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Lattice-free Models
The models of the previous chapter assumed that the spatial domain was
composed of discrete sites arranged in a regular lattice. A cell could occupy
either a single or several lattice sites and movement was limited to discrete
“jumps” to neighboring sites. The lattice-free or off-lattice models presented in
this section assume that space is continuous, giving the cells complete freedom of movement in two or three dimensions. Off-lattice models can be split
into two broad categories depending on whether the cell boundary is represented implicitly or explicitly. In cell-center models, only the center of the cell
is represented explicitly as a point, whereas the cell boundary is assumed to
be a continuous geometric shape (a sphere, ellipsoid, rod, etc), centered on
the point. In cell boundary models, however, the cell boundary is explicitly
represented as a set of multiple points, allowing the cell to assume irregular
shapes. But before getting into the modeling techniques, we first summarize
some of the physical concepts that serve as the basis for the dynamics of most
of the models in this section.
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3.1
3.1.1

Newtonian Mechanics and Microbiological Systems
The Movement of a Single Particle

Classical mechanics is based on Newton’s three laws, which specify how
particles move and interact. A particle is a theoretical abstraction of some
minute piece of matter with mass m > 0 and whose position is given by
a vector r relative to the reference point O of the coordinate system. The
velocity v and acceleration a of the particle correspond to the first and second
derivatives in time of the particle’s position:
v=

dr
dt

a=

d2 r
dt2

(3.1)

The linear momentum p of the particle is defined as the product of the mass
times velocity: p = mv. Newton’s second law states that the movement of
the particle is given by the differential equation:
F=

dp
d
= (m v)
dt
dt

(3.2)

where F is the net force acting on the particle.1 Assuming the mass of the
particle is constant, Eq. 3.2 becomes:
F = ma

(3.3)

This is the equation of movement for a single particle. If the forces acting on
the particle are known, then the trajectory of the particle can be predicted.
Note that if the net force is zero, then acceleration is also zero and the velocity
is constant. In this case, if the particle was in motion it will continue to move
in a straight line, or if it was not, it will remain at rest. This property is called
inertia and is Newton’s first law of movement.
The angular momentum L and moment of force or torque N are related
to rotational movement about the origin and are defined as:
L = r×p

N = r×F

(3.4)

Unlike linear momentum and force, both vectors depend on the origin O of
the system, however the relation between the two is similar to their linear
1 Only

if O is an inertial frame of reference.
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counterparts:
dL
= r × ma
(3.5)
dt
Therefore if the net torque on a particle is zero then its angular momentum
is conserved.
The kinetic energy T of a particle is given by T = mv2 /2. The work done
by the force F on the particle as is travels from point 1 to point 2 is given by
W12 = T2 − T1 and is the amount of kinetic energy transferred to or removed
from the particle by the force. When a particle moves in a closed loop and
it’s initial kinetic energy is the same as its final kinetic energy upon coming
full circle, regardless of the precise path the particle took, then the net work
performed by external forces is zero, W12 = 0, and the forces acting on the
particle are said to be conservative.
Conservative forces can always be defined in terms of a potential energy
function U, which is a function of only the position of the particle:
N=

F = −∇U (r)

(3.6)

The work done by the force is always opposite to the change in the potential
energy, such that the sum of the potential and kinetic energy of the particle
remains constant:
W12 = T2 − T1 = −(U2 − U1 ) ⇐⇒ T1 + U1 = T2 + U2

(3.7)

Conservative forces therefore conserve the total energy of the system. Gravity
is a conservative force because, in a vacuum, a cannonball shot upwards will
return to earth with the same energy. Friction and drag are non-conservative
forces because they drain energy out of the system. They are functions of the
particle’s velocity and not just its position in time.

3.1.2

The Movement of a System of Particles

Now consider a system of multiple particles i = 1, ..., N. There are two types
of forces acting in the system: internal forces, which arise from interactions
between any two particles i, j, and external forces, which originate from outside of the system. Newton’s second law for a particle i is then:
d2 r

∑ Fij + Fie = mi dt2i
j

(3.8)
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where the Fij are the internal forces and Fie is the net external force applied
to the particle. Summing over all particles we have for the system:
d2 r

∑ Fij + ∑ Fie = ∑ mi dt2i
i,j

i

=

i

dP
dt

(3.9)

where P if the total linear momentum of the system and where we used Newton’s third law, which states that the forces between two interacting particles
are always equal and opposite Fij = −F ji and so the sum of all the internal
forces must be zero. Defining the center of mass of the system as
∑i mi ri
∑i mi

(3.10)

d2 R
= Fe
dt2

(3.11)

R=
we can rewrite Eq. 3.9 as
M

where M = ∑i mi . Therefore the whole system moves as if if were a single
particle of mass M at position R subject to a net force Fe and the internal
forces do not affect its movement. Like a single particle, a system of particles
also has inertia. If the net external force on the system is zero, the velocity of
the center of mass remains constant.
The total angular momentum of the system is given by:
L=

∑ ri × mi vi

(3.12)

i

This can be decomposed into two parts, the angular momentum of the center
of mass relative to the origin O and the angular momentum of the particles
relative to the center of mass:
L = R × Mv + ∑ ri0 × mi vi0

(3.13)

i

where v is the velocity of the center of mass and ri0 / vi0 are the position /
velocity of the particle relative to the center of mass. Intuitively, this means
that rotational movement of a system is the sum of the rotation of the particles
around the center of the system and the rotation of the center around the

3.1 – Newtonian Mechanics and Microbiological Systems

55

reference point. Similar to Eq. 3.11, it can be shown that the total angular
momentum of the system is determined by the net external torque:
dL
= Ne
dt

(3.14)

and if the net torque is zero the total angular momentum of the system is
conserved.
The kinetic energy of the system can also be decomposed into two parts:
T=

1
1
M v2 + ∑ mi vi02
2
2

(3.15)

and for conservative systems we can define potential energies for the internal
forces and external forces yielding a total potential energy of:
U=

1

∑ Ui + 2 ∑ Uij
i

(3.16)

i,j

such that the total energy of the system T + U is conserved.

3.1.3

Bodies Immersed in Fluids

In the previous sections we mentioned that there are two types of force: conservative and non-conservative. Conservative forces are so-named because
they conserve the total energy of the system. The solar system is an example
of a conservative system since only gravity acts on the planets. Gravity is
a conservative force and does not drain energy from the system, and so the
planets are in perpetual motion. Here on Earth, however, purely conservative systems do not occur naturally because of friction. Friction is a nonconservative dissipative force. Friction forces resist movement and are always
opposite in direction to velocity. Consequently, they always perform negative
work and drain systems of their energy.
Friction is most commonly associated with the resistance felt when rubbing two surfaces together, converting kinetic energy into to heat. But friction
also occurs between solids and fluids, like the extreme friction experienced
by a space vessel returning to Earth. Friction also occurs within fluids as
molecules move past each other, resulting in fluid viscosity – the property of
fluids to resist deformation due to internal friction. The more viscous a fluid

Chapter 3 – Lattice-free Models

56

is, the greater the friction between its constituent molecules and the thicker
it seems.
When a body moves through a fluid, it forces the fluid to deform and reshape itself around the body. Viscous fluids resist this deformation and exert
a counterforce on the body – drag. Drag is a consequence of the both fluid’s
viscosity and its inertia, since the body “collides” with the fluid as it moves
through it. The relative balance between inertia and viscosity determines the
nature of the drag experienced by the body. In systems where inertia is the
dominant factor, drag is proportional to the square of the body’s velocity
relative to the fluid, while in systems where viscosity is dominant drag is a
linear function of velocity. For fluids, the ratio between inertia and viscosity
is given by the Reynolds number (Re):
Re =

ρ v0 L
µ

(3.17)

where ρ, µ are the fluid density and dynamic viscosity, v0 is the speed of
the fluid relative to the immersed body and L is the characteristic length of
the body in the direction of the flow. Systems with a high Reynolds number
Re  1 are dominated by inertia and are characterized by chaotic and turbulent flow. On the other hand, systems with a low Reynolds number Re  1
are dominated by viscosity and exhibit smooth laminar flow.

3.1.4

The Motility of Microorganisms

Many types of cells are able to move in their environments. Prokaryotes have
a number of motility mechanisms that allow them to swim when suspended
in liquids, or glide when attached to a substrate. Some eukaryotes can also
swim, and others crawl using cell membrane protrusions called podia.
Although cell motility is common, on the scale of single cells motility is
much more of a challenge than intuition might suggest. That’s because most
cells live in environments with very low Reynolds numbers (49), where the
viscosity of the fluid is dominant and the cells feel as if the surrounding fluid
were very “thick”, whereas we are used to a high Reynolds number environment – the atmosphere – in which the viscosity of the air is negligible compared to its inertia, allowing for greater freedom of movement. For example,
the Reynolds number for a swimming E. coli bacterium can be estimated by
plugging in the approximate values ρ = 103 kg.m−3 , µ = 10−3 kg.(m.s)−1
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for the density and dynamic viscosity of water at room temperature and
v0 = 10−5 m/s, L = 10−6 m for the swimming speed and characteristic length
of a swimming E. coli yielding
Re(E. coli) ∼

103 × 10−5 × 10−6
= 10−5  1
10−3

(3.18)

and so viscosity is by far the dominant force in water at the scale of a swimming E. coli bacterium. Consequently, the cell “feels” as if it were swimming
though a very thick substance, whereas at a human scale water seems hardly
viscous at all.
For bodies in low Reynolds number environments, the drag force on the
body is opposite and proportional to the relative velocity of the body to the
fluid:
Fv = −b ẋ
(3.19)
where b is the drag coefficient, which is a function of the fluid’s viscosity and
the shape and dimensions of the immersed body. In the case of a small
spherical body the drag coefficient is given by Stokes’ law:
b = 6πµr

