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Samenvatting

Het enorme aanbod aan collectieve besluitvormingsscenario’s die zich in de echte
wereld voordoen heeft een schat aan voorbeelden opgeleverd voor onderzoekers
in de computationale socialekeuzetheorie om te modelleren en te analyseren. Het
vakgebied van de computationele socialekeuzetheorie neemt het perspectief van
de computerwetenschap om methoden te bestuderen die worden gebruikt om indi-
viduele meningen samen te voegen (te aggregeren) om zo tot een enkele collectieve
uitkomst te komen. In het klassieke voorbeeld van de socialekeuzetheorie stemt
een electoraat op kandidaten bij een verkiezing. Normaal gesproken is het doel bij
deze verkiezingen om één winnaar te kiezen, zoals een president. Dit proefschrift
kijkt echter verder dan het geval van verkiezingen met één enkele winnaar en richt
zich op gevallen waarin meerdere winnaars worden verkozen. Toepassingen hier-
van in de praktijk zijn onder meer het probleem waarbij parlementszetels moeten
worden verdeeld over politieke partijen (het probleem van apportionment), het
selecteren van een aantal kandidaten voor een sollicitatiegesprek, of een lokale
gemeente die een selectie van openbare projecten kiest om uit te voeren. Dit
is een gebied dat veel aandacht heeft gekregen van onderzoekers, en een groot
deel van hun werk is gewijd aan het bestuderen van eerlike aggregatiemetho-
den, waarbij eerlijkheid specifiek verwijst naar het begrip evenredige vertegenwo-
ordiging (ook wel: proportionele representatie). In gevallen waar het doel is om
meerdere winnaars te verkiezen vereist het ideaal van proportionaliteit dat we
hanteren doorgaans dat een groep kiezers die zeer vergelijkbare voorkeuren heeft
en een a-fractie van het electoraat vertegenwoordigt, controle moet hebben over
de keuze van een a-fractie van de winnaars. Dit is een idee dat we zeer wenselijk
achten en dat veel aandacht heeft gekregen in de literatuur over computationele
socialekeuzetheorie. Dit proefschrift zal onderzoeken in hoeverre proportionele
representatie kan worden ontwikkeld voor een aantal complexre domeinen.

Welke complexe domeinen beschouwen we precies? Neem als basis het reg-
uliere geval van een verkiezing waarin we meerdere kandidaten voor een commissie
moeten kiezen. Wat als de zetels in de commissie gekoppeld zijn aan een rol en



sommige rollen waardevoller zijn dan andere? Of stel je voor dat er een restric-
tie is die stelt dat het opnemen van kandidaat A betekent dat kandidaat B niet
in de commissie kan zitten. We wijzen een aantal complexe varianten van reg-
uliere geval aan, zoals onder meer de bovenstaande. Binnen deze complexere
gevallen achten we het wenselijk dat het begrip evenredige vertegenwoordiging op
passende wijze wordt aangepast. Dit is dan ook de primaire focus van dit proef-
schrift. Het hoofddoel van het proefschrift is, concreter gezegd, om te bepalen hoe
we in deze complexe domeinen uitkomsten kunnen produceren die proportioneel
representatief zijn voor de deelnemende kiezers. Daarbij passen we proportion-
aliteitsbegrippen uit het reguliere geval aan, terwijl we rekening houden met de
extra complexiteit die met deze domeinen gepaard gaat.

Het eerste deel van het proefschrift bestaat uit twee hoofdstukken. Het eerste
hoofdstuk gaat over het probleem van apportionment, maar dan met de kiezers
die sommige parlementszetels waardevoller vinden dan andere. Dit idee van zetels
met verschillende waarden zien we terug in het tweede hoofdstuk, dat het geval
behandelt waarbij meerdere kandidaten toegewezen worden aan zetels in een com-
missie, maar waarbij de commissiezetels niet gelijk worden behandeld. In beide
hoofdstukken is het doel om proportionaliteit te importeren in de betreffende
complexe domeinen.

Het volgende deel van het proefschrift bestaat uit één hoofdstuk en vertegen-
woordigt een korte afwijking van het hoofddoel van het proefschrift. Hier wordt
onderzocht in hoeverre aggregatiemethoden die worden gebruikt om meerdere
winnaars te selecteren kunnen worden gesimuleerd in het algemene raamwerk
van judgment aggregation. Deze analyse geeft ons inzicht in de interne werking
van deze aggregatiemethoden.

Het hieropvolgende deel van het proefschrift omvat een terugkeer naar het
project om proportionaliteit aan te passen aan complexe domeinen. Hoewel beide
hoofdstukken van dit deel een ander specifiek interessegebied behandelen, hebben
de hoofdstukken een gemene deler. In beide domeinen is er sprake van een re-
strictie die de mogelijke uitkomsten beperkt. Wat zijn deze twee domeinen nu
precies? Eén domein betreft verkiezingen over een reeks publieke kwesties, waar-
bij er voor elke kwestie een keuze gemaakt wordt uit meerdere alternatieven. Het
andere domein gaat over kiezers die samenwerken om gezamenlijk een shortlist
van kandidaten te maken. Voor beide gevallen proberen we ervoor te zorgen dat
er proportionele uitkomsten worden geproduceerd, terwijl de restricties worden
gerespecteerd.

Ten slotte biedt het proefschrift een verkenning van aggregatiemethoden die
erop gericht zijn om een groot aantal winnaars te selecteren. Deze verkenning
wordt voornamelijk gedaan door te onderzoeken in hoeverre men proportion-
aliteitsbegrippen kan verheffen van de reguliere gevallen van verkiezingen met
meerdere winnaars naar een aantal van hun complexere tegenhangers.

vi



Summary

The vast array of collective decision-making scenarios that occur in the real world
has provided a wealth of examples for computational social choice researchers
to model and analyse. The field of computational social choice has taken the
perspective of computer science in studying the methods used to aggregate group
opinions towards producing a single collective outcome. The classical social-choice
example sees an electorate voting over candidates in some election. Typically, the
goal in these elections is to elect a single winning candidate such as a president.
However, this thesis goes beyond the case of single-winner elections and focuses on
scenarios where multiple candidates are to be selected as winners instead of just
one candidate. Real-world applications of this include the apportionment problem
where parliamentary seats are to be distributed to political parties, choosing a
number of candidates to form a shortlist to attend a job interview, or a local
municipality choosing a selection of public projects to implement. This is an area
that has garnered plenty of attention from researchers and a significant portion of
their work has been dedicated to studying fair aggregation methods, with fairness
specifically referring to the notion of proportional representation. In these settings
where the goal is to select multiple winners, the ideal of proportionality that we
adopt typically requires that a group of voters that has very similar preferences
and represents an a-fraction of the voting population, should have control over
the selection of an a-fraction of the winners. This is a notion that we deem to
be highly desirable and is one that has received considerable attention within the
literature of computational social choice. The thesis will investigate the extent to
which proportional representation can be developed for certain complex domains.

What are these complex domains? Take, as a foundation, the standard vot-
ing scenario where we are to elect multiple candidates to a committee. What if
the seats on the committee are associated with a role and some of the roles are
more valuable than others? Or consider that there is a constraint that states
that including candidate A means that candidate B cannot be in the committee?
We identify scenarios such as these, amongst others, as complex variants of the

vil



standard setting where we are to choose more than one winner. Within these
more complex settings, we deem it desirable that the notion of proportional rep-
resentation be suitably adapted. This is then the primary focus of this thesis.
Specifically, the thesis’ main objective is to determine, when in these complex
domains, how to produce outcomes that are proportionally representative of the
participating voters. In doing so, we adapt proportionality notions from the stan-
dard settings while taking into account the added complexities that come with
these domains.

The first part of the thesis consists of two chapters. The first of these chap-
ters deals with the apportionment problem but with the voters considering some
parliamentary seats to be more valuable than others. This notion of seats having
varying values is then seen again in this part’s second chapter where the problem
is assigning multiple candidates to some seats in a committee but with commit-
tee seats not being treated equally. Within both chapters, the goal is to import
proportionality into the complex domains of interest.

The thesis’ next part consists of a single chapter and represents a brief devi-
ation from the main objective of the thesis. Here, there is an investigation into
the extent that aggregation methods that are used to select multiple winners, can
be simulated in the general framework of judgment aggregation. This analysis
provides us with insights into the inner workings of these aggregation methods.

The part of the thesis that follows sees a return to the task of adapting pro-
portionality to complex domains. While each of this part’s two chapters deals
with a particular domain of interest, there is a common thread throughout this
part. Specifically, for each domain, there is the presence of a constraint that re-
stricts the outcomes that are feasible. Now, what exactly are these two domains?
One scenario concerns a vote over a set of public issues with there being multiple
alternatives that can be selected for each issue. The other scenario sees voters
working to collectively create a shortlist of candidates. For both of these, we look
to ensure proportional outcomes are returned while respecting a constraint.

In the end, the thesis provides an exploration of aggregation methods that aim
to choose many winners. And for the most part, this exploration is done through
investigating to what extent one can lift proportionality notions from standard
multiwinner voting settings to some of their more complex counterparts.

viil
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Setting the Stage






Chapter 1

Introduction

Decision-making is an integral feature of everyday life. People are constantly mak-
ing choices amongst an (often substantial) offer of options. Consider a mundane
morning routine where a person selects the outfit they will wear and the route
they will take on their commute to work. On the individual level, how one makes
such (seemingly inconsequential) choices may be of little interest. However, when
we zoom out of the individual bubble, we see that collective decision-making is a
cornerstone of society at large. On the one hand, the decisions made by a collec-
tive may be at a small scale such as a friend group choosing a restaurant for their
weekly dinner, or a travel destination for their joint summer vacation. On the
other hand, the stakes can be much greater and have an impact at a larger scale.
The following is a notable example that immediately springs to mind: voters
casting their ballots to choose a country’s next president.

Collective choice often manifests itself as the aggregation of individual views
over a set of alternatives with the goal of selecting a single winning alternative.
However, the thesis focuses on scenarios where multiple winning alternatives are
to be selected. In the real world, we are not short of such cases. From short-
listing some candidates that will be up for some award, to the distribution of
parliamentary seats to various political parties, or even to a friend group decid-
ing the activities they will partake in during the weekend. It is clear that this
too is a collective choice problem that is ubiquitous in society and can have wide-
ranging effects. Observe that a feature of many such scenarios is that there is
a limit on the number of alternatives that can ‘win’, i.e., be part of the final
collective outcome. For example, scheduling conflicts and limited time available
may restrict the friend group to selecting very few of the available activities; or
when distributing parliamentary seats, the number of available seats means only
a small fraction of the running political candidates can get a seat. So, tough
choices must be made and thus, we require some way of guiding our choices.



4 Chapter 1. Introduction

As individuals, we do not (often) make decisions arbitrarily. Usually, whether
we are cognisant of this or not, we apply some criteria that inform our choices.
Ultimately, the goal is to make good decisions. For example, taking a cycle
does indeed provide a shorter route to work but using a public transport system
(that is efficient) may be a more relaxing experience. These are factors that the
decision-maker may consider. Now of course, this presence of desiderata is not
limited to decision-making at the individual level. On an intuitive level, there are
many ideals of a collective decision that seem uncontroversial. Examples include
the desire that every individual in the group be treated equally; or that every
alternative has a chance to be a winner; or even requiring that, whatever the
final choice may be, it must be a choice that is fair to the group. We highlight
that last point. Fairness. This thesis takes the stance that fairness should be at
the forefront of one’s thinking when considering what makes a collective outcome
a good one. But what is it that makes a collective decision fair? Consider a
single-winner election where voters indicate a single candidate that they support.
One might jump straight to the idea that a fair result has the most supported
candidate as the winner. In the case of choosing multiple winners however, this
tyranny of the majority (or largest minority) is often seen as highly undesirable
from the context of fairness.

Imagine a group of five friends are deciding on the ten movies that they will
collectively watch. What if three of them are in complete agreement with
each other while being in complete disagreement with the remaining two? If
we are concerned with what is fair then it seems unreasonable that this
majority get to choose all ten of the movies with the two dissenting friends
having zero say on the outcome.

Given the above example, we must move away from the majoritarian notion of
fairness when aiming to choose a set of multiple winners. Of course, there is still
the issue of there being varying notions of fairness. In a voting scenario, one may
desire that a diverse range of opinions are represented in the selection of winners.
Or when dividing resources amongst individuals, one may wish that the chosen
division does not cater to the tastes of only a select few and thus, lead to envy
from others. So, what exactly is meant by “fairness” within this thesis? Moving
forward, what seems most appealing is the notion of proportional representation,
or proportionality. This notion is a common, real-world requirement. The most
prominent example is that of parliamentary elections. Here, some parliamentary
seats are to be distributed to political parties vying for power within the parlia-
ment and in many of the world’s countries, the seat distributions must adhere to
some notion of proportionality.



Consider there being three parties—let’s say Party A, Party B and
Party C—with there being, let’s say, 125 available seats. Suppose that
voters in the electorate must submit a vote in support of a single party.

Now, say that parties A, B and C receive 60%, 30% and 10% of the votes,
respectively. First, it would seem that the most sensible solution would have
75 seats, which is exactly 60% of the seats, assigned to Party A. Now, the
other parties’ vote shares do not yield a seamless cut of the remaining 50
seats. So, to produce a proportional solution, we aim to assign to Party B,
and to Party C, a number of seats that is as close as possible to a 30%
share, and a 10% share, of the seats, respectively.

This example shows that proportionality is a reasonable requirement for this set-
ting. However, it is a notion that finds itself useful in scenarios beyond that of
parliamentary elections. Let us turn our attention to committee elections where,
given some candidates, the goal is select a subset of the candidates to form a
committee. Instances of committee elections are widely seen in practice: from
shortlisting tasks where panel members vote to whittle down a larger list of can-
didates (for some award or to attend job interviews), to the selection of movies
to be showcased on a television network’s evening broadcast where the network
users’ viewing history serves as the voting data, and even to choosing the loca-
tions where certain public facilities are to be placed within a neighbourhood. In
many such examples that the real world provides, it is key that the decisions that
are produced are ones that are proportionally representative of the voting popu-
lation. However, what should proportionality (roughly) look like in the context
of committee elections? Despite not being as cut and dry (at a conceptual level)
as ensuring proportionality within parliamentary elections, there does seem to be
a solid intuition that presents itself.

Alice, Bob, Carol and Dan comprise a panel that is tasked with shortlisting
ten candidates. Suppose that Alice and Bob, who represent 50% of the
voting population, agree on five candidates that should be part of the

ten-person shortlist. In this scenario, it would be reasonable for Alice and
Bob to demand control of 50% of the shortlist and include these five
candidates.

So we can (somewhat) seamlessly take the notion of proportionality from the
domain of parliamentary elections to the richer domain of committee elections.
Now, what if we make the domains even more complex?
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The executives of a television network are to vote to decide on the three
shows (out of eight options) that will be aired on their evening programme.
Moreover, they must also decide on the timeslots that the three shows will

be placed. Suppose the available timeslots are 17:00, 20:00 and 23:00 and

from the network’s viewing data, the executives know that the 20:00
primetime slot draws the most viewers (so is most valuable) while the
late-night 23:00 slot is the least popular. Thus, some timeslots are more
valuable than others and cannot be treated equally when trying to make a
timeslot assignment that is proportional. If a large group of executives have
very similar preferences, do we assign a show that they support to the most
appealing timeslot at 20:00, or instead, do we assign multiple shows that
they support to the two less valuable slots? What of smaller voting groups
with more obscure preferences? What choice of overall assignment ensures
that they are sufficiently represented?

It is simply not enough that the selection of movies represents the networks view-
ers in a proportional manner, but the assignment to timeslots must also respect
the ideal of proportionality. Let us consider another scenario. Suppose that while
conducting a shortlisting task, there are constraints placed on the candidates that
may be shortlisted. An example constraint may state that shortlisting candidate
A means you cannot shortlist candidate B. Or, the constraint could state that
at least one candidate from amongst candidates A, B and C' must be in the final
shortlist. The presence of such constraints makes the shortlisting task much more
complex. However, despite there being more moving parts to consider, it would
still be sensible to desire a proportionally representative shortlist to be made.
This sets us up to state the thesis’ goal, at least informally. With this thesis, we
tackle the following dilemma:

When dealing with complex scenarios, how does a decision-maker (i) define what
proportionality should be, and (ii) design decision-making methods and/or tools
that produce proportional outcomes?

Formal work done on proportionality, both in parliamentary elections and com-
mittee elections, form the foundational pieces of the thesis. Next, we discuss some
of this work and specify how the thesis intends to build upon these foundations.

1.1 Formal Foundations

In order to outline the main goal of the thesis, it is necessary to establish the field
of study that we work in.
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How groups of individuals can make good decisions has been subject of on-
going study in the field of social choice theory. Generally, this field studies how
to come to a collective choice via the aggregation of the individual opinions of
the participants in the decision-making process (Arrow, 1951; Arrow et al., 2002,
2011; Brandt et al., 2016). This work has resulted in a slew of proposed aggre-
gation methods and a similarly large number of azioms that are used to assess
the quality of the choices made by the aggregation methods. Ideally, we wish to
use aggregation methods that produce outcomes that meet all of these desirable
notions, but unfortunately, as negatively shown by the social choice literature’s
classical results, we cannot have it all (Arrow et al., 2002). So, whichever ag-
gregation method is used will represent a compromise of some sort. Using the
axiomatic approach provides an established way to make such a compromise and
we will employ it in this thesis. Within this broad area of social choice theory,
there have been contributions made by researchers from a variety of disciplines.
This includes the fields of economics, political science and mathematics. The sub-
area that this thesis’ content lies in, however, primarily takes a computer-science
perspective of social choice.

Computational Social Choice. The burgeoning field of computational social
choice (Brandt et al., 2016) has seen significant strides made in research over the
last two decades. We are in a world where there is a push for digital platforms
being used in democratic processes, the increasing presence of artificial agents
plus more and more societal interactions occurring online. With this mind, it is
vital to ensure that various aspects meet certain standards such as transparency,
legitimacy and most relevant to us, fairness. We believe that computational social
choice offers a rich pool of methods and tools to tackle the collective decision-
making components within this increasingly digitised world.

A wide variety of formal frameworks have been proposed in the literature to
analyse scenarios where several voters report an individual view and a reasonable
compromise must be made to produce a single collective view. Examples of col-
lective decision-making that have been formally studied include: voting (Zwicker,
2016); the division of some resources between the agents (Thomson, 2016); the
matching of students to schools, or of kidney donors to transplant patients (Klaus
et al., 2016); a local municipality funding certain public projects based on the
preferences of their jurisdiction’s residents (Rey and Maly, 2023); and judgment
aggregation in a court of law (Kornhauser and Sager, 1983). But also many
problems long studied in AT—such as belief merging (Doyle and Wellman, 1991),
collective argumentation (Bodanza et al., 2017), and consensus clustering (Goder
and Filkov, 2008)—can be seen in this vein (Endriss, 2020).

Thus, with this rich bed of literature, we have the foundations to design
models that capture the real-world scenarios that we are interested in. Moreover,
as proportionality is our desired aim within said scenarios, we are even more
fortunate that there has already been extensive research on providing proportional
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representation within the computational social choice literature.

Apportionment. The apportionment task can be described as the allocation of
resources in a proportional manner to entities with different entitlements. This
task is one of the core problems of social choice (Balinski, 2005): in federal systems
(e.g., the US), states receive seats in parliament according to their populations,
while in proportional representation systems (e.g., the Netherlands), political
parties receive seats according to their share in the popular vote. Outside of
parliamentary elections, the need for apportionment arises in the context of fair
allocation (Chakraborty et al., 2021), the presentation of statistics (Balinski and
Rachev, 1993) and the handling of bankruptcies (Cséka and Herings, 2018), just
to mention a few other applications. But, in line with the paradigmatic example
of apportionment, we stick to the terminology of seats being assigned to parties for
the rest of the thesis. Within the literature, providing proportional representation
has been heavily studied in the case of parliamentary elections (Balinski, 1982;
Pukelsheim, 2014).

Approval-based Multiwinner Voting. Multiwinner voting deals with the
task of selecting some subset of candidates, typically of a fixed size k, from a set
of m total candidates based on the preferences of the voters (Faliszewski et al.,
2017; Lackner and Skowron, 2023). Much of the extensive research dedicated to
this model has dealt with the case where voters submit preferences via approval
ballots that indicate which subset of the candidates they approve of (Lackner and
Skowron, 2023). This is called approval-based multiwinner voting but moving for-
ward, we often simply refer to this as ‘multiwinner voting’. The attention that the
approval-based multiwinner voting model has received is unsurprising given the
wide real-world applicability of the model (Lackner and Skowron, 2023). From
electing a representative committee of political candidates to producing the short-
lists of candidates for an award. From finding group recommendations (Lu and
Boutilier, 2011, 2015; Skowron et al., 2016) to returning search results (Skowron
et al., 2017). The practical applications that are present for this model are plenti-
ful. In fact, this model can also be seen as a generalisation of the apportionment
model (Brill et al., 2017) and this even further justifies our focus on it. This com-
mittee election scenario can be seen as a generalisation of the apportionment task
where voters voice their support for individual political candidates from different
parties instead of putting their full voting weight behind a single party. Much
like the apportionment model, approval-based multiwinner voting has also seen
significant research conducted on proportionality (Lackner and Skowron, 2023).

Complex Domains in Social Choice. In the social choice literature, it is
common practice to take some well-established model and consider the richer,
more complex variants of it. A notable example is the fair division problem
(Procaccia, 2016; Thomson, 2016) where the task is to divide some items—that
may be divisible (Procaccia, 2016) or indivisible (Bouveret et al., 2016)—amongst
a group of individuals who each hold preferences on the items. This task has
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seen many variants being studied. Some examples include: fair division under
constraints; dividing not only items with positive utility for their recipients, but
also items that yield negative utility; or where items are presented, and must be
allocated, in an online manner (Amanatidis et al., 2022).

With this line of thinking, the standard fair division setting was brought closer
to real-world cases and allowed for the modelling of a larger number of interest-
ing practical scenarios. The same can be done for the aforementioned models of
apportionment and multiwinner voting. Let us hone in on the latter case. This
multiwinner voting model can be generalised to become an instance of partic-
ipatory budgeting (Rey and Maly, 2023). This can be considered a committee
election instance where candidates, now called projects, come with an associated
cost and instead of electing a fixed number of projects as an outcome, the task
is to select a bundle of projects subject to a budget limit. In recent years, the
study of the participatory budgeting setting has trended upwards and notably,
much of this study has been dedicated towards how to produce proportionally
representative outcomes for participatory budgeting (discussed in greater detail
in Chapter 3). Now, although the multiwinner voting model can be used to con-
duct a participatory budgeting process, the richer model is a clearly better fit.
It captures more information and is much closer to reality at a conceptual level.
Also, just as importantly, it allows for the consideration of proportionality prop-
erties that are more natural to the setting itself. For example, it seems natural to
require (in a loose sense) that a group of like-minded voters that are an « fraction
of the voter population should control an « fraction of the municipality’s bud-
get. Using the richer, more general model makes this possible. So when moving
up levels of generality—from parliamentary elections to committee elections, and
then from committee elections to participatory budgeting—there is evidence that
investigating proportional representation is a worthwhile venture.

1.2 Objectives and Thesis Outline

Of course the study of proportionality has not been limited to the above domains
as we will observe later on in the thesis. Indeed, if one looks at the vast pool of
(complicated) real-world scenarios, there are many more models that deserve, and
have yet, to be investigated with the view of ensuring proportional representation.
Consider the following two examples (that hint at the type of domains that we will
study later in the thesis). Suppose there is a committee election where the seats in
the committee are associated with certain roles. For example, one candidate must
chair the committee while another is the committee’s treasurer. In such a case,
the role of the chair may be considered more valuable than that of the treasurer
and thus, when looking to return a proportional committee, the seats cannot be
treated equally as some seats yield more value for the voters than others. More
broadly, consider the example of a friend group selecting their weekend activities.
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In its most plain variant, this is a simple shortlisting task where the group is free
to select whichever activities that wish to do. However, it is natural that there
will be time constraints, conflicting schedules of activities, a limited budget to
pay for the selected activities’ associated costs, etc. This then takes the simple
shortlisting task and constrains the combinations of activities that are feasible.
Despite such a scenario’s convoluted nature, the goal of returning a proportionally
fair outcome remains at the forefront of our thinking. In this thesis, we look to
identify a handful of these domains and conduct this proportionality study.

Goal of the Thesis. Now, we can state our aim for the chapters to come.
Besides identifying complex domains that are relevant and natural, the primary
aim of thesis can be summed up as providing an answer to the following question:

Can we lift notions of proportional representation from our chosen foundational
settings (of apportionment and approval-based multiwinner voting) to more
complex domains that are enriched versions of these foundations?

This goal has been stated as a ‘yes or no’ question, but in reality the answer will
be ‘yes, to some extent’ with the extent to which we can do so depending on
the proportionality notion/s and complex domain being considered. And looking
ahead, it is clear that there are some complex domains that are much more
difficult to transfer certain proportionality notions to than other domains.

We continue this section by providing a breakdown of the thesis’ structure as
well as the contributions within each of the thesis’ chapters.

Setting the Stage

If you are reading this then you are well within the portion of the thesis that is
meant to (i) prepare the reader (both in a technical and conceptual sense) for
the thesis’ later parts where the main objective is tackled, and (i7) situate the
thesis’ contributions amongst ongoing research holding similar objectives. Much
of the motivation thus far is also stated in (Chingoma, 2023). The remainder
of this part sees two chapters follow this introduction. In Chapter 2, the most
pertinent background knowledge required for the thesis is presented. This is
done in two parts with the background regarding proportionality given for both
apportionment and approval-based multiwinner voting. This beginning part of
the thesis is then closed with Chapter 3 which is titled Justified Representation
in Complex Domains: A Glimpse at Ezisting Approaches. This chapter can be
treated as a sort of ‘mini-survey’ that highlights some cases within the literature
where proportionality is studied in a complex domain. Thus, Chapter 3 gives a
look at work that is related to ours and gives a sense of the type of content to
follow in the thesis’ subsequent parts.
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Part One: Some Seats Have More Value Than Others

Consider the tasks of assigning seats within a parliament and a committee. Most
work done on proportionality has considered these tasks with the seats being of
equal value to the voters. This part of the thesis takes a different approach and
investigates what can be achieved in terms of proportional representation when
some seats are considered to be more valuable than others. This is captured by
having each seat associated with some weight that represents the seat’s intrinsic
value, e.g, a seat with a weight of 2 is considered more valuable than a seat that
has weight 1. This is applied to two models and each application represents a
chapter. Chapter 4 is the first of these chapters and it is titled Apportionment
with Weighted Seats. This chapter’s content is primarily based on (Chingoma et
al., 2024a). Here, we take the apportionment model, enrich it by supposing that
seats have weights, and then for most of the chapter, we adapt, from the standard
apportionment literature, the most prominent proportionality axioms and appor-
tionment methods to this weighted model. This part’s second chapter, Chapter 5,
is titled Approval-based Multiwinner Voting with Weighted Seats. This chapter
extends the work done in Chapter 4 to the standard approval-based multiwin-
ner voting model. In doing so, we lift proportionality notions from multiwinner
voting to the case where the committee seats have varying weights.

Detour

This part of the thesis is comprised of a single chapter. The sole chapter of this
part is Chapter 6 and it is titled Simulating Multiwinner Voting Rules (Beyond
Approval Ballots) in Judgment Aggregation. Its content is based on some of
the work from (Chingoma et al., 2022). Specifically, it is based on the paper’s
work that uses a general social-choice framework, called judgment aggregation.
In this chapter, we use this judgment aggregation framework to simulate rules
for a multiwinner voting model that is not limited to approval ballots. This
means that with this chapter, we are deviating from the proposed task regarding
proportionality in complex domains, hence referring to this part of the thesis
as a detour. We believe that the inclusion of this chapter, and this change in
thematic direction, is beneficial as the chapter touches on the structure of different
multiwinner voting rules and ultimately, it provides a better understanding of how
rules with certain properties differ from each other.

