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Summary
Cell-based models are theoretical models of biological systems in which cells
are represented explicitly, as individual units. They are typically used for
modeling systems that require cellular resolution, where the complex behavior or geometry of the cells is intrinsic to the system’s behavior, or when the
cells themselves become the focus of study, not just the larger system they
compose. In these situations, it is either not possible or not desirable to reduce cells to elemental “atoms”, in which case a more compact mathematical
description of the system as a whole might be possible.
Cell-based models are particularly interesting because they combine two
orthogonal aspects of biological cells, the physical – membranes, cytoskeleton, etc. – and the logical – cell regulation, control. Cells can move, grow,
change shape and modify their structure over time, yet they are also equipped
with extremely sophisticated information processing, control and regulation
mechanisms.
In this thesis focus is given to modeling basic cell mechanics, with only
very simple programs for cell behavior. Cell-based models can be divided
into two broad categories: lattice-based and lattice-free models. In latticebased models, space is divided into a regular grid (or lattice) such that spatial
coordinates can be given as whole numbers, much like a chessboard. A
virtual cell in the model may consist of single site, or a collection of adjacent
sites, and any movement in space occurs in discrete jumps from one grid site
to another. Lattice-based models are often in the form of cellular automata, in
which each lattice site is in some discrete state, such as “occupied” or “free”,
and at each time step sites transition to a new state based on the states of
their neighbors according to a fixed set of rules. The system evolves in time
by applying the rules over and over again, forming a sequence of snapshots
v
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of the system state, like a motion picture where each frame is generated by
applying a set of rules to the previous frame. The rules are chosen to provide
a rough approximation of the behavior of the real system and can be chosen
ad hoc. However, in many cases the Cellular Potts model (CPM), where the
rules are chosen such that the system evolves to a state of minimum potential
energy, has proven a popular choice for cell-based modeling, particularly for
systems where cell-cell adhesion is the dominant driving force.
In lattice-free models, space is continuous and model elements have a
true velocity and acceleration. There are many types of lattice-free model
and they differ chiefly on how the cells are represented geometrically. The
simplest models represent cells as spheres or ellipsoids, and are well suited to
systems of proliferating and actively motile cells. Compact epithelia are well
captured by simple polygon models, in which each cell is a convex polygon
(or polyhedron) attached to its neighbors. The most general models are the
complex polygon models that can potentially represent any cell geometry,
albeit at a high computational cost. In each case the geometry of the cells
evolves over time due to the strain involved in growth, collision, deformation
and other mechanical processes according to the assumed material properties
of the cell, which are typically some combination of elasticity, viscosity and
surface tension, leading to both liquid and solid like behavior.
In this thesis, we explore cell-based models for the embryogenesis of the
sea anemone Nematostella vectensis and pattern formation in cultures filamentous cyanobacteria. Despite being far removed from each other biologically, these two systems can be modeled effectively using similar cell-based
techniques. For Nematostella, a two-dimensional complex polygon model is
used to model a cross-section of the blastula-stage embryo. Each virtual
cell consists of an eighty-four vertex polygon, allowing the model to capture
characteristic cell shapes, such as bottle cells. By programming a subpopulation of the cells to use filopodia for motility and undergo apical constriction,
we are able to simulate the first stages of gastrulation, where the embryo
contorts itself to form the gut. For the second system, filamentous cyanobacteria, a two-dimensional complex polygon model is used to represent the
typically long and flexible trichomes of gliding, filamentous cyanobacteria.
The trichomes are programmed with a simple light-seeking strategy called
photophobia for optimizing their irradiance exposure. Using this model we
are able to recreate the “cyanograph” experiments of D.-P. Häder, in which
a photographic projection onto a Petri dish can become imprinted onto the

vii
culture through the movements of the cyanobacteria. We also show how the
extensive length and relatively fast speeds of the trichomes can be a significant advantage in optimizing exposure. Finally, we explore the formation of
reticulate patterns in cultures of Anabaena variabilis, thought to be analogous
to fossilized patterns dating to the earliest periods of life on Earth. We use
a three-dimensional version of the cyanograph model to study the formation
of these patterns under varying parameters such as trichome density and cohesiveness. We find that by randomly gliding backwards and forwards the
trichomes can self-organize into stable channels when weakly cohesive and
sufficiently packed, as was observed in experiments.
We conclude with thoughts on the future of cell-based modeling and suggest research directions. With desktop computing power now well passed
the teraflop mark, full scale cell-based models of simple organisms such as
the slime mold or the roundworm are within reach. Given the amount of
experimental research and funding pouring into these model organisms, it
is both a feasible and exciting new avenue of research that could pay large
dividends in the future. It is also my personal hope that computer science
and biology become increasingly synergetic as increasing recognition is given
to the logical aspects of biological systems, while inspiration is drawn from
biology for new computational paradigms. In any case, if biology is truly
at the crossroads of physics and computer science, then by integrating these
distinct natures, cell-based models will surely play a significant role in future
research.

Samenvatting

Agent-gebaseerde of cel-gebaseerde modellen toegepast op biologische systemen omvatten een klasse van computermodellen waarin biologische cellen
expliciet de afzonderlijke eenheden representeren. Wanneer resolutie op het
cellulaire niveau vereist is om het gedrag van het systeem als geheel of het
gedrag van de individuele cellen te onderzoeken of te beschrijven, zijn dit
soort modellen bij uitstek geschikt. Deze aanpakt maakt het mogelijk om
de complexe geometrie van cellen en hun complexe gedrag te beschrijven.
Ook is het mogelijk de onderlinge interacties tussen cellen en de interacties
met de omgeving te modelleren. Op deze wijze kan het gedrag van het
systeem als geheel worden onderzocht maar kan ook het gedrag van individuele cellen binnen het systeem worden onderzocht. Cel-gebaseerde modellen zijn vooral interessant omdat ze twee aspecten van biologische cellen
combineren. Ten eerste, de vorm en interactie van cellen, die in grote mate
bepaald wordt door het celmembraan en het cytoskelet. Deze mechanische componenten maken het mogelijk dat cellen kunnen bewegen, groeien,
van vorm veranderen en krachten kunnen uitoefenen. Ten tweede, cellen
zijn uitgerust met een extreem geavanceerde informatieverwerking, controleen regelmechanismen. Deze aspecten bepalen in hoge mate hoe cellen reageren op hun omgeving. Hoewel het laatste aspect van groot belang is voor
het gedrag van het systeem en zijn eenheden, legt dit proefschrift vooral
de nadruk op de mechanische aspecten van cellen, waarbij gebruik wordt
gemaakt van eenvoudige regels voor beweging en interacties. Cel-gebaseerde
modellen kunnen worden onderverdeeld in twee hoofdcategorieën, namelijk
rooster gebaseerde en rooster-vrije modellen. In rooster-gebaseerde modellen, is de ruimte verdeeld in een regelmatig rooster op zodanige wijze dat de
ruimtelijke coördinaten als discrete getallen worden weergegeven, vergelijkix
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baar met een schaakbord. Een virtuele cel in het model kan dan worden
gerepresenteerd als een enkele positie in het rooster, of als een verzameling van aangrenzende roosterposities. Beweging in deze ruimte wordt dan
beschreven als discrete stapjes van het ene naar het andere roosterpunt.
Rooster-gebaseerde modellen worden vaak geformuleerd in de vorm van
cellulaire automaten, waarbij elke roosterpositie een aantal verschillende discrete toestanden kan aannemen, zoals “bezet” of “vrij”. Op basis van een
aantal voorgeschreven regels, kan bij elke tijdstap de toestand op een specifieke roosterpositie overgaan naar een nieuwe toestand. De overgang wordt
niet perse alleen bepaald door de interne toestand van het roosterpunt maar
kan ook door de toestand van de buren worden beïnvloed. Het systeem
evolueert in de tijd door de regels bij elke tijdstap weer opnieuw toe te
passen. Op deze manier wordt een reeks van opeenvolgende momentopnamen verkregen van het systeem waarbij elke nieuwe afbeelding gegenereerd wordt op basis van de voorgeschreven regels en de voorgaande afbeelding. De toegepaste regels worden zodanig gekozen dat deze het gedrag
van het echte systeem op het niveau van de individuele eenheden en hun
interacties in redelijkheid benaderen. Een meer complexe klasse van roostergebaseerde modellen is het het zogenaamde “Cellular Potts model” (CPM).
In dit geval ontwikkelt het systeem zich zodanig dat de potentiële energie
over een langere reeks van tijdstappen wordt geminimaliseerd. Interacties
van cellen met hun omgeving en de geometrie van de cel wordt bij deze
klasse van rooster-modellen beschreven in termen van energie. Bij elke verandering tijdens een tijdstap wordt gekeken of het systeem energetisch gezien in een meer optimale toestand komt of niet. Is de verandering energetisch gezien lager, dan wordt deze geaccepteerd. Deze aanpak is zeer effectief gebleken voor systemen waarbij cel-cel interacties een bepalende rol
spelen bij het gedrag van de cellen het systeem. In roostervrije modellen
wordt de ruimte niet beschreven met discrete eenheden maar als continue
variable, de dynamica van de model-elementen die de cel beschrijven bezitten een echte snelheid en versnelling. Er bestaan vele soorten rooster-vrije
modellen, waarbij de verschillen vooral liggen in de geometrische representatie van de cellen. In de eenvoudigste modellen worden cellen als bollen
of ellipsoïden beschreven en zijn geschikt voor systemen van prolifererende
en actief bewegende cellen. Compact weefsel met eptiheelcellen kunnen effectief worden beschreven met eenvoudige polygoonmodellen, waarbij elke
cel in combinatie met zijn buren als een convexe veelhoek (of veelvlak) wordt

xi
gerepresenteerd. Wanneer nog meer detail of vormcomplexiteit nodig is,
kunnen complexe polygonen worden gebruikt, echter deze aanpak is computationeel gezien kostbaarder. Bij deze modellen worden positie- en vormveranderingen van cellen voortgedreven door krachten en spanningen, die
zowel intern als extern kunnen optreden. Voorbeelden zijn: celdeling, botsingen, celprotrusies, vervormingen en andere mechanische effecten. Hierbij
spelen ook de materiaaleigenschappen van de cel, zoals de elasticiteit, viscositeit en oppervlaktespanning een belangrijke rol. Deze eigenschappen
kunnen zowel tot vloeibaar als vaste-stof gedrag leiden. Dit proefschrift
beschrijft de resultaten van diverse studies waarbij cel-gebaseerde modellen gebruikt zijn voor de beschrijving van gastrulatie tijdens embryogenese
van de zeeanemoon Nematostella vectensis en patroonvorming in populaties
van filamenteuze cyanobacteriën (blauwalgen). Ondanks het feit dat deze
organismen biologisch gezien in veel opzichten verschillend zijn, blijkt dat
beide systemen effectief gemodelleerd kunnen worden met vergelijkbare celgebaseerde technieken. Voor de zeeanemoon, is een tweedimensionale complexe polygoon gebruikt als model voor de cel. Elke virtuele cel bestaat in dit
geval uit een veelhoek, bestaande uit 84 knooppunten, hiermee kan het celmodel een scala aan kenmerkende celvormen die zijn waargenomen tijdens
embryogenese modelleren. Een voorbeeld hiervan zijn de kenmerkende de
flesvormige cellen die tijdens gastrulatie worden gevormd. Een deel van de
cellen in de blastula, een ring van aangesloten cellen, is door genetische regulatie gedifferentieerd in deel van celpopulatie die later het endoderm (het
binnenste kiemblad) vormen. Deze cellen vertonen een reeks van mechanische gedragingen zoals, het vormen van filopodia (naaldvormige uitstulpingen), constrictie (samensnoering) en gedeeltelijk verlies van cel-cel adhesie.
De combinatie van deze mechanische regels maakt het mogelijk het gastrulatieproces te simuleren. Voor het modelleren van individuele cellen in een
populatie van filamenteuze cyanobacteriën is ook gebruik gemaakt van tweedimensionale complexe polygonen. Filamenteuze cyanobacteriën kunnen
zeer lange flexibele filamenten (draden) vormen die bestaan uit meerdere aan
elkaar gekoppelde bacteriën. De filamenten bezitten voortstuwingsmechanismen waardoor ze langs de lengteas in beide richtingen langs elkaar heen
kunnen glijden. Om optimale lichtcondities te vinden maken filamenteuze
cyanobacteriën gebruik van een mechanisme dat gebaseerd is op fotofobie.
Met behulp van dit model was het mogelijk de klassieke “cyanograph” experimenten van D.P. Häder te simuleren. Bij deze experimenten vormen de
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bewegende cyanobacteriën op basis van een fotografisch lichtprojectie het
patroon van de foto in een Petrischaal. Voorts, was het mogelijk met dit
model aan te tonen dat een grotere filamentlengte en relatief hoge snelheden
voordelig waren voor het vinden van optimale lichtcondities. Als laatste,
is de vorming van driedimensionale netwerken in populaties van de filamenteuze cyanobacterei Anabaena variabilis met cel-gebaseerde modellen bestudeerd. Deze soort wordt in verband gebracht met zeer oude versteende
patronen die dateren uit de vroegste periodes van het leven op aarde. In dit
geval is gebruikt gemaakt van een driedimensionale versie van het hierboven
beschreven model voor het simuleren van patronen onder verschillende condities zoals filamentdichtheid en onderlinge interactie. Deze studie laat zien
dat door het willekeurig voor- en achteruit glijden van de filamenten, deze
zichzelf kunnen organiseren in stabiele bundelvormige patronen bij relatief
zwakke interacties en voldoende hoge filamentdichtheid. Deze resultaten
leveren een basis voor een mechanisme voor het ontstaan van driedimensionale patronen die ook tijdens biologische experimenten zijn waargenomen. Tenslotte, door het gebruik van de hier gebruikte GPU rekenkracht voor
cel-gebaseerde modellein is het nu ook mogelijk berekeningen uit te voeren
in de orde van teraflops. Dit brengt de toepassing van cel-gebaseerde modellen bij het simuleren van complete modelorganismes, die opgebouwd zijn
uit een relatief klein aantal cellen binnen handbereik. Voorbeelden hiervan
zijn de sociale amoebe (Dictyostelium discoideum) en de rondworm (Caenorhabditis elegans). Gezien de hoeveelheid experimenteel onderzoek en financiering die gemoeid is bij het onderzoek aan deze modelorganismen, lijkt
het zowel haalbaar en spannend om deze veelbelovende nieuwe weg van
onderzoek verder te volgen. Het is dan ook mijn persoonlijke hoop dat de
toepassing van informatica binnen de biologie steeds meer geïntegreerd gaat
worden, en dat er in toenemende mate waardering groeit voor systeembiologisch onderzoek. Niet alleen om een significante bijdrage te leveren aan het
begrijpen van van complexe biologische systemen, maar dat de biologie ook
een inspiratiebron vormt voor het ontwikkelen van nieuwe computationele
paradigma’s. Als biologie een kruispunt vormt met natuurkunde en informatica, dan zal naar verwachting de toepassing van cel-gebaseerde modellen
bij het integreren van deze verschillende disciplines zeker een vruchtbare
toekomst tegemoet zien.
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Introduction
The concept that matter is composed of simple elements beyond the reach
of the naked senses dates back to the fourth century B.C., when Democritus
and Leucippus established the atomic philosophy. The core idea was a simplification of the position of the Pythagoreans, who held that all matter was
a combination of four basic elements: earth, water, air and fire. The four
element theory is thought to have been based on the action of fire: burn a
piece green wood and you see not only fire released, but also the smoke becomes air, the water boils off from the ends and the result is an earth-like
ash. The atomists, however, believed that the processes and qualities observed at one level cannot be used to explain those at a deeper level, and so,
for example, the color of objects cannot be explained simply by assuming the
presence of “colored” elements (1). Instead, the atoms were assumed to be
all of the same substance, but distinguished in size and shape and exhibiting
different dynamic properties, such as oscillations. Democritus imagined an
infinite vacuum filled with atoms in perpetual motion constantly colliding
1
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and forming more complicated elements, which humans perceived as various different substances. In Democritus’ words: “According to convention
there is a sweet and a bitter, a hot and a cold, and according to convention
there is color. In truth there are atoms and a void.”
The atomic theory had no observed facts to support it, nor was there any
means of testing its consequences. Theories of matter were more a matter of
doctrine than science and subject to be pushed aside by changes in mindset
or by a rival philosopher. In the history of science the Democritean atomic
theory is closer to modern views than any other theories which preceded or
replaced it, but was ultimately undone by the criticisms of Plato and Aristotle. The revival of the atomist theory would only come about two millennia
later with the emergence of Newtonian physics1 .
Naturally we associate the abstract Greek atoms with the modern concepts of molecules, atoms, and subatomic particles. However the fundamental idea is more general than may appear: a seemingly complex phenomenon has at its root simpler interacting elements. Although the interactions between a few elements in isolation may be well understood, the sheer
combinatorial possibilities of even a moderately sized system can cause it to
behave in ways that cannot be explained simply by looking at its constituents.
The system becomes an individual in its own right, with emergent qualities
different than those of its constituents. In other words, these complex systems
are “greater than the sum of their parts”. The functioning of the brain as
a whole is another thing entirely than that of the neurons that compose it.
Consciousness, memory and emotion are emergent properties of the system,
which are not obvious consequences of how individual neurons function.
Similarly, the behavior of financial markets seems more complex than the actions of market players when observed in isolation, and traffic jams emerge
not simply because there are too many cars, but because of the way drivers
behave and interact.
Complex systems are abundant in biology. Biological systems are organized into a well defined hierarchy of scales, from the molecular to the
ecological. At each scale we find a complex system of numerous agents from
which the agents of the next scale emerge, and so from molecular agents we
get cells, from cells we get tissues, from tissues we get organs, etc. A hallmark of complex systems is that the behavior of the system as a whole is not
1 Dampier

(2) noted: “Plato was a great philosopher, but in the history of experimental
science he must be counted a disaster.”
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evident based solely on observations of its constituents. It is often not clear,
for example, how a certain tissue functions as a whole based on observations
of individual cells. To understand complex systems, we need models that
can link emergent properties with the underlying constituents.

Approaches to modeling
In science, “model” can mean different things to people in different fields.
For a physicist, a model is a set of mathematical laws that describes the essential components of a system and can accurately predict its behavior. In
biology, more often than not “model” is meant as “model organism” – a particular species studied in detail by many researchers and thought to be representative, at least physiologically, of a wide range of other related species.
But biologists also work with abstract models, which we might call logical
or functional models. These are the models that occupy the discussion sections of biological research and review papers. While physical models are
expressed almost entirely in mathematics, the logical models are expressed
in plain language. They consist of a narrative on how the system is thought to
work and are usually accompanied by an illustration. These models don’t describe quantitative relationships, but discrete cause-and-effect relationships
between actors in the system. Calculus and algebra are not really suitable
for expressing the logical models used by cell biologists and, consequently,
theoretical work in cell biology has not been as successful as it has in other
fields.
The different approaches to modeling found in cell biology and physics
have consequences for how the two fields operate. Physicists can be roughly
divided into two camps: theoreticians and experimentalists. Whereas experimentalists produce interesting empirical observations through experiments,
theoreticians are chiefly concerned with developing theoretical models that
can explain the observations in terms of how the system is composed and
how its elements interact. These models not only satisfy intellectual curiosity, explaining why experiments turned out the way they did, but any decent
model should also be predictive, that is, able to foresee the outcome of experiments on the system (within some limited margin of error). When we
have a predictive model of a system we can we truly say we understand how
it works, since the essential components and their interactions are expressed
explicitly in the model, without the confounding detail of the real system.

4
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For a model to be useful in physics it must be quantitative, so that its
predictions can be measured against the real system and judged accordingly.
Physics is only concerned with measurable quantities found in Nature, and
so the accuracy of a model can only judged by the magnitude of its errors.
Temperature described as “hot” or “cold”, or speed as “fast” or “slow”, is
meaningless in physics. Since physical models need to be quantitative, they
are defined using mathematics, which is the only language known to us for
describing and reasoning with quantitative relationships. Theoretical physicists can use the rich mathematical toolset to work the model and predict
previously unknown phenomena. Often, all possible behaviors of the system can be extracted from the equations, or at least specific questions can
be answered, before performing actual experiments. The model is validated
by confirming these predictions experimentally. If some day an experiment
is performed that contradicts the model, the theoreticians will refine it and
the cycle is repeated. With each iteration of this cycle the knowledge of the
system increases. Not only is the system better understood in terms of how
it works, but also more accurate predictions can be made.
Contrary to physics, biology has a relatively small theoretical component,
and one often has the feeling that there is no synergy between experimental
and theoretical approaches. Yet, biologists are not content just documenting
their experiments, they also seek to understand the systems they work with
in terms of an theoretical models, albeit different that those found in physics. Biologists take experimental data, analyze it and distill it into a compelling narrative just complex enough to explain all the experimental results.
This narrative, along with the accompanying figure, is the kind of theoretical
model most biologists work with. They are typically logical models, proven
or disproven by making binary predictions of the sort “if I knock out gene
A, then gene B is not expressed” or “if I sequester molecule X, then the cell
will lose motility”. It is uncommon for a biologist to predict “if expression
of A is reduced 50%, then expression of B is reduced to 25%”. This may be
because performing measurements on the cellular systems is very difficult, or
perhaps because it is already difficult enough to try to understand “how?”,
never mind “how much?”.
Although these logical models are not specified in a formal language such
as mathematics, testable predictions can still be extracted from the model by
deduction. Again, predictions are usually qualitative because they are concerned with functional aspects of the system, such as “Is gene A expressed
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or not?”, “Did the cells survive or not?”, “Did the cells remain motile or
not?”. However, this approach scales poorly since biologists have little theoretical framework for making predictions other than what deductions they
can work out in their minds. This is where the theoretician should come in.
The theoretician’s job is to make sense of experimental data by constructing
a theoretical model that can explain all the observations of a given system.
Models not only explain why certain phenomena occur, they also serve as a
way of summarizing knowledge. A good model compresses and organizes
large amounts of experimental data into a succinct description of the system. The ability of biologists to distill and compress information into logical
models has not kept pace with the ever increasing amount of experimental
data that is produced. Whereas the virtuous cycle between theory and experiment in physics has driven the field to the brink of a theory-of-everything,
biology seems to be exploding with unanswered questions and overflowing
with data.

A new modeling paradigm
The ability to extract answers from a model without performing full-blown
experiments is one of the most powerful aspects of theory, and that ability
is possible only by the use of formal languages equipped with tools that are
suitable for exploring the structure and implications of the model. Key to any
model is the language in which it is expressed. After all, what state would
physics be in if physicists could only express their work in plain English?
And how fast could biology progress if it were possible to express models in
a formal language, such as mathematics?
The use of mathematics in biology for modeling and theory has been
successful in some fields, such as in ecology and molecular biology. However, cell and microbiology have seen little theoretical work compared to the
reams of experimental studies that have been published. Biologists in these
fields do use models for understanding their results, but these models are
specified informally in plain English, which gives us no mechanism to test
the model apart from conducting more experiments. Why can’t all of biology
be described using mathematics, similar to physics?
Traditional mathematical models in biology are typically stated as differential equations in time (ordinary differential equations ODEs) or in time and
space (partial differential equations, PDEs). These equations are constructed
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from basic principles, taken as self evident, which are composed, substituted
and transformed analytically to obtain the final equations. A key step in
deriving differential equation models is taking the system to its continuous
limit, in which it is assumed that the constituents are infinitesimally small
and smoothly distributed over the domain. This works well when the constituents are essentially identical, numerous and whose individual shapes,
quirks and behaviors (if any) do not have singular effects and can be abstracted away. In other words, the constituents can be seen as a smooth mass,
rather than as a collection of individuals. Again, in biochemistry and ecology these assumptions often work well, and models based on the law of
mass action and reaction-diffusion are used widely. The constituents (molecules, organisms) are sufficiently small, numerous, simple in function and
smoothly distributed. Differential equation models have also found use in
modeling cellular systems in which the cells are small compared to the domain size and can be reduced to infinitesimal points, and all behave in the
same way. For example, the heart has been modeled with partial differential
equations in which the tissue is modeled as a continuous excitable medium
and cells are infinitesimally small (3). Yet there are many other systems in
which cells cannot be reduced to points and abstracted away, but in which
the individuality and complexity of cells is fundamental. For example, in
developing embryos, the cells are not small compared to the embryo itself,
and furthermore the shape and the behavior of a small subset of cells has a
large impact on the evolution of the system. During the morphogenesis of
Dictyostelium discoideum, the presence of a few dispersed auto-cycling cells is
fundamental to the formation and movement of the crawling slug. To understand blood flow in small capillaries, the shape and cohesiveness of red blood
cells must be taken into account. The roundworm Caenorhabditis elegans has
only a thousand cells, yet is a complex multicellular organism with multiple
organs and a nervous system.
There is another factor that sets biology apart and and which makes
quantitative reasoning more difficult than in physics. At its core, physics
is concerned with elementary particles and matter composed of elementary particles. These particles slavishly follow a set of quantitative laws that
makes their behavior predictable, even if only statistically. Particles of the
same species are all identical and interchangeable, they have no identity, and
they behave the same way according to universal quantitative laws. Mathematical modeling in biology works best when the biological system can
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be approximated as such a system of elementary particles whose behavior
and interactions can be specified as equations, such as algae in a population
dynamics model or metabolites in a metabolic network model. Still, all biological systems are based on the same elemental matter as everything else,
so why can’t physics and chemistry fully explain biology? A significant difference between biology and more fundamental sciences is that in biology
elementary particles combine to form “complex agents” – machines that perform tasks – and the behavior of these agents is often difficult to capture
mathematically.
Loosely, anything that can be viewed as following a procedure, typically
for a specific role in some grander scheme, can be interpreted as a complex
agent. Biological systems are full of complex agents, from the macroscopic to
the microscopic. Cells are powered by discrete complex agents such as molecular motors, tasked with carrying payloads, as well as exerting force on the
cytoskeleton; transcription machinery to copy DNA, ribosomes to translate
RNA into protein, molecular pumps to regulate concentrations. Agents can
operate on other agents, as well as on passive structures such as membranes
and the cytoskeleton. From these myriad agents and their interactions, larger
scale agents emerge – cells – with cellular agents of different types performing specific roles in a larger system, giving rise to yet larger complex agents.
Cells of different types form tissues and organs, again each with a specific
role. At every scale in biology we find complex agents whose interactions
between themselves and their environment give rise to a new level of complexity at a higher level.
Complex agents have both a physical aspect and a logical aspect. The
physical aspect of complex agents is concerned with the mechanics of the
agent, how the agent is implemented physically. This aspect is captured using physical models of e.g. protein folding, chemical reactions, viscoelastic
materials, etc. These models explain to us exactly how the agent works on
a nuts-and-bolts level, but do not really describe what the agent does. On
the contrary, the logical aspect of an agent relates to the procedure the agent
performs and its role in the overall system. Therefore, we can describe a
cell mathematically as a collection of quantities such as concentrations, stiffnesses, viscosities etc. We can also view a cell as a complex agent and describe it algorithmically in terms of its “program”. Whereas the logical aspect
describes the cell program, the physical aspect describes how that program
is implemented as a machine.
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The difficulty of calculus to describe the logical aspect of agents is perhaps one reason why theoretical work in cell biology has met with limited
success. It quickly becomes awkward to express the tasks an agent performs.
Although in principle the mechanics of each agent could be modeled at the
molecular level, a cell is clearly too complex to be understood as a purely
mechanical system. With the computing revolution, however, an alternative
form of studying biology theoretically has emerged. Theorists can now describe an agent’s behavior using computer programming languages. These
formal languages were designed to describe procedures and are well suited
for describing the tasks agents perform. Furthermore, computer languages
also have associated toolsets that, although different in nature from those of
mathematics, also enable the theorist to answer questions through the model
in the form of running computer simulations. By converting his/her plain
English models into a so-called “agent-based model”, a Biologist can now
work in the abstract with both physical and logical models of the system. By
running simulations, all the logical and physical consequences of the model
play out and making predictions is no longer limited to the (often “linear”)
intuition of the researcher. An elegant example of this is in practice is Odell
and Foe’s recent model for mitosis (4). The authors used physical models
for the purely physical parts of the system, such as microtubules, and agentbased models for the active molecular agents, such as molecular motors. The
agents are not modeled physically as molecules, but as micromachines following a procedure. The agents interact with the physical structures are well
as with other agents. The result is a model that captures mitosis as the outcome of both physical processes and logical processes.
Agent-based models are computational in nature and so are specified in
terms of an algorithm. Traditional mathematical models, such as diffusion
of a morphogen or the equations for fluid flow, may be pieces of the model,
but the model as a whole may not be amenable to calculus. The models
assume that the system is composed of discrete interacting elements often
with some internal state. The agents are programmed to change their state
as a function of time and the interactions with other agents. A simulation
consists of initializing the model domain with anywhere between hundreds
up to millions of these agents, then stepping in time. In turn, a time step
consists of updating the state of each agent according to its interactions at
that point in time, and if the agents are motile, moving the agent a small
step in the direction dictated by a combination of the internal state and the
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external forces applied to it. Over time, an emergent pattern will (hopefully)
arise from these minute interactions. By conducting many simulations for
different system parameters, we can explore how the system behaves under
different conditions. This is a major difference between between computational and mathematical models. Predictions from computational models can
only be made through induction from running simulations, whereas predictions from purely mathematical models can be deduced from the equations,
and may not require running any simulations at all. Computational models
may therefore seem to be a more brute force approach, but for most complex
systems there is no other way. The the collective behavior of individuals in
those systems is too complex and chaotic. The emergent properties of the
system can only be generated from the individuals themselves.
In this thesis we explore a particular kind of agent-based model called cellbased models (CBMs) that take biological cells as the agents. Cell-based models
have become an important theoretical tool for understanding and predicting
the behavior of cellular scale systems. Their natural representation of cells
has made them increasingly popular in cellular and microbiology. While
they do not constitute a theory per se, they are an important theoretical tool
that can help drive experiments by making useful predictions and increase
our understanding of complex systems. Like all models, cell-based models
allow a researcher to pare down a cellular system to its essential working
parts, to see past the complexity fog and reveal how the system really works
in a clear and compelling manner. Cell-based models conjugate well with
current experimental techniques, such as high resolution fluorescent microscopy and electron microscopy, which can be used to gather cell-level data on
the system that can be directly compared to a cell-based model simulation.
Finally, the modeler has absolute and complete control over every detail of
the model system and also has complete visibility of simulation results. Simulations run autonomously and are extremely cheap compared to running
actual experiments. A cell-based model can therefore act as a virtual lab,
where experimentalists and theoreticians alike can play with the system and
generate targeted ideas for new experiments.
In Chapters 2 and 3 we will introduce various techniques for designing
cell-based models. Focus is given to general techniques for modeling large
numbers of motile cells that interact through physical contact and collisions,
amongst other processes. We focus purely on modeling the mechanics of
cellular systems (cell geometry, deformation, motility, cell-cell adhesion, etc.)
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since this is a common starting point for all cell-based models. Mechanistic models for the internal workings of the cell (metabolism, homeostasis,
genetic regulation, etc.) are desirable, but as a first approach phenomenological models of cell behavior based on experimental observations are sufficient to observe emergent properties. One of the challenges of cell-based
modeling is to incorporate mechanistic models of cell regulation, such that,
for example, morphogenesis can be controlled by the parameters of a genetic regulatory model. Tying multiple space and time scales into so called
multi-scale models is a huge challenge and has become a very active field
of research. In Chapters 4, 5 and 6 we present novel cell-based models for
two totally disparate systems, the gastrulation of the starlet sea anemone and
pattern-formation in cultures of filamentous cyanobacteria, but with a common framework based on simple mechanical elements. The models illustrate
the flexibility of the cell-based modeling paradigm, as well as its ability to
perform virtual experiments and generate new hypotheses. We conclude
with a brief discussion on the future of cell-based models.

2

Lattice-based Models
Let’s begin our overview of cell-based models by presenting a simple motivating example: a model of in vivo cancer growth inhibited by the immune
system and external pressure, proposed by Qi et al. (5). There are five types
of cell in the model: normal (N), cancerous (C), dead (D), effector (immune
system response cells, E0 ) and a cancer cell bound by an effector (E). The
basic rules of the model are specified using reaction laws:
C
C + E0
D

k0

1
−
→
2C

k

k

3
2
−
→
E−
→
E0 + D

k

4
−
→
.

(2.1)

where the k i are the reaction rates. The first reaction depicts cancer cell
proliferation, the second is the response of the immune system and the third
is the dissolution of dead cells.
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One way to approach this system would be to design a system of PDEs,
typically reaction-diffusion equations, that implemented the above reactions
and then solve the system, yielding a cell density field across the domain.
This approach would assume that the cells are infinitesimal in size compared
to the tumor itself and behave as molecules in a chemical reaction. This approach has the advantage of not requiring that we specify the precise mechanics of cell collisions and cell movement, allowing us to concentrate on the
phenomenon of interest, i.e. cancer growth. Analytical equations can also be
studied to determine the general properties of the system, rather than relying
on extrapolation from a series of simulations.
The alternative is to not take the system to the continuum limit, in which
individual cells and their behaviors are lumped into macroscopic equations,
but to consider a system composed of individual cells. Each cell is preprogrammed to behave according to rules specified by the modeler, however
once the simulation is running the cells are left to their own devices. The
macroscopic features of the system are therefore calculated implicitly by the
virtual cells as the simulation runs, as opposed to being codified into systemwide differential equations and then integrated.
These types of models are called agent-based or individual-based and are
used in a wide range of subjects including physics, social science, economics
and biology. When the “agents” are cells, then the term cell-based model is
used. Agent- or cell-based models are most often used for complex systems
composed of individuals whose behavior is well described by simple rules,
but from which it is difficult to derive macroscopic rules for the behavior of
the system as a whole. In other words, systems in which “the sum is greater
than its parts”.
In cell-based models more details of the system must be included. We
must decide how to represent the cells in the model and what geometry the
cells may assume. And we must also specify what happens when cells collide
when moving, or what happens if a cell is under mechanical strain or when
a cell adheres to another cell. This chapter and the following are concerned
with these basic issues. We introduce multiple techniques for modeling cell
geometry and basic cell mechanics. We start with the simplest models and
gradually add more detail with each model presented. As we progress, we
present elementary physical concepts related to cellular mechanics and introduce biological systems well suited for cell-based modeling. Although there
is no single technique suitable for all systems, we have tried to present a
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range of models wide enough to cover a host of different systems.
Our review is divided into two chapters based on the representation of
the spatial domain. In this chapter, we review techniques that are based on
a lattice representation of space, in which objects are only allowed to occupy
fixed positions. In Chapter 3 we discuss lattice-free methods, in which objects
can move continuously through space.

2.1

A Lattice Model of Cancer Growth

The first issue we will address when designing a cell-based model is how
to keep the cells separate. Since we are assuming that the cells are of finite
size, then each cell has its own exclusive volume that cannot intersect with
another cell’s exclusive volume. This must be explicitly taken care of by the
modeler, and there are multiple techniques of doing so depending on how
the cells are represented.
Perhaps the simplest solution is to use a regular lattice for representing
space and representing each cell as a single point in the lattice. For example,
returning to our cancer example, Qi et al. (5) assume that the cancer grows
on a two dimensional plane. This is common for cancer models, since tumors
are often roughly radially symmetric and can be represented by a single slice
though the center. The plane is divided into equally sized squares that form
a regular grid. The squares are occupied by cells and are called sites. The
basic rule is that each site can hold at most one cell, and all the other rules
are designed to respect this. Therefore, we don’t have to write explicit rules
for cell collisions and we can concentrate on just the behaviors we are really
interested in, in this case cancer growth limited by external pressure and the
immune system.
Initially each lattice site is occupied by a normal cell, except for five cells
at the center of the domain. The model progresses in time by visiting each
lattice site and transforming the site using transition rules. A timestep is complete once the transition rules have been applied to all the sites. The transition rules for this particular example are based on the reactions in Eqs. 2.1,
and are functions of the cell type occupying the site and the cell type of its
nearest neighbors, i.e. the cells immediately above, below and to the sides. If
the visited cell is:
• cancerous (type C) and at least one of its neighbors is a healthy cell,
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then the cell will proliferate with probability k01 . Proliferation consists
of picking a random neighboring normal cell and replacing it with a
cancer cell. If the cell does not proliferate, then it may be bound by an
effector cell with probability k2 , forming a cell-effector complex E.
• bound by an effector (type E) then it cannot proliferate and it will die
with probability k3 .
• dead (type D), it is replaced by a normal cell with probability k4 .
• normal (type N), then nothing happens.
In addition there are two rules controlling growth. The cancer growth is
limited by the amount of nutrients available and so the rate of growth is
inversely proportional to the number of cancer cells in the system NC : k01 =
k1 (1 − Nc /φ) where φ is the total number of cancer cells the system can
support. Growth is also affected by the internal pressure of the tumor as
measured by the cell density d = N/R2 where N is the total number of
cancer, dead and bound cells and R is the average radius of the cancer. The
cancer can only grow outwards if there is sufficient internal pressure, which
is proportional to the cell density. If the density is greater than some critical
value dC , then when a cancer cell divides the daughter cell can replace any
normal cell neighboring the mother cell. Otherwise, the daughter cell can
only be placed in the interior of the cancer, i.e. in a direction facing the
center.
By performing a few hundred simulation steps, the initial five cell cancer grows until the maximum size φ is reached (Fig. 2.1a). The macroscopic
feature of interest is the size of the tumor. Plotting the size of the simulated tumor shows good agreement with the expected growth of real tumors
according to the Gompertz curve (Fig. 2.1b).

