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Chapter 3

Information and Efficiency in Thin

Markets over Random Networks

3.1 Introduction

In this chapter we consider a market in which transactions only occur between linked traders.
These links occur as in a bipartite random network where every link is realised with the same
probability, independently of each other. Regular random graphs have been introduced by
Erd6s and Rényi (1960, 1961). The spot foreign exchange market is studied by
Gould et al. (2013a) and is an example of a market in which trade occurs through Bilateral
Trading Agreements. Traders provide a block list containing trading partners with whom they
prefer not to trade, to protect themselves against adverse selection and to control counterparty
risk. In such a market a transaction between two traders only takes place if both are not part of
the other’s block list. We use the model of Gould et al. and additionally assume that links are

realised with the same probability and independently of each other.

Markets over networks have been studied in various settings. Corominas-Bosch (2004) and
Chatterjee and Dutta (1998) consider a market in which side by side traders submit an offer
which the other traders accept or reject. In Corominas-Bosch (2004) all buyers have the same

valuation and sellers the same cost; this allows the network to be split into different subgraphs.
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

In every subgraph the short side extracts all the possible surplus. We show that under par-
tial information about the network structure, or under incomplete information about valuations
and costs, not all the surplus is necessarily extracted. Spulber (2006) and
Kranton and Minehart (2001) study simultaneously ascending-bid auctions in which
sellers jointly raise their ask until supply equals demand, and then trade occurs.
Easley and Kleinberg (2010) and Blume et al. (2009) introduce intermediaries who act
strategically and profit from trade. The power of a trader in a network is formalised in
Calvé-Armengol (2001) by considering the number of linked traders and their links. A higher
market power is achieved when a trader is linked to more traders and when linked traders have

fewer links themselves.

For bilateral trading Myerson and Satterthwaite (1983) and Chatterjee and Samuelson (1983)
study Nash equilibrium strategies that monotonely transform valuations and costs into offers
and exhibit an equilibrium in which they are piecewise linear. We restrict attention to linear
markup and markdown strategies where the intensity of the markup or markdown depends on
the information set that is available to the trader. These strategies have been introduced by
Zhan and Friedman (2007); Cervone et al. (2009) discuss a version that is symmetric between

buyers and sellers.

We consider thin markets with few traders, who trade only over existing links in a bipartite
graph. These links are formed independently with the same probability p in (0,1), forming a
bipartite random graph a la Erdés-Rényi. Traders behave strategically, and we derive equilib-
rium configurations depending on the information about the network structure that is available

to traders.

Three nested information sets about the realisation of the network are compared. Under no
information, traders place orders without knowing which links materialise, but simply the prob-
ability p that each link may exist. With partial information, traders know their own links and the

probability p that links may exist between other market participants. Under full information, the
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3.2. THE MODEL

entire structure of the network is common knowledge.

We study the effect of the quantity of information available to traders on allocative efficiency.
We show that this effect is non-monotonic. Furthermore, switching from complete to incom-
plete information about traders’ valuations flips the shape of this non-monotonicity. Under
complete information about traders’ valuations, we show that for any value of p both no in-
formation and full information lead to full allocative efficiency, while the partial information
regime is weakly dominated. However, under a more realistic assumption of incomplete infor-
mation about traders’ valuations, this ranking is reversed. If traders use linear markup strategies,

partial information strongly dominates full and no information for any value of p.

The organisation of this chapter is as follows. The model and the trading mechanism are de-
scribed in Section 3.2, together with the markup and markdown strategies and the information
sets. Efficiency under complete information about traders’ valuations is studied in Section 3.3,

followed by incomplete information in Section 3.4. Finally, Section 3.5 concludes.

3.2 The model

Let us consider a market over a bipartite Erd6s-Rényi network. In such a network every buyer
b; and every seller s; are connected with probability p in (0, 1) independently of other links.
Trade is possible only if a link exists. An example of such a market is the spot exchange market
studied in Gould et al. (2013a). In comparison with this market we add the assumption that
every pair of traders is linked with the same probability and independently of other links. Fur-
thermore, in the spot exchange market trade is only possible when both traders do not include
the other in their blocklist. E.g. this may occur when the trading partner does not exceed some
risk requirement and therefore the network structure is considered exogenous. Nevertheless, a
bijective transformation exists from the probability of a link in the spot exchange market to the
probability of a link in this chapter. The probability of a link in the spot exchange market is the

square of the latter probability.
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

A buyer desires to obtain one unit of a good and a seller seeks to sell one unit. Under complete
information valuations equal one and costs equal zero, whereas under incomplete information
the valuations v; of buyers and costs ¢; of sellers are uniformly distributed on the interval [0, 1].
This distribution is public information but the realisations are private information. The profit of
a buyer is equal to his valuation minus the transaction price if he trades and zero otherwise. The

profit of a seller equals the transaction price minus his cost after a trade and zero otherwise.

The probability of a link influences the expected allocative efficiency as absence of links makes
some trades impossible. Furthermore, expected efficiency is reduced by strategic behaviour of
traders, that could prevent feasible trades. Expected allocative efficiency is defined as the ex-
pected total realised surplus from trade divided by the expected maximal total surplus, i.e. the

expected total profit of all traders divided by the expected total maximal profit.