(3.20)

where r is the radius of the particle and µ is the dynamic viscosity of the
fluid.
Lets now consider the movement of a bacterium swimming in a straight
line in water 2 . There are two forces involved: a swimming force F s that propels the cell forward and a drag force F v = −b v that resists cell movement.
Newton’s second law gives the movement of the bacterium according these
two forces:
d2 x
dx
m 2 = Fs + Fv = Fs − b
(3.21)
dt
dt
When the cell reaches is equilibrium speed v0 , the drag and swimming forces
cancel each other out, so the swimming force must be F s = b v0 . By substituting into Eq. 3.21 and rearranging we have:
m
2 Based

d2 x
dx
+b
= b v0 .
2
dt
dt

on a similar calculation for embryonic tissues by Odell et al. (50)

(3.22)
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We can interpret this equation as the propulsion force being balanced by
two opposing forces: an inertial force proportional to the acceleration and a
drag force proportional to the velocity. To compare the two forces we must
first remove all dimensions from the equation by setting a characteristic time
t0 = r/v0 and length l0 = r. The new dimensionless variables are then related
to the old by: X = x/l0 , T = t/t0 . Substituting we have:
m

l0 d 2 X
l dX
+b 0
2
2
t0 dT
t0 dT

= b v0 ⇐⇒

(3.23)

mv20 d2 X
dX
+ b v0
= b v0
(3.24)
r dT 2
dT
dX
m v0 d2 X
+
= 1
(3.25)
2
b r dT
dT
The ratio m V/b r determines the relative contribution of inertia to the dynamics. To estimate its order of magnitude for E. coli we approximate a cell
as a spherical body of radius r = 1 µm with a density ten times that of water
ρ = 10 × ρwater :

[ 4 πr3 ][10 × ρwater ]v0
m v0
∼ 3
∼ 10−5  1
br
[6πrµ]r

(3.26)

The ratio is very small and so cell movement is dominated by the drag in the
environment. Therefore, when the cell ceases rotating its flagellum it stops
virtually instantaneously and does not coast. We can therefore neglect the
inertial term in Eq. 3.21 and the dynamics become simply:
1
dr
= ∑ Fk .
dt
b k6=d

(3.27)

where the Fk are all the forces acting on the cell except drag.
Equation 3.27 is valid for a wide range of biological systems since individual cells are generally too small and too slow to overcome the viscosity
of their environment. Therefore, Eq. 3.27 is often used as the basis for the
dynamics of many lattice-free cell based models. The methods presented in
the following sections use particles to represent cells in a number of different
ways and all, with the exception of the Immersed Boundary Method, assume
viscous dynamics of the form in Eq. 3.27. In terms of the model mechanics, the “only” things we need to specify for a complete model are the forces
acting on the particles and the drag coefficients.
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Specifying Forces

As mentioned in §3.1.1, conservative forces can be defined as the gradient of
a potential that is a function of only the particles’ coordinates. The potential
function encompasses the entire system and so the dynamics of the whole
model are coded in a single scalar equation. The forces acting on each particle
are calculated from the potential function by applying the gradient operator:


∂ ∂ ∂
Fi = −∇i U ( x1 , y1 , z1 , . . . , x N , y N , z N ) = −
,
,
U (. . . ) (3.28)
∂xi ∂yi ∂zi
Often it’s convenient to specify the potential function in coordinates other
than the orthogonal Cartesian coordinates. For example, the potential is often
a function of the distance between particles rij . In the simple case of two
particles the potential is simply U = U (r ) and the force acting on particle i is
given by the chain rule of the derivative:
Fi = −∇i U (r ) = −

∂U
∇ r (x , x )
∂r i i j

(3.29)

Notice that the (first) scalar factor is the total force intensity between the
particles, whereas the (second) vector factor is equal to the unitary direction
vector between the particles eij .
This procedure can be generalized to interactions between solid bodies
represented by two or more particles. For example, imagine a particle k
interacting with a solid rod that is represented by two other particles i, j, one
at each end. In this case the potential is a function of the distance between
the particle k and the line segment i ↔ j. By Eq. 3.29, the scalar factor will be
the total force between the particle and the rod, and the vector factor is will
be scaled for each particle such that the net force and net torque of the three
particle system is zero, thereby satisfying Newton’s third law.
This approach can be applied to any number of situations, such as a
particles interacting with a triangle; two edges interacting with each other,
two triangles, etc. In each case, the scalar factor determines the magnitude of
the force between the bodies, whereas the second factor distributes the force
to each particle such that Newton’s third law is respected and the internal
forces do no work. It is typically more convenient and compact to specify the
behavior of the system as a scalar potential energy, and so this is often how
mechanical cell bases models are presented.
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Note that this approach is similar to the CPM of the previous chapter.
In the CPM, the dynamics of the system are also codified as a single scalar
expression, but as a function of the lattice configuration, not continuous vectors. The dynamics are driven by the modified Metropolis algorithm, which
stochastically minimizes the potential energy of the system. In lattice free
models, the gradient operator is employed to calculate the forces on the
particles, and in intertia-less systems, the effect of the forces is also to reconfigure the system such that U is minimized:
dU
=
dt

∑
i

dri
dr
∇ i U = − b ∑ ( i )2 ≤ 0
dt
dt
i

(3.30)

where we used Eq. 3.19. Therefore both the CPM and Newtonian formulations are conceptually similar, except that in the latter time and individual
cell trajectories are meaningful, since we can calculate the exact forces. If,
however, the exact forces are computationally expensive to evaluate and a
detailed quantitative system is not required, then a Monte Carlo algorithm
similar to that employed in the CPM can be used Merks et al. (51). In many
cases, however, exact forces can be calculated and a numerical scheme is used
to integrate the equations of motion.

3.1.6

Numerical Integration of the Equations of Motion

Most of the equations used in this chapter form systems of first-order ordinary differential equations of the form:
dr
= F(t, r, . . . )
dt

(3.31)

where the ellipsis represents all the other system variables. In practice, the
particle trajectories are obtained from these equations by using a numerical
integration procedure.3 Unlike an exact analytical solution r(t), which would
be continuous in time, numerical procedures provide an approximate solution r0 , . . . , ri , . . . at specific timepoints ti = i ∆t where ∆t is the timestep and
is a parameter of the method.
The simplest way of numerically solving Eq. 3.31 is to use Euler’s method:
rn+1 = rn + ∆t F(tn , rn , . . . )
3 Much

(3.32)

of this section is based on Press et al. (52), which includes an excellent guide on the
practical use of numerical methods for integrating ODEs.
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which iteratively calculates the approximate solution points. The error made
at each step is given by the absolute difference between the exact solution
and the approximate solution:
δ = kr(tn ) − rn k

(3.33)

With Euler’s method, the error made at each step is proportional to the
square of the timestep, written as O(∆t2 ), and the method is said to be of
first order.
If the errors made at each step tend to cancel each other out, such that the
approximate solution zig-zags around the true solution but remains within
some margin, then the method is stable for the given equation. On the other
hand, if the errors accumulate at each step such that the approximate solution
diverges completely from the true solution, the method is said to be unstable.
Whether a method is stable or not depends on the equations being solved
and the timestep used. Generally, using a smaller timestep increases stability
as well as accuracy.
Although Euler’s method is often used for its simplicity, quantitative
modelers often avoid it because of its low accuracy. Another method, called
the fourth order Runge-Kutta method or RK4, is widely accepted as a good
trade-off between performance, accuracy and stability. The RK4 method consists of taking four Euler-like steps at different fractions of the timestep:
k1
k2
k3
k4

= ∆t F(tn , rn , . . . )
∆t
k
= ∆t F(tn + , rn + 1 , . . . )
2
2
∆t
k2
= ∆t F(tn + , rn + , . . . )
2
2
= ∆t F(tn + ∆t, rn + k3 , . . . )

(3.34)

Combining the four estimates yields a fourth-order approximation by canceling out lower order errors in the fractional steps:
r n +1 = r n +

k1
k
k
k
+ 2 + 3 + 4 + O(∆t5 )
6
3
3
6

(3.35)

However, the increased accuracy comes at a higher computational cost, because the forces need to be calculated four times for each timestep, compared
to just once for the Euler method.
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Once a numerical method has been chosen there is only one parameter,
the timestep, which we can use to fine tune the performance of the method.
One option is to choose the largest stepsize that keeps the method stable,
which is guaranteed to give the best performance in terms of computing
time. On the other hand, if one is concerned about accuracy, then a safer
choice is to chose a small timestep to reduce errors. Fortunately there are
automatic procedures for choosing the optimum timestep collectively called
adaptive timestep control. Using adaptive timesteps, the user specifies the desired accuracy and the method ensures the largest timestep that provides the
specified accuracy is chosen. For adaptive timestepping to work, however, we
require some measure of the error committed for each timestep, also called
the local error. We know the order of the method, i.e. how the error varies
with the timestep, but can we know the local error of a timestep without
knowing the exact solution?
As it turns out, we can calculate a rough estimate of the error by comparing the results of integrating the equation with different timesteps. For
example, imagine we take two consecutive ∆t timesteps from time t and then
take a single 2∆t timestep from t using the RK4 method. The two trials yield
different estimates r, r0 for r(t + 2∆t), the first probably more accurate than
the second. The difference between the two estimates provides a measure
of the local error of the method δ ' kr0 − rk, and can be used to judge the
accuracy of the method for the given timestep. Furthermore, it can be used
to choose an appropriate timestep for the desired accuracy δ0 by setting the
timestep to :

δ0
∆t = ∆t
δ
0

1
5

(3.36)

where it is assumed that the method used is fourth order. Using adaptive stepsize control, the modeler need not worry about setting the correct
timestep for the parameters he or she has chosen of for the model. The
control procedure will automatically adapt to the system, ensuring that the
optimum timestep is used for the desired accuracy.

