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Chapter 4

Tracking ability with Metropolis
algorithms

Summary

In educational measurement, and specifically in considering computer adap-
tive learning (CAL) and computer adaptive practice (CAP) environments, we
expect parameters in item response models to change over time. We propose
two trackers for following the possible changes in ability over time. The track-
ers are constructed so that if parameters are stable for some time, the algo-
rithm converges to a known error distribution, centered around the true ability
parameters. The two trackers are both constructed using the Metropolis algo-
rithm, by directly using item responses either as a proposal value, or as an
acceptance variable. The resulting trackers are quite different in their charac-
teristics, and allow for exploratory research of growth patterns. In addition,
the known error distribution allows for an easy aggregation of parameter esti-
mates, e.g., for reporting results of groups or for survey research.

An earlier version of this text has been made available as a Cito technical report, see Brinkhuis
and Maris (2009).

59



60 Chapter 4. Metropolis ability trackers

4.1 Introduction

The dominant tradition in statistical inference, especially parameter estimation,
assumes that parameters are fixed unknown quantities, the value of which is
to be estimated. While this is a very reasonable assumptions in many situa-
tions, in the field of educational measurement, however, it typically holds true
that parameters change over time. For example, it is expected and desired that
abilities of students increase over time. Moreover, differential development of
these abilities is expected, for example due to instructional sensitivity and edu-
cational reform (Ruiz-Primo, Shavelson, Hamilton, & Klein, 2002), effects such
as the pygmalion effect (Rosenthal & Jacobson, 1968), methods of instruction
(Bloom, 1984), etc.

As long as observations are collected in a relatively short period of time, any
change in the ability of students during testing can probably safely be ignored,
but see Verhelst and Glas (1993), Verguts and De Boeck (2000), Rijkes and Kel-
derman (2007), or Finkelman, Weiss, and Kim-Kang (2010) for a discussion on
learning or strategy shifts during a test. Especially when testing extends over a
long period of time, changes in model parameters seem inevitable. An example
is given in Figure 4.1, where the development of arithmetic ability of 4 indi-
viduals is shown. These trajectories were obtained from an on-line computer
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Figure 4.1: Traces of developments paths of 4 random individuals in an on-line
practice environment.

adaptive practice (CAP) environment described by Klinkenberg, Straatemeier,
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and van der Maas (2011), where we selected 4 persons born in 2004 and a sub-
set of items containing the tables of multiplication1. In this paper we consider
how parameter estimation may account for possible changes in the value of a
parameter.

A straightforward approach to dealing with parameter change is to de-
velop explicit models for exactly how parameters change. For example, (la-
tent) growth modeling (Rao, 1958; Fischer, 1989; Stoel, van den Wittenboer, &
Hox, 2004) or change point estimation (Visser, Raijmakers, & van der Maas,
2009) can be used. In addition, state space models such as Kalman filters (KFs)
(Kalman, 1960; Fahrmeir & Tutz, 2001; Speekenbrink & Shanks, 2010; van Rijn,
2008) and hidden Markov models (Rabiner & Juang, 1986; Rabiner, 1989) are
popular and widely applied methods for modeling dynamic systems. The es-
timated state of these systems changes over time using sequences of noisy
measurements and involves two models: A measurement model relating noisy
measurements to the state, and a system model relating the states over time
(Arulampalam, Maskell, Gordon, & Clapp, 2002). In educational measurement,
an item response theory (IRT) model or hidden Markov model can be used as a
measurement model, and some growth model as the system model. We can re-
gard these models as sequential or recursive in the sense that new observations
are processed sequentially in time, without the need to process the entire set
of data when new observations are made. They are Bayesian in the sense that
the posterior predictive density function is updated after each measurement,
where previous measurements and the previous state are used as a Bayesian
prior. See, for example, the work of Arulampalam et al. (2002) for a tutorial on
such filters.

