UNIVERSITY OF AMSTERDAM
X

UvA-DARE (Digital Academic Repository)

Moments, time-depending rebates and the put-call parity for barrier options

Veestraeten, D.

Publication date
2013

Document Version
Submitted manuscript

Link to publication

Citation for published version (APA):
Veestraeten, D. (2013). Moments, time-depending rebates and the put-call parity for barrier
options. University of Amsterdam.

General rights

It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations

If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

UVA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)
Download date:09 Dec 2023


https://dare.uva.nl/personal/pure/en/publications/moments-timedepending-rebates-and-the-putcall-parity-for-barrier-options(02f9aca7-6201-4ac9-be13-62253b73a141).html

Moments, time-depending rebates and the put-call parity for barrier
options

Dirk Veestraeten*

University of Amsterdam
Faculty of Economics and Business
Department of Economics
Roetersstraat 11
1018 WB Amsterdam
The Netherlands

January 28, 2013

Abstract

This paper derives put-call parity relations for barrier options via a probabilistic approach. As in
the case of standard options, the difference between call and put prices depends on the stock price
and the discounted exercise price. However, these terms now become functions of the moments of
the relevant defective distributions and as such correct for the loss of probability that the barrier
provisions bring. Moments are also useful building blocks for the valuation of a wide variety
of time-depending rebate specifications that are interesting both from a theoretical as well as a
practitioner’s point of view. For instance, rebate payments that are larger when the option is
knocked out later recognize the higher opportunity costs caused by the option having immobilized
funds over a longer period of time.
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1 Introduction

The put-call parity of Stoll (1969) establishes a simple arbitrage relation between the value of European
call and put options that share the same exercise price and time to maturity. The underlying static
hedge portfolio, however, requires that the put and the call exist both at the current point of time
as well as at the maturity date. This parity then cannot apply to barrier options as discussed in, for
instance, Kunitomo and Ikeda (1992) since knock-out options are cancelled when the underlying asset
price hits the barrier and knock-in options only create standard options when the asset touches the
barrier.

This paper employs a probabilistic approach in order to derive the relationship between prices of
put and call barrier options of the same type (knock-in or knock-out), with identical exercise price,
barrier level and time to maturity. The put-call parities for barrier options, similar to the parity for
standard options, also express the difference between put and call prices in terms of the discounted
exercise price and the stock price. However, the latter terms now are explicitly linked to the zeroth
and first moments, respectively, of the relevant defective distribution of the future stock price. This
modification of the standard put-call parity has a straightforward intuition. In fact, the connection
to the moments essentially corrects the put-call parity of Stoll (1969) for the loss of probability mass
(zeroth moment) and conditional expectation (first moment) that is associated with potential option
cancellation (knock-out options) and the possible failure to be created (knock-in options). This also
implies that the put-call parity for standard options must emerge as a limit case of the parity for
barrier options. In fact, letting the lower (upper) barrier decrease (increase) to 0 (+o00) produces the
familiar put-call parity as the probability loss is reduced to zero.

Moments are not only useful for the derivation of put-call parities, but also facilitate pricing of the
rebate provisions that often accompany barrier options. Rebates compensate the owner of the option
for potential cancellation of the option or the lack of creation of a standard option. Typically, rebates
are stipulated as fixed cash payments (see, for instance, Rubinstein and Reiner, 1991a), although more
elaborate and/or time-depending specifications could also be of interest to investors. For instance,
investors may want the rebate of a knock-in option to depend on market conditions at the maturity
date in order to let it be larger the further the stock price is situated below the upper barrier. Also,
higher rebates when the option is knocked out later would bring a larger compensation in line with the
fact that the option has immobilized funds over a longer period. Such alternative rebates are easily
valued via moment expressions for the distributions of the future stock price and the first-hitting time.

This paper derives in total 8 put-call parities for single-barrier options that have rebate provisions.
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It also specifies the related 8 in-out parities, i.e. the relation between in- and out-options that are
otherwise identical. These parities then are used to obtain all 16 single-barrier option prices (call/put,
knock-in/knock-out, upper/lower barrier, exercise price above/below the barrier) on the basis of only
4 explicit prices. This allows us to reproduce the barrier option prices for fixed-sum rebates that are
derived in Rubinstein and Reiner (1991a) in a simple and intuitive framework and then extend them
towards including novel rebate specifications.

The remainder of the paper is organized as follows. Section 2 specifies the relevant densities for
the underlying geometric Brownian motion environment and derives all required moments. Section 3
illustrates how the moment expressions naturally emerge as building blocks for the valuation of various
(time-depending) rebates. The put-call parities for barrier options are derived in Section 4. Section 5
extends the familiar in-out parities towards contracts with rebate provisions and Section 6 replicates
all 16 barrier option prices via the various moment expressions, put-call and in-out parities. Section
7 concludes. The Appendix derives the closed-form solutions to 4 integrals that are used throughout
the paper. The 2 solutions that are based on the largely unknown results of Cho (1971) moreover may
well be of interest for various other (option) valuation exercises in which first-hitting time problems

arise.

2 The density functions and moments

The stock price is assumed to follow a risk-neutralized geometric Brownian motion with drift and

diffusion coefficients rS; and 02S?, respectively:
dSt = TStdt + O'Stth,

where r is the risk-free interest rate and dW denotes the increment of a Wiener process. We restrict
attention in this paper to a single constant lower or upper barrier at the level H.

The various parities and rebate prices will be obtained in terms of the moments of the distributions
of the future stock price and the time until H is reached, i.e. of the first-hitting time. We first derive the
required probabilistic concepts for the future stock price after which we obtain the relevant quantities

for the first-hitting time.



2.1 The moments for the probability distribution of the future stock price

The n-th moment around zero, in short the n-th moment, for the continuous stochastic variable x

with domain (5}, 55) is defined as (see Mood, Graybill and Boes, 1974):

B1
where p[z] is the transition probability density function. The zeroth moment is the integral of the
transition density over ((;, 85). It specifies the total probability mass that is located between 3; and
B9 and thus excludes the latter two points as we will discuss in more detail below. The first moment
defines the conditional mean or conditional expectation over the domain (3;, 85).
The transition probability density function for the future stock price p[St,T’; S, t], in short the
transition density, for the unrestricted geometric Brownian motion is the well-known log-normal den-

sity function:

p ST, T; S, t] =

1

StV2ma2A o 20%A ’ .
where A denotes the time interval 7' — ¢t. The function p[S7,T; St t] specifies the probability of
attaining St at time T given that the process currently, i.e. at time ¢, is at the source point S;.

