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et CNRS - Domaine Scientifique et la Doua, 69622 Villeurbanne Cedex, France

received 11 August 2005; accepted in final form 30 March 2006
published online 26 April 2006

PACS. 68.15.+e – Liquid thin films.
PACS. 47.20.Ma – Interfacial instabilities (e.g., Rayleigh-Taylor).
PACS. 68.03.Cd – Surface tension and related phenomena.

Abstract. – Recently it was demonstrated that the presence of density variations in thin
films can induce interactions that cause destabilization and rupture of thin films. In apolar
films the surface tension is also dependent on the film density, so that a lateral variation in film
density creates a surface tension gradient, thus producing a Marangoni effect. We include this
effect in the hydrodynamic equation governing the evolution of the film profile and perform an
analysis of the stability of the film. In particular, inclusion of the Marangoni effect causes the
characteristic length scale of the initial flat film instabilities to scale with the film thickness h0

to a lower power (down to n = 0.5) than without this effect.

Introduction. – The stability of thin films deposited on solid substrates has been a sub-
ject of intense research the last years, owing to its practical importance in coatings, and to the
more recent interest in using dewetting of thin films for controlled patterning of surfaces for
nanotechnological applications [1]. The process by which a thin film may become instable and
break up into a pattern of holes and droplets, has been attributed to two different mechanisms;
nucleation and spinodal dewetting [2]. Recently, Wensink and Jérôme [3] proposed an alter-
native mechanism that resembles spinodal dewetting. Their idea was that confinement and
restructuring of the molecules in the film creates density variations that in turn change the sign
of the effective film-substrate interactions, thus leading to the dewetting of a film expected to
be stable. This film rupture mechanism was suggested by experiments by Demirel and Jérôme
on thin films of liquid crystalline glasses [4]. The theory was elaborated by Sharma et al. [5,6],
who also found that density variations could stabilize otherwise unstable films. It was pointed
out that the surface tension of apolar thin films is a function of film density [7] and accounted
for this in the linear analysis of the film stability. However, the fact that a surface tension
gradient will produce a Marangoni flow effect was not taken into account. This phenomenon is
usually associated with concentration gradients in soap films [8] or with temperature gradients
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in heated films [9,10]. In this work we theoretically investigate the effect of a Marangoni flow
induced by density gradients (density-capillary effect) on the stability of a thin film.

Thin film evolution equation. – The film rests on a solid substrate describing the xy-
plane, with z = 0 at the film-substrate interface. For an ultrathin film, the film aspect ratio
ε = h0/λ is small, with h0 being the average film thickness and λ is a characteristic lateral
length scale. This permits the application of the lubrication approximation to the Navier-
Stokes equations (NSE), retaining only terms that are of order ε0 [11]. The mass conservation
equation for a compressible fluid reads ∂tρ+∂x (ρu)+∂y (ρv)+∂z (ρw) = 0, where ρ is the local
film density and u, v, w are the x, y, z velocity components of the film liquid, respectively. In
the lubrication approximation, the Navier-Stokes momentum conservation equations reduce to

µ∂2
zu = ∂xΠ, µ∂2

zv = ∂yΠ, ∂zΠ = 0, (1)

where µ is the film viscosity. The pressure Π acting on the film surface is the sum of the sur-
face tension or capillary forces p and a disjoining pressure φ originating from the interactions
acting on the film. To retain the capillary terms, it is necessary to take the the surface tension
γ to be of order ε−3 [11]. The disjoining pressure is due to the net long-range van der Waals
forces between the film and the substrate, giving φ = A/6πh3. The effective Hamaker constant
A = ALL−ASL is the difference between the liquid-liquid Hamaker constant ALL = CLLρ

2 and
the liquid-solid Hamaker constant ASL = CSLρSρ, where ρS is the density of the substrate.
The constants CLL and CSL are related to the intermolecular interactions in the materials [7].
A > 0 implies an attractive interaction between the film and the substrate, leading to thinning
and dewetting of the film, whereas A < 0 signifies a repulsive interaction, promoting wetting.

