1. A is preserved under substructures.

2. There exists a semi-distributive, restrictive attitude τ such that τ = A.

proof. From (1.) to (2.), let A be an introspective propositional attitude that
is preserved under submodels. Recall that ?A is the dynamic attitude given
by

S?AP ∶=
⎧⎪⎪⎨⎪⎪⎩

S S ⊧ AP,

∅ otherwise.

The fixed point of ?A is A; also ?A is restrictive, since for any order S and
proposition P, either S?AP = S ∣S or S?AP = S ∣∅. To complete the proof of this
direction, it is thus sufficient to show that ?A is semi-distributive. Suppose,
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then, that for some Q ⊆ W, we have (w, v) ∈ S?AP∣Q. Then S?AP∣Q ≠ ∅ (in
particular: w, v ∈ S?AP ∩Q), so S?AP = S , which implies that S ⊧ AP. Since A
is preserved under substructures, also S ∣Q ⊧ AP. Since the fixed point of ?A
is A, (S ∣Q)τP = S ∣Q. Since w, v ∈ S and w, v ∈ Q, it follows that (w, v) ∈ (S ∣Q)τP.
So ?A is semi-distributive, which completes the “(1.) to (2.)” direction.

From (2.) to (1.), suppose that S ⊧ τP. We have to show that S ∣Q ⊧ τP,
which is to say that (S ∣Q)τP = S ∣Q. One half of the equality: from the fact
that (w, v) ∈ S ∣Q, we conclude that (w, v) ∈ (S ∣Q)τP by semi-distributivity. The
other half of the equality: suppose that (w, v) ∈ (S ∣Q)τP. By restrictiveness,
(S ∣Q)τP = (S ∣Q)∣Q′ for some Q′ ⊆ W. And since w, v ∈ Q, we conclude that
(w, v) ∈ S ∣Q, which completes the other half, and the proof. ⊣

This characterization will prove useful below. Still, the result leaves some-
thing to be desired. Consider strong trust ⇑. The fixed point of ⇑ is Sb∨K¬, the
disjunction of strong belief and opposite knowledge. As pointed out earlier,
Sb∨K¬ is preserved under substructures. However, ⇑, while distributive (and
thus semi-distributive), is not restrictive: it does not hold for all plausibility
orders S that S⇑P is the restriction of S to some proposition Q. The reason is
simple: quite often, applying ⇑ P leads to changes in the relative hierarchy of
worlds in a given order S .

So ⇑ lies, as it were, outside of the “scope” of the theorem. Note that
this is not a counterexample against the result: the result merely claims the
existence of a dynamic attitude with the desired properties; there is no claim
to the extent that any dynamic attitude whose fixed point is preserved un-
der substructures is semi-distributive and restrictive. Still, there is room for
improvement.

We call a dynamic attitude τ discerning if for any plausibility order S ,
proposition P and worlds w, v ∈ SτP, we have: if w ≈τP v, then w ≈ v.

A dynamic attitude τ is thus discerning if applying it to a plausibility order
S does not introduce ties: worlds that are equiplausible in SτP have already been
equiplausible in S .

Observe that restrictive dynamic attitudes are discerning (they don’t “equal-
ize” pairs of worlds, they merely kill worlds), but not the other way around
(counterexample: ⇑ is discerning, but not restrictive). From the perspective of
the above considerations, the following characterization is improved:

theorem 75. Let A be an introspective propositional attitude. The following are
equivalent:

1. A is preserved under substructures.

2. There exists a discerning, semi-distributive dynamic attitude τ such that τ = A.
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proof. The direction from (1.) to (2.) is analogous to the previous theorem:
we work with tests again, noticing that ?A is discerning.