Part Two: Constraining the Feasible Committees

This part puts the thesis back on track with respect to the outlined main ob-
jective: proportionality in complex domains. It consists of two chapters which
each following a similar route of adapting standard proportionality notions to the
respective complex settings. In this part, the settings are made more complex
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with the introduction of constraints that restrict the collective outcomes that are
feasible. We first encounter Chapter 7 that is titled Constrained Public Decisions
and is based on (Chingoma et al., 2024b). This chapter looks at proportionality
in a model of public decisions that is modified with the addition of a constraint
on the possible outcomes. An example of the public decisions model (without
constraints) would see voters deciding over a set of issues such as “do you agree
with a particular political policy?” and the voters respond with one of the fol-
lowing options: “strongly agree”, “agree”, “indifferent”, “disagree”, or “strongly
disagree”. The part’s second chapter, Chapter 8, is titled Constrained Shortlisting
Using Approvals and it is mostly based on the proportionality parts from (Chin-
goma et al., 2022). Here, proportional representation is considered in a model of
approval-based shortlisting where the shortlists that are feasible are determined
by some constraint. In this case, the standard shortlisting model is one where
voters submit approval ballots over a list of candidates with the goal of creating
a shortlist of the candidates with this shortlist not having a predetermined size.

Coming to a Close

With Chapter 9, the thesis closes with a brief summary of the work that was
covered as well as a brief discussion of promising routes for future research that
expand on some of the thesis’ content.



Chapter 2

Background

The two models of apportionment and approval-based multiwinner voting form the
foundation for the work conducted in the thesis. This chapter serves to present
some necessary background material related to proportionality in the contexts of
these two settings. Specifically, this chapter details various notions, axioms and
voting rules that will pop up frequently throughout the remainder of the thesis.

Take note that the presented work is only a selection of the most relevant
information. For those interested in more detailed explorations on these topics,
the following books are recommended readings:

e Apportionment: see the books by Balinski (1982) and Pukelsheim (2014).

e Approval-based multiwinner voting: see the book by Lackner and Skowron
(2023) that also serves as the main source of this chapter’s content for both
apportionment and approval-based multiwinner voting.

2.1 Preliminaries

Before diving into the details, we first define some basic notation that will be seen
often in this thesis. For any given set U, we use P(U) to represent its powerset,
P, (U) the set of all of its nonempty subsets, and for some positive integer k, we
write Px(U) to represent the set of all of its subsets of size k. Additionally, we
sometimes write [k] for the set {1,...,k}, where k is a positive integer.

Basics of Computational Complexity. As mentioned in the introduction, a
factor that we give serious consideration is the applicability of our results in prac-
tice. Consequently, we must consider whether our decision-making methods can
produce collective outcomes in an efficient manner from a computational stand-
point. So we give a brief word on some notions of computational complexity that

13
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we assume basic familiarity with. See (Arora and Barak, 2009) for an extensive
coverage of the subject.

We begin by touching on our use of the Big O notation. For some functions
f,g, we say that f(n) € O(g(n)) if there exists some real numbers ¢ and d
such that f(n) < c¢-g(n) for all n > d. Also, we assume that polynomial-time
computation is a well understood notion.

Now, here are the main complexity classes of decision problems that shall be
mentioned: P, NP and coNP. Both membership within, and hardness for, these
classes will be mentioned. Regarding the latter, we then assume at least basic
knowledge of polynomial-time reductions from some complexity class. It is then
assumed that the reader is also familiar with the notion of a decision problem
being complete for some class in {NP, coNP}.

Regarding the class NP, we (at times) distinguish between those decision
problems that are weakly NP-hard and those are strongly NP-hard. The former
are the decision problems that are polynomial-time solvable when all numbers in
the input are represented in unary while the latter are those that do not admit
a polynomial-time algorithm to solve said decision problems (assuming P # NP)
even when all the numbers in the input have a unary representation.

Environments. To further aid the reader, we highlight some non-standard fea-
tures in the environments that appear throughout the thesis.

e Eramples: these environments have a light orange background with an
orange leftbar of a darker shade.

Example 2.1. Here is an example.

e Remarks: these environments have italicised text and the end of a remark

is marked with a < symbol.

Remark 2.1. Here is a remark. <

e Proofs: these environments have a light grey background with a grey leftbar
of a darker shade. The end of the proofs are marked with a O symbol (as
is customary).

Proof. Here is a proof. O
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2.2 Apportionment

As stated in the introduction, apportionment is concerned with the distribution
of parliamentary seats to political parties in a manner that is proportionally
representative of the electorate. Moving forward, we refer to this setting/model
that we present as the standard apportionment setting/model.

In this section, we detail this standard apportionment model along with its
prominent proportionality axioms and some of the well-known methods used to
assign seats to parties.

2.2.1 The Model

Take a finite set of voters N = {1,...,n} who shall each vote for one of the m
parties {1,...,m}. A vote vector v = (vy,...,vy) € [n]™, with vy +-- 40, = n,
specifies how many votes (out of the total number n) that party p € [m] garnered.
An election instance is a pair (v, k) consisting of a vote vector v and the number
of seats k.

In line with the work in the literature, we say there is full supply if each party
has at least £ members, and is thus able to fill all of the available seats by itself
(we borrow the full supply term from Lang and Skowron (2018)). Unless stated
otherwise, we assume full supply to hold throughout the thesis.

Recall that the apportionment goal is to divide k seats over some parties. So,
an outcome in this setting is a seat assignment, which is a vector s = (s1,...,sk) €
[m]*, where s; = p means that party p € [m] is assigned seat t € [k]. Given a
seat assignment s = (sy,...,sx), we can talk of the representation of a party p,
denoted by r(p,s) = |{s; € s | s, = p}|, which indicates how many seats were
assigned to party p within the seat assignment s.

An apportionment method M takes an election instance (v, k) as input and
maps it to a winning seat assignment M (v, k) (so we assume that these appor-
tionment methods are resolute).!

2.2.2 Apportionment Axioms for Proportionality

A primary concern of apportionment is how to assign the available seats to parties
in a proportional manner. The notion of the quota of a party then becomes central
to the apportionment task. The quota of a party p is ¢(p) = k - v»/n. Intuitively,
this quota for a party is the share of the k seats that this party deserves. Ideally, a
perfectly proportional assignment would assign to each party p, a number of the k
seats that corresponds precisely to this share defined by the quota. However, this
quota may not be integral. The immediate fallback is to ‘approximate’ the quota

'When we say that a method (or later on, a voting rule) is resolute, this means that this
method (or voting rule) returns only a single winning outcome as opposed to irresolute methods
(or voting rules) that may return a set of winning outcomes.
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for a party. In the apportionment literature, this is formalised in the following
two ways:

Definition 2.1 (Lower Quota, LQ). An apportionment method M satisfies lower
quota (LQ), if for every election instance (v, k), it holds for the resulting seat as-
signment s = M (v, k) that there exists no party p such that r(p,s) < |k - v/n].

Definition 2.2 (Upper Quota, UQ). An apportionment method M satisfies up-
per quota (UQ), if for every election instance (v, k), it holds for the resulting seat
assignment s = M (v, k) that there exists no party p such that r(p,s) > [k -ve/n].

LQ and UQ are two of the most extensively studied axioms in the apportionment
literature (Balinski, 1982; Pukelsheim, 2014). This prompts us to choose these
two axioms as our focus points when studying apportionment.

2.2.3 Apportionment Methods

We now detail some of the more important apportionment methods that have
been defined, starting with the class of divisor methods.

Definition 2.3 (Divisor method). Given an election instance (v, k) and a func-
tion f: R — R, the dwisor method for f works in k rounds, as follows. In each
round t € [k], seat t is assigned to the party p with the highest value for:

ratio :{m if F(g(1)) # 0
"l i flglt) =0,

where g,(t) is the number of the seats assigned to party p in earlier rounds. If
required, a tie-breaking rule is used to choose between parties with equal ratio.

Within this class of divisor methods, two stand out as particularly appealing.

Definition 2.4 (Adams method). The Adams method is the divisor method de-
fined by f(gp(t)) = gp(t).

Definition 2.5 (D’'Hondt method). The D’Hondt method is the divisor method
defined by f(gp(t)) = gp(t) + 1.2

There exist other, notable divisor methods such as the Saint-Lagué method which
is the divisor method with g¢,(¢) 4+ 0.5. However, amongst the divisor methods,
we narrow our focus on the Adams and D’Hondt methods since Adams is the
unique divisor method to satisfy UQ while D’Hondt is the unique divisor method
to satisfy LQ. So note that Adams fails LQ and D’Hondt fails UQ.

We now detail an apportionment method that has drawn substantial attention
from researchers and sits outside the class of divisor methods.

%In the literature, the D’Hondt method is also known as the Jefferson method (Balinski,
1982; Pukelsheim, 2014).
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Definition 2.6 (Largest Remainder Method, LRM). The LRM method first as-
signs each party p with exactly |k - vv/n| seats. Then to assign the remaining r
seats, the method assigns exactly one seat to each of the r parties with the largest
value for k - vofn — |k - vo/n].3

To conclude this section, we highlight that LRM satisfies both LQ and UQ, and
so it outperforms the two chosen divisor methods in this respect. However, it
is trumped by the divisor methods on other properties (such as those related
to monotonicity (Balinski, 1982; Pukelsheim, 2014)) that are not detailed here,
which motivates the widespread study and use of the divisor methods alongside
LRM. Again, see (Balinski, 1982) and (Pukelsheim, 2014) for more extensive
discussions and analyses of these apportionment methods along with many others.

2.3 Approval-based Multiwinner Voting

In this section, we present the background related to the approval-based multiwin-
ner voting (MWV) model using approval ballots, and in particular, we detail some
axioms and voting rules related to proportional representation.* Throughout the
thesis, we will refer to this as the standard multiwinner voting setting/model.

2.3.1 The Model

First, we provide the model that again contains a set of voters N = {1,...,n}. We
then have a set of m candidates C = {a, b, c, ...} and each voter i € N submits an
approval ballot A; C C' that indicates the set of candidates that voter ¢ approves
of. This is also referred to as a dichotomous preference order. For a candidate
c € C, we denote the set of voters that approve of ¢ as N(c) ={i € N | c € A;}.
An approval profile is then a vector A = (A, ..., A,) of approval ballots, one for
each voter. An election instance is then a pair (A, k).

The goal is to select, as an outcome, a set of k candidates W € P, (C) that
we refer to as a committee. We define a voter ¢’s satisfaction with a committee
W to be |A; N W/, i.e., the number of committee members approved by voter i.

Note that we can model the apportionment setting in this approval-based
multiwinner voting model. This can be done using party-list profiles where for all
i,j € N, it holds that either A; = A;, or A; N A; = (). Additionally, the property
of full supply can be ensured by only considering profiles where |A;| > k for every
voter ¢ € N.

3As is the case with D’Hondt, LRM is also known by a different name within the literature,
namely as the Hamilton method (Balinski, 1982).

4For more of approval-based multiwinner voting, Lackner and Skowron (2023) provide an
overview of recent advances on this topic.
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2.3.2 Proportionality in Multiwinner Voting

This section details the proportionality axioms from the multiwinner voting lit-
erature that shall be referred to often in the thesis.

The Core and Justified Representation

For us to label an outcome as proportionally representative, we deem that it
must meet the following ideal: if some group of voters represents an a-fraction
of the voter population, then this voter group should be able to control, roughly
speaking, an a-fraction of the outcome. The outcome in the approval-based
multiwinner voting context is the selection of candidates that constitutes the
committee. The following axiom—that is an adaptation by Aziz et al. (2017a)
of the well-known, game-theoretic core notion—captures this very ideal in this
multiwinner setting.

Definition 2.7 (Core). Given an election instance (A, k), we say that a com-
mittee W is in the core if for every group of voters N' C N and every set of
candidates C' C C' such that

IN| = 1C7) -k,
there ezists a voter i € N’ such that |A; N C'| < |A; NW].

It is an open problem whether the core is non-empty for all election instances.
This represents a drawback for the core as an option to lift to richer settings. So,
moving forward, we focus on properties that are known to always be satisfiable.
To define these axioms, we must define the notion of a cohesive group.

Definition 2.8 ({-cohesiveness). For an integer ¢ € {1,...,k}, we say that group
of voters N' C N is {-cohesive if both of the following conditions hold:

o |[N'| >0 n/k.

o [Mien Al = €.

Using this cohesiveness notion, we can define the most central axiom of this thesis
called eztended justified representation (EJR) (Aziz et al., 2017a).

Definition 2.9 (Extended Justified Representation, EJR). Given an election in-
stance (A, k), we say a committee W provides extended justified representation
(EJR) if for every {-cohesive group of voters N' C N, there exists a voter i € N’
such that |[A; N W| > £.
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EJR can be seen as a restriction of the core by imposing a cohesiveness require-
ment on those voter groups that would deviate (Peters and Skowron, 2020). Thus,
identifying those groups that are cohesive becomes of practical importance. Un-
fortunately, the problem of deciding whether there exists an f-cohesive group of
voters is NP-complete (Skowron et al., 2017). Consequently, checking whether a
given committee W provides EJR is coNP-complete (Aziz et al., 2017a).

We move on to the following weakening of EJR that was defined by Sanchez-
Fernandez et al. (2017). This axiom deems a cohesive group N’ to be represented
if the group’s total satisfaction, summing over the voters in N’ is at least /,
instead requiring some voter from N’ to reach this satisfaction threshold of /.

Definition 2.10 (Proportional Justified Representation, PJR). Given some elec-
tion instance (A, k), we say a committee W provides proportional justified rep-
resentation (PJR) if for every £-cohesive group of voters N' C N, it holds that
[(Uiens A) MW= €.

From a computational perspective, it is also coNP-complete to check if a commit-
tee W provides PJR (Aziz et al., 2018).
Next is the weakest of the justified-representation axioms that we consider

and we see that it coincides with EJR when one only considers ¢-cohesive groups
for ¢ =1 (Aziz et al., 2017a).

Definition 2.11 (Justified Representation, JR). For an election instance (A, k),
we say a committee W provides justified representation (JR) if for every (-

cohesive group of voters N' C N for { = 1, there exists a voter i € N’ such
that |A; "W > 1.

Now with this axiom, we find more positive news with regards to computational
complexity as it is known that checking if a committee W provides JR can be
done in polynomial time (Lackner and Skowron, 2023).

Of the known notions of justified representation, those mentioned thus far
are those that will feature significantly we in the remainder of the thesis. How-
ever, we would be remiss not to mention (at least briefly) some of the following
justified-representation-like notions in the literature. The axioms of fully justi-
fied representation (Peters et al., 2021b) and EJR"™ (Brill and Peters, 2023) are
recently introduced strengthenings of EJR that have been shown to always be
satisfiable. Another axiom that implies EJR was defined by Brill et al. (2022) as
they employed the justified-representation notion towards the task of representing
individual voters instead of voter groups. And also, the notion of proportionality
degree (or average satisfaction of cohesive groups provides a quantitative measure
of the satisfaction afforded to cohesive groups (Sanchez-Ferndndez et al., 2017,
Skowron et al., 2017; Skowron, 2021).
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Priceable Committees

We now pivot from justified-representation to a market-based notion of propor-
tionality called priceability (Peters and Skowron, 2020; Lackner and Skowron,
2023). Loosely speaking, priceability deems a committee W to be proportional
only if, in a simulated market where voters have access to the same amount of
virtual funds, the voters that support the committee members are able to fund
these candidates’ presence in the committee W (subject to further conditions as
outlined in the following definition).

Definition 2.12 (Priceability). Suppose that voters have a personal budget b. A
price system ps = (b, {pi}ic[n)) s a pair where b is the individual budget per voter
and each voter i € N has a payment function p; : C' — [0,b] such that:

Cl. If pi(c) > 0, then c € A; (a voter only pays for candidates she approves of).

C2. Y .copilc) < b (a voter does not spend more than her budget).
A price system supports a committee W if all of the following hold:

C3. For every c € W, Y .. pi(c) =1 (payments for this candidate equal to the
price of 1).

C4. Y . cnpi(c) =0 for every ¢ ¢ W (candidates outside the committee are not
paid for).

C5. For every c ¢ W, it holds that:

3 (b— prc')) <1

i€N(c) dew

(supporters of any unelected candidate do not collectively hold, in terms of
their unspent budget, strictly more funds than the price of a candidate).

If there exists a price system ps = (b, {p; }icjn)) that supports a committee IV then
we say a committee W is priceable. And if a rule F,, always returns committees
that are priceable, then we say that F}, is priceable.

Now, we know that priceable committees always exist (Peters and Skowron,
2020; Peters et al., 2021a). Also, for a given committee W, we have that checking
whether W is priceable can be done in polynomial time by making use of an
Integer Linear Program (ILP) (Peters et al., 2021a).

As priceability is not the strongest requirement, we note that there exist other,
stronger notions of priceability such as Stable Priceability and Balanced Stable
Priceability (Lackner and Skowron, 2023; Peters et al., 2021a). We do not focus
on these as it is known that there are election instances where no committees
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exist that satisfy stable priceability, or balanced stable priceability (Peters et al.,
2021a). However, regarding stable priceable committees, we note that it is easy
to check if such a committee exists for a given election instance, and whenever a
stable priceable committee exists, it is in the core (Peters et al., 2021a).

Now, we note a connection between priceability and an axiom of justified
representation. Specifically, a priceable committee W with size |W| = k also
provides PJR (Peters and Skowron, 2020). However, this does not hold for EJR
as it turns out to be incompatible with priceability (Peters and Skowron, 2020).

2.3.3 Proportional Rules

In this section, we outline the multiwinner voting rules that play a prominent in
the rest of this thesis (see (Lackner and Skowron, 2023) for a more comprehensive
look at these rules as well as others that we do not mention). Formally, an
approval-based multiwinner voting rule is a function F, : (P, (C))™ = P, (Px(C))
mapping an approval profile to a set of winning committees that are each of
size k. Note that frequently, for purposes of readability, we simply refer to these
as multiwinner voting rules (unless the context requires clarification on the use
of ballots that are not approval-based). Ideally, there will be a single winning
committee, but in general F, may be irresolute. So in practice, a method to break
ties may have to be used post-election to produce a single, winning committee.

To start with, we define the Greedy Cohesive Rule (GCR) (Peters et al., 2021b)
that was designed for the purpose of providing EJR. It is for this reason that it
may not be considered the most natural rule but it is useful showing that one can
always achieve the provision of EJR.

Definition 2.13 (Greedy Cohesive Rule, GCR). The rule starts with an initially
empty, current committee W and all voters being active. In iterations, the rule
looks for the largest (-cohesive group of active voters N' C N and selects ¢ can-
didates that are approved by all voters in N’ to be part of the current committee.
The rule then makes the voters in N' inactive and continues to the next itera-
tion, unless there are either (i) no more active voters, or (ii) there are no more
available seats on the current committee W, i.e., |W| = k. In case either (i) or
(17) occurs, the rule terminates.

Now, regarding the proportionality axioms, GCR satisfies EJR, but it does not
always return priceable outcomes. Also note that a committee W returned by
GCR may be partial, i.e., |W| < k. Thus, in practice, one must consider a method
of completing a GCR committee to be of size k (Peters and Skowron, 2020).

We continue by presenting a class of rules introduced by Thiele (1895) that is
home to two rules of particular interest to us.

Definition 2.14 (Thiele Methods). Given an election instance (A, k), the Thiele
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method F} that is induced by some scoring vector u® = (uy,...,u) is the fol-
lowing:
[WNA;|

F!(A) = argmaxz Z Uy.
WEPK(C) jen =1

This class captures the standard Approval Voting (AV) rule which is the Thiele
method with scoring vector w = (1,1,...,1). However, AV is not priceable and
it does not even satisfy JR (Lackner and Skowron, 2023). So, AV is not one that
is considered to be ‘fair’ or ‘proportional’ in any sense, unlike the following two
Thiele methods that we emphasise.

Definition 2.15 (Proportional Approval Voting, PAV). The rule called Propor-
tional Approval Voting (PAV) rule is the Thiele method with the harmonic scoring
vector u®) = (1,1/2,1/3,...,1/k).

It is known that PAV satisfies EJR (Aziz et al., 2017a) and this places it as a
rule to consider when dealing with proportional representation. However, it is
NP-hard to compute the outcomes of PAV (Aziz et al., 2018). This leads us to
consider the following local-search variant of PAV that represents one of the select
few multiwinner voting rules that satisfies EJR while also being polynomial-time
computable (Aziz et al., 2018). To define this rule we must define the following:

Definition 2.16 (PAV score of a committee). Given an election instance (A, k),
the PAV-score of a committee W C C' is defined as:

[WNA,]|

PAV-score(W) = Z Z %

iEN  t=1

With this notion, we can define the PAV variant called Local-Search PAV (LS-
PAV) (Aziz et al., 2018). Intuitively, LS-PAV operates as follows: starting with
some arbitrarily chosen committee, the rule repeatedly searches for ‘large enough’
improvements in the PAV score (via candidate swaps between current committee
members and unelected candidates) until no such improvements are possible.

Definition 2.17 (Local-Search PAV, LS-PAV). The rule begins with an arbitrary
set of candidates W C C' that is considered the current committee and then it op-

erates in rounds until termination. In each round, the rule looks for a pair of
candidates c € W, d ¢ W such that:

PAV-score(W \ {c} U{d}) = PAV-score(W) + %

If no such candidate pair exists then the rule terminates and returns the current
committee W as the final outcome. Otherwise, for candidate pair c € W, d ¢ W,
it sets W =W\ {c}U{d}, i.e., the current committee W is updated by swapping
candidates ¢ and d.
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Having presented PAV (and its local-search variant), we now present a Thiele
method whose study is also frequently motivated through its fairness qualities.
It is the following rule that is named after Chamberlin and Courant (1983) who
also defined this rule independently from Thiele (Lackner and Skowron, 2023).

Definition 2.18 (Approval-based Chamberlin Courant, a-CC). The rule called
Approval-based Chamberlin Courant, (a-CC) rule is the Thiele method with scor-
ing vector u® = (1,0,...,0).

Unlike PAV, a-CC does not satisfy EJR, nor does it satisfy PJR. This rule is
only guaranteed to produce committees that provide JR while also having the
downside of being NP-hard to compute. However, we give it some attention due
it being suited to tasks for diversity (or degressive proportionality) (Faliszewski
et al., 2017). This concludes our dive into the class of Thiele methods as we move
to multiwinner voting rules that are sequential in nature.’

Below, we define of an often studied rule in the multiwinner voting literature.
It is a member of the rules proposed by Phragmén (Janson, 2016; Lackner and
Skowron, 2023) and its sequential formulation is as follows.

Definition 2.19 (Phragmén’s Sequential Rule, seq-Phragmén). During the run
of this method, voters continuously earn funds and may pay to include a candidate
into the committee. Each candidate ¢ € C' has a price of 1. Each voter begins with
a personal budget of 0 and this budget continuously grows. If at some moment,
the wvoters that approve of an unelected candidate ¢ € C'\ W, collectively hold
enough funds to pay the price of 1, then this candidate c is put into the committee
W, the funds of all voters approving of candidate ¢ are set to 0, and then the
process continues until k candidates have been put into the committee W. Ties
are broken arbitrarily if necessary.

Now, we know that seq-Phragmén is polynomial-time computable. This is cer-
tainly an advantage that it has over our aforementioned Thiele methods of interest
(namely, PAV and a-CC). However, seq-Phragmén only satisfies PJR while failing
EJR. In this respect, it is outperformed by PAV. Now, another aspect where seq-
Phragmén exhibits better qualities is when one looks at priceability. Specifically,
seq-Phragmén always returns priceable outcomes whereas Peters and Skowron
(2020) showed that no rule from the class of so-called welfarist rules—which
includes the Thiele methods (and so includes PAV and a-CC)—is priceable.5 De-
spite this contrast, a connection between PAV and seq-Phragmén presents itself

5Note that, to circumvent the issue of PAV and a-CC being NP-hard to compute, one may use
these variants of Thiele methods that work in a sequential fashion (see (Lackner and Skowron,
2023) for details). We do not look to these sequential variants however, as they provide weaker
proportionality guarantees than their non-sequential counterparts.

6The welfarist rules are those that maximise some function of the satisfaction that voters
obtain from a committee (Peters and Skowron, 2020).
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when one models apportionment (via restricting one’s view to party-list profiles)
as quite interestingly, both PAV and seq-Phragmén correspond to the D’Hondt
method in the apportionment setting (Brill et al., 2017).

To close this presentation of rules, we detail another sequential rule that
has drawn significant attention from those studying proportional representation
within social choice. This rule is called the Method of Equal Shares (MES) (Pe-
ters and Skowron, 2020; Peters et al., 2021b). To be precise, what follows is a
definition of the first phase of MES.

Definition 2.20 (Method of Equal Shares, MES). The rule will run over some
rounds r € {1,...,k}. Over rounds, voters may pay to assign candidates to seats
i the committee. In every round r, to assign some candidate to a seat, a price
of 1 must be paid. Let b;(r) be the budget that voter i € N has available to start
round r. We set b;(1) = ¥/n as the initial budget of every voter i € N. The rule
starts at round 1 with an empty committee W° = 0, and will add candidates to
the committee over rounds. In round r, we say a candidate c is p-affordable for
some p € Ryg, with c € C\ W, if:

Z min(p, b;(r)) > 1.

1€N(c)

If there exists mno candidate that is p-affordable, then the rule terminates and
returns W1, otherwise, for a p-affordable candidate ¢ for a minimum p (use
some arbitrary tie-breaking if there are multiple p-affordable candidates), the rule
will fir W™ = W™ U {c}, i.e., add candidate c to the current committee from
previous rounds. The budget of each voter i € N(c) is then set to bi(r +1) =
b;(r) — min(p, b;(r)) while for voters i ¢ N(c), we set b;(r + 1) = b;(r).

It is known that MES’s first phase satisfies EJR (Peters and Skowron, 2020). We
have previously seen that it is computationally hard to check if a committee W
provides EJR and PJR, but with MES, we have a polynomial-time computable
rule that returns a committee W providing EJR (so, also PJR).

As the committees returned by this first phase of MES may only be partial
(much like the aforementioned GCR) and we are generally interested in commit-
tees that are of size k, we must consider how to complete these MES committees.
Mostly, we assume that arbitrary unelected candidates are chosen to fill any par-
tial committee. In such cases, we write MES[arbitrary] to denote the combination
of MES’s first phase and this arbitrary completion. We can also consider com-
pleting a partial, MES committee using seq-Phragmén by having the following:
voters begin the seq-Phragmén process with their leftover budgets from the end of
MES'’s first phase (instead of kickstarting seq-Phragmén with each voter holding
0 in funds), and run seq-Phragmén as usual. We shall write MES[seq-Phragmén]|
to refer to the resultant rule.
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While all MES committees provide EJR, regardless of the completion method
used, the way of completion becomes relevant for the priceability property. Specif-
ically, the partial committees of MES are always priceable, but the MES coupled
with some completion method only returns priceable committees if the comple-
tion method preserves priceability. So, for instance, MES[seq-Phragmén] is price-
able while MES|arbitrary] is not.” Interestingly, in the apportionment setting,
a committee W with |W| = k is priceable if and only if it corresponds to the
seat assignment returned by the D’Hondt method and from this, we see that
MES|seq-Phragmén] is also equivalent to D’Hondt in the apportionment setting
(as we previously noted for PAV and seq-Phragmén) (Peters and Skowron, 2020).
All detailed rules and their properties are summarised in Table 2.1.

