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Chapter 5

A Syllogistic Characterization of
Gradable Adjectives

5.1 Introduction

Gradable adjectives are adjectives which may hold to a lesser or greater extent,
with key examples being words like ‘old’, ‘expensive’ and ‘tall’. Since gradable
adjectives allow for comparative forms, they may be interpreted as being based
on an underlying order. Some debate is possible as to whether such an order must
come with explicit numerical degrees. We shall not assume that this is necessary,
as we can get quite far without doing so.
Rather, we shall assume that gradable adjectives are those subsective adjectives
which are based on a Weak Order; that is, a relation which is Transitive, Irreflexive
and Almost-Connected. The main goal of this chapter will be to show that this
notion can be characterized inside a natural logic where only the extension of the
adjective is known beforehand. In Section 5.2 we briefly review the formal system
we will be using for this, the syllogistics for subsective adjectives introduced in
the previous chapter. In Section 5.3 we work towards the characterization we are
after, ultimately capturing it in a single inference rule.
In Section 5.4 we characterize and explore the notion of commensurability, which
here is defined as holding between groups of gradable adjectives which are based
on the same underlying order. This will prove a useful notion in dealing with
antonyms and degree modifiers. Finally, in Section 5.5 we discuss a way to extend
the system to deal with vagueness.

5.2 The Syllogistics

As mentioned previously, we shall make use of the syllogistics introduced in the
previous chapter. The first component of the syllogistics is the class of models and
semantics it will work with. Here nouns and (subsective) adjectives are included

67



68 Chapter 5. A Syllogistic Characterization of Gradable Adjectives

as distinct entities, and each model is required to offer an interpretation both for
each noun in isolation and for each combination PA of an adjective and a noun.
In fact, we also require a second interpretation PA for each such combination,
which we will take to be the interpretation of the anti-extension.
The semantics provides interpretations not only for standard existential and uni-
versal sentences, but also for conditional universals ; that is, sentences of the form
”All X that are Y are Z ”. While these are generally perhaps little more than a
curiosity, in this particular context they provide us with great expressive power,
which we will come to rely on later.

The comparison-class interpretation

It is important to note that we will not be interpreting nouns as arbitrary com-
parison classes: while every noun does arguably constitute a comparison class,
we do not assume that for every conceivable comparison class a noun is available
which matches it. This choice drastically reduces how much we will be able to
assume about the formal behaviour of gradable adjectives, making our task rather
more challenging.
Of course, the comparison-class interpretation is still interesting in its own right,
both because it is the appropriate approach to analyze context-dependence and
because it leads to a cleaner underlying weak order. The work for this has es-
sentially been done by van Benthem in (van Benthem 1991). For the sake of
completeness and convenience, we redo it our own terms in Appendix 5.6.

5.2.1 Formalism

A model consists of a domain M , a subset JAK ⊆M for each noun A and subsets
JPAK, JPAK ⊆ M for each pair of an adjective P and a noun A. The semantics
is straightforward enough: use the following, where X and Y can be of the form
A, PA or PA:

M |= All X are Y ⇔ JXK ⊆ JY K (5.1)

M |= Some X are Y ⇔ JXK ∩ JY K 6= ∅ (5.2)

M |= All X that are Y are Z ⇔ JXK ∩ JY K ⊆ JZK (5.3)

(We will generally write (X, Y, Z) for the latter.)
In order to properly represent subsective adjectives, it is necessary to restrict
ourselves to a specific class of models. This class, which we will refer to as
acceptable models, consists of those models where all adjectives are subsective
and PA is in fact the anti-extension it should be. Formally then, acceptable
models are those models which have the following properties (for all P , A):

• JPAK ⊆ JAK, JPAK ⊆ JAK
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All X are X
All X are Z All Z are Y

All X are Y

Some X are Y
Some Y are X

All Y are Z Some X are Y
Some X are Z

(X, Y, X) (X, Y, Y)
(X, Y, U) (X, Y, V) (U, V, Z)

(X, Y, Z)

All X are Y
(X, X, Y)

(X, X, Y)

All X are Y

Some U are V (U, V, X) (U, V, Y)

Some X are Y

All PA are A All PA are A
Some PA are PA

S

(X, Y, PA) (X, Y, PA)

(X, Y, Z)

[Some X are PA]
...
S

[Some X are PA]
...
S Some X are A

S

Figure 5.1: The syllogistic. The first two rows are a basic syllogistic for All and
Some. The third row is a syllogistic for (X, Y, Z). The fourth row contains rules to
properly combine the two. The fifth and sixth row provide for subsectivity and Ex
Falso Quodlibet. The last rule can be seen as a form of Disjunction Elimination.

• JPAK = JAK− JPAK

The rules of the syllogistic logic that is used for this are shown in Figure 5.2.1.
For the proof that this logic is sound and complete relative to the above semantics
on the class of acceptable models, see Chapter 4.

5.3 Characterizing Gradable Adjectives

Using the system defined in the previous section, we can now start to investigate
the natural logic properties of gradable adjectives. We will in particular want to
consider the consequences of the fact that gradable adjectives are based on an
underlying order with certain properties. To this end, our first step should be to
create a more formal notion of “based on”.

5.3.1. Definition. Let P be an adjective defined on the acceptable model M.



70 Chapter 5. A Syllogistic Characterization of Gradable Adjectives

• The relation induced by P , denoted ≺P , is given by

x ≺P y ⇔ ∃A : x ∈ JPAK, y ∈ JPAK

• A relation ≺ on the domain of M is compatible with P iff it is an extension
of ≺P (that is, iff x ≺P y implies x ≺ y). In this case we say that P is based
on ≺.

