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APPROXIMATION GUARANTEES FOR MIN-MAX-MIN ROBUST
OPTIMIZATION AND k-ADAPTABILITY UNDER OBJECTIVE
UNCERTAINTY*

JANNIS KURTZf

Abstract. In this work we investigate the min-max-min robust optimization problem and the
k-adaptability robust optimization problem for binary problems with uncertain costs. The idea of
the first approach is to calculate a set of k feasible solutions which are worst-case optimal if in each
possible scenario the best of the k solutions is implemented. It is known that the min-max-min robust
problem can be solved efficiently if & is at least the dimension of the problem, while it is theoretically
and computationally hard if k is small. However, nothing is known about the intermediate case, i.e.,
k lies between one and the dimension of the problem. We approach this open question and present
an approximation algorithm which achieves good problem-specific approximation guarantees for the
cases where k is close to or a fraction of the dimension. The derived bounds can be used to show
that the min-max-min robust problem is solvable in oracle-polynomial time under certain conditions
even if k is smaller than the dimension. We extend the previous results to the robust k-adaptability
problem. As a consequence we can provide bounds on the number of necessary second-stage policies
to approximate the exact two-stage robust problem. We derive an approximation algorithm for the
k-adaptability problem which has similar guarantees as for the min-max-min problem. Finally, we
test both algorithms on knapsack and shortest path problems. The experiments show that both
algorithms calculate solutions with relatively small optimality gap in seconds.

Key words. robust optimization, min-max-min, k-adaptability, approximation, algorithm
MSC codes. 65K05, 90C59, 90C27
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1. Introduction. Integer optimization problems nowadays emerge in many in-
dustries such as production, health care, disaster management, or transportation, just
to name a few. The latter problems are tackled by companies, nonprofit organizations,
or governmental institutions, and providing good solutions is a highly relevant topic
in our society. Usually solving optimization problems in practice involves uncertain-
ties which have to be incorporated into the optimization model. Typical examples
are uncertain traffic situations, demands, or failures of a network. The optimization
literature provides several ways to model uncertainties, e.g., stochastic optimization
[12], robust optimization [4], or distributionally robust optimization [42, 29].

In robust optimization we assume that all possible realizations of the uncertain
parameters are contained in a given uncertainty set and the aim is to find a solution
which is optimal in the worst case and feasible for all possible scenarios in the uncer-
tainty set. The robust optimization approach was intensively studied for convex and
discrete uncertainty sets; see, e.g., [6, 7, 11, 10, 36, 2, 17]. Despite its success it can
be too conservative since the calculated robust solution has to hedge against all sce-
narios in the given uncertainty set, which can lead to bad performances in the mean
scenario. To overcome this problem several new robust models have been introduced;
see, e.g., [5, 24, 38, 1].
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In this work we study the min-maz-min robust optimization problem, which was
first introduced in [15] to overcome the conservativeness of the classical robust ap-
proach. We consider deterministic optimization problems

(P) mine' z,

zeX
where X C {0,1}" is the set of incidence vectors of all feasible solutions and ¢ € R} is
an uncertain cost vector which we assume is contained in a given convex uncertainty
set U CR"t. Note that most of the combinatorial problems can be modeled as binary
problems and that the restriction to binary variables is theoretically no limitation as
general integer variables can be modeled by binary variables using binary encoding.

Similar to the idea of k-adaptability [8, 33, 41], the main idea of the min-max-min
robust optimization problem is to hedge against the uncertainty in the cost vector in
a robust manner, i.e., considering the worst-case costs over all scenarios in U, while
providing more flexibility compared to the classical robust approach since multiple
solutions are calculated and can be used to react to the emerging uncertain scenarios.
In contrast to the k-adaptability problem the min-max-min robust approach does not
consider two-stage structures and is therefore tailored for binary problems where no
second-stage decisions exist, i.e., where a set of complete solutions has to be prepared
in advance. This can be inevitable in many applications regarding the construction
of transportation plans, e.g., evacuation plans for buildings, airports, or cities or
route plans for robot systems. Note that the restriction to objective uncertainty is
still an interesting case since despite many combinatorial problems, also real-world
problems appear which can be modeled by objective uncertainty (see, e.g., [39]).
Furthermore, recent works on two-stage robust optimization indicate that it is possible
to use Lagrangian relaxation to shift uncertain constraints into the objective function;
see [40, 37].

Since 2015 the min-max-min robust approach was studied for several uncertainty
sets and combinatorial problems. It was studied for convex uncertainty sets in [15, 14]
and for discrete uncertainty sets in [16]. Regarding its complexity and solvability the
min-max-min robust problem is a very interesting problem due to the unusual con-
nection between its problem parameters and its complexity. A reasonable assumption
would be that the problem gets harder to solve with increasing k. However, this is
not true from a theoretical as well as from a computational point of view. While for
discrete uncertainty sets it is weakly or strongly NP-hard for most of the classical
combinatorial problems [16], in the case of convex uncertainty the problem can be
solved in polynomial time if k¥ > n and if (P) can be solved in polynomial time [15].
On the other hand it is NP-hard for each fixed k € N even if U is a polyhedron. The
authors in [15] present an efficient algorithm for the case k > n and a fast heuristic
for each fixed k € N. Later in [18] it was shown that the problem can be solved in
polynomial time for several combinatorial problems if U is a convex budgeted un-
certainty set and k = 2. In [19] faster exact and heuristic algorithms for the same
uncertainty set were presented. For the discrete budgeted uncertainty set the authors
in [28] derive exact and fast heuristic algorithms and show that the problem is weakly
or strongly NP-hard for most of the classical combinatorial problems. For binary un-
certainty sets defined by linear constraints it was shown in [20] that the min-max-min
robust problem is 38-complete. Recently an efficient exact algorithm based on smart
enumeration was derived in [3] for problems where X does not contain too many good
solutions. In [23] the min-max-min robust problem was applied to the vehicle rout-
ing problem (VRP) where a set of k possible routes has to be prepared in advance
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which are robust to uncertain traffic scenarios. The idea of the min-max-min robust
approach was also applied to the regret robust approach in [21].

However, no efficient algorithms are known which solve the min-max-min prob-
lem for any k € N efficiently with a certain approximation guarantee. Furthermore,
nothing is known about the complexity of the problem if k has intermediate size.

As mentioned above, the min-max-min problem has a similar structure as the
k-adaptability problem which was introduced in [8] to approximate two-stage robust
optimization problems with integer second-stage variables (recently a short note on
the incorrectness of the continuity assumption made in the latter paper has appeared
[35]). The idea is to calculate k second-stage policies already in the first stage and
choose the best of it after the scenario is revealed. This idea provides a heuristic so-
lution to the exact two-stage robust problem and no approximation guarantees were
known so far. Due to the similar structure, algorithmic ideas from the k-adaptability
literature can also be applied to the min-max-min problem. In [33] a mixed-integer
programming formulation was derived to solve the k-adaptability problem. Later in
[41] the authors presented an algorithm based on a branch & bound scheme which
iteratively constructs partitions of scenarios. In [25] a logic-based benders decompo-
sition approach is used where the main problem calculates a first-stage solution while
a subproblem is used to derive cuts on the objective value. Interestingly the sub-
problem is a classical min-max-min problem and the authors use methods from the
min-max-min literature to solve it. Finally in [9] geometric properties of the uncer-
tainty set are used to derive approximation guarantees for the k-adaptability problem
with right-hand-side uncertainty.

From a theoretical perspective the knowledge about the approximation guarantees
the k-adaptability approach provides for the two-stage robust problem is still limited.
In [33] it was shown that the k-adaptability problem provides an optimal solution
of the exact two-stage problem if the number of second-stage policies is at least the
dimension of the problem. In [22] the authors derive approximation guarantees the
k-adaptability provides for two-stage robust optimization problems with constraint
uncertainty. Furthermore, it is shown that it is not possible to achieve a significantly
better approximation guarantee compared to the k = 1 solution with a polynomial
number of solutions. In [32] the k-adaptability approach is studied for distributionally
robust optimization problems with right-hand-side uncertainty. The authors derive
policies and corresponding approximation guarantees for continuous decisions. Unfor-
tunately the approximation guarantees derived in the latter two works are not given
as a closed-form expression depending on k.

We will approach the mentioned gaps for two-stage robust optimization problems
with objective uncertainty and provide new approximation guarantees which are given
as a closed-form expression depending on k and other problem parameters. These
bounds can be used to choose k depending on which approximation guarantee the
decision maker wants to achieve.