For all these statistical models we can consider the model parameters as
time invariant given their specific growth models. These models are valuable
in countless applications, but their scope is limited in situations where growth
models are either unknown, very complex, or subject to change. One can again
consider the traces in Figure 4.1 as an example of the complexity of devel-
opmental paths. Though many specific theories of development exist (e.g.,
van der Maas & Molenaar, 1992), it is not well-defined how development or
growth takes place in, for example, large scale student monitoring systems,
where students are frequently tested over periods of a couple of years (e.g.,
Wauters, Desmet, & Van den Noortgate, 2010; Klinkenberg et al., 2011). Espe-
cially in large scale monitoring systems, we should encounter feedback loops,
i.e., actors such as students, teachers, parents, policy makers, etc., all act on

1 Figures are created using R (R Core Team, 2013).
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the results of the monitoring system. These feedback loops can, and should,
influence development, which results in complex dynamic development. Due
to the possible complexity of development, other approaches than modeling
development can be beneficial.

In this paper we propose an exploratory method that tracks these time
varying parameters, instead of modeling them. We specify as minimum oper-
ating characteristics that if parameters are stable for some time, the algorithm
converges to a known distribution around the true parameters and if parame-
ters change, the algorithm changes along. Such an exploratory tool allows to
shed some light upon how model parameters, e.g., ability, change over time
in the context of educational measurement. Confirmatory methods such as
growth curve modeling and filtering methods can be driven by results from
the proposed exploratory method.

4.1.1 The Elo rating system

Challenges concerning the measurement of continually changing abilities have
appeared in other fields as well. A lot of work has been done in the field of
measuring chess expertise. Already in (1929), Zermelo2 introduced a model we
now know as the Bradley-Terry-Luce (BTL) model (Bradley & Terry, 1952; Luce,
1959) to measure chess ability. The influential work of Elo (1978) describes sev-
eral methods to deal with large numbers of chess games, including a method
to dynamically track the continually changing playing strengths of chess play-
ers. His methods were adopted by the World Chess Federation (FIDE) and
several national chess federations, such as the The United States Chess Fed-
eration (USCF). Chess games are regarded as paired comparisons, where two
objects (players) are compared (play a match) and one is preferred over the
other (win or lose)3. Here we note the relation to an educational measurement
context, where students answer items. Every answered item can be regarded
as a student-item pair (e.g., van der Linden & Eggen, 1986), where we might
be interested in estimating either the ability of the students, the difficulty of
the items, or both at the same time. With the use of such pairs, we can describe
traditional examinations with a fixed item set, adaptive tests and tests that are
administered over time. The relation to educational measurement allows us to
use results from research that concerns the Elo rating system (ERS).

The ERS is a numerical system in which each player receives a rating which

2 We thank Dr. Gerhard H. Fischer for calling attention to the work of Zermelo. See Glickman
(2013) for a historical perspective on this pioneering work.

3 Draws are ignored for the sake of simplicity.
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may be converted into a winning probability. It consists of several different
forms with corresponding formulas. Below the Current Rating Formula for Con-
tinuous Measurement is presented (1978, p. 25).

Rn = Ro + K(W −We) (4.1)

Rn is the new rating after the event.
Ro is the pre-event rating.
K is the rating point value of a single game score.
W is the actual game score, each win counting 1,

each draw 1/2.
We is the expected game score based on Ro.

The player’s rating Ro can be updated after every match, allowing for contin-
uous measurement. In (4.1), the possible values of W are {0, 0.5, 1}, and the
positive sign of We indicates that in every case a player gains points if he wins,
and looses points if he loses. The amount of rating points that are at stake
depends on the difference between the actual game score W and the expected
game score We, multiplied by K. Consequently, a player competing against a
much higher rated opponent risks dropping few points when losing the game,
with the possibility of gaining many points when winning. The opposite holds
for the higher rated player competing with this lower rated opponent.

Properties of Elo’s sytem and alternatives are extensively discussed by
Batchelder and his co-workers in a series of papers (Batchelder & Bershad,
1979; Batchelder & Simpson, 1989; Batchelder, Bershad, & Simpson, 1992), also
noting the resemblance of the Elo’s formula in (4.1) to a linear difference equa-
tion. Many extensions to Elo’s system are available, for example by including
parameters that vary with time (Fahrmeir & Tutz, 1994; Glickman, 1999), allow
for sudden shifts in ability (Glickman, 2001), or include team ability estima-
tions in a large scale gaming application (Herbrich, Minka, & Graepel, 2006).

Formula (4.1) bases its updated state on an observed outcome and a previ-
ous state, satisfying the Markov property. Specifically, it satisfies a discrete trial,
inhomogeneous Markov process with on any trial two possible transitions, con-
cerning a win or a loss (Batchelder et al., 1992, p. 194–195). A player’s past is
only represented in the previous ability estimate, which allows for quick adap-
tation to changing ability levels. Due to this property, estimates in the rating
system do not converge to points, but remain noisy.