The induced relation ≺P will likely look familiar; it is a traditional starting point
when one wants to define a “P -er than” ordering. However, keep in mind that
unlike some other treatments we are using A to refer to the extension of some
noun rather than to an arbitrary context of comparison.
For us, the statement x ≺P y cannot be simplified along the lines of “JPAK = {y}
for JAK = {x, y}”, because there is no guarantee that such an A exists. Thus,
while ≺P will be a key ingredient of any acceptable order for P , we will never
expect it to be one in and of itself and it is only the start of our investigations.

5.3.1 No Reversal

The first property we will characterize is the particularly desirable No Reversal
property.1 For our purposes, we define this as follows.

5.3.2. Definition. ≺ has the No Reversal property for P if and only if

∀x, y (x ≺ y ⇒ not y ≺P x)

This of course is to say that if x ≺ y then there is no A for which x ∈ JPAK,
y ∈ JPAK. A typical example is to consider size. Some elephants who are con-
sidered small elephants may at the same time be considered large animals. From
this, No Reversal lets us conclude that any large elephants (who are also animals,
but this much is clear in the example) will also be large animals. The idea of
course is that these large elephants would be larger than those small elephants
who are already large animals, and being larger than some other large animals
would therefore necessarily be large animals themselves. This relates to the prop-
erty of monotonicity, which we will get to soon.

Given that they are based on an order, there are a number of reasons why we
would want a gradable adjective to be based on one with the No Reversal prop-
erty. Importantly, if this is the case then two key properties are guaranteed, those
of convexity and monotonicity.
Convexity states that the extension of the adjective has no ‘holes’ in it, as seen
along the dimension of the order. Specifically, if two objects both have PA, then
so does any object (with A) located ‘between’ them.

1See also (van Benthem 1991). The interested reader may prove that if we interpret nouns
as contexts, P has the No Reversal property defined there if and only if ≺P has the No Reversal
property under our definition.
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5.3.3. Theorem. Let ≺ have No Reversal for P . Then P is convex relative to
≺.
That is, if x ≺ y ≺ z and x, z ∈ JPAK, y ∈ JAK, then y ∈ JPAK.

Proof: Suppose towards contradiction that y ∈ JPAK. Then y ≺P x. Since
x ≺ y, this contradicts ≺ having No Reversal for P .

Monotonicity states that PA is always a top segment of A, covering everything
‘above’ a certain cutoff point. Specifically, if a given object has PA, then so does
any larger object in A.

5.3.4. Theorem. Let ≺ have No Reversal for P . Then P is monotone relative
to ≺.
That is, if x ≺ y and x, y ∈ JAK, x ∈ JPAK, then y ∈ JPAK.

Proof: Suppose towards contradiction that y ∈ JPAK. Then y ≺P x. Since
x ≺ y, this contradicts ≺ having No Reversal for P .

The No Reversal property can be adequately characterized by the following
inference rule.

Some PA are PB
Directedness

All PA that are B are PB

(It’s easiest to see this is the same property when you keep in mind that “All PA
that are B are PB” amounts to saying “No PA are PB”.)

5.3.5. Theorem. An acceptable model makes Directedness valid for P if and
only if there is a relation ≺ on its domain which has the No Reversal property for
P and is compatible with P.

Proof: Let M be an acceptable model with M |= Some PA are PB. Let
x ∈ JPAK ∩ JPBK, y ∈ JPAK ∩ JBK. Then x ≺ y. (Since x ≺P y.)
Therefore, since x ∈ JPBK and y ∈ JBK, the No Reversal property implies
y ∈ JPBK. Since x must exist by assumption and we only assumed that y ∈
JPAK ∩ JBK, it follows that M |= All PA that are B are PB.

For the more interesting direction, suppose Directedness is valid for P on M.
Then define

x ≺ y ⇔ not y ≺P x

By construction ≺ has the No Reversal property for P. Thus we need only show
it is compatible with P.
For this, suppose x ≺P y, x 6≺ y. Then by construction y ≺P x, and as such
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there are A and B such that x ∈ JPAK, y ∈ JPAK and x ∈ JPBK, y ∈ JPBK.
Because of x, we have M |= Some PA are PB. Since M makes the No Reversal
rule valid, this implies M |= (PA,B, PB). But because of y, this does not hold.
Contradiction, therefore ≺ is compatible with P.

5.3.2 No Cycles

While one could argue that Directedness ensures an adjective P corresponds to a
certain direction, this in and of itself does not guarantee that it will correspond
to an order with low and high sides. The direction can also be along a cycle: for
example, consider a model with domain {x, y, z} and the following interpretations

• JAK = {x, y}, JPAK = {y}

• JBK = {y, z}, JPBK = {z}

• JCK = {z, x}, JPCK = {x}

Here we have x ≺P y ≺P z, but also z ≺P x. Nonetheless, ≺P has the No
Reversal property for P.
We can guarantee acyclicity and hence prevent situations like this from arising
by generalizing Directedness into the following rule.

Some PA1 are PA2 . . . Some PAn−1 are PAn
No Cycles

(PA1, An, PAn)

For another size-based example, consider a fantasy world containing giants, hu-
mans, dwarves and various hybrids of the three. Then if there exist a half-giant
who is considered an average-sized giant but a tall human and a half-dwarf who
is considered an average-sized human but a tall dwarf, the No Cycles rule lets
us conclude that any half-giant-half-dwarf who is a tall giant is also a tall dwarf.
While this appeals to similar underlying intuitions, it is nonetheless a conclusion
which we would not be able to draw using No Reversal alone.
The aptness of calling this rule No Cycles is reinforced by the fact that it is valid
exactly in those cases where ≺P is acyclic, which we see below.

5.3.6. Theorem. M makes the No Cycles rule valid for P if and only if ≺P is
acyclic (ie there are no elements x1, . . . , xn such that x1 ≺P x2 ≺P . . . ≺P xn ≺P
x1).

Proof: Suppose there are such elements. Then there are A1, . . . , An such that
xi ∈ JPAiK, xi+1 ∈ JPAiK [and x1 ∈ JPAnK].
Thus, M makes the following true:
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• Some PA1 are PAn (witnessed by x1)

• Some PA2 are PA1 (witnessed by x2)

• . . .