We show our results for a market with two buyers and two sellers. In this market the maximal
expected surplus equals 2 under complete information and % under incomplete information of
valuations and costs. The maximal expected surplus under incomplete information is derived
for a full network. From the point of view of buyer b,, he has the highest valuation with prob-
ability v; since the valuation of the other buyer is uniformly distributed. This results in a trade
with the seller with the lowest cost if this trade is feasible. The density function of the lowest
cost is given by 2 — 2¢y,;, and this trade results in a surplus of vy — cpiy. Similarly buyer by has
the lowest valuation with probability 1 — v; and he trades with the seller with the highest cost,
with density function 2cy,y, if this trade is feasible. Hence the maximal expected surplus of %
for a full network is obtained from

2 |:f01 j;lmm (’Ul - cmin)(2 - QCmin)’Uld/Uldcmin + fol f:mx (’Ul - cmax)Qcmax(l - vl)dvldcmax .

However, due to absence of links the maximal expected surplus is reduced, depending on the
value of p. For complete and incomplete information about valuations and costs, the ratios
between maximal expected surplus given the random network structure and maximal expected

surplus of the full network are given by
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3.2. THE MODEL
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In Fig. 3.1 it is shown that a difference in reduction of efficiency, due to restrictions of the
network structure, exists between complete and incomplete information. This is due to the dif-
ference in distribution of valuations and costs. Hence, under complete information every trade
results in the same surplus while under incomplete information extra links not only increase the
expected number of links, but also decrease the expected surplus per trade. Hence the difference

between both ratios of efficiency increases.
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Figure 3.1: Ratios of efficiency given the probability of a link for complete and incomplete
information about valuations and costs.

3.2.1 Trading mechanism

The symmetric trading mechanism consists of simultaneous submission of bids and asks by
all traders after which the offers are made public. A buyer ranks his connected sellers by their
asks, and a seller his linked buyers by their bids. Trades respect such preferences: preferred

buyer-seller pairs are matched with each other. As long as further trades are possible, such a
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

preferred pair naturally exists. Every seller desires to trade with the buyer with the highest bid
which ensures that this buyer can trade with his preferred connection. The trade is executed at
a price that is equal to the average of bid and ask and this is repeated until no further trades
are possible. In contrast to some related literature, this trading mechanism gives equal power to

both sides of the market.

If this trading mechanism does not lead to a unique outcome, as a result of traders that do not
have a unique preferred trading partner, the trading mechanism selects the outcome that max-
imises total surplus. Under complete information about valuations and costs this is conservative

towards our result, under incomplete information this occurs only in a nullset.

A possible realisation of the bipartite Erd6s-Rényi network with bids 3; and asks «; is given
in Fig. 3.2. In the first example buyer b; and seller s, trade after which b, and s, trade; this
coincides with the social optimum. In the second example however b; and s, trade. Hence the

most profitable trade occurs first and therefore a social optimum is not necessarily reached.

B,=0.9 B,=0.7 2 =09 B, =07

o =02 a,=03 o, =02 o, =0.1

1 2 1 2

(a) The social optimum is reached. (b) The social optimum is not reached.

Figure 3.2: Example of the trading mechanism.
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3.2. THE MODEL

3.2.2 Markup and markdown strategies

There is an incentive for traders to act strategically and bid below their valuation and ask above
their cost to obtain a higher profit. Under complete information about valuations and costs
traders choose a unique strategy given the available information about the network. Under in-
complete information traders choose a strategy that is depending on the realisation of their
valuation or cost. We assume that traders use linear markup and markdown strategies symmet-
ric on [0, 1] from Cervone et al. (2009). These strategies transform the valuations and costs as
follows:

A buyer with valuation v; bids Bi = v;(1 —md).

i

A seller with cost ¢; asks a; = ¢j+mf(l—¢).

The values m¢ and my denote the intensity of the markdown of buyer 7 and the markup of
seller j. The higher these values, the further away bids and asks are from the valuations and
costs. The Nash equilibrium markdown and markup strategies are determined on the basis of
the distribution of valuation and cost of others, not on the realisation of it. Moreover, we need to
take into account the information set of a trader. Hence the markdown and markup strategies will
not be a simple transformation of the valuation or cost, but will also depend on the information

that is available to traders about the network structure.

3.2.3 The information sets

We study the Nash equilibrium markdown and markup strategies depending on the information
set available to traders. Under complete information the valuations and costs are known; under
incomplete information only their distribution. Moreover, the number of traders on both sides
of the market is known. We consider the following nested sets of information about the network

structure, which are all common knowledge:
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

* No information: The probability of a link is known.

e Partial information: ~ The probability of a link is known as well as

the realisation of the own links.

e Full information: The realisation of the entire network is known.

Under no information only the minimal amount of information is available to traders. The prob-
abilities of all networks can be calculated and hence the equilibrium strategy depends only on
the probability of a link. Partial information allows a trader to base the strategy on the num-
ber of own links and hence the equilibrium strategy depends on the number of a player’s own
links and the probability that other links are realised. With full information the entire network

is known and the equilibrium strategy is based on the realisation of all links.

We show the partitions of the possible networks of the different information sets, for two buyers
and two sellers, in Figs. 3.3-3.5. Networks that are not distinguishable are shown in the same

partition.
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M N X

Figure 3.3: Partition under no information.
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3.3. COMPLETE INFORMATION ABOUT VALUATIONS AND COSTS
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Figure 3.4: Partitions with partial information from the perspective of the top left node.

N2 HTH XV
AATVTINIXKIK

Figure 3.5: Partitions under full information from the perspective of the top left node.
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3.3 Complete information about valuations and costs

To compare the expected efficiency given different information sets we consider a market
with two buyers and two sellers. Under complete information we assume that valuations and
costs are equal to one respectively zero, which is common knowledge. For each information
set we calculate the symmetric Nash equilibrium strategies from the profit functions given in
Appendix 1. These profit functions are a multiplication of the profit of trade and an indicator

function that attains the value one if the trade is feasible.