2.2

General Characteristics of Lattice Models

Qi et al.’s (5) model has typical elements of lattice models. Each lattice site
is associated with some variable of state, in this case the cell type occupying the site. The transition rules are functions of a local neighborhood, in
this case the four adjacent sites above, below and to the sides, called the first
nearest neighbors or the von Neumann neighborhood (Fig. 2.2). Another common neighborhood is the eight-site Moore neighborhood or the second nearest

2.2 – General Characteristics of Lattice Models

(a)

15

(b)

Figure 2.1 – Simulating cancer growth using a lattice-based model. (a) A simulation of a
growing tumor in 2D. (b) Comparing the growth of the simulated tumor with that of mouse
carcinoma KHT. The jagged line represents the growth of the model tumor. The smooth line
represents the typical Gompertz growth of the mouse carcinoma. Adapted from Qi et al. (5).

neighbors, which also include the adjacent sites in the diagonal direction. At
each step of the simulation, every site’s state is updated by applying a transition rule based on the site’s current state and the state of its neighbors.
The sites at the top/bottom/left/right edges of the lattice do not have bottom/top/right/left neighbors and special rules may be conceived for these,
or alternatively it can be assumed that the lattice wraps around such that the
left neighbors of the sites on the left edge of the lattice correspond to the sites
on the right edge, and so forth for the top, bottom and right edges. In this
case the model is said to have periodic boundaries.
The sites in the model can either be all updated simultaneously – a synchronous update – or one by one such that the lattice sites that have not yet
been updated can already see the new states of those sites that have already
been updated – an asynchronous update. In Qi et al.’s model asynchronous updates are performed. Finally, the model has both local rules and global rules.
Local rules are functions of a site’s local neighborhood, whereas global rules
are functions of the entire system. For example, the rules for proliferation
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described above are global rules because they depend on the total number of
cells and the dimensions of the tumor. The rules cannot be applied without
looking at the whole lattice. On the other hand, the rules for cell death and
cell-effector dissolution are local rules because they do not depend on any
site outside of the local neighborhood.

2.3

Cellular Automata

A lattice model that uses only local rules is called a cellular automaton (CA). In
computer science, an automaton is an idealized machine that has an internal
state that changes according to the input fed to it. For each input value given,
the automaton may transition to a different state according to some internal
rules. In the case of cellular automata, each site houses an automaton whose
input is the state of the other automata in its neighborhood. Note that the
automata can only interact directly with their close neighbors, but a single
automaton can indirectly affect the entire system by initiating a chain of local
interactions. For example, assume that there are only two possible states
{0, 1} for each site and the transition rule is such that if both neighbors have
the same state, then the state is set to 0, otherwise the state is set to 1. This is
the so-called “Rule 90” (7) that demonstrates how a very simple system can
generate a complex structure. By starting the simulation with a single site
set to 1 and using Rule 90 to evolve the system, a curious recursive pattern
of triangles called the Sierpinski Triangle appears, a fractal geometry that
“looks” the same regardless of how far you were to zoom out. Rule 90 is one
of the “simplest” complex systems: a simple rule and a single differentiated
site are sufficient to set off a riot of interactions that form a complicated
pattern that is not an obvious result of the underlying rule.
Given the conceptual similarity between CA and real cells, there are naturally many CA models of biological systems (introductions to cellular automata applied to biological systems can be found in e.g. 8, 9, 10, 11, 12). Consider, for example, the following automaton proposed by Young (13) for the
formation of animal coat pattens. The automaton uses a two-dimensional
lattice with periodic boundaries and synchronous updates. There are two
types of cells: (a) undifferentiated cells (UC) and (b) differentiated cells (DC)
that are pigmented. Each DC produces two morphogens – chemical agents
that have the ability to transform cells into different types. One morphogen acts as activator, which turns UC into DC, and the other as an inhibitor,
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5 steps

50 steps

500 steps

Figure 2.3 – The evolution of Rule 90. Each site is either white or black depending on if the
state is 0 or 1 respectively. The evolution of the one dimensional CA system is plotted as a two
dimensional array in which each row is the state of the system at a given step.

which turns DC back into UC and prevents UC from differentiating. The
morphogen with the highest concentration wherever the cell is located has
the dominant effect. The combined effect of the pair is measured by subtracting the inhibitor concentration from the activator and the result is called the
morphogen field w(d) where d is the distance from the DC cell.
As the morphogens diffuse away from the DCs they decay, producing a
decreasing gradient of concentration from the source cell outwards. A key
element of these activator-inhibitor models is that the activator is produced in
larger quantities but decays quickly, giving it a shorter range, whereas the
opposite is true for the inhibitor. Therefore the activator dominates at short
range, whereas the inhibitor dominates at longer ranges. Young used the
simplest morphogen field that fulfills this requirement :

 w1
w(d) =
w
 2
0

0 ≤ d < R1
R1 ≤ d ≤ R2
otherwise

where w1, w2 are the respective activator and inhibitor strengths, and R1 ,
R2 are their respective ranges. Overlapping fields from neighboring DCs are
additive, so that the total morphogen field W (r) experienced by the cell at
position r is given by:
W (r) =

∑

i ∈N

w(|ri − r|)

where N is the set of DCs within a circular neighborhood of r. At each time
step, the cells change state depending on the value of W at their location:
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w2 = -0.34

-0.28

-0.24

-0.20

Figure 2.4 – Animal skin patterns. Adapted from Young (13).

• If W (r ) = 0, then the cell does not change state.
• If W (r ) < 0 then the cell becomes a UC.
• If W (r ) > 0 then the cell becomes a DC.
Initializing the lattice with randomly distributed DC cells and running for
just a few steps, stable patterns reminiscent of animal skins emerge (Fig. 2.4).
It is sometimes possible to derive a system of PDEs which are equivalent
to the CA model, when we assume that the CA sites become infinitesimally
small. This is advantageous since the dual CA and PDE models offer a microscopic and macroscopic perspective of the same system, respectively, and the
link between the two scales is firmly established. In this case, Young’s (13)
CA model is equivalent to a simplified reaction-diffusion system of the form:
∂M
= ∇ · D · ∇ M − KM + Q
∂t

(2.2)

where M = M (x, t) is the morphogen concentration and the terms on the
right represent diffusion, chemical reactions and production respectively.
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Reaction-diffusion models such as this are an important class of models in
theoretical biology.

2.4

The Importance of Locality

Although many models are dubbed “cellular automata”, in reality many of
them use global rules and asynchronous updates, so do not have the strict locality and independence of “pure” CA. This is more than a semantic quibble,
since these properties lend significant computational advantages.
CA models with local rules are ideal for parallelization on computing
clusters composed of hundreds of networked computing nodes. The CA
domain can be split up into pieces and distributed to the nodes. Since only
local interactions are required between elements, communication between
the nodes is limited to sharing the state of the nodes located at the edges
of each piece of the domain. No node needs to look at arbitrary positions
in the domain and no particular piece of data is shared by all the nodes.
This reduces the computational complexity and communication overhead of
distributed implementations of the model program. It is also an important
consideration for parallel implementations with shared memory, as random
memory access is highly penalized in massively parallel computers. Perhaps
more importantly, models with asynchronous updates are generally difficult
to parallelize. This is because these models are inherently serial, since the
application of a transition rules one site at a time causes the application of
one rule dependent on application of the previous. In general, parallelization
requires that a problem be decomposable into independent sub-problems,
and so the parallelization of asynchronous CA is often a challenge. These
considerations are especially important today compared to the recent past,
as increases in computing power come in the form of multiple computer
cores working in parallel, instead of faster single cores.
Another positive point is that models which rely only on local rules generally have linear computational complexity also written O(n), where n is the
number of elements in the system. This means that the computing time required for a simulation is directly proportional to the number of elements in
the system. In other words, double the number of cells and you double the
the running time as well. This is because for each element we only have to
look at a small subset of elements in the local neighborhood. If, however, the
model were to use a global rule that required it, for each element, to look at
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every single other element in the system, then the complexity of the model
would become quadratic O(n2 ) and doubling the number of cells in the system would result in a four fold increase in simulation running time. Not all
global rules necessarily imply increased computational complexity, however.
Well implemented global rules can conserve the linear complexity of a model,
although global rules do in general complicate parallel implementations of
models.
When designing a computational model, it is important to keep the computational complexity as low as possible. Fortunately, cell-based models will
typically have linear complexity, because the cellular systems they simulate
are inherently local. Cells function as independent units that typically only
interact with their immediate neighbors, or communicate over long distances
through diffusable signals, itself a local process. Hence biological systems
at the cellular level are well suited for modeling since, in principle, we can
model ever larger systems without a disproportionate increase in computing
time.

2.5

A Model of Embryogenesis

Some models walk a thin line between the CA paradigm and more general
lattice-based models. Longo et al.’s (14) model for the thinning of the Xenopus
laevis blastocoel roof is a good example of how the simplicity of pure CA can
often be too limiting to be practical, especially in the case of mechanical
interactions such as contact and collisions.
Xenopus laevis is a widely studied model organism in developmental biology. Like most animals, Xenopus embryos undergo a process called gastrulation during which the embryonic cells rearrange themselves to form three
distinct cell layers (only two in simpler animals). Gastrulation in Xenopus is
rather complicated involving many types of cell migration such as involution
and convergent extension, which we will elaborate on later. Longo et al. (14)
developed a model for a specific process of Xenopus gastrulation called blastocoel roof thinning. The process occurs at a phase when the original egg cell
has already divided multiple times forming the blastula, which in Xenopus
has a spherical shape. The bottom hemisphere of the blastula is solid and
filled with cells, whereas the upper hemisphere has a large cavity called a
blastocoel, which is filled with fluid. The portion of the blastula lining the
top of the blastocoel is called the blastocoel roof (BCR) and it is composed of
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Figure 2.5 – Blastcoel roof thinning in Xenopus laevis. (top) At the beginning of gastrulation, the roof consists of an outer layer of epithelial cells and 2 – 3 layers of deep cells.
(bottom) Near the end of gastrulation, the deep layers have radially intercalated so that the
roof is composed of only two layers of cells: the superficial epithelial cells and one layer of deep
cells. Scale bars are 75 µm. Adapted from Longo et al. (14).

several layers of cells. As the blastula develops, the BCR gradually thins and
extends as the cell layers merge forming just two layers, a phenomenon aptly
called blastocoel roof thinning (Fig. 2.5).
In the model the BCR is represented as a two-dimensional regular square
grid 84 cells wide and 3-5 cells high. Initially the domain is differentiated vertically by three distinct layers. The top layer is one cell deep and is composed
of superficial cells, the middle layer is composed of deep inner cells and is 1
- 3 cells deep and finally the bottom layer is composed of bottom deep cells
and is one cell deep. The dynamics can be divided into two separate but
related features:
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• Intercalation. Inner deep cells are allowed to intercalate by inserting
themselves into an upper or lower row of inner deep cells or bottom
deep cells. Once an inner cell migrates into the deep bottom layer,
however, it is trapped and not allowed to move upwards.
• Extension. A row that receives an intercalating cell is required to shift
either to the left or to the right to make room for the cell. Cells cannot intercalate into the superficial layer, however the superficial layer
extends over the bottom layers whenever these extend due to intercalation.
The rules are simple, but in practice they can be difficult to implement
if one wants to adhere strictly to CA local interactions. For example during
movement 1 in Figure 2.6, an inner deep cell moves to the row below it. In
order for the move to occur, however, the lower row must shift to the left by
one cell to make room (movement 2). This is simple to do from a programming standpoint: just move the green cell that’s in the way to the beginning
of the row a then move the red cell to its place. This simple solution however
is not a local interaction as it affects sites that are relatively far from each
other. It would be possible to implement such a move in purely CA terms:
the red cell would have to signal to the green cell that it intends to take its
place, the green cell would then have to signal to the cell on its left to move
over, and this signal would have to propagate through the whole row until
the last cell in the row got the message and moved one cell over. Then one
at a time the green cells would move over until a space opened up for the
red cell to move into. Needless to say, such a program would neither be
efficient nor elegant and such explicit programming of the model behavior
would defeat one of the main purposes of a CA model, which is to show
that simple rules can generate complex behavior. Regardless, the model does
capture various quantitative aspects of the BCR thinning process and stands
as a good example of how a simple model can be informative and predictive,
even if we cannot pigeonhole its modeling approach.
The BCR model illustrates the difficulty of implementing a lattice-based
model that includes cell migration using ad-hoc rules. Systems in which local
events can trigger a large-scale instantaneous reaction are not naturally expressed using strict CA. However, by relaxing the strict CA paradigm, two
sub-classes of CA models exist that are well suited for this sort of problem:

Running the simulation and collecting data
The simulation was run in the NetLogo environment (Wilensky, U. (1999). NetLogo. http://www.ccl.northwestern.
edu/netlogo. Center for Connected Learning and Computer-Based Modeling. Northwestern University, Evanston,
IL). Simple algorithms were generated to collect data such
as total thinning time, temporal FN values, and cell locations. The data were exported to Microsoft Excel for
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Statistical analysis
Building the simulation
Differences in mean data between samples were compared using Student’s t tests, and differences were considered significant at P < 0.05.
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Lattice Gas Cellular Automaton (LGCA) models and the Cellular Potts Models (CPMs).

2.6

Lattice Gas Cellular Automata

Lattice Gas Cellular Automata (LGCA) 1 were originally conceived to model
fluid flow as an alternative to the often intractable numerical integration
of Navier-Stokes equations. LGCA models are a discrete form of molecular dynamics models. Simulations are performed on the scale of individual
“particles” that move in discrete steps along a regular lattice. The particles
move from site to site through velocity channels, which connect nearest neighbors to each other. On a two-dimensional square lattice2 , each lattice site has
four velocity channels, one for each of its nearest neighbors

N = {(−1, 0), (0, 1), (1, 0), (0, −1)}
corresponding to the cardinal directions {N,E,S,W}3 . The velocity of a particle
corresponds to the channel it is in, such that a particle residing in the south
channel has velocity (1, 0), (0, 1) in the east channel and so forth. Channels
can hold at most one particle and each particle must reside in some channel,
therefore sites can hold at most four particles at any given time. The state of
a site s is simply a list of 4 binary values s = {η1 , ..., η4 } that indicate whether
a channel is occupied or not.
The dynamics of LGCA models are split into two parts: interaction and
propagation. During propagation the particles simultaneously move into
neighboring sites according to the velocity channel they occupy. After the
propagation step, a particle residing in the north channel at site (i, j) will
move to the north channel at site (i − 1, j), a particle in the south channel will
move to (i + 1, j), and so forth. Following propagation, the interaction step
consists of reconfiguring the state of each site so that particles may change
channels due to, for example, the result of a collision or some other process.
Note that with propagation alone, each particle would simply move along
a straight path forever. In specifying interactions between particles, we can
customize their behavior to model particular phenomena.
1 See

Deutsch and Dormann (10) and Deutsch (15) for extended introductions of LGCA.
practice LGCA models only work well for hexagonal lattices, but for the sake of clarity
we use a square lattice.
3 Note we are using matrix indices (i, j ) as opposed to Cartesian ( x, y ) coordinates.
2 In
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2.6.1

A Model of Adhering Cells

Although largely superseded by Lattice Boltzmann models for modeling
fluid flow, LGCA models have found various applications in biology (10).
The LGCA particles can be interpreted as motile cells and the interaction
step can be implemented to implement specific cell behaviors. Consider,
for example, a simple model of aggregating adhesive cells (15). Each cell is
modeled as a single particle that is subject to the general rules outlined above.
The interaction step consists of applying the following procedure simultaneously to each site r, with state s(r) and cell count ρ(r):
1. A local gradient G is calculated to determine the direction of highest
cell concentration:
G = ∑ vρ(r + v)
(2.3)
v∈N

2. For every possible state si with ρ cells a weight is calculated:
Wi = exp(αG · J(si ))

(2.4)

where α is the aggregation strength and J (si ) is the flux of the state si ,
which measures the net direction of cell movement, and is defined by
J ( si ) =

∑

vη (si , v)

(2.5)

v∈N

where η (si , v) = 1 if channel v is occupied in state si and 0 otherwise.
3. A new state is chosen randomly with probability proportional to the
weights Wi .
Note that the probability distribution is designed to increase the probability
of choosing states whose net flux points towards the highest concentration of
cells in the neighborhood, thereby promoting cell aggregation.
Although this example uses a square lattice, the above can also be extended to a hexagonal lattice with six velocity channels. Figure 2.7 shows
some results of applying this model, using both types of lattice. The advantage of the hexagonal lattice is that is largely avoids anisotropic effects
by allowing movement in the diagonal direction in one-step, as opposed to
the two steps required using the four-site von Neumann neighborhood. The
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Myxobacteria are Gram-negative bacteria that live in topsoil. They are flexible and rod-shaped, around 1 µm in diameter and 7 µm long4 . Myxobacteria live vegetatively, consuming and multiplying, until their nutrient supply runs low. If there is sufficient cell density in the environment (detected
via a quorum sensor in the form of a diffusible A-signal), the cells begin to
aggregate and form a fruiting body, which produces heat resistant spores.
4 For

reviews see Kaiser, Dworkin (16, 17).
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Myxobacteria propel themselves using a combination of a “slime jet” mechanism located at each end of the cell (A motility) and type IV pili, which
attach to neighboring cells and act as grappling hooks. They glide along
their long axis when in contact with a substrate and they generally do not
turn, but periodically reverse their direction. When observed in vitro in submerged agar culture, the first phase of aggregation is characterized by a dark
band of bacteria at the edge of the swarm. Soon a pattern of parallel waves
that oscillate backwards and forwards emerges (Fig. 2.8). The waves consist
of dense bands of parallel cells that are aligned with the direction of the wave
propagation. When the waves collide the cells reverse, producing back-andforth oscillation. The first aggregates appear where two waves collide on the
outer band, forming a “traffic jam” that halts the cells. As the cell density
increases in the jams, the cells begin to form streams that swirl around the
initial aggregate, drawing in more cells and increasing the aggregate size.
Aggregates that are close by merge to form ever larger structures. Finally,
once cell density within the aggregate surpasses a given threshold the bacteria begin to differentiate into spores.
Wave propagation, streaming and spore differentiation all appear to depend on C-signaling. The C-signal is localized on the outer membrane of the
cells and is activated with when a cell’s anterior pole contacts another’s posterior pole. When the C-signal is triggered, the cell will tend to follow the cell
ahead of it by disabling its random reversals and moving ahead behind the
other cell. This allows the cells to form continuous waves and streams as one
by one cells fall behind each other to “form ranks”. Therefore, Myxobacteria
exhibit swarming behavior dictated by direct contact between neighboring
cells.
Mark Alber’s lab has developed various models of Myxobacteria covering different aspects of fruiting body formation using the LGCA framework
(18, 19, 20, 21). The basic two-dimensional model of gliding myxobacteria
uses a hexagonal lattice. As with the other models presented, each cell is
represented as a single particle. However, each particle has its own capsule shaped 3 × 21 site neighborhood meant to represent the myxobacterium
shape (Fig. 2.9(b)). The model can also be extended to three-dimensions by
assuming a “pea-pod” shaped neighborhood for each cell (Fig. 2.9(b)). The
neighborhood is centered on the particle and oriented according to the velocity channel the particle occupies, i.e. the direction the particle is moving in.
Neighborhoods are allowed to overlap, as real myxobacteria cells can crawl
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Figure 2.8 – The myxobacteria development cycle proposed by Kaiser (16). Under normal
conditions myxobacteria feed cooperatively by swarming, which allows them to glide more
effectively. Under starvation conditions, parallel waves of high cell density form. Occasionally,
when waves collide (especially at the high density swarm edges) a “traffic jam” occurs, leading
to the formation of a stationary aggregate. As waves wash over the aggregate it increases in
size to form a fruiting body. Once a threshold size and density is reached, bacteria in the
center differentiate into spores. During this process, cells coordinate their movement through
C-signaling. From Kaiser (16).
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over one another, however, following the basic LGCA rule, two cells moving
in the same direction cannot occupy the same site.
The interaction step implements a scheme which imitates the alignment
effect of C-signaling, triggered by anterior-posterior cell-cell contact. The
posterior and anterior of a virtual cell consist of 7-site zones located at either
end of the rod-shaped neighborhood (Fig. 2.9(a)). The signal strength felt
by a cell is given by the number of overlapping anterior sites of the cell
and posterior sites of neighboring cells. During the interaction step, a cell’s
direction is either maintained or is shifted one step clockwise or counterclockwise. The weight and corresponding probability of each choice is given
by:
W = exp( βC (θ 0 ))

(2.6)

where β is a parameter and C (θ 0 ) is the C-signal the cell experiences at angles
θ 0 = θ + ∆θ, ∆θ ∈ {+π/6, 0, −π/6}.
Using the three-dimensional version of their LGCA model extended with
C-signaling, Sozinova et al. (18) were able to simulate multiple stages of
fruiting body formation including traffic jams, streams, swirling aggregates,
mounds and sporulation within the body. The model demonstrated that Csignaling and cell movement alone are sufficient to explain all the phenomena.

2.7

The Mechanics of Cell Aggregates

LGCA models were originally designed for compressible gasses. Lattice sites
hold discrete particles that are meant to represent individual molecules. Gliding bacteria can, roughly speaking, also be viewed as loose, hard particles
and so LGCA for bacterial systems is an adequate, if somewhat coarse, modeling approach. On the other hand, eukaryotic multicellular systems are
characterized by their strong cohesion and here the gas analogy breaks down.
Because they are cohesive, multicellular systems tend to behave more like liquids or solids.
Steinberg (23) first postulated that cell aggregates behave like liquids by
drawing an analogy between cells and molecules, since both are discrete units
that form cohesive aggregates and are mobile inside the aggregate. Despite
acting on different time and space scales, Steinberg believed that these two
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essential features, which explain many features of the behavior of liquids,
could also explain similar features of cell aggregates.
A drop of some liquid A suspended in another fluid of type B assumes a
spherical shape when not subject to any external forces. This is because each
molecule A in isolation has free cohesive energy, which is reduced when
other A molecules bind to it. Inside the drop, the A molecules have a minimum free energy because they are surrounded by other A molecules. However, the A molecules at the surface are exposed to both A and B molecules,
a configuration which has a higher energy associated with it. Systems of
particles tend to organize such that the global energy of the system is reduced
to a minimum, which corresponds to more stable configurations, and so the
A molecules tend to organize such that there are as few molecules at the
surface as possible. The free energy of the molecules at the liquid-medium
interface generates a constant surface tension that causes the surface of the
liquid to shrink to a minimum, thereby minimizing the free energy of the
droplet and reducing it to a sphere.
Like a liquid drop, individual eukaryotic cells tend to round-up when
suspended. This is most likely due to the active contractility of the cellular cortex driven by myosin molecular motors, which produces an effective
surface tension, rather than passive free energy minimization. In addition,
when a cell is subject to external strain or stress, viscous and elastic responses
are observed. A cell therefore seems to have characteristics of both viscous
liquids and viscoelastic solids.
Cohesive eukaryotic cell aggregates also tend to round-up. Steinberg (23)
attributed this to the same physical principal of minimization of free-energy
in liquids, which holds for mobile and cohesive units of any kind. In the
case of individual cells, the free surface energy is due to unbound adhesion
molecules embedded in the cell membrane, whereas motility is due to local
cell membrane fluctuations that allow the cells to move gradually through the
aggregate (24). Cells therefore are subject to both internal surface tension,
which causes them to round-up in isolation, as well as interfacial tension
between cells, which causes the aggregate as a whole to round-up.
The strength of cell-cell adhesion is measured as the work of cohesion5 and
is the amount of free energy expended on joining two adhesive surfaces. In
addition to explaining the rounding up of cell aggregates composed of one
5 Although

the term cell-cell adhesion is used in biology, in physics the term adhesion is
used for particles of different types, whereas cohesion is used for particles of the same type
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cell type, Steinberg predicted that cell aggregates composed of two different
cell types A and B will self-organize depending on on the relative adhesion
strength between like cells (WA , WB ) and different cells (WAB ), in a process
called cell-sorting. He identified three possibilities, assuming type A cells
adhere more strongly than type B cells:
WB
1. If WAB ≥ WA +
then the lowest energy configuration of the system
2
corresponds to a checkerboard pattern where contact between cells of
the same type is minimized.

2. If WA > WAB > WB then the two cell types will segregate, forming a
two-tier aggregate with the strongly adhering type A cells in the center
either totally or partially engulfed by the less strongly adhering type B
cells.
3. If WA > WB > WAB then the two cell types will segregate into two
separate aggregates.
Steinberg (23)’s theory was dubbed the Differential Adhesion Hypothesis (DAH).
Note that the above predictions are also valid for systems of two immiscible
fluids (Fig. 2.10).
Since its formulation, the DAH and the multiple predictions stemming
from it have been tested both experimentally and computationally (25, 24,
26). The most convincing evidence that cell aggregates behave as viscous
immiscible liquids comes from experiments of cell sorting and engulfment
(25, 24), which show that cell aggregates with less free surface energy do
indeed engulf aggregates with higher surface energy (Fig. 2.10).
This model does not hold up when aggregates are compressed however
(27, 28, 29). When compressed between two plates for a short period of time,
around a few minutes, cell aggregates generate an elastic resistance force proportional to the aggregate’s deformation. When the pressure is released the
aggregate quickly returns to its original shape. This response is consistent
with that of a solid elastic body, not a purely viscous liquid. Viscous liquids
respond to deformation with a resistance force proportional to the rate of
deformation, and so when deformation stops no restorative force is exerted.
During fast deformations the cells within the aggregate were observed to deform and so cell deformation is likely the source of the aggregate’s elasticity
(27).
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H. M. Phillips and M. S. Steinberg
ELASTICOVISCOUS
LIQUID

COMPOUND
VISCOELASTIC
SOLID
(i) Overnight culture (1 g)
before centrifugation

(ii) As centrifugation begins

(iii) During prolonged
centrifugation

(iv) As centrifugation ends

(v) Overnight culture (1 g)
after centrifugation

Figure 2.11 – Two models of cell aggregates. (left) In the viscoelastic solid model, cells deform
during compression but do not slip past each other. (right) In the viscoelastic liquid model,
cells initially deform but then rearrange to reduce their stress. (From 27)
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2.8

The Cellular Potts Model

Cell-sorting and engulfment in cell aggregates were first observed over a
century ago, and a computational model of cell sorting by (30, 31) is an early
example of cell-based modeling. The model is lattice-based, each cell being represented as a single site. The transition rules were motivated by the
DAH, but were not based on any quantitative physical law and so the models
proved to be only partially representative of the real processes (32). Two decades later, an alternative model was presented by Graner and Glazier, Glazier
and Graner (26, 33) based on the large-Q Potts model used for studying cellular patterns found in soap foams and metals. The authors adapted the foam
model to allow for biological cells of different types and to allow the volume
of the cells to be controlled. The model was named the Cellular Potts Model
(CPM), reflecting its origins.
In the CPM each cell is represented as a set of lattice sites and is assigned
a number σ (called the spin) that uniquely identifies it. In addition, each biological cell has a type τ ≥ 0. Therefore each lattice site (i, j) is part of one cell
σ(i, j), which in turn has a type τ (σ (i, j)) (Fig. 2.12). There are usually only a
couple of cell types, plus one special type M that represents the medium in
which the cells are immersed.

2.8.1

The Modified Metropolis Algorithm

The CPM is based on a modified Metropolis algorithm for its dynamics. The
Metropolis algorithm is part of the larger family of Monte Carlo stochastic
algorithms that use random number generation and statistics to approximate deterministic problems. The Metropolis algorithm is used to generate a
sequence of random samples following a certain statistical distribution. In
the case of the CPM, random configurations of the model lattice are generated according to the Boltzmann distribution – the probability of the system
being in a given energetic state. In the Boltzmann distribution, states with
increasing energy are exponentially less probable of appearing. Therefore, by
successively applying the Metropolis algorithm according to the Boltzmann
distribution, on average the system will tend towards states with less and
less energy.
The total energy of the CPM lattice is given by a function called the
Hamiltonian (H). Once this function is defined a simulation step consists

2.8 – The Cellular Potts Model
250

37

M. Zajac et al. / Journal of Theoretical Biology 222 (2003) 247–259

2.12 – on
Cell
representation
in the
CPM. with
(a) Aa type
cell is
as a setDomains
of latticeofsites.
Fig. 3.Figure
Cell patterns
a lattice.
A cell array
s together
listrepresented
t define a pattern.
clustered sites define boundaries (
(b)cells.
EachThe
cellstrength
has a unique
identifier
σ and
τ. (Adapted
from
between
of coupling
(arrows,
c) type
depends
on the type
(b) 34)
of cells at an interface.

Based on experiments with thin sheets
Introducing anisotropic differential adhesion to the
tissue
(Shih and Keller, 1992a), convergent
Extended
Potts
Model
allows
a
novel
approach
(Zajac,
of iteratively applying the following procedure:
simulations consider a single layer of cel
2002) to simulating convergent extension. Despite a
dimensions. Tracking cell orientations provid
constraint
on overall choose
shape, acells
remain
1. Randomly
lattice
site (i,deformable,
j ).
with an intrinsic coordinate system, all
unlike other models for anisotropy (Drasdo et al., 1995;
2. Randomly
choose
a neighbor
(i0 , j0 ) within
stickiness to neighborvary as a function of location
Goel and
Leith, 1970)
based
on less flexible,
more the next-nearest
hood
(i, j)6 . Tracking the spatial distribusurface of each cell. Size and shape constrain
approximate
cellofshapes.
cell model limited compressibility and in
tion of sites within each lattice domain allows aniso3. Calculate
theon
change
in energy
to the system
causedInbygeneral,
setting an evolving lattice pattern
tropic binding
based
the relative
orientation
of ∆Hforces.
σ (i, j) ← σ (cells.
i0 , j0 ).Under the Extended Potts
resemble a collection of cells but pattern
elongated neighboring
simulations reflects cell properties such that
Model, biaxial symmetry arises from these anisotropic
4. Apply the
following
transition rule:
abilistic dynamics favor holding domains t
cell interactions,
rather
than following
from special
they deform and translate.
boundary conditions, as assumed by an earlier0 model
• if ∆H ≤ 0 then set σ(i, j) ← σ (i , j0 )
(Weliky et al., 1991) for convergent extension. The same
earlier model• requires
, j0 ) with probability
if ∆H >persistent,
0 then set directed
σ(i, j) ←cell
σ (i0motion
2.1. Pattern energy
rather than theP simpler,
= exp(−random
∆H /kT )fluctuations, of the
Extended Potts Model. In simulations, anisotropic
Simulations
characterize cell patterns in
k is the
Boltzmann
constant
> 0 is a simulation
parameter
differentialwhere
adhesion
proves
sufficient
as and
the Tsole
stored
energy.
Rather than confronting a
theelongation
temperature.
mechanismcalled
for cell
and alignment followed
differential adhesion immediately, consider t
by tissue extension.
6 Usually any point in the system could be used to for the swap.
case
ofonly
mixed,
adhesive cells from
Since
local uniformly
changes
are explored, this method is called the modified Metropolis algorithm.types of tissue with unlike cells distinguished b
degrees of stickiness. Contributions to the to
energy include a sum for coupling between
2. Method
sum reflecting limited cell compressibility:
By treating each cell as an assembly of small
rearrangeable pieces, the Extended Potts Model allows
for elongated cells with measurable orientations while
the statistical mechanics of interacting particles lends
itself to a method for energy minimization based on a
series of small perturbations. Early alternatives (Goel

E¼

sites
X

i;j;k;l

ð1 # dsij ;skl ÞJtðsÞtðs0 Þ þ

cells
X

ltðsÞ ðAðsÞ #

s

with different couplings JtðsÞtðs0 Þ for every po
of cell types where domain s has type tðsÞ wh

Chapter 2 – Lattice-based Models

38

For low temperatures, the algorithm tends to minimize the total energy of
the system, as changes to the system that lower the overall energy are always
allowed, whereas changes that increase the total energy have a low chance of
occurring. These random inputs of energy are permitted as they allow the
system to explore alternative paths that may lead to lower energetic states,
thereby avoiding getting stuck in local minima. In the case of real biological
cells, these small spurts of energy can take the form of thermal undulations
on the membrane and active protrusions produced from the cytoskeleton.

2.8.2

The CPM Hamiltonian

The Hamiltonian in every variation of the Cellular Potts model has at least
two components: bond energy and volume energy H = Hvol + Hbond . The
volume energy component assumes that the cells are elastic volumes that
resist being deformed. In the case of the 2D models, the cells have elastic
areas instead. The area energy takes the form:

Hvol = λ

∑ ( a ( σ ) − A τ ( σ ) )2

σ6= M

where λ is the stiffness of the cell area, a(σ ) is the equilibrium area of the
cell and Aτ (σ) is the current area of the cell. Note that if the cell is at its
equilibrium size it contributes no energy to the Hamiltonian, but if the cell is
compressed or stretched the cell’s energy increases quadratically.
Bond energy results from contact between two cells or a cell and the medium, and is proportional to the size of the interface between the two. The
bond energy of the system is given by:
n
on
o
Hbond = ∑ J τ (σ(i, j)), τ (σ(i0 , j0 )) 1 − δσ(i,j),σ(i0 ,j0 )
(i,j),(i0 ,j0 )
neighbors

where J (τ1 , τ2 ) is the bond energy resulting from two neighboring sites belonging to cells of types τ1 , τ2 . The second factor eliminates contributions
from neighboring sites within the same cell.

2.8.3

Modeling Cell-sorting Using the CPM

As an initial demonstration of the model, assume we initialize a square domain with a square array of cells of random sizes (Fig. 2.13(a)) all of the same
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type l (for “light”). The bond energies are set such that cell-medium bond
energy is higher than the cell-cell bond energy i.e. 0 < Jl,l < Jl,m . As we run
the simulation, the Metropolis algorithm minimizes the total energy of the
system by favoring cell-cell bonds over cell-medium bonds, which translates
into the square aggregate assuming a round shape and therefore reducing the
length of the cell-medium interface. Each cell-cell bond also contributes energy to the system, however, so each cell tends to have a minimum interface
with its neighboring cells (Fig. 2.13(b)). The tendency for the cell boundary
to shrink is counterbalanced by the area-constraint on each cell that resists
compression.
Now a second cell type d (for “dark”) is added and half of the cells in
the system are randomly changed from “light” to “dark”. The bond energies are set such that 0 < Jd,d < Jl,l < Jd,l < Jl,m . Note that bond energy is
inversely proportional to adhesive strength, as lower energy bonds are more
stable and break less often. Continuing the simulation, the light and dark
cells gradually segregate from each other because the bond energies are such
that contact between cells of the same type is preferred. The lighter cells
eventually surround the dark cells because dark-medium contact is less favorable than light-medium contact, and the dark cells form the aggregate at
the center because dark cell-dark cell adhesion is the strongest (Fig. 2.13(c)).