• Some PAn are PAn−1 (witnessed by xn)

Let B1 = A1, B2 = An, B3 = An−1, . . . , Bn = A2. Then the above can be restated
as

• Some PB1 are PB2 (witnessed by x1)

• Some PB2 are PB3 (witnessed by xn)

• . . .

• Some PBn are PB1 (witnessed by x2)

If No Cycles were valid for P on M, then M |= (PB1, Bn, PBn). The latter has
a counterexample in x2, so No Cycles is not valid here.

For the other direction, suppose the rule is not valid on M. Then there are
A1, . . . , An such that “Some PA1 are PA2”, . . ., “Some PAn−1 are PAn” are all
true on M and (PA1, An, PAn) is not.
Thus, there are x1 ∈

q
PA1

y
∩JPA2K, x2 ∈

q
PA2

y
∩JPA3K, . . ., xn−1 ∈

q
PAn−1

y
∩

JPAnK, y ∈ JPA1K ∩
q
PAn

y
. By definition this gives

y ≺P xn−1 ≺P xn−2 ≺P . . . ≺P x2 ≺P x1 ≺P y

5.3.3 The Consequences of No Cycles

While it is good to think of Acyclicity as the main thing characterized by the
No Cycles rule, we shall see that in so doing it also characterizes some far more
significant things, up to and including our main objective, the existence of an
order with desirable properties.
The first step towards this is to obtain Transitivity. A lack of cycles means the
relation ≺P can be extended into a transitive one. We show below that the No
Cycles rule in fact characterizes the ability to do so while retaining No Reversal.

5.3.7. Theorem. Let M be an acceptable model. Then it makes the No Cycles
rule valid for P if and only if P is based on a transitive relation with the No
Reversal property.
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Proof: Suppose P is based on such a relation ≺. Suppose towards contradic-
tion that M does not make No Cycles valid for P . Then there are x1, . . . , xn with
x1 ≺P x2 ≺P . . . ≺P xn ≺P x1. Since ≺ is compatible with P and transitive, it
follows that x2 ≺ x1. However, since ≺ has the No Reversal property this implies
x1 6≺P x2. Contradiction.

For the other direction it suffices to note that when No Cycles is valid the transi-
tive closure of ≺P has the No Reversal property. (This is an immediate corollary
of Theorem 5.3.6: if x ≺P y ≺P z then by Theorem 5.3.6 z 6≺P x.)

Note that any transitive relation on which P is based is an extension of the
transitive closure of ≺P . Also, P is always based on the transitive closure of ≺P .
Thus Theorem 5.3.7 could also be phrased as saying that No Cycles is valid iff
this transitive closure has No Reversal for P. This is an important detail, which
leads into the following conveniently phrased Lemma.

5.3.8. Lemma. Let M be an acceptable model. Let ≺TP be the transitive closure
of ≺P . Then M makes No Cycles valid for P if and only if ≺TP is a strict partial
order (that is, a transitive, irreflexive relation) with the No Reversal property.

As a mere partial order, ≺TP is one sense greatly falls short of the weak order we
would like to have. But in another sense it comes very close indeed. For we can
close the distance by using the well-known Order-extension Principle, detailed
below.

5.3.9. Theorem. (Order-extension Principle, Marczewski) Every strict
partial order can be extended into a strict linear order.

Here a strict linear order is a strict partial order which is also connected (meaning
for all x 6= y either x < y or y < x). For a proof, see (Szpilrajn 1930).

Using the Order-extension Principle, it is straightforward to prove that the No
Cycles rule corresponds to P being based on a strict linear order with No Reversal.

5.3.10. Theorem. Let M be an acceptable model. Then it makes the No Cycles
rule valid for P if and only if P is based on a strict linear order with the No
Reversal property.

Proof: Suppose M makes No Cycles valid for P. By Lemma 5.3.8 and the Order-
extension Principle, ≺TP can be extended into a strict linear order. Let < be such
an extension. Since < is an extension of x ≺P y, P is based on <.
As a strict linear order, < is antisymmetric (left to the reader). Since x ≺P y
implies x 6= y, this antisymmetry means it implies y 6< x. By contraposition,
y < x implies x 6≺P y, proving that < has the No Reversal property for P.
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The other direction is an immediate consequence of Theorem 5.3.7.

Showing that No Cycles corresponds to P being based on a weak order with
No Reversal (our main goal) is now a matter of putting one and one together.

5.3.11. Theorem. Let M be an acceptable model. Then it makes the No Cycles
rule valid for P if and only if P is based on a weak order with No Reversal.

Proof: If P is based on a weak order with No Reversal, then No Cycles is valid
for P by Theorem 5.3.7. If No Cycles is valid for P, then by Theorem 5.3.10 P is
based on a strict linear order with No Reversal, which is also a weak order with
No Reversal.

5.4 The Commensurability of Adjective Groups

Sometimes groups of gradable adjectives can be said to act on the same underlying
order. For instance, this is true of the group ‘big’, ‘large’, ‘immense’, ‘huge’,
‘giant’, ‘vast’, ‘enormous’, ‘tremendous’, ‘colossal’, ‘gigantic’, and becomes false
if we add ‘expensive’ to this group. When considering a group of adjectives, it is
of interest to see if they are related in this way or not, and in particular to see if
this can be determined based on their interpretations alone.
When a group of gradable adjectives is based on the same order in the same way,
we will refer to this as commensurability, which for our purposes we define as
follows:

5.4.1. Definition. A set ∆ of adjectives is commensurable if there is a single
weak order ≺ such that for every P ∈ ∆, ≺ satisfies No Reversal for P and P is
based on ≺.