EJR PJR JR  Priceability | poly-time
PAV v v v X X
LS-PAV v v 4 X v
a-CC X X 4 X X
seq-Phragmén X v v v v
MES v v v v v
MES(arbitrary] v v v X v
MES[seq-Phragmén)] v v v v v
GCR v v v X X

Committee Check coNP-comp. coNP-comp. P P ‘

Table 2.1: The first four columns indicate whether an approval-based multiwinner
voting rule satisfies a proportionality axiom (v'), or fails it (X). Only those axioms
that are known to always be satisfiable are included (so not the core, stable
priceability or balanced stable priceability). Note that the result highlighted
in yellow () is due to MES’s first phase possibly returning partial committees
and priceability for size-k committees relying on the completion method that is
used with MES. The final column indicates whether a rule is polynomial-time
computable (v') or not (X). The bottom row then details, for each axiom, the
computational complexity associated with checking whether a committee provides
the axiom in question.

“For an extensive study of the effect of the chosen completion method when looking to
complete priceable committees, see (Brill and Peters, 2024).






Chapter 3

Justified Representation in Complex
Domains: A Glimpse at Existing
Approaches

So far, we have introduced the thesis’ goal and laid down the technical foundation
that readers require to move through the remainder of the thesis. With this
chapter, we offer another way for readers to get prepared for the content to come.
Specifically, in this chapter, we wish to highlight existing work from the literature
that holds similar goal as we do, at least broadly speaking. That goal is to ensure
proportional representation when one increases the complexity (or richness) of a
domain. We focus on efforts in guaranteeing proportional representation in the
vein of some of the axioms defined in Chapter 2. Specifically, the quota axioms
of apportionment, and the justified-representation axioms of multiwinner voting.
Now, before continuing with our examination of the literature, we acknowl-
edge that there are many proportionality investigations within many of these
(upcoming) domains that we do not detail. For example, many touch on adapta-
tions of the priceability notion to their settings. We emphasise that this chapter
serves only to provide a glance at what has been done, both in terms of scope and
detail. For those interested in more detailed look at the various notions (as well
as many others), we recommend consulting the various references to the work.

3.1 Apportionment Extensions

This brief section is dedicated to a strand of the computational social choice
literature that extends the standard model of apportionment.

Multiple Attributes. We begin by highlighting the work done by Lang and
Skowron (2018) on providing multi-attribute proportional representation where

27
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candidates have multiple attributes and the chosen committee must adhere to
certain proportionality constraints for each given attribute. The apportionment
model can be seen as a special case of their model where there is only a single at-
tribute per candidate, their associated party, and the chosen committee seats must
be distributed in such a way that respects the proportion constraints imposed by
the votes of that the parties received. They consider a respect for the quota (R())
axiom from apportionment that requires both their notions of LQ and UQ to be
satisfied simultaneously. RQ is then adapted to the multi-attribute setting by re-
quiring (roughly speaking) that LQ and UQ are met for every attribute. In terms
of apportionment methods, they assess how their multi-attribute adaptations of
LRM and the divisor methods fare when measured against RQ. For example, they
find that their multi-attribute LRM satisfies their multi-attribute RQ (under the
assumption that full supply holds). Note that there has also been much study of
the related model of biapportionment (or biproportional apportionment) (Ricca
et al., 2017; Balinski and Demange, 1989a,b).

Ranking the Parties. Here we consider the work of Airiau et al. (2023) who
study a model of portioning. Here, a divisible public resource, such as money, is
to be distributed to various projects. In the model of Airiau et al. (2023), voters
have ordinal preferences over the projects. A ready application of this is in the
apportionment setting but with voters providing a ranking of the parties instead
of just indicating the party that they support.! Notably, they show that an axiom
that is similar in spirit to our proportionality axioms of interest, called SD-core,
is satisfied by members of a class of portioning rules based on Nash welfare.

Approving Multiple Parties. The setting of party-approval elections studied
by Brill et al. (2020, 2024) can be seen as an instance of apportionment where
voters are able to cast approval ballots in support of more than one party. Party-
approval elections lies between the apportionment setting and that of multiwinner
voting as it generalises the former while being a special case of the latter. Due to
the latter observation, their approach is mainly through the lens of multiwinner
voting where they show numerous positive results. They most notably showed the
existence of multiwinner voting rules that satisfy the core in this model (namely
PAV and its local-search variant) as well as showed the compatibility of EJR and
committee monotonicity by the design of a party-approval rule that combines
notions of portioning and apportionment (Brill et al., 2020, 2024).

Apportionment over Time. Harrenstein et al. (2022) take a long-term per-
spective on apportionment where the apportionment process is no longer a one-
shot instance, but occurs over rounds and where unelected candidates carry over
to the future rounds. In this work, they find that taking into account the outcomes
of past elections results in outcomes satisfying strong proportionality properties.

'Note that other models of portioning can be used to directly model the apportionment task
but these are not discussed as either they do not extend beyond apportionment, or, they are
mentioned in Section 3.2 with respect to multiwinner voting.
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More specifically, they formally investigate the ideas of Gottlob Frege and find
that in the long run, Frege’s proposed apportionment method for this model
provides proportional outcomes in the limit of the number of rounds.

3.2 Multiwinner Voting Extensions

Now, we look at work done in building on the multiwinner voting model. We
focus on approval ballots but there is also work done with strict rankings (Elkind
et al., 2017) and weak order preferences (Aziz and Lee, 2020).

Participatory Budgeting

The introduction made special mention of the participatory budgeting problem
and we discuss research on this model here. In the participatory budgeting model,
the candidates are now projects to be implemented and each project has an as-
sociated cost. Then the committee target size of £ becomes a budget limit b on
the sum of costs of the implemented projects.? So here, a viable outcome is one
where this budget limit b is not exceeded.

The cost associated to each project leads to greater uncertainty on what the
voters’ utilities for each project are and this has led to more options when it
comes to the interpretation of voters’ satisfaction with an outcome. Examples
include cardinality-based satisfaction which mirrors that of approval-based mul-
tiwinner voting as voters care about the number of implemented projects that
they approve of, cost-based satisfaction where voters care about the sum of costs
of the implemented projects that they approve of, and many more. In general,
the type of voter satisfaction considered has an effect on the results and we make
clear if this is the case with any results we mention. Note that there are other
justified-representation-like works for participatory budgeting, as well as various
extensions of this model, which we will not touch here. We refer interested readers
to the extensive survey by Rey and Maly (2023).

The notion of /-cohesiveness is adapted to participatory budgeting as P-
cohesive groups. Here, instead of groups being cohesiveness over some number /¢
of committee seats that is an appropriate portion of the k seats (with respect to
the group’s size), they are instead considered cohesive over some set of projects
P whose total cost is an appropriate portion of the budget (with respect to the
group’s size) (Peters et al., 2021b). This P-cohesiveness can then be used to
build axioms of proportionality which are to be parameterised by a satisfaction
function under consideration.

2Note that for this brief discussion, we specifically consider the indivisible model of par-
ticipatory budgeting where projects cannot be partially funded (so they must either be fully
funded, or not be implemented at all).
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This gives rise to a version of EJR which requires that some voter within a P-
cohesive group has enough satisfaction from the participatory budgeting outcome.
Positively, this EJR axiom for participatory budgeting can always be satisfied for
any type of satisfaction by use of a participatory budgeting version of GCR.
However, this rule is not polynomial-time computable and Peters et al. (2021Db)
showed that this EJR axiom cannot be satisfied by a polynomial-time computable
rule for any type of satisfaction. It is also known that a PB version of MES satisfies
this EJR axiom for the cardinality-based satisfaction. The next step moves to
weakenings of this participatory budgeting version of EJR. First, use the “up to
any” and “up to one” relaxations frequently seen in the fair division literature
(Amanatidis et al., 2022). EJR-X then states that for those P-cohesive groups
that are witness to a violation of EJR, there exists a voter in said group such
that any unselected project that they approve of was added to the participatory
budgeting outcome, then this voter exceeds the required satisfaction to satisfy
EJR. This EJR-X axiom yields more positive computational results as it can be
satisfied by the participatory budgeting version of MES for a class of satisfaction
functions that includes not only cardinality-based satisfaction but also cost-based
satisfaction, among others (Peters et al., 2021b; Brill et al., 2023b). The “up to”
weakening can then be taken a step further to reach EJR-1 which Peters et al.
(2021b) showed can be satisfied by the participatory budgeting version of MES
for any type of satisfaction that is additive (Peters et al., 2021b). Also, there
has been significant attention paid to weaker PJR-like axioms for participatory
budgeting as well as adaptations of priceability (Peters et al., 2021b; Los at al.,
2022; Brill et al., 2023b).

Budget Division and Probabilistic Social Choice

We briefly discussed the portioning model in this chapter’s previous section on
apportionment extensions. Recall that in this model, a finite public resource is
to be divided between a set of projects. This model, introduced to social choice
by (Bogomolnaia et al., 2005), is also known as budget division and is one that
is closely related to that of (indivisible) participatory budgeting. Indeed, using
the portioning model, it is possible to model divisible participatory budgeting
instances where projects can only be partially funded using the portioning model.
It is this connection that prompts us to mention it in this chapter. Note that
the aforementioned work by Airiau et al. (2023) uses ranking-based ballots so
we do not consider it in this section that focuses on approval-based settings.
Fain et al. (2016) look at the core adapted to this portioning model. The work
by Aziz et al. (2020) then ventures into territory of justified representation by
assessing the viability of notions such as PJR, JR and proportionality degree
within their setting. Brandl et al. (2022) investigate the Nash product rule that
is known to provide proportional outcomes in the form of satisfying an axiom that
provides groups of voters with a fair share similar to that guaranteed by justified
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representation. Other proportionality-related work on these models includes the
study of the price of fairness where Michorzewski et al. (2020) highlight the
utilitarian social welfare tradeoffs that are necessary in demanding proportional
representation.

A model that is similar to portioning but whose line of work carries a different
interpretation and differing approaches is the model of probabilistic social choice
(Brandt, 2017). Here, the resource division is equivalent to creating a probability
distribution over the alternatives (so the resource to be divided is the probability
of 1). Then the amount that is assigned to an alternatives is that alternative’s
probability of being selected post-division. While we mostly mention those that
most closely related to justified representation, we also note that fairness notions
that veer from justified representation have also been studied such as individual
fair share (Bogomolnaia et al., 2005). Duddy (2015) studied a proportional sharing
axiom that is reminiscent of justified representation. Specifically, this requires
that for every subgroup of voters that is an « fraction of the population, there is
at least a probability that one member in said group approves the final outcome.

Approval-based Social Choice in General

Recent work by Masarik et al. (2023) has looked towards providing proportional
representation from a more general viewpoint. They introduce a general model
for collective decision-making and their framework captures not only multiwinner
voting, but its generality allows for the modelling of other interesting domains
(some of which are mentioned later in this chapter). Thus, their proportionality
results touch on various settings. Their model can be described as one of approval-
based multiwinner voting with a variable number of winners (so not some fixed k)
along with the key addition of feasibility constraints. These feasibility constraints
fix which of the possible committees are valid outcomes for the process.

We highlight two of their EJR adaptations. The first is what they call Base
EJR (BEJR). This axiom states that a group of voters N’ deserves ¢ candidates
if for every feasible committee W € C there is exists a set X C (1,5 A with
| X | > ¢ such that either W U X is feasible, or IN'l/n > ¢/(w|+¢). They showed that
BEJR can always be satisfied by a rule that is similar in spirit to GCR and this
holds for any constraint. They then proposed a stronger notion, that they simply
refer to as EJR, where the difference from BEJR is that instead of a voter group
N’ considering any feasible outcome W € C, they only consider the subsets of
the outcome at hand. It remains open whether their EJR can always be satisfied
in general but they have shown that it can be satisfied for restricted classes of
constraints. In terms of voting rules, they extend voting rules such as PAV and
seq-Phragmén to their general constrained setting.

We now finish this part mentioning work by Mavrov et al. (2017) who studied
a problem that is similar via the presence of constraints: how does one obtain
proportional committees in an approval-based multiwinner model with diversity
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constraints. In this work, they also adapt EJR. We direct readers to (Masarik
et al., 2023) for an extensive discussion of the EJR proposed by Mavrov et al.
(2017) as well as a comparison between this EJR and the axioms that Masarik et
al. (2023) study.

Public Decisions

The public decisions setting (Conitzer et al., 2017) is one of the models captured
by the aforementioned general social choice introduced by Masarik et al. (2023).
In this setting, a group of voters is presented with a set of issues for which they
are expected to make a binary choice: typically, deciding to either accept or
reject each issue. This setting has recently been studied with the aim of ensuring
proportional representative public decisions. From the perspective of justified
representation, there have been two interpretations of the notion in the public-
decision setting.

The first approach intuitively states that ‘a group of voters that agree on a set
of issues T" and represent an « fraction of the voter population, should control a
a - |T| number of the total issues in Z* (Skowron and Gérecki, 2022). We refer to
it as agreement-EJR. This notion aligns with the EJR notions used by Masarik et
al. (2023) and as this public-decision model without constraints can be captured
in their model, the positive proportionality results from there carry over.

The next EJR interpretation was defined by Freeman at al. (2020). They
first defined a notion cohesiveness for public decisions that is analogous to that
of multiwinner voting. They use this to define justified-representation notions
that are more faithful translations of those from multiwinner voting. Their EJR
axiom roughly states that ‘a cohesive group of voters that agree on an « fraction
of the issues and represent an « fraction of the voter population, should control
a - m of the issues in Z' (Freeman at al., 2020). We refer to this version of
EJR as cohesiveness-EJR. Freeman at al. (2020)’s work shows that cohesiveness-
EJR is much harder to achieve in this public-decision setting than it is in the
multiwinner case. For example, they demonstrate that a variant of MES fails
their cohesiveness-EJR axiom.

Proportionality has also drawn attention in settings that are similar to public
decisions while also dealing with constraints. This includes the public decisions
model with issues being interdependent via the use of conditional ballots (Brill
at al., 2023c). Also, Haret et al. (2020) introduced justified representation to the
model of belief merging.

Sequential Decision Making

There has been recent focus placed on sequential decision making where temporal
elements have been introduced to the models of decision-making. Those that we
consider can be seen as generalisations of multiwinner voting (Lackner, 2020;
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Lackner and Maly, 2021b) and the public decisions model (Bulteau et al., 2021;
Chandak et al., 2024). Now, while some work has studied various aspects such
as potential for voters’ strategic behaviour (Lackner et al., 2023), there has also
been extensive focus on proportionality.

The recent trend was initiated by (Lackner, 2020) with a model of perpetual
voting. Here, the approval-based multiwinner voting task is repeated over multiple
rounds. This work looked more at ensuring fair outcomes for individual voters
instead of voter groups as prescribed by the justified-representation notions.

Lackner and Maly (2023) studied how to make proportionally representative
decisions in the perpetual voting model and for example, studied a perpetual
version of seq-Phragmén. They also define a lower quota for closed groups axiom
for the sequential setting that is reminiscent of the EJR.

We follow with focusing our attention to the recent work by Chandak et al.
(2024) who look at the task of selecting m alternatives in m rounds. we use
the terminology used by Chandak et al. (2024). They define two EJR axioms
for their model in a manner that aligns with the agreement EJR notion that we
discussed earlier in this section with respect to the public-decision model. The
weaker EJR says if there is a voter group N’ with |[N'| > £ -7/m and N’ agrees in
every round, there must be a voter that approves the decision in at least ¢ rounds.
The stronger axiom, which they call Strong EJR, is more demanding and says
that a voter group N’ that agrees in k& < m rounds with |N’| > £-7/k, there must
be a voter that approves the decision in at least ¢ rounds. In terms of rules, they
differentiate between rules that are online (round by round) such as perpetual
seq-Phragmén, semi-online (round by round but the total number of rounds is
known in advance) and offfine (decisions made over all rounds simultaneously).
They then adapt MES (considered a semi-online rule) and show that it satisfies
EJR. They also adapt LS-PAV to their setting (considered an offline) and show
that it satisfies Strong EJR. They go a step further and show that stronger pro-
portionality guarantees (similar to the aforementioned cohesiveness EJR notion
from the public-decision model) are not always achievable in their model. Specif-
ically, strengthenings that are more faithful to the multiwinner definitions of EJR
and PJR are not always satisfiable in their setting. Note that this holds in their
setting when there are more than two alternatives available per round.

Also, Bulteau et al. (2021) analysed justified representation in the model of
perpetual voting and proposed axioms that are the PJR analogues of the EJR and
Strong EJR axioms defined by Chandak et al. (2024). We also mention the recent
work by Elkind et al. (2024) who operate in this sequential setting and study the
computational complexity of verifying whether an outcome is proportional, i.e.,
whether the outcome provides a proportionality axiom such as EJR. Note that
there is also work done in ensuring fairness for participatory budgeting instances
run over time (Lackner et al., 2021).

Research of a similar line is that of online decision-making where candidates
appear one at a time and the decision-maker must make the irrevocably decide to
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include the candidate or not, before continuing to other candidates. In this online
setting, proportionality was studied for online versions of committee elections (Do
et al., 2022) and participatory budgeting (Banerjee et al., 2023).

Miscellaneous

This section details more examples of complex domains that have had propor-
tionality studied within them.

Rankings as Outcomes. Here, voters present approval ballots but instead of
returning some subset of the candidates as an outcome, the goal is to return a
ranking of all the candidates as an outcome. Skowron et al. (2017) initiated the
study of proportionality in this setting. Their notion states that a voter group
that is cohesive and large enough should be entitled to control of a certain portion
of a top segment of the collective ranking (with this top segment being determined
by the groups cohesiveness and size). They then introduced a quantitative mea-
sure of proportionality that looks at the guarantees that sequential rules—such
as seq-Phragmén—ensure in their rankings. Israel and Brill (2021) took it a step
further and assessed dynamic proportional rankings. In their setting, during the
sequential construction of the final collective ranking, the rankings are dynami-
cally recomputed after every new candidate is added to the ranking. For variants
of sequential rules such as seq-Phragmén, they also investigate how the rules fare
against a quantitative measure of proportionality.

Approval-based Facility Location. Recently, there was the initiation of the
study of the heterogeneous facility location problem where there are not enough
locations to house each facility (Deligkas et al., 2023). With the work of Deligkas
et al. (2023) focusing on axiomatic issues such as strategyproofness, Elkind et
al. (2022) took this setting and analysed the possibilities of importing justified
representation to it. They find that even their adaptation of JR is not always
satisfiable. Thus, they proposed a weaker, related axiom that is better suited to
their setting and is always satisfiable.

Trichotomous Ballots. The general model of Masarik et al. (2023) can also
capture scenarios of the committee election problem but with the voters able to
submit trichotomous ballots. These are ballots indicating the candidates that
they either (i) approve of, (ii) disapprove of, or (iii) are neutral/indifferent on.
The most notable attempt in representing voters proportionally in this setting
was done by Talmon and Page (2021) who mostly found negative results, further
exemplifying the difficulty of this task of transferring these proportionality notions
to richer domains.

Cake Sharing. Bei et al. (2022) take the classical cake cutting problem of fair
division (Procaccia, 2016) and adapt it to a public-good variant that they call
cake sharing. Here, voters vote to decide on the subset of the cake that they will
share amongst themselves. In the paper by Bei et al. (2022), they adapt EJR
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and PJR to this setting in order to test the proportionality qualities of their cake
cutting mechanisms of interest.

Mixed Goods. Lu et al. (2023) generalise both the aforementioned work on
cake sharing as well as the approval-based multiwinner voting model. In this
work, they investigate how notions of proportionality can be imported to model
where the ‘candidates’ that are voted on are resources that may be divisible or
indivisible. They then refer to this as an approval-based multiwinner voting model
with mized goods. In terms of their analysis, they define a version of EJR for their
mixed goods model (as well as a “up to one” weakening of it) and assess whether
these can always be satisfied. In particular, they check whether their mixed-goods
adaptations of rules such as MES and PAV satisfy any of these axioms.

Possibly Unavailable Candidates. Brill et al. (2023a) enrich the committee
election task by asking the question: how to adapt proportionality if candidates
that some voting rule chooses to be part of the committee are unavailable to
join said committee? Their study focuses on query policies where candidates are
sequentially queried on whether they are available to join the committee. They
investigate the proportional multiwinner voting rules as well as axioms such as
EJR and PJR within the context of this model and in particular, the notion of
query policies.

Incomplete Votes. Halpern et al. (2023) tackle the problem of multiwinner
voting where voters submit approval ballots that may be incomplete, i.e., a voter
may not submit an opinion (either approve or disapprove) for some candidates.
Specifically, they look to ensure some sort of proportionally representative com-
mittees are produced despite this (potential) lack of information. Their focused
applications are platforms whose sets of candidates that are too large for individ-
uals to assess in full. Thus, their approach is to study a model that allow queries
for voters to be queried (at random) on their opinion of some subset of candi-
dates. Then in this work, they study issues such as the number of queries needed
to achieve JR as well as bounds on the number of queries that certain algorithms
(such as one based on LS-PAV) require to achieve justified representation (in the
form of EJR, PJR and JR).

Matching Markets. We also mention work by Boehmer et al. (2022) that
takes on the problem of finding multiple matchings between voters who have
approval preferences over each other. Formally, they model the matching problem
using the multiwinner voting model by taking the candidate set to be the set of
matchings between candidates. They focus on producing matchings that are
proportionally fair with this fairness in this case being represented by importing
the notion of justified representation. On their results, they show that more
positive proportionality results are possible in their model. For example, their
adaptation of PAV is polynomial-time computable in their model in contrast to
PAV in the multiwinner voting model.

Priority Candidates. There is also the study of multiwinner voting where
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there are candidates who are given priority (Huising, 2023). Any outcome in
this setting is considered a valid committee if the number of priority candidates
within the committee reaches a predefined quota. Huising (2023) then adapted
the axioms of justified representation to this model and tested variants of rules
such as a-CC and seq-Phragmén against these axiom adaptations.

3.3 Takeaways

This chapter serves as a brief survey on work done on taking proportionality from
apportionment and approval-based multiwinner voting, and lifting it to domains
that we deem to as more ‘complex’ version of these standard models. Now, we
conclude by mentioning some points that stem from this chapter that we deem
worthy of keeping in mind moving forward through the thesis.

First, it is clear that lifting proportionality to what we call these complex
domains has drawn, and continues to draw, significant attention from the compu-
tational social choice community. This further motivates the study of other such
complex domains as done in the remainder of the thesis.

Then, note that in some parts of this chapter there were justified-representation
adaptations that were presented in greater detail such as with participatory bud-
geting and sequential decision-making. The hope is that this provided readers
with a sense of how proportionality has been lifted to the richer domains and
thus, prepare them for how we do so for the domains that we study.

Also, from the work that has been conducted, it is evident that lifting strong
proportionality requirements such as EJR is a task that is not only difficult, but
that requires non-trivial conceptual work in importing justified representation in
a manner that is well-suited to the complex domain in question but also results
in achievable axioms.

Finally, in much of the work we have outlined, the computational complexity
of the various rules is an aspect that was assessed. This matches our outlined
goal that, ultimately, we wish to develop rules that can be used for these more
complex domains in practice.



Part One

Some Seats Have More Value Than
Others






Chapter 4

Apportionment with Weighted Seats

We delve into our first complex domain and it uses the apportionment model as a
foundation. The merits of different apportionment methods are well understood,
due to an elegant mathematical theory developed for the political realm (Balin-
ski, 1982; Pukelsheim, 2014). However, existing work on apportionment remains
restricted by the assumption—often not met in practice—that all seats are of
equal value. In this chapter, we put forward an enriched model in which seats
may have different weights reflecting their (objective) values.

There are numerous scenarios that fit this richer model: from the distribution
of non-liquid assets in bankruptcies to beneficiaries with different entitlements,
to the assignment of positions on news websites to editorial domains (such as
politics, business, or sports), based on the readership’s relative levels of inter-
est in those domains. A particularly salient illustration is offered by the way
special-purpose committees are constituted in the Bundestag, Germany’s national
parliament (Bundestag, 2023). These are committees with specific responsibil-
ities (e.g., Budget or Defence), established anew in every political cycle. Usu-
ally, which party gets to nominate the head of each committee is the result of a
negotiation—but when no consensus can be found, which happened in 8 out of
20 parliamentary sessions since 1949, standard apportionment methods are used.
But different committees have different size and influence, so positions end up
differing in value: the role of chair of the Budget Committee will be valued more
highly than, say, that of chair of the Tourism Committee. As the values of posi-
tions will factor into the satisfaction of parties, a standard apportionment method
(treating all positions the same) cannot possibly do justice to this scenario.

As noted in Chapter 2, the central problem in apportionment is finding an
assignment of seats to parties that is as proportional as possible, given that
perfect proportionality is often not feasible (e.g., for a parliament with 100 seats,
there is no perfect apportionment for three parties that each obtained exactly
one third of the votes). In our enriched model we associate each seat with a
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weight representing its objective value, and approach proportionality through
the lens of the total weight available. We find that generalisations of the two
central proportionality axioms of apportionment, lower quota and upper quota, are
impossible to satisfy in general, but that apportionment methods that faithfully
extend well-known standard methods satisfy natural relaxations of these axioms.
The relaxations, based on the concept of satisfaction ‘up to one’ or ‘up to any’
seat, utilise an idea commonly seen in fair division (Budish, 2011; Caragiannis
et al., 2019), that has also made its way to participatory budgeting (Peters et
al., 2021b; Brill et al., 2023b). Additionally, we study envy-freeness, the central
axiom in fair division (Amanatidis et al., 2022), which turns out to be related to
upper quota. We show that envy-freeness up to any seat, an axiom that remains
elusive in the general fair division setting, is satisfiable in our setting. Finally, we
find that a direct generalisation of the house monotonicity axiom is prohibitively
demanding, but weaker forms are readily satisfied by weighted counterparts of
well-known apportionment methods.

The main take-away of this analysis is that achieving good solutions to the
apportionment problem is harder in the presence of weights, but mild relaxations
of the generalisations of standard properties of interest to our enriched model often
lead to positive results. In particular, one can achieve stronger guarantees than
those achievable for scenarios with subjective weights. Specifically, we show that
these improved guarantees can be achieved by using objective weights to define
weighted variants of the apportionment methods, which would not be possible in
the fair division setting.

Additional Related Work. Our weighted apportionment model is located be-
tween standard apportionment and weighted fair division. In fair division (Ama-
natidis et al., 2022), we also aim to assign goods of different values to voters, but
while in our model the weights of the seats are the same for all parties, in fair
division voters usually have different valuations for the goods being allocated.
The focus of the fair division literature, and certainly the part of the literature
considering relaxations of classical fairness notions, is the case where all voters de-
serve the same utility, while in apportionment the central concerns directly stem
from the fact that parties may have different entitlements. Nevertheless, there is
a growing literature on fair division for voters with different entitlements (Suk-
sompong, 2025), see e.g. the works of Farhadi et al. (2019), Aziz et al. (2020),
and Babaioff et al. (2021), who study the possibility of achieving proportional
allocations for voters with (positive) cardinal utilities. This can be seen as a
generalisation of our model.

Most closely related to our work is a paper by Chakraborty et al. (2021),
who investigate how apportionment methods can be used to produce picking
sequences that guarantee fair allocations in this setting, and we shall refer to it
often. While this richer model makes it possible to represent a wider range of
scenarios, is also has downsides, notably in view of preference elicitation: requiring
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each party to declare its utility for each seat may be infeasible in practice. More
importantly, the added generality of allowing voters to have different valuations
for goods makes it much harder to achieve proportionality. Thus, as we shall see,
the fairness guarantees provided by the fair division literature are significantly
weaker than the ones that are achievable in the apportionment setting.

At first glance, the manner in which participatory budgeting generalises multi-
winner voting by adding weights (when moving from candidates to projects with
costs) may look similar to the generalisation that we propose here. But there
are crucial differences: in participatory budgeting, weights are attached to party
members rather than to seats. We will see later (both in this chapter and even
more so in Chapter 5) that this difference also manifests itself in the normative
properties one can achieve.

Also, in Chapter 3, we noted some extensions of the apportionment model as
well as models such as those studied by Chandak et al. (2024) and Masarik et al.
(2023)) that can be seen as generalisations of the apportionment model. However,
all of these mentioned works still assume that all seats are of equal value. Thus,
they extend the apportionment model in quite different ways.