3.2 – Cells as Spheres and Ellipsoids

3.2

63

Cells as Spheres and Ellipsoids

3.2.1

A Model of Swimming Bacteria

As an initial application of the principles laid out in the previous section,
lets first consider a model of swimming E. coli cells introduced by Angelani
et al. (53). We present their model with simplifications, but as noted by the
authors, the results of the simpler model are basically the same as the more
complete model.
E. coli swim in an alternating pattern of “runs and tumbles”: the cells
move in a straight line for a short period (a run), then they reverse the rotation
of their flagella causing them to spin randomly in place (a tumble), followed
by another run in the new random direction. The flagella are not explicitly
represented in this simple model, but we assume that the virtual cells swim
in a similar pattern of runs and tumbles. Each cell has a direction ei that it
glides along during a run. Tumbles are modeled by simply assigning a new
random direction ei0 every P seconds on average, where P is the average time
of a run.
For simplicity, each cell i is modeled as a spherical particle4 of diameter
a whose position is given by ri . Cell movement is modeled assuming an
inertialess environment (Eq. 3.27) and we consider two types of force:
• Swimming forces Fis that propel the cells forward during runs:
Fis = f 0 ei

(3.37)

where f 0 is the swimming force intensity.
• Repulsive forces due to collisions with other cells. Any cell i coming
close to a cell j will feel a repulsive force given by:
Fijc = −

A
rij .
rij14

(3.38)

where rij = r j − ri is the distance between two cells, and A = f 0 a14 is
calculated such that the two cells colliding head-on are in equilibrium
when they are touching.
4A

simplifying assumption, E. coli are actually rod-shaped.

where

! i ¼ Ki ' Ti ;

(6)

M i ¼ mk e^ i e^ i þ m? ð1 # e^ i e^ i Þ;

(7)

K i ¼ kk e^ i e^ i þ k? ð1 # e^ i e^ i Þ:

(8)

A=anþ1 ¼ f0 ) A ’ f0 anþ1 :

(9)

We choose the force coefficient A in such a way that two
bacteria facing head to head on the same line would be in
equilibrium at a distance a ¼ $l:

64l as the unit length, % ¼ l=v0 as the unit of time
We choose
(where v0 ¼ mk f0 is the free swimming velocity), and mk

8 teeth and internal (external) radius Rint ¼ 5 (Rext ¼ 8).
The gear mobility is estimated as that of a disk [21] of
radius 6.5: Kg ¼ 1:9 & 10#3 . Equations of motion (5), (6),
and (10) are numerically integrated by the Runge-Kutta
method [22] for 2 & 105 steps (with time step 't ¼ 10#3 ).
At t ¼ 0 the bacteria are uniformly distributed in the space
outside the external disc of radius Rext .
We find that the micromotor starts to move spontaneously under the effects of pushing bacteria. A net unidirectional motion is observed, with a fluctuating angular
Chapter
3 – Lattice-free
Models
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FIG. 1 (color online). Rotary micromotor in a bacterial bath. Snapshots are taken at three different simulation times, t ¼ 10, 12, and
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producing useful work. From Angelani et al. (53).
048104-2

The total force on each cell i is then
Fi = Fis +

∑

Fijc

(3.39)

j∈nhd(i )

Note that the contact force drops off very quickly with distance so we only
have to consider those cells within contact range (denoted by nhd(i )). In
practice only cells within 2a distance need to be considered.
Angelani et al. (53) sought to test whether the random swimming of E.
coli could be harnessed to do useful mechanical work. The idea is to place
a micro-rotor in the substrate and see if the cells can push the rotor consistently, despite the cell’s random movement. To test their hypothesis, Angelani
et al. (53) assumed that a specially designed gear is placed in the middle of
the domain. The gear has eight non-symmetrical teeth (Fig. 3.1), and the
gear’s center is held fixed but it can rotate. The gear’s angular velocity is
given by:
1
ω=
Ti
(3.40)
bg ∑
i
where Ti is the torque exerted on the gear by cell i and bg is the rotational
drag coefficient of the gear.
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The dynamics of the model are specified as a system of first-order ODEs:
dri
dt
dθ
dt

=
=

1
F
i = 1, ..., N
b i
1 N
Ti
bg ∑
i

The trajectories of the bacteria can be obtained from these equations by applying the numerical methods described in the previous section. Using this
simple cell-based model, Angelani et al. (53) showed how the cells could
consistently push the micro-rotor counter-clockwise at a roughly constant
rate (Fig. 3.1), thereby converting their random movement into useful work.

3.2.2

The Hertz Model for Elastic Spheres

In the previous section the bacteria were modeled as rigid spheres that do not
deform. Any overlap between two cells results in an intense repulsive force,
which effectively guarantees that each cell’s exclusive volume is respected.
While this is a fairly good approximation for E. coli, which do not appear
to deform significantly as they collide into one another, eukaryotic animal
cells are generally very malleable. Although animal cells will tend to become
spherical when they are isolated and placed in suspension, two cells that
are pushed together will deform and form a flat interface. This behavior
can be simulated by assuming that the cells are elastic rather than rigid.
Dirk Drasdo has been a major proponent of modeling cells as elastic spheres,
having applied his models to diverse systems such as epithelial proliferation,
tumor growth and embryogenesis (Fig. 3.2).
In Drasdo’s models (e.g. 57), each cell is modeled as a deformable sphere
with a variable radius and so there are four variables for each cell: three
spatial coordinates plus the radius. For small deformations, the deformation
energy of a sphere i being pressed against another sphere j is given by the
Hertz model:
s
5/2
Ri R j
2
(
R
+
R
−
r
)
i
j
ij
Wijd =
r < Ri + R j
(3.41)
5Di,j
Ri + R j
where ri j is the distance between the two sphere centers, Ri , R j are the radii
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of the cells and Di,j is a function of the material properties of the cells:
!
1 − νj2
3 1 − νi2
Di,j =
+
(3.42)
4
Ei
Ej
where Ei , Ej are the Young’s moduli and νi , νj are the Poisson ratios5 of the
cells. Note that when the virtual cells are pressed together such that rij <
Ri + R j their respective spheres intersect. In this case the cell boundary is
assumed to be flattened against its neighbor (Fig. 3.3). However, the effective
volume Vk of each intersecting cell is now less than its equilibrium volume
Vk0 = 34 πR3k . To keep the effective volume of the cells roughly constant, a
volume potential energy for each are included in the model. For cell i:
!2
Vi − Vi0
1
k
Wi = K
(3.43)
2
Vi0
where K is the bulk modulus, Vi0 is the target volume of the cell and Vi is the
effective volume of the cell given by:
Vi = Vi0 −

∑

∆Vik

(3.44)

k ∈nhd(i )

where ∆Vik is the volume intersection between the cell and a neighboring cell
k given by:
∆Vik =

3.2.3

π ( Ri + Rk − rik )2 {( Ri + Rk + rik )2 − 4(( Ri − Rk )2 + Ri Rk )}
12rik

(3.45)

Adhesion Between Spheres

Another major difference between prokaryotic and eukaryotic animal cells is
that the latter typically exhibit cell-cell and cell-substrate adhesion. Adhesion is a key feature of multicellular organisms. Cells adhere to one another
and to substrates through adhesion molecules located in the cell membrane6 .
5 When a material is stretched it usually contracts in the direction perpendicular to the applied strain. The Poisson ratio of a material is the ratio between the parallel and perpendicular
strains.
6 Major families of cell-cell adhesion molecules include cadherin and selectin, whereas cellsubstrate adhesion is mediated through e.g. integrins and syndecans.
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Figure 3.3 – Modeling contact using spherical cells. Cell deformation is modeled by allowing
spheres to intersect and it is assumed a flat surface forms as the cell-cell interface. When
pressed together, the spheres increase their radius to recover the “lost” volume in the intersection. From Galle et al. (57).

In a manner similar to two velcro straps, the molecules “hook-on” to adhesion molecules on the opposing cell membrane and form discrete bonds.
The bonds between the cells are dynamic, however, with bonds frequently
forming and degrading.
Galle et al. (57) use a simplified model for cell adhesion that assumes that
the binding energy between two cells is linearly proportional to the contact
area between them. In the model, the contact area is a flat disk where the
two spherical surfaces intersect. The area of the disk is given by:
Aij =

π
(4ri j2 R2i − (ri2 j + R2j + R2i )2 )
2rij

(3.46)

and the adhesion energy for two cells in contact is:
WijA = ek Aij

(3.47)

where ek denotes the average adhesion energy per unit area.
Adding everything together, the force acting on the center of cell i due to
contact with another cell j is given by:

∂  k
Fij = −
Wi + Wjk + Wijd + WijA nij
(3.48)
∂rij
and the generalized force acting on the cell radius is:

∂  k
FijR = −
Wi + Wjk + Wijd
∂Ri

(3.49)
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Up to this point, the dynamics of the system, excluding cell motility, can be
given by the following system of ordinary differential equations:
dri
dt

=

dRi
dt

=

1
µ1
1
µ2

∑

Fij

(3.50)

∑

FijR

(3.51)

j∈nhd(i )
j∈nhd(i )

where we assume that both cell movement and cell expansion/contraction
are dominated by viscous forces, with µ1 and µ2 being the respective drag
coefficients. Note that the Hertz model is only valid for small deformations
and for two cells at a time. Since multiple cells may intersect each other at
once in the model, the forces given by the Hertz model may underestimate
the forces in the real system.