Barrier options, however, are to be valued by conditioning the transition density on not reaching
the barrier H from below or from above.! For instance, down-and-out options are cancelled when the
stock price hits H from above such that all paths that touch H must be excluded. Moreover, we also
need to ascertain that the underlying process cannot spend time on the barrier H since cancellation of
the option at touching H logically implies that the barrier should bring no probability and conditional
expectation. We therefore must employ transition densities for which H is a killing barrier such that
the stochastic variable is immediately sent to the so-called cemetery state upon first hitting of the
barrier H (see Knight, 1981; Borodin and Salminen, 2002). This guarantees both that all paths that
touch H are ended and that the underlying cannot spend finite time on the barrier. As a result, we
study defective transition densities since the killing boundary prevents the transition density from

integrating to unity and thus causes loss of probability mass.?

'We also use this conditioning on not reaching H within the analysis of knock-in options. Obviously, the relevant
transition density for these options should be conditional on hitting H, but the latter density can straightforwardly be
obtained by subtracting the density conditional on not hitting H from the unconditional density as noted in for instance
Rubinstein and Reiner (1991a) and Rich (1994).

% Absorbing barriers on the contrary keep the stochastic variable at H after it has reached that level. The continued
existence of the stochastic variable on H then would contribute to, for instance, the conditional expectation and this
clearly is to be avoided when valuing barrier options.



The transition density conditional on not hitting H from above during the interval T — ¢ will be
denoted by ppp.q [ST,T; St, t], where the subscripts nh and d refer to the conditioning on not hitting
the barrier within a downward movement. Similarly, py,p ., [ST,T'; St, t] specifies the transition density
conditional on not hitting H from below, i.e. within an upward movement. Applying It6’s lemma to
the transform s; = In S; generates an arithmetic Brownian motion with the barrier being located at
In H. The required density functions for s then can easily be obtained via, for instance, the method of
images (see Cox and Miller, 1972). Re-introducing the stock price level then specifies the two required
transition densities for the time-T stock price as:

1 lnST—lnSt (r—%o’Q) A)2
StV Srv2ra?A { [ 202A

Prhu ST, T St,t] = Donya [ST, T S, t] =

(H 2(A-1) § _(nSr+InS; —2InH — (r—30°) A (2)
S, €xp 202A
2r 4 o

with A = . The second term in the transition density (2) thus represents the loss of probability

2
that the bar(rjier H brings. As required, pupq [S7,T5S:,t] and pppq [ST, T St, t] simplify into the
transition density for unrestricted geometric Brownian motion in (1) for H = 400 and H = 0,
respectively.

The zeroth moment, i.e. the transition probability distribution function or in short the transition

distribution, for the unrestricted density in (1) is defined as:

—+00
MO = /p [ST, T; St, t] dST.
0

In order to standardize exposition, the Appendix presents the solution to this definite integral in terms
of the integration limits 3, and 5. The solution to this integral is denoted by J1.y, 3,5, for which
y1=—InS; — (r — 20 ) A represents the part of the argument in the exponential function in (1) that
is independent of the future stock price Sp. The zeroth moment then can be written as:

+oo
Mo = / D[S T; S0, 1At = Trigy 0400 = 1. 3)
0

q
where we used the properties ® [—oc] = 0 and ¢ [+oo] = 1 with ® [¢] = \/% [ exp [-32?] dz being
—00
the standard normal distribution function (see Zelen and Severo, 1964). The zeroth moment (3) is 1
as indeed no probability mass is located on the inaccessible values 0 and +oo.

The second integral expression in the Appendix allows us to specify the first moment for the



unrestricted geometric Brownian motion as:

“+o0o

M, = /ST p[S7, T8, t] dST = Ty, 0,400 = St exp [rA]. (4)
0

The conditional expectation equals S; exp [rA] as the stock price is expected to grow in a multiplicative
manner at the rate r.

Similarly, the zeroth and first moments conditional on not hitting the upper barrier H from below
with g1 = —InS; — (r — 302) A and yo = InS; —2In H — (r — 302) A in (2) are:

7\ 20-1)
Mo, nhu /pnhu St,T; S, t1dST = Ty 0,05 — <St> J13y2,0,H
0

Mo = llnH —InS — (r =30 A] - (H)z(“)q) [ln Si—InH — (r—10%) A

VA 5 VA 5)

and
H (A-1)
My = /ST Prhu (ST, T St, 1] dST = T2y, 0,0 — <§t> J252,0,H

InH—1InS; — (T+%02)A
VA
InS; —InH — (r+%02)A
AR

The integration limits in the moments (5) and (6) are 0 and H such that the latter two values gather

My nha = Spexp [rA] @

—SIm2 HP exp [rA] @

(6)

no probability mass or conditional expectation. As H is a killing barrier, the total probability now
is smaller than 1 and the total first moment likewise is below Sexp [rA]. Indeed, the values 1 and
Sy exp [rA] only arise as limits of (5) and (6) for H to 400, i.e. when hitting is precluded given that
—+00 is not accessible.

Likewise, the two moments when conditioning on not hitting the lower barrier H from above are:

“+oo
H2

(A1)
Mo nha = /pnh,d (ST, T S4,t] dST = Ty, H400 — <§t> T2, H, 400 (7)
H

Mo phag =P [

oVA Sy oVA

InS, —InH + (r — 40?) A] <H>2(’\_1)¢ llnH —InS; + (r—10?) A
-5



and

+oo 77\ 201
M pha = /ST Pnhd (ST, T St, 1] dST = T2y, H 400 — (E) T2y, H 400
g

Mipha =S Al ®
1,nh,d t €XP [7’ ] O'\/Z

InH —1InS; + (r—l— %02) A]

InS; —InH + (7"—{— %02) A]

—SIm2HP exp [rA] @ (8)

VA

Again, the moments fall below the corresponding moments for the unrestricted process unless the

barrier H is effectively removed by lowering it to 0.

2.2 The moments for the probability distribution of the first-hitting time

The first time at which the stock price hits the barrier H, i.e. the first-hitting time 7, is a stochastic
variable. The transition probability density function of the first-hitting time, in short the first-hitting
time density, will be denoted by g, [H, T; St, t| when the stock price is conditioned to hit H from below
within an upward movement. This function specifies the probability of each first-hitting time 7 given
that the process at time ¢ is at S;. Similarly, the first-hitting time density gq [H,7; Sy, t] conditions
on hitting H from above, i.e. in a downward direction. These two first-hitting time densities can be
obtained from the transition distributions, i.e. from the above zeroth moments for the distribution of
the future stock price, conditional on not hitting the barrier in question (see Cox and Miller (1972)

for more detail):

o0

Ju [H,T; Stat] = _a [MO,nh,u] s
0

ga[H,T; S, t] = T [Mo,nh,d] -

InH —InS InH —InS, — (r — 16?) (r — 1))
o(r—1t)22m o? (1 —1t)
InS; —In H InH —InS, — (r —10?) (r — 1))
ga[H,7;S8:,t] = %@cp _(n ot 2(r 37°) (7= 1)) . (10)
o(r—1t)22r 20° (T — 1)
The general definition of the moments of the first-hitting time probability in our notation is:
+00
M;LLZO = / (r—t)"g[r—t]dr, (11)

t



where g [T — t] specifies the first-hitting time density and the subscript h denotes the conditioning on
hitting the barrier H. The superscript +oo refers to the end point of the time interval that is relevant
in calculating the moments. For instance, the first moment or the mean first-hitting time obviously is
defined in terms of all possible future 7 such that integration is to be performed from ¢ until +oco. As
the option contracts in this paper have a finite time to maturity, we need to focus on the time interval