There are several desirable properties of Elo’s system to follow develop-
ment through time in an educational measurement context. It it a simple, self
correcting system which simultaneously tracks the ability of two opposing
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chess players, or of students and items at the same time. In the field of chess
ability estimation, it is widely accepted, applied and studied. However, if we
regard the rating system as a measurement model we find that properties
we desire from an estimator, such as unbiasedness and consistency are not
granted. The lack of such desirable properties make it quite challenging to
interpret traces from the ERS, such as when growth is statistically significant
or not. The graph in Figure 4.1 is made using the ERS, and therefore suffers
from the same shortcomings.

Batchelder and Bershad (1979) suggest an unbiased alternative to Elo’s
formula for sequential estimation, a simple linear difference system:

X̂t+1 = (1− a)X̂t + aXt+1 (4.2)

= X̂t + a(Xt+1 − X̂t) (4.3)

The linear difference system needs an unbiased estimator of ability to produce
unbiased results. Formula (4.2) displays a linear difference equation with con-
stant coefficients and random input Xt+1 (1979, p. 53). It is rewritten in Formula
(4.3) in the form of Elo’s rating system in Formula (4.1). Rating X̂t+1 is a new
rating, being assigned to each player after a tournament. X̂t is an estimate of
a players true rating, which might change over time due to update Xt+1. The
parameter a is a weighting parameter, bounded between zero and one.

The purpose of this paper is to apply well known methods from the field of
Markov chain Monte Carlo (MCMC) for the purpose of adaptive estimation of
educational progress. We will first discuss a Metropolis type of system as a flex-
ible solution to adaptive estimation in the next paragraph. In the Metropolis
system we have two logical places in which we can insert real item responses.
We will discuss in two separate paragraphs item responses as stochastic inno-
vations, and item responses as acceptance variables in the Metropolis system.
Both lead to different systems which we discuss and apply to simulations in
the succeeding paragraphs. We end with a discussion, where we suggest ex-
tensions and possible applications in several fields.

4.2 Methods

4.2.1 A Metropolis type of system

Basically, MCMC methods work in the following general way. A new state is
determined from the old state and some stochastic innovation, in such a way
that the resulting Markov chain converges to a, typically very complicated,
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invariant distribution. In adaptive estimation of ability, an obvious approach
is to let the stochastic innovation be determined by the responses of students
to items. If the random variable Xi denotes the current state of our dynamic
estimator, Yi denotes the response to the i-th administered item, and we assume,
for the moment, that the ability parameter θ does not change over time, we may
schematically represent the estimation procedure as follows:

θ θ θ ... θ

↓ ↓ ↓ ↓
Y1 Y2 Y3 ... Y∞

↓ ↓ ↓ ↓
X0 → X1 → X2 → X3 → ... → X∞

(4.4)

Our ultimate interest is in the distribution of X∞. Please note that trackers
conforming to this scheme are discussed in chapter 2, where Kullback-Leibler
(KL) convergence of such trackers is worked out in detail. Concerning X∞,
we specifically require it has a known distribution for which θ is the location
parameter, i.c.:

P(X∞ ≤ x) = F(x− θ) ≡ Fθ(x) (4.5)

where F is a distribution function that does not depend on any unknown
parameters.

The Metropolis algorithm (Metropolis et al., 1953; Chib & Greenberg, 1995)
from MCMC provides a flexible and powerful way to construct such a Markov
chain with a given invariant distribution. Formally, the Metropolis-Hastings
(M-H) (Hastings, 1970) algorithm may be characterized as follows:

Xt+1 ∼
{

Xt if Zt = 0

Yt if Zt = 1
∼ Xt ∼ Fθ(·) (4.6)

where Xt is our estimator of ability, a random variable from distribution Fθ ,
and Yt is a random variable from the proposal distribution G. The value of
zt determines whether the proposal value yt is accepted or rejected. The algo-
rithm is called the Metropolis algorithm if the distribution of Yt conditional on
Xt−1 is symmetric about the value xt, and the Hastings algorithm otherwise.