No Information

Under no information traders have no knowledge about the realisation of links; but they know
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

the probability that they occur. All the traders have the same information and thus they use the
same deterministic strategy. Naturally, bids can be decreased and asks increased until they are
equal. Hence in the unique symmetric Nash equilibrium buyers bid % and sellers ask % Given

the limitations of p full efficiency is reached; i.e. strategic behaviour does not reduce efficiency.

Partial Information

1

For computational reasons we restrict offers of traders to the grid [0, 5, .

.., 1]. Traders with one
link may prefer to be less aggressive to outcompete other traders. This requires them to increase
their bid or decrease their ask by i With a rougher grid this becomes less attractive. For a
rough grid with £ < 5 buyers bid and sellers ask % in equilibrium and hence full efficiency is

reached.

Below we show the equilibrium strategies as a function of p for k = 5, the roughest grid that
does not always lead to full efficiency. First given is the markup of a trader with one link, second
the markup of a trader with two links. For mixed strategies the probabilities are given by p;. In
the range ﬁ <p< 15 the latter equilibrium is unstable with respect to the strategy of traders
with two links. If one trader deviates to the stable equilibrium it is optimal for other traders to

deviate also, because this allows for trades between agents with two links.

0 <p<iE (30
5_1(‘)/5 <p< q_g: [,01§7 (1-— pl)%], [%] where p; = ﬁ.
A= <p<gm BLEL
\/% <p<i 2], [5] stable and [2], [2] unstable.
3 <p< B (g pd (1—pi— p2)3), 3],
where p; = —%{‘Si”? and py = —2%.
S5 < p <l 4, 14].

5-v5

For k = 5 we find that full efficiency is not attained for =7y

<p< ﬁ When the grid is
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3.4. INCOMPLETE INFORMATION ABOUT VALUATIONS AND COSTS

sufficiently dense full efficiency is not reached for every value of p. For denser grids this area
increases and hence the result may also hold without the assumption of a grid of strategies.
The subset of p for which traders with one link become less aggressive increases. As k goes to
infinity these traders use mixed strategies over an infinite number of strategies. When the prob-
ability p is sufficiently small, traders with two links will become more aggressive when traders
with one link are less aggressive. This does not hold when the probability p is relatively large,
because this will cause a profit of zero in a fully connected network. For a subset of p, strategic

behaviour reduces efficiency.

Full Information

Under full information traders have full knowledge about the realisation of the network. When
both sides of the market have the same size, bids and asks equal one half in the symmetric equi-
librium. For traders with one link it is not profitable to be less aggressive. When one side of the
market is thinner, it extracts all the possible surplus. Agents with one link are less aggressive
to outcompete the other trader on the same side of the market. Given the limitations of p full

efficiency is reached, i.e. efficiency is not reduced by strategic behaviour.

No and full information lead to full efficiency, given the limitations of the network structure.
For a grid of possible strategies we show that under partial information the strategic behaviour
of traders decreases efficiency for a subset of p. Moreover, we argue that with a denser grid effi-
ciency is decreased for a larger range of values for p. Under no and full information, restricting
strategies of traders to a grid has no effect. Hence a non-monotonicity occurs and partial infor-
mation is weakly dominated. Under complete information about traders’ valuations and costs it

is optimal when traders either receive all or no information about the network structure.

3.4 Incomplete information about valuations and costs

Under incomplete information, valuations and costs are uniformly distributed on [0, 1], where

the distribution is common knowledge but the realisations are private information. To com-
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

pare the expected efficiency given different information sets we again consider a market with
two buyers and two sellers. The necessary calculations for every information set are shown in
Appendix 2. As an example, the best response functions under full information are given below
for a network where buyer b; is connected with both sellers. We solve these to find the Nash

equilibrium strategies and calculate expected allocative efficiency, volume and profit.

Example

Network by <+ 51 & by <+ s

In equilibrium it holds that m{ = mj = m" and thus buyer b, trades with the seller with the
lowest cost ¢yin = min(cy, ¢2), which has pdf 2 — 2¢.,,,. We denote the profit of a buyer with
bid f; trading with a seller with ask «; as m(f;, ;) and similar for sellers. For simplicity we
disregard in this notation that the offers are a function of both the strategy and the valuation or
cost. The integration limits are set to indicate the region of valuations and costs in which trade

occurs:

1— 77’1/(1 - TYIV”

ﬁ f() e f{:1[11i11+7’1’u(1;(:min> ﬂ'(ﬁb amin)(2 - 2Cmin)dvldcmin = 0.

a
1—mf

7

Seller s; only trades when its ask is lower than the ask from seller s5:
¢+ m¥(l — ) < ¢y + my(l — cp). For a given cost ¢; this happens with probability

P(trade) = 1 — L=miertmizms .

1-mg
]—m(li—mi"
. = N |
[agﬂ, Jo T Jarmpasey m(on, ﬁl)ﬂb(trade)dvldcl} =0
1 l—m'li {WLg:Wff}

Solving these best response functions gives the Nash equilibrium strategies

m* =m¥ =m¥ ~ 0.110 and m¢ ~ 0.341.

The expected efficiency given the reductions invoked by absence of links is given by

l—m(li—m"
T =m® -1
jO = jm (Ul7Cmin)(272Cmin)d771dcmin
1—md
E(AE) = L ~ (0.858.
( ) fol fl (Ul_cmin)(2_20min)dv] dcmin

“min
The ratio between the expected number of trades and the maximal number of trades gives the

50



3.4. INCOMPLETE INFORMATION ABOUT VALUATIONS AND COSTS

expected volume:

1—mfd—m

E(Volume) = 3 fo ™™ [huimv e 1+ (2 — 26min)dvrdemin ~ 0.204.