T —t:
T

Mi}:t:/(T—t)ng[T—t]dT.
t

The term Mg; gt then specifies the part of the n-th moment of the first-hitting time distribution that
actually accrues between times ¢t and 7T'. All contingent contracts in this paper share the maturity
date T such that for notational convenience we drop the reference to the time interval and thus, with
some abuse of terminology, discuss Mg gt as the n-th moment of the first-hitting time distribution.
However, we need to introduce an additional notion since rebates of knock-out options are typically
paid out immediately when H is hit. Such payments must be discounted from the first-hitting time 7

to the present date t, which adds an exponential term to the integrand:

T
Mg’gt /T—t exp [—r (Tt —t)]g[r —t]dr.
t

We refer to this quantity as the discounted n-th moment of the first-hitting time distribution for which

dT ! where the superscript d refers to the embedded discounting.

we use the notation M,

The moment Mg: h,z is the zeroth moment or the probability of hitting the upper barrier H from
below within an upward movement during the time interval T —¢. Using y3 = In H —In.S; > 0 and
s =1 —t then gives:

T T—t IR
M(,—)Z:};Z = /gu )T St7 / Y3 i [_ (93 (T 20' ) S) ] ds
t 0

oV2m 3% 202s
T—t 2
l 2
r— 1
MT*I‘/ —_ Y3 ex y3 / { Y3 } - d
0,h,u oV 2 P ; S U\/_ U\/_ S

This integral can be evaluated using expression J34,5,,3, in the Appendix for which a =

| =

N

_ 152
r—350

ov2 '

b= ﬂ, 81 =0 and By =T —t. Straightforward simplifications then yield:

o2

InS; —InH + (7’— %02)A
oV A

(12)

T—t __
MO,h,u =0

= —

. <g>2<k—1>¢ lln Si—InH— (r—340%) A
t




The zeroth moment (12) can alternatively also be obtained by noting that the integral of the first-
hitting time density over ¢ to T', i.e. the probability of first hitting in 7" — ¢, by definition is the
complement of the transition probability of not hitting the barrier H in T'—t. Or, M(;{ h, Z =1-Moynhu
and this equality can easily be verified from the zeroth moments in (12) and (5) when noting that
1 —®[—z] = ®[z] (see Zelen and Severo, 1964). As required, lifting H to +oo reduces the zeroth
moment to 0 as +00 is not accessible.

The first moment gives the mean first-hitting time over 7' — ¢ conditional on hitting H from below

and is defined as: .

M,II:;,Z = / (T - t) Ju [Hv T35 St> t] dTv
t
which yields:

T—t 2
1.2 1.2 2
_ T — 50 1 r— 50 Y3 1
MTt = B oy —yg( 2 ) /—ex — 2 S—{—} — | ds.
Lhu = 5\ /2r P o? J 53 P V2 ov2 ] s

Using expression Jy q,3,,6, in the Appendix then allows us to write this first moment as:

Tt InH —1nS; {(I) [lnSt —InH + (7“ — %02) A] B <H>2(/\1)(1) [lnSt —InH — (r — %02) A] }
1,h,u .

oo2(A—1) oV A E oV A
(13)
The discounted zeroth moment conditional on hitting H from below is specified as:
T
Mt = [explor (r = 0] gu B St dr
t
and calculations similar to those employed for MOT h. Z then give:
H\*'% [InS; — In H + go2A H\*' IS, —In H — go2A
M(ﬁl’;fut:(—) (I)[nSt nH + qo ]+<_> (I)[nSt n qo 7 (14)
7 St O'\/Z St O’\/Z

. 202 + _1_2 2
with ¢ = JTJ(; 20).
Likewise, the discounted first moment is defined as

T

Mt = [ = texplor (r = 0)gu (Hoi St dr,
t

which gives:

47—t IH—InS; NN [ S —In H + go?A AN T Sy —InH — go?A
My, =—— o - ) )

qo? Sy ovVA Sy oV A
(15)



The moments conditional on hitting the lower barrier H in a downward direction are obtained along

similar lines. For brevity, we omit their definitions and only present the final expressions:

5 oA  (16)

InH —InS; + ( — laz) A
q)[lnH—lnSt r—ia

Vi } "

B (E)A_l_qq)[lnH lnS’t—qJ2A] < )A I+a [lnH—lnSt—i—qUQA
St U\/Z U\/Z ’

ydr-t _ WS -WnH [ (H H*‘f@ In H —1nS; + qo2A
1,h,d - q0_2 E O_\/_

) <§t> )\—lfQ(I) FHH _ 1:\;9%— qazA} } ' (19)

VA

Tt _ WS —WmH[/(H 2“—1)@
Lhd 20—1 | \s

_ g llnH—lnSt— (7“— %02)A

<H>2(’\_1)q) llnH —InS; + (r—10?) A

3 The valuation of rebates

The above moments allow us to standardize valuation of a wide variety of rebates that also include
interesting time-depending specifications that, to the best of our knowledge, have not been examined
in the literature. For instance, Rubinstein and Reiner (1991a) and Rich (1994) restrict attention to
constant rebates, i.e. rebate payments that are independent of the actual time at with the barrier is hit.
However, time-depending rebates can be attractive from a theoretical but also from a practitioner’s
point of view since they, for instance, allow the amount of the rebate of a knock-out option to increase
with the time period that has passed since the inception date of the contract. Such specification can
offer a more stable value of the rebate-inclusive option position as the decrease in the option’s time
value can be (partly) offset by the increasing rebate value.

We examine rebates that are paid when the underlying stock fails to hit the barrier H, i.e. when
the knock-in option expires without having created a standard option. These payments will be referred
to as in-rebates. The notion of out-rebates then is employed for the rebate payments that arise when

knock-out options are cancelled after the underlying has hit the barrier H.

10



3.1 In-rebates

We value two simple types of in-rebates and then briefly discuss alternative specifications such as a
path-dependent yet capped rebate payments.