Contributions.

e We provide efficient algorithms to calculate solutions with provable additive
and multiplicative approximation guarantees for the cases where (a) k is
smaller but close to n and (b) k is a fraction of n. The derived guarantees hold
for a wide class of binary problems and involve a problem-specific parameter.

e We show for the first time that under certain assumptions the min-max-min
robust problem remains oracle-polynomial solvable if k =n—1[ and [ is a fixed
parameter.
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e We extend the derived approximation guarantees to the k-adaptability ap-
proach and show that they can be used to calculate better bounds for the
number of second-stage policies £ which are necessary to achieve a certain
approximation guarantee for the exact two-stage robust problem.

e We derive an approximation algorithm which calculates solutions for the k-
adaptability problem with a certain approximation guarantee.

e We perform experiments to test both approximation algorithms on knapsack
and shortest path instances and on a generic k-adaptability problem.

The paper is organized as follows. In section 2 we provide preliminary results
on min-max-min robustness and k-adaptability. In section 3 we provide the approx-
imation algorithm and derive additive and multiplicative approximation guarantees
depending on n and k. In section 4 we extend the derived results to the k-adaptability
approach and provide better bounds on the parameter k to achieve a certain approx-
imation guarantee. Afterward we present an approximation algorithm and prove its
approximation guarantee. Finally in section 5 we show the results of our computa-
tional experiments, and we give a conclusion in section 6.

2. Preliminaries.
2.1. Notation. We define [k]:={1,...,k} for k€ N and R} = {z € R": x > 0}.

We denote by [[z]| := /> ;i x7 the Euclidean norm and by [|#(|sc := max; e 44
the maximum norm. The convex hull of a finite set S = {s!,...,s™} is denoted by

conv (S)=< s= Z Ais' i N\ >0 Vi € [m], Z =1

i€[m] i€[m]
The vector of all ones is denoted by 1 and the ith unit vector by e;.

2.2. Min-max-min robust optimization. Formally the min-max-min robust
optimization problem is defined as
(MMM (k)) min max min ¢z

x(l)v__”gj(k)EX ceU i=1,....k
where X C {0,1}", U C R} is a convex uncertainty set, and k € N is a given pa-
rameter controlling the conservativeness of the problem. In [15] the authors study
problem (MMM(k)) for convex uncertainty sets U and show, by using Lagrangian
relaxation, that problem (MMM(k)) for any k € N is equivalent to problem
(2.1) min maxc' z,
zeX (k) ceU

where X (k) is the set of all convex combinations derived by at most & solutions in X,
ie.,

X(k)={zeR": =Y X2, 20 eX AeRE, Y \=1
i€[k] i€[k]

By the theorem of Carathéodory it follows that each point in conv (X) can be de-
scribed by a convex combination of at most n + 1 points in X; therefore it holds that
X (k) =conv (X) for all k>n -+ 1. Since for any given point z € conv (X) and p € Ry
we have

maxc' (puz)=pmaxc' z
ceU ceU
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an optimal solution is always attained on the boundary of conv (X) if k >n+ 1, i.e.,
can be described by a convex combination of at most n solutions in X. It follows that
for each k > n, problem (MMM(k)) is equivalent to the problem

(2.2) min  maxc' z.

z€conv(X) ceU
From the latter result we obtain the following chain of optimal values, where we denote
by opt(k) the optimal value of (MMM(k)) with & solutions:

opt(1) > opt(2) >--- > opt(n) =opt(n+1)=....

Note that opt(1) is equal to the optimal value of the classical robust problem.

For an optimal solution z* of problem (2.2) the corresponding optimal solution
z® ..., z(™ of problem (MMM(n)) can be calculated in polynomial time, if we can
linearly optimize over X in polynomial time; see [30, 15] for more details.

Problem (2.2) is a convex problem, since the objective function f(x) :=
max.cp ¢ is convex and conv (X) is a convex set. Unfortunately, for many classical
combinatorial problems no outerdescription of polynomial size for conv (X) is known.
Nevertheless the authors in [15] prove that problem (2.2) and therefore the min-max-
min robust problem can be solved in polynomial time if the underlying deterministic
problem (P) can be solved in polynomial time. More precisely the theorem states that
if we can linearly maximize over U in polynomial time and if we can linearly mini-
mize over X in polynomial time, then we can solve the min-max-min robust problem
in polynomial time. However, the proof in [15] is not constructive, i.e., no imple-
mentable algorithm with a polynomial runtime guarantee is presented. Instead the
authors present a column-generation algorithm to solve problem (MMM (k)) for k >n
where iteratively the deterministic problem (P) and an adversary problem over U are
solved. They show that this algorithm is very efficient on random instances of the
knapsack problem and the shortest path problem. Furthermore, the same algorithm
was used successfully in [23] for the min-max-min version of the capacitated VRP.
We will adapt this algorithm to find good approximate solutions and calculate strong
lower bounds for problem (MMM(k)) for any k.

On the other hand it is shown in [15] that problem (MMM(k)) with an uncertain
constant is NP-hard for any fixed k € N, even if U is a polyhedron given by an inner
description and X = {0,1}". This result fits to the computational experience which
was made in other publications, where it turns out that problem (MMM(k)) is very
hard to solve for small k € N; see [3, 19]. Nevertheless, to tackle the problem even for
small k in [15] the authors present a heuristic algorithm which is based on the column-
generation algorithm mentioned above. The idea is to solve problem (MMM(k)) for
k = n with this algorithm and afterward select k of the calculated solutions with largest
induced weights, given by the optimal convex combination of problem (2.2). It is
shown computationally that this heuristic calculates solutions which are very close to
the optimal value of problem (MMM(k)). We will present a theoretical understanding
of this behavior in section 3 for the first time and provide approximation bounds.

2.3. Two-stage robust optimization and k-adaptability. The k-
adaptability problem was introduced with the goal to approximate two-stage robust
problems with second-stage integer variables in [8]. We define the two-stage robust
problem with objective uncertainty as

(2RO) minmax min d'z+¢"y,
ze€X £€U yeY (x)
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where X C R™, Y (z) C {0,1}" for all z € X and U C R’} is a convex uncertainty
set. The variables = are the first-stage decisions which have to be taken before the
uncertainty reveals. The variables y are second-stage decisions which can be taken
after the uncertain parameters £ are known. Note that the feasible set Y (z) depends
on the taken first-stage decision. While the following results hold for the more general
case, in the linear case often the second-stage feasibility set is given as

Y(@)={yeY C{0,1}" | To + Wy <h}

for matrices T, W and vector h of appropriate size. The vector d € R’ contains the
given first-stage costs which we assume to be not uncertain, although all the following
results are still valid otherwise.

The k-adaptable problem was already studied in [8, 33, 41, 25]. The idea is to
calculate a set of k second-stage solutions y!,...,y* € Y(z) already in the first stage
and select the best one for each scenario £ € U. This problem can be formulated as

k-adapt ] a 1 dr Tyt
(k-adapt) mip - max min dir+{y
y',. L yFeY (z)

Note that while the k-adaptability problem is complexity-wise harder than the min-
max-min problem (MMM(k)), both problems have a quite similar structure. Namely,
if we fix a first-stage solution z, then (k-adapt) becomes a classical min-max-min
robust problem (MMM(k)).

We can reformulate (k-adapt) as

k

min max min d z+&7yl = min max min d'x+ E NiE Tyt
©€X, €EU i=1,...k r€X, €eU  A>0, —
yl.yfey (x) yl.yRey () > A=l =

Since the feasible regions of the inner max and the inner min are both convex, and
the objective function is linear in both variables, we can swap the maximum and the
inner minimum, which leads to the formulation

min  max d' z+¢&'y.
zeX, A>0 ¢€U

y:EiE[k] Aiy*
>iepn M=l
y's Yt eY (z)

Note that each feasible solution y of the latter problem is a convex combination of k
feasible second-stage policies. Since each point in the convex hull can be described
by a convex combination of at most n + 1 points (by the theorem of Carathéodory),
it follows from the last formulation that (k-adapt) attains the exact optimal value of
(2RO) for each k > n + 1, which was proved in [33]. In the following we denote by
opt(2RO0O) the optimal value of the two-stage robust problem (2RO). Furthermore, we
denote by adapt(k) the optimal value of (k-adapt) with k second-stage policies. Note
that by the previous analysis it holds that opt(2RO) = adapt(n + 1). Furthermore,
we obtain the following chain of optimal values:

adapt(1) > adapt(2) > - -->adapt(n) >opt(2RO)=adapt(n + 1)=adapt(n +2) =...,

where adapt(1) is equal to the optimal value of the classical robust problem.
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3. Approximation algorithm for min-max-min robust optimization. The
min-max-min robust problem is known to be easy to solve if k > n, both theoretically
and practically (see [15]), while it is NP-hard for any fixed k € N even if U is a poly-
hedron and X = {0,1}"™. Moreover, recent results indicate that it is computationally
very hard to solve (MMM (k)) exactly for general convex uncertainty sets U even if k
is fixed and small, e.g., k € {2,3,4}; see [15, 19, 3]. However, nothing is known for
the intermediate setting, i.e., if k£ is not small but smaller than n. Furthermore, no
algorithms with approximation guarantees are known for the problem.