Finally, our model can be seen as a special case of the public-decision model of
Conitzer et al. (2017) where each issue’s alternatives are exactly the set of parties
and with a party’s utility for a seat being that seat’s weight.

Chapter Outline. Section 4.1 introduces the weighted apportionment model.
Sections 4.2 and 4.3 offer an axiomatic and computational analysis of lower and
upper quota properties, respectively, while Section 4.4 focuses on house mono-
tonicity. Section 4.5 presents the experiments and contains both a case study of
the German Bundestag as well as an analysis on synthetic data. We conclude
with a summary of the chapter with Section 4.6.

4.1 The Model

In our weighted-seat apportionment model there are n voters, each voting for
one of m parties, and the goal is to fill k seats of varying (objective) value with
members of those parties, based on the votes.

We make two mild assumptions throughout. First, each party is approved by
at least one voter. Second, we assume full supply holds: recall from Chapter 2
that this means that each party has at least £ members so it can fill all of the k
seats by itself.

We again have a vote vector v = (v1,...,vy) € [n]Z) that specifies how many
votes party p € [m] garnered with the total number of votes }° ., v, equal
to the number n of voters. Each seat ¢ € [k] is associated with a weight w,
indicating how valuable ¢ is. Thus, the environment in which the election takes
place can be described by a weight vector w = (wy,...,wy) € N’;l, listing these
weights in non-increasing order. Let w = Zte[k] w; be the total weight. A seat
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assignment is a vector s = (S1,...,8;) € [m]k, where s; = p means that party
p € [m] is assigned seat t € [k] with weight w;. Given a seat assignment s, we
write s(p) = (t)s,—p for the vector of seats, in increasing order of index, assigned
to party p under seat assignment s. A weighted apportionment instance is a pair
(v, w) of a vote vector v and a weight vector w. We speak of a unit-weight
instance in case w; = wy for all t,t" € [k].

As was discussed in Chapter 2, proportionality in the apportionment task
is typically formalised in terms of the quota of a party. We do the same in
our weighted setting, with the important caveat that the quota, in this case, is
construed in terms of the total weight. So for the weighted setting, we set the
quota of party p to be defined as q,,(p) = w-v¢/n. In order to judge whether a party
satisfies their quota, we need to reason about the weights accrued by a party via
its seat assignment. This leads us to the notion of weighted representation. Now,
the representation of party p derived from seat assignment s is formally defined
as 1y(p, 8) = Ztes(p) wy, 1.e., the sum of the weights of the seats assigned to p
according to s. For a weight vector w, the set of all possible representation values
that a party can obtain from occupying at most h € [k] seats can be computed
as follows:

teT

R(w)py = { S " w | T € P(K]) with |T] < } .

We use the below example to illustrate the various parts of the model.

Example 4.1. Consider the following weighted apportionment instance with
three parties and four seats:

| # of votes (n = 100) | ¢ (p)
Party 1 | 60 13.2
Party 2 | 30 N 6.6
Party 3 | 10 Il N

w = (10,6,4,2), w =22

Let us now turn to the methods we will use to assign seats to parties. A weighted-
seat apportionment method (WSAM) M, takes a weighted apportionment in-
stance (v, w) as input and maps it to a winning seat assignment M, (v, w). We
focus on two types of WSAMSs, which generalise the most prominent methods
for standard apportionment: divisor methods and the largest remainder method
(LRM) (Balinski, 1982). Divisor methods afford several equivalent definitions—
the sequential version proves most useful for our setting.
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Definition 4.1 (Weighted divisor method). Given a weighted apportionment in-
stance (v, w) and a function f, : R x R — R, the weighted divisor method for f,,
works in k rounds, as follows. In round t € [k|, seat t is assigned to the party p
with the highest value for:

Tatiop = m Zf fw(QS(t), wt) # 0
e if fu(ge(t),w) =0,

where g;)(t) s the sum of the weights of the seats assigned to party p in earlier
rounds. If required, a tie-breaking rule is used to choose between parties with equal
ratio.

Intuitively, weighted divisor methods allocate the available seats sequentially,
starting with the most valuable seat, based on the ratio between values v, and
fu(gy) (), we). Tt is, of course, possible to allocate the seats in a different (fixed)
order but, to anticipate results to come, starting with the most valuable seat leads
to particularly nice axiomatic properties.

Only certain choices for the function f,, lead to reasonable weighted divisor
methods. As mentioned in Chapter 2, the divisor methods that we hone in on
are Adams, the unique divisor method satisfying upper quota, and D’Hondt, the
unique divisor method satisfying lower quota (Balinski and Young, 1975). These
two rules can be generalised to our weighted-seat setting as follows.

Definition 4.2 (Adams, Method). Adams, is the weighted divisor method de-
fined by f.,(g;) (1), w) = g5 (t).

Definition 4.3 (D’Hondt, Method). D’Hondt, is the weighted divisor method
defined by f.(g; (), wi) = gy (t) + w;.

Example 4.2 (Adams, and D'Hondt,). Consider again the following
weighted apportionment instance with three parties and four seats:

| # of votes (n = 100) | .(p)
Party 1 | 60 13.2
Party 2 | 30 N 6.6
Party 3 | 10 Il 2.2

w=(10,6,4,2), w = 22
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The Adams,, method maximises the ratio v/g(t). Since g;’(t) = 0 before a
party receives any seats, each party gets a seat after the first three rounds;
we assume tie-breaking assigns party 1, 2 and 3 seat 1, 2 and 3, respectively,
for the partial assignment s = (1,2,3,_). At round t = 4, ratio, is maximised
by party 1, with ratio; = 69/10 versus ratio, = 30/6 and ratio3 = 19/4. The final
assignment is s = (1,2, 3,1).

The D’Hondt,, method maximises the ratio vr/(g%(t)+w:). Assigning the first
seat to party 1 gives a ratio of 60/(0+10), versus 39/(0+10) and 19/(0+10) for parties
2 and 3, respectively, so this seat goes to party 1. The second seat goes to
party 2. For the third seat we calculate ratio; = 69/(10+4), ratio, = 39/(6+4)
and ratiog = 19/(0+4), so this seat goes to party 1. The final assignment is
s=(1,21,3).

Let us now turn to LRM. Intuitively, LRM assigns each party their lower quota
of seats, as defined below, and then assigns the remaining seats based on the
fractional remainder of each party’s quota. As we will see in Theorem 4.2, this
idea cannot work in the weighted setting. Instead, we put forward the following
procedure.

Definition 4.4 (Greedy, Method). In each round t € [k|, the seat t with weight
wy € w is assigned to the party p for which the value q,(p) — g;j(t) 18 mazximal,
with ties broken arbitrarily when arising.

Intuitively, Greedy, always assigns a seat to the party p furthest away from its
quota q,(p). Though not the obvious way of generalising LRM to the weighted
setting, it can be checked that, without weights, Greedy,, is equivalent to LRM.
In the absence of a formal proof of this claim, we shall provide explicit proofs
related to Greedy, where otherwise the result would follow directly from results
for LRM in unit-weight instances.

Example 4.3 (Greedy,,). Consider again the following weighted apportion-
ment instance with three parties and four seats:

| # of votes (n = 100) | .(p)
Party 1 | 60 13.2
Party 2 | 30 N 6.6
Party 3 | 10 Il 2.2

w=(10,6,4,2), w = 22
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For Greedy,, note that the quotas ¢q,(p) = w - v/n for the parties are
qw(1) = 13.2, ¢,(2) = 6.6 and ¢,(3) = 2.2. And thus Greedy, returns the
seat assignment s = (1,2, 1, 3), the same as D’Hondyt,,.

We note that the WSAMs defined above take the parties’ previously assigned
weights into account when deciding on a seat assignment. This is in contrast to
Chakraborty et al. (2021), who use the standard apportionment methods to set
the order. And since they consider a setting where items do not have objective
values, it would not even be possible to define natural equivalents of our rules in
their setting.

Also note that these three WSAM all have a common feature, that being
that the seats are assigned in non-increasing order of weight. This seems the
most natural choice with the most ‘valuable’ seats being given priority in getting
assigned.

The axioms we present in the following sections are defined as properties of
seat assignments, and we say that a WSAM M, satisfies property P if for every
weighted apportionment instance (v, w) it is the case that the seat assignment
M, (v, w) satisfies property P. Throughout, we work with weighted apportion-
ment instances (v, w) with n voters, m parties, and k seats.

4.2 Weighted Lower Quota

We will now adapt the LQ axiom to our setting that weighted seats. For our
weighted-seat setting it might seem natural to define the weighted lower quota as
|gw(p)] = |w - v/n]. However, the following example shows that such a quota is
not guaranteed to be achievable, even in the simplest case of two parties and two
seats.

Example 4.4. Consider the following weighted apportionment instance with
two parties and two seats:

| # of votes (n = 100) | |w - vo/n]
Party 1 | 50 20
Party 2 | 50 I 50

w = (99,1), w =100

Observe that there is no way for both parties to get at least 50 in represen-
tation, given that one seat is significantly more valuable than the other.
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Intuitively, the problem is that there may be no combination of seats that actually
give each party its weighted lower quota. Let us thus try to restrict the lower
quota of a party to the values that the party can achieve with the number of seats
that it deserves, which is [#(p) = |k-vs/n| for a party p. We now use this quantity
to determine the party’s obtainable lower quota of weights, 1°(p) as follows:

1°(p) = max {w € R(w) gy | w < qu(p)} -

We can now define our first proportionality property.

Definition 4.5 (Obtainable Weighted Lower Quota, WLQ°). A seat assignment
s provides WL, if for every party p, it is the case that r,(p, s) = 1°(p).

Note that with unit weights, WLQ? is equivalent to the standard lower quota. In
the weighted setting, however, computing [°(p) for any party p requires solving
a SUBSET SUM problem and can hence not be done in polynomial time unless
P = NP.! Note, as well, that WLQ? is similar to the Extended Justified Represen-
tation (EJR) axiom in participatory budgeting: despite it being computationally
difficult to compute the amount of representation deserved by a group of voters
in this participatory budgeting setting, EJR can always be satisfied (Peters et al.,
2021b). The same holds, now, for WLQ’—in the case of two parties.

Proposition 4.1. For every weighted apportionment instance with two parties
there exists a seat assignment that provides WL(Y.

Proof. Consider a weighted apportionment instance with parties 1 and 2.
By definition of the obtainable weighted lower quota, there exists a set T of
seats such that ), ,w(t) = [°(1). Let s now be a seat assignment such that
party 1 is assigned all seats in T" and party 2 gets all of the other seats. By
definition, (1, s) = {°(1) holds for party 1. For party 2 we have:

rw(2,8) =w—ry(l,8) =w —1°(1)
>w—w-ﬂ:w-n_vl :w-%>l°(2).
n n n

Hence, WLQ? is satisfied. O

Observe that computing this assignment takes exponential time in the general
case, as we cannot compute the set of seats T' in polynomial time (unless P = NP).
Proposition 4.3 shows that this is unavoidable. However, in contrast to EJR,
WLQ? is not satisfiable in general with more than two parties.

I'Note that this only holds when the weights are represented in binary within the input.
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Theorem 4.2. There are weighted apportionment instances for which there exists
no seat assignment that provides WL().

Proof. Consider the following weighted apportionment instance with three
parties and three seats:

| # of votes (n = 3) | 1°(p)
Party 1 | 1 2
Party 2 | 1 I 2
Party 3 | 1 I 2

w=(3,21),w=06

We get [°(p) = 2 for each party p € [3] but there exists no seat assignment
that provides at least a weight of 2 to all three parties. O

Though WLQ? cannot always be satisfied, as per Theorem 4.2, one might still ask
for a WSAM that delivers an allocation satisfying WLQ° on instances where this
is possible. Unfortunately, the following result shows that such a requirement
is not computationally tractable. The proof of this result involves a reduction
from the NP-complete problem PARTITION, i.e., the problem of deciding, given a
multiset X = {x1,..., 2} of k positive integers, whether there exists a partition
of X into two subsets X; and X, such that > . z =3 _\ =

PARTITION

Given: A multiset X = {xz,..., 2} of k positive integers.

Question: Is there a partition of X into two subsets X; and X,
such that > v x = _\ a7

Proposition 4.3. If there exists a polynomial-time algorithm A that finds a seat
assignment s that provides WL()° whenever such a seat assignment exists, then
P = NP. This holds even when restricted to the case where there are only two
parties.

Proof. Assume such an algorithm A exists and let X = {zy,...,2%}, be
an instance of the PARTITION problem. We create the following weighted
apportionment instance (v, w), as follows. Set the weight vector w = (z),ex
to be the non-increasing vector of the k£ elements in X. Thus, we have w =
> sex . Take two parties with v = (1,1), so each party p € [2] receives
half of the total votes. Now let s be the seat assignment produced by a on
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input (v, w). We claim X is a positive instance of PARTITION if and only if
Tw(p, 8) = «/2 for every p € [2].

(=) Assume that X is a positive instance of PARTITION. Thus, there exist
subsets X; and Xj such that ) . =) .y, 2. In particular, this means
that ) .y, @ = «/2, for each t € [2]. Consider the constructed weighted ap-
portionment instance (v, w). Each party deserves ¥/2 seats and has a weighted
lower quota of @/2. As min (| X[, |X2|) < ¥/2, there exists a way to receive
weight w/2 with ¥/2 seats. It follows that both parties have an obtainable lower
quota of w/2. Finally, WLQ? is satisfiable, as the seat assignment that gives
all seats that correspond to an element of X; to party 1 and every seat that
corresponds to an element of X5 to party 2, satisfies WLQ°. It follows that in
the seat assignment produced by a each party must have representation «/2.

(<) Assume that r,(p,s) = w/2 for both parties p. Let X; be the set of
all elements that correspond to a seat that is allocated to party 1 and let X,
be the set of all elements that correspond to a seat that is allocated to party
2. Then we must have ) _, = =v/2= 3} x, and hence X is a positive
instance of PARTITION.

However, that means we can solve PARTITION in polynomial time by trans-
forming it into the weighted apportionment instance (v, w), running « on that
instance and checking whether r,(p, s) = «/2 holds for both parties p € [2].
As PARTITION is NP-complete, this implies that P = NP. O

reXo

But, with some additional assumptions, we obtain a more positive outlook.

Proposition 4.4. For a constant number of parties and weights in w that are
polynomial in the input size, finding a seat assignment s that provides WL can
be done in polynomial time, assuming such a seat assignment exists.

Proof. We now describe a dynamic programming algorithm that finds a seat
assignment s that provides WLQ° whenever one exists. Consider a weighted
apportionment instance with m parties.

The algorithm works as follows. For each ¢ € [k] (where i represents the
number of seats assessed thus far), it computes W, which is a set of tuples
of the form (Wy,...,W,,). Here, W, indicates the sum of seat weights of the
seats assigned to party p € [m].

Each W;.; can be computed using W; and the weight w;,, by looking
at every combination of some tuple in W, and some choice of party to assign
the weight-w; 1 seat to. Once Wy is computed, we can check every tuple
in W, and for each tuple, assess whether it satisfies WLQ° (which can be
done in polynomial time). Specifically, this check can be done for each tuple
(Wi, ..., Wy,) by assessing whether W, > [°(p) for every party p € [m]. From
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the assumption on the weights in w and the observation that computing
[° requires solving an instance of SUBSET SUM, we can apply a dynamic
programming algorithm for the latter problem to compute (°(p) in polynomial
time. And finally, there are at most w?™ such tuples, which is polynomially
many in the input size due to the assumptions on the weights in w and the
number of parties being constant. Thus, this algorithm runs in polynomial
time. O

Proposition 4.4’s proof makes use of a dynamic programming algorithm. The
assumptions of Proposition 4.4 may be restrictive, but they fit the scenarios
envisioned for our model, which are not likely to feature a number of parties, or
weight values, exponential in the input size.

We have, as of yet, made no inroads towards our goal of finding an achievable
lower quota property for the weighted setting. To do so, it is helpful to look
at lower quota in the unit-weight setting a bit differently: instead of thinking
of the lower quota as the closest value to the quota that can be obtained in
practice, we interpret it as guaranteeing that each party p is at most one seat
away from surpassing its quota. To make this interpretation of lower quota work
with weighted seats one must specify which seat, amongst those not assigned to
it, a party has to additionally receive in order to surpass its quota. We parse this
in three ways.

Definition 4.6 (WLQ up to one seat, WLQ-1). A seat assignment s provides
WLQ-1 if, for every party p, either we have r,(p, S) = q.(p) or there exists some
seat t € [k]\ {t' € s(p)} such that r,(p,s) +w > q,(p).

Definition 4.7 (WLQ up to any seat, WLQ-X). A seat assignment s provides
WLQ-X if, for every party p, either we have r,(p,s) = q.(p) or for every seat
te k] \{t' € s(p)}, it holds that r,(p, s) + ws > q,(p).

Definition 4.8 (WLQ up to any seat from an overrepresented party, WLQ-X-r).
A seat assignment s provides WLQ-X-r if, for every party p, either we have
ro(p,8) = qu(p) or for every seat t € {t' € s(p*) | p* € [n] \ {p},r.(p*,s) >
qw(p*)}, it holds that r,(p, s) + wi > qu(p)-

WLQ-1 states that for each party p, there exists a seat it can additionally receive
so as to surpass ¢(p); WLQ-X states that each party p would surpass ¢(p) if
they would receive any of the additional seats. WLQ-X-r can then be seen as a
weakening of WLQ-X where not all seats are considered, but only the seats that
have been assigned to parties that have exceeded their representation quota. The
intuition behind this requirement is that if one party receives more than their
quota, then this is justified by the fact that we could give none of their seats to
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another party without that party exceeding their quota. Observe that all three
axioms are equivalent to lower quota if restricted to unit-weight instances.

Clearly, WLQ-X implies WLQ-X-r, which in turn implies WLQ-1. It turns
out that WLQ? is incomparable with WLQ-X-r (so also WLQ-X).

Example 4.5 (WLQ? does not imply WLQ-X-r). Consider the following
weighted apportionment instance with two parties and four seats:

| # of votes (n = 2) | @(p) °(p)
Party 1 | 1 50 2
Party 2 | 1 I 50 2

w=(97,1,1,1), w = 100

Observe that the seat assignment s = (1, 1, 2, 2) satisfies WLQ but not WLQ-
X-r since party 1 is sufficiently represented but party 2 could also receive seat 2
(that was assigned to party 1) without surpassing its quota ¢, (2) = 50.

In the other direction, Proposition 4.3 and (the upcoming) Proposition 4.6 give
us that WLQ-X does not imply WLQ° assuming P # NP. In general, We also
can show that WLQ-X does not imply WLQ°, so these axioms are incomparable.

Example 4.6 (WLQ-X does not imply WLQ?). Consider the following
weighted apportionment instance with three parties and three seats:

| # of votes (n = 6) | @(p) 1°(p)
Party 1 | 3 3 3
Party 2 | 2 I 2 2
Party 3 | 1 IS 1 0

w=(3,2,1),w=06

Now, take a seat assignment s = (3,2,1). This clearly does not satisfy WLQ°
with 7,(1,8) = 1 < 1°(1) = 3. Note however that the addition of any of the
two seats that party 1 did not get assigned would suffice in helping it cross
dw(1) = 3. So it follows that WLQ-X is satisfied.

We follow up by investigating whether WLQ° implies WLQ-1.
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Proposition 4.5. WL’ implies WLQ-1.

Proof. Consider some party p with [#(p) = |k - v/n]. Now, suppose we
iterate through the seats in non-increasing order of weight and assign h seats
to party p such that the following two conditions hold:

1. h <1%(p).
2. Y w < qup) < D w.
telh] te[h+1]

We know that ., we < ¢u(p) and that it is obtainable with at most I#(p)
seats, 1.e., >,y wr € R(w)y#(p). Since I°(p) is the maximal value amongst
such weights, we get that [°(p) > ;) we holds.

Now assume a seat assignment s provides WLQ?’, so we have r,(p,s) >
[°(p) for party p. Assume that r,(p, s) < q.(p) and consider the seats assigned
to party p in s. If they are exactly the same h seats as selected above, then
seat h 4+ 1 works so that:

ru(p, 8) + wh1 = 1°(p) + wh1 = D> wy + wai1 > qu(p).
telh]

Otherwise, party p did not receive one of those h seats. Now, since we have
wy > wpyq for all those seats ¢ € [h], then r,(p, s) + w; > q.(p) holds for any
seat t € [h]. Thus, WLQ-1 is satisfied. O

We now question whether these axioms are easier to satisfy. First, for the two-
party cases, not only can WLQ-X always be provided, but it is possible to do so
efficiently.

Proposition 4.6. For two parties, a seat assignment providing WLQ-X always
exists and can be found in polynomial time.

Proof. Recall that the weight vector w = (wy, ..., wg) is non-increasing (so wy,
is minimal). We devise a method to find a seat assignment s that provides
WLQ-X: let t € [k] be the minimal value such that Y%, w; > ¢,(1), and
assign seats ¢ + 1 to k to party 1 (so r,(1,8) < ¢,(1)). Then assign the
remaining seats to party 2 to obtain seat assignment s.

Observe that amongst the seats that party 1 was not assigned, the seat t
has the lowest weight w;. Moreover, we have r,(1,s) + w; > ¢.(1). Hence,
WLQ-X is satisfied with respect to party 1. Now, let us assess for party 2.
Since r,(1,s) < ¢,(1) holds by the choice of ¢ and we know ¢, (1) + ¢,(2) =



52 Chapter 4. Apportionment with Weighted Seats

ro(1,8) +7,(2,8) = w (as s is complete), it must be the case that r,(2,s) >
qw(2). Hence, WLQ-X is also satisfied with respect to party 2. |

In other words, for two parties, we find that WLQ-X is easier to satisfy than
WLQ°. Unfortunately, this does not extend to the case of more than two parties.

Proposition 4.7. For weighted apportionment instances with three or more par-
ties, a seat assignment providing WLQ-X may not exist.

Proof. Consider the following weighted apportionment instance with three
parties and six seats:

‘ # of votes (n = 3) ‘ 4w (p)
Party 1 | 1 33
Party 2 | 1 N 33
Party 3 | 1 I 33

w = (63,30,3,1,1,1), w = 99

To achieve WLQ-X, the seats of weight 63 and 30 must be assigned to different
parties, say parties 1 and 2. Now, if party 3 is not assigned all of the remaining
four seats, then it cannot reach 33 in representation with the addition of any
one of these four seats. But, if party 3 is assigned all four of these seats, then
party 2 cannot reach 33 in representation by receiving any of the weight-1
seats. Thus, there is no way to provide WLQ-X. O

Observe that, in this example, ¢, (p) = [°(p) for all parties p. Hence, we cannot
even guarantee that each party is only one seat away from their obtainable lower
quota of weights.

While knowing how difficult it is to provide WLQ-X is left for future work,
a minor adjustment to the dynamic programming algorithm of Proposition 4.4
delivers the following.

Proposition 4.8. Given a constant number of parties and the weights in w being
polynomial in the input size, finding a seat assignment s that provides WLQ-X
can be done in polynomial time, assuming such a seat assignment exists.

Proof. Consider the dynamic programming algorithm from Proposition 4.4.
If we alter the algorithm to also keep track of the smallest seat weight [, that
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is assigned to each party p (alongside the sum of seat weights W, assigned to
party p) within the tuples in W;, then we can use the modified, final set of
tuples W to check in polynomial time if WLQ-X is satisfied. |

Off the back of the mostly negative results regarding WLQ° and WLQ-X, we take
aim at the weaker requirement of WLQ-X-r, and find the following positive result
using the Greedy, method.

Theorem 4.9. The Greedy, method satisfies WLQ-X-r.

Proof. Assume that WLQ-X-r is violated by some seat assignment s returned
by the Greedy, method. Let party p, be the party that witnesses it, i.e., it
holds that 7, (ps, ) < 7u(Pz, 8) + Wi < qu(ps) for some seat t € {t' € s(p*) |
p* € [n]\{p} ru(p”, s) > q.(p")}-

As party p, has less than ¢, (p,) in representation, there must be a party p,
where 7, (py, 8) > ¢u(py). Let h be the round after which party p, has more
than ¢,(p,) in representation (so party p, was assigned seat h). By choice
of round A, we have g;’y(h) + w, > qu(py) and hence, it holds that w, >
qu(py) — g‘;y(h). So we have that wy, > ¢.(p,) — g;jy(h), and since party p, was
not assigned seat h, we know that wy > qu(py) — g5, (h) = qu(ps) — g;, (h). It
then follows that q,(ps) < g (k) +wn < 14(pe, 8) + Wh.

So this seat h is enough for party p, to reach their quota with the same
holding for all seats assigned to party p, in prior rounds (as seats are assigned
in non-increasing order). ]

Recall that in standard apportionment, LRM is known to satisfy LQ (Balinski,
1982). Theorem 4.9 further justifies the Greedy,, method as a weighted proxy of
LRM. Recall, also, that in the standard setting D’Hondt satisfies LQ as well; we
find that D’Hondt,,, now, satisfies WLQ-X-r.

Theorem 4.10. The D’Hondt, method satisfies WLQ-X-r.

Proof. For a seat assignment s returned by D’Hondt,, for the sake of
contradiction, assume that there is a party p, such that there exists some
t e f{t' esp)|p e n]\{p}ru(p’ s) > q.(p")} such that r,(ps,s) <
Tw(pza 3) + Wy g QUJ(p:Jc)

Thus, we know that:

Up:c pr
99 (k) +we = qu(pa)
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for some t € {t' € s(p*) | p* € [n] \ {p},7u(P",8) > qu.(p*)}, where g (k) is
the total weight assigned to party p, at D’Hondt,,’s conclusion. This gives us
the following:
Upa: Upo; Upa: n
< = = — (4.1)
g (F) +we = qu(pa)  w-trefn w
During D'Hondt,,, there must be some round h where some party p, # p, €
[m] is assigned weight wy, such that:

n 'Upy

> —.
w ' gy (h) + wp,

Assume otherwise, and that for every party p € [m] \ {p.}, it holds that
Up/gy (k) > "/w after D’Hondt,’s k rounds. Then we have that w - »s/n > g2 (k)
for all p € [m] \ {p,}. Summing over all parties with w - vrz/n > g (k) for
party py, we get > i w-/n=w > gy (k) + > i oy 9 (k) which means
D’Hondt,, did not assign all of the weight, contradicting its definition. So,
there must exist some round h where for some party p,, we have:

n Upy

o U 4.2
w ggy(h) + wy, (42)

Since weight wj, was assigned to party p, in round %, and not party p,, then

we have that:
/Upy Upz

95 (h) +wp, ~ g2 (h) + wy

where h € {t' € s(p*) | p* € [n] \ {p},7.(p*,s) > q.(p*)}. And also consider-
ing the fact that g2 (h) < gy (k), it follows that:

Upy pr /Upcc
> > 4.3
= () T un > ge (k) twn (k) Fwn (43)

Putting equations (4.1), (4.2) and (4.3) together, it follows that:

Up,

n
w " gy (h)+wy -

€13

This is a contradiction, so no such party p, can exist. Note that we considered
a seat weight wy, assigned to some party p, in round h, such that p, surpasses
its quota. And such a weight wy, is sufficient in aiding party p, in reaching
¢w(ps). This holds for all seats assigned to party p, before round A (as such
seats h* have weight wy« > wy,), and also those seats assigned to party p,
after round h (as such seats h* are only assigned to party p,, and not some
party p, below its quota q,(p,) in that round, if the weight wy« would lead
to party p, reaching said quota). O
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This improves on a result of Chakraborty et al. (2021) stating that D’Hondt satis-
fies an axiom, which is weaker than WLQ-X-r, called WPROP1 (see Theorem 4.9
by Chakraborty et al. (2021)). This is important as the “up to any” properties
are, in many scenarios, much stronger than the equivalent “up to one” proper-
ties, in particular if the values of objects vary a lot. Consider the application of
our rules to the allocation of non-liquid assets in a bankruptcy. We may use the
approximate monetary value of the assets as a weight. In this case, we might
have a few very valuable assets (e.g., a house or other property), and other assets
of much lower values (e.g., furniture). In such a case “up to one” properties can
become essentially meaningless, while “up to any” properties are still meaningful.
This scenario shall be illustrated with the upcoming Example 4.7.