2.8.4

Extensions of the CPM Hamiltonian

This initial application of the CPM by Graner and Glazier demonstrated the
viability of the DAH through simulation and is a prime example of a elegant
and powerful lattice-based model. It also laid the groundwork for a host
of new models, each with its own extensions of the basic formulation. The
framework has been so successful that its original authors propose renaming
it the Graner-Glazier-Hogeweg (GGH) model to recognize its evolution into a
new class of models, rather than a spin off the previous large-Q Potts model
(Hogeweg developed a large number of extensions for the original model
was in large part responsible for the model’s success).
One of the main advantages of the CPM, along with ease of software
implementation, is that it provides a straightforward “interface” for adding
new phenomena via the Hamiltonian. Anything that can be quantified as
a scalar number can be controlled by adding a term to the energy function.
Behavior that comes with a high energy cost is avoided, whereas behavior
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Figure 2.13 – Some initial simulations using the CPM. Adapted from Glazier and Graner (33)
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that reduces the total energy of the system tends to occur. An interesting
aspect of this is that one does not have to specify exactly how the constraints
are to be met. One specifies what is considered to be “good behavior” and
“bad behavior” and the cells tend to behave “well”, although sometimes
with unexpected results leading to more constraints to close certain energetic
loopholes. Here we discuss a few important extensions of the original model
that are of general interest. For a more complete inventory of CPM extensions
see e.g. Balter et al. (35) and Merks and Glazier (36).
Perimeter Constraint
In the cell sorting example above, the cell interfaces tended to be minimized
and this effectively resulted in the length of the cell boundaries also being
minimized. Both behaviors are the result of using positive bond energies,
which penalize cell-cell contact. However, in some cases real cells tend to
maximize their contact with each other, corresponding to negative bond energy. Setting negative bond energies between cells in the CPM results in uncontrolled growth of the cell boundaries, as the boundary can grow without
increasing the cell volume by distorting its shape or forming wrinkles. To
avoid this unrealistic behavior, a new term can be introduced that is similar
to the area term, except it is a function of the cell perimeter:

Hsur = λs

∑ ( s ( σ ) − Sτ ( σ ) )2

σ6= M

Anisotropic Differential Adhesion and Cell Shape
Convergent extension describes a process in which an “array” of cells converges laterally such that the columns intercalate, causing the number of rows
to increase and the array to extend. In the specific case of Xenopus, convergent extension involves three steps. First the cells change shape from roughly
cuboidal into an elongated form along one axis. Elongation is followed by
alignment, during which the cells align such that their long axes are roughly
parallel, forming stacks. These stacks then merge, like shuffling a deck of
cards, causing the tissue to elongate (Fig. 2.14).
Zajac et al. (37) proposed an analytical model for this process based on the
notion of anisotropic differential adhesion in which the local bond strength
between two elongated cells is a function of their orientation and position

(E )

(B )
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Anisotropic differential adhesion was modeled by altering the bond energies. So far we have assumed that the bond energies are constant for each
pair of cell types. Zajac et al. (34) defined the bond energies as functions of
the cell types and the relative position of the contact boundary to the cell
centers in polar coordinates r, θ.
J (r, r0 )

= Jτ (σ),τ (σ0 ) − ∆(r)∆(r0 )
∆(r) = ατ (σ) e(σ)r sin(θ )

(2.9)
(2.10)

where α is the upper limit on anisotropy, e is the eccentricity of the cell, which
is 0 for an infinitely elongated cell and 1 for a circle, r is the distance between
the cell center and the point of contact and θ is the angle between the point
of contact and the long axis of the cell. Using these extensions they showed
how a random aggregate of elongated cells could be made to elongate, align,
converge and extend based simply on anisotropic differential adhesion.
Chemotaxis
Real cells are often capable of detecting guiding signals in their environment
that influence their direction of movement. When the signal takes the form
of a diffusible chemical the phenomenon is called chemotaxis. Chemotactic
cells sense a gradient of concentration of the chemical in their surrounding
environment and adjust their movement according to the perceived direction
of the source. If the cells move towards the source, then positive chemotaxis
is said to occur and the chemical is a chemoattractant, or if the cells move
away from the source then negative chemotaxis occurs and the chemical is a
chemorepellent.
An intensely studied example of chemotaxis is the aggregation of Dictyostelium discoideum, soil dwelling myxamoebae. When nutrient levels in their
environment are high, each cell lives independently and remains mostly vegetative, but when nutrient levels drop the scattered cells aggregate to form
a crawling slug (Fig. 2.16). The slug moves much faster than the cells alone
and is an efficient way of exploring the environment for food. If the cells are
unsuccessful in their quest, the slug “metamorphoses” into a fruiting body
composed of a long stalk that stands vertically with a body of spores at the
top. Spores that are transported by chance to more favorable environments
germinate and begin the cycle again.
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systems and used it to simulate the cAMP dynamics. The model consists
of a pair of partial differential equations, the spatial domain of which is a
lattice of identical dimensions as the CPM. The equations are numerically
integrated on the lattice points occupied by the cells, whereas in between the
cells on the underlying substrate only diffusion occurs.
Chemotaxis is introduced into the CPM based on the cAMP concentration
field defined by the PDE model. Instead of inserting a new term to the
effective energy function, ∆H is modified directly for each spin copy attempt:
∆H 0 = ∆H − µ(c(i, j) − c(i0 , j0 ))
where c(i, j), c(i0 , j0 ) are the concentrations at the target site and chosen neighbor site respectively and µ is chemotaxis strength. This scheme biases spin
copies in the direction of the gradient, towards the autocycling cells and the
aggregation center. Note that, although simulated separately, the CPM and
PDE models interact with each other. The PDE system depends on the location of the cells and in turn the cells move according to the concentrations
determined by the PDEs. Cellular automata models that are coupled to a
system of PDEs are called a hybrid cellular automata.
Savill and Hogeweg (39) were able to successfully model Dictyostelium
through the aggregation phase to the crawling slug phase using a single
model with fixed parameters, showing how this relatively simple system of
differential adhesion, chemotaxis and cAMP is sufficient to explain the major
features of the process (Fig. 2.17(a)). Furthermore they demonstrated the
superior crawling efficiency of an aggregate of amoeba versus single cells.
Later Marée and Hogeweg (40) used a similar CPM to model the later stages
of fruiting body formation with similarly impressive results (Fig. 2.17(b)).

2.8.5

Other Applications of the CPM

A few prominent early examples of CPM models have been shown here that
introduced popular extensions to the original model. There are a host of
other extensions, reviewed in Balter et al. (35). Since then, many other models
have been published. Here we list a few which may be of general interest,
in chronological order: Hester et al. (41) studied somitogenesis in the chick
embryo using a hybrid CPM model; Larson et al. (42) studied patterning
in the Drosophila pupal eye; Poplawski et al. (43) modeled the invasiveness
of avascular tumors in 3D; Vasiev et al. (44) modeled the gastrulation of
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(a) A 3D model of the aggregation and crawling slug phases. Adapted from Savill and Hogeweg (39).
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the chick embryo; Marmottant et al. (45) used a CPM to validate a model
of the effective viscosity of cell aggregates. Shirinifard et al. (46) studied
vascular tumor growth and Merks et al. (47) used a CPM for a unified model
of vasculogenesis and angiogenesis.

2.9

Discussion

An important feature of CA models is that they are easy to implement as
software programs. Since they are typically not computationally intensive,
they can be written in virtually any computer language, from user-friendlybut-slow scripting languages to high performance compiled languages such
as C. For the most part, they also do not require sophisticated data structures
or algorithms. Also, the discretization of space into a regular grid is a big
advantage from a computational standpoint since we can map the spatial
domain directly to computer memory. Given any position in the lattice, we
know a priori exactly where to look in memory for any objects within a given
radius of that position.
Given their qualitative nature, lattice-based methods free the modeler
from choosing and implementing appropriate quantitative sub-models for
collisions, cell motility, cell adhesion, etc., as well as an appropriate numerical
scheme to integrate the resulting equations. Instead, the modeler can focus
on programming “agents” with a discrete qualitative rule set that captures
the basic behavior of a cell, with a view to demonstrate that a population of
these agents have a non-obvious emergent property.
These technical advantages can be true enablers for researchers in theoretical biology who do not have a computer science background and who want
to write small programs that “just work” rather than writing high performance software for more detailed simulations. Lattice-based methods lower
the entry barrier for developing new models, and allow for rapid prototyping of new ideas. This is perhaps one reason why lattice models are popular
in the field of Artificial Life, which doesn’t seek to study life as it is, but
“as it could be”. Lattice models allow researchers in Artificial Life to work
with abstract principles without getting bogged down in detail. On the other
hand, lattice models can also be useful for quickly testing the feasibility of a
real-world conceptual model developed by a biologist based on experimental
data. Simulations can support the biologist’s model, as was the case with the
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BCR thinning model, or point out shortcomings if simulation results are not
as expected.
The LGCA and CPM models presented here were adapted from quantitative physical models, where their parameters and independent variables
had physical meaning. Unfortunately, when these frameworks are applied
to biological systems their parameters are divorced from mechanistic underpinnings, since the models are applied based on analogy and are not derived from first principles. In particular, the dynamics of the CPM model
are clearly not realistic, since a cell can spontaneously appear within another
cell, albeit briefly since this behavior is "penalized" by the Hamiltonian. Furthermore, time has no meaning in a CPM simulation, since as of yet there is
no physical basis for the CPM temperature and the bond energy and temperature parameters have arbitrary units (48). Therefore one must take care
in interpreting a CPM timeseries, since Monte Carlo steps will not necessary
translate to some fixed unit of time.
Despite these issues, CPMs are still very useful because they are predictive
and simple to work with from a technical standpoint. They are especially
suited to systems in which differential adhesion plays a major role, however
they are not suitable for modeling all systems:
• Each cell in a CPM model has identity, but its constituent lattice sites
do not. Sites are randomly added and removed from a cell, and so it
becomes very difficult to differentiate a cell internally, like introducing
cell polarity, for example.
• On the same note, it is impossible, or at least extremely impractical, to
represent individual mechanical elements, such as springs, or chain of
such elements.
• Cells are coarsely represented and do not have the regular polygonal
cell shapes that are common in cell aggregates. One potential solution
would be to use a finer grid, however this does not scale well, especially
in 3D.
• The dynamics of the CPM are inherently viscous, and it would be very
impractical to try to skirt this and model more rigid bodies such as
bacteria.
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If any of these issues is a significant concern, a lattice based model may
not be the right solution. Instead lattice-free models, presented in the following chapter, may offer a better alternative. Although lattice-free models
allow greater freedom for detail and can potentially be fully mechanistic,
these models are more complex and require a greater time investment from
the researcher. But in cases in which cell shapes, internal cell differentiation,
the trajectories of individual motile cells within an aggregate and the mechanical response of a cell aggregate to deformation, etc., are important, then
lattice-free models are likely to be more suited to the task.

3

Lattice-free Models
The models of the previous chapter assumed that the spatial domain was
composed of discrete sites arranged in a regular lattice. A cell could occupy
either a single or several lattice sites and movement was limited to discrete
“jumps” to neighboring sites. The lattice-free or off-lattice models presented in
this section assume that space is continuous, giving the cells complete freedom of movement in two or three dimensions. Off-lattice models can be split
into two broad categories depending on whether the cell boundary is represented implicitly or explicitly. In cell-center models, only the center of the cell
is represented explicitly as a point, whereas the cell boundary is assumed to
be a continuous geometric shape (a sphere, ellipsoid, rod, etc), centered on
the point. In cell boundary models, however, the cell boundary is explicitly
represented as a set of multiple points, allowing the cell to assume irregular
shapes. But before getting into the modeling techniques, we first summarize
some of the physical concepts that serve as the basis for the dynamics of most
of the models in this section.
51
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3.1
3.1.1

Newtonian Mechanics and Microbiological Systems
The Movement of a Single Particle

Classical mechanics is based on Newton’s three laws, which specify how
particles move and interact. A particle is a theoretical abstraction of some
minute piece of matter with mass m > 0 and whose position is given by
a vector r relative to the reference point O of the coordinate system. The
velocity v and acceleration a of the particle correspond to the first and second
derivatives in time of the particle’s position:
v=

dr
dt

a=

d2 r
dt2

(3.1)

The linear momentum p of the particle is defined as the product of the mass
times velocity: p = mv. Newton’s second law states that the movement of
the particle is given by the differential equation:
F=

dp
d
= (m v)
dt
dt

(3.2)

where F is the net force acting on the particle.1 Assuming the mass of the
particle is constant, Eq. 3.2 becomes:
F = ma

(3.3)

This is the equation of movement for a single particle. If the forces acting on
the particle are known, then the trajectory of the particle can be predicted.
Note that if the net force is zero, then acceleration is also zero and the velocity
is constant. In this case, if the particle was in motion it will continue to move
in a straight line, or if it was not, it will remain at rest. This property is called
inertia and is Newton’s first law of movement.
The angular momentum L and moment of force or torque N are related
to rotational movement about the origin and are defined as:
L = r×p

N = r×F

(3.4)

Unlike linear momentum and force, both vectors depend on the origin O of
the system, however the relation between the two is similar to their linear
1 Only

if O is an inertial frame of reference.
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counterparts:
dL
= r × ma
(3.5)
dt
Therefore if the net torque on a particle is zero then its angular momentum
is conserved.
The kinetic energy T of a particle is given by T = mv2 /2. The work done
by the force F on the particle as is travels from point 1 to point 2 is given by
W12 = T2 − T1 and is the amount of kinetic energy transferred to or removed
from the particle by the force. When a particle moves in a closed loop and
it’s initial kinetic energy is the same as its final kinetic energy upon coming
full circle, regardless of the precise path the particle took, then the net work
performed by external forces is zero, W12 = 0, and the forces acting on the
particle are said to be conservative.
Conservative forces can always be defined in terms of a potential energy
function U, which is a function of only the position of the particle:
N=

F = −∇U (r)

(3.6)

The work done by the force is always opposite to the change in the potential
energy, such that the sum of the potential and kinetic energy of the particle
remains constant:
W12 = T2 − T1 = −(U2 − U1 ) ⇐⇒ T1 + U1 = T2 + U2

(3.7)

Conservative forces therefore conserve the total energy of the system. Gravity
is a conservative force because, in a vacuum, a cannonball shot upwards will
return to earth with the same energy. Friction and drag are non-conservative
forces because they drain energy out of the system. They are functions of the
particle’s velocity and not just its position in time.

3.1.2

The Movement of a System of Particles

Now consider a system of multiple particles i = 1, ..., N. There are two types
of forces acting in the system: internal forces, which arise from interactions
between any two particles i, j, and external forces, which originate from outside of the system. Newton’s second law for a particle i is then:
d2 r

∑ Fij + Fie = mi dt2i
j

(3.8)
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where the Fij are the internal forces and Fie is the net external force applied
to the particle. Summing over all particles we have for the system:
d2 r

∑ Fij + ∑ Fie = ∑ mi dt2i
i,j

i

=

i

dP
dt

(3.9)

where P if the total linear momentum of the system and where we used Newton’s third law, which states that the forces between two interacting particles
are always equal and opposite Fij = −F ji and so the sum of all the internal
forces must be zero. Defining the center of mass of the system as
∑i mi ri
∑i mi

(3.10)

d2 R
= Fe
dt2

(3.11)

R=
we can rewrite Eq. 3.9 as
M

where M = ∑i mi . Therefore the whole system moves as if if were a single
particle of mass M at position R subject to a net force Fe and the internal
forces do not affect its movement. Like a single particle, a system of particles
also has inertia. If the net external force on the system is zero, the velocity of
the center of mass remains constant.
The total angular momentum of the system is given by:
L=

∑ ri × mi vi

(3.12)

i

This can be decomposed into two parts, the angular momentum of the center
of mass relative to the origin O and the angular momentum of the particles
relative to the center of mass:
L = R × Mv + ∑ ri0 × mi vi0

(3.13)

i

where v is the velocity of the center of mass and ri0 / vi0 are the position /
velocity of the particle relative to the center of mass. Intuitively, this means
that rotational movement of a system is the sum of the rotation of the particles
around the center of the system and the rotation of the center around the
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reference point. Similar to Eq. 3.11, it can be shown that the total angular
momentum of the system is determined by the net external torque:
dL
= Ne
dt

(3.14)

and if the net torque is zero the total angular momentum of the system is
conserved.
The kinetic energy of the system can also be decomposed into two parts:
T=

1
1
M v2 + ∑ mi vi02
2
2

(3.15)

and for conservative systems we can define potential energies for the internal
forces and external forces yielding a total potential energy of:
U=

1

∑ Ui + 2 ∑ Uij
i

(3.16)

i,j

such that the total energy of the system T + U is conserved.

3.1.3

Bodies Immersed in Fluids

In the previous sections we mentioned that there are two types of force: conservative and non-conservative. Conservative forces are so-named because
they conserve the total energy of the system. The solar system is an example
of a conservative system since only gravity acts on the planets. Gravity is
a conservative force and does not drain energy from the system, and so the
planets are in perpetual motion. Here on Earth, however, purely conservative systems do not occur naturally because of friction. Friction is a nonconservative dissipative force. Friction forces resist movement and are always
opposite in direction to velocity. Consequently, they always perform negative
work and drain systems of their energy.
Friction is most commonly associated with the resistance felt when rubbing two surfaces together, converting kinetic energy into to heat. But friction
also occurs between solids and fluids, like the extreme friction experienced
by a space vessel returning to Earth. Friction also occurs within fluids as
molecules move past each other, resulting in fluid viscosity – the property of
fluids to resist deformation due to internal friction. The more viscous a fluid
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is, the greater the friction between its constituent molecules and the thicker
it seems.
When a body moves through a fluid, it forces the fluid to deform and reshape itself around the body. Viscous fluids resist this deformation and exert
a counterforce on the body – drag. Drag is a consequence of the both fluid’s
viscosity and its inertia, since the body “collides” with the fluid as it moves
through it. The relative balance between inertia and viscosity determines the
nature of the drag experienced by the body. In systems where inertia is the
dominant factor, drag is proportional to the square of the body’s velocity
relative to the fluid, while in systems where viscosity is dominant drag is a
linear function of velocity. For fluids, the ratio between inertia and viscosity
is given by the Reynolds number (Re):
Re =

ρ v0 L
µ

(3.17)

where ρ, µ are the fluid density and dynamic viscosity, v0 is the speed of
the fluid relative to the immersed body and L is the characteristic length of
the body in the direction of the flow. Systems with a high Reynolds number
Re  1 are dominated by inertia and are characterized by chaotic and turbulent flow. On the other hand, systems with a low Reynolds number Re  1
are dominated by viscosity and exhibit smooth laminar flow.

3.1.4

The Motility of Microorganisms

Many types of cells are able to move in their environments. Prokaryotes have
a number of motility mechanisms that allow them to swim when suspended
in liquids, or glide when attached to a substrate. Some eukaryotes can also
swim, and others crawl using cell membrane protrusions called podia.
Although cell motility is common, on the scale of single cells motility is
much more of a challenge than intuition might suggest. That’s because most
cells live in environments with very low Reynolds numbers (49), where the
viscosity of the fluid is dominant and the cells feel as if the surrounding fluid
were very “thick”, whereas we are used to a high Reynolds number environment – the atmosphere – in which the viscosity of the air is negligible compared to its inertia, allowing for greater freedom of movement. For example,
the Reynolds number for a swimming E. coli bacterium can be estimated by
plugging in the approximate values ρ = 103 kg.m−3 , µ = 10−3 kg.(m.s)−1
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for the density and dynamic viscosity of water at room temperature and
v0 = 10−5 m/s, L = 10−6 m for the swimming speed and characteristic length
of a swimming E. coli yielding
Re(E. coli) ∼

103 × 10−5 × 10−6
= 10−5  1
10−3

(3.18)

and so viscosity is by far the dominant force in water at the scale of a swimming E. coli bacterium. Consequently, the cell “feels” as if it were swimming
though a very thick substance, whereas at a human scale water seems hardly
viscous at all.
For bodies in low Reynolds number environments, the drag force on the
body is opposite and proportional to the relative velocity of the body to the
fluid:
Fv = −b ẋ
(3.19)
where b is the drag coefficient, which is a function of the fluid’s viscosity and
the shape and dimensions of the immersed body. In the case of a small
spherical body the drag coefficient is given by Stokes’ law:
b = 6πµr

(3.20)

where r is the radius of the particle and µ is the dynamic viscosity of the
fluid.
Lets now consider the movement of a bacterium swimming in a straight
line in water 2 . There are two forces involved: a swimming force F s that propels the cell forward and a drag force F v = −b v that resists cell movement.
Newton’s second law gives the movement of the bacterium according these
two forces:
d2 x
dx
m 2 = Fs + Fv = Fs − b
(3.21)
dt
dt
When the cell reaches is equilibrium speed v0 , the drag and swimming forces
cancel each other out, so the swimming force must be F s = b v0 . By substituting into Eq. 3.21 and rearranging we have:
m
2 Based

d2 x
dx
+b
= b v0 .
2
dt
dt

on a similar calculation for embryonic tissues by Odell et al. (50)

(3.22)
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We can interpret this equation as the propulsion force being balanced by
two opposing forces: an inertial force proportional to the acceleration and a
drag force proportional to the velocity. To compare the two forces we must
first remove all dimensions from the equation by setting a characteristic time
t0 = r/v0 and length l0 = r. The new dimensionless variables are then related
to the old by: X = x/l0 , T = t/t0 . Substituting we have:
m

l0 d 2 X
l dX
+b 0
2
2
t0 dT
t0 dT

= b v0 ⇐⇒

(3.23)

mv20 d2 X
dX
+ b v0
= b v0
(3.24)
r dT 2
dT
dX
m v0 d2 X
+
= 1
(3.25)
2
b r dT
dT
The ratio m V/b r determines the relative contribution of inertia to the dynamics. To estimate its order of magnitude for E. coli we approximate a cell
as a spherical body of radius r = 1 µm with a density ten times that of water
ρ = 10 × ρwater :

[ 4 πr3 ][10 × ρwater ]v0
m v0
∼ 3
∼ 10−5  1
br
[6πrµ]r

(3.26)

The ratio is very small and so cell movement is dominated by the drag in the
environment. Therefore, when the cell ceases rotating its flagellum it stops
virtually instantaneously and does not coast. We can therefore neglect the
inertial term in Eq. 3.21 and the dynamics become simply:
1
dr
= ∑ Fk .
dt
b k6=d

(3.27)

where the Fk are all the forces acting on the cell except drag.
Equation 3.27 is valid for a wide range of biological systems since individual cells are generally too small and too slow to overcome the viscosity
of their environment. Therefore, Eq. 3.27 is often used as the basis for the
dynamics of many lattice-free cell based models. The methods presented in
the following sections use particles to represent cells in a number of different
ways and all, with the exception of the Immersed Boundary Method, assume
viscous dynamics of the form in Eq. 3.27. In terms of the model mechanics, the “only” things we need to specify for a complete model are the forces
acting on the particles and the drag coefficients.

3.1 – Newtonian Mechanics and Microbiological Systems

3.1.5

59

Specifying Forces

As mentioned in §3.1.1, conservative forces can be defined as the gradient of
a potential that is a function of only the particles’ coordinates. The potential
function encompasses the entire system and so the dynamics of the whole
model are coded in a single scalar equation. The forces acting on each particle
are calculated from the potential function by applying the gradient operator:


∂ ∂ ∂
Fi = −∇i U ( x1 , y1 , z1 , . . . , x N , y N , z N ) = −
,
,
U (. . . ) (3.28)
∂xi ∂yi ∂zi
Often it’s convenient to specify the potential function in coordinates other
than the orthogonal Cartesian coordinates. For example, the potential is often
a function of the distance between particles rij . In the simple case of two
particles the potential is simply U = U (r ) and the force acting on particle i is
given by the chain rule of the derivative:
Fi = −∇i U (r ) = −

∂U
∇ r (x , x )
∂r i i j

(3.29)

Notice that the (first) scalar factor is the total force intensity between the
particles, whereas the (second) vector factor is equal to the unitary direction
vector between the particles eij .
This procedure can be generalized to interactions between solid bodies
represented by two or more particles. For example, imagine a particle k
interacting with a solid rod that is represented by two other particles i, j, one
at each end. In this case the potential is a function of the distance between
the particle k and the line segment i ↔ j. By Eq. 3.29, the scalar factor will be
the total force between the particle and the rod, and the vector factor is will
be scaled for each particle such that the net force and net torque of the three
particle system is zero, thereby satisfying Newton’s third law.
This approach can be applied to any number of situations, such as a
particles interacting with a triangle; two edges interacting with each other,
two triangles, etc. In each case, the scalar factor determines the magnitude of
the force between the bodies, whereas the second factor distributes the force
to each particle such that Newton’s third law is respected and the internal
forces do no work. It is typically more convenient and compact to specify the
behavior of the system as a scalar potential energy, and so this is often how
mechanical cell bases models are presented.
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Note that this approach is similar to the CPM of the previous chapter.
In the CPM, the dynamics of the system are also codified as a single scalar
expression, but as a function of the lattice configuration, not continuous vectors. The dynamics are driven by the modified Metropolis algorithm, which
stochastically minimizes the potential energy of the system. In lattice free
models, the gradient operator is employed to calculate the forces on the
particles, and in intertia-less systems, the effect of the forces is also to reconfigure the system such that U is minimized:
dU
=
dt

∑
i

dri
dr
∇ i U = − b ∑ ( i )2 ≤ 0
dt
dt
i

(3.30)

where we used Eq. 3.19. Therefore both the CPM and Newtonian formulations are conceptually similar, except that in the latter time and individual
cell trajectories are meaningful, since we can calculate the exact forces. If,
however, the exact forces are computationally expensive to evaluate and a
detailed quantitative system is not required, then a Monte Carlo algorithm
similar to that employed in the CPM can be used Merks et al. (51). In many
cases, however, exact forces can be calculated and a numerical scheme is used
to integrate the equations of motion.

3.1.6

Numerical Integration of the Equations of Motion

Most of the equations used in this chapter form systems of first-order ordinary differential equations of the form:
dr
= F(t, r, . . . )
dt

(3.31)

where the ellipsis represents all the other system variables. In practice, the
particle trajectories are obtained from these equations by using a numerical
integration procedure.3 Unlike an exact analytical solution r(t), which would
be continuous in time, numerical procedures provide an approximate solution r0 , . . . , ri , . . . at specific timepoints ti = i ∆t where ∆t is the timestep and
is a parameter of the method.
The simplest way of numerically solving Eq. 3.31 is to use Euler’s method:
rn+1 = rn + ∆t F(tn , rn , . . . )
3 Much

(3.32)

of this section is based on Press et al. (52), which includes an excellent guide on the
practical use of numerical methods for integrating ODEs.
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which iteratively calculates the approximate solution points. The error made
at each step is given by the absolute difference between the exact solution
and the approximate solution:
δ = kr(tn ) − rn k

(3.33)

With Euler’s method, the error made at each step is proportional to the
square of the timestep, written as O(∆t2 ), and the method is said to be of
first order.
If the errors made at each step tend to cancel each other out, such that the
approximate solution zig-zags around the true solution but remains within
some margin, then the method is stable for the given equation. On the other
hand, if the errors accumulate at each step such that the approximate solution
diverges completely from the true solution, the method is said to be unstable.
Whether a method is stable or not depends on the equations being solved
and the timestep used. Generally, using a smaller timestep increases stability
as well as accuracy.
Although Euler’s method is often used for its simplicity, quantitative
modelers often avoid it because of its low accuracy. Another method, called
the fourth order Runge-Kutta method or RK4, is widely accepted as a good
trade-off between performance, accuracy and stability. The RK4 method consists of taking four Euler-like steps at different fractions of the timestep:
k1
k2
k3
k4

= ∆t F(tn , rn , . . . )
∆t
k
= ∆t F(tn + , rn + 1 , . . . )
2
2
∆t
k2
= ∆t F(tn + , rn + , . . . )
2
2
= ∆t F(tn + ∆t, rn + k3 , . . . )

(3.34)

Combining the four estimates yields a fourth-order approximation by canceling out lower order errors in the fractional steps:
r n +1 = r n +

k1
k
k
k
+ 2 + 3 + 4 + O(∆t5 )
6
3
3
6

(3.35)

However, the increased accuracy comes at a higher computational cost, because the forces need to be calculated four times for each timestep, compared
to just once for the Euler method.
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Once a numerical method has been chosen there is only one parameter,
the timestep, which we can use to fine tune the performance of the method.
One option is to choose the largest stepsize that keeps the method stable,
which is guaranteed to give the best performance in terms of computing
time. On the other hand, if one is concerned about accuracy, then a safer
choice is to chose a small timestep to reduce errors. Fortunately there are
automatic procedures for choosing the optimum timestep collectively called
adaptive timestep control. Using adaptive timesteps, the user specifies the desired accuracy and the method ensures the largest timestep that provides the
specified accuracy is chosen. For adaptive timestepping to work, however, we
require some measure of the error committed for each timestep, also called
the local error. We know the order of the method, i.e. how the error varies
with the timestep, but can we know the local error of a timestep without
knowing the exact solution?
As it turns out, we can calculate a rough estimate of the error by comparing the results of integrating the equation with different timesteps. For
example, imagine we take two consecutive ∆t timesteps from time t and then
take a single 2∆t timestep from t using the RK4 method. The two trials yield
different estimates r, r0 for r(t + 2∆t), the first probably more accurate than
the second. The difference between the two estimates provides a measure
of the local error of the method δ ' kr0 − rk, and can be used to judge the
accuracy of the method for the given timestep. Furthermore, it can be used
to choose an appropriate timestep for the desired accuracy δ0 by setting the
timestep to :

δ0
∆t = ∆t
δ
0

1
5

(3.36)

where it is assumed that the method used is fourth order. Using adaptive stepsize control, the modeler need not worry about setting the correct
timestep for the parameters he or she has chosen of for the model. The
control procedure will automatically adapt to the system, ensuring that the
optimum timestep is used for the desired accuracy.
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Cells as Spheres and Ellipsoids

3.2.1

A Model of Swimming Bacteria

As an initial application of the principles laid out in the previous section,
lets first consider a model of swimming E. coli cells introduced by Angelani
et al. (53). We present their model with simplifications, but as noted by the
authors, the results of the simpler model are basically the same as the more
complete model.
E. coli swim in an alternating pattern of “runs and tumbles”: the cells
move in a straight line for a short period (a run), then they reverse the rotation
of their flagella causing them to spin randomly in place (a tumble), followed
by another run in the new random direction. The flagella are not explicitly
represented in this simple model, but we assume that the virtual cells swim
in a similar pattern of runs and tumbles. Each cell has a direction ei that it
glides along during a run. Tumbles are modeled by simply assigning a new
random direction ei0 every P seconds on average, where P is the average time
of a run.
For simplicity, each cell i is modeled as a spherical particle4 of diameter
a whose position is given by ri . Cell movement is modeled assuming an
inertialess environment (Eq. 3.27) and we consider two types of force:
• Swimming forces Fis that propel the cells forward during runs:
Fis = f 0 ei

(3.37)

where f 0 is the swimming force intensity.
• Repulsive forces due to collisions with other cells. Any cell i coming
close to a cell j will feel a repulsive force given by:
Fijc = −

A
rij .
rij14

(3.38)

where rij = r j − ri is the distance between two cells, and A = f 0 a14 is
calculated such that the two cells colliding head-on are in equilibrium
when they are touching.
4A

simplifying assumption, E. coli are actually rod-shaped.

where

! i ¼ Ki ' Ti ;

(6)

M i ¼ mk e^ i e^ i þ m? ð1 # e^ i e^ i Þ;

(7)

K i ¼ kk e^ i e^ i þ k? ð1 # e^ i e^ i Þ:

(8)

A=anþ1 ¼ f0 ) A ’ f0 anþ1 :

(9)

We choose the force coefficient A in such a way that two
bacteria facing head to head on the same line would be in
equilibrium at a distance a ¼ $l:

64l as the unit length, % ¼ l=v0 as the unit of time
We choose
(where v0 ¼ mk f0 is the free swimming velocity), and mk

8 teeth and internal (external) radius Rint ¼ 5 (Rext ¼ 8).
The gear mobility is estimated as that of a disk [21] of
radius 6.5: Kg ¼ 1:9 & 10#3 . Equations of motion (5), (6),
and (10) are numerically integrated by the Runge-Kutta
method [22] for 2 & 105 steps (with time step 't ¼ 10#3 ).
At t ¼ 0 the bacteria are uniformly distributed in the space
outside the external disc of radius Rext .
We find that the micromotor starts to move spontaneously under the effects of pushing bacteria. A net unidirectional motion is observed, with a fluctuating angular
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The total force on each cell i is then
Fi = Fis +

∑

Fijc

(3.39)

j∈nhd(i )

Note that the contact force drops off very quickly with distance so we only
have to consider those cells within contact range (denoted by nhd(i )). In
practice only cells within 2a distance need to be considered.
Angelani et al. (53) sought to test whether the random swimming of E.
coli could be harnessed to do useful mechanical work. The idea is to place
a micro-rotor in the substrate and see if the cells can push the rotor consistently, despite the cell’s random movement. To test their hypothesis, Angelani
et al. (53) assumed that a specially designed gear is placed in the middle of
the domain. The gear has eight non-symmetrical teeth (Fig. 3.1), and the
gear’s center is held fixed but it can rotate. The gear’s angular velocity is
given by:
1
ω=
Ti
(3.40)
bg ∑
i
where Ti is the torque exerted on the gear by cell i and bg is the rotational
drag coefficient of the gear.
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The dynamics of the model are specified as a system of first-order ODEs:
dri
dt
dθ
dt

=
=

1
F
i = 1, ..., N
b i
1 N
Ti
bg ∑
i

The trajectories of the bacteria can be obtained from these equations by applying the numerical methods described in the previous section. Using this
simple cell-based model, Angelani et al. (53) showed how the cells could
consistently push the micro-rotor counter-clockwise at a roughly constant
rate (Fig. 3.1), thereby converting their random movement into useful work.

3.2.2

The Hertz Model for Elastic Spheres

In the previous section the bacteria were modeled as rigid spheres that do not
deform. Any overlap between two cells results in an intense repulsive force,
which effectively guarantees that each cell’s exclusive volume is respected.
While this is a fairly good approximation for E. coli, which do not appear
to deform significantly as they collide into one another, eukaryotic animal
cells are generally very malleable. Although animal cells will tend to become
spherical when they are isolated and placed in suspension, two cells that
are pushed together will deform and form a flat interface. This behavior
can be simulated by assuming that the cells are elastic rather than rigid.
Dirk Drasdo has been a major proponent of modeling cells as elastic spheres,
having applied his models to diverse systems such as epithelial proliferation,
tumor growth and embryogenesis (Fig. 3.2).
In Drasdo’s models (e.g. 57), each cell is modeled as a deformable sphere
with a variable radius and so there are four variables for each cell: three
spatial coordinates plus the radius. For small deformations, the deformation
energy of a sphere i being pressed against another sphere j is given by the
Hertz model:
s
5/2
Ri R j
2
(
R
+
R
−
r
)
i
j
ij
Wijd =
r < Ri + R j
(3.41)
5Di,j
Ri + R j
where ri j is the distance between the two sphere centers, Ri , R j are the radii
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of the cells and Di,j is a function of the material properties of the cells:
!
1 − νj2
3 1 − νi2
Di,j =
+
(3.42)
4
Ei
Ej
where Ei , Ej are the Young’s moduli and νi , νj are the Poisson ratios5 of the
cells. Note that when the virtual cells are pressed together such that rij <
Ri + R j their respective spheres intersect. In this case the cell boundary is
assumed to be flattened against its neighbor (Fig. 3.3). However, the effective
volume Vk of each intersecting cell is now less than its equilibrium volume
Vk0 = 34 πR3k . To keep the effective volume of the cells roughly constant, a
volume potential energy for each are included in the model. For cell i:
!2
Vi − Vi0
1
k
Wi = K
(3.43)
2
Vi0
where K is the bulk modulus, Vi0 is the target volume of the cell and Vi is the
effective volume of the cell given by:
Vi = Vi0 −

∑

∆Vik

(3.44)

k ∈nhd(i )

where ∆Vik is the volume intersection between the cell and a neighboring cell
k given by:
∆Vik =

3.2.3

π ( Ri + Rk − rik )2 {( Ri + Rk + rik )2 − 4(( Ri − Rk )2 + Ri Rk )}
12rik

(3.45)

Adhesion Between Spheres

Another major difference between prokaryotic and eukaryotic animal cells is
that the latter typically exhibit cell-cell and cell-substrate adhesion. Adhesion is a key feature of multicellular organisms. Cells adhere to one another
and to substrates through adhesion molecules located in the cell membrane6 .
5 When a material is stretched it usually contracts in the direction perpendicular to the applied strain. The Poisson ratio of a material is the ratio between the parallel and perpendicular
strains.
6 Major families of cell-cell adhesion molecules include cadherin and selectin, whereas cellsubstrate adhesion is mediated through e.g. integrins and syndecans.
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Figure 3.3 – Modeling contact using spherical cells. Cell deformation is modeled by allowing
spheres to intersect and it is assumed a flat surface forms as the cell-cell interface. When
pressed together, the spheres increase their radius to recover the “lost” volume in the intersection. From Galle et al. (57).