We first have to define what we mean by “intermediate size of k.” To this end
we consider two cases where (a) k=n —1 for a fixed [ € [n — 1] and (b) k = gn for a
fixed g € (0,1). Case (a) can be interpreted as “k is close to n” while case (b) means
“k is a fraction of n,” where the parameter ¢ controls the distance to 1 and to n.

We assume that ||¢|loc < Moo and ||¢|loc > Mmoo > 0 for all ¢ € U. While assuming
an upper bound on U is more natural, the assumption on the lower bound seems
restricting. However, all results in subsection 3.1 can be derived without assuming a
lower bound m., leading to nonsubstantially worse guarantees. For the multiplica-
tive bounds in subsection 3.2 the assumption is needed since for nonpositive objective
values the definition of multiplicative approximation guarantees is not well-defined.
From a practical point of view the assumption is reasonable since for many combi-
natorial problems the objective costs can be assumed to be strictly positive. Note
that considering a maximum-norm bound for any n € N is less restrictive than using
the Euclidean norm since the latter grows with increasing n even if the entries of the
scenarios remain of the same size.

We assume that we have an oracle which returns an optimal solution of the
deterministic problem (P) for each objective cost vector ¢ € U in constant time.
If we speak in the following of an oracle-polynomial algorithm this means that the
calculations for the deterministic problem are assumed to be constant.

In the following we denote the number of nonzero entries of z € X by ||z, i.e.,

llo == {7 € [n]: 2 = 1}].

We furthermore assume that for a given problem class there exist functions p,p: N —
R, such that for each instance X of the problem class of dimension n it holds that
p(n) < ||lz]lo < p(n) for all z € X. Note that while p(n) =1 and p(n) =n are always
valid functions it is possible to derive problem-specific tighter functions as shown in
the following proposition. The problem-specific functions p,p will later appear in the

derived approximation guarantees.

PRrROPOSITION 3.1. In the following we present functions p,p for a list of combi-
natorial problems. B

(a) For the spanning tree problem defined on a graph G = (V, E) for each solution
x we have ||z|o = |V]| —1, d.e., p(n) =1 and p(n) < n. If G is a complete
graph, then the number of edges is |V|(|V| — 1), i.e., for each given n the
number of vertices |V| is uniquely defined and we have p(n) =p(n) </n.

(b) For the matching problem defined on a graph G = (V,E) for each solution x
we have ||z|jo < 3|V|, ie., p(n) =1 and p(n) <n. If G is a complete graph
(which is the case for the assignment problem), then the number of edges is
at most |V'|?, i.e., we have p(n) = p(n) <+/n.

(c) For each cardinality constrained problem, i.e., X, ={x € X | Y. x; =p} fora
given fized p € [n], we have p(n) = p(n) =p. One popular example from robust
combinatorial optimization is the p-selection problem where X = {0,1}".
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Algorithm 3.1. Approximation algorithm for (MMM(k)).

Input: n €N, k € [n], convex set U CR™, X C{0,1}"
1: calculate an optimal solution z?,..., 2" of (MMM(n))
2: calculate an optimal solution A* of

n n

min{ max ¢’z s.t. Ai=1, x= E Nzt

A>0 | ceU — —
i= i=

3: sort the A* values in decreasing order: A} > Ay > -+ > A%,
4: return z',... z**

(d) For the traveling salesman problem (TSP) defined on a complete graph G =
(V,E) for each solution x we have ||z|jo =|V], i.e., p(n) =p(n) </n.

(e) For the VRP defined on a complete graph G = (V, E) with m customers and
one depot for each solution x we have ||x||o < 2m (in case each vehicle visits
exactly one customer) and m+ 1 < ||z|o (in case only one vehicle visits all
customers). Since the graph has m(m+1) edges we have é/n < p(n) <p(n) <
C+/n for constants ¢,C > 0. B

In Algorithm 3.1 we present an algorithm which calculates feasible solutions
for (MMM(k)). The algorithm was already studied computationally in [15]. In this
work we study the approximation performance of Algorithm 3.1. Note that step 1 can
be solved theoretically in oracle-polynomial time in the input values; see [15]. This
step can be implemented by using any algorithm for the case k > n, e.g., the oracle-
based column-generation algorithm presented in [15]. In step 2 we then calculate the
optimal coefficients of the convex combination of the calculated n solutions and after-
ward select only the k solutions with largest coefficients. The maximum expression in
the problem of step 2 can be dualized for classical uncertainty sets (e.g., polyhedra or
ellipsoids). Hence this step involves solving a continuous convex optimization problem
which can be done in polynomial time for polyhedral or ellipsoidal uncertainty sets.
In [15] it was shown that the algorithm is computationally very efficient and provides
solutions which are often close to optimal. However, no theoretical understanding of
this behavior is known. In this section we will, for the first time, derive additive and
multiplicative problem-specific approximation guarantees for Algorithm 3.1. Further-
more, we will show how to calculate ranges for k£ for which a given approximation
guarantee holds. The derived results can be used to show that (MMM(k)) is actually
oracle-polynomial solvable under certain conditions even if k£ < n.

Remark 3.2 (variant of Algorithm 3.1). Note that we can add a sparsity constraint
to the problem in step 2 which ensures that at most k of the optimal \; values are
nonzero. More precisely we can solve the following problem in step 2 in Algorithm 3.1:

n

n

min max ¢!z s.t. N=1 z= g nxt, A <uy
A>0,uef{0,1}n | ceU — —
1= 1=

n
Vi=1,...,n, Zuigk}.
i=1
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Since the latter problem selects the best k of the n solutions involved in the convex
combination, the solution returned by Algorithm 3.1 when using the latter problem
has an objective value at most as large as the original solution of Algorithm 3.1.
Hence all the approximation results shown in this paper also hold for this variant of
the algorithm. On the other hand the latter problem is computationally harder since
it involves a sparsity constraint. In our experiments in section 5 we show that indeed
the solutions of the variant have better objective values coming along with a slightly
larger computation time. We will denote the variant of the algorithm as Algorithm
3.1 (Variant).

In the following we denote the exact optimal value of problem (MMM(k)) by
opt(k) and the objective value of the solution returned by Algorithm 3.1 as approx(k).
We say Algorithm 3.1 has an additive approxzimation guarantee of a: N — R, if

approx(k) < opt(k) + a(n)
for all n € N. We say Algorithm 3.1 has a multiplicative approximation guarantee of
a:N—=Ry if
approx(k) < (1 + a(n)) opt(k)
for all n € N. Note that a can also be a constant function, e.g., a(n) =& for any € > 0,

and we say the algorithm has a constant approzimation guarantee in this case.

3.1. Additive approximation guarantees. We first prove the following gen-
eral lemma which generalizes the result used in the proof of Theorem 6 in [15].
LEMMA 3.3. Assume s,k € [n] where s <k; then it holds that
k—s
s+17

opt(s) — opt(k) < M (n)

where M (n) := Mop(n) — meop(n).

Proof. Let 2*(k) be an optimal solution of problem (2.1) with parameter k. Then
by the results in [15] we have

t(k) = T (k
opt(k) =maxc 2" (k)
and there exists a convex combination z*(k) = ;¢ Az’ where z' € X and A € RY.

with Zie[k] Ai = 1. We may assume without loss of generality that A1 > --- > Ag.
Define a solution z(s) by

k
(3.1) x(s) = Z Nzt + (Z )\i> z*;
i1€[s—1] i=s

then z(s) € X(s) and therefore opt(s) <max.cy ¢! z(s). Let ¢*(s)€argmax, .y ¢’ z(s).
It follows that

opt(s) — opt(k) <maxec' x(s) —maxe' z* (k)

celU ceU

<c*(s)" (x(s) — 2" (K))
k

= ) Nc*(s)" (a7 —a")

i=s5+1

k
< M(n) ( Z )\i> ;
1=s+1
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where the second inequality holds since ¢*(s) is a subgradient of the function g(z) =
max.cy ¢’ o in 2(s). For the first equality we used the definition of z(s) and z* (k)
and for the last inequality we used the assumption p(n) < ||z|lo < p(n) and me <
c*(s); < My for all j € [n]. Due to the sorting A; > <. >\, and since the sum over
all \; is one, we have \; < % and hence

k k 1
M (n) ( > M) < M(n) ( > Z)
1=s+1 1=s+1
< M),

which proves the result. ]
Note that the bound derived in the latter lemma is small if s is large compared
to the difference k — s. Particularly it holds that

opt(k) —opt(k+1) < M(n) —0 for k — oc.