At the film-substrate interface, no-slip boundary conditions are imposed, so that v =
(u, v, w) = 0 at z = 0. At the free surface z = h we impose the kinematic boundary condition
w = ∂th+u∂xh+ v∂yh and normal and tangential stress balances. The normal stress balance
reads in the lubrication approximation

p(z = h) = −ε3γ∇2h, (2)

where γ is the surface tension and h is the local film thickness.
In the presence of surface tension gradients the shear-stress balance reads [11]

µ ∂zu|z=h = ε∂xγ, µ ∂zv|z=h = ε∂yγ. (3)

The surface tension of an apolar liquid is related to the film density through [6,7]

γ(ρ) =
ALLbρ

2

24πd2
0ρ

2
b

, (4)

where ALLb is the Hamaker constant of the liquid at bulk density ρ = ρb, and d0 is the cut-off
distance for van der Waals forces, typically d0 = 0.15 nm [6]. Assuming that the film density
ρ is a function of h only [3,6], the surface tension gradient can be decomposed using the chain
rule, so that ∂xγ = ∂ργ∂hρ∂xh. When the film is not uniformly flat, so that ∂xh �= 0, a film
density gradient ∂hρ �= 0 will produce a gradient in surface tension, which in turn leads to a
Marangoni flow [9,10,12,13].

Integrating the Navier-Stokes momentum equations (1) twice, applying the shear stress
balances (3) and the no-slip conditions, the lateral velocities are obtained:

vi =
(
z2

2
− zh

)
1
µ
∂i

(
φ− ε3γ∇2h

)
+
z

µ
ε∂iγ (5)
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with i = x, y. From the continuity equation and the kinematic boundary condition, assuming
that the film is so thin that density gradients along the z-direction are negligible [12], an
advection equation can be derived:

∂t (ρh) +∇ · (ρhv) = 0, (6)

where v = (vx, vy) are the cross-sectionally averaged components of the velocity field, vi =
1
h

∫ h

0
vidz. Averaging the velocities (5) and inserting the results in (6) produce the evolution

equation for the film surface profile h(x, y, t):

∂t (ρh) + �∇ ·
[
ρh3

3µ
�∇ (

ε3γ∇2h− φ
)
+
ρh2

2µ
ε∂ργ∂hρ�∇h

]
= 0. (7)

The last term in the square brackets notifies the presence of an additional flow arising from
the Marangoni effect.

Dimensionless equations. – In order to facilitate the discussion of the evolution equa-
tion (7), and also the numerical calcuations, we bring the equation onto a dimensionless form.
With h0 being the a lengthscale representative for the film thickness, the dimensionless vari-
ables and quantities are: H = h/h0, (X,Y ) = (x, y)

√
ALLb/2πε3γbh4

0, Z = z/h0, Σ = γ/γb,
Γ = ρ/ρb, T = tA2

LLb/3µ (2π)
2
γbh

5
0, and Φ = φ

(
2πh3

0/ALLb

)
. Here, ALLb and γb are the

Hamaker constant and the surface tension of the liquid at bulk density ρ = ρb. With these
rescalings, the evolution equation becomes

∂T (ΓH) + �∇ ·
[
ΓH3�∇ (

Σ∇2H − Φ
)
+MaΓH2∂ΓΣ ∂HΓ �∇H

]
= 0, (8)

with the dimensionless disjoining pressure given by

Φ =
Γ2 −WaΓ

3H3
. (9)

The dimensionless surface tension and density are related by Σ = Γ2. The dimensionless
Marangoni and van der Waals numbers read

Ma =
3πεγbh

2
0

ALLb
, Wa =

ASLb

ALLb
. (10)

In the absence of density fluctuations, the film is stable if Wa ≥ 1, and unstable if Wa < 1.
Wa > 0 and Ma > 0 always apply. Estimating the lateral length scale λ by balancing

vdW forces and the surface tension renders ε =
(
Â/16π3γbh

2
)1/2

, where Â is a rather small
Hamaker constant, to account for the modifications caused by the density variations. Inserting

for ε in (10) produces Ma =
√
Â/πγbh0/32πd2

0. With the representative values γb = 20–

50mN/m, Â = 1–10 zJ, and h0 = 10–100 nm, Ma is estimated to be in the order of 0.01–0.1.

Linear stability analysis. – The stability of aflat film of thickness H0 with respect to
infinitely small perturbations is investigated by inserting the Ansatz

H(X,T ) = H0 + ξ exp [iKX] exp [ΩT ] (11)

into the two-dimensional version of the thin film equation (8) and taking the limit ξ → 0 for
the amplitude of the perturbations. The sign of the growth rate Ω determines the stability of



864 EUROPHYSICS LETTERS

the film. The presence of a Marangoni flow results in an additional term to the growth rate
relation:

Ω =
−Γ0H

3
0

Γ0 +H0Γ′
0

{
K4Σ0 +K2

[
(∂HΦ)0 −

MaΣ′
0Γ

′
0

H0

]}
, (12)

where the subscript 0 denotes the flat film, Γ′
0 = (∂HΓ)0 and Σ′

0 = (∂ΓΣ)0. The film is stable
if Ω < 0, which is satisfied when

Σ0K
2 > −

[
(∂HΦ)0 −

MaΣ′
0Γ

′
0

H0

]
. (13)

For a flat film stable towards any fluctuations in thickness, eq. (13) is satisfied for all wave
numbers K, implying that the RHS of the inequality is negative. If Γ0 + H0Γ′

0 is negative,
the inequality sign in eq. (13) must be turned. The film will in this case always be unstable
for large K, regardless of the sign or magnitude of the disjoining pressure. This requires that
Γ′

0 be of the same order of magnitude as Γ0. Such extreme density variations are not likely
found in liquids, so this case will not be considered further.