In a manner similar to two velcro straps, the molecules “hook-on” to adhesion molecules on the opposing cell membrane and form discrete bonds.
The bonds between the cells are dynamic, however, with bonds frequently
forming and degrading.
Galle et al. (57) use a simplified model for cell adhesion that assumes that
the binding energy between two cells is linearly proportional to the contact
area between them. In the model, the contact area is a flat disk where the
two spherical surfaces intersect. The area of the disk is given by:
Aij =

π
(4ri j2 R2i − (ri2 j + R2j + R2i )2 )
2rij

(3.46)

and the adhesion energy for two cells in contact is:
WijA = ek Aij

(3.47)

where ek denotes the average adhesion energy per unit area.
Adding everything together, the force acting on the center of cell i due to
contact with another cell j is given by:

∂  k
Fij = −
Wi + Wjk + Wijd + WijA nij
(3.48)
∂rij
and the generalized force acting on the cell radius is:

∂  k
FijR = −
Wi + Wjk + Wijd
∂Ri

(3.49)
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Up to this point, the dynamics of the system, excluding cell motility, can be
given by the following system of ordinary differential equations:
dri
dt

=

dRi
dt

=

1
µ1
1
µ2

∑

Fij

(3.50)

∑

FijR

(3.51)

j∈nhd(i )
j∈nhd(i )

where we assume that both cell movement and cell expansion/contraction
are dominated by viscous forces, with µ1 and µ2 being the respective drag
coefficients. Note that the Hertz model is only valid for small deformations
and for two cells at a time. Since multiple cells may intersect each other at
once in the model, the forces given by the Hertz model may underestimate
the forces in the real system.

3.2.4

Brownian Motion

In Drasdo’s epithelial models, cell motility is modeled as a stochastic process.
Unlike the E. coli model, in which the bacteria move in runs and tumbles,
in this model the cells are assumed to undergo Brownian motion. Brownian
motion is the apparent random movement of a particle suspended in a fluid
due to random imbalances in the net collision force of all the surrounding
fluid molecules. The immersed particle appears to be constantly and randomly shifting, following an irregular and unpredictable trajectory. On long
time scales cells can also exhibit Brownian movement, however this is not
the result of bombardment by the surrounding fluid molecules, but by active
extension and retraction of the cell’s cytoskeleton in random directions.
Brownian motion is modeled mathematically using the Wiener process
W (t), a continuous random variable dependent on t ∈ [0, T ] (usually time)
with the properties:
• W (0) = 0 with probability 1.
• For any 0 < ∆t < T, the random variable ∆W (t) = W (t + ∆t) − W (t)
is normally
√ distributed with unit mean and variance ∆t, i.e.
∆W ∼ ∆t N (0, 1).
• For any 0 < ∆t1 < ∆t2 < T, ∆W1 and ∆W2 are independent.
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Cell motility is added to the model by using the Wiener process for the
Brownian motion of the cells, transforming Eqs. 3.50 for the cell centers
into a system of stochastic differential equations (SDEs):
dri =

1 det
F dt + C dW
µ1 i

(3.52)

p
where C = 6Ft µ1 , Ft is the energy equivalent of the cells and W is a vector
of independent Wiener processes. Using this Brownian motion model, the
cells will appear to diffuse macroscopically with a diffusion constant given
by the Einstein relation D = Ft /µ1 .
To solve Eq. 3.52 we must overlay the deterministic movement of the
cells with their independent random motion. The movement of a Brownian
particle can be simulated by considering a discretized version of the Wiener
process. If we divide the time interval into series of points ti equally spaced
by ∆t, then a sample path of the particle is given by
rsto (t j ) = rsto (t j−1 ) + C ∆W(t j )

j = 1, ..., N

(3.53)

√
where W0 = 0 and ∆W (t j ) ∼ ∆t N (0, 1). On the same discrete timepoints,
the deterministic path of a cell due to contact forces can approximated using
the Euler method:
rdet (t j ) = r(t j−1 ) + ∆t Fdet
(3.54)
Combining the two gives the Euler-Maruyama method for solving SDEs applied to Eq. 3.52 :
r(t j ) = r(t j−1 ) + ∆t Fdet + C∆W(t j )

(3.55)

See Higham, Burrage et al. (58, 59) for a review of numerical methods for
SDEs.

3.2.5

Cells as Viscoelastic Ellipsoids

Palsson and Othmer (60) developed a lattice-free cell-based model for the Disctyostelium discoideum aggregation and crawling slug phases. Their approach
extends the previous models by representing cells as deformable ellipsoids,
so in addition to three spatial coordinates each cell has three additional variables for the length of its semi-axes (Fig. 3.4). Deformable ellipsoids are
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Figure 3.4 – In Palsson and Other’s model, cells are represented as three dimensional ellipsoids
with deformable semi-axes, which complicates contact interactions. Adapted from Palsson and
Othmer (60).

harder to model than spheres, since it is difficult to calculate the contact area
of two elastic ellipsoids pressed against each other, therefore the authors
took a different approach to modeling cell deformation. When the cells press
against each other, a strong repulsive force is generated that deforms the
semi-axes in the direction normal to the applied contact. The deformation is
modeled by assuming that the cell axes are loaded with mechanical devices
such as springs and dashpots, which is the typical approach for modeling
viscoelastic solids. Here we present elementary models of viscoelastic solids
that form the basis for modeling the deformation of cells and tissues.
Linearly elastic, or Hookean, materials exert a restorative force proportional to their strain and are modeled as springs when stretched along a
single axis (Fig. 3.5(a)):
F (resistance) = −ke
(3.56)
where e = (l − l0 )/l0 is the strain on the spring, l is the spring’s length, l0 is
the spring’s rest length and k is the spring stiffness or modulus. If we assume
that the cell is purely elastic, then the deformation of each axis must be such
that the elastic force balances the contact force applied to it:
e=

1
F (applied)
k

(3.57)

Note that mass of the body is not taken into account in this simple spring
model, i.e. the spring is massless. Therefore, according to the model, when a
constant force is applied to an elastic material the material deforms “instantaneously” such that the strain on the material balances the applied force.
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Purely viscous materials are modeled as dashpots, which consist of a
piston within a sealed cylinder filled with liquid. When force is applied
to a dashpot, the piston is made to move through the liquid, generating a
resistance force due to the liquid’s viscosity. Dashpots exert a resistance force
that is proportional to the speed of the deformation and is independent of
the amount of deformation occurred. Conversely, a viscous cell will deform
with a speed proportional to the force applied to it:
F (restorative) = −µ

de
de
1
⇐⇒
= F (applied)
dt
dt
µ

(3.58)

where µ is the viscous constant of the dashpot. Unlike elastic materials,
whose strain at any point in time is simply a function of the applied force,
the strain of a viscous material depends on the “history” of all the previously
applied forces. Also, when a constant force is applied to a viscous material,
the material does not deform “instantly” but at at a speed proportional to
the force. Finally, the third basic material model is the slidewire that, when
pulled, creates a liquid film that generates a constant surface tension for any
amount of strain.
More complex materials are modeled by combining the basic elements
into circuits, in parallel or in series (Fig. 3.5(b)). Maxwell materials are
modeled as a spring connected to a dashpot in series. The total strain of
the system is equal to the sum of the strains of the dashpot and the spring
and so:
de
1
1 dF
= F+
(3.59)
dt
µ
k dt
When Maxwell materials are deformed they initially behave elastically (due
to the spring), but the restorative force relaxes with time as the material
conforms to its deformation (due to the dashpot). The material therefore
does not naturally return to its original shape after deformation.
The Kelvin-Voigt model consists of a spring connected to a dashpot in
parallel.
de
1
= ( F + k e)
(3.60)
dt
µ
The material deforms elastically, however the resistance force is proportional
to both the speed of the deformation and the deformation itself. When the
force is released, the material returns to its original length but more slowly
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(b) viscosity (dashpot), and surface tension
(slide wire). The (frictionless) spring tends to return to its initial undeformed configuration. A non-ideal liquid (indicated by cross-hatching) in the dashpot chambers
B
a viscous drag
the pistons
whenofthey
move. Thus,
large (left) and small
Figure 3.5 – Mechanical
models.creates
(a) Symbols
for aonspring
(model
elasticity),
a dashpot
(right) pistons symbolize high and low viscosity. T h e (frictionless) movable slide
(model for viscosity) and a slidewire
(model
for
surface
tension)
(b)
Models
for
viscoelastic
wire contains a perfectly fluid liquid film (indicated by dark stippling). The sole
materials are created by creating circuits
the basic
elements.
fromliquid
Phillips
and
result of using
withdrawing
the slide
wire is Adapted
to create new
surface
area, a process
Viscoelastic solid
which is opposed by the surface tension of the liquid. Therefore, the slide wire tends
Steinberg (27)
to return to a minimum surface-free-energy position. B, friction in the movements of
real elastic solids and liquids can be modelled by placing springs and slide wires in
parallel with dashpots. Top: model for a simple viscoelastic solid (Kelvin solid
Reiner, 1949, p. 268). Bottom: model for a simple viscous liquid [Reiner, 1949,
p. 264,
with a surface
tension
component (slide
wire)
added
to includeof
surface effects].
than a purely elastic material
because
of the
resistance
from
the
viscosity

(a)

-

Viscous liquid

2
the material.
The Standard Linear Solid model (SLS) consists of a Maxwell element in
Fig. 11. A,parallel
symbols forwith
elasticity
spring), viscosity
(dashpot),
and surface
tensionthe material initially deforms
a (aspring.
Under
a constant
force,
(slide wire). The (frictionless) spring tends to return to its initial undeformed conthe equilibrium
of its elastic
elements,
figuration.to
A non-ideal
liquid (indicatedlength
by cross-hatching)
in the dashpot
chambers but then continues to slowly
creates a viscous drag on the pistons when they move. Thus, large (left) and small
deform
as high
the and
Maxwell
element
yieldsmovable
to theslide
applied force. Its strain/force
(right) pistons
symbolize
low viscosity.
T h e (frictionless)
wire contains
a perfectly
fluid
liquid
film (indicated by dark stippling). The sole
relation
is
given
by:
result of withdrawing the slide wire is to create new liquid surface area, a process
which is opposed by the surface tension of the liquid. Therefore, 
the slide wire tends

to return to a minimum surface-free-energy position.
B, friction
de
1 in thedFmovements of
real elastic solids and liquids can be modelled by=
placing springs and slide
wires
in
+ k2 F − k1 e
(3.61)
parallel with dashpots. Top: model for a simple
(Kelvin solid dt viscoelastic
k1 + k2solid dt

Reiner, 1949, p. 268). Bottom: model for a simple viscous liquid [Reiner, 1949,
p. 264, with a surface tension component (slide wire) added to include surface effects].
2

The SLS is the simplest model that includes
both the elastic and viscous
C B L 30
behavior of solids. It has also been shown to be a good model for the bulk
viscoelasticity of embryonic tissues von Dassow et al. (29).
Palsson and Othmer (60) assumed that the semi-axes of their ellipsoidal
cells behave as SLS when loaded by external forces. In addition the authors
assumed that the volume of each cell remained constant thereby linking the
deformation of one axis to the others. They then showed that their model
was in agreement with the viscoelastic liquid model of cell aggregates and
could quantitatively predict the surface tension by simulating an aggregate
composed of ellipsoidal cells (Fig. 3.6). They were also able to simulate cell
sorting and multiple stages of the life cycle of D. discoideum.
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Fig. 4. Cross sections of the aggregation field at t " 80 min (Upper) and
t " 320 min (Lower).

Fig. 2. (Upper) Cross section of an aggregate of 1,000 cells after 10 min and
200 min in the cell-sorting simulations. The self-adhesion between green cells
is greater than that between red cells, and the latter are eventually displaced
to the periphery. (Lower) The final configurations in simulations of 3,500 cells
in an aggregate that is compressed between two parallel plates separated by
a distance H of 65 !m (Left) and 90 !m (Right).

(a)

other aspects of cell movement in tissue-like aggregates. In the
remainder of this article, we apply the model to chemotactic
aggregation and slug movement in Dd.
We first investigated the aggregation of cells that are widely
dispersed initially. In the following simulations, a few cells in the
center of the field (shown in red in Fig. 3) are pacemakers. These
pacemaker cells periodically initiate outward propagating cAMP
waves that trigger relay of the cAMP signal and chemotaxis in the
remainder of the aggregation territory. A rotating spiral cAMP
wave can also organize aggregation; however, because pacemakers are easier to initiate and both types have been observed (3,
4),
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the results of computational experiments and laboratory findings
suggests that the model can reproduce the essential properties of
multicellular systems and therefore can be used to investigate

DEVELOPMENTAL

Figure 3.6 – Simulations using Palsson and Othmer’s ellipsoid model. (a, top) Cell sorting. (a, bottom) Viscoelastic response of a cell aggregate to compression. (b) A crawling D.
previous measurements by Steinberg and coworkers (36, 45, 46)
discoideum
guided by
cells (red). Adapted from Palsson and Othmer (60).
by using the slug
same configuration.
Theautocycling
close agreement between

In the previous section the Hertz model was used to estimate the contact force
and deformed contact area of two elastic spheres being pressed against each
other. The Hertz model, however, is only valid for two contacting spheres
at a time and for small deformations at that, so using the Hertz model for
multiple contacting spheres leads to incorrect estimates of the contact area
and the force between the two spheresand(61).
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Goodman and O’Rourke, de Berg et al.experimental
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62,
63)
for
good
introductions).
difference is apparently not very significant. Initially the cells We have presented a model of ce

3.3.1

Voronoi Tessellation

Fig. 3. Time snapshots of the aggregation of Dd cells in response to cAMP
signaling from pacemaker cells that are located in the center (red cells). The
time for the frames is 0 (Upper Left), 80 (Upper Right), 160 (Lower Left), and
320 min (Lower Right). The total number of cells is 2,500, but the cAMP output
of each cell is weighted by 16.

were arranged in a regular array, and a few pacemaker cells were
placed at one edge of the array. As before, these cells initiate
cAMP waves that are relayed throughout the slug, which begins
to elongate and move forward. In the movie of this simulation,!

¶See

http:""www.math.utah.edu"!epalsson"movies"aggre.ad1.qt.

interactions in multicellular systems
movements in early aggregation and
We have shown that the observed col
of cells in Dd, from aggregation to
directly from the behavior of indiv
assumptions or mechanisms, such a
nism (49), are necessary to produce m
are able to simulate large numbers o
ing for both the passive interactions c
active locomotory forces, and we
deformations of individual cells. Bec
sizes, we can study the effects of cell
on cell sorting and motility, and we de

A tessellation is a partition of a two or three dimensional space into joint
and non-overlapping regions. The regular square, triangular and hexagonal
lattices used for cellular automata are examples of tessellations, as are mosaics and stained glass windows. Voronoi tessellation is based on an arbitrary
set of points Q = {qi : i = 1, ..., N } that defines the center of each region.
Each point is associated with its own region Vi such that any point within
Palsson and Othmer

!See

http:""www.math.utah.edu"!epalsson"movies"slug.straightgraft.qt

PNAS # September 12, 2000 # vol. 97 # no. 19 # 10451

Fig. 6. Cell tracks corresponding to Fig. 5 Lower Right (Upper) and to a slug
in which the active force is 150% of that shown in Upper (Lower)
10452 ! www.pnas.org
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the region is closer to qi than to any other point in Q:
Vi = {r : kr − qi k ≤ kr − q j k, j 6= i }

(3.62)

The VT of Q is unique provided that
• in two dimensions, no 4 points lie on a common circle, or in three
dimensions no 5 points on a common sphere circumference, and
• no 3 points lie on a common line, or in three dimensions no 4 points lie
on a common plane.
If these conditions are met then the set Q is said to be in general position or
non-degenerate. Each region in a VT is a convex polygon/polyhedron whose
edges/faces demarcate the boundary between the central point’s domain and
each of its neighbors, except for the points lining the hull of the set, which
will have an an open boundary on one side leading to infinity (Fig. 3.7(a)). In
practice these open regions are either clamped to a finite domain or periodic
boundary conditions are assumed (64, 65, 66)
VTs have many practical applications. For example, given the coordinates
of a set of cell phone towers, the VT of the set gives the regions best served
by each tower. The VT of a set of supermarket stores gives the potential
geographic regions each supermarket attracts. In regards to biology, the geometry of cell aggregates is well approximated by VT (Fig. 3.7(b)). The cell
geometry of a cell sheet or aggregate can be estimated by using the positions
of the cell centers to construct the corresponding VT.

3.3.2

Modeling Cells as Voronoi Domains

Using VT to model the geometry of packed cells yields better estimates
for the cell-cell contact areas than the Hertz model. Schaller and MeyerHermann (61) used a cell center model for simulating epithelial dynamics
that extends the spherical cell representation used by Galle et al. (57) by assuming that the cells deform as elastic spheres when loosely packed, but
assume a Voronoi polygon shape when densely packed. In practice, for
each cell-cell interface both methods are used to estimate the contact surface between the two cells, but only the smallest value of the two is used
(Fig. 3.8). The more general weighted Voronoi tessellation is used to allow for

!
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(a)

FIG. 6. Pattern of cultured retinal pigmenr cells [---traced after the photograph
in Plate I(a)] and Dirichlet domains approximated to it i- - -). Dirichlet centers are
reoresented bv a. A = 1.62~10-~.

(b)

Figure 3.7 – (a) The 2D Voronoi tessellation for 40 random sites. Each region demarcates the
areafor
closest
to thesites.
central
point.
From
Press et
al. (52)
reconstruction
of the geometry of
Figure 21.7.1. Voronoi diagram
40 random
Each
site has
a Voronoi
region,
the (b)
areaAcloser
to
it than to any other site. The cell
boundaries
of theseen
Voronoi
straight-line
segmentsusing
that lieVoronoi
on the domains. The solid lines
boundaries
in aregions
retinalare
pigment
cell culture
perpendicular bisectors between
pairs ofthe
sites.
represent
boundaries generated by Voronoi tessellation using the Voronoi centers obtained
from the real system. From Honda (67).

Remarkably, these questions are completely answered by the Delaunay triangulation of the Voronoicells
sites.of(In
fact, many
texts
start with
the Voronoi
diagram
as neighbors according
different
radii,
which
divides
the space
between
fundamental, and then consider
Delaunay
triangulation
as
an
application.
We
find
to each’s radius. Each weighted Voronoi region is thenit defined as:
easier to go the other way.)
Some facts are
Vi = {r : kr − qi k − Ri ≤ kr − q j k − R j , j 6= i }
(3.63)
FIG. 7. Pattern of cultured lung cells [--,
traced after the photograph in Plate I(b)]
! Every edge in a site p’s Voronoi region boundary lies and
on
the domains
perpendicular
Dirichlet
approximated to it (-- - -). Dirichlet centers are represented by 0.
A = 2.79 :K 10-a.
Another
interesting
of this
model is anisotropic friction. We have
bisector of a Delaunay
edge that
connects tofeature
p.
until this
point
assumedtothat
the one
cellsVoronoi
are subject
an isotropic drag force
! In fact, every Delaunay
edge
corresponds
exactly
edge,toand
due to the surrounding medium that balances the other applied forces such
vice versa.
! The vertices of the
Voronoi
diagram are
exactly
the circumcenters
of the
Dethat
the dynamics
of the
system
are inertialess.
However,
cells in dense aglaunay triangles. gregates also experience friction when moving past their neighboring cells.
! The Voronoi diagram
and the arises
Delaunay
triangulation
graphs (butbetween the two cells,
The friction
in large
part duearetodual
the adhesion
don’t worry if yousince
don’tthe
know
what this means)
spring-like
adhesive bonds resist not just perpendicular but also
shearing
the of
juxtaposed
cell
membranes.
Figure 21.7.2 shows
the key movement
ideas in the of
proof
the first two
facts
above. We
already know that the boundary
is made
of some
perpendicular
Cell-cell
friction
can be
modeled asbisector
a force segments.
which is proportional and opWe need to show that posite
(i) every
one relative
of a point’s
Delaunay
does contribute
to the
velocity
of theedges
neighboring
cells parallel to their contact
a segment, and (ii) lines
drawn from that point to any other sites don’t contribute
surface:
any segments.
Fijd = −bij (∆vij − (∆vij · nij )nij )
(3.64)
Part (a) of the figure shows a piece of Delaunay triangulation around site O.
The perpendicular bisectors of OA and OC meet at the point X , which is therefore
the center of the circle containing A, O, and C . The issue is whether the Delaunay
edge OB can be “blocked” by the other two edges. Now, B must lie inside the circumcircle just mentioned; otherwise, the edge OB would have been an illegal edge
when the Delaunay triangulation was constructed. But this means that the perpendicular bisector of OB, labeled U V , must “cut off the corner” at X . Thus it does
contribute a segment to the boundary.
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3.3.3

Honda’s Vertex Dynamics

Cell-center approaches use a single point to represent each cell and assume
cells take on simple shapes such as spheres, ellipsoids or rods. When modeling “hard” prokaryotic cells, stiff potentials are used to minimize overlap
between cells. When modeling “soft” eukaryotic animal cells, cell deformation can be taken into account by allowing the spheres/ellipsoids to overlap and using a contact model, such as the Hertz model, or a geometrical
model, such as Voronoi domains, to approximate the deformed geometry of
the cells. Voronoi domains are especially useful when modeling compact cell
aggregates with no gaps between cells. In this case, however, the cell center approach can become impractical because the Voronoi domains must be
updated with each timestep using the new positions of the cells, which is
computationally expensive.7
An alternative is to use cell centers for generating the initial Voronoi tessellation and then representing each cell as the set of points corresponding to
the vertices of its Voronoi polyhedron. The cell boundary vertices replace the
cell center and dimensions as the model variables. Note that the total number of points in the system remains the same because adjoining cells have a
common polygonal surface and vertices.
Honda (67) were the first to use this approach and have since developed
a series of models using Voronoi polyhedrons applied to diverse biological
systems. The authors use VT to build the initial geometrical model of the
cell aggregate and the model dynamics are in terms of the cells’ boundary
vertices, not their centers. The forces of the model are determined by first
specifying a global potential energy function and then taking the gradient of
energy function at the vertex coordinates. The movement of the vertices is
assumed to be dominated by viscous forces.
Two common potentials used in Honda’s models are the volume energy
and the cell-cell interfacial energy. The volume of the cells is assumed to be
elastic with potential energy:
N

U v = k ∑(Vi − Vi0 )2

(3.67)

i

7 Although Schaller and Meyer-Hermann (68) were able to recycle the VT of previous
timesteps, which made the overall complexity of their algorithm O(n) rather than O(n log(n))
if they had had to regenerate the VT at every timestep.
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where Vi is the volume of cell i. The total surface energy of the system is
given by:
Nf

Nm

f

f

U s = σ ∑ A f + σm ∑ Am

(3.68)

where σ/σm is the surface energy density of cell-cell/cell-medium interfaces
and A f /Am are the areas of cell-cell/cell-medium boundary polygons. Note
that the contact surfaces are not guaranteed to be totally flat as in theory each
vertex has the freedom to move out of the plane of the polygon. In practice,
however, the cell surfaces remain roughly flat since flat surfaces result in
lower energy configurations (66).
The cell boundaries reconfigure during simulations to reduce the overall
energy of the system, which may entail not only cell shape changes but also
result in cells moving past one another and changing neighbors. In the latter
case the topology of the cell interfaces must change to reflect this. Honda
uses a few simple rules to remodel the domain topology. In a non-degenerate
2D/3D Voronoi tessellation, each vertex is connected to exactly 3/4 other
vertices and is shared by 3/4 domains. The regularity of the topology allows
for a simple procedure to handle cells changing neighbors. In 2D, when a
cell-cell boundary shrinks it means that the two adjacent cells are moving
apart, whereas the cells’ two common neighbors are moving towards each
other. Eventually the former pair will separate completely and a new cell-cell
boundary is formed between the neighbors. This is simulated by swapping
very short edges with perpendicular edges reflecting the new topology (Fig.
3.9(a)). In 3D the situation is similar, with short edges being swapped by
perpendicular triangles and vice versa (Fig. 3.9(b)). Therefore, after each
timestep, the system is checked for small cell-cell boundaries and neighbors
are swapped accordingly, allowing the cells to move past one another as
they rearrange into a low energy configuration. In other publications, Honda
et al. (69) added topology rules for adding/removing gaps between cells
(used to model internal cavities in the aggregate and wounds, Fig. 3.9(d))
and Nagai and Honda (70) added rules for the adhesion of opposing cell
fronts (Fig. 3.9(c)).
In addition to passive cell motility due to surface and volume energy minimization, Weliky et al. (71) and Weliky and Oster (72) included active cell
motility through cell protrusions in their model. The authors assumed that
the cells are turgid with an internal pressure directed outwards resisted by

ues. Substituting Eqs. "3# and "4# into Eq. "1# we obtain their
explicit forms as
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ment will continue until mechanical equilibrium is
restored.
The forces generated by all cells at a common
junctional node are vectorially summed to generate a
net nodal force (Fig. 2A). A node is displaced by an
amount proportional to the net nodal force (i.e., as if
the node were subjected to linear frictional drag). The
two intracellular forces acting at a node are the
osmotic/hydrostatic pressure, and the elastic tension in
the cortical actin gel (Oster, 1988). Two mechanisms for
active cell intercalation are modeled. The first allows
cells to 'push' their way in between neighboring cells,
and is used when directional persistence is incorporated
into the simulations. When a cell is activated to move,
its cortical tension drops at the node where protrusion
will take place, reflecting solation of the cortical actin
gel. Cortical pressure then drives the node in the
direction of the net force imbalance and the cell
B
protrudes forward (Fig. 2B). The second mechanism
allows for cell protrusion into interstitial spaces created
by adjacent cell retraction, and is used when contact
ARaaultant
inhibition of protrusion is incorporated into the
T fores
simulations. When activated, a cortical protrusion
extends outward to fill the available interstitial space
between cells. Upon contacting an adjacent cell, the
protrusion is inhibited. Since cells share common
boundaries, we cannot explicitly model interstitial
spaces; however, we can simulate this protrusive
behavior by realizing that in order to create an
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half of the lower inset. Elastic tension forces, T, act
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contractile, the node will be pulled in the direction of
forces, P, act outward and normal to the cell surface.
the net contractile forces produced by the two
When the mechanical forces at a node are unbalanced, the
nonprotruding cells. In this way, the protruding cell
node slides in the direction of the net vector force shown
surface expands outward, simulating its movement into
in the right half of the insert. By reducing the cortical
the space vacated by its neighbors.

'A 2

tension forces in cell 3, the swelling pressure now
dominates the cortical tension forces and the node slides
We use an iterative finite difference method to solve
upward in the direction of the net unbalanced force.
the force balance at every node during successive time
(A) Under the influence of the protrusive forces, nodes A
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3.3.4

The Finite Element Method

Solid materials are subject to essentially two modes of deformation, normal
strain and shear strain. Pure normal strain is the result of pressure forces
normal to the surface of the material and involves only a change of volume
of the material, leaving its shape intact. A pure shear deformation involves
a change of shape but no change in volume and comes about due to forces
tangential to the surface of the object. In the models seen so far, the elastic
volume potential works only to conserve the volume of the material and offers no resistance to shear deformation. As such, by using a stiff constant for
the volume constraint together with a constant surface tension, the cells in
Honda et al and Weliky et al’s models are effectively treated as non-viscous
liquid drops that do not resist changes in shape. In reality, cells have an
intricate structure supported by a cytoskeleton of actin filaments and microtubules, whose resistance to deformation makes them both viscous and
resistant to shearing.
A simple way to include viscosity and shear resistance in cell models is
to use viscoelastic elements for modeling the cell membrane and cytoplasm.
For example, Tamulonis et al. (73) modeled the cellular cortex using springs
connected in series with the spring rest lengths shortened to simulate both
surface tension and resistance to local deformation of the membrane and cortex. Odell et al. (50) used Voight elements instead of linear springs, and in
addition placed elements spanning the interior of the cells to model cytoplasmic viscosity. Jamali et al. (74) went further by weaving dozens of Voight
elements together to form an intricate inner cell structure complete with a
nucleus and intermediate filaments (Fig. 3.11).
Brodland’s lab (75, 76) has developed a series of models for epithelia that
model the cell cytoplasm as a continuous viscous material, rather then just
an assembly of discrete linear elements. Their models are based on the finite
element method (FEM, 77) – a general technique for integrating PDEs with irregular boundaries, which has found countless applications in engineering
and computational science. In particular, the FEM is widely used for studying the behavior of solid materials under applied loads. The method allows
for the complex PDEs of solid mechanics to be solved on structures with arbitrary shapes and/or composed of multiple discrete components, yielding
accurate predictions on the strains and stresses the structure will suffer under
specified loads. This allows for the efficient design and testing of anything
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The key assumption of the finite element method is that the solution of
the equations on any given element can be approximated by an interpolation
of the exact solution calculated only at the nodes of the elements. The interpolation functions are usually polynomial and the order of the interpolation
depends on the number of nodes used in each element.
Each element holds a piece of an approximate solution to the problem. By
joining multiple elements, an approximate solution over the entire domain is
obtained. To ensure consistency, the interpolation functions for each element
are chosen such that the field variables are continuous across the boundaries
between elements. Therefore the problem can be reduced to determining the
solution of the problem at the nodes and using interpolation functions to
calculate the solution everywhere else. For linear problems, such as purely
elastic structures, this reduces to a linear system of equations:
Ku = f

(3.69)

where K is the global stiffness matrix, u is a vector with the unknown displacements and f is the vector of applied forces on the nodes or the load vector. To
solve the system, the global stiffness matrix must first be determined. The
problem is reduced to calculating the stiffness matrix for each element in the
local element coordinates then transforming and combining all the element
stiffness matrices into the global stiffness matrix, a process called assembly.
There are multiple methods for determining the stiffness matrix. In some
cases, such as in solid material problems, a good strategy is to determine
the total potential energy of the element and calculate the gradient of the
energy at each node, yielding equations of the form Eq. 3.69. A more general
class of techniques, called the weighted residuals method, seeks to reduce the
error of the interpolation to a minimum, thereby calculating the best fit of the
interpolation functions to the real solution.
Brodland’s models uses a more general version of Eq. 3.69 that allows for
viscous forces as well as elastic forces Chen and Brodland (75):
Cu̇ + Ku = f

(3.70)

where u̇ are the node velocities and C is a matrix that describes the viscosity/damping of the system. Since the cytoplasm is assumed to be totally
viscous and the cell-cell boundaries are assumed to be under a constant force
(Fig. 3.12), in practice no elastic forces are included in the model and the
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stiffness matrix is zero, leaving:
Cu̇ = f

(3.71)

The damping matrix depends on the geometry of the problem and is therefore a function of time. A numerical solution to Eq. 3.71 can be calculated
iteratively by using a forward difference scheme. The displacement increments are given by:
C∆u = ∆t fi
(3.72)
For each timestep, the forces on the nodes must be determined and the
system damping matrix must be calculated and inverted to determine the
displacement of the nodes. Brodland’s models use a Lagrangian multiplier
scheme for keeping the volume of the cells constant, which can be expressed
as a linear set of equations. Finally, Brodland’s models also include a scheme
for swapping cell neighbors identical to that used in the Honda models.
Beyond Brodland’s models, the FEM has also been used to model threedimensional embryogenesis with non-trivial aggregate shapes, albeit with
simplified cell shapes (78, 79).

3.4

Cells as Complex Polygons

In the previous section, a series of models based on Voronoi tessellation were
presented. These models are often used to simulate cohesive cell aggregates
where cells assume a simple convex polygonal shape in a plane or a convex
polyhedral shape in three dimensions. Cell center models, on the other hand,
are more suitable for modeling detached, roaming cells where a detailed
description of cell deformation matters little. Sometimes, it is desirable to be
able to capture all of the above features – cell deformation, cell-cell adhesion,
aggregates, loose cells, active and passive cell motility – in a single model. In
this case a more detailed representation of the cell is needed.
One solution is to use detached polygons of arbitrary form. In two dimensions, this means the cell boundaries are represented by any closed sequence
of edges and in three dimensions, boundaries are represented as triangular
meshes. Each polygon/polyhedron represents a single cell, as in the Voronoi models, except that in the topology of the system vertices are no longer
shared between cells and so the cells need not remain attached. Instead, cellcell cohesion is achieved by assuming an attractive potential between neighboring vertices, edges or triangles. If cell-cell adhesion is relatively weak,
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Figure 1. Cell models. (a) A schematic representation of two cells that are assumed to form part of a generic embryonic epithelium. (b) A
corresponding cell-level FE model that uses triangular elements to model the cytoplasm and constant-force rod elements to model the interfacial tension
Figure 3.12 – In Brodland et al.’s (76) FEM model, the cell boundaries are loaded with constant
g. (c) A model based on radial and circumferential dashpots. (d) A model based on systems of orthogonal dashpots. In the interest of image clarity, only
the
dashpots
aligned with the
axis ofinterfacial
the cell are shown.
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determine the response of the cells to deformation and also their equilibrium
shapes. The total potential energy of the cell is given by:
U = Uvol + Uarea + Ushear + Ubend

(3.73)

The easiest way to model each term is to assume an elastic response to deformation, which corresponds to quadratic energy terms. The volume energy
term is written as before:
1
= Kv
2

Uvol



V − V0
V0

2
(3.74)

where Kv is the bulk modulus, V0 is the equilibrium volume of the cell and
V is the actual volume of the cell. As usual, the forces acting on the cell
boundary vertices are given by the gradient of the potential on the vertices.
Similar expressions are written for the other energy terms. The total cell
area energy is given by:
Uarea

1
= Ka
2



A − A0
A0

2
(3.75)

Note that we place the constraint on the total cell area and not on the individual triangles, so this term does not resist shear deformation. Shear deformation is modeled by assuming that the triangular mesh forms a network
of springs, leading to the shear deformation energy term:

Ushear

1
= Kl ∑
2
i

Li − L0i

!2
(3.76)

L0i

where the summation is over the edges of the boundary mesh. Finally, the
membrane bending energy can be written as a function of the angle between
two adjoining triangles:

Ubend

1
= Kb ∑
2
i

θi − θi0

!2

θi0

where the summation is over pairs of triangles in the mesh.

(3.77)
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3.4.2

Intercellular Forces

In cell center models, contact interactions are a simple function of the distance between two cells, which are represented as single points. In the Voronoi models, cells are permanently in contact and a cell-cell interface consists
of a shared edge/polygon between the cells. In complex polygon models,
cells are composed of multiple, independent elements and contact interactions are defined between these elements using energy potentials.
For example, in two dimensions the basic elements are edges and vertices.
Contact forces that prevent the cells from penetrating each other when they
move must be included in the model. A simple solution is to introduce
an energy term in the model that effectively prohibits vertices from moving
through edges. We can use the same “hard” potential we used before for
the swimming bacteria example, except the distance now is between an edge
and a vertex. The resulting forces are calculated by taking the derivative of
the potential in regard to the distance, multiplied by the derivative of the
distance in regard to the point coordinates:

∇i U =

∂U
∂U ∂r
=
∂xi
∂r ∂xi

(3.78)

The hard sphere potential used for modeling swimming bacteria can be
adapted to include cell-cell adhesion by adding term attractive force term,
leading to the Lennard-Jones potential:
 
 r 6 
rm 12
m
U (r ) = e
−2
(3.79)
r
r
where e is the minimum energy and rm is the minimum energy separation
between the particles. Another commonly used potential for this purpose,
albeit computationally more expensive, is the Morse potential (81, 82, 83)
given by:
U (r ) = De [exp(−2β(r0 − r )) − 2 exp( β(r0 − r ))]
(3.80)
where r is the distance between the particles, r0 is the zero force separation
of the particles, De is the well depth and β is a scaling factor.
The Lennard-Jones and Morse potentials are approximate models for interactions between atoms and molecules, and are often used in molecular
dynamics simulations. However, when used for cell-cell adhesion, they are
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strictly phenomenological models that “do the job” but aren’t tied to the actual cell-cell adhesion mechanism.
Cells adhere to one another through discrete bonds that form between
adhesion molecules embedded in the cell membrane. Therefore it seems
reasonable that computational models of cell-cell adhesion also be based on
discrete bonds. For example, Jamali et al. (74) and Rejniak and Anderson (84)
modeled adhesion as discrete bonds, represented as springs or Voight elements that form when cells come into close contact and which rupture when
the cells are pulled apart with sufficient force.
Another model proposed by Bagchi et al. (85) for 2D cells (based on 86)
goes further by mechanistically modeling the reactions between the adhesion
molecules underlying bond formation (Fig. 3.13). Bonds are also assumed to
behave as linear springs, whose restorative force is given by f b = k b (l − l0 ),
where k b is the bond stiffness, l is the bond length and l0 is the unstretched
bond length. Cell-cell adhesion occurs between edges in close range forming
a cell-cell interface. The total force per unit length between adhesive edges
is proportional to the number of bonds formed between the two, given by
fm = f b nb |xx| where nb is the bond density on the edge and x is the shortest
distance between the two edges. The number of bonds nb between the two
edges is governed by reaction equations with reaction rates that depend on
the distance between the membranes x. Assuming that each edge contributes
equal numbers of molecules, the reaction equation is (85):
i
h
dnb
= 2 k + (n − nb /2)2 − k − nb
dt

(3.81)

where k + , k − are the reaction rates for forming and breaking bonds respectively, n is the total density of cross-linking molecules on the membrane and
nb is the density of bound molecules. The reaction rates are given by:


k ts (l − l0 )2
0
k + = k + exp −
if | x | = l < lt
(3.82)
2k B T


(k − k ts )(l − l0 )2
k − = k0− exp − b
(3.83)
2k B T
where k0+ , k0− are the equilibrium reaction rates, k b is the spring constant
of a single bond, k ts is the transition spring constant and lt is the threshold
distance below which bond formation may take place.
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Pb = 1 − exp (−kon ∆t)

(3.84)

Pr = 1 − exp (−koff ∆t)

(3.85)

kon = k + A(n − nb )

(3.86)

with

koff = k − A(n − nb )

(3.87)

where A is the area of the cell membrane that is sufficiently close to form
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bonds. At each timestep random numbers are chosen and compared to these
probabilities to determine whether to form or rupture bonds.