3.2.4

Brownian Motion

In Drasdo’s epithelial models, cell motility is modeled as a stochastic process.
Unlike the E. coli model, in which the bacteria move in runs and tumbles,
in this model the cells are assumed to undergo Brownian motion. Brownian
motion is the apparent random movement of a particle suspended in a fluid
due to random imbalances in the net collision force of all the surrounding
fluid molecules. The immersed particle appears to be constantly and randomly shifting, following an irregular and unpredictable trajectory. On long
time scales cells can also exhibit Brownian movement, however this is not
the result of bombardment by the surrounding fluid molecules, but by active
extension and retraction of the cell’s cytoskeleton in random directions.
Brownian motion is modeled mathematically using the Wiener process
W (t), a continuous random variable dependent on t ∈ [0, T ] (usually time)
with the properties:
• W (0) = 0 with probability 1.
• For any 0 < ∆t < T, the random variable ∆W (t) = W (t + ∆t) − W (t)
is normally
√ distributed with unit mean and variance ∆t, i.e.
∆W ∼ ∆t N (0, 1).
• For any 0 < ∆t1 < ∆t2 < T, ∆W1 and ∆W2 are independent.
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Cell motility is added to the model by using the Wiener process for the
Brownian motion of the cells, transforming Eqs. 3.50 for the cell centers
into a system of stochastic differential equations (SDEs):
dri =

1 det
F dt + C dW
µ1 i

(3.52)

p
where C = 6Ft µ1 , Ft is the energy equivalent of the cells and W is a vector
of independent Wiener processes. Using this Brownian motion model, the
cells will appear to diffuse macroscopically with a diffusion constant given
by the Einstein relation D = Ft /µ1 .
To solve Eq. 3.52 we must overlay the deterministic movement of the
cells with their independent random motion. The movement of a Brownian
particle can be simulated by considering a discretized version of the Wiener
process. If we divide the time interval into series of points ti equally spaced
by ∆t, then a sample path of the particle is given by
rsto (t j ) = rsto (t j−1 ) + C ∆W(t j )

j = 1, ..., N

(3.53)

√
where W0 = 0 and ∆W (t j ) ∼ ∆t N (0, 1). On the same discrete timepoints,
the deterministic path of a cell due to contact forces can approximated using
the Euler method:
rdet (t j ) = r(t j−1 ) + ∆t Fdet
(3.54)
Combining the two gives the Euler-Maruyama method for solving SDEs applied to Eq. 3.52 :
r(t j ) = r(t j−1 ) + ∆t Fdet + C∆W(t j )

(3.55)

See Higham, Burrage et al. (58, 59) for a review of numerical methods for
SDEs.

3.2.5

Cells as Viscoelastic Ellipsoids

Palsson and Othmer (60) developed a lattice-free cell-based model for the Disctyostelium discoideum aggregation and crawling slug phases. Their approach
extends the previous models by representing cells as deformable ellipsoids,
so in addition to three spatial coordinates each cell has three additional variables for the length of its semi-axes (Fig. 3.4). Deformable ellipsoids are
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Figure 3.4 – In Palsson and Other’s model, cells are represented as three dimensional ellipsoids
with deformable semi-axes, which complicates contact interactions. Adapted from Palsson and
Othmer (60).

harder to model than spheres, since it is difficult to calculate the contact area
of two elastic ellipsoids pressed against each other, therefore the authors
took a different approach to modeling cell deformation. When the cells press
against each other, a strong repulsive force is generated that deforms the
semi-axes in the direction normal to the applied contact. The deformation is
modeled by assuming that the cell axes are loaded with mechanical devices
such as springs and dashpots, which is the typical approach for modeling
viscoelastic solids. Here we present elementary models of viscoelastic solids
that form the basis for modeling the deformation of cells and tissues.
Linearly elastic, or Hookean, materials exert a restorative force proportional to their strain and are modeled as springs when stretched along a
single axis (Fig. 3.5(a)):
F (resistance) = −ke
(3.56)
where e = (l − l0 )/l0 is the strain on the spring, l is the spring’s length, l0 is
the spring’s rest length and k is the spring stiffness or modulus. If we assume
that the cell is purely elastic, then the deformation of each axis must be such
that the elastic force balances the contact force applied to it:
e=

1
F (applied)
k

(3.57)

Note that mass of the body is not taken into account in this simple spring
model, i.e. the spring is massless. Therefore, according to the model, when a
constant force is applied to an elastic material the material deforms “instantaneously” such that the strain on the material balances the applied force.

Chapter 3 – Lattice-free Models

72

Purely viscous materials are modeled as dashpots, which consist of a
piston within a sealed cylinder filled with liquid. When force is applied
to a dashpot, the piston is made to move through the liquid, generating a
resistance force due to the liquid’s viscosity. Dashpots exert a resistance force
that is proportional to the speed of the deformation and is independent of
the amount of deformation occurred. Conversely, a viscous cell will deform
with a speed proportional to the force applied to it:
F (restorative) = −µ

de
de
1
⇐⇒
= F (applied)
dt
dt
µ

(3.58)

where µ is the viscous constant of the dashpot. Unlike elastic materials,
whose strain at any point in time is simply a function of the applied force,
the strain of a viscous material depends on the “history” of all the previously
applied forces. Also, when a constant force is applied to a viscous material,
the material does not deform “instantly” but at at a speed proportional to
the force. Finally, the third basic material model is the slidewire that, when
pulled, creates a liquid film that generates a constant surface tension for any
amount of strain.
More complex materials are modeled by combining the basic elements
into circuits, in parallel or in series (Fig. 3.5(b)). Maxwell materials are
modeled as a spring connected to a dashpot in series. The total strain of
the system is equal to the sum of the strains of the dashpot and the spring
and so:
de
1
1 dF
= F+
(3.59)
dt
µ
k dt
When Maxwell materials are deformed they initially behave elastically (due
to the spring), but the restorative force relaxes with time as the material
conforms to its deformation (due to the dashpot). The material therefore
does not naturally return to its original shape after deformation.
The Kelvin-Voigt model consists of a spring connected to a dashpot in
parallel.
de
1
= ( F + k e)
(3.60)
dt
µ
The material deforms elastically, however the resistance force is proportional
to both the speed of the deformation and the deformation itself. When the
force is released, the material returns to its original length but more slowly

Liquid aggregates: shape changes
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The SLS is the simplest model that includes
both the elastic and viscous
C B L 30
behavior of solids. It has also been shown to be a good model for the bulk
viscoelasticity of embryonic tissues von Dassow et al. (29).
Palsson and Othmer (60) assumed that the semi-axes of their ellipsoidal
cells behave as SLS when loaded by external forces. In addition the authors
assumed that the volume of each cell remained constant thereby linking the
deformation of one axis to the others. They then showed that their model
was in agreement with the viscoelastic liquid model of cell aggregates and
could quantitatively predict the surface tension by simulating an aggregate
composed of ellipsoidal cells (Fig. 3.6). They were also able to simulate cell
sorting and multiple stages of the life cycle of D. discoideum.
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Fig. 4. Cross sections of the aggregation field at t " 80 min (Upper) and
t " 320 min (Lower).

Fig. 2. (Upper) Cross section of an aggregate of 1,000 cells after 10 min and
200 min in the cell-sorting simulations. The self-adhesion between green cells
is greater than that between red cells, and the latter are eventually displaced
to the periphery. (Lower) The final configurations in simulations of 3,500 cells
in an aggregate that is compressed between two parallel plates separated by
a distance H of 65 !m (Left) and 90 !m (Right).

(a)

other aspects of cell movement in tissue-like aggregates. In the
remainder of this article, we apply the model to chemotactic
aggregation and slug movement in Dd.
We first investigated the aggregation of cells that are widely
dispersed initially. In the following simulations, a few cells in the
center of the field (shown in red in Fig. 3) are pacemakers. These
pacemaker cells periodically initiate outward propagating cAMP
waves that trigger relay of the cAMP signal and chemotaxis in the
remainder of the aggregation territory. A rotating spiral cAMP
wave can also organize aggregation; however, because pacemakers are easier to initiate and both types have been observed (3,
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These results suggest that sorting of
may be due more to adhesive differe
cell deformability than used here, an
motive forces exerted by each cell ty
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the results of computational experiments and laboratory findings
suggests that the model can reproduce the essential properties of
multicellular systems and therefore can be used to investigate

DEVELOPMENTAL

Figure 3.6 – Simulations using Palsson and Othmer’s ellipsoid model. (a, top) Cell sorting. (a, bottom) Viscoelastic response of a cell aggregate to compression. (b) A crawling D.
previous measurements by Steinberg and coworkers (36, 45, 46)
discoideum
guided by
cells (red). Adapted from Palsson and Othmer (60).
by using the slug
same configuration.
Theautocycling
close agreement between

In the previous section the Hertz model was used to estimate the contact force
and deformed contact area of two elastic spheres being pressed against each
other. The Hertz model, however, is only valid for two contacting spheres
at a time and for small deformations at that, so using the Hertz model for
multiple contacting spheres leads to incorrect estimates of the contact area
and the force between the two spheresand(61).
widely
used
for
a layer ofA
mineral
oil. His results
show alternative
that many of the
characteristic patterns of movement that are observed in 3D
aggregates, such as rotary
also occur
in 2D. To simulate (VT,
modeling the geometry of compact cell aggregates
is motion,
Voronoi
tessellation
this configuration, we placed cells in a single layer between two
a cell diameter
apart. The
cell interactions
the plateset al.,
also known as Dirichlet domains and plates
various
other
terms,
seewith
Press
were the same above and below, a result that differs from the Discussion
conditions.
However,
the results
show that this
Goodman and O’Rourke, de Berg et al.experimental
(52,
62,
63)
for
good
introductions).
difference is apparently not very significant. Initially the cells We have presented a model of ce

3.3.1

Voronoi Tessellation

Fig. 3. Time snapshots of the aggregation of Dd cells in response to cAMP
signaling from pacemaker cells that are located in the center (red cells). The
time for the frames is 0 (Upper Left), 80 (Upper Right), 160 (Lower Left), and
320 min (Lower Right). The total number of cells is 2,500, but the cAMP output
of each cell is weighted by 16.

were arranged in a regular array, and a few pacemaker cells were
placed at one edge of the array. As before, these cells initiate
cAMP waves that are relayed throughout the slug, which begins
to elongate and move forward. In the movie of this simulation,!