Inserting (9) for Φ and Γ2 for Σ, we obtain the following growth rate for disturbances on
an apolar flat film:

Ω =
−Γ0H

3
0K

2

Γ0 +H0Γ′
0

{
K2Σ0 +

[
−Γ2

0 −WaΓ0

H4
0

+
2Γ0 −Wa

3H3
0

Γ′
0 −

2MaΓ0Γ′
0

H0

]}
. (14)

The three terms in the square brackets in (14) constitute an effective spinodal parameter ∂HΦ̃,
determining the stability of the film. If this spinodal parameter is negative, the flat film state is
unstable to small perturbations. Without density variations, Γ′

0 = 0 and Γ0 = 1, and the film
stability depends only on the value of Wa, as described above. In the case Γ′

0 < 0 and Wa < 1,
the film will always be unstable. With Γ′

0 < 0, signifying higher densities in thinner films, one
has Γ0 > 1. Considering only the two first terms, the stability criterion for the flat film is

Wa > Γ0
Γ0 − 2Γ′

0H0/3
Γ0 − Γ′

0H0/3
. (15)

When Γ′
0 < 0, this criterion will render the case Wa = 1 unstable. This is the case introduced

in [3]. For Γ′
0 > 0, the film stability will be enhanced, as discussed in [5,6]. With Γ′

0 > 0 and
Wa > 1, the film will always be stable.

Taking the Marangoni term into account, the stability criterion becomes

Wa > Γ0

Γ0 + 2Γ′
0H0

(
MaH2

0 − 1/3
)

Γ0 − Γ′
0H0/3

. (16)

Both the Marangoni term and the density variation term disappear with vanishing Γ′
0. For

Γ′
0 < 0, the denominator in (16) is always positive. Thus high Marangoni numbers will

push the critical value of Wa towards lower values, stabilizing the film. With Γ′
0 > 0 the

Marangoni term is negative, contributing to destabilizing the flat film. Thus the Marangoni
effect counteracts whichever effect the density variations have on the van der Waals disjoining
pressure. This is demonstrated in fig. 1, where the initial growth rate Ω is plotted against the
wave number K for different values of Ma.

The wave number Km of the fastest growing mode for the fluctuations is given by the
condition dΩ/dK = 0, which yields

K2
m = − 1

2Σ0

[
−Γ2

0 −WaΓ0

H4
0

+
2Γ0 −Wa

3H3
0

Γ′
0 −

2MaΓ0Γ′
0

H0

]
. (17)



H. Kaya et al.: Marangoni effect from density variations 865

0 0.5 1 1.5 2
K / K

m

-0.01

-0.005

0

0.005

0.01

Ω

Ma = 0
Ma = 0.1
Ma = 0.5
Ma = 1

0 0.5 1 1.5 2
K / K

m

-0.02

-0.01

0

Ω

Ma = 0
Ma = 0.1
Ma = 0.5
Ma = 1

Fig. 1 – Effect of the Marangoni flow on the stability of the flat film state. Left: an initially stable
film (Wa = 1.2) destabilized by density variations (Γ0 = 4/3, Γ′

0 = −1/9) becomes more stable with
increasing value of the Marangoni number Ma. Right: an initially unstable film (Wa = 0.5) stabilized
by density variations (Γ0 = 1/3, Γ′

0 = 2/9) becomes more unstable with increasing Ma.

For an unstable film, K2
m > 0, producing surface waves with wave length Λm = 2π/Km. For

spinodal dewetting by pure van der Waals forces, Λm scales as Λm ∼ H2
0 , due to the first

term in (17). At small thicknesses one expects that Γ′
0 will become significant and change

this scaling. With the density variation term, the scaling exponent n can take values between
1.5 and 2 [5]. When the Marangoni contribution is dominating, n can take even lower values,
down to n = 0.5.