1
k+1
We can conclude that the objective value gain when k is increased by one unit de-

creases to zero when k gets large. From Lemma 3.3 we can easily derive an additive
approximation guarantee for Algorithm 3.1.

COROLLARY 3.4. For giwen k Algorithm 3.1 returns a solution to problem
(MMM (k)) with
n—~k
k+1

approx (k) <opt(k’) + M(n)

for all k' > k.

Proof. We can apply Lemma 3.3 for k =n and s = k. The solution z(s) construc-
ted in (3.1) is composed of the same solutions x!, ..., z* which Algorithm 3.1 returns.
Hence the approximation guarantee holds also for this solution and we obtain

n—k

k+1
It always holds that approx(k) — opt(k’) < approx(k) — opt(n) for all ¥’ > k, which
proves the result. 0

opt(k) — opt(n) < approx(k) — opt(n) < M(n)

Note that the latter approximation guarantee holds for a large number of problem
classes and the parameter M(n) is problem-specific since it involves the functions
p,p. While the approximation guarantee is linear in n and hence can be large, the
interesting observation here is that it goes to zero if k approaches n.

In Figure 1 we show examples of the additive guarantee provided in the latter
corollary for different constants M (n). It can be seen that for all relevant functions p, p
with 1 < p(n),p(n) <n the approximation guarantee goes to zero when k approaches
n. The slower p grows, the faster the approximation guarantee approaches zero.
This indicates that we can approximate (MMM(k)) well by Algorithm 3.1 even for

intermediate values k.

Complexity. We will now analyze the complexity of (MMM(k)) for k =n —
where [ € [n — 1] is a fixed parameter. The following lemma shows that for a fixed
[ we can find a value ng such that for all n > ng Algorithm 3.1 returns an optimal
solution (up to an additive accuracy of € > 0) if p(n) grows sublinear.
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Additive Approximation Guarantee (n = 250)
50000 - :
i - M(n)=50
i iy M(n) = 50log n
40000 M(n) = 50VA
H L e M(n) =50n

300001}

20000 41 &

100001 |

0 50 100 150 200 250

Fic. 1. Additive approxzimation guarantee depending on k for fized n = 250.

LEMMA 3.5. Assume p(n) < Cn'=% where 6 € (0,1] and C > 0. Furthermore, let
k=n—1ande>0. If

1 )
(3.2) > <C]f°°+1> ,

then opt(n) <opt(n —1) <opt(n) +e.

Proof. The inequality opt(n) < opt(n—1) follows since (MMM(k)) attains smaller
optimal values if more solutions are allowed. To prove the inequality opt(n —1) <
opt(n) +& we apply Lemma 3.3 with p(n) = Cn'=%, p(n) =0, s=n—1, and k=n and
we obtain a

l
opt(n —1) —opt(n) < Cnl_éMoom
l
=CMy
e —
l
<CMyp——
- nd —1
<e,

where in the second inequality we used n > 1 and in the third inequality we used
inequality (3.2). |

The result of the latter lemma essentially says that if we want to solve (MMM(k))
with k =n —1[, we do not have to worry about instances where n is large, since we can
solve these instances efficiently by using Algorithm 3.1. This is a pretty surprising
result since we only have to care about the instances with bounded n. If we fix all
parameters of the bound in (3.2), then we can also solve (MMM(k)) for small n by
enumerating all solutions, which leads to the following theorem.

THEOREM 3.6. Assume p(n) < Cn'=% where § € (0,1] and C > 0. Furthermore,
let k=n—1 and e>0. Then we can calculate an optimal solution of (MMM(k)) (up
to an additive error of €) in polynomial time in n if all parameters M, 0, C, €, and

l are fized.

Proof. Given an instance of (MMM(k)) we check if condition (3.2) is true or not,
which can be done in polynomial time, since the right-hand side is a constant. Note
that to avoid calculations of the root-terms an easier bound without the exponents %
could be used.
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Case 1: If the condition is true, we solve (MMM(n)) up to an additive error of
€ in polynomial time, which can be done by Algorithm 3.1 due to Lemma 3.5 and
Corollary 3.4.

Case 2: If condition (3.2) is not true, then n is bounded from above by the

constant
1
20M 3
( =+ 1) .
€

ol

T:=1

Therefore the number of possible solutions in X is in O(27) and hence the number of
solutions of (MMM(k)) is in O(27%) = O(27") since k <n < 7. We can calculate an
optimal solution in this case by enumerating all possible solutions of (MMM (k)) and
comparing the objective values. Note that we can calculate the objective value of a

given solution (M, ..., z(*) by solving the problem
min max ch,
xEconv(x(l),A..,x(k)) celU
which can again be done in polynomial time in n. 0

The following corollary follows directly from Theorem 3.6 and Proposition 3.1.

COROLLARY 3.7. Under the assumptions of Theorem 3.6 we can calculate an
optimal solution of (MMM(k)) (up to an additive error of €) in oracle-polynomial
time if the underlying problem (P) is the spanning-tree problem on complete graphs,
the matching problem on complete graphs, any cardinality constrained combinatorial
problem, the TSP or the VRP.

Note that the required condition on p is likely to be true for many other problems.
Besides the p-selection problem several combinatorial problems with cardinality con-
straint || = p were studied in the literature; see [13] for an overview. Finally note that
the latter corollary states that we obtain an oracle-polynomial algorithm (and not a
polynomial algorithm), which is because some of the stated problems are NP-hard
and hence no polynomial algorithm can be derived unless P = NP.

3.2. Multiplicative approximation guarantees. In this subsection we follow
similar ideas as in the latter section to derive multiplicative approximation guarantees.
In contrast to the previous subsection we assume now that k = [gn] for a fixed
q € (0,1). However, all results can easily be adapted for the case k = n — [, leading
to slightly different bounds and guarantees. With slight abuse of notation in the
following we write k = gn and assume that k is integer.

Approximation guarantees. We prove the following lemma, which is the mul-
tiplicative counterpart of Lemma 3.3.

LEMMA 3.8. Let s,k € [n] where s < k; then it holds that

ovt(s) < (14100 5 ) ope(h),

where M(n) = %:: ggzg . Furthermore, if for all instances of dimension n it holds that

p(n) =p(n), then M(n) := %—‘” is independent of n.
Proof. First note that due to the assumptions p < ||z||op for all z € X and ¢ >

Mool > 0 for all ¢ € U we have opt(k) > 0 for all k € [n] and therefore the multiplicative
approximation guarantee stated in the lemma is well defined.
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By Lemma 3.3 we have

B8 < opt(k) + Macp(n) -

(3.3) opt(s) <opt(k) + M(n) o P

Let z*(k) be an optimal solution of problem (2.1) with parameter k. Then by the
results in [15] we have

_ T %
opt(k)—rgleal}(c x* (k)

and there exists a convex combination z*(k) = 3,y Aiz’ where 2 € X and A € RY.
with 3¢ As = 1. Then it holds that

(3.4) opt(k) = max et (k) >moo1 T a*(k),
C

where the last inequality holds due to the assumption ¢ > ms.1 and since z*(k) > 0.
We can now reformulate

(3.5) Mool Tz* (k) = Z Aimoe Tzt > Z AiMoop(n) = Mmoop(n),
i€[k] i€ (k]

where in the first inequality we used the assumption p(n) < ||z||o. Together with (3.4)
we obtain opt(k) > meep(n). It follows that

opt(s) < opt(k) + Moop(n) ’:;f <14 Myop(n) I:;f
opt(k) — opt(k) - meop(n)
which proves the result.
The second result follows directly from p(n) = p(n). |

Analogously to Corollary 3.4 we can now derive a multiplicative approximation
guarantee for each k € [n] from Lemma 3.8.

COROLLARY 3.9. For given k € [n] Algorithm 3.1 returns a solution to prob-
lem (MMM(k)) with multiplicative approxzimation guarantee

n—=k

approx(k) < (1 + M(n) Ay 1) opt (k")

for all k' > k.

Note that the behavior of the multiplicative approximation guarantee a(n) =
M (n)Z—I_’f is up to the factor M(n) the same as for the additive approximation guar-
antee; see Figure 1 for exemplary behaviors.

If we choose k to be a fraction of n, i.e., k = [¢n] for a fixed ¢ € (0,1), and if
additionally we have p(n) = p(n) (which is the case for the spanning tree problem and
the matching problem on complete graphs, the TSP, and each cardinality constrained

problem), then the approximation factor is given as

Moo n— [gn] <1+Moo(lfq)n:1+Moolfq

1
+ Moo [qn]+1 ~ Moo  qN Moo ¢

which is independent of the dimension n. This proves the following corollary.
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COROLLARY 3.10. Algorithm 3.1 has a constant multiplicative approximation
guarantee for MMM (k)) if k = [gqn] for a fized g € (0,1) and %—:, and p(n) = p(n).