A Formal Characterization

As a courtesy to the reader we work out the consequences of this formal char-
acterization in some detail, for the case where Xt, and also Yt, is a real-valued
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random variable4. We simplify notation by using s = xt, the current state, and
t = yt, the stochastic innovation and proposal value. The schematic represen-
tation of the M-H algorithm given above translates into the following formal
characterization:

F(x− θ) =
∫ x

−∞

∫ ∞

−∞
π(s, t) f (s− θ)g(t|s)dtds

+
∫ ∞

−∞

∫ x

−∞
[1− π(s, t)] f (s− θ)g(t|s)dtds

(4.7)

where s = xt and t = yt.
π(xt, yt) = P(Zt = 1|xt, yt) is the acceptance probability, i.e., the probabil-

ity that we accept yt as a draw from Fθ , and g denotes the proposal density, i.e.,
the distribution of Yt conditionally on the value of xt.

With a change in notation, and a change in the order of integration for the
second integral we can express this equation as follows:

F(x− θ) =
∫ x

−∞

∫ ∞

−∞
π(s, t) f (s− θ)g(t|s)dtds

+
∫ x

−∞

∫ ∞

−∞
[1− π(t, s)] f (t− θ)g(s|t)dtds

(4.8)

which can further be simplified to yield:

F(x− θ) =
∫ x

−∞

∫ ∞

−∞
π(s, t) f (s− θ)g(t|s)dtds

+ F(x− θ)−
∫ x

−∞

∫ ∞

−∞
π(t, s) f (t− θ)g(s|t)dtds

(4.9)

from which we obtain the following condition:∫ x

−∞

∫ ∞

−∞
π(s, t) f (s− θ)g(t|s)dtds =

∫ x

−∞

∫ ∞

−∞
π(t, s) f (t− θ)g(s|t)dtds

(4.10)
Clearly, if the integrands on the left and right hand side are equal, the condi-
tion will hold, which gives us the following detailed balance condition (Chib &
Greenberg, 1995):

π(s, t) f (s− θ)g(t|s) = π(t, s) f (t− θ)g(s|t) (4.11)

It is important to observe that for given f and g the detailed balance condi-
tion does not admit of a single unique solution for π. For instance, both the

4 If we regard discrete distributions, integrals in formulas are simply replaced by summations.
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functions:

π(s, t) = min
[

1,
f (t− θ)g(s|t)
f (s− θ)g(t|s)

]
(4.12)

and

π(s, t) =
f (t− θ)g(s|t)

f (t− θ)g(s|t) + f (s− θ)g(t|s) (4.13)

meet the detailed balance condition. Observe that if we consider a Metropolis
algorithm, neither of these expressions for the acceptance probability π depend
on the functional form of the proposal density g.

Including item responses

A Metropolis algorithm involves three distributions: the invariant distribution
F, the distribution G of proposal values conditionally on the current state of
the Markov chain, and the acceptance probability π conditionally on both the
proposal value and the current state of the Markov chain. For the purpose of
adaptive estimation using item responses, it is important to observe that only
the distribution of item responses is given, and all three distributions needed
for the construction of a Metropolis algorithm may be chosen freely, as long as
they meet the symmetry condition on G and π satisfies the detailed balance
condition.

Since the invariant distribution f is assumed to be independent of the items
that are administered, we are left with two choices for directly incorporating
item responses. First, we may choose to use item responses as stochastic inno-
vations, where they determine the proposal distribution G which yields dis-
crete distributions for both F and G. This first system is worked out in section
4.2.2. Second, we may use item responses to determine acceptance or rejection
directly, as acceptance variables π. This second system is developed in section
4.2.3.

4.2.2 Item responses as proposal variables

Generally, a sequence of scored item responses from a single person can be
considered as a sequence of tosses of different biased coins. For example, con-
sidering the Rasch model (RM) (Rasch, 1960), the i-th item that is being ad-
ministered has difficulty δi, and hence the probability of a correct response
equals:

P(Yi = 1) =
exp(θ − δi)

1 + exp(θ − δi)
(4.14)
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Stated otherwise, the sequence of scored item responses involve independent
and non-identically distributed (i.n.i.d.) Bernoulli random variables. We show
how we may use these i.n.i.d. Bernoulli variables to construct a sequence of
dependent identically distributed (d.i.d.) Bernoulli random variables. That is,
we turn independent answers to different questions into dependent answers
to the same question using a Metropolis algorithm.