¶See

http:""www.math.utah.edu"!epalsson"movies"aggre.ad1.qt.

interactions in multicellular systems
movements in early aggregation and
We have shown that the observed col
of cells in Dd, from aggregation to
directly from the behavior of indiv
assumptions or mechanisms, such a
nism (49), are necessary to produce m
are able to simulate large numbers o
ing for both the passive interactions c
active locomotory forces, and we
deformations of individual cells. Bec
sizes, we can study the effects of cell
on cell sorting and motility, and we de

A tessellation is a partition of a two or three dimensional space into joint
and non-overlapping regions. The regular square, triangular and hexagonal
lattices used for cellular automata are examples of tessellations, as are mosaics and stained glass windows. Voronoi tessellation is based on an arbitrary
set of points Q = {qi : i = 1, ..., N } that defines the center of each region.
Each point is associated with its own region Vi such that any point within
Palsson and Othmer

!See

http:""www.math.utah.edu"!epalsson"movies"slug.straightgraft.qt

PNAS # September 12, 2000 # vol. 97 # no. 19 # 10451

Fig. 6. Cell tracks corresponding to Fig. 5 Lower Right (Upper) and to a slug
in which the active force is 150% of that shown in Upper (Lower)
10452 ! www.pnas.org
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the region is closer to qi than to any other point in Q:
Vi = {r : kr − qi k ≤ kr − q j k, j 6= i }

(3.62)

The VT of Q is unique provided that
• in two dimensions, no 4 points lie on a common circle, or in three
dimensions no 5 points on a common sphere circumference, and
• no 3 points lie on a common line, or in three dimensions no 4 points lie
on a common plane.
If these conditions are met then the set Q is said to be in general position or
non-degenerate. Each region in a VT is a convex polygon/polyhedron whose
edges/faces demarcate the boundary between the central point’s domain and
each of its neighbors, except for the points lining the hull of the set, which
will have an an open boundary on one side leading to infinity (Fig. 3.7(a)). In
practice these open regions are either clamped to a finite domain or periodic
boundary conditions are assumed (64, 65, 66)
VTs have many practical applications. For example, given the coordinates
of a set of cell phone towers, the VT of the set gives the regions best served
by each tower. The VT of a set of supermarket stores gives the potential
geographic regions each supermarket attracts. In regards to biology, the geometry of cell aggregates is well approximated by VT (Fig. 3.7(b)). The cell
geometry of a cell sheet or aggregate can be estimated by using the positions
of the cell centers to construct the corresponding VT.

3.3.2

Modeling Cells as Voronoi Domains

Using VT to model the geometry of packed cells yields better estimates
for the cell-cell contact areas than the Hertz model. Schaller and MeyerHermann (61) used a cell center model for simulating epithelial dynamics
that extends the spherical cell representation used by Galle et al. (57) by assuming that the cells deform as elastic spheres when loosely packed, but
assume a Voronoi polygon shape when densely packed. In practice, for
each cell-cell interface both methods are used to estimate the contact surface between the two cells, but only the smallest value of the two is used
(Fig. 3.8). The more general weighted Voronoi tessellation is used to allow for

!
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(a)

FIG. 6. Pattern of cultured retinal pigmenr cells [---traced after the photograph
in Plate I(a)] and Dirichlet domains approximated to it i- - -). Dirichlet centers are
reoresented bv a. A = 1.62~10-~.

(b)

Figure 3.7 – (a) The 2D Voronoi tessellation for 40 random sites. Each region demarcates the
areafor
closest
to thesites.
central
point.
From
Press et
al. (52)
reconstruction
of the geometry of
Figure 21.7.1. Voronoi diagram
40 random
Each
site has
a Voronoi
region,
the (b)
areaAcloser
to
it than to any other site. The cell
boundaries
of theseen
Voronoi
straight-line
segmentsusing
that lieVoronoi
on the domains. The solid lines
boundaries
in aregions
retinalare
pigment
cell culture
perpendicular bisectors between
pairs ofthe
sites.
represent
boundaries generated by Voronoi tessellation using the Voronoi centers obtained
from the real system. From Honda (67).

Remarkably, these questions are completely answered by the Delaunay triangulation of the Voronoicells
sites.of(In
fact, many
texts
start with
the Voronoi
diagram
as neighbors according
different
radii,
which
divides
the space
between
fundamental, and then consider
Delaunay
triangulation
as
an
application.
We
find
to each’s radius. Each weighted Voronoi region is thenit defined as:
easier to go the other way.)
Some facts are
Vi = {r : kr − qi k − Ri ≤ kr − q j k − R j , j 6= i }
(3.63)
FIG. 7. Pattern of cultured lung cells [--,
traced after the photograph in Plate I(b)]
! Every edge in a site p’s Voronoi region boundary lies and
on
the domains
perpendicular
Dirichlet
approximated to it (-- - -). Dirichlet centers are represented by 0.
A = 2.79 :K 10-a.
Another
interesting
of this
model is anisotropic friction. We have
bisector of a Delaunay
edge that
connects tofeature
p.
until this
point
assumedtothat
the one
cellsVoronoi
are subject
an isotropic drag force
! In fact, every Delaunay
edge
corresponds
exactly
edge,toand
due to the surrounding medium that balances the other applied forces such
vice versa.
! The vertices of the
Voronoi
diagram are
exactly
the circumcenters
of the
Dethat
the dynamics
of the
system
are inertialess.
However,
cells in dense aglaunay triangles. gregates also experience friction when moving past their neighboring cells.
! The Voronoi diagram
and the arises
Delaunay
triangulation
graphs (butbetween the two cells,
The friction
in large
part duearetodual
the adhesion
don’t worry if yousince
don’tthe
know
what this means)
spring-like
adhesive bonds resist not just perpendicular but also
shearing
the of
juxtaposed
cell
membranes.
Figure 21.7.2 shows
the key movement
ideas in the of
proof
the first two
facts
above. We
already know that the boundary
is made
of some
perpendicular
Cell-cell
friction
can be
modeled asbisector
a force segments.
which is proportional and opWe need to show that posite
(i) every
one relative
of a point’s
Delaunay
does contribute
to the
velocity
of theedges
neighboring
cells parallel to their contact
a segment, and (ii) lines
drawn from that point to any other sites don’t contribute
surface:
any segments.
Fijd = −bij (∆vij − (∆vij · nij )nij )
(3.64)
Part (a) of the figure shows a piece of Delaunay triangulation around site O.
The perpendicular bisectors of OA and OC meet at the point X , which is therefore
the center of the circle containing A, O, and C . The issue is whether the Delaunay
edge OB can be “blocked” by the other two edges. Now, B must lie inside the circumcircle just mentioned; otherwise, the edge OB would have been an illegal edge
when the Delaunay triangulation was constructed. But this means that the perpendicular bisector of OB, labeled U V , must “cut off the corner” at X . Thus it does
contribute a segment to the boundary.

!

3.3 – Cells as Simple Polygons

R SPHEROID IN AN OFF-…

PHYSICAL REVIEW E 71, 051910 !2005"

77
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3.3.3

Honda’s Vertex Dynamics

Cell-center approaches use a single point to represent each cell and assume
cells take on simple shapes such as spheres, ellipsoids or rods. When modeling “hard” prokaryotic cells, stiff potentials are used to minimize overlap
between cells. When modeling “soft” eukaryotic animal cells, cell deformation can be taken into account by allowing the spheres/ellipsoids to overlap and using a contact model, such as the Hertz model, or a geometrical
model, such as Voronoi domains, to approximate the deformed geometry of
the cells. Voronoi domains are especially useful when modeling compact cell
aggregates with no gaps between cells. In this case, however, the cell center approach can become impractical because the Voronoi domains must be
updated with each timestep using the new positions of the cells, which is
computationally expensive.7
An alternative is to use cell centers for generating the initial Voronoi tessellation and then representing each cell as the set of points corresponding to
the vertices of its Voronoi polyhedron. The cell boundary vertices replace the
cell center and dimensions as the model variables. Note that the total number of points in the system remains the same because adjoining cells have a
common polygonal surface and vertices.
Honda (67) were the first to use this approach and have since developed
a series of models using Voronoi polyhedrons applied to diverse biological
systems. The authors use VT to build the initial geometrical model of the
cell aggregate and the model dynamics are in terms of the cells’ boundary
vertices, not their centers. The forces of the model are determined by first
specifying a global potential energy function and then taking the gradient of
energy function at the vertex coordinates. The movement of the vertices is
assumed to be dominated by viscous forces.
Two common potentials used in Honda’s models are the volume energy
and the cell-cell interfacial energy. The volume of the cells is assumed to be
elastic with potential energy:
N

U v = k ∑(Vi − Vi0 )2

(3.67)

i

7 Although Schaller and Meyer-Hermann (68) were able to recycle the VT of previous
timesteps, which made the overall complexity of their algorithm O(n) rather than O(n log(n))
if they had had to regenerate the VT at every timestep.
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where Vi is the volume of cell i. The total surface energy of the system is
given by:
Nf