Note that for budgeted uncertainty sets where each parameter is allowed to deviate
from its mean by at most 50% we have %—‘” = 1.5. If we choose g = % the constant
approximation factor of Algorithm 3.1 is

My 1—
142" 9_95
M g

Ranges for k with given approximation guarantee. The latter results lead
to the intuition that the range for k for which Algorithm 3.1 provides a multiplicative
approximation guarantee of a(n) gets larger with increasing n. This is shown in the
following lemma.

LEMMA 3.11. Let k = gn and q € (0,1]; then Algorithm 3.1 returns a solution
with multiplicative approximation guarantee at most a(n) for all

qec [M,ll .
M(n) + a(n)

Proof. We can estimate

approx (k) < - n—qn ~ 1—gq
opt(k) ~ n q

where the first inequality follows from Corollary 3.9 and the third follows from

M(n)
(3:6) 7= M(n) +a(n) O

Note that the lower bound term (3.6) for ¢ goes to zero if the approximation
guarantee grows faster than M (n) while it goes to one if it grows slower. If M (n)
grows as fast as a(n), then it is constant.

In Table 1 we show lower bounds kg such that for all k > kg the given approx-
imation guarantee is achieved. It is important to note that each value k¢ in the
table is given as a fraction of n, i.e., kg = g(n)n where ¢(n) € (0,1). Depending on

the combination of a(n) and ggzg either ¢(n) is constant, g(n) — 0, or ¢(n) — 1 for

n — oo. Note that a constant ¢(n) means that the number of k values for which the
approximation holds grows with n but remains always a certain fraction of n. The
case ¢(n) — 0 is the most desirable case, since here the number of k values for which
the approximation holds grows with n and the fraction of values for which it holds
even increases. The less desirable case is the one where g(n) — 1 since it means that
the fraction of n which can be approximated goes to zero with increasing n. However,
for all bounds the absolute number of approximable k values, i.e., |[n — ko,n] NN,
goes to infinity for n — co. Note that only the function ratio f}gzg has to be bounded.
As shown in Proposition 3.1 this fraction is constant for the spanning tree problem
and the matching problem on complete graphs, as well as for several other mentioned
problems.
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TABLE 1

For each pair of function ratio £ and approzimation guarantee a(n) the table shows a value ko

(n)
such that for all k > ko Algorithm 3.1 returns a solution of (MMM(k)) with approzimation guarantee
a(n). It holds that 1 := %—0" and v,6 €10,1).

aln
~__a(n) 1
p(n) 3 ogn n
p(n)
. n ( v __rhwu
const. v (7?w+5) n (fn'u—&-l()g 'n,) (m u+n1 Rl )
mlogn m mlogn
logn n (mlogn+e> n <'fn,+1> (m logn+n1 ol
1-9 nt—9 nt—9
n n (mn1—°’+s n mnl=3%+logn +n”’ Y

4. Approximation algorithm for k-adaptability problems. In this section
we extend the results of the previous section to the k-adaptability problem. We
already showed in section 2 that the optimal values of the k-adaptability problem
follow the chain

adapt(1) > adapt(2) > - -- > adapt(n) > opt(2RO) = adapt(n + 1)
=adapt(n+2)=...,

where adapt(1) is equal to the optimal value of the classical robust problem.

However, calculating a set of n + 1 second-stage policies can be computationally
heavy. Hence it would be desirable to find smaller bounds for k, which lead to a
certain approximation guarantee for the optimal value of the two-stage robust problem
opt(2R0O). In the following we will show that the results from the previous section
can be extended to (k-adapt) to provide better bounds on k. We will first show that
Lemmas 3.3 and 3.8 also hold for (k-adapt).

Similar to the previous sections, we assume that for a given problem class there
exist functions p,p : N — R, such that for each instance (X,Y (X)) of the problem
class where the number of second-stage variables is n it holds that p(n) < ||yllo <
p(n ) for all y € Y(x) for all x € X. We also assume again that ||¢]o < M., and
n&i > Mo >0 for all £ € U. Furthermore, we assume d > 0.

LEMMA 4.1. Assume s,k € [n+ 1] where s <k; then it holds that
k—s
dapt(s) — adapt(k) < M(n)——
adapt(s) — adapt(k) < M (1) =,
where M (n) := Myop(n) — meop(n).

The proof of Lemma 4.1 is very similar to the proof of Lemma 3.3 and is hence
omitted.
We now prove that also Lemma 3.8 can be extended to the k-adaptable case.

LEMMA 4.2. Let s,k € [n] where s < k and for the first-stage costs it holds that
d >0, then it holds that

adapt(s) < <1 + M(n)ﬁi) adapt(k),

where ]\Zf(n) = —“;( ) Furthermore, if for all instances of dimension n it holds that

p(n) =p(n), then M (n) := M= s independent of n.
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Proof. Similarly as in the proof of Lemma 3.8 we can estimate
adapt(k) > meop(n),

where we used the fact that the first stage costs d' 2 > 0. We can now follow the
proof of Lemma 3.8 to prove the result. ]

Approximation guarantees for two-stage robust optimization. Analo-
gously to the derivations in subsection 3.2 we can prove the following bounds on the
number of second-stage policies needed to approximate the optimal value of the robust
two-stage robust problem up to a certain approximation guarantee.

LEMMA 4.3. Let k=qn and q € (0,1]; then
adapt(k) < (1 + a(n))opt(2RO)

for all

M(n
ge | M@
M(n) +a(n)
From the latter lemma we can conclude that to derive a solution to (2RO) with
an multiplicative approximation guarantee of a(n) it is enough to calculate an optimal

solution of (k-adapt) with
[
b= {M(n) +a(n) -‘

second-stage policies. Furthermore, all the bounds kg provided in Table 1 can also be
used in this case for (k-adapt). Note that the number of second-stage policies needed
in Table 1 is significantly smaller than n, especially with increasing n. This is shown
in the following examples.

Ezample 4.4 (facility location). Consider the two-stage robust facility location
problem (see [33]) for a fixed number s of locations and a variable number r of cus-
tomers. Fixing the number of locations is rarely a restriction in practice since the
number of locations can be chosen to be small. We consider the case s =100. In the
first stage we can open facilities in a subset of the locations, which comes with a cost.
In the second stage we have to assign each customer to exactly one of the opened
facilities. We assume that the costs of assigning customers to facilities is uncertain.
In the classical integer programming formulation the first-stage dimension is m = s
and the second-stage dimension is n = sr. For each second-stage solution y it holds
that [lyllo =7, i.e., p(n) =p(n) = Ln.

We assume the second-stage assignment costs are given by an uncertainty set
U C [¢ — 0.02¢,¢ + 0.02¢]" where ¢ € R™ is a given mean vector with entries in
[800,1000]. Then we have

784 <||cjoc <1020 ¥V c€U
and hence
M., 1020
< <

— < —<2.
Moo 184 —
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We can conclude that M (n) <2. Applying the result of Lemma 3.11, Table 2 show the
number of second-stage policies which have to be used in the k-adaptability approach
to achieve an additive or multiplicative approximation guarantee of a(n) for (2RO).

Ezample 4.5 (recoverable robust optimization). In the recoverable robust opti-
mization problem (see [38]) the idea is to find a solution in X C {0,1}™ which is
worst-case optimal where in the second stage after the uncertain parameters are re-
vealed we are allowed change at most p entries of the solution and the result has
to be another feasible solution in X. This can be modeled as a two-stage robust
optimization problem as

min max min cTy,
z€X ceU yeY(x)

where

m
Y(z): {z+,z_ €{0,1}":x+2" - 27 €X, sz—i—z; <p }

i=1
Here the dimension of the second stage is n = 2m and p(n) = p(n) = p. We consider
the same uncertainty set as in Example 4.4, i.e., M(n) < 2. In Table 3 we show the
values for the number of second-stage policies k we have to use in the k-adaptability
approach to get a multiplicative approximation guarantee of a(n). We show the values
for m =500 (i.e., n =1000) and p = 10. Note that the values also hold for dimensions
larger than that; however, in this case the fraction should be recalculated to obtain
better values.

The result indicates, e.g. if we use the k-adaptability approach with k = 60 second-

stage policies, then we obtain a multiplicative y/n-approximation of the recoverable
robust problem.

Furthermore, note that Corollary 3.10 can directly be extended to k-adaptability
problems.