The state Xt of the Markov chain we construct is assumed to be governed
by an invariant Bernoulli distribution with parameter p:

p =
exp(θ)

1 + exp(θ)
(4.15)

The t-th item response of a person is the proposal value Yt, and is governed by
the following Bernoulli distribution:

P(Yt = 1) =
exp(θ − δI(t))

1 + exp(θ − δI(t))
(4.16)

where I(t) gives the index of the item that is administered at time t. Clearly,
if Yt equals Xt, the new state of the Markov chain will automatically be equal
to its previous value, so that the choice of π in that case is of no consequence.
If however, Yt does not equal Xt the choice of π becomes important. If we
consider the different ways the state of our Markov chain at time t + 1 can be
equal to one and require that its distribution is Bernoulli with parameter p we
obtain that:

P(Xt+1 = 1) =
exp(θ)

1 + exp(θ)
(4.17)

=[1− π(1, 0)]
exp(θ)

1 + exp(θ)
1

1 + exp(θ − δI(t))

+ π(0, 1)
1

1 + exp(θ)
exp(θ − δI(t))

1 + exp(θ − δI(t))

+ π(1, 1)
exp(θ)

1 + exp(θ)
exp(θ − δI(t))

1 + exp(θ − δI(t))

(4.18)

which, if π(1, 1) is chosen to equal unity, gives the following sufficient detailed
balance condition:

π(0, 1)
1

1 + exp(θ)
exp(θ − δI(t))

1 + exp(θ − δI(t))
= π(1, 0)

exp(θ)
1 + exp(θ)

1
1 + exp(θ − δI(t))

(4.19)
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which can be simplified to yield:

π(0, 1) exp(−δI(t)) = π(1, 0) (4.20)

We make the following choice, consistent with the detailed balance condition:

π(1, 0) = min

1,

exp(θ)
1+exp(θ)

1
1+exp(θ−δI(t))

1
1+exp(θ)

exp(θ−δI(t))

1+exp(θ−δI(t))

 = min
[
1, exp(−δI(t))

]
(4.21)

and

π(0, 1) = min

1,

1
1+exp(θ)

exp(θ−δI(t))

1+exp(θ−δI(t))

exp(θ)
1+exp(θ)

1
1+exp(θ−δI(t))

 = min
[
1, exp(δI(t))

]
(4.22)

We see that the acceptance probabilities do not depend on the unknown value
of θ, which means that as long as the item difficulties for all items are known,
we may actually generate realizations of the acceptance random variable Zt.

An implementation of the algorithm is expressed below in pseudo-code.
For each person, we estimate ability p by feeding dichotomous sequence x to
some algorithm, such as a moving average, or in this specific instance, a linear
difference algorithm.

if yt = xt−1 then xt = xt−1

else
if xt−1 = 1 and yt = 0 then

z ∼ Bernoulli(min[1, exp(−δI(t))])

if xt−1 = 0 and yt = 1 then
z ∼ Bernoulli(min[1, exp(δI(t))])

if z = 0 then xt = yt

if z = 1 then xt = xt−1

θt = (1− α)θt−1 + αxt

First, if the dichotomous item response yt is the same as the value of xt−1, we
do not change our latest estimate xt. However, if the value of yt differs from
xt−1, we draw a value z from the appropriate Bernoulli acceptance distribution.
Depending on the value of z, we either accept or reject our proposal value yt,
the item response. Finally, xt updates our ability estimate θt by means of a
linear difference equation with weight α, as presented in (4.2). While a linear
difference estimator on the d.i.d. sequence x will have a correct first moment
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(e.g., Batchelder & Bershad, 1979), results of further moments are left open for
further research. A simulation of this system is found in section 4.3.1.

4.2.3 Item responses as acceptance variables

The obvious alternative way to use item responses in a M-H algorithm is to use
the item responses a person gives as acceptance variables. Here we develop
such an approach. We now denote the response of a person to item δI(x,y) as Z,
the estimates as X and the proposal distribution as Y. Specifically, we choose

P(Zt = 1|Xt = x, Yt = y) = π(x, y) =


exp(θ−δI(x,y))

1+exp(θ−δI(x,y))
if y > x

1
1+exp(θ−δI(x,y))

if y ≤ x
(4.23)

That is, if the proposal value is larger than the current value, a correct response
implies that the new higher value will be accepted, whereas if the proposal
value is smaller than the current value, an incorrect response implies the the
new lower value will be accepted.