1-mg

Similarly to the best response functions above we calculate the expected profit for a trader hav-

ing one link, respectively two links:

1-mé—m}

EA) = [ 7™ [liwwae) w(ar, B1)(1 = ¢;)dvide; &~ 0.038,

_d
]m1

d

l—mrl’—m"

E(II2) = [, 7 fim,lnu(licmw 7(B1, 1) (2 — 2emin)dvidemin =~ 0.138.
-my

Comparisons

No information outperforms full information in terms of expected efficiency for values of p
smaller than the benchmark ¢ ~ 0.106, but for large values of p the opposite holds, as shown in
Fig. 3.6. As the available information has no effect on the efficiency reduction due to absence of
links, we emphasise solely the effect of strategic behaviour. Hence the ratio is shown between
the realised efficiency and the maximal efficiency given the network structure. The maximum

differences are reached at p ~ 0.070 and p ~ 0.729.

No and full information No and full information
0.92 0.81
—no —ho
0.9f —full — full
z 2 0.805
S o.88f &
QL o
o o
£ 086 £
° o 08
2 0.84F 2
|53 |53
g g
i 082 i 0.795
0.8f
0.78 0.79
0.2 0.8 1 0 0.15

0.4 0.6 0.05 0.1
Probability of a link Probability of a link

Figure 3.6: Efficiency no and full information.

‘We find that the amount of information available to traders has a non-monotonic effect on effi-

ciency; irrespective of the probability of a link, partial information leads to the highest expected
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CHAPTER 3. INFORMATION IN MARKETS OVER RANDOM NETWORKS

efficiency. Moreover, we observe that switching from complete to incomplete information re-
verses the shape of the non-monotonicity. We conclude that in terms of efficiency the following

order of information sets holds:

0< p<c: [E(AEpartial) > [E(AEno) > [E(AEfun),
c<p< 1: [E<AEpartial) > [E(AEful]) > [E(AEHO).

The maximum difference between information sets is reached near p = % where the probability
of having one respectively two links is equal. At this point uncertainty about the network struc-
ture is the most reduced by additional information. Fig. 3.7 shows the efficiency under strategic

behaviour given the restrictions of the network structure, between the different information sets:

Ratio efficiency strategic behaviour

—no
0.9 —— patrtial
—full

Expected efficiency

0 0.2 0.8 1

0.4 0.6
Probability of a link

Figure 3.7: Comparison between ratios between efficiency under strategic behaviour and the
maximal efficiency given the limitations of the network structure.

These results can be explained by the equilibrium strategies for which the average value for
having one link, respectively two links, with their bands and the volatility for every value of p
are displayed in Fig. 3.8. The no information strategies are the highest, but are not subject to
volatility. The average partial and full information strategies are similar albeit the volatility is

significantly larger in the latter case. A higher volatility in observable market power results in a
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Expected strategies Expected strategies one and two links

L S S L S
no '~ no
. S — partial one link
0.3f partial 0.3 ~ - - - partial two links
% - - -bands partial % full one link
2 [T---_ _ —full A == full two links
8 0.25f R == bands full @ 0.25
g anas fu 15
3 3
S o2t g 02
o Q.
< >
) w
0.15¢ 0.15
L e 01
0 0.2 0.8 0 0.2 0.8 1

0.4 0.6 0.4 0.6
Probability of a link Probability of a link

(a) Expected strategies with bands. (b) Strategies for one and two links with bands.

3 Standard deviation

4x10

—no
3.51 —— partial
—full

2.5

15¢

Volatility of strategies

0.51

0 0.2 0.8 1

0.4 0.6
Probability of a link
(c) Volatility of strategies.

Figure 3.8: Distribution of strategies.

higher volatility of strategies, since the higher the observable market power the more aggressive

offers the trader submits.

The expected value of the bargaining power measure, as in Calvé-Armengol (2001), can be
calculated on the basis of the available information about the market. This measure takes on
values in the interval [0, 1] and is increasing in market power. For example with no information
the expected bargaining power is always equal to one half. Under partial information, having
two links results in an expected bargaining power larger than one half, in which case the trader
will aim for a higher profit. For this trader it results in possible large profits but reduces the
probability of trading. Having one link results in an expected bargaining power less than one

half. Under full information certain networks lead to an even higher dispersion between traders’
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expected market powers.

Volatility of strategies has a negative effect; lower markups cause a slightly higher efficiency
whereas higher markups may result in absence of trade. Partial information leads to the high-
est expected efficiency and the negative effects of higher markups for no information and high

volatility for full information are similar.

For example for p = %, under no information a trader will always use the markup strategy 0.224.
Under partial information a trader with one link uses 0.190 and a trader with two links 0.237.
Under full information the markup does not only depend on the own number of links but also
on the links of others. If a trader has one link his strategy ranges from 0.110 to 0.227, with two
links from 0.187 to 0.341.

Volume

In Fig. 3.9 the expected number of trades, i.e. the volume, shows a similar comparison as the
expected efficiency. For p > 0.030 we find that full information leads to a higher volume than
no information, for small p the opposite holds. For every value of the probability of a link, par-

tial information leads to the highest expected volume.