3.4.3

The Immersed Boundary Method

One field in which three-dimensional cell-based models are particularly well
developed is blood rheology. The flow of blood through narrow capillaries is
difficult to model macroscopically since the shape and deformability of the
individual RBCs plays a major role in determining the peculiar flow of blood
through arteries. Therefore researchers in the field have turned to cell-based
models in order to explain blood flow through small arteries.
The Immersed Boundary Method (IBM) is a modeling framework for
elastic membranes immersed in liquids. The method has been used extensively for detailed simulations of cellular systems, particularly where flow and
hydrodynamic effects are important. Cells are modeled as deformable capsules with a viscous liquid interior enveloped by an elastic membrane. Furthermore the capsules are assumed to be immersed in another liquid, which
may have a different viscosity. Assuming that the fluids are incompressible,
the Navier-Stokes and continuity equations can be used to model fluid flow
and the interaction between the fluid and the immersed elastic membranes:

ρ

∇ ·
u
∂u
+ u · ∇u
∂t

= 0
= −∇ p + µ∇2 u + F

(3.88)

where ρ is the density, µ(x, t) is the viscosity, u(x, t) is the flow velocity and
p(x, t) is the pressure of the fluid. The final term F(x, t) is related to the force
applied on the fluid by the immersed membranes by:
F(x, t) =

Z
M

f(x0 , t)δ(x − x0 )dx0

(3.89)

where M is the membrane surface, f is the membrane force and δ is the
three-dimensional delta function such that δ(x − x0 ) = 1 if x = x0 and is 0
elsewhere. In practice the fluid equations are typically solved numerically at
discrete points on a regular square grid. The membrane, however, is usually
represented by a set of discrete points that are not bound to the lattice positions. The fluid is said to have a Eulerian representation, since the points of
interest are fixed in space, whereas the membrane is said to have a Lagrangian
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2. Interpolate the forces on the membrane nodes to the grid used for the
fluid (Eq. 3.90).
3. Solve the Navier-Stokes equations using a standard solver on the grid
(Eq. 3.88), yielding the fluid velocity as the grid points.
4. Calculate the approximate velocity of the membrane nodes using an
interpolation scheme similar to Eq. 3.90.
5. Update the membrane nodes’ positions using the interpolated velocities.

3.5

Cells as Particle Clouds

In the previous sections we presented models in which cell membranes are
modeled explicitly and are composed of discrete solid elements, whereas the
cytoplasm of the cells is either modeled implicitly (using a simple elastic
volume constraint), or explicitly using discrete elements or as an Eulerian
fluid. In this section we present two alternative methods which only use
particles to model both the cell membrane and cell cytoplasm.
In the sub-cellular element model (SEM) proposed by Newman (91), cells
are represented as a packed aggregate of particles, each of which represents
a small portion of the volume of the cell. The dynamics of SEM models are
based on Langevin dynamics, where the forces on the particles are given by
Morse-like potentials with a repulsive and an attractive term. The particles
are not held in a fixed topology by mechanical elements, as was the case with
the models of the previous section, but are instead free to move past each
other, resembling a “cloud” (Fig. 3.16 ). Multiple cells are prevented from
merging by manipulating the parameters of the Morse potential such that
contact between particles of different cells results in higher energy compared
to contact between particles from the same cell. The SEM is somewhat like
a continuous version of the Cellular Potts Models (CPM), where the contact
energies are chosen such that the pixelized cells do not merge, except that
the representation of the cells is not constrained to a grid and the number
of particles that compose each cell is explicitly controlled in the SEM, rather
than introducing an energy penalty to control cell size as is the case in the
CPM.
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Newman’s model is based on phenomenological potentials whose parameters are difficult to relate to experimental measurements. In contrast, van
Liedekerke et al. (93) used a particle based method using more physical models for the cell membrane and the cell cytoplasm. The cytoplasm is also
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The SPH method is a general method for solving partial differential equations that was initially developed for solving difficult numerical problems in
theoretical astronomy. It has since found widespread applications, including
cell-based models. The SPH method assumes that the solution f ( x, t) of some
partial differential equations can be approximated using an interpolation of
the solution values at a discrete set of particles that fill the domain:
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f (x) ≈

∑

Vj f ( x j )Wij

(3.91)

j∈nhd( x )

where Vj is the volume of particle j and Wij = Wij (rij , s) is called a kernel
and is a function of the distance between the particles rij and the smoothing
length s, which is the radius of the interaction neighborhood of the particles.
The kernel function is chosen to be continuous, amongst other conditions,
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allowing the partial derivatives, needed for the NS equations, to be calculated analytically for the approximate solution in Eq. 3.91. This removes the
need for a grid representation of the domain used to approximate the partial derivatives of the solution using a finite-difference scheme. Instead, the
solution’s derivatives are given as a function of the kernel function’s derivatives which are calculated analytically. In case of fluid particles, the particles’
acceleration is given by Monaghan, van Liedekerke et al. (94, 93):
!
!
Pj
µi + µ j
dvi
1 ∂Wij
Pi
= − ∑ mj
vij
(3.92)
+ 2 ∇i Wij + ∑ m j
2
dt
ρ
ρ
r
ρ
ρ
i j
ij rij
j
j
j
i
where v is particle velocity, m is mass, P is pressure, ρ is density and µ
is dynamic viscosity. The first summation is due to forces related to local
changes in the fluid density and the second summation is due to viscous
forces.
The cell membrane is also modeled using particles except these are bound
by viscoelastic tethers forming a triangular net. The triangles are not solid
elements, as in the previous models. Instead, oncoming fluid or membrane
particles interact either directly with the particles at the vertices or with “virtual particles” placed in the middle of each triangle. The fluid particles are
made to interact with the membrane particles using Lennard-Jones like forces
(93). Since each particle is spherical, the membrane surface is not smooth but
“knobby”. This is by design so that the fluid particles can become trapped
in the wells between membrane particles and move with the membrane (Fig.
3.17), simulating the no-slip boundary conditions.

3.6

Discussion

In this chapter we presented various cell-based models that are lattice-free,
i.e. models in which cell geometries and cell motility are not constrained
to a regular grid. There is a vast number of models that fit this category,
and although only a small selection was presented here, the techniques we
have presented give a fairly complete picture of what has been used to model
individual, interacting cells from a mechanical standpoint.
We presented models roughly in order of increasing complexity in terms
of how cells are represented and the computational cost for running simulations. In principle, any model that uses a more realistic representation of a
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At the other end of the spectrum are the complex polyhedron models that
can represent virtually any cell, but for which a number of equations must
be integrated for every single vertex in the system. Designing these models
requires knowledge of physical models for solid materials and hydrodynamics, which in turn requires a certain degree of comfort with calculus. Implementing these models as software is also quite complex. For handling the
geometry alone, non-trivial data structures and algorithms for building and
maintaining triangular meshes are required. And then there are the laborious
collision detection algorithms and data structures, not to mention choosing
a numerical scheme that keeps the system stable while using a long enough
time step to make simulations tractable. These aspects require advanced
programming skills, including knowing how to use lower level programing
languages such as C and Fortran, which with the rise of popular scripting
languages such as Python and Perl, is an often neglected art. All this may be
worth it, however, if the model can not only reproduce the system in glorious
detail, but also show emergent properties.
In between these extrema there are plenty of techniques one can employ
that strike the right balance between completeness and complexity. Complex polygon models are the most flexible type of cell-based model in terms
of what shapes cells may assume and how cells are organized, essentially
allowing for any arbitrary configuration. These models are most suited for
situations in which we have a particular interest in capturing irregular cell
shapes that are characteristic of the system, e.g. bottle-cells in gastrulating
embryos (73), the characteristic biconcave shape of red blood cells (80) and
extremely elongate filamentous cyanobacteria (95). Complex polygon models
also allow the cells to move freely as individual units and not necessarily as
part of an aggregate.
If the system in question is epithelial in nature and cells are mostly confined to some sort of aggregate and have roughly convex polygonal shapes,
then the Voronoi domain technique may be suitable for modeling the system.
Voronoi domains are fairly easy to implement, the most difficult part being perhaps generating the initial Voronoi tessellation. Fortunately there are
many publicly available libraries for this purpose. Once the initial geometry
is defined, Honda’s procedure for updating the geometry to reflect changing
neighbors is simple to implement. The Voronoi technique is very economical
in terms of memory usage and computational time, and is an elegant way
of realistically capturing the dynamics of epithelial systems. Additionally,
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using finite-element techniques allows for more realistic cellular deformation
models that treat the cells as true visco-elastic materials that capture both
bulk and shear deformation modes.
Single point models are the simplest lattice free models, but also the least
expressive. Cells are assumed to be spherical and cell deformation is not
handled realistically, but they are still a good choice for systems in which cell
shape is not particularly important and cells form at best loose aggregates,
such as in models of biofilms (e.g. 96), two-dimensional epithelial cultures
(e.g. 97) and bacterial systems (e.g. 53). If, however, the system has both
tight aggregates and loose cells, but cell shape within the aggregate is usually regular, then a hybrid Voronoi – cell center model such as that of Galle
et al. (57) is a possible compromise solution, the main drawback being its
higher computational intensity.
By far the simplest models to implement and work with are lattice-based,
since the model dynamics are typically specified in terms of discrete, intuitive rules. No numerical integration scheme is required and handling colliding cells is obviated by the lattice. Cellular automata models with ad-hoc
rules can be useful for rapid prototyping of ideas and can also be quasiquantitative, as in the blastocoel roof thinning example (14). Currently, one of
the most popular cell-based modeling techniques is the Cellular Potts model,
with numerous published applications currently found in the literature. The
success of the CPM can be in large part attributed to its flexibility, as it can
easily be used for both loose cells and aggregates, it handles cell-cell adhesion and cell motility well, and it can be extended in many ways, as briefly
touched upon in the previous chapter. It is also very easy to implement.
These features have made the CPM very successful in the field, however it
does have its limitations. Cells are treated as homogeneous blobs with no
simple way to introduce local structure or differentiation. It is very laborious
to impose differentiation within a CPM cell in which, say, one part of the cell
cortex is stiffer than the rest. CPM models are not good at imposing rigid
shape constraints on cells, and so it can be very hard to model bacteria using
a CPM. Finally, CPM models have no real sense of time: simulation length is
measured in Monte Carlo steps. The dynamics are only realistic in a statistical sense over a long stretch of steps as, for example, cells can briefly split
and appear within other cells.
Cell-based models have been gaining momentum as an alternative to traditional ODE and PDE models especially as computers become more power-
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ful and easier to program, and advances in cell biology techniques allow
for detailed in vivo imaging at sub-cellular scales. Continuum models are
only really suitable for space scales much larger than the size of individual
cells, where a single cell may be considered “infinitesimally" small. However, many interesting problems in biology occur on a smaller scale, where a
small group of individual cells can have a large impact and cell shapes and
mechanics are important. In the following three chapters we will explore two
systems where these conditions are present: the gastrulation of Nematostella
vectensis and pattern formation in cultures of filamentous cyanobacteria. We
use complex polygon models to model these systems, using elements from
the various models presented in this chapter. Despite the disparate nature of
the two systems, we will use a similar modeling framework for both, hinting
that the complex polygon approach may be general enough for a wide range
of systems.

4

Modeling the Gastrulation of
Nematostella vectensis
4.1

Introduction

Nematostella vectensis, the starlet sea anemone, is a member of the phylum
Cnidaria, which are basal metazoans (jellyfish, sea anemones, sea pens and
corals). Over the past decade, Nematostella has become an important model
organism in the field of evolutionary developmental biology. Its initial success as a model system can in part be attributed to the flexibility of the organism, which can be easily maintained in a laboratory, regularly spawns eggs
and sperm and is amenable to molecular techniques commonly used to study
gene expression and morphology (98). Subsequent gene expression studies
and the sequencing of the genome have shown that Nematostella, curiously,
shares more genes with humans than either D. melanogaster or C. elegans (99).
Much work on Nematostella has been dedicated to the genetic regulation of
103
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development (100). However, recent studies (101, 102) have focused more on
the mechanics and cell biology of development during gastrulation.
Nematostella is diploblastic and its gastrulation involves the internalization of the presumptive endoderm such that a bi-layer gastrula is formed.
After fertilization, Nematostella eggs undergo eleven cleavage cycles forming
a monolayered coeloblastula (Fig. 4.1; Fig. 4.2A; 103). The presumptive endoderm caps the animal pole of the embryo and accounts for roughly one fourth
of the epithelium, with the presumptive ectoderm accounting for the rest
(102). Gastrulation begins by the endoderm undergoing a partial epithelialto-mesenchymal transition (EMT, see 104), in which the cells lose their epithelial organization, constrict their apices and become motile, but remain
firmly attached at the apex. As a result, bottle cells form and the endoderm
begins to invaginate into the blastocoel (Fig. 4.2B–C, X; 101, 102). As invagination progresses, both endodermal and ectodermal cells extend and retract
protrusions from their basal surface. The protrusions, resembling filopodia,
appear to draw the basal surfaces of the ectoderm and endoderm together
by a “zippering” process, resulting in a bi-layered early gastrula (Fig. 4.2D–F,
Y).
Most of the cellular “tools” employed by Nematostella embryos are known
from other organisms as well. Apical constriction is found in virtually all
metazoans and is usually employed as a way of internalizing cells into the
embryo, either by invagination or ingression (105). Invagination is found in
many cnidarians (100, 106), the sea urchin (primary invagination: 78), the
fruit fly (ventral furrow formation: 107) as well as in many other systems
(reviewed in 105). Bottle cells are found in many systems, for example in
Xenopus (108) and the sea urchin (109). The zippering process is a feature
of epithelial cell adhesion in mammalian cells (110), Drosophila melanogaster
dorsal closure (111), epithelial wound healing (112) and optic cup formation
(113).
In this chapter, we attempt to associate transformations of the endoderm
and ectoderm with the transformations occurring at the cellular level. For
this purpose we have developed a cell-based model with novel features. Cellbased models, in which cells are represented as individuals, have become increasingly popular as a means to model biological systems with greater detail
(114, Chapters 2 and 3). The simplest type assumes cells are spherical or ellipsoidal such that each cell can be represented as a single point – the center
of a sphere or ellipsoid. These models have been used to study cell sorting,
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Figure 4.1 – An “atlas” of the gastrulating Nematostella embryo. Nematostella’s primary
axis lies between the oral (= animal) and aboral (= vegetal) poles. The endoderm is centered
on the oral pole and consists of approximately 1/4 of the total perimeter of the blastula. The
remaining cells compose the ectoderm. The “lateral” direction is defined to be perpendicular to
the oral/aboral axis pointing away from the center of the embryo.

tissue rheology and collective cell movement (e.g. 60, §3.2.5) as well as cell
spreading and proliferation (e.g. 56, §3.2.2). Vertex models represent the cell
boundary explicitly as a set of vertices. However these models are still limited to simple polygonal cell shapes and cells must form a continuous sheet
from which the cells cannot detach. These models have been used to model
cell rearrangements during tissue stretching (e.g. 75, §3.3.4) and cell intercalation (e.g. 115), embryonic polarity determination (69, §3.3.3), gastrulation
by epiboly (72) and gastrulation by invagination (e.g. 78, 50, 116). Finally,
models based on the Cellular Potts Model formalism (CPM, 26, §2.8) have
gained widespread use, including in developmental biology (e.g. 40). CPM
models allow for arbitrary cell shapes and were originally used for modeling
cell sorting phenomena, but have been adapted over the years to include numerous other phenomena. These models are attractive due to their simplicity,
but unfortunately they are less suitable for modeling rigid constraints, such
as fixed adhesion complexes, or for systems in which the cells exert forces
with non-local effects, such as apical constriction.
Given the relative simplicity of the embryonic geometry and the gast-
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Figure 4.2 – Nematostella vectensis gastrulation. Embryos stained with phalloidin, which
marks F-actin and reveals the cytoskeleton of each cell. Images are single optical slices obtained with a scanning confocal microscope. Embryos are oriented such that the oral-aboral
axis is vertical with the oral pole at the bottom. Tile height is 250 µm, unless otherwise specified. Legend: (bc) blastocoel; (*) blastopore and oral pole; (· · · ) endo/ectoderm boundary;
(en) endoderm; (ec) ectoderm; (fi) filopodia. (A) Just before gastrulation begins the embryo
is a spherical coeloblastula. (B) Gastrulation begins with down-regulation of adhesion and
apical constriction in the endoderm (C) Apical constriction is followed by invagination and
bottle cell formation (D - F) Using filopodia, the endoderm and ectoderm zip up forming a two
layer gastrula with a characteristic “mushroom shape” in which the archenteron is laterally
stretched. (X–Z) Z-projections of confocal stacks of early gastrulae at different angles. (X)
Oral view showing apical side of the invaginating endodermal plate and surrounding ectoderm. Scale bar 50 µm. (Y) Aboral view showing basal side of the invaginating endoderm.
Endoderm/ectoderm zippering has commenced on one side of the embryo. (Z) Lateral view.
Endoderm located at the bottom.
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rulation process in Nematostella, we found that this system offers a unique
opportunity to create a single computational model that integrates all the
various known cell behaviors that shape the Nematostella mono-layered blastula into a bi-layered gastrula. We have developed a cell-based model with
novel features based on the pioneering work of Odell et al. (50). The model is
capable of representing arbitrary cell shapes and places no restriction on cell
neighbors or cell movement. We found that the model allows us to capture
Nematostella gastrulation in detail and test whether the processes reported in
the literature are plausible and sufficient for gastrulation. We also investigated the mechanical stability of the blastula and the mechanics of bottle cell
formation.

4.2
4.2.1

Methods
Embryo Preparation

Embryo Fixation, Staining and Imaging
Nematostella vectensis adults were spawned using light and temperature cues
and fertilized eggs were dejellied as previously reported by Fritzenwanker
and Technau (117). Embryos were raised to the desired developmental stage
and then fixed, stained with propridium iodide and phalloidin and cleared
as reported by Magie et al. (102). Confocal stacks were collected on a Zeiss
LSM510 confocal microscope (Carl Zeiss, Jena, Germany).
Blastocoel Injections of Dextran
Embryos were cultured to the mid-blastula stage when a coeloblastula is
clearly visible, prior to the onset of gastrulation. The blastocoel was injected
with FluoroRuby Dextran (50mg/ml in KCl) and embryos were then reared
to through gastrulation and fixed, stained and imaged as above.

4.2.2

Morphometrics

Images were first processed using ImageJ (V1.41o) to semi-automatically normalize the scale and the embryo rotation, crop and finally manually trace the
endoderm and ectoderm domains (as polygons) of each embryo. The endoderm/ectoderm boundary is very distinct in early gastrulae. The endoderm
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appears as a disorganized mass of apically bound cells whereas the ectoderm
appears as an organized epithelium. Geometrical data were then exported to
Mathematica (v7.0.1) for further treatment. Relative invagination depth was
calculated as the ratio of the distance between the oral and aboral poles and
the diameter of the embryo. Volume/surface area of a domain was estimated
by calculating volume/area of the solid/surface of revolution of the traced
polygon/polyline around a horizontal axis passing through the centroid of
the polygon under consideration. Average thickness of a domain was calculated by automatically taking evenly spaced samples perpendicular to the
longitudinal axis of the domain.

4.2.3

The Model

Model Geometry
To be able to incorporate all the cell behaviors known to occur in Nematostella
gastrulation, we designed a model that offers a detailed boundary description
of the cells, allowing these to take on any shape and to be differentiated
along their apical-basal axis. Each cell is represented by an 84 vertex polygon
that is initially wedge shaped (Fig. 4.3A). The model blastula used is 200 µm
in diameter, the blastoderm is 32 µm thick and is composed of 87 identical
wedge cells, based on the available morphological data of the late blastula
(101, 102, Fig. 4.3B).
The cells are divided into two populations: cells 1 – 24 are endodermal
cells while cells 25 – 87 are ectodermal (this ratio is based on domain morphology and in-situ hybridization staining of endoderm genetic markers such as
NvSnail, see 102). Each cell is also split into two parts: vertices 1 – 75 (edges
1 – 75 & 84) constitute the basal-lateral portion of the cell boundary, whereas
vertices 76 – 84 (edges 76 – 83) constitute the apical portion of the cell. As
described below, the endodermal and ectodermal cells will have different
properties and each cell will also be differentiated apico-basally. See Table 1
for a summary of the model parameters and their default values.
Dynamics
The dynamics of the model are driven by simple Newtonian mechanics and
the position of each vertex, rc,i is governed by the viscous dynamics presented in Chapter 3.1.4. All the processes in the model are described in terms of
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Figure 4.3 – Model architecture. (A) Each cell is modeled as a complex polygon with 84
vertices. Initially every cell is wedge shaped. Vertices 76–84 are considered the apical part of
the cell and the remainder is the basal/lateral part. (B) The blastula is composed of a ring of
87 identically shaped wedge cells split into two functionally distinct domains: the endoderm
(red) and the ectoderm (blue). (C) Each cell has a stiffly elastic cytoplasm. All the cells are
connected apically by stiff springs and the ectodermal cells are also connected basally (red
dots). Endodermal cells have a spring across their apical diameter to mimic an actin-myosin
belt. (black line) (D) The cell cortex is modeled as a set springs connected in series. All
cells are joined apically by a very stiff spring (red spring) and the endodermal cells have a
highly contractile apical belt (thick spring). The outer apical springs are stiffer than the rest
to provide mechanical support to the blastula (medium springs). (E) Contact between cells is
modeled as an elastic force between edges and vertices. The red edge is attracting a blue vertex
to its surface through adhesion (red arrows); whereas the blue edge is repulsing a slightly
overlapping red vertex (blue arrows). (F) Filopodia form stochastically between uncovered
vertices of the endoderm and ectoderm. Each filopodium exerts a constant attractive force for
a fixed period of time.
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vector forces. Running a simulation step consists of determining the forces
acting on each vertex and solving the resulting system of differential equations using a numerical integration method.
Forces
Springs Each edge of every cell is loaded with a spring that controls its
length by exerting a restorative force proportional to its strain:
F=k

l − l0
l0

(4.1)

where k is the spring stiffness, l is the edge length and l0 is the spring’s rest
length. The rest length is parameterized by s such that l0 = (1 − s) L0 where
we call 0 ≤ s < 1 the “strain factor” and L0 is the length of the edge in the
initial model geometry.
Every vertex is connected to each of its two neighbors by a spring (Fig.
4.3B–C). These springs have different parameters depending on whether they
are in the apical or basal portion of the cell boundary. Basal/lateral springs
have k = 1 and s = 0.375. Apical springs also have s = 0.375 but are stiffer
with k = 10.
The cells are linked to their neighbors on either side by an inter-cellular
spring that connects the apical corners of the cells (between vertices hc, 76i
and hc + 1, 84i, c = 1,. . . , 87). In some simulations the ectodermal cells are
also bound by springs at their basal corners, to simulate a tightly bound
epithelium. (between vertices hc, 41i and hc + 1, 35i c = 25, . . . , 86, Fig. 4.3B–
C). These “junction” springs are initially at rest (s = 1) and are very stiff
(k = 100). Actin-myosin contractile rings are thought to be the basis of apical constriction in Nematostella (101, 102), which occurs in the endoderm
at the onset of gastrulation. To simulate apical contractile rings in 2D, an
intra-cellular spring is placed between each endodermal cell’s apical corners
(between vertices hc, 76i and hc, 84i, c = 1, . . . , 24; Fig. 4.3C). The ring strain
factor is set to s = 0.65 and the stiffness to k = 100.
Cytoplasm We assume that the cytoplasm is also linearly elastic, so that the
pressure on the cell boundary is proportional to the difference between the
current volume (V) and the initial area of the cell (V0 ) times the cytoplasm

4.2 – Methods

111

stiffness (kV = 10):
EV =

1
kV
2



V − V0
V0

2
.

(4.2)

In our two-dimensional model, the “volume” of a cell is simply the area of
its polygon representation:
V=−

1 84
x i y i +1 − x i +1 y i .
2 i∑
=1

(4.3)

The volume energy is translated into vertex forces by taking the gradient of
the energy at each vertex i:
Fi = −∇i EV = −kV

V − V0
h y i −1 − y i +1 , x i +1 − x i −1 i
V0

(4.4)

Contact Contact forces are defined between edge–vertex pairs. The edges
are “capsule” shaped with flat sides and semi-circular caps (Fig. 4.3E). Any
vertex that enters an edge’s exclusive area is repelled from the capsule. Vertices may also be attracted to the capsule perimeter if they move away from
the edge and the edge and vertex are adherent. The repulsion/adhesion force
intensity is given by:

F=

− R(d − h)/h
−α 1 − 2a d − h −

a
2



0<d≤h
h < d ≤ a+h

(4.5)

where:
• d is the length of the displacement vector between the edge and the
vertex;
• h = 0.75 is the capsule diameter;
• a + h = 1.25 is the diameter of the capsule’s adhesive area;
• α = 2 is the adhesion strength and
• R = 10 is the repulsion strength.
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The direction of the force is along the direction of the displacement vector,
which is the shortest vector connecting the edge to the vertex. The displacement vector d between an edge e = r j − ri , and a vertex rk is given by:

 r k − ri
ê × (rk − ri ) × ê
d=

rk − r j

u≤0
0<u<1
u≥1

(4.6)

where ê = e/kek is the normalized edge vector and
u=

( r k − ri ) · e
e·e

(4.7)

is the normalized projection of the vertex onto the edge.
If u ≤ 0 or u ≥ 1, then the intruding vertex rk is touching one of the capsule’s rounded ends and is only interacting with one of the edge’s vertices.
Otherwise, if 0 < u < 1, then the intruding vertex is touching one of the
capsule’s sides and is therefore interacting with both edge vertices simultaneously. In this case the interaction force is split between the vertices such that
the torque around the contact point is zero and the sum of all forces is also
zero:
Fk
Fi
Fj
u≤0
F d̂
− F d̂
0
(4.8)
0 < u < 1 F d̂ −(1 − u) F d̂ −uF d̂
u≥1
F d̂
0
− F d̂
Filopodia Finally, filopodia offer a long-range adhesive mechanism that can
bridge the gap between the endoderm and ectoderm and force the two layers
to fit. We model filopodia extension and adhesion as a stochastic process
in which each cell pulls on other cells within a given range (Fig. 4.3F). On
average, one filopodium forms every T1 = 20 per endodermal cell. When
a filopodium is initiated, first a random suitable vertex is selected from the
endodermal cell and then all vertices within a radius ρ = 10 µm are found
and again another suitable random vertex is selected from these. The vertices
are suitable if both vertices are adhesive and neither is covered by an adjoining polygon. Once a filopodium is formed, the vertices feel a constant force
f = 0.3 that pulls them together for T2 = 20 after which they are released.
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Parameter
Integration
Embryo

Springs

Value
Timestep, ∆t
Drag, d
Diameter
Thickness
Num. of cells
Stiffness, k

Strain factor, s

Cytoplasm
Adhesion

Filopodia

Stiffness, k v
Range, a
Intensity, α

Period, T1
Range, ρ
Force, f
Duration, T2

Ectoderm
Endoderm
Apical
Baso-lateral
Belt
Junctions
Apical
Baso-lateral
Belt
Junctions

Endo-Endo
Endo-Ecto
Ecto-Ecto

0.1
1
200 µm
32 µm
63
24
5
1
100
100
0.375
0.375
0.65
0
10
0.5 µm
0
2
2
20
10 µm
0.3
200

Table 4.1 – Model parameters. Parameters are set to the values in the table unless explicitly
specified in the text. Units are arbitrary unless otherwise specified.
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4.3
4.3.1

Results
Morphometrics

We analyzed 47 confocal sections of Nematostella embryos between the blastula and the early gastrula stages, 22–32 hours post-fertilization (hpf) at
16 ◦C. The embryos were first sorted by relative invagination depth (see
Methods) and then partitioned these into six bins corresponding to 22, 24,
26, 28, 30, 32 hpf assuming a roughly linear relationship between normalized
invagination depth and time. We then measured various morphological metrics of each embryo and calculated the mean and standard error of the mean
(SEM) of each bin. We also performed Student-t tests between the bins to test
for significant differences.
The diameter and total volume of the embryos (blastoderm and blastocoel fluid) decreases by a significant amount during gastrulation, although a
significant change in the blastoderm volume was not detected (Fig. 4.4A–B).
This indicates that there may be little to no retention of the blastocoel fluid
by the cells and that the bulk of it is somehow removed from the embryo
as gastrulation progresses. Within the blastoderm a significant increase in
the volume of the endoderm was detected, however we could not determine
whether this came at the expense of the ectoderm or whether the endoderm
retains the blastocoel fluid, as the endoderm volume gain is well within the
measurement error of the ectoderm volume (Fig. 4.4C).
Morphologically, gastrulation begins by a decrease of the apical diameter
of the endodermal cells at around 22hpf. By measuring and comparing the
cell diameters of constricted and unconstricted cells in oral views of embryos,
(N = 5, Fig. 4.2X) we estimated that the endodermal cells’ apical diameter is
reduced by 50 - 65%, comparable with apical constriction in Drosophila ventral
furrow formation (107). A decrease in the apical surface area of the endoderm
was also detected (Fig. 4.4D). Unlike Drosophila, however, the cells appear to
use a postulated actin-myosin purse-string, instead of a contracting apical
mesh, since the apical surface of the constricting cells bulges, maintaining its
surface area even as the apical diameter of the cells decreases (101, 102).
Measurement of the basal surface area of the endoderm and ectoderm
revealed that prior to gastrulation the basal ectoderm surface area is much
larger than the basal endoderm surface area (Fig. 4.4E). During the course of
gastrulation, however, the basal surfaces of the ectoderm and endoderm de-
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Figure 4.4 – Morphometrics of Nematostella gastrulation. Error bars represent the standard
error of the mean (SEM). Endoderm data are in red and the ectoderm in blue unless otherwise
labeled. (A) Embryo diameter. The embryo diameter decreases significantly during gastrulation. (B) Blastoderm and embryo volume. The total embryo volume decreases markedly during
gastrulation (blue), whereas the blastoderm volume does not change significantly. This indicates that the blastocoel fluid is removed from the embryo during gastrulation. (C) Endoderm
volume as a fraction of the blastoderm volume. The endoderm volume increases significantly
during gastrulation. (D) Apical surface area. The endoderm’s apical surface area shrinks and
then recovers (left axis), whereas in the ectoderm it shrinks significantly (right axis). (E) Basal
surface area. Initially the basal surface of the ectoderm is much larger than that of the endoderm, although the two eventually converge. (F) Thickness. The endoderm thickens sharply
during apical constriction and gradually contracts during gastrulation (left axis). Conversely,
the ectoderm thins somewhat initially and then gradually thickens (right axis). (G) Breadth.
The breadth of the endoderm increases nearly two-fold during gastrulation as the endodermal
cells increase in volume and spread onto the ectoderm. No significant changes in the ectoderm
breadth were found. (H) Spatio-temporal ectoderm thickness. The maximum thickness is at
the blastopore lip where the ectoderm bends inwards and minimum at the aboral pole. The
gradient towards the aboral pole is steeper at the beginning of gastrulation, but gradually
flattens.
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crease and increase, respectively, and eventually equalize as the two surfaces
come into apposition.
Apical constriction induces a sharp increase in the thickness (apico-basal
dimension) of the endoderm, which then either passively relaxes or actively
contracts to less than its initial thickness by the end of zippering (Fig. 4.4F).
As it thins, the endoderm also increases its breadth two-fold (Fig. 4.4G) and
increases its volume by about 75% (Fig. 4.4C).
In contrast to the endoderm, no significant changes in volume or breadth
were detected for the ectoderm (Fig. 4.4C, G), however its thickness does
vary differentially in time and space. Shortly after gastrulation begins, the
ectoderm thins, followed by a phase in which the ectoderm thickens differentially starting at the oral end of the ectoderm, with the “thickening front”
moving towards the aboral pole (Fig. 4.4H). On average, the early gastrula
ectoderm is thicker than the blastula stage. The ectoderm becomes thickest
at the blastopore margin where it bends inwards into the blastocoel and thins
towards the aboral pole and the ecto/endoderm boundary, where it tapers
abruptly. Both the thickened and tapered regions of the oral ectoderm are
maintained during gastrulation, however the gradient of thickness towards
the aboral pole eventually flattens.
Summarizing, during Nematostella gastrulation, the endodermal and ectodermal geometries are not static, but are actively shaped allowing the two
layers to be joined. As we explore in the next sections, simple mechanical
processes can account for many of these shape changes.

4.3.2

Mechanical Equilibrium of the Blastula

Before we begin the simulations, it is desirable that we set the model parameters such that the embryo is in mechanical equilibrium. Each cell’s target
area is set to its initial area and the area stiffness is set such that the cell area
varies less than 5%. One must then define the target spring lengths (l0 ) and
stiffness parameters (k), which we also refer to as the contractility of the cell.
As a base value, we set all k = 1. A trivial solution for equilibrium would
then be to set the spring rest lengths to their initial length l0 = L0 . As the
target cell area is also equal to each cell’s initial area, the system would be
in equilibrium as there would be no strain. However, cells are contractile
(118) and tend to round up when suspended (119). To simulate this behavior, we set the rest lengths of the springs to a fraction of their initial length
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l0 = (1 − s) L0 , with 0 ≤ s < 1, where we call s the strain factor. For our
simulations we used s = 0.375, which was calculated so that the springs are
relaxed if the cell is perfectly round.
In the context of the Nematostella blastula and its wedge shaped cells, contractility produces radial forces along the lateral perimeter of the cells, and
also circumferential forces along their apical perimeter. The contractile radial forces tend to thin the cell layer, which, assuming the cell volumes are
constant, must increase the diameter and the circumference of the embryo.
In contrast, the circumferential forces will tend to contract the circumference,
decrease the diameter and increase the thickness of the cell layer. The two
competing forces meet at the cell corners, where they are almost perpendicular and are thus weakly coupled. If we assume the cell is homogeneously
contractile, then the radial component of the circumferential force will be too
weak to cancel the expansive radial force (Fig. 4.5A–B). An additional radial
force resisting embryo expansion must be supplied.
Nematostella embryos do not possess a stiff outer matrix, such as the hyaline layer in sea urchin embryos, which could provide mechanical resistance
to embryo expansion. A simple hypothesis would be that the cells are not
homogeneously contractile, but are more contractile at their apical ends. This
is consistent with the observation that F-actin is highly localized at the apical ends of all cells (Fig. 4.2 and 102). Nematostella blastomeres also have an
F-actin enriched ring around their apical perimeter forming an outer mesh
around the embryo reminiscent of chicken wire (Fig. 4.2X). This mesh could
also passively resist the expansion of the embryo due to cellular contractility.
Another important factor to consider is the blastocoel. It is unclear whether
it is sealed off from the environment, or whether fluid may flow freely in and
out. Sea urchin embryos, for example, lose less than 2% of their volume
when compressed (120). If the Nematostella blastula is also effectively sealed,
then the blastocoel volume must remain constant. In that case, any force applied to the blastula that entails a change in the blastocoel volume, such as
cell contractility causing an expansion of the embryo, would be canceled by
internal hydrostatic pressure.
We have experimented with all three hypotheses and found that the apical springs of the cells need to be approximately ten times stiffer than their
baso-lateral springs in order for the embryo to be in quasi-equilibrium when
simulations begin (i.e. embryo dimensions do not change, although the cell
ends do round slightly, Fig. 4.5D). The increased apical stiffness compresses
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Figure 4.5 – Blastomere apices must be stiffer to constrain embryo dimensions. Figures correspond to simulation steady states. (A) The initial geometry of the embryo. We want to choose
the mechanical parameters such that the embryo is initially in equilibrium. (B) Assuming
homogeneous intra-cellular contractility results in the embryo expanding its diameter, as the
radial contractile force is only weakly resisted by the circumferential contractile force. (C)
Assuming the blastocoel is sealed puts pressure on the embryo to keep its dimensions. This
equilibrium is unstable, however, and soon the embryo looses its shape as its surface area increases. (D) Setting the cell apices to be 10x more contractile than their baso-lateral sides is
sufficient for the embryo to maintain its dimensions and implicitly conserves embryo volume.
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the cells against each other like the wedges in an arch and resists the cells’
tendency to round up, which would result in the embryo expanding in diameter. The apical stiffness may be divided between the apical perimeter of
the cell or the contractile ring in any combination k ap + kring = 10, however
in order for the cells apices to remain flat, as they appear to be in actual embryos, we find that the k ap ≥ 5, otherwise the squeezing apical belts make
the apical surfaces bulge.
We found that these conditions are necessary regardless of whether or not
we include blastocoel pressure in the model. If we constrain the blastocoel
such that its volume remains practically constant (in the same manner we
constrain each cell’s volume), and the combined apical stiffness of the cells is
insufficient, then the embryo becomes unstable and eventually loses its circular shape as the outer surface of the embryo expands, becoming irregularly
shaped instead (Fig. 4.5C).
We conclude that in order for the Nematostella blastula to be in mechanical
equilibrium the cells’ apical ends must be stiffer than the rest of the cell in
order to resist the contractility forces parallel to the cell-cell interface, which
will tend to expand the blastoderm surface area. This is consistent with
findings in the sea urchin embryo, where the apical ECM was found to be
responsible for the bulk of the embryo’s stiffness (120). Surprisingly, the sea
urchin embryo shrinks, rather than expands, when the ECM is disrupted,
although the reason for this is unknown.