Moreover, we assume that the acceptance probability has the following
relation to the invariant distribution:

π(x, y) =
f (y− θ)

f (x− θ) + f (y− θ)
(4.24)

which means that the invariant distribution should satisfy the following func-
tional equation:

f (y− θ)

f (x− θ)
=

π(x, y)
1− π(x, y)

=

{
exp(θ − δI(x,y)) if y > x

exp(−θ + δI(x,y)) if y ≤ x
(4.25)

If for f the functional form of a normal distribution with variance σ2 is assumed
we readily obtain:

f (y− θ)

f (x− θ)
= exp

[
y− x

σ2

(
θ − y + x

2

)]
(4.26)

in which we can recognize an IRT model, specifically a two-parameter logistic
model (2PL) model, which means that items should be offered to the candidates
with a discrimination parameter of a = (y− xt)/σ2 and δ = (y + xt)/2. An
item bank with items with a large variety of discriminations and difficulty
indices is required for this purpose. We can restrict y− x to be equal to plus
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or minus σ2 in order to restrict the acceptance probability to a RM. Hence, if
we choose our proposal values from a symmetric distribution with half of its
probability mass at the value x + σ2 and half at the value x− σ2 by selecting
items with difficulty xt plus or minus σ2/2, then our variance parameter σ2

equals the step size of the algorithm. Clearly, we end up with a discrete Markov
chain.

We find, in contrast to the Markov chain developed in the previous section,
that this algorithm implies a definite choice for the item that is to be adminis-
tered at any given moment. Furthermore, the algorithm implies that the states
that can be reached lie on a grid, where neighboring values are σ2 separated
from each other.

Again, we provide an example of the algorithm in pseudo-code.

y ∼ N (xt−1, σ)

a = (y− xt−1)/σ2

δ = (y + xt−1)/2
candidate generates zt

if zt = 1 then xt = y
if zt = 0 then xt = xt−1

Based on the ability estimate xt−1 and variance σ2, an appropriate proposal
value is drawn from a normal distribution. An alternative distribution, as dis-
cussed earlier, can be used to obtain a RM. Item parameters for item selection
are calculated, and a response zt to this specific item is generated by the candi-
date.

Please note that though item selection is forced by the algorithm, its work-
ing is very intuitive. Consider that for any current ability estimate, a nearby
proposal ability estimate is drawn, and an accompanying item in between
the last ability estimate and the new proposal is offered to the candidate. If
for example a relatively high proposal estimate is drawn, and the selected in-
between item made correct, accepting the proposal is logical, since an item
with a difficulty lower than the proposal is made correct. If on the other hand
the selected item is answered incorrect, the last ability estimate is the more
logical choice and therefore the ability estimate is not updated. A simulation
of this system is found hereafter, in section 4.3.2.
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4.3 Simulations

We describe the results of some simulation studies to illustrate the algorithms
using item responses, as introduced in this paper. Two places were discussed
where item responses can be used directly in the Metropolis algorithm. First,
we provide a simulation where we use item responses as stochastic innova-
tions, resulting in a dichotomous sequence of states. Second, we develop an
example where item responses to specifically selected questions are used as
acceptance variables.

4.3.1 Item responses as proposal variables

We start by simulating a single student, who sequentially answers 500 different
questions. In this first study, where item responses are stochastic innovations
used as proposal variables, we have freedom in selecting what items to ad-
minister. We select 500 random Rasch items with difficulties drawn from a
uniform distribution ranging from -2 to 2. We illustrate how the algorithm per-
forms if ability is kept stable for a while, after which a sudden jump in ability
is induced.

The simulated person starts with an ability p = .2, which is the inverse-
logit of θ, cf. (4.15). The pseudo-code displayed in section 4.2.2 is applied to
the sequence of scored responses, and accepts or rejects responses such that
we obtain a d.i.d. chain as if the first item was answered many times. After
250 trials, the ability of the candidate suddenly changes so that the probability
to answer the first item correct changes to p = .8. We use a linear difference
system to estimate the probabilities back form the d.i.d. chain of responses x.