Expected volume

—no
0.3 — partial
—full

Expected volume

o o
° L 9 9N
- [$,] N (4]

©
=}
a

o

o

0.2 0.8 1

0.4 0.6
Probability of a link

Figure 3.9: Expected volume for all information sets.
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Expected profit

The expected profit for a trader that has one link, respectively two links, is shown in Fig. 3.10.
A trader with one link has the highest expected profit under partial information; for p < 0.408
the lowest under full information, and otherwise the lowest under no information. A trader with
two links has the highest expected profit under full information, the lowest under no informa-
tion. Comparing partial and full information, a trader with one link has a higher expected profit
under partial information and a trader with two links under full information. For any value of p

the latter is dominated and hence partial information leads to the highest expected efficiency.

Expected profit one link Expected profit two links
0.14
0.07 — o —no
—— partial — partial

0.065 full 0.13 —full
g o006 g
o Q.
o 0.055 K
Q Q
°© ©
2 005 2
ol ol

0.045

0.04

0 0.2 0.4 0.6 08 1 o 0.2 04 0.6 08 1

Probability of a link Probability of a link

Figure 3.10: Expected profit for having one (left) and two links (right).

3.5 Concluding remarks

In a bipartite Erd6s-Rényi market agents only trade in case they are linked to each other. The
trading mechanism allows preferred trades to occur, not necessarily the socially optimal alloca-
tion of trades. In such a market three ordered sets of information about the network structure are
considered; no, partial and full information. These information sets are compared under com-

plete and incomplete information about valuations and costs.
With no information only the probabilities of all networks can be calculated and hence the equi-
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librium strategy depends on the probability of a link. Partial information allows a trader to base
the strategy on the number of his own links and hence the equilibrium strategy depends on the
number of a player’s own links and the probability that other links are realised. With full infor-
mation the entire network is known and the equilibrium strategies are based on the realisation

of all links.

Under complete information about traders’ valuations, in a market with two buyers and two sell-
ers, no and full information lead to attain full efficiency for every probability of a link. Due to
strategic behaviour of traders, under partial information allocative efficiency might be reduced.
Hence we found that partial information is weakly dominated by no and full information and it
is optimal if either everything or nothing of the realisation of the network structure is revealed

to traders.

Under incomplete information about valuations and costs, expected efficiency given no and full
information are comparable, when we assume that traders use markup and markdown strate-
gies. For a small probability of a link no information outperforms and the opposite holds for
a large probability. Partial information leads to the highest expected efficiency, since markups
in no information and volatility of strategies in full information are higher, and thus strongly
dominates no and full information. Higher markups and a larger volatility increase the proba-
bility of absence of trades and hence decrease the expected efficiency. Knowledge of the own
links rather than only of the probability distribution improves efficiency, but adding knowledge
of the links of others decreases efficiency. It is optimal, when only the realisation of own links
is known. Therefore, more information does not necessarily lead to a higher expected allocative
efficiency. Furthermore, the expected volume and the expected profit for traders when they have

one link, respectively two links, are compared.

We demonstrated that the effect of the quantity of information available to traders on the alloca-
tive efficiency is non-monotonic. Moreover, the shape of this non-monotonicity flips over when

we switch from complete to incomplete information about traders’ valuations.
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Appendix A: Profit functions complete information about val-
uations and costs

The profit functions of buyer b; under complete information about valuations and costs are
shown below. These are used to calculate the Nash equilibrium markup and markdown strate-
gies. Some best response functions are symmetric and hence we find symmetric markups, and

simplifying assumptions about the strategies of others can be made.

Network 1: by <> s;

Buyer b trades if 1 — m¢ > m¥, which results in a profit of 7(md, m¥) =1 —

1—m‘f+m'f .
—

[E(Hbl) = 7T(Tn(li7 Tn%)]l{l—m‘mef}'

Network 2: bl <~ S1 & bl <> So
Buyer b; trades with the seller with the lowest ask m* = m¥ = m¥, if 1 — m{ > m%

[E(Hbl) = F(WL?, rnu)]l{lfmfzmu}'

Network 3: by <> 51 & by <+ 51
by only trades when its bid is higher than the bid from by, 1 —m¢ > 1 —m4, or with probability
one half if they are equal, if 1 —m¢ > m¥:

[E(Hbl) = ﬂ-(m(li7 m’%)]l{lfm‘meIl‘}(1{177n‘11>17m§} + éﬂ{m‘f:mg})

Network 4: by <> s1 & by <> s
Buyer b, trades if 1 — m? > m:

[E(Hbl) = 7T(Tn(li7 mzlL)]l{l—m‘mef}'

Network 5: by <> 89, by <+ 51 & by <> 59

Buyer b, is only connected to so. Unless by and s, prefer to trade with each other he trades with

89, if 1 — m¢{ > m¥. This happens unless m3 < 1 — m¢{ and m% < m¥:

(I, ) = m(m, ms) L mgzmgy (1= Limgcmty Limg <y )
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Network 6: by <5 51, by < 859 & by <5 59
If 1 —m¢ > m¥and 1 — m¢ > mY, buyer b; trades with s; except when he and s, both prefer
to trade with each other. The latter happens when 1 — m¢ > 1 — md and m% < m:
E(Iy,) = m(m{, m§) 11— g msy L a—mds1-mg) g <my)

+ ﬂ—(Tn(li7 m?)]l{lfm(lizm’l"}(l - ]1{171n‘1’>17m‘21}]1{m}2’<m'1‘})-

Network 7: by <> 51, by < 8o, by <3 51 & by <+ S
In the symmetric equilibrium both sellers use the strategy m" = m} = m}. Buyer b; can trade
as long as his bid exceeds the askprice of the sellers:

[E(Hh) = W(mlli7 7nu)-ﬂ {1—m‘f2m“}'
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Appendix B: Efficiency under incomplete information about
valuations and costs

The possible realisations of the network, without permutations, are given below. For each net-
work we show the best response function of buyer b; under incomplete information about val-
uations and costs. Some best response functions are symmetric and hence we find symmetric
markups, and simplifying assumptions about the strategies of others can be made. We denote
the profit of a buyer with bid f; trading with a seller with ask «; as 7(/;, ;) and similar for
sellers. For simplicity we disregard in the notation that the offers are a function of both the strat-
egy and the valuation or cost. The integration limits are set to indicate the region of valuations

and costs in which trade occurs.