The in-rebate of type 1 is the familiar fixed cash payment of RI{' = RI* where RI" denotes the
constant in-rebate with respect to the upper level H. The value of this rebate at time ¢, V' [RI}'], is the
discounted value of RI* multiplied by the probability that the upper barrier H is not hit within the
time interval T'— t.> The latter probability is the complement of the probability that the first-hitting

time lies between ¢t and T or:
T
V [RIY = exp [-rA] RI* { 1 — / gu[H,7; Sp 1] dr b = exp [—rA] RIY {1 - M7 ,;;} .
t

Similarly, the current value of the in-rebate written against the lower barrier, RI fl = RI?, is:

T
v [Rff] = exp[-rA]RIT{ 1 — / ga[H, 73Sy, t]dr b = exp[—rA] RI¢ {1 - M7 ,;g} .
t
These values can alternatively also be calculated via the transition density for the future stock price.
Indeed, the cumulative likelihood of not hitting H between ¢ and T coincides with the integral over
the relevant fluctuation range of the transition density of the future price conditioned on no hitting
in the time interval T' — ¢:

H
V[RIY = exp [—rA] RI" / P |57 T5 iy 1] dS = exp [—rA] RT* Mo
0

and
+oo

V [Rlﬂ — exp [-rA] RI? /pnh7d [ST,T; Si, ] dS = exp [—rA] RIMg . a.
H

These rebate prices correspond with the values that are derived in for instance Rubinstein and Reiner
(1991a). As required, the value of the in-rebate simplifies into exp [~rA] RI* (exp [-rA] RI?) when
H is lifted to +oo (is decreased to 0) since this precludes hitting through which the in-rebate is certain
to be paid at time T

The transition density of the future stock price also straightforwardly allows for the valuation of

rebate payments that are not constant but depend on the stock price at time 7. In particular, the

3In order to save on subscripts, the time subscript ¢ in the value of rebates and later on in the option prices will be
omitted.

11



rebate payments of type 2 are RIY = SpRI* and RI{ = SpRI? for which the current value is given
by:*

H
V [RI] = exp [-TA] RI“/STpnhu (ST, T St,t] dST = exp [—rA] RIY M ph v
0

and
“+o00

v [ng} = exp [—TA4] RI? / STPnh.d ST, T St,t] dST = exp [—rA] RIdMth’d.
H
The in-rebates of types 1 and 2 can be linearly combined into specifications that can offer tailor-made

solutions to investors. For example, the rebate payment with respect to the upper barrier H can
take the general form [aH + bS7]. With a = 1 and b = —1, for instance, the payment at time T
increases in the positive distance between H and St such that volatility in the option holder’s total
position can be lowered. The value of such rebate is easily expressed in terms of the above moments
as exp [—rA] (aH Mo phy + OMi nn). A capped version of the in-rebate of type 2 still offers path-
dependency but sets a maximum on this type of insurance in order to reduce its cost. For example,
the rebate payment could be SpRI" when Sy < 0.8H and 0 otherwise. Such rebate then can easily

be valued by setting the upper integration limit in the pricing formula for V [RIY] at 0.8 H and then

evaluate Jo,4, 0,081 and J2.4,.0,0.8H-

3.2 Out-rebates

Typically, out-rebates are specified as fixed cash payments that are to be paid at the first-hitting time
7, i.e. when the knock-out option is cancelled. This type of rebate payment, for which we employ the
subscript 1, yields RO¥ = RO and RO¢ = RO?. The time-t value of such rebate requires discounting

the payment at time 7 to the present such that the above discounted moments are to be used:
T
V [ROY] = /RO“ exp [—r (T —t)] gu [H, T; S, t] dr = RO“MdT t
t

and
T

v[rof] = / RO exp [r ( — )] ga [H, 73 Sp, ] dr = ROUMET ",
t
Some re-arranging confirms that these prices correspond with the well-known expressions for fixed-

value out-rebates in Rubinstein and Reiner (1991a). Note that the above moments can also value re-

bates under deferred payment. In fact, payment of the rebate at time T requires replacing exp [—7 (7 — t)]

*Note that these values actually are the complements of the corresponding up- or down-and-in asset-(at-expiration)-
or-nothing binary barrier options in Rubinstein and Reiner (1991b).

12



in the above pricing equations by exp [—rA] such that we obtain V [RO}] = exp [—T4] RO“Mg: . ¢ and
V [RO‘%] = exp [-rA] ROdMg h, il' For brevity, we restrict attention in what follows to rebates that
are paid immediately at time 7.

The above fixed-sum rebate has the advantage of clarity concerning the rebate’s level. However,
the rebate is independent of the time period that has elapsed until 7 or that separates 7 from the
maturity date T. The following 4 specifications introduce different types of time-dependency that
can straightforwardly be handled by the above moment expressions. The rebate payment of type 2 is
ROY = RO"exp [r (T — tp)] and ROY = RO exp [r (7 — tg)] where to denotes the time of inception of
the rebate contract that is situated before or at the time of valuation, i.e. ¢ > tg. This rebate grows
in function of the period between the time of first hitting and the creation of the rebate contract
or investors are compensated more heavily the later the option is cancelled. Such specification may
be attractive for investors as the opportunity cost in holding an option that ultimately is cancelled
increases with the time until first hitting. The link to time here is exponential but a Taylor approx-
imation shows that such function for small » and time intervals, which typically apply to options, is

virtually identical to a linear specification.” The current value of this rebate is:
T
V[RO5] = /RO“ exp [r (T —to)]exp [—r (T — t)] gu [H, T; St, t| dT = exp [r (t — to)] RO“M{;’:};Z
t
and
T
Vv [RO%I] = /ROd exp [r (T —to)]exp [—r (7 —t)] ga [H, T; S¢, t] dT = exp [r (t — to)] ROdMg;fj.
t

The rebate of type 3 shares the exponential relation to time but instead connects the payment to the
period that separates the first-hitting time from the maturity date with RO§ = RO"exp [—r (T — T)]
and ROY = RO%exp [—r (T — 7)]. Also here the rebate is larger when first hitting takes place later.

Its current value is:
T
V [ROY] = / RO exp[—r (T — 7)) exp [—r ( — )] gu [H, 73 Sy, ] dr = exp [—rA] RO“MT;
t

and
T
Vv [ROg} = /ROd exp [—r (T —7)]exp [—r (T — t)] g4 [H, T; St, t] dT = exp [-rA] ROdM({,;fj.
t

’The below rebates of types 4 and 5 instead posit a linear relation to time.
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The type-4 out-rebate postulates a linear relation between the time of first hitting and the rebate

payment of the following form: RO}

= RO" (1 —tg) and RO = RO?(7 —ty). This specification

offers a positive link between the rebate and the length of time until first hitting, yet ensures that the

payment is small when first hitting comes about quickly. The current value of this rebate is:

V [ROY]

V [ROY]

V [ROY]

and

v [Roz]

v [Roz]

v [Rog]

T
/RO“ (T —to)exp[—r (T —1t)] gu [H,T; S, t] dr

t

T
RO“/ (tr—t)exp[—r(r —t)] gy [H,T; St, t] dr

T
+RO" (t — to) /eXp (1 —t)] gu [H, T; S, t] dT
t

RO™{ Myt 4 (¢ — o) Ml ' |
RO (1 — to) exp [~

r(r =)l ga[H,7; S, t] dr

Tt~

T
ROd/ (tr—t)exp|—r (T —t)| ga[H,T; S, t] dT
t

T
+RO4 (t — tg) /exp (1 —1t) ga[H,T; St dr
t

ROV M (6= to) Mgl

Type 5 specifies a rebate that linearly decreases over time, namely RO¥ = RO" (T — 1) and ROg =