TABLE 2
Number of second-stage policies needed in the k-adaptability approach (withr > 1000 customers)
to approzimate the facility location problem up to an approzimation guarantee of a(n).

a(n) k
2n
log(n) 0.15n
n .007n
0.007
TABLE 3

Number of second-stage policies needed in the k-adaptability approach (with n > 1000) to ap-
proximate the recoverable robust optimization problem up to an approzimation guarantee of a(n).

a(n) k
2n
log(n) 0.23n
n 0.06n
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COROLLARY 4.6. The k-adaptability problem achieves a constant multiplicative
approzimation guarantee of

for the two-stage robust optimization problem if k = [qn] for a fized q € (0,1) and
%—::, and p(n) =p(n).

Note that the latter corollary is especially valid for the recoverable robust prob-
lem. For budgeted uncertainty sets where each parameter is allowed to deviate from
its mean by at most 50% we have %—z = 1.5. If we choose q = % the constant
approximation factor of Algorithm 3.1 is
Moo 1- q
M g

4.1. Approximation algorithm for k-adaptability problems. The results
in the latter subsection provide useful bounds on the number of second-stage policies
k which have to be calculated to obtain a certain approximation guarantee for the
exact two-stage robust problem. While this is useful from a theoretical point of
view, there is no algorithm known which can achieve these approximation guarantees.
Unfortunately, using Algorithm 3.1 is not possible since it cannot provide first-stage
solutions.

In [26] the authors derive approximation guarantees for the two-stage robust
problem with discrete uncertainty. They show that by choosing an appropriate set
of scenarios and solving the two-stage robust problem for this set, the obtained first-
stage solution has a certain approximation guarantee. In the following we will adapt
the results of [26] to derive an approximation algorithm for the k-adaptability problem
with convex uncertainty sets.

We first adapt and generalize the result from [26] to our setting, i.e., for convex
uncertainty sets and for the k-adaptability problem.

LEMMA 4.7. Let {€',...,€'} CU be a set of scenarios and a>1 such that
(4.1) VEeU Jielt]: £<afl

1+ =2.5.

holds. Then any optimal solution T of the problem
min d' z + p
(4.2) st p>@HTE, i=1,....t,
reX, vy eY(x),

has a multiplicative approzimation guarantee of o — 1 for the k-adaptability problem
for all k <t.

Proof. The proof follows similar steps as in [26]. Let ,9',...,9" be an optimal
solution of problem (4.2) and let x*,y'*,... ,y** be an optimal solution of the k-
adaptability problem (k-adapt). We bound the k-adaptable objective value of solution
&,9%,...,9" as follows:

d"Z4+max min ¢'j*<d'i4+ max min af '’
gelU i=1,...,t 56{51 _____ ét}i:l,...,t

<o <dT§3+ max minthgf)
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<ald'z*+ max  min Tyt
gefér,.. £e}islok

<a <de* + max min {Ty”>
£eU 4 k

1=1,...,

=« - adapt(k),

where for the first inequality we used condition (4.1) and for the second inequality we
used o> 1 and d' & > 0. Note that problem (4.2) is equivalent to the problem

min d'z+ max min £y’
rzeX fe{él,.“,ét}izl"“’t
ylyteY (z)

and since 2,9, ...,4¢ is an optimal solution of the latter problem the third inequality
follows since k <t. The last inequality follows since {&*,...,£'} CU. 0

The latter lemma shows how to find a solution with an approximation guarantee
of a—1 for the k-adaptability problem. However, deriving the scenario set {é L ,ét}
which leads to the best approximation guarantee is computationally heavy; see [26].
In the following we propose a more efficient heuristic approach in Algorithm 4.1 where
an arbitrary set of ¢ scenarios in U is used, which leads to a certain approximation
guarantee for the k-adaptability problem; see Theorem 4.9.

Remark 4.8 (variant of Algorithm 4.1). In Remark 3.2 we presented a variant of
Algorithm 3.1 where for the selection of the k solutions a sparsity constraint is added
to the problem in step 2 of Algorithm 3.1. Obviously we directly obtain a variant of
Algorithm 4.1 by applying Algorithm 3.1 (Variant) in the third step of Algorithm 4.1.
We will denote this algorithm as Algorithm 4.1 (Variant).

In the following we define the k-adaptable objective value for the solution &, 7', ...,
y* returned by Algorithm 4.1 as

o . T
aApPrOXadapt (k) :=d & + P &

We can now show the following theorem.

Algorithm 4.1. Approximation algorithm for k-adaptability.

Input: neN, k€ n], t >k, convex U CR", u,u € R" s.t. U C [u, ]
Select arbitrary £%,...,£0 e U.

Calculate an optimal solution (Z,9!,...,9") of problem (4.2) with scenarios
[T 1
Calculate solutions 3',...,7"* € Y(&) by Algorithm 3.1 for the min-max-min
problem
d'i+ min max min &'y’

yl,...ykeY () £€U i=1,....,k

return &,7',...,7"
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THEOREM 4.9. Let k € N with k <n, U CRY, and u,u € R"} such that U C [u,u].
Then for the solution &,7",...,5" returned by Algorithm 4.1 it holds that

n—=~k

k+1

ApProX ,4qpi(k) < (1 + M(n) ) adapt(k),

,,,,,

Proof. We first derive the approximation value @ in Lemma 4.7 for the set of
scenarios €1, ..., & selected in step 5. Note that for every scenario &€ € U it holds that

5<% viepjem
§ Y
since él, - ,ft € U. Hence, the assumption of Lemma 4.7 is true for

U
o= max —.
u

We can now bound the objective value of the solution calculated by Algorithm 4.1 as
follows:

APPrOXadapt (k) =d'i+ Iﬁneal}{ z:ril,m,k €ng

: . T, i
min max min
k+ 1) Yyl ykeY (8) €U i=1,...,k &y

~ —k ,
< |1+ M(n) n d"z+ min  max min &'y’
YL, gk €Y (2) EEU i=1,....k

<a <1 + ]\Zf(n)ZJrIf) adapt(k),

where the first inequality follows from the multiplicative approximation guarantee
derived in Corollary 3.9 which we obtain since we apply Algorithm 3.1 in step 7 to
the min-max-min problem with fixed first-stage solution Z. The second inequality
follows since (1 4 M (n)ﬁ—;’f) > 1 and d"2 > 0 and the third inequality follows by
applying Lemma 4.7 with the a value derived above. ]

Note that the derived approximation guarantee differs only by the multiplicative
factor a from the one shown in Lemma 4.2 and « does not depend on the dimension
n. Hence the analysis shown in section 3 can be easily adapted here. However,
the approximation guarantee can never be smaller than . The factor « is given as
the maximum ratio of the upperbound and the lowerbound value of the uncertainty
set over all dimensions. Hence, larger uncertainty sets lead to larger approximation
guarantees. Note that if we consider budgeted uncertainty sets where the deviation
of the mean-value is at most 50%, then o =max;—1 . Y~ 1.5.

SN

One limitation of our analysis is that the parametér « is independent of the
number of scenarios ¢ which are chosen. This is counterintuitive since generating more
scenarios in step 5 of Algorithm 4.1 can lead to better approximation guarantees.

4.2. Calculating lower bounds for k-adaptability problems. In the follow-
ing we show how to efficiently calculate lower bounds for the k-adaptability problem
which can be used together with the upper bounds calculated in the previous section
in classical algorithmic frameworks to calculate optimality gaps.
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Using the reformulation of the k-adaptability problem

min max d'z+¢ 'y,
T€X, A>0 €eU

y=Eiem Aiy*
e Ni=1
y's oyt eY (z)

it is easy to see that a valid lower bound is given by the case where k =n + 1. This
follows from the fact that the objective value decreases with larger k and since by the
theorem of Carathéodory it follows that any convex combination can be described by
at most n + 1 points. This was also shown in [33]. For k = n + 1 the problem is
equivalent to

min max d'z+ &' y.
zeX,ycconv(Y (z)) £EEU

This problem can be lower bounded by

min ~ max d'z+¢ 'y,
(z,y)€conv(Z) E€U
where Z = {(z,y): z€ X,y €Y (x)}; see [34] for more details. The latter problem is
of the type (2.2) and hence it is equivalent to a min-max-min robust problem over the
set Z with k =n + 1. This can be efficiently solved again by the standard methods
shown in [15]. We will use this lower bound to provide optimality gaps for Algorithm
4.1 in section 5.

5. Computations. In this section we test Algorithm 3.1 (and its variant) on
random instances from the min-max-min literature for the shortest path problem and
the knapsack problem and compare the objective values to the lower bound obtained
by solving (MMM(n)).

Additionally we test Algorithm 4.1 on a generic two-stage robust problem studied
in [25] and on a two-stage network construction shortest path problem. We apply
Algorithm 4.1 with ¢ =n scenarios selected in the first step.

All algorithms were implemented in Python 3.10 and all optimization problems
were solved by Gurobi 10 [31] with standard hyperparameter setup. Experiments were
executed on a cluster with AMD Genoa 9654 (2x) 96 Cores/Socket 2.4GHz 360W CPU
and with 24 x 16GiB 4800MHz, DDR5 RAM.