Nm

f

f

U s = σ ∑ A f + σm ∑ Am

(3.68)

where σ/σm is the surface energy density of cell-cell/cell-medium interfaces
and A f /Am are the areas of cell-cell/cell-medium boundary polygons. Note
that the contact surfaces are not guaranteed to be totally flat as in theory each
vertex has the freedom to move out of the plane of the polygon. In practice,
however, the cell surfaces remain roughly flat since flat surfaces result in
lower energy configurations (66).
The cell boundaries reconfigure during simulations to reduce the overall
energy of the system, which may entail not only cell shape changes but also
result in cells moving past one another and changing neighbors. In the latter
case the topology of the cell interfaces must change to reflect this. Honda
uses a few simple rules to remodel the domain topology. In a non-degenerate
2D/3D Voronoi tessellation, each vertex is connected to exactly 3/4 other
vertices and is shared by 3/4 domains. The regularity of the topology allows
for a simple procedure to handle cells changing neighbors. In 2D, when a
cell-cell boundary shrinks it means that the two adjacent cells are moving
apart, whereas the cells’ two common neighbors are moving towards each
other. Eventually the former pair will separate completely and a new cell-cell
boundary is formed between the neighbors. This is simulated by swapping
very short edges with perpendicular edges reflecting the new topology (Fig.
3.9(a)). In 3D the situation is similar, with short edges being swapped by
perpendicular triangles and vice versa (Fig. 3.9(b)). Therefore, after each
timestep, the system is checked for small cell-cell boundaries and neighbors
are swapped accordingly, allowing the cells to move past one another as
they rearrange into a low energy configuration. In other publications, Honda
et al. (69) added topology rules for adding/removing gaps between cells
(used to model internal cavities in the aggregate and wounds, Fig. 3.9(d))
and Nagai and Honda (70) added rules for the adhesion of opposing cell
fronts (Fig. 3.9(c)).
In addition to passive cell motility due to surface and volume energy minimization, Weliky et al. (71) and Weliky and Oster (72) included active cell
motility through cell protrusions in their model. The authors assumed that
the cells are turgid with an internal pressure directed outwards resisted by

ues. Substituting Eqs. "3# and "4# into Eq. "1# we obtain their
explicit forms as

80
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Notochord morphogenesis In Xenopus laevis
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ment will continue until mechanical equilibrium is
restored.
The forces generated by all cells at a common
junctional node are vectorially summed to generate a
net nodal force (Fig. 2A). A node is displaced by an
amount proportional to the net nodal force (i.e., as if
the node were subjected to linear frictional drag). The
two intracellular forces acting at a node are the
osmotic/hydrostatic pressure, and the elastic tension in
the cortical actin gel (Oster, 1988). Two mechanisms for
active cell intercalation are modeled. The first allows
cells to 'push' their way in between neighboring cells,
and is used when directional persistence is incorporated
into the simulations. When a cell is activated to move,
its cortical tension drops at the node where protrusion
will take place, reflecting solation of the cortical actin
gel. Cortical pressure then drives the node in the
direction of the net force imbalance and the cell
B
protrudes forward (Fig. 2B). The second mechanism
allows for cell protrusion into interstitial spaces created
by adjacent cell retraction, and is used when contact
ARaaultant
inhibition of protrusion is incorporated into the
T fores
simulations. When activated, a cortical protrusion
extends outward to fill the available interstitial space
between cells. Upon contacting an adjacent cell, the
protrusion is inhibited. Since cells share common
boundaries, we cannot explicitly model interstitial
spaces; however, we can simulate this protrusive
behavior by realizing that in order to create an
Fig. 2. The notochord tissue is represented as an array of
interstitial space into which a cell can crawl, adjacent
cells in(72)
whichmodel,
adjacent cell
cells movement
share commonis modeled by adding a point
Figure 3.10 – In Welikypolygonal
and Oster’s
cells had to contract their boundaries. Therefore, we
vertex nodes. The upper inset shows that vertices are
can model
a cell
on either side of a chosen
protrusion
vertex
andboundaries
relaxingbetween
the surface
on the
twomoving
half into a space by having a node
introduced
along the
common
cells to tension
move only when it experiences forces from neighboring
allow
for
curved
surfaces.
The
mechanical
force
balance
edges connected to the protrusion
vertex, allowing it to extend.
contractile cells. For example, at a node where one cell
between cells is computed at each node, shown in the left
is protrusively active while the remaining two cells are
half of the lower inset. Elastic tension forces, T, act
circumferentially around the cell perimeter while pressure
contractile, the node will be pulled in the direction of
forces, P, act outward and normal to the cell surface.
the net contractile forces produced by the two
When the mechanical forces at a node are unbalanced, the
nonprotruding cells. In this way, the protruding cell
node slides in the direction of the net vector force shown
surface expands outward, simulating its movement into
in the right half of the insert. By reducing the cortical
the space vacated by its neighbors.

'A 2

tension forces in cell 3, the swelling pressure now
dominates the cortical tension forces and the node slides
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3.3.4

The Finite Element Method

Solid materials are subject to essentially two modes of deformation, normal
strain and shear strain. Pure normal strain is the result of pressure forces
normal to the surface of the material and involves only a change of volume
of the material, leaving its shape intact. A pure shear deformation involves
a change of shape but no change in volume and comes about due to forces
tangential to the surface of the object. In the models seen so far, the elastic
volume potential works only to conserve the volume of the material and offers no resistance to shear deformation. As such, by using a stiff constant for
the volume constraint together with a constant surface tension, the cells in
Honda et al and Weliky et al’s models are effectively treated as non-viscous
liquid drops that do not resist changes in shape. In reality, cells have an
intricate structure supported by a cytoskeleton of actin filaments and microtubules, whose resistance to deformation makes them both viscous and
resistant to shearing.
A simple way to include viscosity and shear resistance in cell models is
to use viscoelastic elements for modeling the cell membrane and cytoplasm.
For example, Tamulonis et al. (73) modeled the cellular cortex using springs
connected in series with the spring rest lengths shortened to simulate both
surface tension and resistance to local deformation of the membrane and cortex. Odell et al. (50) used Voight elements instead of linear springs, and in
addition placed elements spanning the interior of the cells to model cytoplasmic viscosity. Jamali et al. (74) went further by weaving dozens of Voight
elements together to form an intricate inner cell structure complete with a
nucleus and intermediate filaments (Fig. 3.11).
Brodland’s lab (75, 76) has developed a series of models for epithelia that
model the cell cytoplasm as a continuous viscous material, rather then just
an assembly of discrete linear elements. Their models are based on the finite
element method (FEM, 77) – a general technique for integrating PDEs with irregular boundaries, which has found countless applications in engineering
and computational science. In particular, the FEM is widely used for studying the behavior of solid materials under applied loads. The method allows
for the complex PDEs of solid mechanics to be solved on structures with arbitrary shapes and/or composed of multiple discrete components, yielding
accurate predictions on the strains and stresses the structure will suffer under
specified loads. This allows for the efficient design and testing of anything
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The key assumption of the finite element method is that the solution of
the equations on any given element can be approximated by an interpolation
of the exact solution calculated only at the nodes of the elements. The interpolation functions are usually polynomial and the order of the interpolation
depends on the number of nodes used in each element.
Each element holds a piece of an approximate solution to the problem. By
joining multiple elements, an approximate solution over the entire domain is
obtained. To ensure consistency, the interpolation functions for each element
are chosen such that the field variables are continuous across the boundaries
between elements. Therefore the problem can be reduced to determining the
solution of the problem at the nodes and using interpolation functions to
calculate the solution everywhere else. For linear problems, such as purely
elastic structures, this reduces to a linear system of equations:
Ku = f

(3.69)

where K is the global stiffness matrix, u is a vector with the unknown displacements and f is the vector of applied forces on the nodes or the load vector. To
solve the system, the global stiffness matrix must first be determined. The
problem is reduced to calculating the stiffness matrix for each element in the
local element coordinates then transforming and combining all the element
stiffness matrices into the global stiffness matrix, a process called assembly.
There are multiple methods for determining the stiffness matrix. In some
cases, such as in solid material problems, a good strategy is to determine
the total potential energy of the element and calculate the gradient of the
energy at each node, yielding equations of the form Eq. 3.69. A more general
class of techniques, called the weighted residuals method, seeks to reduce the
error of the interpolation to a minimum, thereby calculating the best fit of the
interpolation functions to the real solution.
Brodland’s models uses a more general version of Eq. 3.69 that allows for
viscous forces as well as elastic forces Chen and Brodland (75):
Cu̇ + Ku = f

(3.70)

where u̇ are the node velocities and C is a matrix that describes the viscosity/damping of the system. Since the cytoplasm is assumed to be totally
viscous and the cell-cell boundaries are assumed to be under a constant force
(Fig. 3.12), in practice no elastic forces are included in the model and the
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stiffness matrix is zero, leaving:
Cu̇ = f

(3.71)

The damping matrix depends on the geometry of the problem and is therefore a function of time. A numerical solution to Eq. 3.71 can be calculated
iteratively by using a forward difference scheme. The displacement increments are given by:
C∆u = ∆t fi
(3.72)
For each timestep, the forces on the nodes must be determined and the
system damping matrix must be calculated and inverted to determine the
displacement of the nodes. Brodland’s models use a Lagrangian multiplier
scheme for keeping the volume of the cells constant, which can be expressed
as a linear set of equations. Finally, Brodland’s models also include a scheme
for swapping cell neighbors identical to that used in the Honda models.
Beyond Brodland’s models, the FEM has also been used to model threedimensional embryogenesis with non-trivial aggregate shapes, albeit with
simplified cell shapes (78, 79).