ROY(T —

7). Such specification may be attractive for investors that expect a sharp decline in volatility

as it allows them to economize on the cost of the rebate. The value at time ¢ is:

V [RO%]

V [ROY]

V [ROg]

T

/RO“ (T —1)exp[—r (T — t)] gu [H, T; S, t] dT
t
T
RO (T /exp (1 —t)] gu [H, T; S, t] dT
t

T
—RO“/ (tr—t)exp|[—r (T —t)| gu [H, T; St, t] dr

t
RO"{(T - t) Mgt = it}
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and
T

V [RO?} = /ROd (T —71)exp[—r (T —t)] gq [H,T; St, t] dr

T
14 [RO?} = ROU(T —1t) /exp [—r (T —t)] ga[H, T; S, t] dT

T
—ROd/ (t —t)exp|[—r (T —t)| gq [H, T; St, t] dT
t
vIROZ| = RO{(T -ty M -

These 5 types of out-rebates present a subset of specifications that can be handled via the above
moment expressions and the integral expressions in the Appendix. In fact, various other specifications
may also appeal to investors. For instance, linear combinations of the above 5 types yield rebates in
which time-depending payments are superimposed on constant rebates. The rebates of types 2 and
5 can also be merged into RO" (T' — 7) exp [r (T — tp)] such that the negative link between the rebate
payment and time is mitigated. Furthermore, the integral expressions in the Appendix can handle
growth rates in the exponential term in the rebates of types 2 and 3 that differ from r. Investors
that expect high short-term but lower medium- and long-term volatility can reduce costs by opting
for rebates that are only active in the initial period until ¢; with ¢ < ¢t; < T. In the case of a fixed

payment as in type 1, the current value of such rebate would then simply be RO“Mél fblu_ £

4 The put-call parities

The static hedge portfolio of Stoll (1969) for standard options starts from the sale of a call and the
purchase of a put at time ¢ with both options having the same exercise price and time until maturity.
This portfolio then is completed by buying a stock at the price S; and borrowing K exp [—r (T — t)].
It guarantees a zero payoff at time 7" and to ensure that is does not dominate nor is dominated, its

value at time ¢ must be 0. The put-call parity for standard options then is:
P—C=exp[-rAlK — S;. (20)

The put-call parity (20) cannot apply to barrier options. Indeed, hitting the barrier cancels the
option’s payoff at time T' (knock-out option) or introduces it (knock-in option) such that the portfolio
value at time 1" becomes uncertain. However, a probabilistic approach will allow us to specify also

put-call parities for barrier options that share the same barrier, exercise price and expiration date.
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This section first derives 8 put-call parities: for up-and-out, down-and-out, up-and-in and down-
and-in options with in each case the additional distinction in function of the exercise price K being
smaller or larger than the barrier H. We then show that our probabilistic approach is actually
equivalent to a strategy in which the static hedge of Stoll (1969) is extended by a binary barrier
option. All options in this section contain a rebate provision. The 2 in-rebates will be indexed by
i with ¢ = {1,2} and the 5 specifications for the out-rebates are indexed by j with j = {1,...,5}.
Their current value for the upper (lower) barrier H will be denoted by V' [RI'] and V/ {RO}‘} (V [RI?]
and V [RO?} ), respectively. For brevity, the rebates are assumed to be of the same type within each
put-call parity such that, for instance, the out-rebate RO;l applies to both the knock-out call as well
as the knock-out put. Or, the value of ¢ and j is identical across the options pairs in each of the 8
parities.6

We start with the parity between puts and calls that are cancelled when the barrier H is reached
from below with the exercise price K being located below H. These knock-out call and put prices
are denoted by Cy o k<g and P, , x<g where the subscripts u and o refer to their up-and-out nature.
The derivation of the put-call parity starts with subtracting the risk-neutral call price inclusive of the
out-rebate from the corresponding rebate-inclusive put price. The integrals in the option prices then

are combined into the above moment expressions:

K

Pu,o,K<H - C(u,o,K<H = exp [_TA] / [K - ST] Pnhu [ST7 T; St7 t] dST +V [RO;L]
0

H
—exp [-TA] / (ST — K] ppiu 1S, T Sty 1] dST — V [ROY]
K

Puok<t — Cuokx<n =exp|—rA] | [K — S| pphu ST, T Si,t] dST

Pyox<t — Cuorx<n = exp[—rA] K/pnhu St,T'; St t] dST — /STpnhu St,T'; S, t] dSt
0
Pu,o,K<H - C(u,o,K<H = €xp [_TA] {KMO,nh,u - Ml,nh,u} . (21)
The discounted exercise price in the parity (20) for standard options now is multiplied by the zeroth
moment conditioned on H not being reached from below during the option’s life. The remaining term in
the put-call parity (21) is the discounted value of the first moment, i.e. of the conditional expectation,

again conditional on H not being reached from below. Intuitively, the presence of moments expressions

This restriction is not necessary and can easily be dropped. However, it considerably shortens the below expressions
with the advantage of not obscuring the basic intuition.
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in the parity (21) corrects the right-hand side terms of the put-call parity (20) for the loss of probability
and expected value that option cancellation brings. Such correction obviously no longer will be required
when lifting the barrier H to +o0 since this precludes option cancellation. The terms Mg 5., and
M ph . then simplify into 1 and Syexp [rA], respectively, and the familiar put-call parity of Stoll
(1969) results.

The moments that emerge in the put-call parity (21) relate to the defective density and thus do
not depend on the relative position of K versus H. Or, exactly the same expression for the put-call
parity must arise for K > H. This intuition is confirmed when calculating the difference between
risk-neutral option prices whilst noting that the call now can never obtain intrinsic value:

H
Pu,o,K>H - Cu,o,K>H = exp [_TA] / [K - ST] Pnhu [ST7 T; St? t] dST +V [RO;L] —0-V [RO.;L]
0

H H
Pyuoxs>t — Cuo x> = exp[—TA] K/pnh,u [ST,T; Sy, t] dST — /STpnh,u (ST, T; St,t] dSt

0 0
Pyuox>t — Cuor>n = exp|[—rAl {KMynhuy — Minhut- (22)

Similarly, the down-and-out put for K < H has zero intrinsic value or its value equals the current

price of the rebate:

+0o0

Puoiccn = Cagscen =0+ V [ROY] — exp[=ra] [ 81 = KpanalSr. T: it Sz~ V [RO]
H

Pyorx<t — Caox<a = exp[—rAl {KMynnha — Minha} - (23)

Again, the same put-call parity emerges for the case in which the exercise price exceeds H or:

Piox>aH — Cao x> = exp [-TA {K My nha— Mipha} - (24)

Note that the put-call parity (24) collapses into the expression for standard options when decreasing
the barrier to 0. Indeed, the moments Mg, q and M pp g in (7) and (8), respectively, then simplify
into the moments for the unrestricted process since }Iiglo (Mo nha) = Mo =1 and Ilriino (M1 pha) = My =
Syexp [rA].