4.3.3

Bottle Cells are a Consequence of Cell Contractility, Low
Cell-cell Adhesion and Mechanical Constraint

In the previous section we assumed that the cells are all tightly adherent
to simulate the late Nematostella blastula, in which the cells form a monolayered epithelium. The beginning of gastrulation is marked by the partial de-epithelialization of the pre-endodermal cells at the animal pole of the
blastula, during which the cells reduce the number of cell-cell adhesion complexes between them and appear to loosen. The cells all retain their apical,
belt-like, zonula adherens junction however, maintaining the integrity of the
monolayer. When we reduce cell-cell adhesion in the virtual embryo, we
observe that the cells lose their regular epithelial organization and assume a
configuration in which every odd cell bulges over its two squatting neighbors
(Fig. 4.6A). The bulging cells are very reminiscent of bottle cells, commonly
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Figure 4.6 – Bottle cell formation as a function of the cortex strain and the ratio of adhesion
strength to contractility.

associated with epithelial-to-mesenchymal transitions and apical constriction
(Fig. 4.2B–C).
We found that bottle cell formation is a function of three parameters: the
strain factor, cell-cell adhesion and contractility. By reducing the cortical
strain factor we find that the bottle cells bulge less (Fig. 4.6B) and if we
also increase cell-cell adhesion and/or decrease contractility the cells remain
columnar (Fig. 4.6C). Therefore we find that cell contractility drives bottle cell
formation, whereas cell-cell adhesion acts as an impediment to this process.
We hypothesize that an epithelium will spontaneously reorganize into a
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bottle cell configuration if three conditions are met: (a) the cells are constrained laterally, (b) cell-cell adhesion is low and (c) the cells are under sufficient strain. We also find that this configuration is a natural consequence of
mechanics, as it reflects a local minimum in the energy landscape of the system, and need not be regulated by a complex cellular program that dictates
the specific cell shapes and cellular organization.

4.3.4

Simulating Gastrulation

Gastrulation in real embryos begins with the partial-EMT of the presumptive
endoderm, which involves the down-regulation of adhesion and apical constriction. We set endodermal cell-cell adhesion to zero (αen−en = 0) and the
belt strain factor to s = 0.65, the highest value found during measurements
(i.e. apical cell diameters were found to shrink up to 65%, see Morphometrics). We then start the simulations and gradually increase the contractility
of the belts until the target length is reached (Fig. 4.7A–B).
We observe that constriction makes the apical ends of the cells bulge
slightly, but the bulk of the cell cytoplasm is forced towards the basal end.
The cells cannot expand laterally due to the neighboring ectoderm, so the
cells expand in the apical-basal direction, thickening the layer. Initially, all
the cells elongate uniformly along their apico-basal axis. However we also
assumed that the endodermal cells do not adhere to each other and so, as constriction progresses, the domain loses its organized structure and the cells assume a bottle cell configuration (Fig. 4.7B). The bottle cells are strained along
their apico-basal axis and the resulting force buckles the endoderm inwards
producing an invagination.
As the endoderm invaginates, the basal endoderm and ectoderm surfaces
are placed at a less obtuse angle (Fig. 4.7C). This brings the opposing basal
endoderm and ectoderm vertices into range, allowing filopodia to attach,
which in turn draw the two layers closer (Fig. 4.7C–E). The lateral most cells
of the endodermal plate are the first to attach to the ectoderm. These cells
act as stretched springs and pull the endodermal plate laterally such that
the second most lateral cells are within filopodial range of the ectoderm.
Zippering thus proceeds discretely, as cell by cell the endoderm is joined
to the ectoderm. Each cell spreads considerably on the ectoderm, usually
covering 2-3 cell diameters, which allows the basal surface area gap between
the ectoderm and endoderm to be bridged. Finally, a two-layered gastrula
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is formed in which the basal endoderm and ectoderm fit together (Fig. 4.7F)
with the characteristic laterally stretched archenteron.
We determine the quality of a gastrulation simulation using the following
measures: (1) the endoderm should come into complete apposition with the
ectoderm, closing the blastocoel completely (can be quantified by measuring
the blastocoel volume, optimal value would be 0); (2) the ectoderm basal
surface should be entirely covered by the endoderm (can be quantified by the
difference between the endoderm and ectoderm basal surface areas, optimal
value would be 0); (3) ideally the archenteron should be stretched laterally,
as this better reflects Nematostella gastrulae (can be quantified as the ratio
between the oral-aboral and lateral dimensions of the archenteron, values
less than 1 are preferable).
Using the chosen parameters (Table 1) we can simulate gastrulation quite
well according these criteria (Fig. 4.7F). The chosen parameters are not finely
tuned and can be changed by small amounts without affecting gastrulation
quality. However, by further manipulating the main parameters of each process we observe a gradual decay in the quality of gastrulation as follows (Fig.
4.8):
(a) Reducing the force exerted by filopodia inhibits zippering and causes
gaps to appear between the endoderm and ectoderm, especially around the
blastopore lip where the blastoderm bends inwards (Fig. 4.8A–E). Sealing
these gaps produces significant lateral tension, which is probably why the
archenteron is stretched laterally in Nematostella gastrulae. Therefore, invagination alone appears to be insufficient for the ectoderm and endoderm to
fit precisely, as the endoderm will only tangentially contact the ectoderm at
the poles (Fig. 4.8E).
(b) The model gastrulates for a wide range of apical constriction parameters, but a minimum amount is still required to produce an invagination

Figure 4.7 (preceding page) – Model results. t refers to simulation time. (A) The initial
blastula geometry consists of 87 identical wedge shaped cells organized in a ring. (red cells)
endoderm; (blue cells) ectoderm. (B) Gastrulation begins by shortening the apical diameter
of the endodermal cells by 65%. The cells initially elongate apico-basally and then organize
into an alternating bottle/squat cell configuration. (C) The endodermal plate buckles inwards
as the elongated cells contract. (D–F) Filopodia, which form stochastically between the basal
endoderm and ectoderm, “zipper” the two layers together.
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that is deep enough for zippering to initiate and allow the endoderm and
ectoderm to be brought together (Fig. 4.8F–J).
(c) Retaining adhesion between endoderm cells reduces the ability of the
endoderm cells to fan-out and spread over the ectoderm, causing a mismatch
between the basal surfaces of the two layers (Fig. 4.8K–O).
Based on these results, we suggest that filopodia, apical constriction and
down-regulation of endodermal cell-cell adhesion are essential processes in
order to complete gastrulation.

4.4
4.4.1

Discussion
Bottle Cell Formation

In Nematostella, apico-basal contractility in the endoderm is stimulated by the
strain brought on by apical constriction. The cells, constrained laterally by
a stiff ectoderm, extend basally as the bulk of their cytoplasm is shifted in
this direction. The cells do not all remain extended. Some cells contract their
basal end and expand laterally, which pushes their neighbors apico-lateral
sides. Any cell that is caught between two such squatting cells is effectively
“pinched” causing it to expand basally and bulge over its squatting neighbors.
From this perspective, we find that bottle cells are likely a natural consequence of the mechanics of the system and a specific regulatory program
for actively shaping the cells is not required. Although all the mechanical
properties of the system are certainly genetically encoded, we find that bottle
cells emerge from the general mechanical context of the endodermal domain,
rather than each columnar cell being molded into a bottle cell by a genetic
program that operates on the cytoskeleton, forming an apical bottleneck and
bulging basal end. Therefore, we believe that bottle cells are indirect consequences of genetic regulation and are not explicitly defined genetically.
This echoes Hardin and Keller’s work (1988) on Xenopus bottle cells. They
found that the bottle cells of the vegetal involuting marginal zone (IMZ) were
a product of a combination of (a) individual cell shape changes and (b) the
particular mechanical and geometric context of the surrounding tissues. We
agree with their assessment and add that individual cell shape changes, i.e.
apical constriction, are only necessary to induce bottle cells to the extent that
they increase apico-basal contractility.

Αen = 0

p = 25%

F = 0.3

L

G

B

Αen = 0.25

p = 35%

F = 0.15

M

H

C

Αen = 0.5

p = 45%

F = 0.1

N

I

D

Αen = 1

p = 55%

F = 0.05

O

J

E

Αen = 2

p = 66%

F = 0.

Figure 4.8 – Simulation parameter variation. In each row a single parameter is varied. The remaining parameters are set to
their default values (Table 1). In the first row, the filopodial force (F) is successively reduced resulting in zippering failures; (A)
corresponds to the default parameter value. In the second row apical constriction (p) is successively reduced; (G) corresponds to
the default parameter value. In the third row endodermal cell-cell adhesion (αen−en ) is successively increased; (K) corresponds to
the default parameter value.
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In terms of direct genetic regulation, we propose that the necessary ingredients for bottle cell formation are: (a) strong apico-basal contractility (in
response to apico-basal strain, for example) and (b) reduced cell-cell adhesion. Additionally, the cells must also be laterally constrained. Hardin and
Keller (108) observed that the stiffness of neighboring tissue contributes to
bottle cell formation. Following their experiments, if we simulate an explant
of the blastula in which the lateral most cells are not subject to pressure from
their neighbors and can move more freely, we find that the cells become bottle
shaped only transiently, as the explant curls to allow the cells to contract. The
whole mechanical and geometric context of the cells must therefore be taken
into account.
Why do some cells contract, forming squat cells, while others do not,
forming bottle cells? We don’t think that this is the result of biological differentiation between squat and bottle cells. Rather, this phenomenon can
be explained as a global energy minimization of the endoderm under high
contractility/low cell-cell adhesion conditions.
Viscous mechanical systems move such that their potential energy is minimized. In the case of the Nematostella endoderm, we found that the peculiar
organization of this domain emerges from this principle (Fig. 4.9A). Comparing the total elastic potential energy of the bottle cell configuration and the
columnar configuration we found that the total cortex energy for the latter
was 13% lower (Fig. 4.9B), even though the bottle cells are more elongated
than their columnar counterparts (Fig. 4.9C). This is because the squat cells
contract substantially more than the bottle cells elongate, resulting in a net
decrease of the potential energy of the system.
Our view is that there may be a “continuum” of epithelial organization
equilibrium states in which at one end there is the regular epithelial columnar
organization and at the opposite end the alternating squat/bottle configuration. The organization state depends on the relative strength of cell contractility versus cell-cell adhesion. Columnar organizations are dominated
by cell-cell adhesion, whereas in the bottle cell configuration cell contractility
would be the dominant force. From this perspective, one can understand
the morphological differences between systems as a variation of this force
balance. In the model we eliminate cell-cell adhesion within the endoderm
completely, and so we obtain a very pronounced bottle/squat configuration.
In vivo, however, cell-cell adhesion is not completely absent and so the bottle
cell configuration is not as extreme as in the model. If one could gradu-
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Figure 4.9 – Bottle cell formation. (A) Close-up of an endodermal plate during invagination
showing both bottle (e.g. cells highlighted in red) and squat cells (blue) (B, C) Two different
configurations of the model endoderm. (B) Endodermal cells are only bound apically. During
apical constriction the domain assumes a bottle cell configuration. (C) Cells are bound apically
and basally, forcing the cells to remain columnar during apical constriction. Total potential
energy of the cell cortices in (B) is 13% lower compared to (C).

ally increase cell-cell adhesion in the endoderm during Nematostella invagination, we would expect the domain to take on less extreme configurations
with increasing adhesiveness (as seen in the model). Conversely, if one could
down-regulate cell-cell and cell-ECM adhesion during, say, Drosophila ventral
furrow formation, we would expect the domain to go from perfectly columnar to a bottle cell configuration.
Finally, bottle/squat cells probably do not have a specific function that depends on their shape. They seem to be just a side effect of high cell strain and
low cell-cell adhesion. These two characteristics do have a function though,
as we explore in the model. The high strain produces invagination whereas
the reduced cell-cell adhesion allows the endoderm to spread over the basal
ectoderm. From this viewpoint statements such as “Bottle cells are required
for the initiation of primary invagination in the sea urchin embryo” (109) may
be somewhat misleading. As we see it, during invagination the bottle cells
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have no function which relies on their shape and it is most likely the apicalbasal strain caused by apical constriction that actually drives invagination,
with bottle cell formation being a mere side effect.

4.4.2

Model Validity

We find that the gastrulation simulations qualitatively capture many morphometric features of Nematostella gastrulation (Fig. 4.10). In the embryos measured, we found that the thickness of the endoderm increased sharply at the
onset of gastrulation, followed by a gradually thinning, whereas the ectoderm appears to thin somewhat followed by a gradual increase in thickness.
This is observed during simulations as well. The sharp increase in the endoderm thickness can be attributed to apical constriction, which forces the cells
to elongate. The cells gradually retract to their normal height as tension is
released during invagination. As they do so, they also expand laterally and
consequently the endoderm fans out into the blastocoel, causing its basal surface to expand and allowing the cells to contract more due to the extra space.
The tighter the apical constriction, the more the endoderm will fan out and
the larger the basal endoderm surface will become. This expansion of the
basal surface is necessary, as initially the basal surface of the endoderm is far
smaller than that of the ectoderm, although by the end of gastrulation the
two must match.
Although the model captures the principal features of Nematostella gastrulation well, it is lacking in some secondary features. For example, in real
embryos the ectoderm is not homogeneously thick, but differentially thick
along the oral/aboral axis, being thickest closer to the oral pole of the embryo and thinner at the aboral pole (Fig. 4.4F). This may in part be explained
by artifacts related to 2D modeling (see below), but is also almost certainly
related to the simplicity of the model in terms of both the processes included
and how the included processes were modeled. The model can be improved
by refining its existing components, e.g. using a more sophisticated viscoelastic cellular cortex model, and well as adding new ones (see below). We
believe, however, that the model as presented is an improvement on previous
cell-based models.
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Figure 4.10 – Gastrulation simulations qualitatively capture many morphometric features
of Nematostella gastrulation. Blue lines are measurements of real embryos, red lines are
simulated data. Error bars represent SEM.

Chapter 4 – Modeling Nematostella Gastrulation

130

4.4.3

Apico-basal Contraction of the Endoderm

In the embryo, after an initial thickening the endoderm continuously contracts its apico-basal length eventually becoming thinner than it was initially.
Beyond the zippering phase of gastrulation, the endoderm has been observed
to continue to thin as the pharyngeal ectoderm involutes (102). The ectoderm
thickness seems to be complementary to that of the endoderm, initially thinning, then thickening as zippering progresses and finally becoming thicker
than its initial state and thicker than the endoderm. In the model, the ectoderm thins due to cell contractility and is later pulled back to its initial
height through zippering, while the endoderm thickens due to apical constriction and gradually relaxes to its original height. Thus at the end of the
simulation, the endoderm and ectoderm have the same height, and the endoderm does not thin to the extent seen in the real embryo. It is plausible that
the endoderm in the real system actively contracts apico-basally during gastrulation, and that continued contraction after zippering is completed may
cause, or simply allow, the pharyngeal ectoderm to involute. In the model,
increasing the contractility in the endoderm after zippering completes not
only causes the endoderm to thin but also to curl at the ecto/endoderm
boundary, causing the ectoderm to involute.

4.4.4

Volume Regulation

Does the blastocoel play a role during Nematostella gastrulation? Magie
et al. (102) noted that aboral ectoderm clones marked with dextran deposited
some dextran into the blastocoel during gastrulation, which was later taken
up by endodermal cells. Lateral ectodermal and endodermal clones did not
exhibit this behavior. Complementing these experiments, we injected dextran
into the blastocoel of late-blastula embryos. We found that all cells took up
dextran, but that the endodermal cells took up more per cell compared to
the ectoderm (N = 3, Fig. 4.11). The two experiments suggest that there is a
net flux of material from the aboral ectoderm into the blastocoel and that the
there is a net influx of blastocoel material into the endoderm. The morphometric statistics we performed indicate that the endoderm nearly doubles in
volume during gastrulation, which is consistent with this view. We were
unable to detect a corresponding drop in the ectoderm volume, however, although at the beginning of gastrulation the ectoderm does thin substantially,
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Figure 4.11 – Nematostella embryos were injected with fluorescent Dextran at the late blastula stage, just before gastrulation commenced. During gastrulation significant quantities
of Dextran appeared to have been taken up by the blastomeres, especially the pre-endodermal
cells.

especially at the aboral pole. This is probably because the ectoderm loses
only a small fraction of its volume, and since the ectoderm volume variance
is large, the difference would be difficult to detect.
It is also possible that the ecto/endoderm boundary is not static and that
the endoderm grows by recruiting adjoining ectodermal cells as gastrulation
proceeds. Although the endoderm breadth does indeed increase, the ectoderm breadth does not change significantly indicating that the endoderm
probably does not grow at the expense of the ectoderm. Instead, the increasing volume and decreasing thickness of the endoderm can account for
the increase in the endoderm breadth. Marking experiments to track the
ecto/endoderm boundary could help to definitively resolve this issue.

4.4.5

Two- vs Three-Dimensional Models

Nematostella embryos do not remain perfectly radially symmetric during gastrulation. The blastopore can assume many irregular shapes, such as slit-like
or polygonal configurations, but is rarely disk shaped. So far no evidence has
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been found that gastrulation is an asymmetric process (although asymmetric
gene expression around the oral/aboral axis does occur) or that the asymmetry is somehow essential to the final result. We have therefore assumed
that we can model Nematostella gastrulation based on a 2D cross section of
the embryo.
One important aspect that is not captured by this 2D model is hoop stress.
Hoop stress provides support to radially symmetric structures, such as the
Nemastostella blastula. Imagine the embryo as a series of hoops centered
on the oral-aboral axis of the blastula. The equatorial hoop, placed halfway
between the poles has the full diameter of the embryo but towards the poles
the hoops decrease in diameter tending towards zero. The sequence thus
resembles the latitudinal lines of a globe. Each hoop is composed of an
elastic material that resists any change in the hoop’s length. Therefore, any
radial stress (i.e. perpendicular to the primary axis) applied to the hoops
would be resisted. Both apical constriction and zippering by filopodia are
two examples of radial stress that act to pull the blastoderm towards the
primary axis. In a 3D model, hoop stress would provide resistance to these
processes and would probably keep the embryo stretched laterally during
gastrulation, unlike what is seen in the later stages of the simulation during
which the embryo diameter contracts excessively while extending in length
along the primary axis.

4.4.6

Outlook

Our simulations suggest that the coeloblastula requires a reinforced apical
surface to maintain its proper dimensions, which would otherwise be larger, if cell contractility is the dominant force, or smaller, if cell-cell adhesion
dominates. Experiments that alter apical stiffness, cell contractility and/or
cell-cell adhesion in blastulae could confirm our observations.
The model also suggests several experiments that may give new insights
into bottle cell formation. We predict that in any epithelial system in which
the cells are under considerable apical-basal strain (due to apical constriction
for example) an accompanying down-regulation of cell-cell adhesion will induce bottle cell formation. Conversely, bottle cell formation can be inhibited
by relaxing cell strain, down-regulating contractility and/or up-regulating
cell-cell adhesion.
Finally, as more functional experiments with Nematostella gastrulation are
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performed, modeling and morphometrics could be useful tools to distinguish
subtle differences between mutants and wild-type. Modeling can also help
to explain why and how gastrulation will fail when a particular process is
disabled and conversely will help to identify which processes were affected
in a given mutant.

5

Modeling Filamentous
Cyanobacteria
5.1

Introduction

Cyanobacteria form a large and diverse phylum of photoautotrophic prokaryotes (121). They are defined by their unique combination of pigments and
their ability to perform oxygenic photosynthesis. They often live in colonial
aggregates that can take on a multitude of forms (122). Of particular interest
are the filamentous species, which often dominate the upper layers of microbial mats found in extreme environments such as hot springs, hypersaline
water, deserts and the polar regions (123), but are also widely distributed in
more mundane environments as well.
Many species of cyanobacteria are capable of gliding. Gliding is a form
of cell movement that differs from crawling or swimming in that it does not
rely on any obvious external organ or change in cell shape and it occurs only
135
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in the presence of a substrate (124, 125). Gliding in filamentous cyanobacteria appears to be powered by a “slime jet” mechanism, in which the cells
extrude a gel that expands quickly as it hydrates providing a propulsion
force (126, 127), although some unicellular cyanobacteria use type IV pili for
gliding (128). Individual cells in a trichome have two sets of pores for extruding slime. Each set is organized in a ring at the cell septae and extrudes
slime at an acute angle (129). The sets extrude slime in opposite directions
and so only one set is likely to be activated during gliding. An alternative
hypothesis is that the cells use contractile elements to produce undulations
running over the surface of the trichome, somewhat like an earthworm (130).
The cells appear to coordinate their gliding direction by an electrical potential
that establishes polarity in the trichomes, and thus establishes a “head” and
the “tail” (131). Trichomes usually reverse their polarity randomly with an
average period on the order of minutes to hours (132, 133). Many species also
form a semi-rigid sheath that is left behind as a hollow tube as the trichome
moves forward. When the trichome reverses direction, it can move back into
the sheath or break out (132).
Cyanobacteria have strict light requirements. Too little light can result in
insufficient energy production, and in some species may cause the cells to
resort to heterotrophic respiration (123). Too much light can inhibit the cells,
decrease photosynthesis efficiency and cause damage by bleaching. UV radiation is especially deadly for cyanobacteria, with normal solar levels being
significantly detrimental for these microorganisms in some cases (134, 135).
Filamentous cyanobacteria that live in microbial mats often migrate vertically and horizontally within the mat in order to find an optimal niche that
balances their light requirements for photosynthesis against their sensitivity to photodamage. For example, the filamentous cyanobacteria Oscillatoria
sp. and Spirulina subsalsa found in the hypersaline benthic mats of Guerrero
Negro, Mexico, migrate downwards into the lower layers during the day in
order to escape the intense sunlight and then rise to the surface at dusk (136).
In contrast, Microcoleus chthonoplastes found in hypersaline mats at Salins-deGiraud, Camargue, France migrate to the upper layer of the mat during the
day and are spread homogeneously through the mat at night (137). An in
vitro experiment using Phormidium uncinatum also demonstrated this species’
tendency to migrate in order to avoid damaging radiation (134, 135). These
migrations are usually the result of some sort of photomovement, although
other forms of taxis can also play a role (138).
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Photomovement – the modulation of cell movement as a function of the
incident light – is employed by the cyanobacteria as a means to find optimal
light conditions in their environment. There are three types of photomovement: photokinesis, phototaxis and photophobic responses (132, 139, 140).
Photokinetic microorganisms modulate their gliding speed according to the
incident light intensity. For example, the speed with which Phormidium autumnale glides increases linearly with the incident light intensity (141). Phototactic microorganisms move according to the direction of the light, such
that positively phototactic species will tend to move roughly parallel to the
light and towards the light source. Species such as P. uncinatum cannot steer
directly towards the light, but rely on random collisions to orient themselves
in the right direction, after which they tend to move more towards the light
source. Others, such as Anabaena variabilis, can steer by actively bending the
trichome (142). Finally, photophobic microorganisms respond to spatial and
temporal light gradients. A step-up photophobic reaction occurs when an
organism enters a brighter area field from a darker one and then reverses
direction, thus avoiding the bright light. The opposite reaction, called a stepdown reaction, occurs when an organism enters a dark area from a bright
area and then reverses direction, thus remaining in the light.
Gliding filamentous cyanobacteria often display step-down photophobic
reactions when their ‘heads’ (i.e. the leading 10-20% of the trichome) are
shaded, causing the trichome to reverse direction. In addition, P. uncinatum
also reacts to light incident on the trichome tail (131). Shining a narrow beam
of light on the rear of a trichome will induce it to reverse direction. The
trichomes appear to compare the incident light between the head and the tail
and if the tail receives more light than the head the trichome is highly likely
to reverse its direction (133). Although considered a form of phototaxis by
Gabai (133), the response does not depend on the direction of the light but
on a light intensity gradient, and thus may better be considered a step-up
photophobic response. However, the tail step-up response seems to have a
different physiological basis than the step-down reactions originating from
the head (133), which are triggered through the photosynthetic apparatus
(143).
The effects of photomovement on a population of trichomes can be observed in vitro by shining a column of light, called a light trap, on a culture
of P. uncinatum. The light scattered by the trichomes and particles already
in the trap spot draws the trichomes in the surrounding dark area towards
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Figure 5.1 – Häder’s cyanograph experiment. A photographic negative is projected onto a
Petri dish containing a culture of photophobic filamentous cyanobacteria (Phormidium uncinatum). The trichomes cover the lighter areas of the projection while uncovering the darker
areas producing a photographic positive. Petri dish is 10 cm wide. Courtesy of Donat-Peter
Häder.

the illuminated area by positive phototaxis. The trichomes enter the trap
from the darker area freely, but will reverse direction whenever moving from
the lighter area to the darker area due to step-down photophobic responses.
Over the course of a few hours the trichomes will completely fill the trap,
marking it with a darker color (144, 145, 146).
Häder demonstrated that trichomes can position themselves quite precisely within their environment through photomovement. In Häder’s cyanograph experiment (132, 147) , a photographic negative is projected onto
a Petri dish containing a culture of P. uncinatum. After a few hours, the
trichomes move away from the darker areas onto the lighter areas, forming
a photographic positive on the culture (Fig. 5.1). The experiment demonstrates that photomovement is effective not just for discrete light traps, but
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for minutely patterned, continuously differentiated light fields as well.
In the study presented here, we explore the advantages of photophobia
as a means for optimizing light exposure through the use of a computational
model for motile trichomes. Each trichome is modeled as a self-propelled
long thin elastic rod equipped with a simple model of photophobia, including
both step-up and step-down reactions. Previous models of the photomovement of filamentous cyanobacteria by Burkart and Häder (145) and Hader
and Burkart (146) using partial differential equations demonstrated how a
combination of phototaxis and step-down photophobic responses can lead to
the accumulation of trichomes in light traps. Our model is a large individual
based system that allows us to simulate responses to static and dynamic light
fields, as well as quantify the advantage of using the photophobic mechanism
for optimizing light exposure compared to random gliding, and also show
how the length and gliding speed of the trichomes can influence this process.
Somewhat similar models exist of gliding bacteria applied to Myxobacteria, whose fruiting-body formation behavior is used as a model system for
primitive morphogenesis. Myxobacteria not only glide using a slime extrusion (A-motility) but also by extension and retraction of type IV pili that can
attach to other individuals and pull them closer (S-motility). Like the cyanobacteria, they also reverse their direction of movement periodically. Wu
et al. (148, 149) developed a cell-based model of the gliding M. xanthus and
predicted that the periodic reversals are essential for swarming and increase
cell alignment. They were also able to predict the optimum reversal period
for swarm expansion to within measurement error of actual cells. Models
similar to the one used in this study have recently been used to study the
dynamics of cell-cell collisions in Myxobacteria (150, 151). Ginelli et al. (152)
also use a similar deterministic model for myxobacteria, albeit for short inflexible rods and only on a small-scale. The advantage of our approach is
that we can scale our simulations to the full domain size (i.e. a 10 cm Petri
dish) by using massively parallel graphics processing units (GPUs).

5.2
5.2.1

Methods
A Model of Filamentous Cyanobacteria

We used a two-dimensional computational model for gliding phototactic
trichomes. Each trichome is modeled as a thin flexible rod of diameter d
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and total length L. Each rod is discretized into N = round( L/50) segments of equal length, yielding N + 1 equally spaced vertices hr0 , . . . , r N i
(Fig. 5.2A). The movement of the trichomes is determined by the viscous
dynamics presented in §3.1.4
Running a simulation step consists of calculating the sum of all the forces
acting on each vertex and solving the resulting system of differential equations using a numerical integration method. The boundary conditions are
such that the vertices are restricted to a circular domain with an inelastic
boundary. Any force or impulse against the domain boundary is met with
an equal reaction force and so the following conditions are enforced after
each time step:

kr − ck ≤ D/2
r̈ · n̂ ≤ 0, if kr − ck = D/2

(5.1)

where r is the displacement of any vertex in the system, c = h D/2, D/2i
denotes the center of the circular domain and n̂ = (r − c)/kr − ck is the
unitary vector pointing from the center of the domain towards the vertex.
For each time step all the forces exerted on each vertex i are calculated.
The forces arise from (a) trichome elasticity, including tensile and bending
strain, (b) gliding and (c) collisions:
Fi =

∑ FiT + ∑ FiB + FiG + ∑ FiC

(5.2)

Trichome Elasticity
Each vertex is subject to a force that derives from the local tensile and bending
strain at the vertex. Torsion is ignored. Each edge hri , ri+1 i is assumed to
behave as an elastic rod, which exerts a linear restorative force when under
uniaxial load:
ri,i+1 − l
T
Fi,i
(5.3)
+1 = AE
l
where A denotes the rod’s cross sectional area, E denotes the elastic modulus
of the rod, ri,i+1 denotes the distance between the two vertices and l denotes
the length of the segments.
For the bending resistance forces we use a phenomenological model based
on the observation that the bending resistance of a straight elastic rod is
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Figure 5.2 – Model components. (A) Trichomes are modeled as thin flexible rods that are
discretized into sequences of 50 µm edges. Each edge is loaded with a linear spring. (B)
The local bending moment is a function of the radius of curvature. (C) Trichomes can glide
along their long axis and reverse their direction of movement photophobically. (D) Trichome
collisions are defined between edge-vertex pairs. A vertex that penetrates an edge’s volume is
repulsed by equal and opposite forces between the pair.
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proportional to the curvature of the rod (153):
M=

EI
R

(5.4)

where M denotes the bending moment generated at the ends of the rod, E
denotes the elastic modulus of the rod, I = π/4 × (d/2)4 denotes the second
moment of area of the rod’s cross section the and R denotes the radius of
curvature (Fig. 5.2B). We use this model to calculate the local bending forces
within the trichome by applying it to pairs of consecutive segments. The
bending moment generated by two connected segments is estimated by assuming that the radius of curvature is the radius of the unique circle defined
by the three vertices (Fig. 5.2B). The bending moment is converted into forces
acting on the three vertices by assuming that the two outer vertices rotate
around the middle vertex, each with moment M, such that the total torque
and total force acting on the three vertices is zero:
ri,i−1 × b̂
ri,i−1 · ri,i−1

FiB−1

=

FiB+1

= −M

FiB

M

ri,i+1 × b̂
ri,i+1 · ri,i+1

= −(FiB−1 + FiB+1 )

(5.5)

where ri,j = ri − r j and b̂ denotes a pseudo-vector normal to the plane
defined by the three vertices:
b̂ =

ri−1,i × ri+1,i
kri−1,i × ri+1,i k

(5.6)

and is oriented into or out of the plane according to whether the trichome is
bent to the “left” or to the “right” at the middle vertex. The resulting set of
forces tends to move the three vertices onto a straight line, while the tensile
forces restore each segment to its initial length.
Gliding Motility
As described in the introduction, most filamentous cyanobacteria glide along
their long axis. They are unable to steer (with the notable exception of Anabaena sp.), but they do reverse their direction of movement randomly (132).
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The propulsion force is probably generated by slime extruding from pores
located all along the trichome’s length (126). The slime swells as it leaves
the pores and generates a force tangential to the trichome. Likewise, the virtual trichomes are assumed to be able to exert a tangential force against a
substrate. The propulsion force is applied at each vertex and is tangential to
the trichome at that point (Fig. 5.2C). The trichomes are also assumed to be
polarized and that this polarization controls the direction of movement of the
trichomes, resulting in the following equation:
FiG = p P η ti

i = 0, . . . , N

(5.7)

where p ∈ {−1, 1} denotes the polarity of the trichome, P denotes the gliding
speed, η is the drag coefficient of the trichome and ti denotes a vector that is
tangent to the trichome at vertex i and is given by:
 r1,0

i=0

 l

r
i +1,i −1
0<i<N
ti =
(5.8)
 2l



 r N,N −1 i = N
l
Collisions
Each trichome has its own exclusive volume that is impenetrable. Each trichome segment is modeled as a capsule-shaped volume composed of a cylinder
with semi-spherical caps. Any vertex that enters an edge’s exclusive area is
repelled (Fig. 5.2D). The repulsion force intensity is given by:
(
− R(r − d)/d 0 ≤ r ≤ d
C
F =
(5.9)
0
r>d
where r denotes the length of the displacement vector between the edge and
the vertex, d denotes the trichome diameter and R the repulsion strength. The
force is applied to the vertices using the same method presented in §4.2.3.
Photophobia
Although cyanobacteria trichomes often display all three types of photomovement, photophobia is considered to be the main driver of pattern formation (132) and therefore only this mechanism is included in the model. The
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photophobia model is directly based on observations from Gabai (133) who
showed that trichomes of P. uncinatum are sensitive to step-down reactions at
the head as well as step-up reactions at the tail. Photophobic reactions are
simulated by reversing the trichome polarity p (and thus the trichome movement direction) with probability q at each time step. The probability q is a
function of the light difference between the head and tail of the trichome:


∆t/Tlight ∆I ≥ 1 − s


(5.10)
q = ∆t/Tindi f |∆I | < s


∆t/T
∆I ≤ −(1 − s)
dark

where ∆t is the timestep taken during numerical integration, ∆I denotes
the difference in average light intensity measured over c = 10% of the total
trichome length at the trichome head and tail (154, 155); s is the photophobic
sensitivity of the trichomes and Tlight > Tindi f > Tdark are the average reversal
periods for trichomes moving into a lighter area, indifferent light or a darker
area. Note that we assume that the light function is normalized such that
I = 0 corresponds to ’black’ i.e. total darkness and I = 1 corresponds to
’white’ i.e. the maximum light intensity in the domain. We also assume that
I = 1 is the optimum light intensity for the trichomes, which they strive to
achieve.

5.2.2

Simulation Setup

For all our simulations a 10 cm disk with variable number of trichomes is
initialized such that a certain predefined domain coverage was achieved, as
described in the results section. For the static light field a 2024 × 2024 pixel
monochrome picture of the Tower Bridge, London was used (inverted to
simulate a photographic negative, Fig. 5.3A). Linear interpolation was used
between the pixels to obtain a smooth light field. Each simulation corresponds to either 8 or 16 hours of simulated real time. The default parameter
values used are listed in Table 6.1.

5.2.3

Programming and Data Analysis

The model was programmed using C++ and CUDA and run on an nVidia
GTX295 graphics processing unit. For each simulation up to 400 system states
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Type

Symbol

Description

Domain

D

Diameter

Trichomes

d
L
l
E
v

Diameter
Length
Segment length
Stiffness
Gliding speed

c
s
Tlight
Tindi f
Tdark

Size of head/tail
Sensitivity
Short rev. period
Medium rev. period
Long rev. period

O
f
Ī

Spot diameter
Frequency
Avg. light intensity

Photophobia

Dynamic light

Value

Refs.