From (2.) to (1.), let τ be discerning and semi-distributive. We have to show
that the fixed point of τ is preserved under substructures. So suppose that
S ⊧ τP. We need to establish that S ∣Q ⊧ τP, i.e.: that S ∣Q = (S ∣Q)τP. For one
half of this, suppose that (w, v) ∈ S ∣Q. Then (w, v) ∈ S , and by the assumption,
(w, v) ∈ SτP, so (w, v) ∈ SτP∣Q, and since τ is semi-distributive, (w, v) ∈ (S ∣Q)τP.
For the other half, suppose (w, v) ∈ (S ∣Q)τP. Towards a contradiction, suppose
that (w, v) /∈ S ∣Q. This entails that (w, v) /∈ S , so (v, w) ∈ S (by totality of
plausibility orders), i.e., v <S w, hence v <S ∣Q w (since w, v ∈ Q). Now from the
fact that (v, w) ∈ S together with our assumption that S ⊧ τP, we conclude
that (v, w) ∈ SτP. Since τ is semi-distributive, this entails that (v, w) ∈ (S ∣Q)τP.
Since also (w, v) ∈ (S ∣Q)τP—our assumption—, we have w ≈(S ∣Q)τP v. Since
τ is discerning, w ≈S ∣Q v. But as we have seen above, v <S ∣Q w. This is a
contradiction. It follows that (w, v) ∈ SQ, after all. So S ∣Q ⊧ τP, and the
second half of the “(2.) to (1.)” direction is complete. ⊣

Note that strong trust ⇑ is semi-distributive and discerning, hence, the fact
that its fixed point is preserved under substructures follows directly from the
above result.

To characterize the persistent propositional attitudes, we add an additional
property to the mix: domain-stability.

A dynamic attitude τ is domain-stable if for any plausibility orders S and
T : if S = T, then SτP = TτP.

Domain-stability expresses that the new domain we obtain when applying
an upgrade to a plausbility order S does not depend on the relative plausibil-
ity of the worlds in S : any plausibility order T based on the same domain as
S yields the same new domain when the upgrade is applied (while ≤SτP and
≤T τP may, of course, differ).

theorem 76. Let A be a propositional attitude. The following are equivalent:

1. A is persistent.

2. There exists a semi-distributive, restrictive, domain-stable dynamic attitude τ such
that τ = A.

proof. From (1.) to (2.), suppose that A is persistent. We consider the test
for A, ?A. As for semi-distributivity and restrictiveness: since A is persistent,
A is preserved under substructures. We can thus argue as in the proof of
Theorem 74 to conclude that ?A is semi-distributive and restrictive. To prove
our claim, it remains to show that ?A is domain-stable. Let S be a plausibility
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order and P a proposition. Let T be an order-variant of S . We have to show
that T?AP = S?AP. We consider two cases. First, suppose that S ⊧ AP. Then
S?AP = S . Since A is persistent, T ⊧ AP. So T ?AP = T . Since T and S are order-
variants, it follows that S?AP = T?AP. The claim holds. Second, suppose that
S /⊧ AP. Then S?AP = ∅. Assuming that T ⊧ AP, we derive a contradiction,
observing that T ↠ S , so S ⊧ AP by the fact that A is persistent. Hence
T /⊧ AP. So T ?AP = ∅. But then, S?AP = ∅ = T?AP: again, the claim holds. So ?A
is domain-stable. We have thus shown that there exists a semi-distributive,
restrictive and domain-stable dynamic attitude τ such that τ = A, and this
finishes one direction.

From (2.) to (1.), suppose that there exists a semi-distributive, restrictive,
domain-stable dynamic attitude τ such that τ = A. We have to show that A is
persistent, which by our assumption amounts to proving that τ is persistent.
So let S be a plausibility order, P a proposition, suppose that S ⊧ τP, and let
T be a plausibility order such that S ↠ T . We have to show that T ⊧ τP.

Take any substructure U of S with the same domain as T , i.e., consider
U such that U = T. Since τ is semi-distributive and restrictive, we apply
Theorem 74 to conclude that U ⊧ τP. Since τ is domain-stable, it follows that
TτP = T. Since τ is restrictive, we conclude that T τP = T ∣T. But this just says
that T τP = T . Thus τ = A is persistent. This finishes the second direction, and
the proof. ⊣

Theorem 74, Theorem 75 and 76 provide just a sample of what we feel
could be done in the area. It would, for example, be interesting to have sim-
ilar characterizations of the propositional attitudes that are preserved under
refinements (cf. §3.6.1); example: refinedness R is preserved under refinements.
Also, the propositional attitudes that are preserved under arbitrary reorderings
of worlds are of interest; knowledge K is of this kind.10 Going the other di-
rection, one would like to know if there is a natural preservation property
capturing semi-distributivity, which has played an important role in the analy-
sis of this chapter. We leave these questions for future research.