Crucially, our stronger result does not only stem from our restricted setting
but also from our use of a version of D’Hondt that takes weights into account as
the standard D’Hondt used by Chakraborty et al. (2021) does not satisfy WLQ-
X-r in our setting. This can be seen in the following example.

Example 4.7 (Use of standard D’Hondt method fails WLQ-X-r). Consider
the following weighted apportionment instance with two parties and three
seats:

# of votes (n = 12) | .(p)
Party 1 | 10 10
Party 2 | 2 Il 2

w=(10,1,1), w = 12

The standard D’Hondt method assigns all three seats to party 1 as, in the
D’Hondt method’s three respective rounds, party 1 has the ratios 10, 5, and
2.5 versus party 2’s ratio of 2 in all three rounds. Thus, party 2 has repre-
sentation of 0 from the resulting seat assignment and none of weight-1 seats
are enough to add so that party 2 exceeds its quota of ¢,(2) = 2. However,
observe that the seat assignment determined by standard D’Hondt provides
WLQ-1 while our WSAM D’Hondyt,, returns the seat assignment s = (1,2, 2)
for this same election instance and this seat assignment s not only provides
WLQ-X-r, but it is a much fairer outcome from an intuitive standpoint.

This further illustrates the importance of our focus on the weighted apportion-
ment model as we need to use the specific properties of our model to define new

2WPROPI1 is similar to WLQ-1, but WPROP1 is defined with a weak inequality in the
condition on the existence of some seat of sufficient weight.
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voting rules, namely the WSAMSs, that can satisfy the stronger “up to any” prop-
erties. We also point out that Theorems 4.9 and 4.10 rely on the seats being
assigned using a non-increasing order of seat weight, which contrasts with the
results for the weaker axiom WLQ-1, where an arbitrary ordering would suffice.

Now, regarding the other divisor method, Adams, fails WLQ-1 (and thus
WLQ-X-r), as it is known to violate LQ, which, as mentioned above, is equivalent
to WLQ-1 in the unit-weight case (Balinski, 1982).

Example 4.8 (Adams,, and rev-Adams,, fail WLQ-1). Consider the follow-
ing weighted apportionment instance with four parties and four seats:

| # of votes (n = 12) | @ (p)
Party 1 | 9 3
Party 2 | 1 1IN 1/3
Party 3 | 1 Il 1/3
Party 4 | 1 1/3

w=(1,1,1,1),w=4

Adams, gives each party p € [4] an initial ratio of ratio, = 0o, so each party
receives exactly one seat. Consequently, party 1 is two seats away from its
weighted quota.

4.3 Weighted Upper Quota

While lower quota guarantees that each party receives at least as many seats as
it deserves, we also want to prevent parties form getting more seats (and thus in-
fluence) than appropriate, a notion formalised by the upper quota (UQ) property.
In the standard apportionment setting, UQ states that a party p amassing v, of
the n votes should receive at most [k - v»/n] of the k seats (Balinski, 1982).

As with the lower quota, it is easy to check that there is no hope of satisfying
the naive weighted upper quota notion defined by [w - v»/n]|. Consequently, we
approach the definition of a weighted upper quota in a similar fashion to our
definition of the obtainable weighted lower quota [°(p).

Specifically, we incorporate ‘upper quota of seats’ in defining a weighted upper
quota for party p that is obtainable. So for a party p, we may define its weighted
upper quota to be the following where u# (p) = [k - vs/n]:

uy(p) = max{r € R(w)p#@)y | 7 < min{fw € R(w)p | w > q.(p)}}-
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Note that this definition is more involved than, and not exactly symmetric to,
that of [°(p). To see why, observe that to obtain a more obvious counterpart to
the definition of [°(p), we should fix u}(p) to be:

min{r’ € R(w)# () | > q.(p)}

However, we cannot do so due to the fact that such a value may not exist, as
all values in R(w)p,#(,) may be less than q,,(p). Thus, we define u}(p) to be the
largest value in R(w)y#(,) that does not exceed an upper bound of min{w €
R(w)p : w > qu(p)} which always exists.

This seems a natural counterpart to the obtainable weighted lower quota (°(p),
but we can show that there exist weighted apportionment instances where the sum
of obtainable weighted upper quotas is less than the total weight, and therefore,
any reasonable upper quota axiom based on u}(p) will be violated. The following
details such a weighted apportionment instance.

Example 4.9. Consider the following weighted apportionment instance with
five parties and six seats:

| # of votes (n = 100) | u*(p) qu(p) wi(p)
Party 1 | 40 2 4 2
Party 2 | 15 I 1 15 1
Party 3 | 15 S 1 1.5 1
Party 4 | 15 1 1.5 1
Party 5 | 15 Il 1 1.5 1

w=(51,1,1,1,1), w = 10

Party 1 has an upper quota of seats of u#(1) = 2 and all other parties have
an upper quota of seats of only 1. Thus, the obtainable upper quotas taking
this ‘upper quota of seats’ into account would be u*(1) = 2 for party 1 and
uy(p) = 1 for the other parties p € {2,...,5}, which sums to > ., us(p) =

o

7<10 = w.

We thus define the obtainable weighted upper quota, that does not incorporate
the ‘upper quota of seats’, as follows:

u’(p) = min {r € R(w)y [ 7 > q.(p) } -

Now we can define the axiom WUQ° based on this notion u° of an obtainable
upper quota value.
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Definition 4.9 (Obtainable Weighted Upper Quota, WUQ?). A seat assignment
s provides WUCQY if for every party p it is the case that r,(p, s) < u°(p).

Note that for unit-weight election instances WUQ?® reduces to the standard UQ
property. For this definition of the obtainable upper quota, we achieve essentially
the same results as for WLQ°. The following four results can be seen as direct
counterparts to those shown for WLQ°.

Proposition 4.11. For every weighted apportionment instance with two parties
there exists a seat assignment that provides WU .

Proof. Consider a weighted apportionment instance with parties 1 and 2. By
the definition of the obtainable weighted upper quota, there exists a set of
seats T' such that ), ., w(t) = u°(1). Now, let s be a seat assignment such
that party 1 gets all seats in 7', and party 2 all other seats. By definition,
ry(1,8) = u°(1) for party 1. Moreover, for party 2, we have:

r0(2,8) =w —ry(l,8) =w—u’(1)
Swew D=y . 27U _ . 2 <)
n n n

Hence, WUQ? is satisfied. |

Proposition 4.12. There are weighted apportionment instances where no com-
plete seat assignment provides WUQ.

Proof. We use the weighted apportionment instance familiar from the proof of
Theorem 4.2. Consider the following weighted apportionment instance with
three parties:

| # of votes (n = 3) | u(p)
Party 1 | 1 2
Party 2 | 1 I 2
Party 3 | 1 I 2

w=(3,2,1),w=06

Providing each party with at most 2 in representation cannot be achieved if
we need to assign all three seats. O
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Proposition 4.13. If there exists a polynomial-time algorithm A that finds a
seat assignment s that provides WU whenever such a seat assignment exists,
then P = NP. This holds even when restricted to the case where there are only
two parties.

Proof (sketch). Consider the reduction from the PARTITION problem in
Proposition 4.3. Observe that in the weighted apportionment instance con-
structed in this reduction, the obtainable weighted lower quota [°(p) for each
party p € [2] is exactly equal to the obtainable weighted upper quota u°(p).
So the same arguments provided for WLQ° work for WUQ°. O

Proposition 4.14. Given a constant number of parties and the weights in w
being polynomial in the input size, finding a seat assignment s that provides WU
can be done in polynomial time, assuming such a seat assignment exists.

Proof. Consider the dynamic programming algorithm from Proposition 4.4.
Observe that the same algorithm can be deployed to find WUQ’-providing
seat assignments with the following, simple modification: once W, is com-
puted, the algorithm checks each tuple (Wi, ..., W,,) to determine whether,
for every p € [m], it holds that W, < u°(p) instead of whether W, > 1°(p).
And we can compute u°(p) in polynomial time due to (i) the assumption on
the weights in w, and (i7) observing this task is also equivalent to solving the
SUBSET SUM problem. O

Given that the results for WUQ° are as negative as the results for WLQ°, we
next consider the up to one/any relaxations that allowed us to define satisfiable
lower-quota axioms.

Definition 4.10 (WUQ up to one seat, WUQ-1). A seat assignment s provides
WUQ-1 if, for every party p, either r,(p,s) < qu(p) or there exists some seat
t € s(p) such that ry,(p,s) — wr < qu(p).

Definition 4.11 (WUQ up to any seat, WUQ-X). A seat assignment s provides
WUQ-X if, for every party p, either r,(p,s) < qu(p) or for every seat t € s(p),
it holds that r,(p, s) — wy < ¢u,(p).

WUQ-X states that, for every party p, disregarding any seat it received would
take it below ¢(p) while for WUQ-1, there need only exist one such seat assigned
to party p to take it below ¢(p). With unit weights, these axioms are exactly UQ.
Observe that there is no natural way of defining a counterpart to WLQ-X-r, as
the items we remove from each party must be assigned to them.
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WUQ-X clearly implies WUQ-1, but how do these two axioms relate to
WUQ°? Here, we see the first difference between upper and lower quota, as
WUQ? does not only imply WUQ-1 but even WUQ-X (whereas Example 4.5
showed that WLQ° does not imply WLQ-X).

Proposition 4.15. WUQ’ implies WUQ-X.

Proof. Assume WUQ-X is violated by a seat assignment s. Then there
exists a party p such that for every seat t € s(p,), it holds that r,(p,s) >
rw(p, 8) — wy = qu(p). But then this means that the value r,(p, s) — w; is an
achievable weight representation value that is at least as large as q,(p), i.e.,
To(p,8) —wy € {r € R(w)py | r = qu(p)}

Since u°(p) is the smallest of the weights in {r € R(w)p | 7 > qu(p)}, we
get r,(p, 8) > ry(p, s) — wy = u°(p) and hence, WUQ? is also violated. O

In the other direction, here is an example that shows that WUQ-X does not imply
wuQ°.

Example 4.10 (WUQ-X does not imply WUQ?). Consider the following
weighted apportionment instance with three parties and three seats:
| # of votes (n = 6)

| u(p) | w(p)
Party 1 | 3

3 3
Party 2 | 2 I 2 2
Party 3 | 1 IS 1 1
w=(3,21),w=06

Now, take a seat assignment s = (3,2,1). This does not satisfy WUQ? as we
get that 7,(3,8) = 3 > u°(3) = 1, but note that the removal of the seat that
party 3 was assigned would suffice in helping it go below ¢, (3) = 1.

Now, we ask whether we can satisfy these weaker upper-quota axioms. A natural
candidate for doing so is the Adams, method as it is known to satisfy UQ in
unit-weight cases (Balinski, 1982). Indeed, Adams, even satisfies the stronger
notion of WUQ-X. This is in stark contrast to WLQ-X, which was not satisfiable
in general.

Theorem 4.16. Adams, satisfies WUQ-X.
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Proof. Assume there exists a party p, that receives more representation than
Gw(pz), otherwise, WUQ-X is satisfied by definition. Let ¢ be the round of
Adams,, such that party p, was assigned seat t and after which g’ (t) > q.(p2),
and thus, we have that:

Up x

Gy, (t) — Wi < qu(pe) = w - "

We now show that party p, does not receive any more seats. Consider some
round ¢* > ¢ where seat ¢* is to be assigned. We know that > .1 ¢.(p) = w
holds alongside the following:

w * w Unc

As at least one seat, namely seat t*, has not been assigned yet, there must be
a party py such that gy (t*) < qu(py) = w - ¥s/n. And it follows that:

Up, v n Upy vpy

P _ 1 _ .
gu.(t*)  w-vefn  w  w-/n 95, (t*)

Hence, party p, has a strictly better ratio than party p,, so Adams, does
assign seat t* to the latter party. So, we know that removing seat ¢ would be
enough for party p, to fall below their weighted quota ¢, (p.), and thus, up
to this point, we have proven that Adams,, satisfies WUQ-1.

To show that Adams,, satisfies WUQ-X, we need the following additional
argument: for all the seats j < ¢ that Adams, assigned to party p, prior
to it being assigned seat ¢, we have that w; > w; and hence, gy (t) — w; <
go (t) —w; < qu(pe). So removing any one of these seats will suffice to ensure
that party p, does not exceed q,(p,)- O

We now expand our focus to the following envy-freeness axioms (envy-freeness is
a well-known fairness notion in the fair division literature).

Definition 4.12 (Weighted envy-freeness up to any seat, WEF-X). A seat assign-
ment s provides WEF-X if for any two parties pg,p,, it holds for every seat
t € s(py) that
Tw(px, 3) > Tw<py7 3) — Wy
Up - Up .

x Yy

We can also define the following weakening of WEF-X.

Definition 4.13 (Weighted envy-freeness up to one seat, WEF-1). A seat assign-
ment s provides WEF-1 if for any two parties p,,p,, there exists some seat



62 Chapter 4. Apportionment with Weighted Seats

t € s(py) such that:
rw(pacy 3) > Tou(pyv 3) — Wy
U - Vp '

T Y

In our setting, both WEF-X and WEF-1 ensure that no party prefers the represen-
tation afforded to another party. Conceptually, this is similar to the upper-quota
notion that states that no party is represented more than it truly deserves. To

provide a formal connection between envy-freeness and upper quota, we prove
that WUQ-X follows from WEF-X.

Proposition 4.17. WEF-X implies WUQ-X.

Proof. Observe that if WUQ-X is violated, then there exists a party p, such
that 7, (ps, 8) —w = qu(pr) = w-vrz/n for some t € s(p,). On the other hand,
for WEF-X to hold, for every party p, € [n]\{p,} and every ¢t € s(p,) it must

be the case that
Tw(py, S)

Up

Tw(p:v; S) — Wy

Up

>

Y x

These inequalities imply that r,(p, s) = w-v»/n = q,(p) for every party p € [n],
which is not possible if party p, exceeded its quota q,(p.)- O

And then it is clear to see that WEF-1 implies WUQ-1 and as the proof is
analogous to that of Proposition 4.17, it is omitted here.

Proposition 4.18. WEF-1 implies WUQ-1.

On the other hand, it is straightforward to see that this weaker WEF-1 does not
imply WUQ-X.

Example 4.11 (WEF-1 does not imply WUQ-X). Consider the following
weighted apportionment instance with two parties and three seats:

‘ # of votes (n = 2) ‘ 4w (p)
Party 1 | 1 7
Party 2 | 1 I 7

w=(11,2,1), w =14

Now, take a seat assignment s = (1,2,1). This does not satisfy WUQ-X as
we get that r,(1,8) —ws = 12 — 1 > 7, but note that the removal of seat 1
from party 1 would remove any envy from party 2.
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We also show that an axiom that is studied by Chakraborty et al. (2021), and
is a weakening of WEF-1, does not imply WUQ-1. First, we define this weaker
axiom.

Definition 4.14 (Weak weighted envy-freeness up to one seat, WWEF-1). We
say a seat assignment s provides WWEF-1 if for any two parties p,,p,, there
exists some seat t € s(p,) such that at least one of inequalities 4.4 and 4.5, given
below, hold:

rw(pxas) Tw(pyas) — Wy

> 4.4
pr Upy ( )
Tw(pl‘as) +wt > Tw(]?yas) (45)

pr Upy

Now, here is an example illustrating that WWEF-1 does not imply WUQ-1.

Example 4.12 (WWEF-1 does not imply WUQ-1). Consider the following
weighted apportionment instance with 101 parties and four seats:

| # of votes (n = 200) | qu(p) |
Party 1 | 100 2
Party 2 |1 | 0.02
Party 101 | 1 | 0.02

w=(1,1,1,1),w=4

D’Hondt,, assigns all seats to party 1 which violates WUQ-1. Now, to see that
WWEEF-1 is satisfied, observe that condition 4.5 of the definition of WWEF-1
is satisfied. This holds as for all parties p € {2,...,101}, assigning them a
weight-1 seat is enough such that (re(ps)twe)/y, = 0+1)/1 =1 > rw(Ls)/y; = 4/100.

Now, we show that Adams,, satisfies WEF-X.

Theorem 4.19. The Adams, method satisfies WEF-X.

Proof. Suppose there are two parties p,, p, with:

Tw(Dys 8) _ Tw(Pa» S)

(% (Y

Py Pz



64 Chapter 4. Apportionment with Weighted Seats

That is to say that party p, envies party p,. Now, consider the last seat ¢
that was assigned to party p, by Adams, in round h. Since this seat was
assigned to party p., we have that:

UP T > /Up Y

g2 (h) = g2 (h)

And as seat t was the last seat assigned to party p,, we get:

Tw(pyas) > g;)y(h) S g;);(h) _ Tw<px75> — Wy
Up g Up g Up Up '

T 2]

Yy Yy

So, removing seat ¢ from party p, leads to party p, no longer envying party p,,
and since all seats assigned to party p, prior to seat ¢t have weight at least as
large as seat t, removing any of these seats is sufficient to remove party p,’s
envy. a

This result improves on that of Chakraborty et al. (2021) that shows that the
standard Adams method can be used to achieve WEF-1. It would be interesting to
see if one can generalise our result to their setting. In this regard, note that finding
a rule that satisfies WEF-X in the setting of Chakraborty et al. (2021) would
imply the existence of FF-X allocations in the standard fair division setting,
which is considered one of the major open questions in fair division (Amanatidis
et al., 2022).

Since Adams, does not satisfy WLQ-1, can envy-freeness and lower quota
be satisfied at the same time? This is not possible, as WEF-1 and WLQ-1 are
incompatible.

Proposition 4.20. WEF-1 and WLQ-1 are incompatible.

Proof. Consider the following weighted apportionment instance with three
parties and three seats:

‘ # of votes (n = 6) ‘ 4w(p)
Party 1 | 8 ~ 15.2
Party 2 | 2 I ~ 3.8
Party 3 | 1 Il ~ 1.9

w=(8,7,6), w=21

To satisfy WLQ-1, two of the seats must be assigned to party 1. However,
this leads to one of parties 2 and 3 having no seats: the party without a seat
will envy party 1 and be a witness to a violation of WEF-1. O
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As Adams, does not satisfy WLQ-1, we ask whether upper- and lower-quota
axioms can be satisfied at the same time. Let us turn to D’Hondt,, and Greedy,
since they satisfy WLQ-1. D’Hondt,, does not satisfy UQ in the unit-weight case
so it cannot satisfy WUQ-1 (the same holds for rev-D’Hondt,,). Example 4.12
shows this well-known fact that D’Hondt,, violates UQ even in the unit-weight
setting by an arbitrary number of seats (Balinski, 1982).

Example 4.13 (D’Hondt,, and rev-D’Hondt,, fail WUQ-1). Consider again
the following weighted apportionment instance with 101 parties and four
seats:

‘ # of votes (n = 200) ‘ 2.(p) ‘
Party 1 | 100 2
Party 2 |1 | 0.02
Party 101 | 1 | 0.02

w=(1,1,1,1),w=14

Both D’Hondt,, and rev-D’Hondt,, assign all seats to party 1 which violates
WUQ-1.

The Greedy,, method however, is a contender with its connection to LRM, known
to satisfy UQ (Balinski, 1982). As it satisfies WLQ-1 it cannot satisfy WEF-1,
but we find that it does satisty WUQ-X.

Theorem 4.21. Greedy,, satisfies WUQ-X.

Proof. Take a seat assignment s constructed by Greedy,. Assume there is
a party p, that received more representation than q,(p,), i.e., 7,(ps,s) =
g (k) > qu(ps), otherwise, WUQ-X is satisfied. Let ¢ be the round after
which g% (t) > q.(p.) holds, and so gy (t) —w; < qu(p.) also holds. We argue
that party p, does not get assigned any seat t* > t. Observe that in every
round t' € [k], there always exists a party p, such that ¢,(p,) — 9y, (t') >0 as
we have Zpe[m} ¢w(p) = w. It then follows, for every round ¢* > ¢, that:

G(py) — g () = 0 > qu(pa) — g, (%)

Hence, party p, cannot be assigned seat t*. Given this we know that Greedy,
satisfies WUQ-1. However, for all seats j < t assigned to party p, up to the
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assignment of seat ¢, we have w; > w;. So, it follows that g (t) — w; <
go (t) — wy < qu(p.) and this means that removing any seat assigned to arty
p suffices for this party to not be above its weighted quota and thus, WUQ-X
is also satisfied. O

These results highlight the importance of the order that seats are assigned, with
the non-increasing order yielding more positive results than the arbitrary ordering

for the WSAMs.

4.4 House Monotonicity for Weights

Why focus on D’'Hondt,, or Adams,, if the Greedy, method satisfies both WLQ-
X-r and WUQ-X? The answer lies with house monotonicity.

Beyond the aim of proportional representation, this is an additional desidera-
tum in the apportionment literature, that states that an increase in the number
of available seats should not harm any party in terms of the number of seats that
it is assigned. This property is important in order to avoid situations such as the
often cited Alabama Paradoz, and its failure has, historically, been the cause of
much political animosity (Szpiro, 2010).

Definition 4.15 (House Monotonicity, HM). Take apportionment instances (v, k)
and (v, k 4+ 1). An apportionment method M is house monotone if for seat as-

signments s = M (v, k) and s* = M(v,k + 1), it holds that r(p,s*) = r(p, s) for

every party p € [m].

It is known that LRM satisfies LQ and UQ in standard apportionment but fails
HM, whereas divisor methods satisfy it (this was also mentioned in Chapter 2)
(Balinski, 1982; Pukelsheim, 2014). Note that Chakraborty et al. (2021) also
study house monotonicity in their setting. As our WSAMs differ from the rules
studied by Chakraborty et al. (2021), their results on house monotonicity do not
apply to our methods.

We look at adaptations of HM to our weighted setting. The first is most faith-
ful to the intuition of HM. We first consider the following strong generalisation
of house monotonicity.

Definition 4.16 (Full House Monotonicity, fullHM). We say a WSAM M,, sat-
isfies full-HM if for every weighted apportionment instance (v,w) and every
w* € Nyy such that w* = (W)yew S a non-increasing weight vector where
W = {w € w} U {w*}, it holds for s = M,(v,w) and s* = M,(v,w*) that
ro(p, 8%) = r,(p, s) for every party p € [m].
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Firstly, we can always satisfy full-HM in a trivial manner by always assigning all
of the seats to the largest party (with lexicographic tie-breaking for example).
Now, full-HM can also always be satisfied in a more natural fashion by using,
for example, the non-weighted divisor methods (Chakraborty et al., 2021). Of
course, as we have seen before, these methods do not satisfy the strongest possible
quota axioms WLQ-X-r and WUQ-X. Of course, this is arguably not a desirable
WSAM and, in particular, violates all quota axioms we have considered so far.

As with much of the work up to this point, we see that dealing with weights
provides additional difficulty in importing properties to our setting. For unit-
weight elections, all divisor methods satisfy house monotonicity (Balinski, 1982;
Pukelsheim, 2014) but unfortunately, our adapted versions of Adams and D’Hondt
fail to do the same for full-HM.

Proposition 4.22. Adams, and D’Hondt, fail full-HM.

Proof. Let us first consider Adams, and consider an instance with three
parties and there initially being four seats to be assigned:

| # of votes (n = 12)

Party 1 | 5
Party 2 | 5 I
Party 3 | 2 Il

For a weight vector w = (8,8, 3, 2), the seat assignment returned by Adams,
is s = (1,2,3,3), assuming that ties are broken according to the ordering of
v. Thus, we have r,(3,s) = 5 for party 3. Suppose a weight-4 seat is added
to w so as to obtain the weight vector w* = (8,8,4,3,2). Then Adams,
returns s* = (1,2,3,1,2). So party 3 go from 7,(3,s) =5 to (3, s*) = 4.

Now, consider the following weighted apportionment instance with three
parties and only two seats to begin with:

| # of votes (n = 41)

Party 1 | 21
Party 2 | 10
Party 3 | 10

The seat assignment returned by D’Hondt,, for a weight vector w = (2,2)
is s = (1,1), giving both seats to party 1 who obtain 4 in representation.
Suppose a weight-3 seat is added to w so as to obtain w* = (3,2,2). Then
D’Hondt,, returns s* = (1,2, 3) that assigns a seat to each party. So party 1
go from r,(1,s) =4 to r,(1,s*) = 3. O

We leave open the question whether there is a WSAM that satisfies full-HM along
with some of our proportionality axioms. Instead, we try to achieve positive
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results by restricting the weight associated with an election’s additional seat.
This consideration leads us to the following, weaker axiom.

Definition 4.17 (Minimal House Monotonicity, min-HM). We say a WSAM M,
satisfies min-HM if for every weighted apportionment instance (v, w) and every
w* € Noy such that w* < wy, and w* = (W')yew s a non-increasing weight vector
where W = {w € w}U{w*}, it holds for s = M,(v,w) and s* = M, (v, w*) that
ro(p, 8%) = r,(p, s) for every party p € [m)].

This axiom provides another difference between our work and that of Chakraborty
et al. (2021) as we note that min-HM can only be defined with objective values
for items (seats in our case) and thus would not make much sense in the setting
of Chakraborty et al. (2021).

Now, back to our analysis of the WSAMs. Positively, divisor methods clearly
satisfy min-HM as all seats prior to an extra seat are assigned in the same way.

Proposition 4.23. All divisor methods satisfy min-HM.

While much weaker than fullHM, min-HM is enough to further distinguish be-
tween our WSAMs as Greedy,,, given LRM’s failure of min-HM with unit weights,
also fails min-HM (so fails full-HM).

Proposition 4.24. Greedy,, fails min-HDM.

Proof. Consider the following weighted apportionment instance with three
parties and three seats to assign:

| # of votes (n = 10)

Party 1 | 5
Party 2 | 4 I
Party 3 | 1 Il

The seat assignment returned by Greedy,, for the weight vector w = (4, 3, 2)
(sow=09)is s=(1,2,3).

Now we add a weight-1 seat and for the weight vector w* = (4,3,2,1)
(so w = 10), the Greedy,, method assigns the first two seats to parties 1 and
2, respectively. In round 3, note that q,(p) — g (3) = 1 for parties p € [3].
Suppose that party 1 is assigned the third seat via tiebreaking. For the next
round, parties 2 and 3 remain equally entitled to the last seat. Suppose
that tiebreaking leads to this seat being assigned to party 2. The method
then returns the seat assignment s* = (1,2, 1,2) with party 3 receiving less
representation than in the original weighted apportionment instance. O
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We leave to future work the task of looking at other, natural notions of monotonic-
ity. Next, we instead focus on a real-world application of weighted apportionment.
For an overview of the axioms that we have studied thus far and how they relate
with each other, see Figure 4.1

Weighted Seats | ;

WLQ_X -\—) NN " $
/@_X/_r;’ - J1Q
WLQ° [ |
full-HM .
WUQO a [
A WUuQ-X {WUQ-1 | UQ
WEF-X WEF-1 WWEF-1[ oo

Figure 4.1: The relations between the weighted apportionment axioms studied
within this chapter and the apportionment axioms mentioned in Chapter 2. In
this figure, an arrow (—) from axiom A pointing towards axiom B indicates that
axiom A implies axiom B. The backgrounds represent whether an axiom can, or
cannot, always be satisfied. A green background (M) represents the former while
the red background () represent the latter.

4.5 Experiments

In this section, we present the experimental analysis that we have conducted on
our WSAMs. The section consists of two parts. The first details the case we per-
formed on the data of the German Bundestag committee allocations (mentioned
in this chapter’s introduction). The second part of this section then deals with
the analysis on apportionment instances that we artificially generate.