1 cm
10 µm
0.02 to 2 mm
∼ 50 µm
10 ∗
0 to 10 µm s−1
10 % of L
0 to 1 –
20 s
5 min
120 min

(156, 157)
(156, 157)
(157)
(154, 155)
(133, 158)
(133, 158)
(133, 158)

0.2 to 2 mm
0 to 2048 s−1
0.5 –

Table 5.1 – Model parameters. Parameters are set to the values in the table unless explicitly
specified in the text. Legend: (∗) Arbitrary units (–) Non-dimensional parameter.

were saved, including each trichome’s average exposure at that time. The
visualization was done by binning all the vertices from 20 consecutive states
into a 2024 x 2024 pixel domain. This superposition serves to enhance the
cyanobacterial “signal” and compensate for the limited number of trichomes
that fit in the 2D domain. The binned data was then scaled exponentially to
enhance contract and converted to an 8-bit grayscale image.

5.3
5.3.1

Results
Modeling Cyanographs

As an initial test of our model, we sought to simulate the cyanograph experiment. Cyanographs are formed by projecting a photographic negative
onto a culture of photophobic filamentous cyanobacteria in a Petri dish. Due
to photophobic responses, the trichomes redistribute themselves in the light
field and after a few hours a photographic positive becomes “imprinted”
onto the culture. For the cyanograph simulations in this study, a high con-
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Figure 5.3 – Light fields. (A) Light field used for the first and second round of simulations
based on a photograph of the London Tower Bridge. (B) Randomly generated light field used in
the third round of simulations. The field is composed of overlapping spots that cover the whole
area. Spot diameter (O) and light intensity (I) vary from 0.2 to 2 mm and 0 to 1 respectively.
The solid white line corresponds to the domain boundary.

trast photograph of the London Tower Bridge (Fig. 5.3A) with a clear sky
background forming a vertical gradient was used.
The Petri dish is modeled as a 2D circular domain of 10 cm diameter
in which the trichomes are laid. The boundary conditions are rigid and
inelastic so that the trichomes are unable to traverse the dish’s boundary
and are deflected upon collision. Initially, 3.5% of the domain is covered
with a uniform population of trichomes, all having identical properties. The
trichomes are evenly spaced in the domain and each is placed with a random
orientation. For the visualization, 20 consecutive states of the simulation
are superimposed in order to obtain a clearer “signal” of the cyanobacterial
imprint (see Methods).
Simulations using different trichome populations were performed. First
the photophobic sensitivity parameter (s) was varied. This parameter can
vary between 0 ≤ s ≤ 1, with s = 0 representing total insensitivity to light
and s = 1 “perfect” sensitivity i.e. any difference in light between the trich-
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become effective from s > 0.4. Exposure increases roughly linearly, peaking at a 16% increase for “perfectly” sensitive trichomes.
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ome ends can trigger a response. Simulations across the entire range of sensitivity were run in ∆s = 0.1 steps with the trichome length and gliding speed
fixed to 0.5 mm and 10 µm s−1 respectively. The results are shown in Fig.
5.4A-D. For s < 0.4 the photographic image does not emerge from the simulations. However for increasing values of s the picture emerges gradually,
similar to a lifting fog, starting with the golden crown at the top of the towers
(Fig. 5.4A). For s > 0.8 the towers become clearly outlined and smaller structures, such as the windows, balconies, stones and buildings on the north
bank, begin to reveal themselves in detail (Fig. 5.4B-C). For s = 1.0, a dramatic shift in the image quality occurs as a detailed, high contrast picture
emerges and one can make out the individual beams, windows, arches and
other small substructures which embellish the bridge (Fig. 5.4B). Also, the
large shadows cast by the bridge to the left of the picture have disappeared
to reveal the structures beneath. The trichomes also move up the gradient in
the background, leaving a dark streak at the top of the domain, as well as
pick out and enhance small details in the sky, such as the spot between the
towers (due to a dirty lens) and the airplane contrails in the upper left corner,
which are not present for lower parameter values.
The average steady-state light exposure experienced by the trichomes for
each sensitivity value is shown in Fig. 5.4D. Average exposure is measured
as the percentual increase above the average light intensity in the light field
(approximately 0.72 in the case of the Tower Bridge photograph used). The
graph shows that the level of detail shown in the cyanographs correlates positively with increased exposure. Exposure increases significantly with sensitivity, with the most sensitive trichomes receiving 16 percentage points more
light than the non-photophobic trichomes. For the next series of simulations,
trichome sensitivity was fixed to s = 1 and gliding speed to 10 µm s−1 while
trichome length was varied using the values L = 0.1, 0.25, 0.5, 1.0, 2.0 mm.
The results are shown in Fig. 5.4E-H . For the shortest trichomes a surprising
level of image quality was obtained (Fig. 5.4E). The resulting image displays
both detail, with the smaller elements on the bridge clearly visible, and a
remarkable level of shading, which is not seen with the longer trichomes. Increasing the trichome length results in decreasing image quality, as the trichomes tend to cluster in small niches of the image and migrate up the light
gradient in the sky (Fig. 5.4F). The longest trichomes aggregated into large
wave-like clusters in the lightest areas of the photograph and were effective
at following the sky gradient towards the top of the domain (Fig. 5.4G).
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The average light exposure measured for each population shows that exposure increases with trichome length (Fig. 5.4H), although the effect is less
pronounced compared to the sensitivity parameter. Ultimately, the longest
trichomes (L = 2 mm) distribute themselves such that they receive 7 percentage points more light than the shortest (L = 0.1 mm).

5.3.2

A Heterogeneous Population in a Static Light Field

Next we changed the simulation conditions to see how trichomes with different properties perform when competing for light. For this purpose the
same light field was used but with different initial conditions. The domain
coverage was increased to 16.2% and each trichome was initialized with a
random length (0.02 mm ≤ L ≤ 2 mm), sensitivity (0 ≤ s ≤ 1) and gliding
speed (0 µm s−1 ≤ v ≤ 10 µm s−1 ). In total 1.2 × 105 trichomes per simulation were used. The simulation was then run until reaching a steady state
and the average exposure of subsets of the population were measured. The
results are shown in Fig. 5.5.
In Fig. 5.5A, average exposure is plotted as a function of trichome sensitivity. The trend is similar to what was obtained in the previous simulations,
although the least sensitive trichomes are actually slightly less exposed then
average. Photophobia takes effect only for sensitivities s > 0.35, and so we
limit our analysis of the effects of trichome length and gliding speed to the
parameter range 0.35 ≤ s ≤ 1.
In Fig. 5.5B, average exposure is plotted as a function of trichome length.
Each data point corresponds to a mean over a narrow range of trichome
lengths and the full range of sensitivity and gliding speed (which accounts
for the drop in average exposure compared to the uniform population simulations). The trend is similar to the results in the previous simulations, except
exposure reaches a plateau for lengths L > 1 mm. In Fig. 5.5C, average exposure is plotted as a function of trichome gliding speed. Exposure increases
with speed peaking at around 6 µm s−1 after which exposure stabilizes at 8%
above average. The difference in exposure between the slowest trichomes
and the fastest is approximately 6 percentage points. Fig. 5.5D shows the
resulting cyanograph image when using a mixed population of trichomes.
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Figure 5.5 – Trichome competition in the Tower Bridge field. Each of the 1.26 × 105 trichomes
in the domain is assigned a random length (0.02 mm ≤ L ≤ 2 mm), photophobic sensitivity
(0 ≤ s ≤ 1) and gliding speed (0 µm s−1 ≤ v ≤ 10 µm s−1 ); 11 simulations were performed.
Error bars are the standard deviations of simulation means. (A) Graph plotting exposure
against photophobic sensitivity. For values s < 0.35, trichomes are exposed to slightly less
than the average light in the domain. For s > 0.35, exposure increases markedly, peaking at
a 12% exposure advantage for “perfectly” sensitive trichomes. (B) Graph plotting exposure
against trichome length for sensitivities 0.35 ≤ s ≤ 1. Exposure increases significantly up
to 0.8 mm after which it plateaus. (C) Graph plotting exposure against gliding speed for
sensitivities 0.35 ≤ s ≤ 1. Exposure peaks at 7.5 µm s−1 then plateaus. (D) Composite image
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A Heterogeneous Population in a Dynamic Light Field

In microbial mats, trichomes must cope with continuously changing light
conditions due to self-shading, sedimentation, changing weather and daylight. To see how the virtual trichomes cope in changing conditions, a procedure for simulating a dynamic light field was devised.
First the light field is initialized to uniform intensity (I = 0.5). With a
given frequency f , a disk with a random diameter O ranging from 0.2 mm ≤
O ≤ 2 mm and centered at a random position in the field is filled with a
random light intensity between 0 ≤ I ≤ 1. Over time the light field becomes a
heterogeneous mix of overlapping dark and light disks, although the average
intensity remains Ī = 0.5 (Fig. 5.3B). After the field has been completely
covered with disks, the trichomes are then placed in the domain as described
in the previous section, with the sensitivity, length and gliding speed of each
trichome chosen randomly. As the simulation runs, the light field continues
to change at the given frequency and the trichomes continuously redistribute
to the changing conditions by moving out of darker areas and into lighter
ones (Fig. 5.6A-C).
Simulations were performed over a range of frequencies from 0 to 2048 s−1 .
In Fig. 5.6G the average exposure of the entire population of trichomes as a
function of the spot frequency is plotted. Exposure decreases with spot frequency as it becomes more difficult for the trichomes to adapt to ever faster
changes in the light field. In Fig. 5.6A-C close-ups of the simulation domains
are shown. The overlapping contrasting disks of light and dark of the dynamic light field are in shades of gray and the trichomes are drawn in red.
Lighter circles with a high trichome density are more common while darker
circles show a lower trichome density, as the trichomes will tend to accumulate in the light traps.
The graphs in Fig. 5.6D-F show the average exposure of the trichomes
over a 12-hour period (after the average exposure of the whole population
had reached a steady state) as a function of the three parameters s, L and v.
In Fig. 5.6D exposure is measured as a function of sensitivity. The exposure
profile here is very similar to what was observed for the cyanograph simulations. Photophobia takes effect starting at a lower sensitivity (s = 0.2),
which is probably due to the broad range of light intensity of the spots. The
least sensitive trichomes, s < 0.2, are underexposed, receiving less light than
the light field mean. Exposure increases rapidly with sensitivity, peaking for
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Figure 5.6 – Trichome competition in a dynamic light field. Same initial conditions as in
Fig. 5.5, except a light field composed of overlapping circles of different light intensities is
used instead of a static photograph. (A-C) Close ups of a simulation displaying the light field
(greyscale) and trichomes (red). Every 1/ f seconds the light intensity of a random spot in the
domain is set to a random value 0 ≤ I ≤ 1. The spots range in diameter from 0.2 mm ≤ O ≤
2 mm. Scale bars 1 mm. (D – F) Graphs plotting exposure against length (D), sensitivity (E)
and gliding speed (F) for six different spot frequencies (0 s−1 , 2 s−1 , 8 s−1 , 32 s−1 , 128 s−1 and
512 s−1 ). Different plot colors and symbols correspond to different frequency values, shown
on the right-most axis. (G) Plot of average exposure of all trichomes as a function of spot
frequency. (H – I) Contour plots demonstrating the relative importance of trichome length vs.
sensitivity (H) and gliding speed vs. sensitivity (I). White contour labels indicate percentual
exposure increase above average domain light.
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trichomes with slightly less than maximal photophobia (s ∼ 0.9), which have
> 40% more exposure than the field mean. Increasing the spot frequency effectively scales the exposure curve downwards, but does not otherwise qualitatively affect the relation.
In Fig. 5.6E, exposure is plotted against trichome length. On average, all
the trichomes are able to improve their exposure above the field mean regardless of length, so long as the spot frequency is not too high ( f < 512 s−1 ). For
f = 0 s−1 the light field is static. Unlike the Tower Bridge simulations however, exposure peaks for lengths between 0.61 mm < L < 1 mm and average
exposure per trichome decreases slowly for increasing lengths. Increasing the
spot frequency effectively scaled the exposure curve downwards. The exposure maximum was always for trichomes of length 0.61 mm < L < 0.74 mm
for f < 512 s−1 . This is due to the average diameter of the spots, which is
1.1 mm, whereas the longest trichomes are 2 mm long. The long trichomes
manage to accumulate on the smaller bright spots, however their ends protrude from the spot into the darker areas, reducing the average exposure of
the trichome (Fig. 5.6C). For higher frequencies the trichomes cannot keep
up with the quickly changing light field and are unable to improve their
exposure above the light field mean.
In Fig. 5.6F exposure as a function of gliding speed is shown. Exposure
rapidly increases with gliding speed, but then peaks after which it declines
slowly. The maximum is an increasing function of spot frequency because the
faster trichomes cope better with a more quickly changing environment. For
a static light field, the best exposure is obtained for v ∼ 3 µm s−1 , whereas
for spot frequencies f ≥ 512 s−1 the best exposure is for v ≥ 9.5 µm s−1 .
In Fig. 5.6H mean exposure across the whole range of spot frequencies
tested is plotted against both sensitivity and length in a contour plot. The
plot clearly shows the dominant effect of sensitivity over length. For the most
sensitive trichomes however, length becomes a significant factor as trichomes
in the 0.25 mm to 1 mm range do significantly better than longer or shorter
trichomes. Finally, in Fig. 5.6I a similar plot combining sensitivity and gliding
speed is shown. Again, gliding speed appears to have the strongest effect for
highly photophobic trichomes.
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5.4

Discussion

Using a cell-based model, we have shown how gliding speed and trichome length complement photophobia and improve the exposure optimization process. Although we have focused on the increasing exposure, the
results are also valid for the complementary problem of trichomes seeking to
decrease their exposure.

5.4.1

Photophobia as an Exposure Optimization Mechanism

Using both uniform and mixed populations in static and dynamic light fields,
we consistently found that the more photophobically sensitive the trichomes
are, the more light they are eventually exposed to. In fact real cyanobacteria
have been found to be quite sensitive to light, and differences between head
and tail as low as a 4% with a 0.03 lx threshold can trigger a response (132).
Filamentous cyanobacteria have been shown in vitro to accumulate in
discrete light traps and also distribute themselves in smooth light fields (see
Introduction). Although all three types of photomovement can play a role in
optimizing light exposure, we found that a simple photophobic mechanism is
sufficient to explain the emergence of cyanographs and that this mechanism
is also effective in a dynamic light environment, suggesting that photophobia
may be an effective strategy in vivo, e.g. in microbial mats.
Ramsing and Prufert-Bebout (159) proposed an alternative strategy. Based
on observations of the photomovement of the mat-forming Microcoleus chthonoplastes, they found that this organism’s strategy is to minimize movement
when conditions are good, by either moving less often or increasing the frequency of their reversals. When light is weak, they increase their range of
motion, probing the environment for better conditions. They argue that this
is a more realistic strategy, as probable conditions within the mat are such
that light is diffusive and directionless, making phototaxis untenable, and
that the light deeper within the mat varies gradually and that this would
make photophobia ineffective. However, as the cyanograph experiments and
our simulations show, photophobia can be effective in smooth light fields. It
would be interesting to simulate trichomes competing for light using these
two alternative strategies and compare.
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Figure 5.7 – Two portions of the Tower Bridge photographic negative where longer trichomes
perform better than shorter trichomes. (A) Close up of the upper cross beams between the
towers. (B) The shorter trichomes remain stuck in a finely patterned portion of the crossbeam.
(C) In contrast, the longer trichomes are able to find more light below. (X) The photograph
background is characterized by a smooth gradient. On the scale of an individual trichome,
however, the gradient is weak and noisy. The shorter trichomes are for the most part not able
to follow the gradient (Y), whereas the longer trichomes can (Z).

5.4.2

Long Trichomes Enhance Exposure Optimization

Comparing the distribution of the longest and shortest trichomes in the populations in the Tower Bridge simulations gives some indication as to why the
longer trichomes achieve better exposure. In the first example, the trichomes
are exposed to parallel bands of light of varying quality and intensity (Fig.
5.7A). The shortest trichomes are for the most part able to escape the roughly
uniform low-intensity bands (Fig. 5.7B), but, unlike the longer trichomes, are
unable to cross the adjoining pattern of crosses and concentric boxes in order
to reach the better light further down (Fig. 5.7C).
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In Fig. 5.7X-Z, we compare the distribution of trichomes at the top of the
light domain. This part of the photograph captures the sky on a clear day and
is characterized by a smooth light gradient (Fig. 5.7X). In the photographic
negative of the image, the sky appears lightest at the top and darkest at the
bottom. On the scale of an individual trichome the gradient is fairly noisy
and difficult to measure. The shorter trichomes show very little accumulation
at the top of the domain, indicating that they are not able to pick up the
gradient (Fig. 5.7Y). However, virtually all of the longer trichomes were able
to follow the gradient and accumulated extensively at the top of the domain
(Fig. 5.7Z).
These examples suggest that the ability of the longer trichomes to measure
light between more distant points enhances their capacity to navigate with
noisy light signals, detect subtle gradients and avoid falling into small suboptimal light traps.
Ramsing and Prufert-Bebout (159) suggested that an effective long-term
strategy for the trichomes may be bending into bundles as a way of limiting
their motility and compacting themselves in illuminated areas. In our simulations, long trichomes tended to band together and passively curl, forming dense, wave-like sheets as they accumulated in the lighter areas (Fig.
5.6A-C). These structures appeared to be quite stable. Long trichomes that
collided with a sheet tended to align with it and added to the structure.
Trichomes were only occasionally deflected off of a sheet due to random collisions. Shorter trichomes, however, did not appear to form such structures
and were less likely to become bound in this way. We did observe spontaneous alignment of the shorter trichomes, but these swarms were unstable
and short lived. The formation of these sheets may be one reason why the
longer trichomes perform better in the Tower Bridge simulations, as they may
function as attractors and stabilizers in the brighter areas.

5.4.3

Fast Gliding Enhances Exposure Optimization

Clearly the trichomes have to move in order to distribute themselves effectively over the light field, but if the trichomes move too quickly we have seen
that this can actually be detrimental for their overall exposure. One reason
for this may be related to the fixed reversal periods used in all the simulations. As these periods are the same for all trichomes, faster trichomes will
travel proportionally more between reversal periods. This may cause a trich-
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ome to overshoot a small light trap, as it moves past it before a photophobic
response can take effect. Reversal periods are likely to be an important parameter for optimizing exposure. Wu et al. (148) showed in their simulations
that periodic reversals are essential for efficient Myxobacteria swarming, and
that the 8 min average reversal period of these microorganisms is optimal for
swarming.

5.4.4

Is the Trichome Optimal for Photomovement?

What are the advantages of forming trichomes for the cyanobacteria? Trichomes can resemble multicellular organisms due to their impressive degree of
cooperation, integration and differentiation. Many filamentous species form
differentiated cells within the colony to perform specific functions. Heterocysts specialize in fixing atmospheric nitrogen, which is then distributed to
neighboring cells, whereas akinetes have thickened cells walls and are resistant to cold and desiccation, helping the organism to survive under harsh conditions (160, 161). Akinetes develop into hormogonia – short and fast trichomes specialized in seeking out better conditions and forming new colonies.
Phormidium uncinatum (and probably other species) can share power (in the
form of proton motive force) across the colony so that only a portion of the
trichome need be illuminated for the entire trichome to be energized (162).
Cyanobacterial trichomes are typically only a few micrometers wide and
are relatively long, on the order of a few millimeters. Apart from the advantages of colonial life mentioned above, our simulation results indicate that
this particular format is beneficial for the trichomes because it helps their
photophobic positioning in two ways.
First, our simulations suggest that gliding speeds on the order of a few
µm/s are optimal for photophobic migration, as slower speeds result in
worse exposure and faster speeds bring little gain. Filamentous cyanobacteria are able to achieve these speeds, whereas unicellular cyanobacteria typically glide at speeds on the order of a few µm/min. Filamentous species
are faster probably due to the streamlined shape of the trichome as well as
the coordinated movement of the cells within the colony, whose “slime jet”
mechanism can provide a large collective thrust.
Second, we found that long trichomes are also beneficial for optimizing
light exposure independently of gliding speed, as they are better at detecting light gradients and are less susceptible to noisy signals. Unfortunately,
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studies on cyanobacteria rarely include data on trichome length. Studies of
Beggiatoa, which are not cyanobacteria but are also filamentous and glide,
have shown that populations have stable trichome length distributions, with
an average length on the order of 1 mm to 2 mm and gliding speeds around
3 µm s−1 (163, 164). Since Beggiatoa also exhibits phobic and tactic behavior
in response to light and oxygen gradients (165), their length and speed may
be optimized for these responses. It is unknown whether trichome length
is actively regulated. Typically, trichomes reproduce via transcellular fragmentation. Specific cells in the trichome – the necridia – die and serve as
preferable breakage points when mechanical strain is applied by either bending or stretching (164, 156). There is evidence that the location and timing
of necridia formation is under regulatory control, rather than being a totally
random event (166). It would be interesting to associate the regulation of
necridia differentiation with population length control, which in turn could
be beneficial for phobic and tactic migrations.

5.4.5

Future Work

The model used for this study was conceived to be as simple as possible
and is only an initial approach towards implementation of a large-scale cellbased modeling framework suitable for running on GPUs. To improve our
framework, we are currently implementing and experimenting with various
models of thin elastic rods, mathematical models of photophobia, inertia-less
dynamics and higher order integration schemes in full 3D.
Finally, we would like to see the model predictions validated through
experiments. It should be possible to create cultures with different lengths
by using a homogenizer, and trichome gliding speed can be controlled via
the agar fraction of the substrate. Trichome sensitivity may be difficult to
quantify and control, however the model does not suggest an ideal sensitivity
merely that the more sensitive trichomes are to light the better.

6

Modeling Reticulate Biofilms
6.1

Introduction

The Myxobacteria fruiting body and the slug formed by starving Dictyostelium discoideum amoebae are two widely known examples of morphogenesis
(see e.g. 16, 167, for reviews). These fascinating systems, which seem to teeter
on the boundary between unicellular and multicellular modes of life, are
initially composed of identical unicells that coordinate their actions using cell
signaling (c-signaling in Myxobacteria and cAMP in D. discoideum). Despite
their apparent simplicity, these systems display rich self-organizing behavior
culminating in a spatially differentiated multi-cellular body. In this article we
explore a little known system in the field of morphogenesis, which is simpler
and much older than either amoebae or Myxobacteria: gliding filamentous
cyanobacteria.
Cyanobacteria form a large and diverse phylum of prokaryotes that is
chiefly defined by the ability to perform oxygen-producing photosynthesis
159
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Figure 6.1 – Comparison of in vitro reticulate patterns with ancient fenestrate microbialites
from the 2.52-Ga Gamohaan Formation, South Africa. (A) Horizontal cross-section of the
basal layer of a fenestrate microbialite. The arrow indicates the left edge of the tracing of the
reticulate structure. Scale bar = 1 cm. (B) Experimental mat showing peaks and ridges at the
same scale. The arrow indicates the right edge of the tracing. Note the similarities in structure
between the ancient and experimental structures. Scale bar = 1 cm. Adapted from Shepard
and Sumner (168) with permission from John Wiley & Sons Ltd.

(122). They play an extremely important role in the global eco-system by
fixating carbon and nitrogen, providing a large part of the planet’s oxygen
and providing sustenance to higher life forms. They can be planktonic or
fixed in biofilms and benthic algal mats. They are also found in extreme
environments such as deserts, the polar regions and hot springs.
Non-branching filamentous cyanobacteria are linear arrays of individual
cells that form long and thin flexible trichomes (if the trichome has a sheath
it is referred to as filament). Motile forms are capable of gliding, which occurs when the trichomes are attached to a (semi-)solid object (127). Recently,
Shepard and Sumner (168) studied pattern formation in cultures of the filamentous cyanobacterium Pseudanabaena. They showed that in cultures with
sufficient trichome density, the trichomes would organize within a matter
of hours into a pattern of connected ridges defining a distinct polygonal reticulum (Fig. 6.1). They postulated that the patterns resulted solely from the
random motility of the trichomes and that no form of signaling was required.
They further speculated that reticulate patterns found in the fossil record may
be due to a similar process.
These patterns, both fossil and extant, are important since they are associated with stromatolites – laminated sedimentary rock formed by the trapping
and binding of sediment by filamentous cyanobacteria – which constitute the
oldest evidence of life on Earth, the oldest dating to at least 3.4 Ga (billion
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years ago; 169). In hot-springs in Yellowstone National Park and New Zealand, and in Antarctic lakes, reticulate patterns are found in the form of
ridges connected to small cones or tepee-like structures (170, 171, 172). Fossilized forms of these extant patterns have been found in some of the the
oldest stromatolitic outcrops known (Fig. 6.1, ref 169) and the Yellowstone
cones in particular have been proposed to be modern day analogues of much
larger ancient stromatolites called Conophyton (170). Intriguingly, although
filamentous cyanobacteria are ubiquitous in microbial mats found all over
the planet (123), the formation of conical structures and reticulate mats appears to be uncommon. Identifying the specific physicochemical conditions
and microorganism properties that lead microbial mats to form macroscopic
structures can lead to a better understanding of the conditions on Earth at
the dawn of life (173, 174, 175).

In this article we use a three-dimensional cell-based model to simulate
the formation of reticulate patterns in cultures of filamentous gliding cyanobacteria. Our initial objective is limited in scope to testing and expanding
on Shepard and Sumner’s hypotheses and studying the effect of varying the
trichome parameters on pattern formation. The long-term goal, however, is to
understand how the characteristics of stromatolite-building microorganisms
and physicochemical conditions combine to form stromatolites both ancient
and contemporary.

We used an extension of a previously published two-dimensional model
of gliding filamentous cyanobacteria for our study (95). Three-dimensional
cell-based models of bacteria have also been used for simulating Myxobacteria (e.g. 150, 151), including fruiting body formation (e.g. 19), E. coli (e.g. 53)
and biofilms composed of coccoidal cells (e.g. 176). Systems of “elongated
self-propelled rods” have also generated interest in physics for their selfalignment and swarming behavior, leading to a theoretical model of these
systems analogous to the theory of liquid chrystals (152, 177). Many computational models of D. discoideium and M. xanthus fruiting body formation have
been published, of which Marée and Hogeweg (40) and Sozinova et al. (18)
are prime examples, respectively.
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6.2
6.2.1

Methods
Biological Background

Cyanobacteria often form colonies with a multitude of forms, from square
blocks to extremely long filamentous which may be branching or linear,
straight or spiral (124). The cells within these colonies may be disk-shaped,
cylindrical or even spherical, and cells may differentiate within a colony to
perform a specific function, such as heterocysts specialized in nitrogen fixation.
Here we focus on non-branching filamentous forms of cyanobacteria,
which have been found to drive interesting pattern formation (95, 170, 168,
132, 171). Pattern formation in these species is driven by gliding motility – a
form of cell movement which occurs in the presence of a substrate and does
not rely on any obvious external organ or change in cell shape (124, 125).
Gliding in filamentous cyanobacteria appears to be enabled by a “slime jet”
mechanism, similar to that found in Myxobacteria, in which the cells extrude
a gel through a set of pores. The gel expands quickly as it hydrates providing a propulsion force (126, 127). Just as in the Myxobacteria, each cell has
two sets of pores, one at each end. However since filamentous cyanobacteria
are composed of an array of squat cells, and not a single elongated cell as
the Myxobacteria, there are pores located all along the trichome at the cell
junctions producing a tangential force along the length of the trichome. The
cells appear to coordinate their gliding direction by an electrical potential
that establishes polarity in the trichomes, and thus establishes a “head” and
the “tail” (131). Based on the polarity, only one set of pores in each cell is
active so the cells all push in the same direction. Trichomes usually reverse
their polarity randomly with an average period on the order of minutes to
hours (132, 133). However, depending on the incident light, cyanobacteria
can adjust their reversal period so that they move into more favorable lighting conditions – a phenomenon called photomovement (132, 139, 140) . Being
photoautotrophs, cyanobacteria depend on light for survival yet intense radiation can inhibit photosynthesis or even kill the cells. Using a combination
of photokinesis (gliding speed is a function of light intensity), phototaxis
(gliding direction is a function of the incident light direction) and photophobia (gliding direction is a function of the temporal and spatial gradient of
the light field), cyanobacteria can position themselves with great accuracy in
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their environment (95, 132, 134, 135, 136, 137).
Photomovement was though to be essential for pattern formation in cyanobacterial mats and cultures (170). However, the formation of reticulate
patterns in cultures of Pseudanabaena is likely to be a result of pure unbiased
random gliding movement (168), since reticulates form in uniform lighting
conditions (although self-shading may still have some effect). Therefore, we
chose to ignore the effects of photomovement, and assume the trichomes
reverse polarity with a constant frequency.

6.2.2

Model Geometry

We used a cell-based model of gliding bacteria in which trichomes are represented individually. Every trichome in the model has length L and diameter
Θ and is represented as a discrete chain of N edges of equal length l = L/N
represented by N + 1 vertices. The dynamics of the system are inertialess
and are given by the set of first order ordinary differential equations:


dxi
1
1
k
=
Fi + Fi⊥
(6.1)
dt
ζi
b
where xi is the position of the vertex relative to the domain origin, ζ i is the
k

drag experienced by the vertex and Fi and Fi⊥ are the components of the
total force acting on the vertex which are tangential and perpendicular to the
trichome respectively, given by:
k

Fi = (Fi · t̂i )t̂i

k

Fi⊥ = Fi − Fi

(6.2)

where t̂i is a unitary vector tangent to the trichome at vertex i. For long and
thin trichomes, b ' 2 (178). Note that for simplicity we use a single index i
on variables to denote the i-th of N + 1 vertices in a trichome centerline and
omit an extra index f to denote the f -th trichome in the system, although the
extra index is implied.
The total force is the sum of forces arising from bending, gliding and
contact:
Fi = ∑ik+=1i−1 Fb (xk−1 , xk , xk+1 ) +
F g ( x i −1 , x i , x i +1 ) +
∑k∈nhd(i) Fc (xi , xi+1 , xk , xk+1 )

(6.3)
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6.2.3

Elasticity

To simulate trichome elasticity, we use the framework proposed by Bergou
et al. (179) for modeling discrete elastic rods. Bergou et al.’s framework allows the trichomes to be represented by their centerlines using Cartesian
coordinates, unlike other models which are based on curvature (e.g. 180).
Using Cartesian coordinates facilitates coupling the elasticity equations with
collisions and other processes.
Bergou et al.’s model assumes that the rod is inextensible, but allows for
bending and torsion. Here we ignore torsion and enforce the inextensibility
constraint by using the LINCS algorithm commonly used in molecular dynamics simulations (181). For a naturally straight and inextensible rod, the
force on each vertex is given by the sum of up to three contributions (179):
i +1

Fi = −

2α
(∇i (κb) j )T (κb) j
l
j = i −1

∑

(6.4)

where α is the bending modulus of the trichome, l is the length of the edges
that compose the model trichome, and (κb) j is called the discrete curvature
binormal and is a vector perpendicular to the osculating plane between two
consecutive edges whose magnitude is equal to the discrete curvature of the
trichome at vertex j:

(κb)i =

2ei−1 × ei
kei−1 kkei k + ei−1 · ei

(6.5)

The gradient of the curvature binormal is given by:

∇i−1 (κb)i

=

∇i+1 (κb)i

=

∇i (κb)i

=

2[ei ] + (κbi )(ei ) T
|ei−1 ||ei | + ei−1 · ei

2[ei−1 ] + (κbi )(ei−1 ) T
|ei−1 ||ei | + ei−1 · ei
−(∇i−1 + ∇i+1 )(κb)i

(6.6)
(6.7)
(6.8)

where ei = xi+1 − xi , [e] is a 3 × 3 matrix such that [e] · x = e × x.

6.2.4

Gliding

Gliding in filamentous cyanobacteria is thought to be powered by a “slimejet” mechanism. Thrust is generated by the extrusion of a dehydrated gel
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through pores organized in rings at either end of every cell in the trichome
(127). The expansion of the gel upon hydration generates a tangential force
that propels the trichome forward. We make no assumption about the specific mechanism of gliding, we simply assume that a tangential force (Fg )
is applied along the length of the trichome with a magnitude sufficient to
propel the trichome at the target speed (v0 ). Gliding cyanobacteria also frequently reverse their gliding direction (132). We assume that each trichome
has a polarization Pf ∈ {−1, 1} that determines the direction in which it is
gliding. Pf is a stochastic process drawn at each simulation step for each
trichome and is such that the trichomes reverse direction with an average
frequency ω. The gliding force is given by:
g

Fi = ζ i v0 Pf t̂i

(6.9)

where t̂i is a unitary vector tangent to the filament at the vertex xi :


 ( x i +1 − x i ) / k x i +1 − x i k
t̂i = (xi+1 − xi−1 )/kxi+1 − xi−1 k


( x i −1 − x i ) / k x i −1 − x i k

6.2.5

i=0
0<i<N

(6.10)

i=N

Contact Interaction

In the model, the trichomes are modeled as three-dimensional articulated
filaments, each of which is represented by a chain of edges that forms its
centerline (Fig. 6.2(b)). The edges are of equal length, with each edge representing a piece of a trichome. Each piece is a straight cylinder with a spherical
articulation at either end, forming a capsule shape (Fig. 6.2(a)). The trichomes
only bend at the articulations and so when a trichome is bent only the articulations are deformed: they become rounded on one side and form a sharp
angle on the other. The shape of the segments is determined by “cutting”
the trichome at each vertex in the direction perpendicular to the tangent,
except for the first and last vertices, which are assumed to be capped with
semi-spheres (Fig. 6.2(b)). Thus the shape and orientation of a given trichome
segment is a function of the edge’s vertices and tangent vectors.
Let hx1 , x2 i and hx3 , x4 i be any two edges in the model (Fig. 6.2(b)). We
parameterize points on the first and second edges by the scalars a and b
respectively such that any displacement vector between the edges can be
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(a)

(b)

x4
b=1

x3
b=0

h(a, b)
h×

x1
a=0

x2
a=1

(c)

(d)

x4

h2

x3
h3
x1

h4

h4
h1
(e)

x2

(f)
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given by:
h( a, b) = (bx4 + (1 − b)x3 ) − ( ax2 + (1 − a)x1 )

0 ≤ a, b ≤ 1

(6.11)

Segments interact by via steric and cohesion forces applied at discrete
contact points h a, bi where the edges come into close range (Fig. 6.2(c)). The
forces resulting from an interaction between a pair of points h a, bi are given
by a Lennard-Jones type force field with strong repulsion for colliding edges
and attraction for edges within a close vicinity:
Fc = 12e

(

Θ
h

13



−

Θ
h

7 )
ĥ

(6.12)

where h = h( a, b), Θ is the trichome diameter and e is the cohesion strength.
The strong repulsion forces are meant to mimic the reaction forces of two
rigid bodies colliding, whereas the attractive forces are meant to simulate
the cohesion between trichomes due to the sticky slime they secret while
gliding. (To reduce numerical stiffness, the intensity of the repulsive forces
was capped to a maximum value of R.)
Since we represent each edge by its two vertices, any interaction force
between edges must be translated into “equivalent” forces on the vertices
by linear interpolation, assuming the segments are rigid. In terms of our

Figure 6.2 (preceding page) – Modeling contact interactions between trichomes. (a) Individual
segments are capsule-shaped and are defined parametrically, based on an edge. (b) Trichomes
consist of a sequence of linked segments such that the underlying edges form a linear polyline.
The shape of each segment is determined by “cutting” the segment at each of its vertices
perpendicular to the local tangent. (c) Contact interactions are defined between pairs of edges.
A simple linear parameterization h( a, b) is used for the interaction vector between the edges.
(d) For any two non-colinear edges there is a plane that is parallel to both. If the edges
cross each other when projected on this plane, then the interaction will be along the vector
connecting the two edges at the interaction point. (e) For edges that do not cross, the four
possible interactions between any vertex and the opposing edge are considered. (d) Only
interactions that are “contained” within the domain of both segments are applied (only h4 in
this example.)