So long as the adjectives in ∆ are individually based on weak orders, this no-
tion has a number of potential uses. When vagueness is modelled in terms of
potentially acceptable interpretations, one would want the group of such inter-
pretations of a single adjective to be commensurate. When looking at adjectival
modification, it would be interesting to look at those modifiers where the mod-
ified adjective is commensurate with the unmodified one, something we explore
in Section 5.4.3.
Concerning evaluative adjectives, commensurability implies a great deal of inter-
personal compatibility, appropriate for some and inappropriate for others. This
is discussed in Section 5.4.2. Finally, commensurability can be generalized to a
form of inverted commensurability to handle polar antonyms, which we shall do
in Section 5.4.1.

So how can we characterize commensurability? In the previous section we have
seen that the No Cycles rule characterizes the possibility of a weak order. To
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arrive at a weak order that fits all adjectives at the same time, we generalize the
No Cycles rule to a version which does the same, creating the No ∆-Cycles rule.

5.4.2. Definition. Let ∆ be a set of adjectives. The No ∆−Cycles rule allows
inferences of the following form

ϕ1(A1, A2) . . . ϕn−1(An−1, An)
No ∆-Cycles

ψ(A1, An)

where each ϕ(Ai, Ai+1) is of the form “Some PAi are QAi+1” for some P,Q ∈ ∆
and where ψ(A1, An) is of the form (PA1, An, QAn) for some P,Q ∈ ∆.

The No ∆−Cycles rule generalizes the earlier No Cycles rule by forbidding
cycles using any combination of adjectives in ∆. That is, it deals with the relation
≺∆, detailed below.

5.4.3. Definition. Let ∆ be a set of adjectives. Then x ≺∆ y iff ∃P ∈ ∆ :
x ≺P y.

If it is unclear why the allowable forms of ϕ(Ai, Ai+1) in the definition are the
right way to go, the next lemma should provide some insight.

5.4.4. Lemma. If x3 ≺∆ x2 ≺∆ x1, then there are A2, A3 such that one of the
allowable forms of ϕ2(A2, A3) is true.

Proof: Let x3 ≺P x2 ≺Q x1, with P,Q ∈ ∆. Then there are A2, A3 such that
x3 ∈ JPA3K, x2 ∈ JPA3K, x2 ∈ JQA2K, x1 ∈ JQA2K. Thus, x2 shows that “Some
PA2 are QA3” is true.

The effect of the No ∆−Cycles rule, then, is to forbid cycles in the combined
induced relation ≺∆.

5.4.5. Theorem. An acceptable model M makes No ∆−Cycles valid if and only
if ≺∆ is acyclic on its domain.

Proof: Analogous to Theorem 5.3.6.

Given the above, we can now pursue a strategy analogous to the one we used
in Section 5.3.3. Thus, we first look at the transitive closure of ≺∆.

5.4.6. Lemma. Let M be an acceptable model. Let ≺T∆ be the transitive closure of
≺∆. Then M makes No ∆−Cycles valid if and only if ≺T∆ is a strict partial order
(that is, a transitive, irreflexive relation) which has the No Reversal property for
each P ∈ ∆.
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Proof: If ≺T∆ is a strict partial order, then ≺∆ is acyclic. (For if ≺∆ contains
a cycle then taking the transitive closure closes that cycle so that some x has
x ≺T∆ x.) By Theorem 5.4.5, M makes No ∆−Cycles valid.
For the other direction, suppose M makes No ∆−Cycles valid. By Theorem 5.4.5,
≺∆ is acyclic, and therefore irreflexive. Thus if there is some x ≺T∆ x then this
was added by the transitive closure operation. But that is only possible if there
are some y1, . . . , yn such that x ≺∆ y1 ≺∆ . . . ≺∆ yn, which is exactly what is
impossible given that ≺∆ is acyclic. Therefore, x ≺T∆ is irreflexive.
It is by construction also transitive, and thus is a strict partial order. Having
established that it is irreflexive, it is easily seen that ≺T∆ also has the No Reversal
property for P ∈ ∆. For if x ≺T∆ y ≺P x for P ∈ ∆ then x ≺T∆ x, which would
contradict irreflexivity.

As in Section 5.3.3, combining this with the Order-extension Principle leads to
the desired result.

5.4.7. Theorem. Let M be an acceptable model. Then it makes the No ∆−Cycles
rule valid if and only if there is a strict linear order < which is compatible with
all P ∈ ∆ and which has the No Reversal property for all P ∈ ∆.

Proof: Analogous to Theorem 5.3.10.

5.4.1 Polar antonyms

Where commensurable adjectives take up the same side of a spectrum, antonyms
take up opposite sides of one. One key property of antonym pairs is a lack of
overlap, i.e. JPAK ∩ JQAK = ∅. Obviously this can be characterized by the
following inference rule (proof left to the reader):

No Overlap
All PA are QA

This however is not enough to get a good notion of antonymy, even when P and
Q individually satisfy No Cycles. Even if they only occur outside P , instances of
Q may still be restricted by a separate direction having nothing to do with P .
To illustrate, consider the following example.
Let P be an interpretation of ‘tall’ where a person is in JPAK if his length is
greater than the average lengths of people in JAK. Opposed to this, let Q be the
notion of ‘odd-short’, defined so that JQAK contains those people who are not in
JPAK and also have a length which expressed in centimeters is an odd number.
Here P and Q exclude each other and each can be based on a weak order, but Q
is not an antonym of P in a sufficiently strong sense of the word.2

2It may be hard to see at first how Q can be based on a weak order, when it is obviously not
convex relative to the standard length-based ordering. The answer of course is that Q is based
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To ensure that antonyms are based on the same underlying order, we will use
essentially the same method as we used to guarantee commensurability in gen-
eral. Thus, we start by defining an analogue of the No ∆-Cycles rule for antonym
pairs.
Note that the approach we take in the rest of this section does not imply a lack
of overlap. Such a lack of overlap needs to be characterized separately per above.