The remainder of this chapter is devoted to a study of the property that
was the initial starting point of our analysis in this section: distributivity. We
are thus focusing on a particular subclass of the dynamic attitudes that are
preserved under substructures. Our main result is a tight characterization of
the upgrades given by positive distributive dynamic attitudes. We start by
clarifying the roots of the notion of distributivity.

10A propositional attitude A is preserved under reorderings if for any plausibility orders S,
S′ and proposition P: if S = S′ and S ⊧ AP, then S′ ⊧ AP. That is: the particular hierarchy
on the worlds in S imposed by the relation ≤ does not matter, as far as satisfaction of AP is
concerned.
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4.3. Distributivity in Dynamic Semantics

The notion of distributivity has its roots in a closely related notion of the
same name that has been prominent in discussions in the dynamic semantics
literature. The purpose of this section is to clarify the connection.

Let W be a set of possible worlds. According to a familiar picture, wide-
spread in dynamic semantics, information states can be captured by proposi-
tions, and types of changes that may occur can be captured by functions on
℘(W).11 For the purposes of this section, we shall refer to functions on ℘(W)
as change potentials.

A change potential u is distributive iff

(S∪T)u = Su ∪Tu,

and u is eliminative iff
Su ⊆ S

for any S ⊆ W.
The much-cited next observation is due to van Benthem (1986):12

theorem 77 (van Benthem (1986)). Let u be a change potential. The following are
equivalent:

1. u is eliminative and distributive.

2. Su = S∩Wu for all S ⊆ W.

proof. From (1.) to (2.), start with S ∩Wu = S ∩ (S ∪ ¬S)u. By distributivity,
this is the same as S∩ (Su ∪ (¬S)u). By properties of sets, this equals (S∩ Su)∪
(S∩ (¬S)u). By eliminativeness, the first disjunction equals Su, and the second
disjunct equals ∅. But Su ∪∅ = Su. So S∩Wu = Su.

From (2.) to (1.), suppose that Su = S ∩Wu for all S ⊆ W. It is immediate
that u is eliminative. Observe also that, by our assumption, given propositions
S and T, we have Su ∪Tu = (S ∩Wu) ∪ (T ∩Wu) = (S ∪T) ∩Wu = (S ∪T)u. So u
is distributive. ⊣

The collection of all distributive and eliminative change potentials over
℘(W) is thus given by

{S↦ S∩ P}P⊆W .

11Compared to the setting of this dissertation, propositions seen as information states adopt
the role taken by plausibility orders, and functions on ℘(W) adopt the role taken by upgrades.

12Cf. also van Eijck and Visser (2008) and Rothschild and Yalcin (2012) for discussion.
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What this means is that any distributive and eliminative change potential u
can, essentially, be identified with the proposition Wu. This observation is often
taken to indicate that distributive and eliminative observations really do not
have to offer anything that goes beyond (a static conception of) propositional
content: the type of change captured by a distributive and eliminative change
potential may just as well be given by a single proposition with which given
information states are intersected. An example of a non-distributive change
potential is !∼P (i.e., bare semi-trust !∼ applied to P, cf.§2.5.3), given by

S!∼P ∶=
⎧⎪⎪⎨⎪⎪⎩

S S∩ P ≠ ∅
∅ otherwise

Turning to our main thread of discussion: how does the notion of distribu-
tivity (of a dynamic attitude) we have introduced in §4.2 relate to the notion
of distributivity for change potentials defined above? The notion of distribu-
tivity is not immediately transferable to plausibility orders, because the union
of two total preorders is in general neither total nor transitive. However, we
notice:

proposition 78. Let u be an eliminative change potential over ℘(W). Then u is
distributive iff for any propositions S and Q:

Su ∩Q = (S∩Q)u.

proof. Let u be an eliminative change potential over ℘(W). Suppose u is
distributive. Then Su∩Q = (S∩Wu)∩Q = S∩Q∩Wu = (S∩Q)u. This completes
one half.