Network 1: by <> s;
1-m$—m}
-

6 lf’fYLl
|:0mf fO

fcl] +mi(l—cy) 7T(,61,(11)d"l}1d611| =0

w_y,d
1=m{ {my=m{

Network 2: by <> 51 & by <> S
In equilibrium, m{ = m§ = m" and thus b; trades with the seller with the lowest cost

Cmin = Min(cy, ¢o) which has pdf 2 — 2¢pi:
d

u
1—mj—m

4 1
0;21(11 fo ! f"mm*mu(ldfﬂmiu) 71'(617 amin) (2 - 20min>dvldcmin =0.

l—ml

Network 3: by <> 51 & by <> 51

by only trades when its bid is higher than the bid from by, vi(1 — m%) > vy(1 — mg):
1-m§-—m¥
O TIemy el v1(1-mé
[ﬁ fo T=m] f‘_1+mi’(l—c1) (B, 1) éil—mgydvldcl =0.

T {mg=m{}

Network 4: b <+ 51 & by <+ 59
The network is split into two separate markets; the best response function of b; is the same as

in network 1.
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Network 5: by <5 89, by <+ 51 & by <5 89

by is only connected to s, and unless by and so prefer to trade with each other he can trade with

7)1(1 m¢) _ (A-my)catmy—mi
} 1-m¢ )

9. This happens with probability P(trade) = 1 — (1 — min{1,
We disregard the possibility that the latter term is negative, since in equlhbrlum the markup of

a trader with two links is higher than the markup of a trader with one link:

1-m§-—mY
o T—-my¥ 1 . . o
[W Jo T [ermya-ey T(Br, a)P(trade)dvide, ., =0
! 1-m{ {my{=m{,my=mg}

Network 6: bl <~ S1, bl <> So & b2 <> So

by trades with sy except when he and s, both prefer to trade with each other. This happens with

probability ”1?:”331)(1 -

(17mg)cg+m’2‘7m11‘) _ vi(1-m) -maX{O (1—=m¥)e1+my—my
my !

mo
T—m?¥ 1—md - 1, where we

disregard the possibility that the first term is negative:
1— ml m’f

i o (1—md ) e 4t —ml

[ 7 Jo o fc11+m11"(1—c1) (B, 1) (1 — % - max{0, Omlif#})dvldcl

1=m{

d
1—m{7 —'m,2

=+ fO g f}2+mu(1 cg) 7'1'(617 062)111(1777;‘11) (]_ — (1—m§b)cg+m‘2‘7mib)dvldcz]

1-mg 1—mf
=0.

1-md {m{=mg,my=m{}

Network 7: bl < S1, bl <> So, bQ <> S1 & b2 > So
In equilibrium, m{ = m§ = m" and thus b; trades with the seller with the lowest cost
Cmin = min(cy, ¢o) which has pdf 2 — 2¢, if his bid is higher than the bid of by. For a given

1)1(1 ml) b1

value of 3; = v1(1 — m¢) this happens with probability trades with the seller with

the highest cost ¢p.x = max(cy, ¢2) which has pdf 2¢,,x, if hlS bid is lower than the bid of b,.

1
For a given value of 8; = v;(1 —m¢) this happens with probability 1 — “(7";‘)
1—m mb
Ié) l—lm,“ 1 ) 2_9: vi(1— ml)d d
Om‘{ f(] fcminﬁ"r“(ld*"min) W(Bl? amin)( - Cmin) V1ACpmin
1—m!
1-m{—m '
E———_ -1 v (1 m¢)
+f0 ' jm ﬂ(ﬁlvamax)Qcmax(l - = “mg T )dvldcmax:| =0
1=m {mu=mg=m{}

Full Information
In the full information setting, traders have knowledge of the entire realisation of the network.

Hence Nash equilibrium strategies are calculated per possible network.

60



APPENDIX B: EFFICIENCY UNDER INCOMPLETE INFORMATION

Network: b; <> s;
Solving the best response function of network 1 gives the Nash equilibrium strategies
m{ = m¥ ~ 0.227. This allows us to calculate expected allocative efficiency given the lim-
itations of the network structure, which is the ratio between the expected surplus from trade,

divided by the total expected surplus:
1-m§-—m¥

T—m 1
Jo ! fcﬁmtf(pcl) (vi—c1)dvider

1—m
E(AE) = T oo ~ 0.792.