5.4.8. Definition. The No P,Q-Cycles rule allows all deductions of the follow-
ing form

ϕ1(A1, A2) . . . ϕn−1(An−1, An)
No P,Q-Cycles

ψ(A1, An)

where each ϕi(Ai, Ai+1) is of one of the following forms

• ”Some PAi are PAi+1”

• ”Some PAi are QAi+1”

• ”Some QAi are PAi+1”

• ”Some QAi are QAi+1”

and where ψ(A1, An) is of one of the following forms

• (PA1, An, PAn)

• (PA1, An, QAn)

• (QA1, An, PAn)

• (QA1, An, QAn)

Again, we add a lemma to help see why the definition above is the appropriate
one.

5.4.9. Lemma. Let x ≺(P,Q) y iff x ≺P y or y ≺Q x. If x3 ≺(P,Q) x2 ≺(P,Q) x1,
then there are A2, A3 such that one of the acceptable forms of ϕ2(A2, A3) is true.

Proof:

• If x3 ≺P x2 ≺P x1, then there are A2, A3 such that x3 ∈ JPA3K, x2 ∈ JPA3K,
x2 ∈ JPA2K, x1 ∈ JPA2K. Thus, x2 shows that ”Some PA2 are PA3” is true.

on a different weak order, specifically the one where x ≺ y iff either x has an even length (when
expressed in centimeters) and y an odd one or both have an odd one and y is taller than x.
Relative to this ordering, it is Q which is convex while P is not, which can be seen as a reason
to suspect incommensurability.
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• If x2 ≺Q x3, x2 ≺P x1, then there are A2, A3 such that x3 ∈ JQA3K, x2 ∈
JQA3K, x2 ∈ JPA2K, x1 ∈ JPA2K. Thus, x2 shows that ”Some PA2 are
QA3” is true.

• If x3 ≺P x2, x1 ≺Q x2, then there are A2, A3 such that x3 ∈ JPA3K, x2 ∈
JPA3K, x2 ∈ JQA2K, x1 ∈ JPA2K. Thus, x2 shows that ”Some QA2 are
PA3” is true.

• If x2 ≺Q x3, x1 ≺Q x2, then there are A2, A3 such that x3 ∈ JQA3K, x2 ∈
JQA3K, x2 ∈ JQA2K, x1 ∈ JPA2K. Thus, x2 shows that ”Some QA2 are
QA3” is true.

The next step is to show that No P,Q−Cycles corresponds with the acyclicity of
a particular relation, in this case the relation ≺(P,Q) which is defined by letting
x ≺(P,Q) y iff x ≺P y or y ≺Q x.
Given the similar theorems we have done previously (Theorem 5.3.6 and Theorem
5.4.5), this should be straightforward enough to see.

5.4.10. Theorem. Let x ≺(P,Q) y iff x ≺P y or y ≺Q x. Then M makes
No P,Q-Cycles valid if and only if there are no x1, . . . , xn such that x1 ≺(P,Q)

x2 ≺(P,Q) . . . ≺(P,Q) xn ≺(P,Q) x1.

Proof: Left to the reader.

Next we argue that this implies that the transitive closure is a partial order,
analogous to Lemma’s 5.3.8 and 5.4.6.

5.4.11. Lemma. Let M be an acceptable model. Let ≺T(P,Q) be the transitive clo-

sure of ≺(P,Q). Then M makes No P,Q-Cycles valid if and only if ≺T(P,Q) is a

strict partial order (that is, a transitive, irreflexive relation) which has the No
Reversal property for P and for which the reverse has No Reversal for Q (that is,
if y �T(P,Q) x then not x ≺Q y).

Proof: Left to the reader.

The last step is again little more than an application of the Order-extension
Principle.

5.4.12. Theorem. Let M be an acceptable model. Then it makes the No P,Q−
Cycles rule valid if and only if there is a strict linear order < which is compatible
with and has No Reversal for P and of which the reverse is compatible with and
has No Reversal for Q.

Proof: Analogous to Theorem 5.3.10.
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5.4.2 Evaluative Adjectives and Personal Taste

As hinted at earlier, the notion of commensurability is strong enough so as to
prohibit modeling certain forms of evaluative adjectives. For example, consider a
situation where Alice feels movie x is a good movie and y isn’t, while Bob feels
just the opposite -a plausible enough scenario.
When we use P to represent Alice’s notion of ‘good’, Q to represent Bob’s and A
to mean ‘movie’, this generalizes into the notion of P,Q-Reversal.

5.4.13. Definition. The model M has P,Q-Reversal iff there are a noun A and
elements x, y in the domain of M such that

• x ∈ JPAK, y ∈ JPAK

• y ∈ JQAK, x ∈ JQAK

This notion of reversal concerns multiple adjectives and a single noun, and thus
is distinct from the earlier notion of reversal which concerned a single adjective
and multiple nouns. Still, it is easy to see that the No ∆-Cycles rule prohibits
this kind of reversal from taking place (where P,Q ∈ ∆). For in the case of
P,Q-Reversal we have x ≺P y ≺Q x and thus x ≺∆ y ≺∆ x, which is prevented
by Theorem 5.4.5.
Since No ∆-Cycles is a necessary condition for commensurability (Theorem 5.4.7),
it follows that there can be no P,Q-Reversal when P and Q are commensurable.
If this outcome seems to go too far, consider the way we defined commensurabil-
ity. To be commensurable, P and Q must be based on the same weak order ≺.
Being based on it here means that any distinction drawn by either adjective must
be justifiable based solely on referring to ≺. Thus, a the situation above would
necessarily imply x ≺ y ≺ x, which of course prevents ≺ from being a weak order.
It may seem tempting to allow for P,Q-reversal by introducing a weaker notion
of commensurability, one where the commensurable adjectives don’t have to be
based on the weak order ≺, but that relation merely has to have No Reversal
(in the sense of Definition 5.3.2) relative to all of them. This however will not
do, since under such a definition the trivial empty relation (where x 6≺ y for all
x, y) would always work, rendering any combination of adjectives commensurable.