For the other half, suppose that for any S: Su ∩Q = (S ∩Q)u. We have to
show that u is distributive. Let S, T ⊆ W. Notice that Su = ((S ∪ T) ∩ S)u =
(S∪T)u ∩S by our assumption, and analogously, Tu = (S∪T)u ∩T. So Su ∪Tu =
((S ∪ T)u ∩ S) ∪ ((S ∪ T)u ∩ T). The latter is the same as (S ∪ T)u ∩ (S ∪ T). By
eliminativeness, this is (S ∪T)u. So Su ∪Tu = (S ∪T)u, the desired result: u is
distributive. ⊣

Putting P∣Q ∶= P ∩Q, the previous proposition says that a change potential
u is distributive iff for any proposition S and Q: Su∣Q = (S∣Q)u. This motivates
our definition of distributivity for dynamic attitudes, according to which a
dynamic attitude τ is distributive iff for any order S and propositions P and
Q: (SτP)∣Q = (S ∣Q)τP, i.e., this is simply the natural analogue for plausibility
orders.13

13Notice that the notion of eliminativeness which is used in the proof of Proposition 78 is,
in a sense, automatically satisfied by an upgrade u, since we require that for any plausibility
order S: Su ⊆ S.
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4.4. Positive Distributive Dynamic Attitudes

Distributive dynamic attitudes impose a lot of structure on the upgrades they
give rise to. We begin this section by establishing that distributive dynamic
attitudes enjoy the properties of selectiveness and conservation. This allows us
to show that the transformations given by positive distributive attitudes are
actually of exactly two possible types: they are lexicographic upgrades or
updates (i.e., they can be described by upgrades of the form ⇑P or !P). As a
corollary, we obtain characterizations of strong trust and infallible trust.

4.4.1. Selectiveness. A dynamic attitude τ is selective if for any plausibility
order S and proposition P: SτP ∈ {S,∅, S∩ P, S∩¬P}.

lemma 79. Distributive dynamic attitudes are selective.

proof. Let τ be a distributive dynamic attitude, let S be a plausibility order,
and P a proposition. We have to show that SτP ∈ {S,∅, S∩ P, S∩¬P}. Consider
the plausibility orders SτP∣P and SτP∣¬P. Since τ is distributive, SτP∣P = (S ∣P)τP

and SτP∣¬P = (S ∣¬P)τP (call these two equalities (†)). By strong informativity,
(S ∣P)τP ∈ {S ∣P,∅} and (S ∣¬P)τP ∈ {S ∣¬P,∅}. By (†), we conclude that SτP∣P ∈
{S ∣P,∅} and SτP∣¬P ∈ {S ∣¬P,∅}. So SτP ∩ P ∈ {S ∩ P,∅} and SτP ∩ ¬P ∈ {S ∩
¬P,∅}. Since, by basic set-theory, SτP = (SτP ∩ P) ∪ (SτP ∩ ¬P), it follows that
SτP ∈ {(S∩ P)∪ (S∩¬P), (S∩ P)∪∅, (S∩¬P)∪∅,∅∪∅}. Which is to say: SτP ∈
{S, S∩ P, S∩¬P,∅}. But this is exactly our claim. ⊣

4.4.2. Conservation. Recall from §3.7.1 that a dynamic attitude τ is conserv-
ing iff for any plausibility order S and proposition P, and for any w, v ∈ SτP:
if w ∈ P iff v ∈ P, then w ≤SτP v iff w ≤S v.

lemma 80. Distributive dynamic attitudes are conserving.

proof. Let τ be a distributive attitude, let S be a plausibility order, let P be a
proposition, let w, v ∈ SτP, and suppose that w ∈ P iff v ∈ P. We have to show
that w ≤SτP v iff w ≤S v.

Consider the order S ∣{w,v}. Since w ∈ P iff v ∈ P, it follows that {w, v}∩ P ∈
{{w, v},∅}. It follows by strong informativity that (S ∣{w,v})τP ∈ {S ∣{w,v},∅}. By
distributivity, (S ∣{w,v})τP = SτP∣{w,v}. So SτP∣{w,v} ∈ {S ∣{w,v},∅}. But w, v ∈ SτP,
so SτP∣{w,v} ≠ ∅. Thus SτP∣{w,v} = S ∣{w,v}. Hence w ≤SτP v iff w ≤S v. ⊣
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4.4.3. Positive Distributive Dynamic Attitudes. The previous results allow
us to show, as announced, that the transformations given by positive distribu-
tive dynamic attitudes are generally of two types only: they are lexicographic
upgrades or updates.

proposition 81. Let τ be a positive distributive dynamic attitude. Then for any
plausibility order S and proposition P: SτP ∈ {S !P,S⇑P}.

proof. Let S be a plausibility order, and P a proposition. We discuss two
cases. First, suppose that P is insubstantial in S , i.e., either P ∩ S = ∅ or
P ∩ S = S. Then it follows that SτP ∈ {S ,∅} by strong informativity (Lemma
6). If SτP = ∅, then SτP = S !P. If, on the other hand, SτP = S , then SτP = S⇑P.
Either way, the claim holds.