Moreover, the expected volume, the ratio between the expected number of trades and the maxi-

mal number of trades, equals:

1— 'VVbl 'm.l

E(Volume) = L [, "™ [mml(l e» 1dvide; = 0.125.
1— m

Similarly to the best response function above we calculate the expected profit for a trader that
has one link

= JO ST fcll-t—m’l"(l—cl) 71'(51., al)dvldcl =~ 0.066.

d
l—rn1

Network: by <> s1 & by <> s
Solving the best response functions of network 2 and a symmetric version of 3 gives the Nash

equilibrium strategies m¥ =m¥ =m4 ~ 0.110 & md ~ 0.341:
1-m§-—m"
Jo T fl mt(1—cy ) (V1= Cmin) (2—2¢min)dv1demin
Tod
E(AE) = - ~ 0.858,

fol f;mn (v1—Cmin) (2—2¢min)dv1 demin

d

lm—m,

E(Volume) = 1 N o fm,“+mu(1 en) 1+ (2 = 2¢min)dvydepi, & 0.204,

d u
1-—mj—my

EMY = f, 7" [himvaen m(an, B1)(1 = ¢r)doyde; = 0.038,

1—md
1-mé—m®

[E(Hz) = fO 1omt fmm+rn“(l Cmin) (/617 (11)(2 — ZCmin)dvldein ~ (.138.

]ml
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Network: b; <+ s1 & by <+ s

This network is similar to the first network, except that expected volume is doubled.

Network: by <+ s9, by <> 51 & by <+ 59
Solving the best response functions of network 5 and a symmetric version of 6 gives the Nash

equilibrium strategies m% = m¢{ ~ 0.169 & m% = md ~ 0.246:

1— m‘}m1
E(AE)= [2 JO o j’cllﬁ»m’l"(ldfcl) (vg — 1)
lfrn2
x(1—(1- %)(1 — max{0, W#} ))dvadey
1-md-—mY ,
+o T c12+"15<l;cz> (v2 = Cz)wf:ﬁz)(l - (FinCfHerl )dvades]
1—m2
2f0 fc va = c1)(1 = (1 = 2)(1 = ¢1))dvadey + fo fc — 2)Ua(1 — ¢2)duvadesy
~ 0.867,
1— Inzm an !
E(Volume)= %[2 I Jertmra-en 1
17777.2
x(1—(1— %17;;";‘”)(1 — max{0, S ) )y dey
1-md-—mY )
+f0 T—m3 f612+m}(1 o 1- ugil 7:12)(1 _ (17’77L21C_‘2;Lﬂ,277rll )dUQdCQ ~ 0.293,
1— ’IVIZ t
l—Trlid—’m‘é‘
E(I)=fo "™ [armgo—e 7(B1,a2)
177711
. vl(lfmd) (1—mY¥)co+my —mY
x (1 — (1 — min{1, e Ha - BT ))dvidey
~ 0.056,
1-md—m} ] ] ’
EI2)= [, ™ f(-ll«f»'m’l‘(ld—gl) 7(Ba, 1) (1 — vzil WZ”"’) max{0, <17"“1‘3%})&12@1
1*7712’
1-mg—m¥ ,
o, f&w,,,,gud,m 7(Bs, al)”fl_j:i:‘z) (1 Uit ) duydey ~ 0,099,
lf'm.2
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Network: by <+ s1, by <> 89, by <+ 51 & by <5 89
Solving the best response function of network 7 gives the Nash equilibrium strategies

mt =mi =m4% =md =md ~ 0.187:

1—mé—m L (1)
T vy (1—m
[E(AE) = {fo " fﬁnin*m“(‘dfﬂmm) (Ul - Cmin)(2 - 26min) lfmfzil dvldcmin
1—m{
md—m,u
= rl v1(1—m'
+f tem fcmux«f»m,“(ld—cmax) (V1 — Cmax)2Cmax (1 — %)duldcmn

1 —mg

/|:f01 f(:mn(vl - Cmin)(2 - 2cmin)vldvldcmin

+j0 fcm, V1 — Cmax) 2Cmax (1 —vl)dvldcmax} ~ 0.913,

1-mf—m

E(Volume) = ;[2 Jo T Jaer e 1+ (2 = 2ein) 2 ml)duldcmm
lfml

1-m$—m

—T—mu 1l v1(1—m
+2 fO ' fwﬂd—cmx) 1- 2Cmax(1 - ]1(7m 1))d1'1dcmax ~ 0347,
1—m{

—mj 7Tn.1

f() - m“ fclnnnn+m7 (1 min) W(ﬁh amm)(2 2Cmm)Uldvldem

,m]

1-mf—m¥

1
+ f%pj—m) T(B1, Omax ) 2Cmax (1 — v1)dvidepay &~ 0.091.
l—ml

Combining the 4 possibilities of having only one link in the network, the 4 possibilities of
having one trader that has two links, the 2 possibilities of having two linked pairs, the 4 possi-
bilities of having 3 links in total, with the possibility of having a fully connected network, gives
a function of the expected efficiency in terms of the probability of a link. We show the expected
efficiency reduction due to strategic behaviour and the total expected efficiency. The latter is the

ratio of efficiency reductions due to strategic behaviour and the limitations of the network:

[E(AE ) 0.132- 4p(l —p)3+0.215- 4p (1-p)2+42:0.132-2p*(1—p)2+0.311-4p> (1— p)+0 366-p*
s Lap(1-p)3+5-4p2(1-p)2+ 1 -2p2(1-p)2+ 15 - 4pP (1—p) + 2 p* ’

0.132:4p(1—p)340.215-4p? (1—p)?+2:0.132-2p (1—p)?+0.311-4p> (1—p) +0.366-p*
> .

5

E(AE,,) =
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The expected volume as a function of p is given by
E(Volume) = 0.125 - 4(1 — p)*p + 0.204 - 4(1 — p)?*p* +2-0.125 - 2(1 — p)*p?
+0.293 - 4(1 — p)p® 4+ 0.347 - p*

A~ 0.499 - p — 0.181 - p® + 0.039 - p> — 0.009 - p*.