The above does not mean that all forms of interpersonal disagreement are ex-
cluded. For there are situations where we would not want P,Q-Reversal to be a
possibility. For example, consider differing notions of ‘tall’. If Alice considered
person x to be a tall basketball player and y not to be while Bob would consider
things to be just the opposite, this would be odd indeed. Regardless of further
details and despite some personal differences being acceptable, we would feel that
at least one of them must have a defective notion of ‘tall’.
The reason for this is exactly that we expect judgements of tallness to be based on
the objective underlying ‘taller than’ relation. Thus, commensurability is still an
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appropriate notion in situations where personal judgements are restricted in such
a way, and serves as a useful way to distinguish such situations from ‘anything
goes’ taste issues.

5.4.3 Strictenings and Loosenings

When we look at adjectival modifiers like ‘very’, ‘really’, ‘extremely’, ‘perfectly’,
etcetera, we see a group that has in common that the modified meaning is a
strictening of the original meaning, in at least the following way:

5.4.14. Definition. Let P,Q be adjectives interpreted by the acceptable model
M. Then P is a strictening of Q (and Q a loosening of P ) iff JPAK ⊆ JQAK for
all A.

This of course is characterizable by M making the following rule valid for all A
(proof left to the reader).

P,Q-Strictening
All PA are QA

Despite what we have seen thus far, two adjectives being commensurable does
not guarantee that one is a strictening of the other. The simplest possible formal
example of this is the following:

• JAK = JBK = {x, y}

• JPAK = {x, y}, JQAK = {y}

• JPBK = {y}, JQBK = {x, y}

Here the weak order where x ≺ y is compatible with P and Q and has No Reversal
for both, proving they are commensurable. Still, neither one is a strictening of
the other.

Conversely, being a strictening in this sense does not imply commensurability
either, because it does not imply that P covers a particular side of Q. For exam-
ple, while one possible strictening of ‘not cold’ is ‘hot’, another possible strictening
is ‘lukewarm’ (in a sense that excludes hot)
For a formal example of this, consider the following situation:

• JAK = JBK = {x, y, z}

• JQAK = {y, z}, JQBK = {z}

• JPAK = {y}, JPBK = ∅

Here P is a strictening of Q, and P and Q individually make No Cycles valid.
However, while we have x ≺Q y ≺Q z, we also have z ≺P x. Thus, No ∆-Cycles
is not valid, so P and Q are not commensurable.
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5.4.4 The Logic of Commensurability

It is of some interest to note that commensurability is preserved under standard
combination operators. The proof for this is almost trivial.

5.4.15. Theorem. Let ∆ be a commensurable set of adjectives, with P,Q ∈ ∆.
Then the following sets are also commensurable:

• ∆ ∪ {P ∧Q}, where J(P ∧Q)AK := JPAK ∩ JQAK

• ∆ ∪ {P ∨Q}, where J(P ∨Q)AK := JPAK ∪ JQAK

Proof: Let ∆ be commensurable. Let ≺ be a weak order which is compatible
with every P ∈ ∆ and has No Reversal for every such P . If x ≺P∧Q y, then either
x ≺P y or x ≺Q y (possibly both). It follows immediately that ≺ is compatible
with and has No Reversal for P ∧Q.
The same argument holds for P ∨Q.

Similarly, it is interesting to look at negation. For our purposes we will use
an internal negation which corresponds to swapping P and P . That is, we let
J(¬P )AK = JPAK.
This is convenient because it creates a more workable way to deal with antonyms
than the No P,Q-Cycles rule from Section 5.4.1. (Proof left to the reader.)

5.4.16. Theorem. No P,Q-Cycles is valid if and only if No ∆-Cycles is valid
for ∆ = {P,¬Q}.

These notions and results let us express a couple of interesting conjectures about
natural language.

5.4.17. Conjecture. If No Cycles is true for P and f is a natural language
modifier, then f(P ) is a boolean combination of commensurable strengthenings
/loosenings of P .

For a simple example, for the modifier ‘very’, very(P ) is itself a commensurable
strengthening of P .
This conjecture does not imply that f(P ) itself is commensurable with P . The
most obvious example of this is ‘not’, which can be rendered as not(P ) = ¬P .
Boolean combinations are allowed to handle more complex cases like a non-
inclusive ‘somewhat’ (that is, a notion where ‘somewhat warm’ does not in-
clude things that are very warm). For that, something like somewhat(P ) =
P ∧ ¬very(P ) could be used.

5.4.18. Conjecture. If ≺ is a weak order, then any natural concept based on
≺ can be expressed as a boolean combination of elements of some ∆ whose com-
mensurability is proven by ≺.
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An easy example would be ‘lukewarm’, which could either be rendered as some-
what(warm), above, or as, say, ¬cold ∧ ¬hot. For an example of something that
would be excluded by this conjecture, suppose we were to call someone ‘of prime
length’ iff his length in centimetres (rounded up) is a prime number. In this case,
being of prime length is not a natural concept, or more accurately is not a natural
concept based on the “taller than” relation.
(It could still be considered a natural concept based on the relation where all
people of prime length are considered greater than all other people. Thus, to
completely distinguish natural and unnatural concepts one would have to dis-
tinguish natural and unnatural relations, which goes beyond the scope of this
chapter.)

5.5 Vagueness, Distinguishability and The Sorites

Gradable adjectives such as ‘pretty’, ‘bright’ and ’expensive’ are key examples of
vagueness. This makes it interesting to see what we can say about the vagueness
of such gradable adjectives given what we have established so far. When looking
at a specific gradable adjective P , an important notion to consider is when two
objects are similar enough in terms of the underlying order associated with P
that they cannot be distinguished between on that basis.
Traditionally, one approach to this is to simply check if they are already being
distinguished by one of them being considered PA and the other PA for some A.
Under this method, x and y would be P−indistinguishable if and only if neither
x ≺P y nor y ≺P x.
Another option would be to let y count as larger than x if and only if it is so
in every linear order compatible with P , letting the two be indistinguishable if
x < y for some such orders and y < x for others.
However these two approaches are not as distinct as they may appear, and rather
are separated by nothing more than a transitive closure.