In Figure 4.2, we plot two sequences of linear difference estimates, together
with the simulated true probability of answering the first item correct. The pro-
portion of accepted proposals, i.e., item responses, is .84, which includes the
number of times when the item response yt equals the previous state xt−1. The
linear difference system needs a parameter α between zero and unity to weigh
new observations. If we choose a very small number, new updates receive a
small weight and changes therefore occur quite slow. In Figure 4.2, two se-
quences of ability estimates are plotted for two different values of α, but based
on the same dichotomous d.i.d. sequence. Note that for larger a α, indeed more
noise is observed in the estimates, but they also adapts more quickly to the
new value of p = .8.

We remark that in considering multiple persons simultaneous, mean ability
estimates are clearly less noisy than individual ability estimates. This allows
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Figure 4.2: Linear difference estimates of a single dichotomous Markov chains
from a Metropolis simulation, using item responses as proposal values.

for setting a larger α to quickly adapt to changes in the mean abilities, while
keeping a small amount of noise.

It is instructive to compare the performance of our Metropolis algorithm
with an independent and identically distributed (i.i.d.) sample to evaluate its
efficiency. Concerning the Metropolis algorithm, we simulate a new candidate
with an invariant ability, fixed at p = .5. As before, we randomly select 500
items with difficulties drawn from a uniform distribution between -2 and 2. Fol-
lowing, we simulate item responses and run the Metropolis algorithm, which
we replicate 5000 times. Concerning the i.i.d. sample, we simply flip a coin
with p = .5 500 times, and again replicate this 5000 times. Since abilities, or p
values, are stable in this simulation, we can use a running average to compare
the two sequences. We note that since we estimate the probability correct of our
first item, our Markov chain is already converged at the start and no burn-in
period needs to be considered. Since this is true, the running averages of both
sequences will become p = .5 if we let the numbers of persons increase ad
infinitum. The standard deviations of the running means of both the d.i.d. Me-
tropolis sample and the i.i.d. sample are plotted in Figure 4.3. Intuitively, one
would expect that the i.i.d. chains perform much better because observations
are independent. However, Figure 4.3 shows that our d.i.d. sequences does not
perform much worse. Obviously, the simulated d.i.d. sequences are dependent
upon choices of specific simulation conditions, such as the distribution of items
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Figure 4.3: Standard deviation over 5000 replicates of Metropolis dichotomous
d.i.d. sequences compared to replications of an i.i.d. reference sequence.

and the difference between the ability and the item pool, but it provides an
indication nonetheless.

By dividing these two sequences of standard deviations we obtain their rel-
ative efficiency, which is shown in Figure 4.4. The relative efficiency converges
to about .62, which means that we need about 2.6 times as many observations
to obtain a similar variance as the i.i.d. sample, as can be seen in the graph.
Note that the relative efficiency of the d.i.d. chain depends on many variables,
and serves here merely as an indication of efficiency.

4.3.2 Item responses as acceptance variables

In this second study, where items act as acceptance variables, we perform a
similar simulation as before, with a student answering 500 items over some
time. However, we have to assume to have a calibrated item bank available
with known difficulty and discrimination parameters of all sorts to facilitate the
item selection as proposed by the algorithm. Since the possibilities of assuming
either a RM or a 2PL model have been discussed in section 4.2.3, simulations for
both models are performed. Again, several graphs are provided to demonstrate
how the algorithm acts under stable and changing abilities.

First, we illustrate a single student with an invariant ability through the
item sequence in Figure 4.5. We assume a RM, therefore the possible outcomes
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Figure 4.4: Relative efficiency of the dichotomous Metropolis d.i.d. sequence
using item responses a proposal values, compared to an i.i.d. sequence.

of the Metropolis algorithm lie on a grid. We observe a stable ability through-
out the trials, with estimates that are clearly noisy. The step size of the algo-
rithm is determined by σ2, which is the variance of the candidate generating
density g. If we reduce σ2, the step-size and thus the amount of noise are re-
duced. We have shown that if ability is stable, the estimates converge to a
known invariant distribution centered around the student’s true ability.

More interesting is the case where there is growth of ability. The size of the
variance is more important here, since it determines whether we have a quick
or slow adaptation to changes in true ability. We use a 2PL as an IRT model, and
assume that items with all sorts of difficulties and discrimination parameters
are available. First we simulate a single student, undergoing a rather large and
sudden increase in true ability halfway the item sequence. Figure 4.6 shows the
development of the true and estimated ability over time. Though there is some
obvious lag between the change in true ability and the adaptive estimates, the
system adapts itself quite quickly to the new situation. We have selected three
marked occasions to evaluate how the algorithm adapts if we track a group of
students.