Bundestag Case Study. We present here a case study based on the allocation
of chair positions to parties in Bundestag committees, first mentioned in this
chapter’s introduction. Our objective is to compare the results produced by
our weighted apportionment methods with the historical results, full details of
which are publicly available (Feldkamp, 2023; Wikipedia, 2024). In doing so, we
interpret the size of a committee as a proxy for its importance. We acknowledge
that this can only be an approximation of the true value of a committee, but
we believe it is accurate enough to give a first impression of the performance
of different WSAMs. Moreover, we wish to emphasise that our case-study does
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Adams, D’Hondt, Greedy,

WLQ-X-r
WLQ-1

WUQ-X
WUQ-1
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WEF-1
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Table 4.1: This table indicates whether a WSAM satisfies (v/) an axiom or not
(X). We only consider axioms that are satisfied by at least one of our WSAMs

not concern the distribution of seats inside the committees (this is settled using
standard apportionment methods for each committee independently). Instead,
our rules are used to decide which party can choose the head of each committee (of
which there is only one per committee). While noting the presence of exceptional
cases, it does not seem implausible to us that a party would consider leading two
smaller committees nearly as good as leading one bigger committee.

The existing data covers all 20 legislative periods in Germany between 1949
and 2021. For each of these periods, between 4 and 7 parties entered parliament,
between 19 and 28 committees were formed, and each committee had between 9
and 49 members.?> To construct a weighted apportionment instance for a given
legislative period, we take the members of parliament to be the voters,* we take
the chair positions for the committees of that period to be the seats to be filled,
and we use the sizes of those committees as the weights of the seats.

For each of the 20 weighted apportionment instances thus created, we are
interested in how the historical Bundestag seat assignment fares in terms of rep-
resenting parties proportionally and how that assignment compares to the assign-
ments returned by our WSAMs (Adams,,, D'Hondt,,, and Greedy,,). Given a seat
assignment s, we first ask which of our nine proportionality axioms it satisfies.
For testing WLQ°? and WUQ?’, we encoded the computations of the obtainable
weighted quotas [°(p) and u°(p) into Integer Linear Programs (ILP) and employed
an ILP solver to compute them efficiently. As the binary measure of axiom sat-
isfaction can only provide limited insight, we introduce three further measures to
allow for a more fine-grained analysis:

3In case any relevant data points (such as the size of a committee) changed over the course
of a legislative period, we always used the start of that period as our point of reference.
4Data taken from (Feldkamp, 2023)
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e average distance to the weighted quota:
1
o(s) =~ > Irulp, s) = au(p)l;

pE[m]

e average distance below the weighted lower quota:
_ 1 o
6 (s) = =k > p) —rulp.s),
peEP—
where P~ = {p € [m] | r(p, s) < °(p)};
e average distance above the weighted upper quota:

1
| P+

6t (s) = : Z rw(p, ) — u’(p),

where Pt = {p € [m] | r,(p, s) > u°(p)}.

This gives us a total of twelve measures we can use to determine how well a given
seat assignment does in terms of providing proportional representation.

Our results are summarised in Table 4.2 (the script used to generate these Bun-
destag case study results (along with synthetic experiment results) is available
online at github.com /julianchingy /weighted-seat-experiments.git). Note that the
historical seat assignments perform reasonably well in terms of our measures of
quality, but both D’Hondt,, and Greedy, do markedly better. This is borne out
by the rate at which the axioms are satisfied, and the results of the distance
measures. Notably, not only do the Bundestag seat assignments yield worse me-
dian and maximum distances than all the WSAMs, but D’Hondt,, and Greedy,
significantly outperform the Bundestag assignments in all three metrics (with sig-
nificance level o = 0.05). Of the latter group, Greedy, produces lower distance
results across the board, even compared to D’Hondt,,. However, these differences
between Greedy,, and D'Hondt,, are not statistically significant (for significance
level & = 0.05). Interestingly, Adams, returned the overall poorest results, partic-
ularly with regards to the distance measures, with it only standing out (positively)
in testing the envy-freeness axioms. Despite the interesting results, we note that
the small sample size is a drawback of this Bundestag analysis and towards ad-
dressing this concern, we continue our experimental investigation by looking at a
larger pool of apportionment instances that we generate ourselves.

Synthetic Data. As we only studied 20 instances in the Bundestag case, we
turn to generated data in an effort to make a more confident assessment of our
WSAMSs’ performance. For three sets of parameter combinations, we generated
1000 weighted apportionment instances where all values were generated uniformly
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Bundestag Adams,, D’Hondt, Greedy,

WLQ° (%) 0 0 25 30
WLQ-X (%) 20 5 95 100
WLQ-X-r (%) 20 35 100 100
WLQ-1 (%) 45 80 100 100
wWUQ° (%) 0 0 5 5
WUQ-X (%) 20 100 90 100
WUQ-1 (%) 50 100 100 100
WEF-X (%) 0 100 10 25
WEF-1 (%) 10 100 30 50
Median 4 17.1 16.6 4.7 2.5
Maximum ¢ 66 30.8 6.6 5.9
Median §— 25.2 17 5 2.2
Maximum 6~ 101 44 9 6
Median 6t 32.2 15.2 6.2 3.6
Maximum 6+ 163 31 11 10

Table 4.2: Summary of results for the 20 Bundestag committee election instances.
For each of the four seat assignments, the table shows: (i) for each axiom, the
percentage of election instances for which the axiom is satisfied, and (ii) for each
distance measure, the median and maximum distances across the 20 election
instances.

at random from the chosen ranges:> 10 parties (votes ranging from 5 to 300) and
25 committee seats (weights ranging from 10 to 50);

1. 10 parties (votes ranging from 5 to 300) and 25 committee seats (weights
ranging from 10 to 50)

2. 10 parties (votes ranging from 5 to 1000) and 100 seats (weights ranging
from 1 to 1000)

3. 10 parties (votes ranging from 5 to 1000) and 100 seats (weights ranging
from 1 to 101)

The first set of parameters (i) sees us trying to mimic the structure of the Bun-
destag instances while looking at more than just 20 instances. The latter two
sets use the same number of parties with an increase in seats with the intended
benefit being greater flexibility for the WSAMs to satisfy the axioms. The differ-
ence in their range for the seat weights—one ranging between 1 — 1000 and the
other between 1 — 101—is made to see if any discrepancies in performances occur

5Note that when we generate the weights of seats, we use integer values.
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between the two ‘extremes’ one where the seat weights may vary considerably
and another where the seat weights have smaller differences between them).

We then proceeded as in the Bundestag case study and applied the twelve
measures used in the Bundestag case study to compare the seat assignments
produced by our three WSAMs on the three sets of generated instances. The
results for the data that most resembles that of the Bundestag committee data
can be seen in Table 4.3.

Adams, D’Hondt, Greedy,,

WLQ° (%) 0 2.3 2.3
WLQ-X (%) 35.9 99.2 97.8
WLQ-X-r (%) 72.5 100 100
WLQ-1 (%) 100 100 100
wuQ° (%) 0 0 0.4
WUQ-X (%) 100 96.4 100
WUQ-1 (%) 100 100 100
WEF-X (%) 100 6 23.4
WEF-1 (%) 100 56 72.8
Median ¢ 7.9 3.3 3.1
Maximum & 23.9 7.2 6.9
Median 6~ 6.8 3.5 3.3
Maximum 6~ 23 10 10.7
Median 6T 9.8 3.8 3
Maximum 6T 28 12 8.2

Table 4.3: Summary of results for the 1000 generated election instances with 10
parties (votes ranging from 5 to 300) and 25 committee seats (weights ranging
from 10 to 50). For each of the three seat assignments, the table shows: (i) for
each axiom, the percentage of election instances for which the axiom is satisfied,
and (i7) for each distance measure, the median and maximum distances across
the 1000 election instances.

With Table 4.3’s results, we find that the performances of our WSAMs on these
generated instances mostly mirror their performances on the Bundestag com-
mittee instances. Specifically, Adams,, only outperformed the other WSAMs, at
least to a significant degree, in the envy-freeness measures while D’Hondt,, and
Greedy,, once again bore the most positive results with regard to the remaining
measures However, we do find that Adams,, fares much better on the lower-quota-
like axioms as well as the median values for the three distance than it did in the
Bundestag case study. Thus, when looking at more instances, a more positive
picture is painted for Adams,. And much like the Bundestag case, our checks
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showed no statistical significance (for significance level a = 0.05) between the
distance measure results of D’Hondt,, and Greedy,,.

We move onto the results on the two data generated sets with 10 parties (with
votes ranging from 5 to 1000) and 100 seats can be found in Tables 4.4 (weights
ranging from 1 to 1000) and 4.5 (weights ranging from 1 to 101).

Adams, D’Hondt, Greedy,,

WLQ° (%) 0 0 0
WLQ-X (%) 0.8 25.3 21.8
WLQ-X-r (%) 73.6 100 100
WLQ-1 (%) 100 100 100
wWuQ° (%) 0 0 0
WUQ-X (%) 100 99.1 100
WUQ-1 (%) 100 100 100
WEF-X (%) 100 11.8 12.2
WEF-1 (%) 100 99.4 96.5
Median ¢ 67.5 9.2 10.5
Maximum § 457.4 35.4 47
Median 6~ 51.2 8.4 9.8
Maximum 6~ 336.3 36.7 42.5
Median §* 102 12 11.8
Maximum 6" 818 93 78

Table 4.4: Summary of results for the 1000 generated election instances with 10
parties (votes ranging from 5 to 1000) and 100 seats (weights ranging from 1
to 1000). For each of the three seat assignments, the table shows: (i) for each
axiom, the percentage of election instances for which the axiom is satisfied, and
(17) for each distance measure, the median and maximum distances across the
1000 election instances.

We find that no notable difference between the WSAM’s performances arise
when we consider the set of instances where the seat weights may vary by large
amounts (results in Table 4.4) and compare them to how the WSAMs fared on
the Bundestag-like instances (results in Table 4.3). The two most noteworthy
changes are (i) the worsened performance of Adams, in satisfying WLQ-X and
(77) the improvements of the other WSAMs in providing envy-freeness.

Now, if we look at the WSAMSs’ behaviour on the instances where there are
many seats that do not have large differences in weights (results in Table 4.5),
we find interesting results. In particular, D’Hondt,, outperforms both Adams,
and Greedy,, (although only a small margin above Greedy,) when it comes to
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Adams, D’Hondt, Greedy,

WLQ° (%) 0 28 14.5
WLQ-X (%) 0.1 30.6 13.9
WLQ-X-r (%) 76 100 100
WLQ-1 (%) 100 100 100
WUQ° (%) 0 99 8.8
WUQ-X (%) 100 99.5 100
WUQ-1 (%) 100 100 100
WEF-X (%) 100 14.2 17.9
WEF-1 (%) 100 99 98.5
Median ¢ 6.3 0.8 0.9
Maximum ¢ 43.7 2 2.1
Median 6~ 4.7 1 1
Maximum 6~ 40.2 3 2.3
Median 6* 10.7 1 1
Maximum 6" 85 4 2.2

Table 4.5: Summary of results for the 1000 generated election instances with 10
parties (votes ranging from 5 to 1000) and 100 seats (weights ranging from 1
to 101). For each of the three seat assignments, the table shows: (i) for each
axiom, the percentage of election instances for which the axiom is satisfied, and
(17) for each distance measure, the median and maximum distances across the
1000 election instances.

satisfying WUQ? despite not satisfying any upper-quota-like axiom in general.®
That along with the fact that D’Hondt,, outperforms both of the other WSAMs
with respect to WLQ?°, suggests that D’Hondt,, may be a well-rounded option for
providing proportionality in our setting. However, more extensive experimental
analysis would be required to make any definitive claims in this regard.

4.6 Chapter Summary

We studied a model of apportionment with weighted seats, and generalised ap-
portionment methods and central axioms from the apportionment literature to
this model. Direct generalisations of the axioms, we found, yield (mostly) nega-
tive results, but mild relaxations are amenable to positive results. The positive
outlook is further justified, in particular for the D’Hondt,, and Greedy , methods,
by an experimental case study on Bundestag committee assignments.

6Note that it only matched Greedy,, in Table 4.2.
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These examples illustrate that extra care needs to be taken when generalising
our work on apportionment with weighted seats to more complex settings.

Future Work. We finish off by pointing out some natural directions for fu-
ture research that follow from our work. Amongst the open questions regarding
house monotonicity (in Section 4.4) such as looking at the alternative adapta-
tions of house monotonicity, we acknowledge the following as the most pressing
future work stemming from this section: investigating the existence of a natural
WSAM that satisfies the fullHM axiom. Naturally, given the rich apportion-
ment literature, it would be interesting to study other prominent apportionment
properties and rules, e.g., population monotonicity and the Sainte-Lagué method.
Also, the experimental results in Section 4.5 suggest that our WSAMs—especially
D’Hondt,, and Greedy,,—are worth further experimental investigation such as
looking at other sources of data, or testing the WSAMs against different quanti-
tative measures of proportionality.

Finally, we highlight that a natural follow-up to the results on apportionment
would be to lift the positive weighted-seat results to a more general setting, e.g.,
multiwinner voting. One step in this direction would be to forego the assumption
that we made of full supply, i.e., that each party has enough members to fill
all available k seats. In concluding, we briefly touch on this assumption and
specifically, we want to make the case that it is a necessary one. In fact, we
find that, once making this step of dropping full supply, even the weakest of our
axioms fail to be satisfied. We start with WLQ-1.

Example 4.14 (WLQ-1 without full supply). Consider this weighted appor-
tionment instance with four parties and 72 seats:

| # of votes (n = 10) | ¢.(p)
Party 1 | 3 30
Party 2 | 3 N 30
Party 3 | 3 I 30
Party 4 | 1 10

w = (15,15,1,...,1), k =72, w = 100
Suppose each party p € [3] can receive two seats while party 4 can receive 66

seats. So some party p € [3] with ¢,(p) = 30 must be assigned two weight-1
seats and so WLQ-1 cannot be provided.

The same can also be shown for WUQ-1 with the following example.
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Example 4.15 (WUQ-1 without full supply). Consider this weighted ap-
portionment instance with three parties and five seats:

| # of votes (n = 3) | u(p)
Party 1 | 1 3
Party 2 | 1 I 3
Party 3 | 1 I 3

w=(3,3,3,3,3),w=15

Suppose each party p € [2| can receive one seat while party 3 can receive
three seats. So, party 3 with ¢, (p) = 3 must be assigned three seats of weight
3 and this violates WUQ-1.

These preliminary thoughts show that such an extension to multiwinner voting
requires care, as our positive apportionment results fail without the mild assump-
tion of full supply. In the chapter that follows, we take initial steps towards this
task of extending our model to multiwinner voting.






Chapter 5

Approval-based Multiwinner Voting
with Weighted Seats

Over recent years, significant progress has been made on research on multiwinner
voting and the attention that this model has drawn (and continues to draw)
comes as no surprise given the extensive real-world scenarios that it can capture.
Of the research conducted on this model, that of proportionality has attracted
plenty of focus (see Chapter 2 for some of this work). Here, we are off the back of
Chapter 4 where we tackled the apportionment task with the added complication
of the parliamentary seats being valued differently by voters. A similar drawback
presents itself for the standard multiwinner model with that drawback being that
all seats on the committee are usually considered to be of equal value. In practice,
this is often not the case, as the following examples demonstrate.

1. Participatory Budgeting: A local municipality is tasked with running an
instance of participatory budgeting where not only the selection of public
projects must be made, but the municipality must also select where (or
when within some set timeline) the projects are to be implemented. In this
case, it would be reasonable to assume that voters would prefer that their
approved projects be situated closer to them (or are realised sooner) instead
of these projects to be some considerable distance from them (or having low
priority regarding when they are implemented).

2. Television Slot Assignment: The executives of a television network wish to
assign movies/shows to certain timeslots. Beyond some executives having
preferences amongst the movies/shows, it may be that some timeslots are
more preferable as they ordinarily attract more viewers, for example.

3. Committee Election: Seats on a project committee within Company A’s
tech department must be filled, with each seat representing the head of some

79
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project. It is natural to assume that some projects hold more importance
amongst the voters than others. Hence, the voters wish for their most
preferred candidates to head these projects, e.g., being the head of Project
A may be considered more valuable than being head of Project B.

In this chapter, we take the first steps in generalising the work of Chapter 4 and
pose the following research question.

What proportionality guarantees can we provide within the multiwinner voting
model when the committee seats are of differing value?

So in this chapter, we enrich the multiwinner voting model with weights over the
seats. But how do we determine such weights? In the example of Company A,
how does the decision-maker quantify the value that a voting employee has for a
particular project? Ideally, the decision-maker can elicit the voters’ own subjec-
tive utilities associated with each committee seat. However, this poses its own
set of challenges (e.g., it is non-trivial for voters to place an exact value on each
seat). Towards getting a handle on this model, we make a simplifying assump-
tion, much like in Chapter 4, that each seat can be assigned some number that
represents its true value. Moreover, we assume that this value is the same for all
of the voters (so voters are in agreement on every seat’s value). How does this
assumption affect the potential practical use of our results? Let us go back to
our examples from above to show that these objective values occur naturally.

1. Participatory Budgeting: Suppose there is a participating budgeting pro-
cess with designated periods for the municipality to implement the chosen
projects. Thus, any selected projects must also be assigned to a specific
period where they are to be realised. Now suppose that these available
implementation periods start at varying times after the project selection
process concludes: some occur a few weeks afterwards while other periods
are scheduled to happen after over a year. In such a case, the start date
of each implementation period is the same for every voter. Thus, the start
dates can used as objective measures of every voters value of the implemen-
tation periods.

2. Television Slot Assignment: Suppose that the television network holds
viewership data for each timeslot and this serves as a reliable estimation
of the number of eyes a movie/show will obtain if assigned to a particular
timeslot. Such data can serve as a proxy for how every voting executive
values the timeslots.

3. Commuttee FElection: Suppose that each of Company A’s project leaders
shall be afforded a certain amount of company funds to see the project
through to completion. It is not unreasonable to assume that the supporters
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of a particular candidate would prefer said candidate to take the lead on
more expensive projects (as more is at stake for the company as a whole).
In this way, each project’s associated funds can represent its some objective
value for the voters.

Of course, there are many scenarios where determining the proxy of each seat’s
value is not as straightforward. However, we argue that our restricted scope is
sensible for this initial, exploratory step towards achieving proportional represen-
tation in this domain.

Additional Related Work. As already mentioned in the introduction of Chap-
ter 4, the model of participatory budgeting bears some resemblance to ours (Rey
and Maly, 2023). Results from that chapter make clear that this seeming resem-
blance does not lead to similar results with there being a clear difference between
the models. Here, we use the EJR axiom to drive this point home further. EJR,
which corresponds to lower quota in the apportionment setting, is satisfiable in
the participatory budgeting setting (Peters et al., 2021b), while we saw in Chap-
ter 4 that our lower quota adaptation is not generally satisfiable for weighted-seat
apportionment. Thus, one can expect the results from our weighted-seat multi-
winner model to also differ from that of participatory budgeting. In later sections,
this expectation shall be confirmed.

We also note the resemblance to the following settings (that have bee briefly
discussed in Chapter 3). Take the budget division (or probabilistic social choice)
model (Aziz et al., 2020; Brandt, 2017). Here, voters may not only care about
having their approved projects receiving some funding, but also care about the
amount of funding assigned to their approved projects (which may reflect the
weight of a seat). So one can see the similarity if we consider our setting as a
budget division task where exactly k projects are to be assigned some funding
with the division of the budget into k parts being fixed from the outset (Brandl
et al., 2022).

Our model also resembles that of approval-based facility location (Deligkas et
al., 2023; Elkind et al., 2022), with this chapter’s running participatory budgeting
example being illustrative of the similarities between the models. Recall that the
goal of approval-based facility location is to place a k-sized subset of facilities
on some locations. Here, the voters’ approvals of certain facilities are dependent
on whether facilities are placed in locations within a certain distance from them.
So not only does the selection of the candidate (facility) have importance, but
so does the seat (location) that they are assigned to. Thus, we find a similarity
with our idea of committee seats having different values for each voter (at least
regarding what they approve of).

Chapter Outline. In Section 5.1, we present the multiwinner voting model
with weighted seats as well as some rules for this setting. Section 5.2 details
how we adapt the cohesiveness notion and EJR to our model. In this section,
we also explore various relaxations of our weighted EJR axiom and, specifically,
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we ascertain which rules satisfy these axioms. Section 5.3 sees us import the
priceability notion to our weighted-seat setting and test the rules against this
notion. Section 5.4 offers our summary of the chapter as well as potential paths
for future work.

5.1 The Model

Take a set of m candidates C' = {a, b, ¢, ...} and a set of n voters N = {1,...,n}.
Each candidate is in contention for one of k seats with £k < m. Each voter i € N
submits an approval ballot A; C C', indicating the candidates they approve of.
For a candidate ¢, we denote the set of voters that approve of a as N(c) = {i €
N | ¢ € A;}. An approval profile A = (A;,...,A,) is a vector of the n voters’
approval ballots.

Each seat is associated with a weight and we again use a weight vector w =
(w1, ..., wy) € RE, to denote the non-increasing vector of the seats’ weights. We
denote the total weight of the seats as w = >

Formally, an outcome is a seat assignment s = (sq,...,s;) € C* of k candi-
dates such that s; # s; for all i # j € [k] (each candidate is assigned at most
one seat). Given a seat assignment s = (sy,...,sg), we say a candidate s; € s is
elected to the seat ¢ with weight w; € w.

A weighted multiwinner election instance is denoted by the pair (A, w). We
refer to a weighted election instance (A, w) as a wunit-weight election instance
when w; = wy for all t,t" € [k] (which represents standard approval-based multi-
winner election instances).

wjEew wj .

Consider some set of candidates A C C. The satisfaction with a seat as-
signment s is given this set A is determined by the weight of the seats occupied
by candidates from A. Formally, the weighted satisfaction from seat assignment
s = (s1,...,8,) with respect to candidate set A is denoted as:

k
sat,(A, s) = Z lg,ca - wj.
j=1
For a weight vector w), the set of all possible weighted satisfaction values:

S(w) = {Zwt

teT

T e P([k])}.

Note that sat,(A,s) € S(w) for any set of candidates A C C and any seat
assignment s.
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Example 5.1. Here is an example with two voters and five candidates with
there being four seats that must be assigned:

a b c d e

Voter1 WM ¥ ¥ @A ¥
Voter 2 WM & A @A &

w = (10,5,4,1),w = 20

For this example, observe that the set of possible satisfaction values is
S(w) ={0,1,4,5,6,9,10,11,14,15,16,19,20}. As voter 2 only approves of
one candidate then this voter can only obtain satisfaction in {0,1,4,5,10}
while voter 1 could get a satisfaction of all values in S(w) \ {20}.

A weighted-seat approval-based multiwinner voting (WMWYV) rule F,, will take
a weighted election instance (A, w) as input, and map it to a non-empty set of
winning seat assignments denoted as F,(A, w) (so rules may be irresolute). We
now introduce some of the WMWYV rules that we will study in this chapter.

To start with, inspired by the work on picking sequences (Bouveret et al., 2016;
Chakraborty et al., 2021), we look to employ standard approval-based multiwin-
ner voting rules to create sequential assignment rules in our setting. Specifically,
we use a sequential approval-based multiwinner voting rule F,, such as MES to set
an ordering of candidates to be assigned. In this way, the ordering does not de-
pend on the weight vector w of the election instance. This still leaves the specific
weights to be assigned to the £ winning candidates. As candidates are selected
sequentially, we shall assume that the seats are assigned in non-increasing order
of weight (since we assume that more weight is more valuable). We refer to such
rules as seat-based WMWYV rules. We focus on MES[arbitrary] and MES[seq-
Phragmén] as the seat-based rules due to their strong proportionality guarantees
in the standard multiwinner setting.

We now define WMWYV rules take the weight vector into account to a greater
extent than the seat-based rules. We adapt two approval-based multiwinner rules,
namely seq-Phragmén and MES and refer to these adaptations as the weight-based
WMWYV rules.

Definition 5.1 (seq-Phragmén). During the run of this method, voters continu-
ously earn funds and may pay to assign a seat to a candidate that they collectively
approve. Assigning a candidate to seat t comes with a price of wy. FEach voter

!'Note that for these rules, the seats are not necessarily assigned in non-increasing order of
weight.
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begins with a personal budget of 0 and this budget continuously grows. If at some
moment, the voters that approve of an unelected candidate ¢ € C' collectively
hold enough funds to pay the price of w; of the unassigned seat currently under
consideration, then this candidate c is assigned to seat t, the funds of all voters
approving of candidate ¢ are set to 0, and then the process continues until all k
seats have been assigned to create a seal assignment s. Any ties are broken first
in favour of the groups that were able to afford the price at an earlier moment,
and otherwise, they are broken arbitrarily.

When operating on unit-weight multiwinner elections, the seq-Phragmén,, rule is
exactly seq-Phragmén. We continue with our weighted variant of MES.

Definition 5.2 (MES,). The rule will occur in some roundsr € {1,...,k} where
voters may pay to assign candidates to seats with associated weights in the weight
vector w = (wy, ..., wg). In each round r, the assignment to the r-th committee
seat of weight w, incurs a price w,. With b;(r) being voter i’s budget to start
round r. We set bj(1) = «/n as the initial budget of every voter i € N. The rule
starts at round 1 with an empty seat assignment s° = (), and will assign seats to
candidates over rounds. In round r, we say a pair (c,w,) is g-affordable for some
q € Rog, with c € C'\ 8" and with seat r being unassigned, if:

> min(q, bi(r)) = w,.

i€N(c)

If there exists no pair that is q-affordable in round r, the rule stops and returns
the seat assignment s".

Otherwise, for a q-affordable pair (c,w,) for a minimum q (use some arbitrary
tie-breaking if there are q-affordable pairs), the rule will fix s by setting the r-th
element in s"~* to be candidate c. The budget of each voteri € N(c) is then set to
bi(r+1) = bi(r) —min(q, b;(r)) while for votersi ¢ N(c), we set by(r+1) = b;(r).

As with the standard MES, we must deal with how we complete a potentially
partial seat assignment provided by MES,. Using the same notation as in the
approval-based setting without weights, we write MES,[arbitrary| for comple-
tion using arbitrary assignment and MES,, [seq-Phragmén | for completion using
the seq-Phragmén,, rule. The latter uses seq-Phragmén,, to complete a partial
MES,, seat assignment in an analogous fashion to the way in which seq-Phragmén
completes the partial committees of MES (as detailed in Chapter 2).

5.2 Weighted Justified Representation

The work on the obtainable weight lower quota WLQ’ in the previous chapter
leads to the following definition of cohesiveness so as to take into account both
the number of seats and the seats’ weights.
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Definition 5.3 (¢,-cohesiveness). For an integer {,, € S(w), a set of voters N' C
N is {,-cohesive if both of the following conditions hold:

o [N'| >0, o

o There exists a set of candidates C" C (,cns Ai with size |C'| =t such that
there exists a seat assignment s where sat,(C’',s) = €, and |[N'| = n - t/k.

Intuitively, a group of voters is ,-cohesive if they can find a seat assignment that
holds ¢ candidates that they commonly agree on, and yields ¢, satisfaction for
these t candidates, such that they are large enough to demand t seats in the seat
assignment, and large enough to demand ¢, of the total weight w. This leads to
a modified definition of the multiwinner EJR for this weighted setting.

Definition 5.4 (Weighted EJR, WEJR). A seat assignment s provides WEJR if
for every £,,-cohesive group N' C N such that there exists a candidate ¢ € ﬂieN/ A;
with ¢ ¢ s, there exists a voter i € N’ such that sat,(A;, 8) = L.

The requirement for an ¢, ,-cohesive group to have some collectively approved
candidate, that does not have a seat, can be thought of as a multiwinner analogue
of the full supply assumption made in Chapter 4 (full supply was discussed in
detail in the summary of Chapter 4). With this observation, it is clear that WEJR
implies WLQ? for election instances with party-list profiles. Thus, the negative
weighted-apportionment result that a seat assignment providing WLQ° may not
exist (see Theorem 4.2) implies that we may not be able to satisfy WEJR.