5.5.1. Theorem. Let M be an acceptable model making No Cycles valid for the
adjective P. Let x ≺ y if and only if x < y for every strict linear order < which
is an extension of the transitive closure of ≺P .
Then ≺ is itself the transitive closure of ≺P .

Proof: It suffices to show that x ≺ y implies x ≺TP y, which we shall do by
contraposition. Suppose x 6≺TP y. Now if y ≺TP x then every linear extension <
has y < x and by irreflexivity x 6< y, which would give x 6≺ y immediately. Thus
we may assume y 6≺TP x.
Construct ≺∗ by extending ≺TP with y ≺∗ x and taking the transitive closure.
Suppose z ≺∗ z for some z. As ≺TP is irreflexive, this must be introduced by the
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construction. Thus we have z ≺TP y, x ≺TP z.3 But that would imply x ≺TP y,
contradicting our original assumption. Hence there can be no such z, proving ≺∗
is irreflexive.
Thus ≺∗ is a strict partial order. Therefore by the Order-extension Theorem
there is some strict linear order < extending ≺∗. This < is also an extension of
≺TP , yet has y < x and therefore x 6< y. Thus, x 6≺ y.

Given this result, the following notion of P−indistinguishability seems as good
as any.

5.5.2. Definition. For an adjective P , x and y are P−indistinguishable, de-
noted as x ∼P y, iff x 6≺TP y and y 6≺TP x.

This definition gives ∼P certain desirable if perhaps rather obvious properties.

5.5.3. Theorem. If No Cycles is valid for P , then ∼P is reflexive and symmet-
ric.

Proof: Symmetry : By construction. Reflexivity : If x 6∼P x then x ≺TP x, but
by Theorem 5.3.6 this is exactly what is made impossible by No Cycles.

Note that transitivity is not generally a property of ∼P , even if No Cycles is
valid. This fact is related to the traditional issue known as the Sorites Paradox,
which we discuss soon.

5.5.1 The Sorites Paradox and Incomplete Judgement

While ∼P is a good start and certainly a necessary part of any good indistin-
guishability relation, it cannot truly be enough. Since it is based on distinctions
between P and P , it will always lead to these two being sharply distinguishable.
This immediately validates the inductive step of the Sorites paradox.

5.5.4. Lemma. (Inductive Step) If x ∼P y, then for all A (x ∈ JPAK, y ∈
JAK)⇒ y ∈ JPAK.

Proof: Suppose there is some A for which this is not the case. Then x ∈
JPAK, y ∈ JPAK. But then y ≺P x and therefore x 6∼P y.

As a result, a line of pairwise indistinguishable objects cannot have a P end
and a P end.

5.5.5. Theorem. (Sorites Paradox) There cannot be A, x1, x2, . . . , xn such
that

3A longer path from z to y or x to z may exist, but z ≺TP y, x ≺TP z then follows by
transitivity of ≺TP .
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• x1, . . . , xn ∈ JAK

• x1 ∼P x2 ∼P . . . ∼P xn

• x1 ∈ JPAK

• xn ∈ JPAK

Proof: Contradiction by induction using the Inductive Step.

We can get around this problem by extending the indistinguishability relation. If
∼ is known only to be an extension of ∼P , then x ≺P y does not imply x 6∼ y, so
the inductive step does not necessarily hold.
This move leads to a couple of questions. One is how this extended ∼ should be
obtained. Another is what makes it attractive to believe the Inductive Step is
true. However, while these questions are natural and traditional enough, both of
them turn out to in fact be poorly phrased.
On the first question we are wondering how to blur the overly sharp lines we
possess, when the truth is we should not possess these sharp lines in the first
place. The lack of vagueness here is due to the system’s implicit assumption that
for every object in A we possess a specific judgement of it being either PA or
PA. This of course is not generally appropriate when dealing with vagueness. We
can loosen this requirement by moving to a different kind of model, the weakly
acceptable model.

5.5.6. Definition. A weakly acceptable model is a model where for every adjec-
tive P and noun A, JPAK ⊆ JAK, JPAK ⊆ JAK.

The semantics for weakly acceptable models is the same as the semantics for
acceptable models. The logic of weakly acceptable models is also known to us.

5.5.7. Theorem. Let `W be the logic consisting of the rules of Figure 5.2.1
except for the last one. Then `W is sound and complete on weakly acceptable
models.

For the proof, see Theorem 3.2.11.
Beyond the bare logic, we must also look at Directedness and No Cycles, as the
latter in particular is a driving force behind most of our analysis. Here we can
reproduce our key theorems by making only slight changes to our definitions.
Note that when working with the acceptable models we have been working with
so far there is no difference between these notions and the original ones.

5.5.8. Definition. ≺ has Strong No Reversal for P if and only if

∀x, y(x ≺ y ⇒ (PAx&Ay ⇒ PAy))

x -P y iff one of the following holds:
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• x ≺P y

• For some A, x ∈ JPAK, y ∈ JAK, y 6∈ JPAK, y 6∈ JPAK.

• For some A, y ∈ JPAK, x ∈ JAK, x 6∈ JPAK, x 6∈ JPAK.

≺P is Strongly Acyclic iff there are no x1, . . . , xn such that

x1 ≺P x2 ≺P x3 ≺P . . . ≺P xn -P x1

5.5.9. Theorem. For weakly acceptable models M, the following hold:

1. If there is a relation ≺ on the domain of M which has Strong No Reversal
for P and is compatible with P , then Directedness is valid on M.

2. If Directedness is valid on M then there is a relation ≺ on the domain of
M which has No Reversal for P as is compatible with P .