3.4

Cells as Complex Polygons

In the previous section, a series of models based on Voronoi tessellation were
presented. These models are often used to simulate cohesive cell aggregates
where cells assume a simple convex polygonal shape in a plane or a convex
polyhedral shape in three dimensions. Cell center models, on the other hand,
are more suitable for modeling detached, roaming cells where a detailed
description of cell deformation matters little. Sometimes, it is desirable to be
able to capture all of the above features – cell deformation, cell-cell adhesion,
aggregates, loose cells, active and passive cell motility – in a single model. In
this case a more detailed representation of the cell is needed.
One solution is to use detached polygons of arbitrary form. In two dimensions, this means the cell boundaries are represented by any closed sequence
of edges and in three dimensions, boundaries are represented as triangular
meshes. Each polygon/polyhedron represents a single cell, as in the Voronoi models, except that in the topology of the system vertices are no longer
shared between cells and so the cells need not remain attached. Instead, cellcell cohesion is achieved by assuming an attractive potential between neighboring vertices, edges or triangles. If cell-cell adhesion is relatively weak,
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Figure 1. Cell models. (a) A schematic representation of two cells that are assumed to form part of a generic embryonic epithelium. (b) A
corresponding cell-level FE model that uses triangular elements to model the cytoplasm and constant-force rod elements to model the interfacial tension
Figure 3.12 – In Brodland et al.’s (76) FEM model, the cell boundaries are loaded with constant
g. (c) A model based on radial and circumferential dashpots. (d) A model based on systems of orthogonal dashpots. In the interest of image clarity, only
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determine the response of the cells to deformation and also their equilibrium
shapes. The total potential energy of the cell is given by:
U = Uvol + Uarea + Ushear + Ubend

(3.73)

The easiest way to model each term is to assume an elastic response to deformation, which corresponds to quadratic energy terms. The volume energy
term is written as before:
1
= Kv
2

Uvol



V − V0
V0

2
(3.74)

where Kv is the bulk modulus, V0 is the equilibrium volume of the cell and
V is the actual volume of the cell. As usual, the forces acting on the cell
boundary vertices are given by the gradient of the potential on the vertices.
Similar expressions are written for the other energy terms. The total cell
area energy is given by:
Uarea

1
= Ka
2



A − A0
A0

2
(3.75)

Note that we place the constraint on the total cell area and not on the individual triangles, so this term does not resist shear deformation. Shear deformation is modeled by assuming that the triangular mesh forms a network
of springs, leading to the shear deformation energy term:

Ushear

1
= Kl ∑
2
i

Li − L0i

!2
(3.76)

L0i

where the summation is over the edges of the boundary mesh. Finally, the
membrane bending energy can be written as a function of the angle between
two adjoining triangles:

Ubend

1
= Kb ∑
2
i

θi − θi0

!2

θi0

where the summation is over pairs of triangles in the mesh.

(3.77)
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3.4.2

Intercellular Forces

In cell center models, contact interactions are a simple function of the distance between two cells, which are represented as single points. In the Voronoi models, cells are permanently in contact and a cell-cell interface consists
of a shared edge/polygon between the cells. In complex polygon models,
cells are composed of multiple, independent elements and contact interactions are defined between these elements using energy potentials.
For example, in two dimensions the basic elements are edges and vertices.
Contact forces that prevent the cells from penetrating each other when they
move must be included in the model. A simple solution is to introduce
an energy term in the model that effectively prohibits vertices from moving
through edges. We can use the same “hard” potential we used before for
the swimming bacteria example, except the distance now is between an edge
and a vertex. The resulting forces are calculated by taking the derivative of
the potential in regard to the distance, multiplied by the derivative of the
distance in regard to the point coordinates:

∇i U =

∂U
∂U ∂r
=
∂xi
∂r ∂xi

(3.78)

The hard sphere potential used for modeling swimming bacteria can be
adapted to include cell-cell adhesion by adding term attractive force term,
leading to the Lennard-Jones potential:
 
 r 6 
rm 12
m
U (r ) = e
−2
(3.79)
r
r
where e is the minimum energy and rm is the minimum energy separation
between the particles. Another commonly used potential for this purpose,
albeit computationally more expensive, is the Morse potential (81, 82, 83)
given by:
U (r ) = De [exp(−2β(r0 − r )) − 2 exp( β(r0 − r ))]
(3.80)
where r is the distance between the particles, r0 is the zero force separation
of the particles, De is the well depth and β is a scaling factor.
The Lennard-Jones and Morse potentials are approximate models for interactions between atoms and molecules, and are often used in molecular
dynamics simulations. However, when used for cell-cell adhesion, they are
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strictly phenomenological models that “do the job” but aren’t tied to the actual cell-cell adhesion mechanism.
Cells adhere to one another through discrete bonds that form between
adhesion molecules embedded in the cell membrane. Therefore it seems
reasonable that computational models of cell-cell adhesion also be based on
discrete bonds. For example, Jamali et al. (74) and Rejniak and Anderson (84)
modeled adhesion as discrete bonds, represented as springs or Voight elements that form when cells come into close contact and which rupture when
the cells are pulled apart with sufficient force.
Another model proposed by Bagchi et al. (85) for 2D cells (based on 86)
goes further by mechanistically modeling the reactions between the adhesion
molecules underlying bond formation (Fig. 3.13). Bonds are also assumed to
behave as linear springs, whose restorative force is given by f b = k b (l − l0 ),
where k b is the bond stiffness, l is the bond length and l0 is the unstretched
bond length. Cell-cell adhesion occurs between edges in close range forming
a cell-cell interface. The total force per unit length between adhesive edges
is proportional to the number of bonds formed between the two, given by
fm = f b nb |xx| where nb is the bond density on the edge and x is the shortest
distance between the two edges. The number of bonds nb between the two
edges is governed by reaction equations with reaction rates that depend on
the distance between the membranes x. Assuming that each edge contributes
equal numbers of molecules, the reaction equation is (85):
i
h
dnb
= 2 k + (n − nb /2)2 − k − nb
dt

(3.81)

where k + , k − are the reaction rates for forming and breaking bonds respectively, n is the total density of cross-linking molecules on the membrane and
nb is the density of bound molecules. The reaction rates are given by:


k ts (l − l0 )2
0
k + = k + exp −
if | x | = l < lt
(3.82)
2k B T


(k − k ts )(l − l0 )2
k − = k0− exp − b
(3.83)
2k B T
where k0+ , k0− are the equilibrium reaction rates, k b is the spring constant
of a single bond, k ts is the transition spring constant and lt is the threshold
distance below which bond formation may take place.
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molecules, that o f electrostatic repulsion between negatively charged m e m b r a n e s and static stabilization
o f glycocalyx, and that o f contact forces due to bulk cell deformation (adapted from Bell et aL, 1984,
with kind permission).

Figure 3.13 – Illustration of a model for cell-cell adhesion based on discrete bonds forming
between adhesion molecules. From Zhu (87).
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Pb = 1 − exp (−kon ∆t)

(3.84)

Pr = 1 − exp (−koff ∆t)

(3.85)

kon = k + A(n − nb )

(3.86)

with

koff = k − A(n − nb )

(3.87)

where A is the area of the cell membrane that is sufficiently close to form
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bonds. At each timestep random numbers are chosen and compared to these
probabilities to determine whether to form or rupture bonds.

3.4.3

The Immersed Boundary Method

One field in which three-dimensional cell-based models are particularly well
developed is blood rheology. The flow of blood through narrow capillaries is
difficult to model macroscopically since the shape and deformability of the
individual RBCs plays a major role in determining the peculiar flow of blood
through arteries. Therefore researchers in the field have turned to cell-based
models in order to explain blood flow through small arteries.
The Immersed Boundary Method (IBM) is a modeling framework for
elastic membranes immersed in liquids. The method has been used extensively for detailed simulations of cellular systems, particularly where flow and
hydrodynamic effects are important. Cells are modeled as deformable capsules with a viscous liquid interior enveloped by an elastic membrane. Furthermore the capsules are assumed to be immersed in another liquid, which
may have a different viscosity. Assuming that the fluids are incompressible,
the Navier-Stokes and continuity equations can be used to model fluid flow
and the interaction between the fluid and the immersed elastic membranes:

ρ

∇ ·
u
∂u
+ u · ∇u
∂t

= 0
= −∇ p + µ∇2 u + F

(3.88)

where ρ is the density, µ(x, t) is the viscosity, u(x, t) is the flow velocity and
p(x, t) is the pressure of the fluid. The final term F(x, t) is related to the force
applied on the fluid by the immersed membranes by:
F(x, t) =

Z
M

f(x0 , t)δ(x − x0 )dx0

(3.89)

where M is the membrane surface, f is the membrane force and δ is the
three-dimensional delta function such that δ(x − x0 ) = 1 if x = x0 and is 0
elsewhere. In practice the fluid equations are typically solved numerically at
discrete points on a regular square grid. The membrane, however, is usually
represented by a set of discrete points that are not bound to the lattice positions. The fluid is said to have a Eulerian representation, since the points of
interest are fixed in space, whereas the membrane is said to have a Lagrangian
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2. Interpolate the forces on the membrane nodes to the grid used for the
fluid (Eq. 3.90).
3. Solve the Navier-Stokes equations using a standard solver on the grid
(Eq. 3.88), yielding the fluid velocity as the grid points.
4. Calculate the approximate velocity of the membrane nodes using an
interpolation scheme similar to Eq. 3.90.
5. Update the membrane nodes’ positions using the interpolated velocities.