Chapter 6 – Modeling Reticulate Biofilms

168

parametrization, a contact force Fc between points h a, bi becomes:
Fc1 =

(1 − a ) F c

Fc2 =

Fc3 = −(1 − b) Fc

a Fc
(6.13)

Fc4 = −b Fc

The interpolation ensures the net force and net torque of the interaction forces
are null.
To determine the interaction forces between two edges, first we calculate
a× , b× corresponding to the closest points between the lines the edges lie on
(Fig. 6.2(d)):
a×

= −

r34 · r34 × r13 · r12 − r12 · r34 × r13 · r34
r12 · r34 × r12 · r34 − r12 · r12 × r34 · r34

b×

= −

r12 · r34 × r13 · r12 − r12 · r12 × r13 · r34
r12 · r34 × r12 · r34 − r12 · r12 × r34 · r34

(6.14)

where rij = x j − xi . If 0 < a× , b× < 1, then the edges cross each other and
the interaction vector between the crossing points h× = h( a× , b× ) is the sole
interaction considered.
If the edges do not cross, we consider the four interaction vectors between
an edge and a vertex (Fig. 6.2(e)):
h1 = h ( g ( x1 , x2 , x3 ), 0)
h2 = h ( g ( x1 , x2 , x4 ), 1)
h3 = h(0, g(x3 , x4 , x1 ))
h4 = h(1, g(x3 , x4 , x2 ))
where g(xi , x j , xk ) gives the closest point on the edge hxi , x j i to the point xk :
g(xi , x j , xk ) = clamp
where



1
clamp( x ) = 0


x

rik · rij
rij · rij

!
(6.15)

x>1
x<0
otherwise

(6.16)
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Of the four pairs, in practice at most two will result in a non-null force.
Finally, only the interactions that are consistent with the shapes of the
segments are considered. The shape conditions for each possible interaction
vector are (Fig. 6.2(f)):
h1

:

h2

:

h3

:

h4

:

r13 · t1 ≥ 0 and r23 · t2 < 0 and (h1 · t3 ≤ 0 or x3 is an end vertex)

r14 · t1 ≥ 0 and r24 · t2 < 0 and (h2 · t4 > 0 or x4 is an end vertex)

r31 · t3 ≥ 0 and r41 · t4 < 0 and (h3 · t1 ≤ 0 or x1 is an end vertex)

r32 · t3 ≥ 0 and r42 · t4 < 0 and (h4 · t2 > 0 or x2 is an end vertex)

(6.17)

where the ti are the tangent vectors as defined in Eq. 6.10.

6.2.6

Boundary and Initial Conditions

The trichomes are set in a cuboidal domain of dimensions W × H × D. The
dimensions are chosen such that the domain is shallow, i.e. H  W = D.
The boundaries perpendicular to the e x , ey directions (the sides) are periodic,
but the boundaries perpendicular to the ez direction (top and bottom) are
“hard”. Trichomes attempting to move above or below the top or bottom
planes, respectively, are repulsed by a stiff reaction force. This force has not
been included in Eq. 6.3 for the sake of succinctness, since it’s particulars are
not important for the dynamics of the system.
The trichomes are initially set parallel to the xy plane with a random orientation and a random height. The model is then run with only the repulsive
steric forces turned on, until the system reaches an equilibrium in which
there are no overlaps between trichomes.

6.2.7

Nondimensionalization

In this section we nondimensionalize the model equations to determine the
core set of model parameters. First we normalize the position and time variables using a characteristic length X and time T of our choosing:
X = x/L

τ = t/T

Then the equations are re-written in non-dimensional form:

L dX
1α b
g
c
=
F
+
ζv
F
+
eF
0
T dτ
ζ L2

(6.18)

(6.19)
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where we have separated the parameters from the forces which are now only
functions of the positions. The 1/L2 factor on the bending force is the result
of substituting X for x. Rearranging we have:
dX
Tα
Te c
Tv
= 3 Fb + 0 Fg +
F
dτ
L
Lζ
L ζ

(6.20)

By defining the characteristic velocity V = L/T and substituting we have
dX
α
e c
v0
=
F
Fb + Fg +
2
dτ
V
Vζ
VL ζ
we choose the characteristic velocity and length of the system to be
r
α
V = v0
L=
v0 ζ

(6.21)

(6.22)

so that the first and second coefficients are reduced to 1, leaving a single
non-dimensional parameter β:
dX
= Fb + Fg + βFc
dτ

(6.23)

where β = e/ζv0 is the ratio between the gliding and cohesion forces and is
subsequently referred to as the cohesion strength.

6.2.8

Parameters

After making the equations of motion independent of scale we were left with
a single non-dimensional parameter, β, in the equations. However the reversal frequency ω is another important parameter which is “hidden” in the
stochastic reversals process. We denote the non-dimensional reversal frequency as Ω = ω/T. The system also has two non-dimensional parameters
that characterize its configuration and subsequently the dynamics: the trichome density (ρ), measured as the volume fraction of the domain occupied by
the trichomes, and the length-to-width ratio of the trichomes (γ). These four
parameters form the core parameters which determine the model’s behavior.
The parameter values used in our simulations are based on Shepard and
Sumner’s (168) experiments. The Pseudanabaena strain used in their study was
on average 1.5 µm in diameter and up to “hundreds of micrometers long”.
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We therefore assume a length-to-width ratio of γ = 500, which seems fairly
common for filamentous cyanobacteria (see e.g 156, 157), although reports
rarely present a quantitative distribution of trichome lengths. The gliding
speed was observed to be up to 1.3 µm s−1 for the Pseudanabaena trichomes
and we take this value for v0 .
For the drag coefficient we follow Robinson et al., Lowe, Wiggins et al. (182,
178, 183) and use the analytical expression for the drag coefficient of a cylinder with γ → ∞ and divide by the number of vertices per trichome:
ζ=

1
4πµL
N + 1 ln(2γ) + c

(6.24)

where c is of order unity and depends on the shape of the filament, and
µ is the viscosity of the fluid. We assume the drag coefficient is constant,
ignoring the boundary effects of a trichome gliding very close to a wall, as
well as hydrodynamical forces between trichomes. We assume µ = 1 Pa s
(180) and c = 1/2 (182).
The bending modulus of the trichomes was first estimated using the data
presented in Boal and Ng (184)’s study comparing ancient filamentous microfossils to extant cyanobacterial species. Although the authors only measure
the persistence length ξ of the trichomes, ξ is directly proportional to the
bending modulus α = k B Tξ. Therefore, with a persistence length of 480 ± 50
µm, the bending modulus of the Pseuanabaena strain they used would be approximately 1.94 × 10−24 Nm2 . This value is an order of magnitude smaller
than the estimated bending modulus of M. xanthus (180), whose diameter is
less than a fourth of Pseudanabaena’s and has a “patchy” peptidoglycan layer
(185), making it relatively flexible.
How low is this value really? We can calculate a rough estimate of the
Young’s modulus of the cell wall as measure of the material stiffness of the
trichomes independent of their diameter. The bending modulus is given by
α = YI where Y is Young’s modulus and I is the second moment of inertia of the cross section. Assuming that the bulk of the bending resistance
lies in the cell wall, such that I is equivalent to that of a hollow cylinder,
we have Y = 4α/π (r4 − (r − t)4 ) where r is the radius of the trichome and
t is the thickness of the cell wall. Assuming the cell wall thickness of M.
xanthus is 2 nm (the lower bound for Gram-negative bacteria, 186) and its
diameter is 0.5 µm, a rough estimate of the Young’s modulus of its cell wall
is ≈ 3.1 × 105 Pa. This is two orders of magnitude lower than the benchmark
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value of 1 × 107 Pa for the peptidoglycan layer of various bacteria (187, 188,
and refs. therein), however we have already mentioned how Myxobacteria
are typically more flexible than other bacteria. Performing the same calculation for Pseudanabaena assuming the cell wall is 10 nm thick (the lower bound
for cyanobacteria bacteria, 186) and a diameter of 2.1 µm yields a Young’s
modulus of just 54 Pa.
Although the deep constrictions between Pseudanabaena’s cells confer it
greater flexibility, our initial estimate of the bending modulus seems to be unreasonably low. One possibility is that the bending observed in the trichomes
in Boal and Ng’s study was not the sole consequence of random thermal fluctuations, as was assumed, and was exacerbated by cell motility and collisions
with neighboring trichomes, thereby significantly underestimating the bending modulus via the relation α = ξk B T. Also the strains used in Boal and Ng’s
study seem to have been exceptionally fragile, as two of the three strains cultured had to be discarded because of extremely short trichome lengths, and
the remaining strain produced very short trichomes of around 40 µm.
We resort to making an educated guess as to the true bending modulus
of Pseudanabaena. Assuming that the trichomes are on the flexible side of the
spectrum, we take 3.1 × 105 Pa as a lower bound on the Young’s modulus of
the cell wall. Then, with a trichome diameter of 1.5 µm and taking 10 nm
as the lower bound of cyanobacteria cell wall thickness, we arrive at α =
2 × 10−21 Nm2 for the bending modulus in our model.
The parameters of the model, as well as the values used, are summarized
in Table 6.1.

6.2.9

Algorithms and Statistics

All simulations were performed using custom made C++ programs and executed on graphics processing units using the nVidia CUDA SDK version 4.0
provided by the nVidia Corporation. The “thrust” template library as well as
the CURAND library for random number generation were used. Simulations
were executed on an nVidia Tesla processing cards using single precision
floating point arithmetic.
We experimented with the first order Euler method and the fifth-order
Cash-Karp numerical methods, both with adaptive step-size control (52).
Since we are not interested in the exact movement of individual trichomes,
but rather the ensemble properties of the system, we decided to use the low
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Symbol

Description

Value

Absolute accuracy

0.1 µm

W
H
D
µ
ρ

Width
Height
Depth
Viscosity
Trichome density

3500 µm
7.5 µm
3500 µm
1 Pa s−1
2.5 % vol

Θ
L
l
α
v
ω

Diameter
Length
Segment length
Bending modulus
Gliding speed
Reversal frequency

Integration
Domain

Trichomes

1.5 µm
750 µm
∼ 6 µm
2 × 10−12 erg cm−1
1.3 µm s−1
1/300 s−1

Refs.

(180)
(168)
(168)

[
(168)
(133, 158)

Table 6.1 – Model parameters. Parameters are set to the values in the table unless explicitly
specified in the text. ([) Extrapolated from various sources. See text for details.

order Euler method with a target absolute accuracy of 0.1µm. We found that
the simpler Euler method provided better performance when low accuracy
is required.
To enforce the inextensibility of the trichomes we used the LINCS algorithm (181). The algorithm was applied after each unconstrained Euler
step of the numerical method.
Contact interactions were handled by generating an interaction list consisting of pairs of edges within 2Θ distance of each other (our GPU implementation of this routine was inspired by the “particles” application by Simon Green, which is bundled with the CUDA SDK examples). The lists were
reused until a least one vertex had moved Θ distance from its position when
the previous list was generated. This effectively means that the LennardJones function was truncated at h = 2Θ, at which the force intensity is less
than < 1% of peak. However, a significant consequence of this computational
optimization is that if two edges are outside of each other’s attractive range
and are pushed into range through other forces, it is possible that the two
edges will not feel an attractive force until the neighbor lists are updated.
But once the update occurs the edges will always be subject to the attractive force until separated by other forces. In other words, a cohesive force is

Chapter 6 – Modeling Reticulate Biofilms

174

guaranteed once edges are brought into close range, but the attractive force
that may bring them together in the first place is not always consistent. We
found this to be acceptable compromise to achieve faster performance, since
in reality the attractive force does not really exist, trichomes only cohere after
they have come into contact.
Data analysis was performed using Mathematica 8. For each set of parameter values tested, five simulations with different random initial conditions
were performed. The statistics shown in the Results section are the mean of
the five simulations and the error is the standard deviation of the means for
each system separately.

6.3

Results

There are four important parameters in the model: β (gliding/cohesion ratio),
Ω (reversal frequency), ρ (trichome density) and γ (trichome length/width
ratio). We are mostly interested in the dynamics of very long trichomes, noting that there are many excellent studies on the dynamics of microorganisms
with low γ (e.g. 152, 177, 149, 189), and so we use a single high value of γ
in all the simulations (Table 6.1). For this initial study we vary the remaining three parameters one at a time. We are mostly interested in reproducing
the experimental results of Shepard and Sumner (168), which showed robust
formation of reticulate patterns in a wide range of conditions. We also seek
to understand how the system parameters affect pattern formation.

6.3.1

Varying Cohesion Strength

In our initial round of simulations we tested the effect of cohesion strength
on pattern formation. We tested values β ∈ {0, 0.25, 0.5, 1, 2.5, 5}. We only
tested up to β = 5, since for higher values the trichomes would quickly
form tight clumps and become immotile. For the values tested, three distinct
patterns emerged from the simulations, as exemplified in Fig. 6.3. We first
describe the patterns qualitatively and then apply various measures to justify
our observations.
For β = 0 (Fig. 6.3a) the trichomes self-organized into broad, locally
aligned streams within 12h. The topology of the streams appeared to be
stable, even though trichomes are constantly passing in and out of them. The
pattern is remarkable in that it is static in terms of its macroscopic struc-
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Figure 6.3 – Varying β (cohesion/gliding ratio) (a) β = 0, the trichomes organize into broad
streams in which they become locally aligned. The streams narrow in places forming dense
clusters of trichomes. Streams bend sharply in some places. The streams appear stable are
t = 12h (b) β = 0.25, the trichomes organize into thin parallel bands that are roughly globally
aligned. The distribution of the trichomes appears stable at t = 12h. (c) β = 1, the trichomes
form a chaotic network of thin bands. No discernible macroscopic pattern is observed. (d)
β = 5, virtually all trichomes are banded. Bands are wavy and dynamic. A “dynamic
pattern” of splitting and merging bands and loops is apparent.
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ture, and yet is composed of constantly moving elements with no underlying
structures or cues to enforce the pattern. At a few points the streams narrow and form dense constrictions (Fig. 6.4a), that seem to grow increasingly
dense over time. Also the streams bend sharply at some places, forming
distinct angles.
For β = 0.25 (Fig. 6.3b) a new pattern of thin elongated bands forms.
The bands are all roughly parallel to each other, and so the system appears
to be globally (nematically) aligned. The thickness of the bands varies, and
the bands often branch and merge with other bands (Fig. 6.4b). The bands
do seem to converge somewhat to form locally dense constrictions as before,
but not to the same extent as with β = 0. After 12h, the patterns appear
to be stable, and no rapid changes in the orientation or distribution of the
trichomes is discerned.
For β ∈ {0.5, 1.0} (Fig. 6.3c) the system becomes seemingly chaotic and
any macroscopic pattern becomes difficult to discern. Thin bands still form,
however they are now contorted and less aligned with neighboring bands.
The bands branch frequently and merge with neighboring bands forming a
complicated network with no obvious regular structure (Fig. 6.4c). Furthermore the network is not stable in time and is constantly changing topology as
bands split or merge with neighboring bands. No stable macroscopic streams
appear to form, as in the previous two cases.
For β ∈ {2.5, 5.0} (Fig. 6.3d) cohesion is strong enough that virtually all
the trichomes are located in a band. The bands are very contorted, yet form a
coherent “wavy” pattern. The pattern is not static. The bands constantly split
and merge with neighboring bands, changing the topology of the pattern.
The bands tend to move perpendicularly to their long axis, increasing their
curvature as they do. A notable feature of the system is the appearance of
irregularly shaped loops (Fig. 6.4d). The loops tend to expand in size until
they spontaneously dissolve, merge with a neighboring structure, or become
“pinched” forming two loops.
To quantify the features of the system we used various different measures: global alignment, local alignment, local cluster size, trichome tangent
correlation length, small sector alignment autocorrelation time and the small
sector density frequency distribution. Global alignment (G ) was quantified
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Figure 6.4 – Details of the simulations from Fig. 6.3. (a) β = 0. The broad streams narrow
in some places forming dense spots. (b) β = 0.25, the thin parallel bands often branch and
merge with others. (c) β = 1, bands become wavier and misaligned. (d) β = 5, irregular loops
dynamically appear and disappear.
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by calculating the length of the mean direction vector:

G=

1
Ne

Ne

∑ ei4πθk

(6.25)

k

where θk is the angle of the k-th line edge in the model projected onto the xy
plane. Local alignment (L) for each edge was calculated by taking the norm
of the resultant of all the relative orientations of the edges within a within Θ
radius:

L=

1
Ne

Ne

∑
j

∑

ei4πθ jk

(6.26)

k∈nhd( j)

where θ jk is the angle between edges j and k (without projecting on the xy
plane). The local cluster size (C ) was calculated for each edge by counting
the number of trichomes within a 2Θ radius. The mean tangent correlation
length (ξ) was calculated by first calculating the tangent autocorrelation function of each trichome
acf f (k) =

1
N−k

N −k

∑

i =1

et,i · et,i+k

(6.27)

where N is the number of edges per trichome and e f ,i is the direction of edge
i of trichome f . The mean tangent correlation length was then calculated by
fitting the mean autocorrelation function acf(k) to the exponential function
e−ξ k l where l is the edge length.
The local alignment autocorrelation time ( T ) was calculated by binning
the edges into a regular two-dimensional grid composed of 100 × 100 µm
sectors. For each sector the autocorrelation function of the nematic alignment
within the sector was calculated over the last 2 hours of each simulation
with ∆t = 288s. The autocorrelation functions were then averaged over the
whole domain and the autocorrelation time was then calculated in the same
way as the tangent autocorrelation function. We also calculated the density
frequency distribution of the sectors and compared it with the initial t = 0
distribution. The measures are plotted in Fig. 6.5.
Of all the β values tested, β = 0.25 showed the highest global alignment
(Fig. 6.5a), consistent with the observations in Fig. 6.3. The β = 0 simulations showed a high degree of alignment variability. Of the five simulations
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Figure 6.5 – Quantifying system observables. Shaded areas correspond to the standard deviation of the means of five simulations. All simulations run for 12h except for β = 5 which was
run for 8h. (a) Global alignment. Global alignment decreases with β, with the exception of
β = 0.25, which showed the highest degree of alignment. (b) Local alignment. Weak cohesion
leads to a high degree of local alignment as the trichomes align in streams and are straighter.
Medium values disorganize the system and high values again lead to high local alignment
as the trichomes aggregate into bands. (c) Local density increases with cohesion; β = 0.25
showing exceptional local density (d) Tangent correlation length decreases with β. For low β,
trichomes become straighter with time. (e) Alignment autocorrelation time in 100 × 100µm
sectors over 2 hours for each simulation. Red dot indicates the median value. Systems with
little cohesion show much higher alignment correlation times than systems with significant cohesion. (f) Sector density frequency distribution. The initial uniform distribution is Gaussian
with mean µ and standard deviation σ. Self-organization for β ∈ {0, 5} is indicated by a skew
in the density distribution as trichomes aggregate into patterns and depart from the uniform
distribution. On the other hand, for β = 1 the system has a much more uniform distribution.
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performed, one acheived a high degree of alignment ' 0.8, but the remaining four simulations only reached ∼ 0.4. For β = 0.5 global alignment was
very weak, and for β ∈ {1, 2.5, 5} the alignment of the edges was essentially
random. For β ∈ {0, 0.25, 0.5} global alignment was still increasing after 12h,
and so it is possible that the system could achieve a high degree of alignment
over an extended period of time.
As expected, the edges displayed a higher degree of local alignment than
global alignment for all the β tested (Fig. 6.5a). The highest degree of local
alignment was observed for β ∈ {0, 0.25}. Local alignment dropped for β =
0.5, which is consistent with the observation that the system appears very
chaotic for this value (Fig. 6.3c). Local alignment increases with β for β ∈
{0.5, 1, 2.5, 5} as more and more trichomes aggregate into bands (Fig. 6.3d).
Local density (Fig. 6.5c) increased proportionally with the relative cohesion strength as the trichomes aggregate into thicker bands. However
β = 0.25 again showed exceptional behavior, with local density exceeding
what would be expected from the general trend. The mean tangent correlation length (Fig. 6.5d) decreased with increasing β, consistent with what was
observed in Fig. 6.3 where increasing β resulted in wavier bands. However,
for β ∈ {0, 0.25}, the mean tangent correlation length was increasing in time,
indicating that the trichomes were becoming straighter.
The small sector alignment autocorrelation time is shown in Fig. 6.5e for
each simulation. Higher values indicate longer persistence of the average direction in the sectors, which in turn indicates the stability of the stream pattern. The results show that systems with low cohesion have a much higher
alignment autocorrelation, indicating the stability of these patterns relative to
higher values of β. The sector density frequency distribution is shown in Fig.
6.5f. At t = 0, when the trichomes are scattered randomly, the density distribution is Gaussian with mean µ and standard deviation σ. Self-organization
for β ∈ {0, 5} is indicated by a skew in the density distribution as trichomes
aggregate into streams/bands and depart from the Gaussian distribution.
On the other hand, for β = 1 the system is less organized and the density
distribution is closer to the initial Gaussian.

6.3.2

Domain Size, Density and Reversal Frequency

In this section we focus on the patterns obtained for β = 0 (Fig. 6.3a), which
share qualitative similarities with the reticulate mats of Shepard and Sum-
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ner (168). The virtual trichomes form a network of steady streams within the
same timeframe as the experiments. The size of the domain, however, is not
sufficient to get a sense of the broader pattern. Therefore we performed a
new set of simulations with β = 0 and a larger 1 × 1cm domain. In addition, we decided to follow-up on the observation that sufficient cell density
was required to induce the reticulate pattern in the experiments. We performed simulations for four different densities ρ ∈ {0.3125, 0.625, 1.25, 2.5}.
The results are shown in Fig. 6.6.
For ρ = 2.5% (Fig. 6.6a), the same pattern as Fig. 6.3a emerges, but on a
larger scale allowing one to get a better sense of the topology of the interconnected streams. The network formed by the streams does not have the
regular structure of the patterns seen in Shepard and Sumner’s experiments.
In those mats, the streams form a network constructed of sharply defined
straight edges. In our simulations, the streams are neither straight nor sharp,
but appear rather curvy and diffusive instead. Nevertheless, in both cases
the topology of the streams forms and stabilizes within hours.
For all values of trichome density tested, the trichomes would form locally
aligned streams. Decreasing trichome density had the effect of broadening
the streams and making them less well defined, but streams are nevertheless
clearly identifiable (Fig. 6.6b-d). In terms of the observables the system shows
similar behavior as the previous simulations (data not shown). No simulation showed a high degree of global alignment, although the trichomes were
locally aligned to a high degree. Local trichome density was directly proportional to the global density and the tangent correlation length was increasing
in time for ρ ∈ {0.3125, 0.625, 1.25}, but seemed to stabilize for ρ = 2.5% at
' 4mm, unlike the previous simulations.
We also experimented with decreasing the reversal frequency from its
typical value (0.2 min−1 ). The results are shown in Fig. 6.7. Although streams
are still apparent even for a relatively high reversal frequency (Fig. 6.7b), the
pattern is clearly reinforced by more persistent movement.

6.3.3

Revisiting Low Cohesion

An interesting result of the first section was the exceptional behavior seen
for β = 0.25. The virtual trichomes self-organized into thin, globally aligned
bands. On the contrary, for β ∈ {0.5, 1} the system appeared highly disorganized. We performed new simulations with β ∈ {0.125, 0.25, 0.5} and a
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Figure 6.6 – Simulations with no cohesion, a larger domain and variable density. (a) ρ = 2.5%,
trichomes form a network of streams. Streams are broad and ill-defined at some places, and
narrow and focussed at others. (b) ρ = 1.25%, streams still form but are less defined. (c)
ρ = 0.625%, the scale of the streams increases. (d) ρ = 0.3125%, very broad and diffuse
streams form.
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Figure 6.7 – Varying the reversal frequency. 1 × 1 cm domain. Streaming becomes more
indistinct as the reversal frequency is increased. (a) ω = 1/100 s−1 (b) ω = 1/33 s−1 (c)
ω = 1/11 s−1
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larger 1 × 1 cm domain to see whether we might observe different patterns
at a larger scale. The results are shown in Fig. 6.8.
For β = 0.125 (Fig. 6.8a) a stable pattern of multiple streams forms, however the streams are visibly broader and less numerous than in the cohesionless case (Fig. 6.6a). For β = 0.25 (Fig. 6.8b) the streams are even broader and
have a more homogenous appearance, since there are less constrictions and
the streams describe more gentle curves. Clearly the global alignment in Fig.
6.3b is an artifact of the small domain size. Increasing β to 0.5, the stream
pattern clearly begins to dissipate (Fig. 6.8c) as the virtual trichomes become
more homogenously distributed in the domain.

6.4

Discussion

We have performed simulations of gliding filamentous cyanobacteria, which
typically have a very high length-to-width ratio and are highly motile. We
used a cell-based model in which each trichome is explicitly represented as
a thin elastic rod. The virtual trichomes glide along their long axis at a fixed
speed and periodically reverse direction. We also included a cohesion force,
whose strength relative to the gliding force is given by the parameter β. This
was motivated by the fact that the trichomes exude copious amounts of EPS,
which may act as a binding substance.
We found that for systems in which gliding overwhelms cohesion i.e.
β . 0.5, the virtual trichomes self-organize into a stable pattern of streams.
The streams observed formed a loose network of connected streams, each
with a highly variable width, and a length on the order of a few micrometers.
The topology of the streams was remarkably stable and the cohesion-less
systems (β = 0) displayed the sharpest stream patterns.
Increasing β caused the streams to become broader and smoother. For
β ∼ 1, in which the cohesion and gliding forces are roughly comparable, the
system becomes a chaotic web of virtual trichomes and no evident pattern
emerges. However, by increasing cohesion such that it overwhelms gliding,
yet is not so strong as to reduce the system to dense clumps, 2.5 . β . 10,
a fine mesh emerges, composed of thin bands of filaments. Unlike in the
weak-cohesion systems, the topology of the mesh is dynamic.
The main objective of the model was to capture the behavior reported
by Shepard and Sumner (168), who studied the formation of reticulate patterns in cultures of the filamentous cyanobacterium Pseudanabaena, and our
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Figure 6.8 – Revisiting low-cohesion in a larger 1 × 1cm domain. (a) β = 0.125, streaming
occurs although the streams appear more diffuse. (b) β = 0.25, the global alignment seen in
Fig. 6.3b is an artifact of the small domain size. The larger domain used here shows that a
streaming pattern still occurs, except streams appear broader and smoother. (c) β = 0.5, the
streaming pattern begins to fade as the system loses its large scale organization.
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simulations bear similarity to their experimental results. As in Shepard and
Sumner’s study, virtual trichomes were observed to align upon colliding and
formed parallel clumps. In the experiments, a stable reticulate pattern would
emerge within hours from an initially homogenous trichome mass inoculated
on a submerged substratum. The patterns consisted of a network of ridges
formed by densely packed filaments, each ridge being around 2 mm to 5 mm
in length and 0.5 m to 2 mm in height. Similarly, in the simulations we obtain a stable pattern of high density streams that surround low density areas,
and the length and time scales of the patterns of both the simulations and
experiments are similar. We also observe sharp angles in the system, which
may be related to the polygonal forms traced by the ridges in the experiments. Our results indicated that a minimal system of self-propelled, very
long trichomes is sufficient to produce a stable pattern consisting of multiple
streams in which the trichomes are nematically aligned.
Despite the similarities described above, in the simulations the streams
are less well defined than the ridges seen in Shepard and Sumner’s experiments, and the reticulate formed is irregular compared to the neat polygonal
pattern seen in their results (Fig. 6.1). These differences may be due to the
fact that we use a very shallow domain, just 7.5 µm deep, causing the pattern
to be “squashed”. Another possibility is that the trichome density we used
was too low. Shepard and Sumner (168) found that a minimum trichome
density was required for ridges to form. In our simulations, we also found
that increasing trichome density reinforces the stream pattern (Fig. 6.6), and
it is reasonable to assume that increasing density further would help to consolidate the patterns.
Finally, it is also possible that our simple model is missing some essential characteristic of Pseudanabaena’s behavior. Shepard and Sumner (168)
observed that the trichomes were capable of “bending laterally”, but it is
not mentioned whether lateral bending has any effect on reticulate formation. Oscillatoria terebriformis trichomes exhibit both gliding and flexural
movements and when the trichomes glide against each other they coil into
rope-like structures (190, 191). A similar process may occur in the case of
Pseudanabaena.
Another aspect is that we have assumed that our virtual trichomes may
glide freely in the domain. In reality, gliding only occurs when trichomes are
in contact with a solid surface, such as the substratum or another trichome,
or embedded in a gel, such as agar. It is not clear whether the EPS produced
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by the trichomes provides sufficient stiffness, or is produced in sufficient
volume, to allow the trichome to glide freely. Restricting the virtual trichomes
such that they may only glide when in contact with the substratum or another
trichome may promote aggregation into ridges.

6.5

Conclusions

We have used a cell-based model to study the formation of reticulate patterns in cultures of Pseudanabaena. We have found that a minimal system
of very long flexible trichomes capable of gliding motility is sufficient to
produce stable patterns consisting of a coarse network of streams, however
additional features of Pseudanabaena behavior, may be needed to fully explain
the emergence of a polygonal reticulum in cultures. An ultrastructural characterization of the reticulum and a detailed and quantitative description of
Pseudanabaena behavior would certainly add to our understanding of the pattern formation. On the other hand, larger simulations with a higher trichome
density and a more realistic domain height may be sufficient to completely
reproduce the reticulum.

7

Conclusions
Over the course of this thesis we have reviewed various techniques for modeling cells as individual mechanical units that can move, collide, deform and
adhere to one another. We covered a range of scales and complexity, from
simple point-like cells to complex polygonal representations. In some cases,
it was assumed that these cells have simple programs that dictate their behavior, causing a self-organized system to emerge. We have attempted to show
that cell-based models are useful in situations where traditional continuum
mathematical modeling approaches do not apply due to the heterogeneity
or non-smoothness of the system. We then explored two cases in depth:
the gastrulation of Nematostella vectensis and pattern formation in cultures of
gliding filamentous cyanobacteria. Despite the disparate nature of these systems, we showed how a simple mechanical approach could be used to model
both cases.
Hopefully cell-based models will continue to scale to ever larger and more
complex systems. In the previous chapter we demonstrated how a 3D model
189
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could be used on realistic time and space scales to simulate 105 trichomes.
However, each trichome consisted of a polyline with tens to hundreds of vertices. By modeling individual cells instead of whole trichomes, we could in
principle simulate 106 cells using a simple point or ellipsoid representation
on a single workstation. This would be sufficient for a full scale model of
the lifecycle of D. discoideium, with the same number of cells as found in
real slime molds. A single model could be used for all the phases, from
aggregation to crawling slug to the fruiting body, with an excellent level of
detail. Likewise, a full scale model of the life cycle of myxobacteria could
be possible. Another interesting prospect is C. elegans. With only around
one thousand somatic cells, and a trove of published experimental data, including a complete cell fate map, a full scale cell-based model of C. elegans,
perhaps of the Honda-Voronoi type, could become the first whole multicellular organism computational model, complete with a true nervous system
and differentiated organs.
In each of these cases, the cell mechanics in the models has to be sufficiently realistic for any model to succeed, certainly a non-trivial task. In
particular, good models of cell-cell adhesion are still a challenge. One reason
why the Cellular Potts Model has been so successful is that it simulates this
often essential modeling component very well. But for complex polygon
models, simulating differential adhesion phenomena such as cell sorting is
still a challenge. This is a pity, since complex polygon models give the researcher great flexibility in modeling cells and aggregates of any shape. A
good cell-cell adhesion model for complex polygons would go a long way
towards providing a more general framework for all cellular systems.
Given that reasonable cellular mechanics models can be applied to the
chosen model geometry, the next step would be to calibrate the parameters
of the model such that it can be shown that the model behaves well in various equilibrium configurations. For example, if we initially arrange the cells
such that they form a D. discoideum crawling slug, we must ensure that for
some set of chosen parameters, and in the absence of any outside forces, the
slug keeps its shape and does not distort, fall apart or that the cells do not redistribute themselves and destroy any internal structure. Another important
calibration step is to ensure that the rheological properties of the cell aggregate are similar to real aggregates, so that the virtual aggregate responds to
stress and strain in a measurably similar way to the real system (e.g. 60).
A full scale computational model of any of these systems would be a
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boon to researchers in the field. Such a model would serve as a sort of “puppet” of the real organism, but one that is mechanically similar to the real
thing. Researchers could animate this puppet with any models of cell behavior they choose. These behavioral models would “pull the strings” and
allow researchers to experiment with the system with both low level mechanistic/molecular models and phenomenological models at a higher level
of abstraction, where one can study the logic of cell regulation and cell-cell
cooperation, without first having to unravel the extreme complexity of how
that logic is implemented at the molecular level. Cells could perhaps begin
to be understood in logical terms, and not just as a set of quantitative relationships between chemical components. Consider electronics: a processor
could be described quantitatively as electrical signals through transistors and
being transformed. However such a low level description would be a mind
boggling way in which to describe how a microprocessor works. Instead, microprocessors are described logically, as boolean functions. The description at
this logical level is much easier to grasp than raw signaling and allows simple
functional modules to be described. These modules in turn are composed to
form more sophisticated modules, and so forth. If biological systems could
also be decomposed into hierarchy of functional sub-systems, each described
using an agent-based model, this might help bridge the divide between genotype and phenotype.
This approach was recently employed by Karr et al. (192), who developed
a complete cell model of the bacterium Mycoplasma genitalium, including its
entire genome. Creating a model of this complexity was only possible by
dividing the model into sub-models, and working on each separately and
then composing the modules until they obtained a complete model. Fortunately, computer programming languages are built around the notion of
functional sub-modules (such as functions, objects and libraries), and unlike
most mathematics, modules can be composed as much as desired since computers have no problem digesting complexity, whereas purely mathematical
models become easily unworkable as models grow.
As computational biology expands, and models such as Karr et al.’s (192)
become more commonplace, it is natural that programming languages designed specifically for cell models will arise, since there is a tendency for
new computer languages to emerge when existing languages are awkward
to use for a given class of problem. Agarwal’s (193) cell programming language is an early example of this, but did not gain much recognition. On
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the other hand CompuCell, based on the Cellular Potts model, is a well developed cell-based modeling environment designed to ease model development, albeit with the inherent limitations of the CPM. CellML and FieldML
are XML-based markup languages for describing ODE and PDE models of
biological systems. They standardize a format for these types of models so
that researchers can easily exchange models without the substantial difficulty
of implementing the models themselves. While none of these is a complete
biological programming language, it is tempting to think that eventually
a range of languages covering different levels of abstraction might evolve,
from the mechanistic to ecological and societal levels. Having formal languages that can be successively compiled (in the computer science sense)
into longer and lower level descriptions is an exciting prospect for theoretical
biology, since this paradigm has been very successful in computer science for
tackling complexity. By progressively describing biological systems through
languages of higher and higher levels of abstraction, the complexity of these
systems would be compressed to an extent that it becomes humanly comprehensible. On the other hand, biological systems, although clearly information
processors, are so different from current technology that studying biological
systems through computers might lead to new computing paradigms that
are fundamentally different from the current approaches, which stem from
the basic Turing machine and other equivalent theoretical computers. Witness, for example, Adleman’s (194) DNA-based setup for solving the traveling salesman problem, involving operations of a very different nature than
the basic arithmetic and memory of digital computers.
How far could the scaling of cell-based models go? One important property of these models is their linear computational and space complexity. If
this property continues to hold, we can assume that a one hundred billion
cell model (the human brain) will require on the order of ten thousand times
more computational capacity and memory than the currently feasible one
million cell model (on a single workstation). Fortunately, computational
capacity has grown exponentially since the development of the first microprocessor (“Moore’s Law”) and if the trend continues, a ten thousand fold
increase in capacity would occur in a mere fourteen years. Furthermore, cellbased models are well suited for scaling with the current mode of increasing
computational capacity by increasing the number of computing units operating in parallel, since the interactions between cells are local and confined
to a small neighborhood around each cell and each cell can be processed
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independently of global conditions. But even if such an approach is feasible, representing every single cell in a large system is probably not the best
approach for all modeling problems. Traditional continuum models are often more appropriate when modeling large number of identical cells with
predictable behaviors forming smooth, “continuous” tissues, like the heart
and the growth of sponges and corals. Even if the dynamics at the cellular
level are complex and the bulk behavior of cells is difficult to generalize to
a continuum model, multi-scale models, which employ a different model for
different time and space scales of the system, can be used to bridge the gap
between the cell and macroscopic scales. Still, cell-based modeling is a natural choice for those systems in which cell individuality plays pivotal roles,
such as cancer and embryogenesis.
Cell-based modeling certainly holds many interesting challenges for the
future. In the short term, I would highly encourage researchers to attempt
whole organism models, starting with the slime mold and roundworm. A
whole organism model could constitute a virtual laboratory that is inexpensive, fast to execute simulations and also offers complete control over every
aspect of the organism. Virtual experiments would allow rapid prototyping
of new ideas and help target effective experiments. Modeling is generally
a rewarding experience, and modeling of whole organisms should certainly
capture the imaginations of researchers. Personally, I would like to see more
computer scientists working in computational biology since computational
approaches have proven to be the only effective way of tackling the complexity of biological systems, and any cross-over between computer science and
biology would enrich both fields. In what has already been dubbed “the Century of Biology”, we may find that computer science and biology are kindred
spirits.
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