3. No Cycles on M is valid if and only if ≺P is strongly acyclic.

Proof: For the second point, the relevant part of the proof of Theorem 4.3.5
continues to work for weakly acceptable models. For the first and third point,
the proof can be obtained by making minimal changes to the proofs of Theorems
4.3.5 and 4.3.6, left to the reader.

Thus, we have dropped the assumption of complete judgement at a minimal
cost. So how does the Sorites Paradox behave under Incomplete Judgement? We
previously defined ∼P by letting x ∼P y iff x 6≺P y and y 6≺P x. Under this
definition, the Inductive Step is not valid and so the Paradox is avoided. How-
ever, this definition is perhaps too broad when working with weakly acceptable
models. A tempting stricter alternative is to let x ∼ y iff x 6-P y and y 6-P x,
but that would be exactly the wrong thing to do, as it would amount to treating
non-judgement as a third truth value treated exactly as sharply as the values we
started out with, recreating that which we were trying to move away from.
Instead, we must take an approach where such unjudged cases are relevant, but
it is still possible for a judged and an unjudged case to be observationally indis-
tinguishable. Given an existing set of judgements, the broadest good way to do
so would be by the ∼∗P defined below.

5.5.10. Definition. x ∼∗P y if and only if one of the following is true.

• x ∼P y and x -P y

• x 6-P y and y 6-P x
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To see that this is broad enough, let JAK = {x1, x2, x3}, JPAK = {x1}, JPAK =
{x3}. Then (if there are no further relevant extensions) we get x1 ∼∗P x2 ∼∗P x3.
Clearly, then, no good rephrasing of the Inductive Step will be valid for ∼∗P are
another sufficiently broad indistinguishability relation.
So why does the Inductive Step seem true? As noted earlier, the answer is that
this question too is poorly phrased. In contexts where a series of xi is equidistantly
separated using a minute measure, such as the traditional individual grains of sand
in a heap or individual hairs on a head, the matter of whether an adjective applies
must be seen as one of judgement rather than absolute truth. Consequently, the
Inductive Step is not something which is true or false of the world, but rather
a standard against which ones judgements are held. On this view, the paradox
is that sometimes there is no way for a series of judgements to both meet this
standard and judge the obvious endpoints appropriately.

5.6 Appendix: Nouns as Contexts

Contrary to how we use it in the rest of this chapter, the formal system we work
with can support an interpretation where every context has a matching noun A
where JPAK is the extension of P relative to that context for any P . Important
existing work in this area, specifically (van Benthem 1991), leads to the conclu-
sion that under the right set of circumstances this makes ≺P itself a weak order.
In this section we shall briefly repeat the key steps of this work in our own terms.

To enforce that a noun is available to match any context, we create the notion
of the fully detailed model, which is a model where each finite context (subset of
the domain) can be referred to with an existing noun.

5.6.1. Definition. The model M is fully detailed if for every finite subset X of
the domain of M, there is some noun A such that JAK = X.

For the sake of convenience, we combine the constraints of Upward Difference
and Downward Difference from (van Benthem 1991) into a single rule, that of
Conservation of Significance.4

Some PA are B Some PA are B Conservation of Significance
Some B are PB, Some B are PB

The Conservation of Significance rule can be understood as appealing to the
notion of significant difference: if x is PA and y is PA, then y is significantly
more P than x. Now if both of these are also in B, then B contains covers a

4On fully detailed models, it is easy enough to see that Conservation of Significance does
indeed correspond exactly to this combination: where x, y is the difference pair in question,
simply go ‘Downward’ from A to {x, y} and then ‘Upward’ from {x, y} to B.
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significant range. The idea now is that while P might divide B based on some
other distinction which is even more important than the difference between x and
y, it is not acceptable for it to not divide B at all, as that would wrongly suggest
B does not contain any significant differences in P−ness within it.
The astute reader may have noticed that our definition of ≺P is not precisely the
same as the one used in (van Benthem 1991). However, under the circumstances
we are working with the two do generate exactly the same relation

5.6.2. Lemma. Let M be a fully detailed model which makes No Cycles and
Conservation of Significance valid for P . If x ≺P y and JAK = {x, y}, then
JPAK = {y}.
Proof: Because of Conservation of Significance, JPAK is either {x} or {y}. Be-
cause of No Cycles, it cannot be {x}.

We can now prove the theorem we are after, which is largely a matter of straight-
forward case-checking.

5.6.3. Theorem. Let M be a fully detailed model which makes No Cycles and
Conservation of Significance valid for P . Then ≺P is a weak order.

Proof:
Anti-Symmetry: Trivial.
Transitivity: Suppose x ≺P y ≺P z. Let JAK = {x, y}, JBK = {y, z}, JCK =
{x, y, z}. Now consider the eight a priori possibilities for JPCK.
• JPCK = {x, y, z} and JPCK = ∅ are excluded because of Conservation of

Significance. (The lemma gives us Some PA are C, Some PA are C.)

• JPCK = {x} and JPCK = {x, y} are excluded because of No Cycles. (They
would imply z ≺P x.)

• JPCK = {y} and JPCK = {x, z} are excluded because of No Cycles. (They
would respectively imply z ≺P y and y ≺P x.)

• JPCK = {z} and JPCK = {y, z} are left as the only possibilities, and both
imply x ≺P z.

Almost-Connectedness: Suppose x ≺P y. Let JAK = {x, y}, JBK = {x, y, z}.
Again, consider the eight a priori possibilities for JPBK.
• JPBK = {x, z}, JPBK = {x, y, z} and JPBK = ∅ are excluded for reasons

seen above.

• JPBK = {x} and JPBK = {x, y} imply z ≺P x and therefore by transitivity
z ≺P y.

• JPBK = {y} implies z ≺P y.

• JPBK = {z} and JPBK = {y, z} imply x ≺P z.