The derivation of the put-call parity for up-and-in options is somewhat lengthier. In fact, we
desire to work with transition densities conditional on no hitting, rather than hitting, in order to
be able to employ the above moment expressions. Hereto, we start from the property that the

cumulative transition probability for the stock price at time T’ per definition can be split up as
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follows: P [S7,T;S:,t] = Pupu[ST,T;St,t] + Phy ST, T; St,t], where the term P [Sp,T;S;,t] de-
notes the unrestricted transition probability and where P, ., [ST,T; St,t] and Pp,, [S7,T; St, t] con-
dition the transition probability on hitting not taking place and hitting taking place, respectively.
Evaluating the derivative to St preserves the same identity but allows us to move towards the
transition densities with p [S7,T; St,t] = punw [ST, T35St t] + Phow [ST, T35 St,t]. The transition den-
sity of the future stock price conditional on hitting taking place at the upper barrier H thus is
Pha ST, T; St,t] = p[S1, T Sty t] — Pahw [T, T St, t].7 Using the latter relation and carefully account-
ing for the domain then gives the following put-call parity for the up-and-in case with K < H:

K
Puirx<n — CuiKk<H = €xp|— / (K — St phu ST, T Si,t) dST + V [RI}]
0
+0oo
—expl-r] [ [Sr - Klpno [Sr. T3S0t dSp — V [RIY)
K

K
Puisieti — Cuisiert = exp[—rA] / K — S1]p[SryT; S, t] dSt
0

K +o00
/[K ST P [ST, T3 S, t] dST p — exp [-rA] / [St — K] p[St,T; S, t] dSt
0 K
H
/ (ST — K] punu [ST, T S, t] dST
K
—+o00
Puix<a — Cujikx<H = exp [—TA] / [K — S7]p[St,T; S, t] dST
0
H
—/ (K — S7] Pnhu [ST, T St, 1] dST
0
Puik<r — Cuix<n =exp[—rAJ{K (Mo — Mo nhu) — (M1 — Miphu)}- (25)

The put-call parity for up-and-in options in (25) thus is expressed in terms of the difference between
the zeroth and first moments for the unrestricted and the no-hitting distributions. Lifting the barrier
H to 400 ensures that hitting cannot occur. The difference between put and call prices then must be
zero since the non-rebate part of both options will have no value since creation of standard options is
precluded. This is confirmed by the limit of the right-hand side of the parity (25) since Mg pp ., and
M ph simplify into Mo and M.

"This argument can also be seen as the probabilistic underpinning of the in-out parity that states that the up-and-in
call price equals the price of the standard call minus the up-and-out call price.
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As the moments do not depend on the relative position of K to H, the same right-hand side

emerges for up-and-in options with K > H:
Puik>i — Cuik>n = exp [-rA{K (Mo — Monpu) — (M1 — My )} - (26)

The derivation of the put-call parity for down-and-in options with K < H is similar to that for the

up-and-in case:

K
Piik<o — Caix<n = €xp|— / (K — St]pna ST, T; S, t]dST +V [Rfd}
0
—+oo
—exp [~TA] / (St — K] ph,a[St,T; S, t|dSp — V. [szd}
K

K
Piix<rn — Caix<n = exp[—rA] / [K — S7]p[St,T; S, t] dSt
0

K +oo
—/ (K — S| pnn,a ST, T; St, t| dST p — exp [—TA] / (St — K]p[St,T; St,t] dSt
0 K

+oo
/ (St — K] puna [S0,T5 51, 6] dSy
K

K
Piirx<n —Caix<m = exp [—TA] / [K — St]|p[ST,T; St,t]dST — 0
0

+00 +oo

—exp [~TA] / (St — K]p[Sr,T; S, t] dSt — / (ST — K] pph,a ST, T; St t] dST
K i
“+oo
Piirx<n — Caix<m = exp [—TA] / [K — St]p[ST,T; Si,t] dST
0
+oo
~ [ 1K = St) pua [Sr.T:51,1)dSi
i
Pyik<n — Caix<u = exp [-rAl {K (Mo — Monn,a) — (M — Mipha)} (27)

with the same right-hand side also emerging for the case of K > H:

Pyiksia — Caixs>a =exp [—rA]{K (My — Monha) — (M1 — Minha)} - (28)

The limit for H decreasing to 0 removes the possibility of ever creating standard options and the

right-hand side in the parity (28) indeed reduces to zero.

19



The moment expressions for the relevant (defective) distributions thus allow us to derive 8 put-call
parities by combining risk-neutral call and put prices. Note that these parity relations also can be
obtained via the static hedge argument of Stoll (1969) when extending the portfolio with a binary
barrier option. We illustrate this for the case of up-and-out options with K < H. The potential
of option cancellation and the presence of rebate provisions generate two differences when compared
with the portfolio of Stoll (1969). First, intermediate payments, namely the out-rebates, will arise
when the stock price hits H before date 7.8 Given our assumption of calls and puts having identical
rebates, these intermediate payments cancel out.? Second, the overview of the value of the portfolio
positions at time 7" in Table 1 now must take account of an additional dimension, namely whether or
not options have been knocked out prior to time 7'. The option positions do not create value at 1" if
hitting takes place before T', but the loan is to be paid back and the long position in the stock still
exists. To ensure a combined value of 0 under all eventualities at time T, the investment strategies
at time ¢t must include the sale of a binary barrier option, BI, that pays St — K conditional on the

stock price having hit H prior to T'. The value at time ¢ of this claim will be denoted by V [BI].

Table 1: Value of the extended static hedge portfolio for the put-call parity in the case
of up-and-out options with the exercise price located below the barrier.

Value at time ¢ | Payments between ¢ and T Value at time T’

Hit prior No hit prior Hit prior No hit prior to T’
to T to T to T St > K St < K

CuoKk<H —ROY 0 0 — (St — K) 0

L u,0,K<H +RO;L 0 0 0 + (K — ST)

K exp [-TA] 0 0 -K -K -K
-5 0 0 +ST +S7 +Sr

V [BI] 0 0 — (St — K) 0 0

0 |0 0 \ 0 \ 0 0

Table 1 shows that the put-call parity then can be written as:
Pu,o,K<H - Cu,o,K<H = €xp [_TA] K — St +V [BI] . (29)

The put-call parity (29) is identical to the parity in (21) as will be illustrated by expressing the value

of the binary barrier option in terms of the above moments. The value of the binary barrier option

8First hitting, and thus payment of out-rebates, can also take place precisely at time ¢ or at time 7. For brevity,
we assume that first hitting does not occur at these two points of time. This restriction greatly simplifies the below
exposition, but is obviously not essential to the argument.