5.1. Instances. We test the algorithm on the minimum knapsack problem (KP),
which is given by

min &' z.

aTwa

z€{0,1}"
For n € {50,100} we generate 100 random knapsack instances with correlated costs
and weight values. The weights a; are drawn from a uniform distribution on {1,...,
100} and the knapsack capacity b is set to 35% of the sum of all weights. The mean-
costs ¢; are drawn from a uniform distribution on the set [max{1, a; — 10}, a; + 10)NN
for every i € [n]. For each knapsack instance we generated a budgeted uncertainty set

U=SceRie;=c+6A;, » 6;<T,5€[0,1]" 5,
i€[n]

where A; = %Ei and we consider budget parameters I' € {2,5}.
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For the shortest path problem (SPP) we use the original instances from [33],
which were also used in several other publications of the min-max-min literature.
We consider random graphs G = (V, E) with |V] € {30,50} nodes corresponding to
points in the Euclidean plane with random coordinates in [0,10]. For each dimension
we use all 100 instances generated in [33]. We consider budgeted uncertainty sets
described as above where the mean values ¢;; on edge (7,7) are set to the Euclidean
distance of nodes i and j and the deviation values are set to A;; = 3¢;;. The budget
parameter I' was chosen in € {2,5}.

As a two-stage problem we consider the generic k-adaptability problem (GP) stud-
ied in [25], which is defined as

minmax min d' x4+ &'y
€eU i=1,....k

s.t. ixl =10,
i=1

ffyt—a'z>0, i=1,...,k,
ze{0,1}™,yt, ... ,yF e{0,1}",

where z are the first-stage decision variables and y* the second-stage decision variables
and n =m and n,m € {30,50}. The parameters d;, a;, and f; are uniformly and ran-
domly generated in [8,12], [50,100], and [80,90], respectively. We generate budgeted
uncertainty sets as above with mean values & uniformly and randomly generated from
8,12] and deviations values A; = & . The budget parameter I' was chosen in € {2,5}.
In total we generated 100 instances of the problem.

Finally we consider a two-stage network construction variant of the shortest path
problem (2SPP). We consider the same instances as for the shortest path problem but
study the k-adaptability problem

minmax min d'z+¢&'y
¢eU i=1,...k

where Ysp(x) is the set of paths in G (encoded by their 0-1 incidence vectors) where
y. < . for all i € [k]. Hence, the task is to buy a set of edges in the first stage
(indicated by the decisions ) such that for every scenario £ € U a good path y* exists
which only uses edges bought in the first stage. This problem was already studied
in [27]. The first-stage costs are set to d = %mini:L,,,,n E}l, where f is the mean-
cost vector of the budgeted uncertainty set. The latter choice is motivated by the
observation that if the costs are set significantly smaller, the optimal solution is to
buy all edges of the graph. On the other hand if the value is set significantly larger,
the optimal solution is to buy just one path in the graph, so in the second stage there

is no option to adapt to the scenarios.

5.2. Computational results. In the following subsections we show the achieved
optimality gaps and runtimes of Algorithm 3.1 (and its variant) and Algorithm 4.1
(and its variant) for the problem instances introduced in the previous subsection and
for different values of k. All values are given as the average over 100 instances.

To obtain the optimality gap, we first run Algorithm 3.1 (or Algorithm 4.1)
and record the objective value obj of the returned solution. Then we calculate a
lowerbound for the KP and SPP instances by calculating the optimal value of the
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corresponding min-max-min problem for & = n by applying the iterative method
presented in subsection 4.2 to the one-stage problems. For the two-stage problems
GP and 2SPP we apply the same algorithm presented in subsection 4.2 to obtain a
lower bound. The optimality gap is defined as

bj —1 bound
obj — lowerbound .

8ap = lowerbound

The runtimes are given in seconds. We set a time limit of 1800 seconds for the
problem to be solved in step 2 of Algorithm 3.1 (Variant) since in our experiments it
was the only subproblem which sometimes leads to huge runtimes, due to the sparsity
constraint. In case the time limit is reached we take the best known solution provided
by Gurobi.

5.2.1. The knapsack problem. In the following we show the results of Al-
gorithm 3.1 and Algorithm 3.1 (Variant) on the KP instances described above. In
Figure 2 the optimality gaps are shown in % for different values of k for the KP. The
results show exactly the behavior we analyzed in section 3, namely the optimality gap
decreases for increasing k and returns the optimal solution already for k& > 20 for both
instance sizes. For k =4 the optimality gap is at most 4%. The results show that the
optimality gaps increase for larger uncertainty sets (i.e., larger I') but interestingly
decrease for larger dimension of the problem. Furthermore, Algorithm 3.1 (Variant)
performs significantly better with acceptable increases in computation times as shown
in Figure 3. Interestingly the instances with midsize k are the hardest instances for
Algorithm 3.1 (Variant) while for larger k the runtime decreases again. Possibly this
is because the sparsity constraint is redundant for larger k. Both algorithms are able
to achieve small optimality gaps in less than 1 second.

Optimality Gaps KP (n = 50) Optimality Gaps KP (n =100)

— Alg.3.3;T=2 — Alg.3.3;T=2

— Alg.3.1;T=5

12 — Alg.3.3;T=5

~=- Alg. 3.1 (Variant); =2
-=- Alg.3.1 (Variant); [ =5

-== Alg. 3.1 (Variant); =2
-=- Alg.3.1 (Variant); F=5

o = N w & 0 o 9~

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20 22 24
3

FI1G. 2. Average optimality gaps for KP instances with n = 50 (left) and n = 100 (right) for
Algorithm 3.1 and Algorithm 3.1 (Variant) for different values of I'. The shaded area denotes the
values between the 10% and 90% quantiles.

Runtimes KP (n = 50) Runtimes KP (n =100)

— Alg.3.3;T=2 LN

— Alg.3.3;T=5 Ny 10°

-=- Alg. 3.1 (Variant); [ =2 N

-=- Alg.3.1 (Variant); [ =5
P

— Alg.3.1;T=2

— Alg.3.1;F=5  TT°T = <.
-=- Alg. 3.1 (Variant); [ =2

-=- Alg. 3.1 (Variant); F=5

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20 22 24
k k

F1G. 3. Average runtimes for KP instances with n =50 (left) and n =100 (right) for Algorithm
3.1 and Algorithm 3.1 (Variant) for different values of I'. The shaded area denotes the values between
the 10% and 90% quantiles.
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Optimality Gaps SPP (30 nodes)

— Ag.3.1;r=2
— Ag.3.1;T=5

~=- Alg. 3.1 (Variant); F=2
~=- Alg. 3.1 (Variant); =5

Optimality Gaps SPP (50 nodes)

— Alg.3.1;T=2
— Ag.3.L;T=5

-=- Alg. 3.1 (Variant); [ =2
~=- Alg. 3.1 (Variant); [ =5

F1G. 4. Average optimality gaps for SPP instances with 30 nodes (left) and 50 nodes (right) for
Algorithm 3.1 and Algorithm 3.1 (Variant) for different values of I'. The shaded area denotes the

values between

6x1071

the 10% and 90% quantiles.

Runtimes SPP (30 nodes)

— Ag.3.1;T=2
— Ag.3.1;T=5

-=-- Alg.3.1 (Variant); [ =2
-=- Alg.3.1 (Variant); =5

4x10°

3x10°

Runtimes SPP (50 nodes)

— Ag.3.1;T=2 AN
— Alg.3.1;T=5 /
=== Alg. 3.1 (Variant); [=2 « ____~ .

-=- Alg. 3.1 (Variant); =5

- e
ax10t I mmmmem e 2x10°
3x1071 L//f’)-»
100
2 4 6 8 10 2 4 6 8 10 12 14 16 18 20

F1G. 5. Average runtimes for SPP instances with 30 nodes (left) and 50 nodes (right) for Algo-
rithm 3.1 and Algorithm 3.1 (Variant) for different values of I'. The shaded area denotes the values
between the 10% and 90% quantiles.

Optimality Gaps GP (n =m = 30 nodes)

— Alg.4.1;T=2
— Alg.4.1;T=5
~=- Alg. 4.1 (Variant); [ =2
-=- Alg. 4.1 (Variant); F=5

Optimality Gaps GP (n =m =50 nodes)

— Alg.4.1;T=2
— Ag.4.1;T=5

~=- Alg. 4.1 (Variant); F=2
--- Alg. 4.1 (Variant); F=5

F1G. 6. Average optimality gaps for GP instances with n =m =30 (left) and n =m =50 (right)
for Algorithm 4.1 and Algorithm 4.1 (Variant) for different values of I'. The shaded area denotes
the values between the 10% and 90% quantiles.