Corollary 5.1. A seat assignment s that provides WEJR may not exist.

Moreover, as WEJR implies WLQ?, Proposition 4.3’s hardness result for WLQ°
carries over for WEJR as we can use the same reduction from the PARTITION
problem for WEJR.

Corollary 5.2. If there exists a polynomial-time algorithm A that finds a seat
assignment s that provides WEJR whenever such a seat assignment exists, then
P = NP.

Furthermore, as WEJR implies EJR from standard multiwinner voting and, as
mentioned in Chapter 2, as checking whether a multiwinner committee provides
EJR is a coNP-complete problem, it follows that checking whether a weighted
seat assignment provides WEJR is also coNP-hard.

The result of Proposition 4.7 gives us no hope for an ‘up-to-any’ relaxation
that is always satisfiable in the multiwinner setting so we skip over to the ‘up-to-
one’ version instead.
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5.2.1 Up-to-one Weakening of WEJR

Given that WLQ-1 is always satisfiable in the weighted-seat apportionment set-
ting, we turn towards an ‘up-to-one’ weakening of WEJR. Before doing so, here
is some extra notation that we require. For a seat assignment s = (sq,..., S)
and a set of candidates A, let s(A) = (t)c[r,s,ca denote the increasing vector of
the positions within s of candidates from A (e.g., for a set A = {a,b,c} and a
seat assignment s = (b,d, a, e), we have s(A) = (1, 3)).

Definition 5.5 (WEJR up to one seat, WEJR-1). A seat assignment s provides
WEJR-1 if for every {,-cohesive group N' C N such that there ezists a candidate
c € Nienr Ai with ¢ & s, there exists a voter i € N' and some seat t € s(C'\ A;)
such that sat,(A;, s) + wy > £,,.

In the unweighted multiwinner model, WEJR-1 reduces to EJR. Now, we move
onto the usual question of whether this axiom can always be provided. To an-
swer this in the positive, we introduce the following rule that is an adaptation of
the Greedy Cohesive Rule that was devised for multiwinner elections (see Defini-
tion 2.13), and is known to satisfy EJR.

Definition 5.6 (Weighted Greedy Greedy Cohesive Rule, GCR,). The rule starts
with an empty seat assignment, all voters being active, set a variable x = 1 and
recall that the weight vector w = (wy, ..., wg) is in non-increasing order. In iter-
ations, the rule looks for the largest £ ,-cohesive group of active voters N', assigns
h candidates approved by voters in N' to the h unassigned seats in {x,...,x+h}
with the largest weights such that:

Z wy < by < Weypy1 + Z Wy

te(wi)wiew,z;i}z-&-h te(wi)wiEw,m>i>m+h

The rule then sets the variable to x =t + 1, makes the voters in N' inactive and
continues to the next iteration, unless there are either (i) no more active voters,
or (i) no more seats to be assigned. In case either (i) or (ii) occurs, the rule
termainates.

Much like the first phase of MES,,, this rule may return a seat assignment that
is not complete. If necessary, we complete partial GCR,, seat assignments in an
arbitrary manner and refer to it as GCR,,[arbitrary]. We do not consider com-
pletion using a specific WMWYV rule such as seq-Phragmén,,, as doing similarly
in the standard multiwinner setting does not yield results that are notably more
positive. For example, completing GCR with seq-Phragmén does not lead to
a priceable rule but EJR remains satisfied (Peters and Skowron, 2020). How-
ever, the method of completion has no bearing on the following result regarding
WEJR-1.
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Theorem 5.3. GCR,, satisfies WEJR-1.

Proof. Assume to the contrary that GCR,, outputs a seat assignment s such
that there exists an £, -cohesive group of voters N’ where there exists a can-
didate ¢ € ;e As with ¢ ¢ s and where no seat t € s(C'\ A;) of weight w,
exists such that sat,(A;, s) + w; > £, for some voter i € N'. We can focus
on a potential swap using the unelected candidate ¢ € ()., A; Where ¢ ¢ s.
Let us assess the situation before completing the committee.

If this entire group of voters N’ remained in the last round of GCR,,, then
GCR,, would’ve made the required assignments of best seats for this group
N'. To see that there is enough total weight available to assign for group N’,
observe that in each round of GCR,, where some group of voters N* is made
inactive, at most w - IN*I/n > £, in weight is assigned in this round. So if voter
group N’ is remains in its entirety then at most w-(=IN')/n in weight has been
assigned in prior rounds. And N’ is {,-cohesive, we get that |N'| > £, - "/
and therefore, we have that strictly less than the following in weight has been
assigned in total:

!
w.n_|N| <w.n—(€w-"/w) =w—4,.
n n
Thus, there was enough weight available for GCR,, to assign to N’ such that
this voter group is not a witness to the violation of WEJR-1.

Now, it must be the case N’ must not have remained in its entirety during
GCRy’s last round, hence there must be some voter ¢ € N’ that was made
inactive in an earlier round. Thus, voter ¢ was part of an £ -cohesive group
N* where £ > {,. But then there exists some seat ¢ with weight w;, specifi-
cally the unassigned seat with largest weight after voter group N* was made
inactive, such that assigning this weight-w; seat to an unelected candidate
approved by voter 4, gives voter ¢ strictly more than ¢ > /, in satisfaction.
So in the end, we get that N’ cannot exist and that GCR,, satisfies WEJR-1,
even with a potentially partial seat assignment. O

Indeed, this result is a positive one. However, it does come with the downside
that the seat assignments returned by GCR,, are hard to compute (as GCR,,
must iterate through all ¢,-cohesive groups). So with WEJR-1 always being
satisfiable, it is of immediate interest whether it can always be satisfied by a
rule that is polynomial-time computable. For one of our weight-based rules that
can be computed in polynomial time, namely seq-Phragmén ,, we know that it
does not satisfy WEJR-1 (as in standard multiwinner voting, seq-Phragmén does
not satisfy EJR (see Chapter 2)). However, the following can be shown for our
weight-based MES,,,.
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Theorem 5.4. MES,, satisfies WEJR-1.

Proof. Take a (possibly partial) seat assignment s returned by MES,, and
assume that there exists an £,,-cohesive group of voters N’ such that there is
a candidate ¢ € [);c s A; With ¢ ¢ s and there is no seat ¢t € s(C'\ A4;) so that
for some voter i € N, we have sat,,(A;, s) +w; > £,,. So each voter in N’ ash
at most £, — wy, in satisfaction where wy, is the largest seat not assigned to
any candidate approved by a voter from N’.

We consider two cases. First, assume that for some round r of MES,,, some
voter i € N’ contributed more than /|n’| per unit of weight for assigning the
weight w,. So, before round r, each voter in N’ contributed at most /|n’| per
unit of weight for a seat assignment, and since each voter is satisfied by at
most £, — wy,, they each had spent at most /|n'| - (£, — wy,) before round r.
Thus, in round 7, they each had at least the following in personal budget:

w Ly—wp |N|-9m—"l,+w, L, — L, +wy wy,

n N |V Nt N

Thus, as a collective, group N’ has at least wj, in funds in round r so they
could afford seat r with a price of w,. Now, in this round r, we assume that
voter i contributed to purchasing the assignment of the seat with weight w,.
Suppose that this purchase was wr/a-affordable and we assumed that voter
i contributed /o per unit of weight with /o > 1/|n|. But this means that
wrfo > wr/|N'], so MES,, would have rather let the voter group N’ make the
assignment to seat r with each voter ¢ € N’ contributing at most /|n’| per
unit of weight, contradicting that voter ¢ contributed more than this value.
Now, consider the other case, where each voter in N’ spent at most 1/|n/|
per unit of weight during the entire MES,, process. Then from the reasoning
above, the voter group N’ has at least wy, in funds MES,’s end. As there is
money leftover, some seats were not assigned, and as weight wy, is the largest
seat that N’ was not assigned, they could afford to pay for some candidate
that they approve of to be assigned to it (we know such a candidate exists by
the assumption on N’ witnessing a violation of WEJR-1). This contradicts
that the rule terminated and thus, such a voter group N’ cannot exist. O

This means that we can find seat assignments providing WEJR-1 in polynomial
time via the use of MES,,’s first phase.

The following example then illustrates that we cannot get the same positive

result using standard MES, regardless of the completion method used (amongst
those that we consider).
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Example 5.2 (MES, MES[arbitrary] and MES[seq-Phragmén]| fail WEJR-1).
Consider this example with two voters, eight candidates and seven seats to
be assigned:

{Cl,...,C4} {C5,...,Cg}

Voter 1 vl A
Voter 2 (A vl

w = (46,30,20,1,1,1,1),w = 100

Each voter begins MES with budget of 7/2 and can afford to pay for three
seat assignments. With seats assigned in non-increasing order, assume that
the tie-breaking favours voter 1 and the seat assignment after the first phase
of MES is (c1, ¢, ¢3,¢5,¢6,¢7,-). This does not provide WEJR-1 with the
violation occurring with voter 2.

Now, for both completion methods, suppose that voter 1 is favoured once
more and the final seat assignment for both MES|arbitrary] and MES][seq-
Phragmén] is s = (¢, ¢o, c3, ¢35, 6, C7, ¢4). Observe that voter 2 is a 50-cohesive
group with a satisfaction of 3 and, thus, no seat that was assigned to voter 1
suffices to voter 2 getting more than their deserved satisfaction. So WEJR-1
remains violated.

From the previous chapter, we found that we could go a step further than the
up-to-one notion in finding a weighted lower quota axiom that is always satisfi-
able. This was observed with the WLQ-X-r axiom (see Definition 4.8). We now
generalise WLQ-X-r to this weighted-seat multiwinner model. To do so, we in-
troduce the following notation. Given a seat assignment s for a weighted election
instance (A, w), we denote the set of overrepresented ¢,-cohesive groups as:

Noy, ={N' C N | N'is {,-cohesive and sat,(A;, s) > £, for some i € N'}.

We then denote the set of candidates that are approved by some overrepresented
{,-cohesive group with the following:

Ci,={ceClce ﬂ A; for some N’ € N+, }.
iEN’
With this notation, we now define the following axiom that is called WEJR up

to any seat from an overrepresented cohesive group (WEJR-X-r).

Definition 5.7 (WEJR-X-r). A seat assignment s provides WEJR-X-r if for ev-
ery L.,-cohesive group N' C N such that there exists a candidate ¢ € (;cn, A; with
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c & s, there exists a voter i € N’ such that for every seat t € s(Cy, \ A;), it holds
that sat,(A;, ) +wy > £,,.

We follow by investigating what rules satisfy WEJR-X-r. First, we show that
both MES|arbitrary] and MES|[seq-Phragmén| do not satisfy this axiom.

Example 5.3 (MES’s first phase fails WEJR-X-r). This can be shown in the
first phase of MES. Consider this example with two voters, 12 candidates and
six available seats:

{Cl,...,CG} {C7,...,C12}

Voter 1 vl A
Voter 2 (A V]

w=(3,3,1,1,1,1),w = 10

In MES’s initial setup, each voter has a budget of 3 so can afford to pay to as-
sign candidates that they support to three of the seats. Given the assumption
of arbitrary tie-breaking between voters within rounds, suppose the seat as-
signment returned by MES’s first phase is s = (¢1, ¢, ¢3, ¢7, ¢s, ¢9). Each voter
is a 5-cohesive group, voter 1 is an overrepresented group, and the weight-
1 seat that was assigned to voter 1’s approved candidate is not enough for
voter 2 to exceed their deserved representation of 5.

Now, observe that the first phases of MES, and GCR,, trivially satisfy this axiom
as no f,-cohesive groups can become overrepresented during the execution of
those rules. Thus, it is of interest to study the WEJR-X-r axiom with respect to
complete seat assignments. Negatively, we now show that MES, [seq-Phragmén |
fails WEJR-X-r (and so the same holds for MES,, [arbitrary]).

Example 5.4 (MES, [seq-Phragmén | fails WEJR-X-r). Consider this ex-
ample with three voters, 18 candidates and six seats:

{Cl,...,C6} {C7,...,C12} {6137---7018}
Voter 1 vl (2 [
Voter 2 (= vl (&
Voter 3 (A (A vl

w = (63,30,3,1,1,1),w = 99
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Note that each voter is a 33-cohesive group and begins MES,’s first phase with
a personal budget of 33. For MES,,’s first phase, each voter can afford to fund
any of the seats with weight less than 63 (with the lower weighted seats paid
for in earlier rounds). Suppose that due to arbitrary tie-breaking between
equally g-affordable assignments, MES,’s first phase returns the partial seat
assignment (_, ¢13, ¢z, ¢1, Co, €3). At this point, WEJR-X-r cannot be provided
as the only seat assignments that satisfy WEJR-X-r are those where both of
the following hold: (i) the voter that is assigned the weight-63 seat is only
assigned this single seat, and (iz) only a single voter has satisfaction greater
than 33. We see that in completing the partial (_, ¢13, ¢7, ¢1, 9, ¢3), it is not
possible to satisfy both of these conditions.

For the sake of completion of the counterexample, we consider the
MES, completion step using seq-Phragmén, . Voters 1 and 2 start the
seq-Phragmén , process with personal budgets of 30 while voter 3 begins with
3. Due to this, voters 1 and 2 will each accumulate 63 in funds before voter 3
and thus, one of these voters will pay for the final assignment to the weight-
63 seat. Suppose that it is voter 1 due to tie-breaking and the returned seat
assignment is s = (cy, ¢13, ¢7, C3, C2, ¢1). Then voter 1 would be an overrepre-
sented 33-cohesive group but none of the weight-1 seats can be given to voters
2 and 3 such that they cross 33 in satisfaction. Thus, this seat assignment s
does not provide WEJR-X-r.

It is worth noting that in the previous chapter, it was vital that the seats are
assigned in non-increasing order so as to satisfy WLQ-X-r. So, it is reasonable
to wonder whether a variant of MES,,, where seats are considered in this non-
increasing order, may lead to a more positive result for WEJR-X-r. Unfortunately,
this is not the case, with the same weighted election instance from Example 5.4
serving as a counterexample for such an MES,, variant. Moreover, we can show
the following for GCR,[arbitrary] which, by design, assigns the seats in non-
increasing order of weight.

Example 5.5 (GCR,[arbitrary] fails WEJR-X-r). This can be shown in the
first phase of MES. Consider this example with two voters, 18 candidates and
six seats:

{cl,...,c6} {67,...,612} {613,...,018}

Voter 1 4 (A A
Voter 2 2 4 A
Voter 3 | 2 vl
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w = (63,30,3,1,1,1),w = 99

Note again that each voter is a 33-cohesive group. For GCR,, the first
phase returns the following partial seat assignment (-, ¢, o, 7, ¢, ¢o) (With
tie-breaking in favour of voters 1 and 2). Suppose that arbitrary completion
leads to the weight-63 seat being assigned to a candidate of voter 2 and thus,
the seat assignment is s = (cyg, ¢1, Co, €7, Cs, C9). Then in this case, voter 2 is
overrepresented and as above, them being assigned the weight-1 seats leads
to a violation of WEJR-X-r.

Since we also know that seq-Phragmén , cannot satisfy WEJR-X-r (as it fails the
weaker WEJR-1), we have exhausted the rules that we have defined thus far in
our efforts to satisfy WEJR-X-r. So now, in showing that WEJR-X-r can always
be satisfied by a rule that returns complete seat assignments, we turn to a WSAM
that satisfies WLQ-X-r, namely the Greedy, method (see Definition 4.4), and we
adapt it.

Definition 5.8 (GreedyX, ). This rule works in k rounds and assigns seats in
non-increasing order. For each voter, we use s;(r) to denote the satisfaction that
voter i gained from assignments to seats made in rounds before round r. Starting
in round 1, in each round r, the rule finds the {,-cohesive group N’ with the
largest value d,(N') = £, — max{s;(r) | i € N'}, and assigns the seat r with
weight w, to some candidate approved by all voters in N'.

So, whereas GCR,, looks to satisfy the most underrepresented /,,-cohesive groups
by assigning multiple seats to candidates approved by said groups, GreedyX,
takes a more refined, seat-by-seat approach and with the following result, we find
that this leads to improved proportionality guarantees.

Theorem 5.5. GreedyX, satisfies WEJR-X-r.

Proof. Take a seat assignment s returned by GreedyX, and assume that
WEJR-X-r is violated. So there exists an ¢ -cohesive group N’ (where there
exists a candidate ¢ € [,y A; With ¢ ¢ s) such that there is no voter where
sat,(A;, 8) + w; > £, holds with w; being the smallest weight of some seat
assigned to another /,-cohesive group that is overrepresented.

Take round h, where seat h with weight wy, is being assigned, to be the
round where some /; -cohesive group N* became overrepresented. This means
that with the addition of seat h we have that for some voter in N*, their
satisfaction crosses ¢ and thus, d,(N*) — w, < 0. But since the seat was
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assigned to a candidate of group N* in round h, it must hold that d,(N*) >
dn(N"). From this, it follows that 0 > dn(N*) — wy = dp(N') — wy, and so
with this seat h, adding it to the satisfaction of some voter in N’ means that
N' exceeds £,,. This also works for all seats assign for N* prior to seat h as
seats are assigned in non-increasing order. O

Thus, we find that GreedyX_,, up to this point of our study, is the best performing
rule with respect to our weighted EJR adaptations. However, it still remains to
find a WMWYV rule that is polynomial-time computable and provides WEJR-X-r.

5.2.2 An Alternative Relaxation of WEJR

We can also offer an alternative relaxation and this is obtained by strengthening
the £ -cohesiveness requirement. This modification of /,-cohesiveness further
restricts the values of satisfaction a group may demand. For a weight vector w,
instead of restricting possible satisfaction to elements of the set S(w), we use the
non-decreasing vector low-S(w) = ({1, 0s,..., ;) where {; = Z;Zl w;. So, for
every t € [k], the possible satisfaction is the sum of the ¢ lowest weights.

Definition 5.9 (Lower ¢ -cohesiveness, low-{,-cohesiveness). For an integer(,, €
low-8(w), a set of voters N' C N is low-{,,-cohesive if both of the following con-
ditions hold:

o [N'| >0, o

o There exists a set of candidates C" C (), Ai with size |C'| =t such that
there exists a seat assignment s where sat,(C',s) = €, and |N'| = n - t/k.

The intuition this captures is that a group N’ already represented by ¢ — 1 seats,
that is demanding an additional t-th seat of certain weight, must not only be
large enough to demand ¢ of the k seats, but N’ must already be large enough to
demand the sum of the ¢t — 1 lowest weights.

Example 5.6 (Illustrating low-£,-cohesiveness). For example, the only low-
¢,-cohesive groups that can form, when w = (5, 3,3, 1) is the weight vector,
are those for weight ¢, € {1,4,7,12}.

This modified cohesiveness notion focused on the lowest weighted seats leads us
to the following weaker version of the WEJR property.
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Definition 5.10 (Lower Weighted EJR, low-WEJR). A seat assignment s pro-
vides low-WEJR if for every low-£,,-cohesive group N' C N such that there exists
a candidate ¢ € (\;ens Ai with ¢ & s, there exists a voter i € N' such that
saty, (A, 8) = 4,.

Example 5.7. Consider the counterexample from Theorem 4.2, now adapted
to the weighted multiwinner setting. There are three voters, nine candidates
and three seats to be assigned:

{a,b,c} {d,e, f} {g,h, i}

Voter 1 vl Py P
Voter 2 A vl P
Voter 3 P X vl

w=(3,2,1),w==6

Given the weight vector w = (3,2,1), we have that low-S(w) = (1,3,6).
Note that the single voters cannot each, on their own, form a low-/,,-cohesive
group for a weight ¢, > 1, whereas, they each represent a 2-cohesive group.

Next, we show that seat assignments that provide low-WEJR can always be
produced.

Proposition 5.6. A seat-based WMWYV rule based on an approval-based multi-
winner voting rule F,, that satisfies EJR also satisfies low-WEJR.

Proof. Take low-S(w) = ({1, (s, ..., {) for some weight vector w. Note that
if a group of voters N’ is low-f;-cohesive for some ¢; € low-S(w), then they
would deserve at least ¢ seats. Thus, from the definition of low-WEJR, this
group may demand exactly ¢; in weight. So if this voter group were repre-
sented by any t seats, then they would receive at least their ¢; in satisfaction,
given that /; is the minimum possible weight that ¢ committee seats can yield.

Now, consider a weighted election instance (A, w). Note that every low-
¢i-cohesive group for some ¢; € low-S(w) is also a t-cohesive group as in def-
inition from standard approval-based multiwinner voting (see Definition 2.8).
Thus, for any weighted election instance (A, w), to find a seat assignment s
providing low-WEJR, we can use any approval-based rule that satisfies EJR,
so it will provide t-cohesive groups with sufficient representation from ¢ seats.

Note that the seats need not be assigned in non-increasing order to satisfy
low-WEJR. O
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In this respect, low-WEJR does not appear to be a strong axiom for our set-
ting as we can use a standard approval-based multiwinner voting rule such as
MES|arbitrary] in order to achieve it. However, we find with the following ex-
ample that our weighted adaptation of MES[arbitrary] fails low-WEJR. And in
the fact, the counterexample also shows that GCR,,[arbitrary] fails this axiom as
well.

Example 5.8 (MES, [arbitrary] and GCR,,[arbitrary] fail low-WEJR).
Consider again the following example with three voters, nine candidates and
three seats.

{a,b,c} {d,e, [} {g,h,i}

Voter 1 vl (2 (2
Voter 2 A vl (2
Voter 3 A (2 vl

w=(3,21),w="6

Note that each voter represents a low-1-cohesive group. Suppose that the
first phases of these rules return the partial seat assignment (_,a,d). Then
with arbitrary completion, suppose that the rules return the seat assignment
s = (b,a,d). Here, voter 3 falls short of their deserved satisfaction of 1.

It immediately follows that WEJR-1 does not imply low-WEJR despite both
being equivalent to EJR in the standard, unweighted multiwinner setting.

Corollary 5.7. WEJR-1 does not imply low-WEJR.

We also point out that as low-WEJR is equivalent to EJR in the standard multi-
winner setting, we have that seq-Phragmén , fails low-WEJR as the unweighted
seq-Phragmén fails to satisfy EJR.

5.3 Priceability with Weights

Next, we introduce an adaptation of the priceability notion (introduced in the
Background chapter).

Definition 5.11 (w-Priceability). Suppose that voters have a personal budget of
b and they spend funds to assign candidates that they approve of, to seats with
weights from w. A weighted price system ps, = (b, {pi}icin)) s a pair where b
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18 the individual budget per voter and each voter v € N has a payment function
pi : C = [0,b]. A weighted price system ps, = (b, {p; }icjn]) is w-affordable for a
seat assignment 8 = (s1,...,Sk) if the following conditions hold:

Cl. If pi(c) > 0, then ¢ € A; (a voter only pay for candidates she approves of).
C2. Y .ccpilc) < b (a voter does not spend more than her budget).

C3. For every sy € 8, Y i Pi(st) = wy (payments for this candidate must be
equal to the weight of the seat they were assigned to in s).

Cd. > icp pi(s) = 0 for every candidate s ¢ s (candidates that were not assigned
a seat in the seat assignment are not paid for).

We then have two additional conditions for a price system ps,:

C5. For every s ¢ s, it holds that:

> (b - /Zpi(sl)> < max{wy, ..., wy}

1EN(s) s'es

(supporters of any unelected candidate do not collectively hold, in terms of
their unspent budget, more than the highest price).

C6. For every s ¢ s, it holds that:

> (b— Zpi(sl)) < min{wy, ..., wg}

1€EN(s) s'es

(supporters of any unelected candidate do not collectively hold, in terms of
their unspent budget, more than any price).

We then say that a weighted price system ps,, that is w-affordable weakly supports
a seat assignment s if it also satisfies condition C5 and it strongly supports a
seat assignment s if it satisfies also condition C6. If there exists a weighted price
system ps,, that weakly (or strongly) supports a seat assignment s then we say
this seat assignment s is weakly (or strongly) w-priceable for weight vector w.

It is clear that a seat assignment that is strongly w-priceable is also weakly w-
priceable, and both notions reduce to Priceability in the unweighted multiwinner
model (see Definition 2.12). In their definition, we focused on the max and min
operators as they capture intuitions similar to the ‘up-to-one’ and ‘up-to-any’
relaxations that we have touched on thus far. Moving forward, we consider this
property for complete seat assignments.

For standard multiwinner voting, we know that priceable committees provide
PJR (see Chapter 2). We now make a similar connection between strong w-
priceablility and the following PJR-like property.
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Definition 5.12 (WPJR up to any seat, WPJR-X). A seat assignment s pro-
vides WPJR-X if for every {,-cohesive group N' C N, it holds for every seat
t € 8(C\ Ujens Ai) that sat,(U,en: Air 8) + wi > L.

This next result shows that strong w-priceablility implies WPJR-X.

Proposition 5.8. A strongly w-priceable seat assignment s provides WPJR-X.

Proof. Take a seat assignment s that is strongly w-priceable and assume that
WPJR-X is violated. So there must exist a £,-cohesive group N’ C N such
that sat,(J;cns Ais8) < €y — w; where wy is the seat with smallest weight
amongst the seats not assigned to any candidate approved by some member
of N'. As s that is strongly w-priceable, there exists a price system such that
all seats are paid for. So the entire population can afford to spend w, thus
the personal budget b per voter is at least «/n.

Now, since N’ has a sum of satisfaction of at most ¢,, — w;, they spent at
most this amount in funds in the price system. Thus, the remaining voters
N\ N’ must have spent the remaining funds w — (¢, — w;). Then since N’
is £,-cohesive group, we know that |N’|-w/n > £, we find then find that the
budget per voter b of voters in N \ NV’ is:

w—(ly—w) w—4, >w—\N’|~w/n>w(n—|N’|) w

> > > .

n—|N'| n—|N'| n—|N'| n(n—|N') n

So each voter in N \ N’ had a personal budget b strictly greater than «/n,
so this must hold of voters in N’. And since they spent at most £, — w;

collectively, they must have at least the following in unspent budget as a
group:

b-|N'|—(fw—wt)>%’-|N'|—(ew—wt)>ew—ew+wt>wt.

Thus, we have a contradiction that s is strongly w-priceable as the voters in
N’ have more than w; > min{wy, ..., w;} in funds which violates condition
C6 of strong w-priceability. O

Given this result, the counterexample of Proposition 4.7 (that shows that a seat
assignment providing WLQ-X may not exist) can also be used to show that
WPJR-X is not always satisfiable.

Proposition 5.9. A seat assignment s that provides WPJR-X may not ezist.
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This spells bad news for the task of satisfying strong w-priceability as we find
that we cannot always return a seat assignment that is strongly w-priceable (this
is illustrated in Example 5.9 below).

Corollary 5.10. There exists a weighted election instance where no strongly w-
priceable seat assignment exists.

Example 5.9. [A strongly w-priceable seat assignment may not exist] We
adapt the aforementioned counterexample for Proposition 4.7 (that shows
that a seat assignment providing WLQ-X may not exist) that is also used in
Example 5.4.

{Cl,...,Cﬁ} {07,...7012} {0137...,618}
Voter 1 vl (1 (2
Voter 2 (2 vl (A
Voter 3 (2 (= V]

w = (63,30,3,1,1,1),w = 99

In order for a price system to be w-affordable, each voter requires a personal
budget of 63. However, this would lead to violation of condition C6 as the
voter who does not pay for the seats of weight 63 and 30, will have more in
unspent funds than the lowest price min{wy, ..., wy}. Thus, there is no seat
assignment that is strongly w-priceable for this weighted election instance.

From this result, we now know that WEJR-X-r does not imply WPJR-X. Thus,
we move on by examining a weakening of WPJR-X.

Definition 5.13 (WPJR up to one seat, WPJR-1). We say that a seat assign-
ment s provides WPJR-1 if for every {,-cohesive group N' C N, there exists
some seat t € 8(C'\ U;epr Ai) such that sat, (U, Ai, 8) + wi > €.