The simulation is therefore extended by simulating 500 students, and as-
signing them an ability before and after the sudden change, i.e., θ1 before the
change and θ2−3 thereafter, corresponding to the labels of the cuts in Figure
4.6. These abilities are drawn from normal distributions, where θ1 ∼ N (0, .5)
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Figure 4.5: Two trace lines of Metropolis ability estimates using item responses
as acceptance variables, simulating an unchanging ability.

and θ2−3 ∼ N (2, 1.5), and matched to the 500 students after sorting. The re-
sult is that 500 trace lines similar to the one in Figure 4.6 are obtained. Three
cross-sections of these 500 sequences are taken, noted by three vertical lines in
Figure 4.6. For each occasion, we can plot cumulative distributions of both the
true and estimated abilities of the 500 students, where the true distributions of
occasion 2 and 3 are identical.

The estimates of the algorithm contain normal distributed noise with a
fixed and determined variance σ2 = .4 for all persons. These estimates can
be compared with the true abilities either by a deconvolution of the estimates
and the normal distributed error, or by adding a normal distributed random
error to the true abilities. The latter option is applied to obtain true cumula-
tive distributions with error and compare them to the estimates with the same
distributed error in Figure 4.7. On cross-section 1 and 3 the cumulative distribu-
tions of the adaptive estimates resemble the true distribution with convoluted
error. On occasion 2, directly after the sudden shift in ability, we see a lag in
the adaptive estimates, as the distribution moves from the the distribution in
occasion 1, towards the distribution in occasion 3. Increasing the step size σ2

would allow the estimates to converge faster, but would also add to the vari-
ance of the cumulative distributions since they are plotted with convoluted
error.
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Figure 4.6: Two trace lines of Metropolis ability estimates using item responses
a acceptance variable, simulating a sudden change in ability.

4.4 Discussion

For the purpose of estimating a parameter that may change during the course
of the data collection, we developed two adaptive estimation procedures based
on the M-H algorithm. It should be clear from the specific algorithms consid-
ered here that these are surely not the only ones that could be developed. Nei-
ther the choice for the RM and 2PL model, nor the choice for the M-H algorithm
are necessary.

Applications of adaptive estimation are obvious in the field of monitoring
student progress and well-suited for a whole range of different situations. The
most obvious one, and the one that served as guiding example throughout the
paper, is that of estimating ability in situations where the ability may change
with time. A different type of application can be found on the item side, where
it may be of interest to find out whether item parameters are invariant over
time. A third variant that could be developed involves the joint estimation of
person and item parameters, both of which might change with time.

Another type of application becomes clear if we look at the characteristics of
the Markov chains that have been constructed. The state of the Markov chain,
assuming it has converged to its invariant distribution (4.5), differs between
persons only in the value of its location parameter. We can obtain that across
persons x∞ ∼

∫ ∞
−∞ f (x − θp)h(θp)dθp, where f is fully known. We can use
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Figure 4.7: Cumulative distributions of true abilities, with convoluted error,
and adaptive Metropolis estimates at cross-section 1, 2 and 3.

this to recover the unknown distribution of ability h from x. This property is
useful in applications of survey research. If the chains are converged, estimates
from a cross-section at some time point can be used in a simple regression
analysis without the introduction of bias, since the variance of estimators do
not depend on ability. Here we have made the claim of classical test theory
true: an observed score equals a true score plus an error.

This paper dealt with adaptive estimation. Specifically, based on the as-
sumption of a fitting IRT model, we developed methods to estimate possibly
changing ability parameters. An interesting open problem however concerns
the evaluation of the assumption of a fitting model. That is, how does one eval-
uate model fit in a situation where the parameters involved in the model may
be changing with time. We propose to leave this topic for further research. A
second problem, that is particularly relevant in situations where both person
and item parameters are being estimated is that of parameter identification.
It is known from experience with the ERS that the values of the ratings tend
to inflate with time. This inflation is due to many influences, including the
fact that chess players enter the system with relatively low ratings and usually
leave the system again at some point in time with much higher ratings, taking
rating points out of the system.

We began by noting that often an explicit growth model is not available.
In situations where a tentative growth model is available we can extend the
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adaptive estimation procedures to both provide estimates for the parameters
of the growth model and to track individual students.
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