Furthermore we calculate the expected strategy as a function of the probability of a link:
3 2-0.110+0.341 9 9 9 9
E(m) =0.227 - 4(1 — p)’p + ————— - 4(1 — p)*p* + 0.227 - 2(1 — p)*p

3
0.169 4 0.246
+ ~4(1 — p)p® +0.187 - p*

0,908 - p — 1.522 - p? + 1.150 - p* — 0.349 - p*
- 1—(1-p)* '

Conditioning on having one link, respectively two links, we calculate the expected profit:
E(m') =0.227 - (p(1 — p) + (1 — p)*) + 0.110 - p(1 — p) + 0.169 - p°

~ 0.227 — 0.117 - p 4 0.059 - p?,
E(m?) = 0.341 - (1 — p)® 4+ 0.246 - 2p(1 — p) + 0.187 - p*> ~ 0.341 — 0.191 - p + 0.036 - p*.

Moreover, the expected strategy of a trader with one link, respectively two links, is given by
E(IT) = 0.066 - (p(1 — p) + (1 — p)?) + 0.038 - p(1 — p) + 0.056 - p*

~ 0.066 — 0.028 - p + 0.018 - p?,
E(I1?) = 0.138 - (1 — p)? + 0.099 - 2p(1 — p) + 0.091 - p? ~ 0.138 — 0.177 - p + 0.130 - p*.

Partial Information
In this setting, traders know only the realisation of own links and the probability of the other
links. Hence Nash equilibrium strategies for having one link m! and for having two links m?

are found based on the best response functions given below.

If a trader has one link the possible networks are 1, 3, 4 or 5 and hence the best response function

is given by
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1-mé—m!

[0%‘11(1 =P Jo T [epmiaey 7(B1, 01)duide;

1—777,1

1-m{—m?

=P fo 7 [hima e W(ﬁh%)lzll ij dvidey

l—ml

1-m$—m!

+(1=-p?fo fclnmlmd—m (A1, q)dvidey
lfml

1-m§ —m?

o fflz+m ) (1, az)

><rnin{1, 1_ (1 _ vliim@ﬂ)(l = m?(’glm —m! )}dl}ld(, . }
me=my

If a trader has two links networks 2, 6 or 7 are possible and which results in the following best

response function:

1-m$—m!

Zml 1
|:3de (1 - p)2 fO ! frmi,ﬁml(lfcmm) 7r(/317 Oémin)(2 - 2Cmin)d'uldcmin

l—m,l

1-m{-m! ml

v *'Hld —m")c me—m
Pl T fhrma-ey m(Br,ar)min{l, 1 — 2lom) Gomiertiiomty g gy

1-m! 1-m?
1—m{
1-m$—m? .
ST v1(1—mY) (1-=m?)ea+m?—m!
+j0 " fcz+7712(1 o) W(ﬁl,ag) 1—m11 (1 — ol d’UldCQ]
1—m{
1-mé—m?
2 1-m? 1 vi(1-m$)
+p [f() fcmin+m2<lfcm;n) ﬂ'(/.317amin)(2 - 2Cmin) 1—m2 dUldein
1—m!
1
1-m$—m? p
T 1—m?2 -1 vi(1—m¢)
+ j[) " JCmux+m2(1*Cmux) ﬂ-(ﬁla amax)Qcmax(l - 1—m21 )dvldcmax] ; =0
1-m{ ' {m2=md}

The Nash equilibrium strategies are calculated with double precision from these two best re-
sponse functions. The second derivatives in these points are smaller than zero; ensuring a max-

imum.

No Information

With no information the only knowledge about the network is the probability that a link oc-
curs. Hence the best response function of b, is a weighted average over all seven best response
functions given above. Because of symmetry we may assume that all other traders use the same

strategy, i.e. m = m$ = m¥ = my:
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lm—m

[am‘l Pfo = fcl-f-lm(jl(licl) 7(B1, aq)dvrdey
1-md-m
p:fy T fLm,,,+m<1 ean) T (81, @1)(2 = 2¢min ) dv1dCmin
1— m —m . "L 4
+ f S fq+;n(1 c1) 71'([31, (yl)vl((ll:nzl)l)dvldcl

1
l—m.l —m

+2(1 = p) 21)2 f e fclﬁm(l;q) (B, ay)dvidey
1

—m{

l'm—m

ol fwmiwﬁ(ﬁhaz)(lf(lfmm{l wl=m) 1) (1 — ¢y))dvrdes

1-m
1—md

1-mf-m o
21 =p)p*lfy " fhemaen (81, a1)(1 — min{1, 2" e dodey
l—nLl

1-m{-m

+f tem fc2+m(l ) W([)’l,O/Z)M(l — Cg)di}ld(‘g]

1— m.l m

+p4 [ fO e f"1|11in+1m(1;"min) ﬂ-(ﬁlv amin)(2 - 20min) Ul(ll_::“)dvldcmin
—md

1-m{-m

+ fO e fm 77(617 ade)ZCmdx(l - M)dvldcmaxﬂ{ =0

1—m d
1—md m=m{}

The Nash equilibrium strategy m¢ is solved to be the solution in [0, 1] of
Root [ — 40 + 45p — 41p” + 22p°
300 — 340p + 203p? — 61p°)m?
700 + 875p — 254p? — T7pP)m?

4

+

+ (=

+ (780 — 1070p + 32p* + 306p°)m°
+ (—460 + 670p + 124p — 258p%)m
+(

120 — 180p — 40p* + 60p®)m? ] =0.
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