9Differences in rebate provisions for puts and calls can easily be dealt with via the inclusion of an additional binary
barrier option in the hedge portfolio.
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measures its payoff with respect to the probability of hitting H between t and T

H
V [BI] = exp [-rA] / (S7 — K] ph [T+ 1. 1] dS7
0
“+o00 H
V[BI] = exp [—rA] / Sy — K] p[Sr T: Si, 8] dSr — / (S7 = K] puna [S7 T e, 1] dS
0 0

V [BI] = exp [—T‘A] {K (MO,nh,u — Mo) — (Ml,nh,u — Ml)} .
Plugging the latter value into the put-call parity (29) yields:

Puox<o — Cuox<ag = exp[—rA]K — S+ {exp[—rA] (K {Monnu — Mo} — {Minnu — Mi})}
Puok<i —Cuorx<n = exp[—rA]K — S+ {exp[—rA] (K {Monny — 1} —{Minhu — Seexp [rA]})}

Pu,o,K<H - C'u,o,K<H = €exp [_TA] {KMO,nh,u - Ml,nh,u} s

which, as required, corresponds with the parity (21).

5 The in-out parities

The in-out parities express the relation between in- and out-options of the same type (call or put) that
furthermore share the same exercise price, time to maturity and barrier. It is well-known for the case
without rebates that the sum of the value of an in- and out-option gives the corresponding Black and
Scholes (1973) price (see for instance Rubinstein and Reiner, 1991a). As all option contracts in this
paper have rebate provisions, the familiar in-out parity must be slightly modified. Table 2 illustrates
the hedge argument for the in-out parity for up-and-out and up-and-in calls with K < H, where CB%
is the Black and Scholes (1973) call price.

In order to simplify exposition in Table 2, we again assume that first hitting cannot come about
precisely at time t or at time 7. The first three rows give the values that emerge from selling an
up-and-out call as well as an up-and-in call, termed up-options, and buying a Black and Scholes
(1973) call at time ¢t. The rebate provisions can require the payment of an out-rebate by the seller
of the barrier option between times ¢t and T or the payment of an in-rebate at time 7. Hence, the
familiar strategy must be extended by buying an out- as well as an in-rebate contract at time ¢. Then,
intermediate payments cancel out and values at time 7" are always 0 such that the in-out parity can

be written as:

Cuosx<ti + Cuixen = CP° + V[RI] +V [ROY] . (30)
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Table 2: Value of the extended static hedge portfolio for the in-out parity in the case of
up-options with the exercise price located below the barrier.

Value at time ¢ | Payments between t and T’ Value at time T
Hit prior No hit prior Hit prior to T No hit prior to T'
to T to T Sr>K |Sp<K| Sr>K Sr<K
C’u,o,K<H _RO;L 0 0 0 — (ST — K) 0
Cuik<H 0 0 — (St — K) 0 —RI} —RI}!
—CBS 0 0 + (St — K) 0 + (St — K) 0
-V [RI}] 0 0 0 0 +RI} +RI}
v |roy| | +ROY 0 0 0 0 0
0 0| 0 \ 0 0 ] 0 0

As the rebates carry no reference to the relative position of K to H, the right-hand side of the in-out

parity (30) also holds for the case of K > H or:
Cuok>H+ Cuik>H = cbBs +V [RI;L] +V [RO}L] . (31)

Similar arguments apply to the remaining cases and for brevity we only give the final form of these 6

in-out parities:

Caoicen+Cagren = CP+V [RIf] +V [RO], (82)
Caoesn+Cagicsn = CP+V [RIf] +V [RO], (33)
Puok<t +Puixeny = PP+ VI[RIM+V (RO}, (34)
Puoxsi+ Puixsg = PP +V|[RI'+V [ROY], (35)
Piower + Poixenr = PPS4+V [Rfﬂ +V [RO;I] : (36)
Pioxsu+ Piixsu = PB4V [szd} +V [RO?] ; (37)

where PP denotes the put price of Black and Scholes (1973).

6 Retrieving barrier option prices via the parities and moments

The above moments together with the put-call and in-out parities can also express barrier option
prices in a simple and intuitive manner. In fact, all 16 barrier option prices can be obtained via the
parities obtained in this paper when starting from only 4 explicit price equations. In what follows,

we distinguish 4 cases: barrier options written on an upper barrier (up-options) and a lower barrier
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(down-options) with in each case two set-ups depending on the relative position of the exercise price

with respect to the barrier.

6.1 Up-options with K > H

We have 4 possible up-options, namely the up-and-out call and put as well as the up-and-in call
and put. In order to value these 4 barrier options, we need only one explicit price equation and we,

arbitrarily, choose for the value of P, , x~p that, inclusive of an out-rebate, emerges as:

Puokx>gH = exp[— / (K — S7] punu [ST, T3 Se, t] St + V [ROY |
Pu,o,K>H = €xp [—7“ ] (KMO,nh,u - Ml,nhm) +V [RO;L] ) (38)

where it is to be remembered that also the value of the rebate can be expressed in terms of moments.
Rubinstein and Reiner (1991a) specify this put price for j = 1, i.e. for the case of a constant out-
rebate, which can easily be confirmed by inserting the moment expressions (5) and (6) and the value
of the rebate V' [ROY] into the put price (38).

The prices of the other 3 up-options then can be obtained from P, , i~y together with the parities

(22), (35) and (31), respectively:

CU,,O,K>H = Pu,o,K>H — exp [—T‘A] {KMO,nh,u - Ml,nh,u} ) (39)
Pu,i,K>H = PBS - Pu,o,K>H +V [szu] +V [RO;L] ’

C’u,7,’,K>H = CBS - Cu,o,K>H +V [Rlzu] +V [RO;L] : (40)

These 3 option values correspond with the expressions, for ¢ = j = 1, that are derived in Rubinstein
and Reiner (1991a). Note that the above 3 expressions still allow for some simplifications. For instance,
the up-and-out call for K > H can never attain intrinsic value since the stock price cannot move above
K without first touching the barrier H. The price of this barrier option then must be V {RO}‘} . This
is immediately confirmed when plugging the put price (38) into the expression of the call price in
(39). Similarly, the value of the up-and-in call must equal the call price of Black and Scholes (1973)
augmented by the current value of the in-rebate. Indeed, both give the same payoff at time T', namely
RI} when no hitting takes place and max[0, St — K] when hitting takes place since moving above K
can only take place after hitting H. As argued earlier, Cy o x>y =V {RO}‘] such that indeed the call
price (40) simplifies into Cy ; g~y = CB% + V [RIY].
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6.2 Up-options with K < H

The put price P, x<p can be taken from the extant literature, e.g. from Rubinstein and Reiner
(1991a), when j = 1. This price as well as the prices for other values of j can be calculated via the

integral solutions in the Appendix as:

K
Puok<n = exp[—TA] / (K — St] puhu [ST,T; St,t] dST + V [ROY |
0
K
Pu,o,K<H = exp {K/pnhu STaT Stv dST - /STpnhu[STvT Sta ]dST +V [ROU]
0
A\ 201 7\ 201
Piox<a = exp[-rA]S K| Ty 0Kk — (E) Ty0,0,5 | — | T2 0,8 — (E) T2y0,0,K
+V [ROY].