Now assume that P is substantial in S . By Lemma 79, SτP ∈ {S,∅, S∩ P, S∩
¬P}. Since τ is positive, SτP ≠ ∅. So SτP ∈ {S,∅, S ∩ P, S ∩ ¬P}. Since τ is
positive, SτP ∩ P ≠ ∅, using the fact that P is substantial in S . So SτP ≠ S∩¬P.
So SτP ∈ {S, S∩ P}.

We thus have two sub-cases to consider. Suppose first that SτP = S. Let
w, v ∈ S such that w ∈ P, v /∈ P. Since τ is positive, w <(S ∣

{w,v})
τP v. Since τ is

distributive, w <SτP∣
{w,v}v, So w <SτP v. Now let w, v ∈ S such that w ∈ P iff v /∈ P.

By Lemma 80, w ≤S v iff w ≤SτP v. But this is exactly the definition of ⇑. So we
may conclude that SτP = S⇑P. The claim holds.

As the second sub-case, suppose that SτP = S∩P. Let w, v ∈ SτP. By Lemma
80, w ≤SτP v iff w ≤S v. But then, SτP = S !P. Again, the claim holds, and this
concludes the second case, and the proof. ⊣

As a corollary of the Proposition 81, we obtain characterizations of infalli-
ble trust and strong trust, using the following two properties:

— A dynamic attitude τ is hard iff for any plausibility order S and proposition
P: SτP ⊆ S∩ P.

— A dynamic attitude τ is soft iff for any plausibility order S and proposition
P: SτP = S.

If a dynamic attitude τ is hard, then, on receiving the information that P
from a τ-source, the agent acquires hard information that P, i.e., all non-P-
worlds are deleted; and if τ is soft, then, on receiving the information that P
from a τ-source, the agent acquires no hard information.

corollary 82.

1. Strong trust is the only dynamic attitude that is distributive, positive and soft.
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2. Infallible trust is the only attitude that is distributive, positive and hard.

proof.

1. It is easy to check that strong trust is distributive, positive and soft. As for
the uniqueness claim, suppose that τ is distributive, positive and soft. Let
S be a plausibility order, P a proposition. Assume first that P ∩ S = S. Then
S⇑P = S !P. By Proposition 81, it follows that SτP = S⇑P. Assume, second,
that P ∩ S ≠ S. Then S!P ≠ S. But τ is soft, so SτP = S, thus SτP ≠ S!P. By
Proposition 81, SτP = S⇑P. So in either case, SτP = S⇑P, and this shows that
τ =⇑. So ⇑ is the only dynamic attitude that is distributive, positive and
soft.

2. It is easy to check that infallible trust is distributive, positive and hard. As
for the uniqueness claim, suppose that τ is distributive, positive and hard.
Let S be a plausibility order, P a proposition. Assume first that P ∩ S = S.
Then S⇑P = S !P. By Proposition 81, it follows that SτP = S !P. Assume,
second, that P∩S ≠ S, which implies that P∩S ⊂ S. Since τ is hard, we have
that SτP ⊆ P ∩ S, and since P ∩ S ⊂ S, it follows that SτP ⊂ S. However, by
definition of ⇑, S⇑P = S. So SτP ≠ S⇑P. Thus SτP ≠ S⇑P. By Proposition 81,
SτP = S !P. So in either case, SτP = S !P, and this shows that τ = !. So ! is the
only dynamic attitude that is distributive, positive and hard. ⊣

This result motivates the claim that there is really only one difference be-
tween ⇑ and !: while the former is soft, the latter is hard. This confirms a
common intuition that performing a lexicographic upgrade ⇑ P with some
proposition P is “the same” as performing an update !P with the same propo-
sition, “just without deleting the (non-P-)worlds.” We observe that the results
of this section can easily be adapted to obtain analogous characterizations of
strong distrust ⇑¬ and infallible distrust !¬.