5.2.2. Shortest path problem. In the following we show the results of Al-
gorithm 3.1 and Algorithm 3.1 (Variant) on the SPP instances described above. In
Figure 4 the optimality gaps are shown in % for different values of k for the SPP. Sim-
ilar to the KP, the results show exactly the behavior we analyzed in section 3, namely
the optimality gap decreases for increasing k and returns the optimal solution already
for k = 20 for both instance sizes. Compared to KP the optimality gaps are larger for
small k. The results show that the optimality gaps increase for larger uncertainty sets
(i.e., larger I') and for a larger dimension of the problem. Furthermore, Algorithm 3.1
(Variant) performs significantly better. However, this comes with larger computation
times, as shown in Figure 5. Algorithm 3.1 (Variant) is able to achieve optimality
gaps below 5% for k=4 and I' =5 in less than 10 seconds.

5.2.3. A generative k-adaptability problem. In the following we show the
results of Algorithm 4.1 and Algorithm 4.1 (Variant) on the GP instances described
above. In Figure 6 the optimality gaps are shown in % for different values of k. Similar
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Runtimes GP (n=m = 30) Runtimes GP (n =m = 50)

F—— Alg.4.1;T=2 N
— Alg.4.1;T=5 e AN

|| === Ao a1 variann; =2
10°9 - Alg. 4.1 (Variant); T=5

“ w 100

— Alg.4.1;T=2

—— s 0
=== Alg. 4.1 (Variant); =2

—=- Alg. 4.1 (Variant); F=5

10°

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
k Kk

F1G. 7. Average runtimes for GP instances with n =m = 30 (left) and n =m =50 (right) for
Algorithm 4.1 and Algorithm 4.1 (Variant) for different values of I'. The shaded area denotes the
values between the 10% and 90% quantiles.

Optimality Gaps 2SPP (30 nodes) Optimality Gaps 2SPP (40 nodes)
35
30 — Alg.4.1;T=2 — Alg.4.1;T=2
— Alg.4.1;T=5 304 — Alg.4.1;T=5
—=-- Alg. 4.1 (Variant); =2 —=- Alg. 4.1 (Variant); [ =2
254 —=-- Alg. 4.1 (Variant); T =5 —=-- Alg. 4.1 (Variant); =5
254
20
® ® 201
154
\ 15 4
104 104
5 5
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
k k

F1G. 8. Average optimality gaps for 2SPP instances with 30 nodes (left) and 40 nodes (right)
for Algorithm 4.1 and Algorithm 4.1 (Variant) for different values of I'. The shaded area denotes
the values between the 10% and 90% quantiles.

to the previous section, the results show exactly the behavior we analyzed in section
3, namely the optimality gap decreases for increasing k. However, since the first-stage
solution calculated by Algorithm 4.1 is only an approximation, the optimality gap
does not necessarily converge to zero for growing k, as was the case in the previous
sections. The optimality gaps for small k are not larger than 5%. The results show
that the optimality gaps increase for larger uncertainty sets (i.e., larger I') and for
a larger dimension of the problem. Furthermore, Algorithm 4.1 (Variant) performs
significantly better. This comes with a small increase in computation times as shown
in Figure 7. Algorithm 4.1 (Variant) is able to achieve optimality gaps below 1% for
k=4 in around 10 seconds.

5.2.4. Network construction shortest path problem. In the following we
show the results of Algorithm 4.1 and Algorithm 4.1 (Variant) on the 2SPP instances
described above. In Figure 8 the optimality gaps are shown in % for different values
of k. The optimality gap decreases up to k = 4. However, since the first-stage
solution calculated by Algorithm 4.1 is only an approximation, the optimality gap
does not necessarily converge to zero for growing k, as was the case for the min-
max-min instances. Unfortunately the approximation guarantee remains at 7.5% for
I' =2 and 15% for I' = 5 for all k > 4. Here better problem-specific approximation
algorithms for finding good two-stage solutions have to be developed. The results
show that the optimality gaps increase for larger uncertainty sets (i.e., larger ') and
for a larger dimension of the problem. Algorithm 4.1 and Algorithm 4.1 (Variant)
perform similarly in terms of optimality gap and runtimes; see Figure 9.
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Runtimes 2SPP (30 nodes) Runtimes 2SPP (40 nodes)

— Ag.4.1;T=2 — Ag.4.1;T=2
— Alg.4.1;T=5 — Ag.4.1;T=5

=== Alg. 4.1 (Variant); [ =2 === Alg. 4.1 (Variant); =2
-=- Alg. 4.1 (Variant); F=5 4x10' ff ==~ Alg. 4.1 (Variant); [ =5

«w 3x10%

2x10!

F1G. 9. Average runtimes for 25PP instances with 30 nodes (left) and 40 nodes (right) for
Algorithm 4.1 and Algorithm 4.1 (Variant) for different values of I'. The shaded area denotes the
values between the 10% and 90% quantiles.

Optimality Gaps KP (n =50) Optimality Gaps SPP (30 nodes)
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10%9 —-= Theoretical Bound; I'=2 5 —-= Theoretical Bound; =2
—-- Theoretical Bound; I =5 10 —-- Theoretical Bound; F=5
107 4
. . 10t
1071 10-1
1073 4 1073 4
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
k k
Optimality Gaps GP (n =m = 30) Optimality Gaps 2SPP (30 nodes)
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—-= Theoretical Bound; [ =5 —-= Theoretical Bound; I =5
N
NS

1014

107" 4

10 5

10774

Fic. 10. Average optimality gaps for all four problems achieved by Algorithm 3.1 and by the
theoretical additive guarantee presented in Lemma 3.3. The shaded area denotes the values between
the 10% and 90% quantiles.

5.2.5. Computational analysis of the theoretical guarantee. In this sec-
tion we compare the theoretical guarantee derived in this work with the actual guar-
antee Algorithms 3.1 and 4.1 achieve. In Figure 10 the theoretical optimality gap
and the optimality gaps achieved by Algorithms 3.1 and 4.1 are shown on the same
instances and setups as in the previous sections. The results show that the theoretical
gaps are far from tight for small £ and decrease down to 0 (or a certain approxima-
tion guarantee in the k-adaptability case) for much larger k. We also note that the
theoretical gaps do not depend on the chosen I'.

6. Conclusion. In this work we study the min-max-min robust problem for bi-
nary optimization problems with uncertain costs. We focus on the case when the
number of calculated solutions k is of intermediate size, i.e., it is either smaller but
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close to n or a fraction of n. We present an algorithm with provable additive and
multiplicative approximation guarantees (involving problem-specific parameters) for
both cases. The derived approximation guarantees depend on the size of the uncer-
tainty set and the dimension of the problem and can be large for small k, but converge
quickly to zero with increasing k. For special cases the guarantees provide a constant
approximation guarantee (independent of n). Furthermore, we calculate the range of
parameter k£ for which a certain guarantee is achieved. We show that surprisingly if
k is close to n, the min-max-min problem remains theoretically tractable and can be
solved exactly and approximately in polynomial time for a large set of combinatorial
problems if some problem parameters are fixed.

We extend the previous results to derive an approximation algorithm for k-
adaptability problems and to derive lower bounds on the number of second-stage
policies k which have to be used to achieve a certain approximation guarantee for
the exact two-stage robust problem. We show that these bounds can also be used to
approximate the recoverable robust problem.

Finally, our theoretical insights are confirmed by computations on instances from
the literature. The experiments show that the presented algorithm is able to calculate
solutions with small optimality gap in seconds, where the optimality gaps quickly go
to zero with increasing k. However, for the k-adaptability problem the optimality
gap depends on the quality of the first-stage solution which is calculated by an easy
approach which does not have to perform well for all problems.

The results of this paper indicate that solving the min-max-min problem (and to
some extent the k-adaptability problem) gets easier if k gets larger. This is in contrast
to the results usually presented in the min-max-min and k-adaptability literature,
where the number of solved instances (during a given time limit) is often decreasing
in k. However, if the approximation algorithms derived in this work (and the presented
lower bounds) would be used to calculate solutions with good optimality guarantee,
most of the known exact algorithms will scale much better for growing k due to the
presented behavior of the approximation bounds. Hence, we strongly recommend use
of the presented approximation algorithms and lower bound calculations.

The computations show that the derived theoretical approximation guarantee in
this work is not tight for all studied problems, which is partly due to the generality of
the bound. To this end, better problem-specific bounds should be derived in future
works. While the approximation quality in dependence of k for objective uncertainty is
now better understood, for future work it would be interesting to derive similar results
for the case that uncertain parameters are also allowed to appear in the constraints.
However, the analysis presented in this work cannot be directly extended to this case
and a completely new approach has to be developed.
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