The other 3 up-option prices for K < H then can be retrieved by employing the parities (21), (34)
and (30):

C’u,O,K<H = Pu,O,K<H — €xXD [_TA] {KMOW}MU - M17nh7U} ’
Puir<i = PP = Pyor<nm +V [RI}]+V [ROY],

C’u,7,’,K<H = CBS - Yu,0,K<H +V [Rlzu] +V [RO;L] :
6.3 Down-options with K > H

The put price Py, > p is documented in the literature for j = 1. However, for all values of j also the

following derivation can be employed:

Piox>u = exp[—rA] | [K = Sr|pnna[ST,T;Si,t]dST +V [RO?}

m\w

K
Pioxsn = expl-r {K [pmalse 15810 dsr - / StunalSr,T; Si,t]dSr ¢ +V [RO|
H
17\ 20-D) 7\ 20-D)
Piogx>H = exp[-r K\ 5K — <§t> Ty HE | — j2;y1,H,K_<§t> T2y, H, K
+V[Roﬂ.
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The other 3 down-option prices for K > H then follow from the parities (24), (37) and (33) as:

Cao > = Paox>m —exp [=rAl{KMonnd — Minhd}
Prisor = PPS — Pyocon +V {RI{I} v [Roﬂ ,

Casscsit = O = Cagean +V |RE| +V [ROY|.

6.4 Down-options with K < H

The expression for the put price Py, k< is particularly simple since the option part of the contract

can never attain intrinsic value such that:
Pioxen =V [Roﬂ .
The parities in (23), (36) and (32) then specify the other 3 down-option prices as:

Caoxk<H = Piox<m —exp [—rA {K Mo nna — Minnd} s
Pujcert = PP = Paoicen +V [RIY] + V [ROY].

Caisent = CP% = Capren +V [RE| +V [ROJ| .
7 Conclusions

The put-call parity for standard options establishes a simple relationship between the prices of Eu-
ropean put and call options that share the same exercise price and time to maturity. However, the
static hedge argument of Stoll (1969) relies on the assumption that options exist at the present point
of time and remain alive until the maturity date. It then cannot apply to barrier options since knock-
out options are cancelled when the underlying asset price touches a prespecified barrier and knock-in
options only create standard options when the underlying touches the barrier.

However, a probabilistic argument allows us to derive put-call parities also for barrier put and
call options that have the same exercise price, the same barrier and identical time until maturity.
The resulting parity is very similar to the familiar put-call parity and has an intuitive, probabilistic
interpretation. In fact, the difference between put and call prices still is expressed in terms of the stock
price and the discounted exercise price, but these will now be linked to the moments of the relevant
defective distributions. Intuitively, the link to the zeroth and first moments acts as a probability
adjustment when compared with the traditional put-call parity. Such adjustment is required since
option cancellation and the potential lack of option creation in barrier options bring a reduction in

probabilities and expectations. This argument also offers a probabilistic interpretation of the put-call

25



parity of Stoll (1969). Indeed, lifting (decreasing) the upper (lower) barrier to +o00 (0) in the put-call
parities for barrier options removes the possibility of hitting the barrier. The need for the probability
adjustment then vanishes which causes the put-call parities for barrier options to collapse into the
parity for standard options.

The moment expressions derived in this paper are also useful building blocks for the valuation of
rebates. In fact, we employ them to easily value various novel types of for instance time-depending
rebate specifications. For instance, we allow the rebates in knock-out options to linearly and exponen-
tially depend upon the time that remains between the time of first hitting and the expiration date of
the option. Indeed, investors may well be interested in (combinations of) such time-depending rebates
in order to bring the rebate payment in line with the higher opportunity costs involved in holding an
option that is cancelled at a later date and/or to finetune the rebate in function of cash management
and risk profile. The moments together with the put-call parities and the in-out parities also express
all published 16 single-barrier option values in a simple and intuitive manner. In fact, only 4 explicit
pricing equations are required as the other 12 prices then can be retrieved via the barrier put-call and
in-out parities.

The methods and results in this paper allow for several interesting extensions. The above relations
can easily be modified for alternative underlying instruments such as foreign exchange and dividend-
paying stocks. The results also can be extended towards double-barrier set-ups both for constant
barriers as well as the curved boundaries in Kunitomo and Ikeda (1992) for which the required al-
location of first-hitting time density across the barriers can be handled via Lemma 5.2.9 in Knight
(1981). The integral expressions of Cho (1971) that are at the center of part of the solutions in the
Appendix actually can be used to value a wide variety of additional time-depending rebates. For
instance, rebates that grow over time but that are only active within one or more subperiods of the
option’s life can easily be valued via these integral expressions. Given the close relation of our results
to the valuation of binary barrier options, the results in Rubinstein and Reiner (1991b) can likewise

be extended in various useful directions.
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Appendix: Useful integral expressions

The solutions to the definite integrals jl;yi,ﬁl,ﬁg and jQ;yi,Bth are obtained via repeated substitutions

that transform the integrand into the standard normal density function. This yields:

7 / (In St + y:)? IS — @ Infy+yi] o [mf1+ i
B m S I N R B e /N
and
1 (In S7 + yi)? 1
T2y:.1,8, = m/exp _TAZ dST = exp |—y; + 502A
B

lnB2+yi—02A]_ |:1I1,31+yz‘—02A:|}
g {(b{ oVA ? VA ’

q
where ® [¢] = \/%7 {o exp [—%xz] dz is the standard normal distribution function.
The solutions to the definite integrals J3.4.6. 5,5, and Ju.a,6,3,,3, are obtained on the basis of two
expressions that were derived in Cho (1971) and later were reproduced as integrals 12 and 13 on p.

428 in Beck et al. (1992):1°

Ba
b2
T3ia.0,8,,8, = s 3 exp [—a s — ;} ds = % exp [—2ab] {(I)
B1

o)

[l
Jafoe 5

and

B2

Tiapr oy = [ 52 exp {—a s — b—:] ds = g exp [2ad] {¢> [\/5 {a\/ﬁ2 + \/%_2}] _

[ 23 a\/By + —= } }+gexp[—2ab]{@[\/§{a\/ﬁ:—\/%_2}]—

"
pes )

" The expressions in Cho (1971) and Beck et al. (1992) are presented in terms of the error function Erflz] that is
related to the standard normal distribution function via the relationship Erf[z] = 2& [v/2z] — 1 (see Zelen and Severo,
1964).

»
-
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