Time evolution calculations. – We simulate the temporal evolution of a liquid thin film
with lateral density variations by numerically solving the partial differential equation (8). The
simulated film covers a domain size of 4Λm with periodic boundary conditions. The initial
film thickness was set to H = 1, with a random deviation with a maximum amplitude of 10−4.
The spatial derivatives are calculated by the Fourier spectral method. The time integration is
performed on the Fourier components using the explicit fifth order Runge-Kutta method [14].
The relative accuracy of this numerical integration was set to 10−4 for the initial profile and
increased up to 10−6 approaching film rupture. We adopt the density function of Sharma et
al. [5, 6] for the numerical computations. The film density takes the value ρi in the ultrathin
limit (h → 0). With increasing thickness, the film density increases (∂hρ > 0) or decreases
(∂hρ < 0) towards the bulk value ρb:

ρ(h) = ρb +
a

1 + bh
h∗

. (18)

The parameters in eq. (18) are given by a = ρi − ρb and b = (ρi − ρ∗) / (ρ∗ − ρb), where
ρ∗ = ρ(h∗) is the density at an arbitrary intermediate thickness h∗. The parameter b is
always positive, so that the sign of the density increment ∂hρ is determined by the (opposite)
sign of a. Equation (18) represent the simplest Padé approximant describing a function
monotonously changing from ρi at h = 0 to ρb at h→ ∞ via ρ∗ at h = h∗. Thus the function
is a good first-order approximation of any density changing monotonously with thickness. The
dimensionless version of the density function (18) is

Γ(H) = 1 +
∆

1 +BH
, (19)

where the dimensionless parameters are defined by ∆ = a/ρb and B = bh0/h∗.
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Fig. 2 – Surface profiles in one dimension for Wa = 1.2, ∆ = 0.5, and B = 0.5. (a) Ma = 0,
(b) Ma = 0.1, (c) Ma = 0.5, (d) Ma = 0.75.

The surface profiles are shown in fig. 2. The parameter values Wa = 1.2, ∆ = 0.5, and
B = 0.5 give density variations that destabilize the flat film state, which otherwise would have
been stable for this value of Wa. The surface waves grow in amplitude, and eventually the films
rupture. With increasing values of Ma, the characteristic length scale of the surface structures
grows. The number of surface waves is as expected from the linear stability analysis, except in
the case Ma = 0. Numerical tests confirmed that this deviation from the linear behaviour was
due to the nonlinear evolution of surface instabilities, and not the finite size of the simulation
box. As can be seen from the legends in fig. 2, the rupture times grow significantly when Ma
is increased, due to the counteracting effect of the Marangoni flow. Moreover, the appearance
of the surface profile alters as well. The surface undulations become more regular, indicating
that the slower nonlinear evolution modes evident in the case Ma = 0 are suppressed by
the Marangoni flow. The fast, linear mode is rendered more prominent, creating the regular
surface profiles. This effect, as well as the increased rupture time, occurs for even the small,
though physically realistic values of Ma. For the more extreme cases Ma = 0.5 and Ma = 0.75
the Marangoni flow also causes the droplet peaks to become flatter, which is apparent in fig. 2.
This peak flattening is due to the drainage of liquid from the peaks towards the troughs. In the
case Ma = 0.75 in fig. 2, a ridge is created around the hole. The Marangoni effect, combined
with the high gradients accompanying the film rupture, has here caused an accumulation of
liquid around the rupture point.

Conclusion. – Lateral density variations in apolar thin films subjected to long-range van
der Waals forces give rise to a surface tension gradient that counteracts the effect of the density
variations on the stability of the film. Thus the Marangoni flow can contribute towards both
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stabilizing and destabilizing the film. Though estimates show the Marangoni effect to be small,
numerical simulations showed that the inclusion of the effect in films that rupture by the den-
sity variation mechanism, will significantly increase the rupture time. When the Marangoni
flow counteracts the dewetting mechanism, the rupture time is extended significantly. More-
over, the nonlinear part of the evolution is suppressed, thus giving more importance to the
fastest, linear mode. This leads to a more regular droplet pattern. The peaks of these droplets
will appear flatter due to the drainage caused by the Marangoni flow. When the Marangoni
flow is strong, one can also observe ridges around the rupture points.

A final remark is in its place. Marangoni flow fields observed in heated thin films are
sustained by an imposed temperature gradient [10]. In the present case, the Marangoni flow
is produced by a density gradient modelled as an intrinsic feature of the film. In real films, the
density variations emerge due to restructuring of the film molecules, and the variations and
their effects on film stability represent transient features which will vanish as the molecules
attain their equilibrium configuration [4]. The present model with an imposed density varia-
tion is able to capture and describe these transient phenomena, but for a more general and
realistic description over a wider time-range, a coupled set of equations describing both the
surface profile and the film density should be considered [15].
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