3.5

Cells as Particle Clouds

In the previous sections we presented models in which cell membranes are
modeled explicitly and are composed of discrete solid elements, whereas the
cytoplasm of the cells is either modeled implicitly (using a simple elastic
volume constraint), or explicitly using discrete elements or as an Eulerian
fluid. In this section we present two alternative methods which only use
particles to model both the cell membrane and cell cytoplasm.
In the sub-cellular element model (SEM) proposed by Newman (91), cells
are represented as a packed aggregate of particles, each of which represents
a small portion of the volume of the cell. The dynamics of SEM models are
based on Langevin dynamics, where the forces on the particles are given by
Morse-like potentials with a repulsive and an attractive term. The particles
are not held in a fixed topology by mechanical elements, as was the case with
the models of the previous section, but are instead free to move past each
other, resembling a “cloud” (Fig. 3.16 ). Multiple cells are prevented from
merging by manipulating the parameters of the Morse potential such that
contact between particles of different cells results in higher energy compared
to contact between particles from the same cell. The SEM is somewhat like
a continuous version of the Cellular Potts Models (CPM), where the contact
energies are chosen such that the pixelized cells do not merge, except that
the representation of the cells is not constrained to a grid and the number
of particles that compose each cell is explicitly controlled in the SEM, rather
than introducing an energy penalty to control cell size as is the case in the
CPM.
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maintainlipse stiff-
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in flow, initialized on a regular lattice. The RBCs collide, interact,
and deform in a physical manner. Qualitatively, the disorder and
mixing of the RBC’s reaches steady state after 0.45 s. The total
computational time was only 10 hours on 15 CPUs.

The simulation domain size was &length , width , depth'
= &100, 33, 27'. The 200 RBCs where initialized randomly
on a rectangular lattice filling the simulation space !holding
up to 210 RBCs", with 1 micron spacing between them !one
lattice Boltzmann node". The volumetric cell concentration
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Newman’s model is based on phenomenological potentials whose parameters are difficult to relate to experimental measurements. In contrast, van
Liedekerke et al. (93) used a particle based method using more physical models for the cell membrane and the cell cytoplasm. The cytoplasm is also
 K;L 3 discrete
0cJK; ?G L   particles,
0cJK; ?G L 7
modeled using
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[<>U &< H[-T a>AA -b B>D- UFB- U>BHA- HHA>& [>FDU F3 [<- * D+ _U- [<-Uphenomenological potentials. The Navier-Stokes equations are solved approximately using the so called smooth particle hydrodynamics (SPH) method,
with the particles serving as a discretization of the fluid domain.
The SPH method is a general method for solving partial differential equations that was initially developed for solving difficult numerical problems in
theoretical astronomy. It has since found widespread applications, including
cell-based models. The SPH method assumes that the solution f ( x, t) of some
partial differential equations can be approximated using an interpolation of
the solution values at a discrete set of particles that fill the domain:
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f (x) ≈

∑

Vj f ( x j )Wij

(3.91)

j∈nhd( x )

where Vj is the volume of particle j and Wij = Wij (rij , s) is called a kernel
and is a function of the distance between the particles rij and the smoothing
length s, which is the radius of the interaction neighborhood of the particles.
The kernel function is chosen to be continuous, amongst other conditions,
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allowing the partial derivatives, needed for the NS equations, to be calculated analytically for the approximate solution in Eq. 3.91. This removes the
need for a grid representation of the domain used to approximate the partial derivatives of the solution using a finite-difference scheme. Instead, the
solution’s derivatives are given as a function of the kernel function’s derivatives which are calculated analytically. In case of fluid particles, the particles’
acceleration is given by Monaghan, van Liedekerke et al. (94, 93):
!
!
Pj
µi + µ j
dvi
1 ∂Wij
Pi
= − ∑ mj
vij
(3.92)
+ 2 ∇i Wij + ∑ m j
2
dt
ρ
ρ
r
ρ
ρ
i j
ij rij
j
j
j
i
where v is particle velocity, m is mass, P is pressure, ρ is density and µ
is dynamic viscosity. The first summation is due to forces related to local
changes in the fluid density and the second summation is due to viscous
forces.
The cell membrane is also modeled using particles except these are bound
by viscoelastic tethers forming a triangular net. The triangles are not solid
elements, as in the previous models. Instead, oncoming fluid or membrane
particles interact either directly with the particles at the vertices or with “virtual particles” placed in the middle of each triangle. The fluid particles are
made to interact with the membrane particles using Lennard-Jones like forces
(93). Since each particle is spherical, the membrane surface is not smooth but
“knobby”. This is by design so that the fluid particles can become trapped
in the wells between membrane particles and move with the membrane (Fig.
3.17), simulating the no-slip boundary conditions.

3.6

Discussion

In this chapter we presented various cell-based models that are lattice-free,
i.e. models in which cell geometries and cell motility are not constrained
to a regular grid. There is a vast number of models that fit this category,
and although only a small selection was presented here, the techniques we
have presented give a fairly complete picture of what has been used to model
individual, interacting cells from a mechanical standpoint.
We presented models roughly in order of increasing complexity in terms
of how cells are represented and the computational cost for running simulations. In principle, any model that uses a more realistic representation of a
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At the other end of the spectrum are the complex polyhedron models that
can represent virtually any cell, but for which a number of equations must
be integrated for every single vertex in the system. Designing these models
requires knowledge of physical models for solid materials and hydrodynamics, which in turn requires a certain degree of comfort with calculus. Implementing these models as software is also quite complex. For handling the
geometry alone, non-trivial data structures and algorithms for building and
maintaining triangular meshes are required. And then there are the laborious
collision detection algorithms and data structures, not to mention choosing
a numerical scheme that keeps the system stable while using a long enough
time step to make simulations tractable. These aspects require advanced
programming skills, including knowing how to use lower level programing
languages such as C and Fortran, which with the rise of popular scripting
languages such as Python and Perl, is an often neglected art. All this may be
worth it, however, if the model can not only reproduce the system in glorious
detail, but also show emergent properties.
In between these extrema there are plenty of techniques one can employ
that strike the right balance between completeness and complexity. Complex polygon models are the most flexible type of cell-based model in terms
of what shapes cells may assume and how cells are organized, essentially
allowing for any arbitrary configuration. These models are most suited for
situations in which we have a particular interest in capturing irregular cell
shapes that are characteristic of the system, e.g. bottle-cells in gastrulating
embryos (73), the characteristic biconcave shape of red blood cells (80) and
extremely elongate filamentous cyanobacteria (95). Complex polygon models
also allow the cells to move freely as individual units and not necessarily as
part of an aggregate.
If the system in question is epithelial in nature and cells are mostly confined to some sort of aggregate and have roughly convex polygonal shapes,
then the Voronoi domain technique may be suitable for modeling the system.
Voronoi domains are fairly easy to implement, the most difficult part being perhaps generating the initial Voronoi tessellation. Fortunately there are
many publicly available libraries for this purpose. Once the initial geometry
is defined, Honda’s procedure for updating the geometry to reflect changing
neighbors is simple to implement. The Voronoi technique is very economical
in terms of memory usage and computational time, and is an elegant way
of realistically capturing the dynamics of epithelial systems. Additionally,
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using finite-element techniques allows for more realistic cellular deformation
models that treat the cells as true visco-elastic materials that capture both
bulk and shear deformation modes.
Single point models are the simplest lattice free models, but also the least
expressive. Cells are assumed to be spherical and cell deformation is not
handled realistically, but they are still a good choice for systems in which cell
shape is not particularly important and cells form at best loose aggregates,
such as in models of biofilms (e.g. 96), two-dimensional epithelial cultures
(e.g. 97) and bacterial systems (e.g. 53). If, however, the system has both
tight aggregates and loose cells, but cell shape within the aggregate is usually regular, then a hybrid Voronoi – cell center model such as that of Galle
et al. (57) is a possible compromise solution, the main drawback being its
higher computational intensity.
By far the simplest models to implement and work with are lattice-based,
since the model dynamics are typically specified in terms of discrete, intuitive rules. No numerical integration scheme is required and handling colliding cells is obviated by the lattice. Cellular automata models with ad-hoc
rules can be useful for rapid prototyping of ideas and can also be quasiquantitative, as in the blastocoel roof thinning example (14). Currently, one of
the most popular cell-based modeling techniques is the Cellular Potts model,
with numerous published applications currently found in the literature. The
success of the CPM can be in large part attributed to its flexibility, as it can
easily be used for both loose cells and aggregates, it handles cell-cell adhesion and cell motility well, and it can be extended in many ways, as briefly
touched upon in the previous chapter. It is also very easy to implement.
These features have made the CPM very successful in the field, however it
does have its limitations. Cells are treated as homogeneous blobs with no
simple way to introduce local structure or differentiation. It is very laborious
to impose differentiation within a CPM cell in which, say, one part of the cell
cortex is stiffer than the rest. CPM models are not good at imposing rigid
shape constraints on cells, and so it can be very hard to model bacteria using
a CPM. Finally, CPM models have no real sense of time: simulation length is
measured in Monte Carlo steps. The dynamics are only realistic in a statistical sense over a long stretch of steps as, for example, cells can briefly split
and appear within other cells.
Cell-based models have been gaining momentum as an alternative to traditional ODE and PDE models especially as computers become more power-
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ful and easier to program, and advances in cell biology techniques allow
for detailed in vivo imaging at sub-cellular scales. Continuum models are
only really suitable for space scales much larger than the size of individual
cells, where a single cell may be considered “infinitesimally" small. However, many interesting problems in biology occur on a smaller scale, where a
small group of individual cells can have a large impact and cell shapes and
mechanics are important. In the following three chapters we will explore two
systems where these conditions are present: the gastrulation of Nematostella
vectensis and pattern formation in cultures of filamentous cyanobacteria. We
use complex polygon models to model these systems, using elements from
the various models presented in this chapter. Despite the disparate nature of
the two systems, we will use a similar modeling framework for both, hinting
that the complex polygon approach may be general enough for a wide range
of systems.