As WEJR-1 implies WPJR-1, we know that rules such as MES, [seq-Phragmén]
and GCR,[arbitrary| satisfty WPJR-1. Now, we move on to the weaker notion
of weak w-priceability and show that it implies the following property. We can
then relate WPJR-1 to weak w-priceability with the following result, the proof of
which is omitted as it is analogous to that of Proposition 5.8.

Proposition 5.11. A weakly w-priceable seat assignment s provides WPJR-1.
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We now ask which of the rules that we have studied always return weakly w-
priceable seat assignments. As in the multiwinner voting literature, the method
used to complete the partial outcomes is important when looking to return price-
able outcomes. In particular, MES, [arbitrary] and GCR,[arbitrary] do not al-
ways return weakly w-priceable seat assignments as can be seen in with the seat
assignments they produced in Example 5.8. As a consequence, we have that
weak w-priceability does not follow from WEJR-1, which mirrors the relationship
between EJR and priceability in the standard multiwinner context. And with
reasoning that is analogous to that used to show that seq-Phragmén is priceable,
we find that seq-Phragmén , is weakly w-priceable. The proof is omitted as it is
almost identical to that of Peters and Skowron (2020).

Proposition 5.12. seq-Phragmén,, always returns weakly w-priceable seat as-
signments.

In an immediate corollary, we find that seq-Phragmén , satisfies WPJR-1.
Corollary 5.13. seq-Phragmén,, satisfies WPJR-1.

Proposition 5.12 not only gives us a rule that returns weakly w-priceable out-
comes, but we now also have a way to complete partial seat assignments returned
by MES, in such a way as to ensure that they are weakly w-priceable.

Proposition 5.14. MES,[seq-Phragmén,)| always return weakly w-priceable seat
assignments.

Now, with the connection between WEJR-1 and WPJR-1 being clear, the fol-
lowing example clarifies how low-WEJR relates to WPJR-1 by showing that the
former does not imply the latter (and thus, low-WEJR does not imply weak
w-priceability).

Example 5.10 (low-WEJR does not imply WPJR-1). Consider this exam-
ple with two voters, ten candidates and five seats.

{Cl,...,C5} {Cﬁ,...,Clo}

Voter 1 vl A
Voter 2 (A vl

w=(3,3,21,1),w = 10

Each voter qualifies as a 5-cohesive group. Now, consider the seat assignment
s = (c1, ¢, ¢3, ¢, ¢7). This seat assignment provides low-WEJR as each voter
reaches their deserved weight satisfaction of 2. However, since voter 2 has a
satisfaction of 2, there is no unassigned seat such that they can surpass the
value of 5 as is required by WPJR-1.
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We now assess whether the rules that we have seen to satisfy low-WEJR, such
as MES[arbitrary] and MES[seq-Phragmén], also return weakly w-priceable seat
assignments.

Example 5.11 (MES’s first phase fails weak w-priceability). This can be
shown in the first phase of MES. Consider this example with two voters,
eight candidates and four seats.

{Cl,...,C4} {C57...,Cg}

Voter 1 vl A
Voter 2 (2 vl

w=(3,3,1,1),w =38

In MES’s initial setup, each voter has a budget of 2 so can each afford to
pay to assign candidates that they support to two of the seats. Given the
assumption of arbitrary tie-breaking between voters within rounds, suppose
the seat assignment returned by MES’s first phase is s = (1, ¢a, ¢5, ¢g). This
is not weakly w-priceable as voter 1 would be require a budget of 6 but then
voter 2 would have a remaining budget of 4 which is strictly greater than the
largest price of 3.

In fact, both these rules fail the weaker WPJR-1 as is shown in Example 5.2. We
also find that GreedyX, does not meet the requirements of weak w-priceability.

Example 5.12 (GreedyX, fails weak w-priceability). Consider this exam-
ple, which is adapted from the standard multiwinner voting setting (Peters
and Skowron, 2020). Here, we have 15 candidates, six voters and 12 seats
available.

{Ci}ie[:s} C4 C5 Cg {Ci+6}i€[3] {Ci+9}i€[3} {Ci+12}i€[3]

Voter 1 v v @ @ (A (A (A
Voter 2 vl @ ¥ @& [ (2 (A
Voter 3 v @ @ o (A [ (A
Voter 4 A 1 i R P v [ (A
Voter 5 A P O P R P [ vl (A

Voter 6 A P O P IR P (2 (2 v
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w=(1,1,...,1),w=12

Here, each voter is a 2-cohesive group while voters {1,2,3} are a 3-cohesive
group. For GreedyX,, the first seat is assigned to candidate collectively ap-
proved by the voters {1,2,3}. Then next eight rounds will see two seats
assigned to candidates supported by voters {1,2,3}, voter 4, voter 5 and
voter 6. At this stage of GreedyX,, voters {1,2,3}, voter 4, voter 5 and
voter 6 are each equally entitled to an additional seat with there being 3 seats
left to assign to. Suppose that the chosen tie-breaking mechanism favours the
individual voters and suppose that the seat assignment returned by GreedyX,,
is s = (1, ¢o, 3, €7, €3, Co, C10, C11, C12, C13, C14, C15). LThe equivalent unweighted
multiwinner committee that corresponds to this seat assignment s is not
priceable (Lackner and Skowron, 2023), and thus, this seat assignment is not
weakly w-priceable.

This result leaves still searching for a WMWYV rule that satisfies both WEJR-X-r
and weak w-priceability (under the assumption that both axioms can always be
satisfied simultaneously). A taxonomy of the proportionality axioms studied in
this chapter as well as the relations between them can be seen in Figure 5.1 below.

WPJR-1 PER
—WPR L ——— PR

Strong | Weak !
w-Priceability | w-Priceability | |

Figure 5.1: The relations between the weighted multiwinner voting axioms studied
within this chapter along with the standard multiwinner voting axioms defined in
Chapter 2. In this figure, an arrow (—) from axiom A pointing towards axiom
B indicates that axiom A implies axiom B. The backgrounds represent whether
an axiom can, or cannot, always be satisfied. A green background (M) represents
the former while the red background (F) represent the latter.
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Weak

WEJR-X-r WEJR-1 low-WEJR WPJR-1 . .
w-Priceability

MES|[arbitrary]
MES[seq-Phrag]

seq-Phragmén,,
MES, [arbitrary]
MES, [seq-Phrag, |
GCR,, [arbitrary]
GreedyX,,

N X X X X | X X%
SSSN x| %%
O X O X X | NN\
NSNS N | %%
> X N\ X N[ X% X

Table 5.1: Summary that indicates for certain axioms whether a WMWYV rule
satisfies it (v/), fails it (X) or whether this question is still open (¢). Note
that MES[seq-Phragmén] and MES, [seq-Phragmén | were shortened to MES[seq-
Phrag] and MES, [seq-Phrag,_|, respectively, to narrow the table.

5.4 Chapter Summary

This chapter saw us introduce a model of multiwinner voting that is enriched with
weights over the committee seats. We subsequently explored various adaptations
of the EJR axiom with the strongest, namely WEJR, proving too strong to always
be satisfiable in general. However, with WEJR-1 and WEJR-X-r, we identified
relaxations of WEJR that can always be satisfied with the former even being
satisfiable by a polynomial-time computable rule. We followed with low-WEJR
which represented an alternative path in relaxing WEJR. Despite finding mostly
negative results regarding low-WEJR and the weight-based rules, it displayed that
the seat-based rules do have a role to play in ensuring proportional representation
in this setting. The chapter’s analysis closed with the study of weighted variants
of priceability. Our study of both strong and weak w-priceability also resulted in
an investigation of weighted PJR-like notions and this led us to increased insights
on the nature of the WMWYV rules. Notably, the weaker of the two w-priceability
axioms put a more positive light on our weighted versions of seq-Phragmén and
MES (with regards to producing proportional outcomes).

Future Work. We finish off the chapter by detailing avenues for follow-up
research. Of the technical questions that are left over, we deem the most pertinent
to be the following two:

e Is there a polynomial-time computable rule that provides WEJR-X-r?
e Is there a weakly w-priceable rule that provides WEJR-X-r?

Further work that advances on our research line could incorporate the study of
other proportionality notions such as proportionality degree or look at adapting
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other multiwinner voting rules with PAV being an obvious candidate. We have fo-
cused on ensuring that cohesive groups are not underrepresented in this weighted
multiwinner setting but have thus far neglected to study a multiwinner analogue
of the apportionment notion of upper quota. While there have been some consid-
erations made within the literature for dealing with overrepresentation (Cevallos
and Stewart, 2021; Sédnchez-Fernandez et al., 2024; Boehmer et al., 2024), none
generalise the upper quota to multiwinner voting. Let alone for our weighted
setting, this would be interesting to study for standard multiwinner voting.

In Chapter 4, we also looked at house monotonicity (HM). The multiwinner
analogue would be the axiom of Committee Monotonicity (CM) (Lackner and
Skowron, 2023). We omitted the study of a weighted version of CM in this
chapter because there is no known approval-based multiwinner voting rule that
satisfies both CM and EJR, which is unlike the apportionment case where the
two divisor methods we studied (D’Hondt and Adams) satisfy HM alongside a
proportionality axiom (lower and upper quota, respectively).

Lastly, we point out that an experimental analysis may also be fruitful avenue
for obtaining insights on the weighted proportionality properties and the WMWYV
rules that we have introduced. Such an analysis may consist of questions such
as how often do the WMWYV rules satisfy the proportionality properties in cases
where the rule does not satisfy it, or where the property is not always satisfiable,
in general.
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Chapter 6

Simulating Multiwinner Voting Rules
(Beyond Approval Ballots) in Judgment
Aggregation

Up to this point in the thesis, the task of lifting proportionality to more complex
domains has proven to be challenging. In this chapter, we stray from this aim and
instead, look towards gaining a further understanding of multiwinner voting rules,
proportional or otherwise. To improve our understanding of the mechanisms that
have been proposed for different settings and to enable us to transfer some of
the knowledge gained in one domain to another domain of collective decision
making, it is important to isolate fundamental building blocks that are common
to different solutions.

To do so, we take an approach used for single-winner voting rules (Endriss,
2018) and investigate the extent to which it is possible to simulate multiwinner
voting rules within the framework of logic-based judgment aggregation (JA) (List
and Pettit, 2002; Grossi and Pigozzi, 2014; Endriss, 2016). Moreover, our anal-
ysis shall not be limited to the approval-based multiwinner voting rules that we
have explored thus far, but also to the more general multiwinner voting rules
that use preorders as the ballots. The advantage of this is that we are able to
extract structural insights on multiwinner voting rules that use not only approval
ballots, but also strict ordinal preferences (where voters provide a strict ranking
of the candidates) (Faliszewski et al., 2017). Regarding the multiwinner election
outcomes, we focus on the standard scenario where a committee of fixed size k is
to be elected (as seen often in this thesis).

Embedding a multiwinner voting rule into judgment aggregation, which is
much more expressive than most voting frameworks, makes it very natural to
study refinements of standard rules in a principled manner, e.g., by imposing
additional constraints on outcomes or by varying the types of preferences voters

107
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can report. This not only permits us to clarify the commonalities (and differences)
between rules originally developed for different purposes, but also allows for the
development of new rules with particular properties.

For our embeddings of multiwinner voting rules, we use the particular frame-
work of judgment aggregation with rationality and feasibility constraints (Endriss,
2018). The former constrains the range of admissible inputs to an aggregation
problem, and the latter constrains its possible outputs. This leads to particularly
simple and natural embeddings. Importantly though, the increased expressive
power of judgment aggregation means that embeddings come at a cost: judg-
ment aggregation is a framework that, generally speaking, is computationally
much more demanding than voting. To address this challenge, we analyse the
extent to which the feasibility constraints featuring in our embeddings can be
encoded as Boolean circuits in decomposable negation normal form, which by a
recent result allows for the design of tractable aggregation rules (De Haan, 2018).

Chapter Outline. We start in Section 6.1 by presenting the models of multiwin-
ner voting with preorders as voters’ ballots and also, we define some multiwinner
voting rules that use these preorders. This is followed by introducing the model
of judgment aggregation with rationality and feasibility constraints as well as
some JA rules that we focus on (in Section 6.2). Next, in Section 6.3, we ()
propose a way to model preference aggregation in the JA model with rationality
and feasibility constraints, and (i7) propose a way to simulate multiwinner voting
rules using this particular JA model and (ii7) detail various results related to this
JA simulation of some multiwinner voting rules. We then follow with Section 6.4
where we use DNNF circuit encodings to obtain computational results on con-
straints and rules. We then provide the chapter’s conclusion in the final section
(Section 6.5).

6.1 Multiwinner Voting Beyond Approvals

Thus far, we have only considered collective-choice scenarios where participating
voters submit their preferences as approval ballots. This was especially desir-
able given the simplicity of the ballots, but in this chapter, we take the more
general approach of using preorders as ballots. As mentioned in this chapter’s
introduction, this allows us to consider, as special cases, not only approval-based
multiwinner rules, but also rules for either strict and weak ordinal preferences.
Another advantage of going beyond weak preferences and using preorders is that
voters can express not only indifference between two candidates, but voters can
also express the incomparability of a candidate pair.
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6.1.1 The Model

In this model, our usual set of voters N = {1,...,n} submits their preferences
over a m-sized set of candidates C' = {a,b,c,...}. Each voter i € N has a
preference preorder =; over the candidates, where for two candidates ¢,d € C,
we have that ¢ =; d indicates that voter ¢ weakly prefers ¢ over d. For a pair of
candidates ¢, d € C, a voter 7 is said to be indifferent between ¢ and d if we have
both ¢ =; d and d >=; c¢. On the other hand, we say voter i finds candidates ¢ and
d to be incomparable if neither ¢ >=; d and d >=; ¢ hold. We then use >; to denote
the strict part of =;, so ¢ >=; d holds if voter ¢ strictly prefers c to d, i.e., ¢ >=; d
holds but not d %=; ¢ holds. Let R(C') be the set of all possible preorders.

A preference profile is then a vector P = (3=1,...,%,) of the voters’ n pref-
erences preorders. Then for a fixed committee target size k, we say an election
instance is a pair (P, k). The goal once again is to elect a committee W of k can-
didates. Now, we define rules for multiwinner elections that take preference pre-
orders as input. So, a multiwinner voting rule is a function F : (R(C))™ — P+(C)
mapping a preference profile P to a set of winning committees (so, again, F is
irresolute).

6.1.2 Ranking-based Multiwinner Rules

As we now work with voter preferences as preorders, we can expand our study
of multiwinner voting rules to those that handle more than just approval bal-
lots. Having already defined some approval-based multiwinner voting rules in the
Background chapter, we now present some multiwinner voting rules designed to
deal with weak ordinal preferences (Faliszewski et al., 2017; Aziz et al., 2017Db).

Endriss (2018) simulates some prominent, single-winner voting rules, namely
the Borda and Copeland rules (Zwicker, 2016). These results prompt us to aim
our initial focus on some multiwinner analogues of two of these single-winner
methods. The first is based on the Borda rule which, in the single-winner case,
elects the candidate with the highest Borda score. The Borda score is defined for
a candidate x € C' as:

B(w,P) = {yeClaz=y}|

1EN

Definition 6.1 (k-Borda). The rule elects the committee/s of the k candidates
with the highest Borda scores.

The next two rules both represent ways to extend single-winner Copeland to the
multiwinner setting. To define them, we must first define the majority relation
>=u to be such that x =), vy holds for a pair of candidates z,y € C if and only
if [{i € N |z y}| = /2. We then write x >, y if we have that = =, y and
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y ¥ x, while if both x =3, vy and y =, = hold, we write x ~j; y. Now, for a
candidate = € C' and a value 7 € [0, 1], we define the Copeland score to be:

C(x,P)=HyeClz=nytl+7-{yeClz~ny}

Intuitively, a candidate x’s Copeland score is determined by their performance in
majority pairwise contests against other candidates: they gain a point for every
victory and for all tied pairwise contests, the value 7 represents the score given
in such cases. We shall consider two options for this value 7 which leads to two
different rules (Aziz et al., 2017b).

Definition 6.2 (k-Copeland”). The rule elects the committee/s of the k candi-
dates with the highest Copeland score/s for T = 0.

Definition 6.3 (k-Copeland'). The rule elects the committee/s of the k candi-
dates with the highest Copeland score/s for T = 1.

Note that if for every pair of candidates x,y € C, exactly one of x >=3; y and y =
x holds (such as when n is odd), then k-Copeland® and k-Copeland® coincide. In
such cases, we simply use the name k-Copeland to refer to both k-Copeland® and
k-Copeland® simultaneously.

6.2 Judgment Aggregation

We shall use the framework of judgment aggregation in our analysis. Typically,
judgment aggregation deals with collective choice on binary issues where the
feasible outcomes on these are restricted by some logical constraint. This results
in the framework being widely applicable and it has garnered research interest
from a variety of research areas such as: computer science (Grossi and Pigozzi,
2014; Baumeister et al., 2016; Endriss, 2016); philosophy and economics (List
and Pettit, 2002; Dietrich, 2006; Nehring and Puppe, 2008; Dokow and Holzman,
2010; Pauly and van Hees, 2006); and law with the classical doctrinal paradox
originating from this legal sphere (Kornhauser and Sager, 1983). Now, we also
turn to judgment aggregation for our aim of simulating a variety of multiwinner
voting rules.

The idea of modelling problems of preference aggregation within the frame-
work of judgment aggregation by means of a so-called preference agenda goes
back to, at least, the work of Dietrich and List (2007). While a number of au-
thors, such as Miller and Osherson (2009) and Dietrich (2014), have discussed
parallels between specific voting rules and specific JA rules, Lang and Slavkovik
(2013) were the first to systematically investigate the question of how to trans-
late common voting rules into judgment aggregation. Endriss (2018) refined their
approach and showed that explicitly distinguishing between rationality and fea-
sibility constraints in judgment aggregation greatly simplifies the task of arriving
at principled embeddings. We use the same basic approach also here.
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6.2.1 The Model

Let N = {1,...,n} be aset of voters. We ask each voter to either accept or reject
each of the issues in the agenda ®, a finite set of propositional atoms which we
refer to as propositions.

A judgment is a function J : & — {0, 1}, where acceptance of an agenda item
is represented by 1 and rejection by 0. For any two judgments J and J', we use
Agr(J,J") ={p e ®| J(p) = J(¢)} to refer to the set of agenda items that they
agree on and Dis(J,J') = {p € @ | J(p) # J'(¢)} to refer to the set of those
they disagree on. A judgment profile is a vector J = (Jy, ..., J,) € ({0, 1}®)" of
judgments, one for each voter. The intensity of the support of an issue ¢ € ® in
a profile J is denoted as ny ) = |{i € N | Ji(¢) = 1}|. Given a judgment profile
J, we can define the majority judgment for each ¢ € ® as follows: Maj(J)(¢) =1
if n(y ) = /2 and Maj(J)(¢) = 0 otherwise.

An aggregation rule is a function Fja that takes as input a profile and outputs a
judgment that is meant to represent a reasonable choice for a collective judgment.
Although, ideally, this rule returns a single judgment, most rules allow for a
tie between judgments, thereby possibly returning a set of judgments. Thus,
formally, an aggregation rule is a function Fju : ({0, 1}*)" — P, ({0, 1}*) that
maps any given profile to a nonempty set of judgments. An example of such a
function is the majority rule defined as Fja : J — {Maj(J)}.

Let £(®) denote the propositional language with the set of agenda items in ®
taking the role of propositional variables. We use formulas in this language to
express constraints I' regarding judgments: J = T holds if T' is true under the
truth assignment corresponding to J. The set of all judgments that satisfy a
given constraint T’ is Mod(T') = {J € {0, 1}* | J = I'}. Following Endriss
(2018), we use such constraints both to express rationality constraints, i.e., con-
straints indicating an acceptable input to an aggregation rule, and feasibility
constraints, i.e., constraints indicating an acceptable output. We then say that
an aggregation rule Fy guarantees I''-feasible outcomes on I'-rational profiles, if

Fyo(J) € Mod(I"”) holds for every profile J € Mod(I")".

6.2.2 Majoritarian Rules

We now detail some well-known JA rules that we will make use of. All of these
rules shall guarantee, by definition, that the output will satisfy a given feasibility
constraint I". These particular rules are defined with this feature as we know
that standard JA rules, such as the majority rule, do not ensure the return
of T"-consistent outcomes (Kornhauser and Sager, 1983), unless the rationality
and feasibility constraints satisfy certain conditions (Endriss, 2018; Grandi and
Endriss, 2013).

We adopt the naming conventions used by Endriss (2018) but also mention
some alternative names used to refer to these rules in the literature.
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The maz-num rule, also known as the endpoint rule (Miller and Osherson,
2009) and the generalised Slater rule (Nehring et al., 2014), selects judgments for
which the number of agreements with the majority outcome is maximal:

Definition 6.4 (max-num). Given a judgment profile J and a feasibility con-
straint T, the max-num rule is defined as:

max-num(J, ") = argmax |Agr(J, Maj(J))|.
JEMod(I")

The maz-sum rule, also known as the prototype rule (Miller and Osherson, 2009),
the median rule (Nehring et al., 2014), and the generalised Kemeny rule (Dietrich,
2014), maximises the sum of agreements with the profile:

Definition 6.5 (max-sum). Given a judgment profile J and a feasibility con-
straint I”, the max-sum rule is defined as:

max-sum(J, ") = argmax Z |Agr(J, J;)|
JeMod(I") i

We refer to these rules Fj, € {max-sum, max-num} as majoritarian JA rules.
Note that both of these two rules really constitutes an entire family of aggregation
rules, one for each feasibility constraint V. To refer to the aggregation rule from
a family of aggregation rules Fja for a given feasibility constraint I”, we write
Fia(-,I7). Observe that when Maj(J) € Mod(I"), then we have for any Fjs €
{max-sum, max-num} that Fja(-,I') = {Maj(J)}, i.e., if the majority judgment
Maj(J) is consistent with the feasibility constraint then these majoritarian rules
will return Maj(J) as the unique judgment.

6.3 Simulating Multiwinner Voting Rules

We begin this section by detailing how we model preference aggregation within
our JA model and we then define what we mean for a JA rule to simulate a
multiwinner voting rule.

6.3.1 Preference Agenda and Constraints

When voting, every voter reports a preference, as either a strict ranking or an
approval set. The outcome of an election can also be viewed as a preference: all of
the candidates elected are (collectively) preferred to all those not elected. Next,
we prepare the grounds for our embeddings of multiwinner voting rules into JA
by defining a number of constraints that can be used to model relevant properties
of such preferences.
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Given a set of candidates C, we let ®C = {p,., | z, y € C} be the preference
agenda (Dietrich and List, 2007; Endriss, 2016). Now we can think of accept-
ing the proposition p,., as expressing a (weak) preference of candidate x over
candidate y. We furthermore write p,,, as a shorthand for p,., A =pysq.

We now can express properties of binary relations as constraints in our log-
ical language. Each constraint is defined for some set of candidates W C C.
This includes, in particular, common properties of preference relations such as
completeness, antisymmetry, and transitivity:

COMPLETEw = A (Pury V Pyra)
z,yeWw
ANTI-SYMy, = A “(Pasy A Pysa)
z,yeW s.t. z#y
TRANSITIVEy = A (Dasy A Pyrz — Dasz)
I,y,ZEW

We can now formulate a constraint that is satisfied by a judgment on <I>g that
corresponds to a strict ranking of all candidates in C"

RANKING = COMPLETEc A ANTI-SYM¢ A TRANSITIVE¢

For two candidates, for which it is not the case that you strictly prefer one over
the other, there are two possibilities: you either are indifferent between them or
you consider them incomparable. The next two constraints express indifference
and incomparability, respectively, between all the candidates in W:

INDIFF = A\ (Pary A Pyrc)
z,yeW
INCOMPw = A\ =(Pany V Py
z,yeWw

Again for a given set W C (|, the following constraint expresses a strict preference
for all candidates in W over all those not in W:

TOPw = A A (pary)
zeW yeC\W

This property is satisfied, for instance, by an voter’s approval ballot in case the
voter approves of exactly the candidates in WW. But it also holds for the collective
preference returned by a multiwinner voting rule in case A is the set of winning
candidates.

We are going to require constraints to describe both that (i) there exists such
a set W of most preferred candidates and that (iz), there exists such a set and that
this set has size k. In both cases, we may assume either indifference between all
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the candidates within the same set, or all of these candidates being incomparable.
We focus on five such constraints.

For the first two of them, the first part of the name indicates the structure of
the top set W, while the second part indicates that of the bottom set C'\ W.

INDIFF-INDIFF= \/  (TOPy A INDIFFy A INDIFFc\yy)
WeP(C)
INDIFF-INCOMP= \/  (TOPy A INDIFFy; A INCOMP\w)
WeP(C)
INCOMP-INCOMP=\/  (TOPy A INCOMPy; A INCOMPc\w)
WeP(C)

Note that we do not consider the constraint INCOMP-INDIFF. The reason we did
not do so is that it lacks the same conceptual appeal as INDIFF-INCOMP and
INCOMP-INCOMP (since we find it most natural that a voter cannot compare the
alternatives not in her top-set) while for INDIFF-INDIFF, we include it (despite it
lacking this conceptual appeal) for technical reasons as it yields mathematically
interesting results. The remaining three constraints follow the same naming con-
vention, while also being prefixed with a number k to indicate that the top set
W has size k.

k-INDIFF-INDIFF= \/  (TOPy A INDIFFy; A INDIFFc\ )
WePL(C)

k-INDIFF-INCOMP= \/  (TOPw A INDIFFy A INCOMP\w )
WePL(C)

k-INcOMP-INCOMP= \/  (TOPy A INCOMPy A INCOMPc\y)
WePL(C)

Our omission of k-INCOMP-INDIFF is due to similar reasons as mentioned above
for the INCOMP-INDIFF constraint.

6.3.2 Extracting Election Winners

To simulate a multiwinner voting rule, the voters’ preferences are turned into
judgments that satisfy a suitable rationality constraint I". In the case of ordinal
preferences, this is RANKING. In the case of approval-based preferences, we are
going to use INDIFF-INCOMP, i.e., we are going to assume that a voter ¢ who
approves of the set A; does not share any views regarding the relative desirability
of the candidates she does not approve of (rather than to declare indifference
between them). We consider this the most natural interpretation of an approval
ballot (and this interpretation will turn out to be technically convenient as well).

We can then apply a JA rule Fj, to the preferences thus encoded, obtaining
a collective judgment. In case that collective judgment satisfies the constraint
TOPy, for some set W C C, we can declare the candidates in W to be the
winners of the original election instance. With this in mind, we are now ready to
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present our central definition that relates multiwinner voting rules and JA rules.
This is similar to the definition of single-winner voting rules by Endriss (2018) .

Definition 6.6 (Simulation). Given a set of candidates C, a JA rule Fya for the
preference agenda @g, and a multiwinner voting rule F for C', we let:

(1) T'= RANKING in case F' uses ordinal preferences, and
(7i) T' = INDIFF-INCOMP in case it uses approval-based preferences.

Then we say that Fyn simulates F' if, for every preference profile (=1, ..., %) €
Mod(T")"™ and corresponding judgment profile J = (Jy,. .., J,), we have that:

F(r1,....mn) = |J {(WcC|JETOoPW}!
JEFA(J)

Observe that Fja can simulate F' only if Fj, satisfies a feasibility constraint I
that ensures that all outcomes J € Fja(J) satisfy TOPy for some W C C.
Furthermore, for Fj, to simulate a rule that returns committees of size k, the
constraint I'" needs to ensure that these sets W indeed always have size k. So
constraints such as k-INDIFF-INDIFF, k-INDIFF-INCOMP and k-INCOMP-INCOMP
are natural candidates for I'” in such scenarios.

6.3.3 Simulation Results

With all the relevant definitions in place, we now present our simulation results
for specific multiwinner voting rules. We start with results for two ordinal-based
rules that may be regarded as the multiwinner counterparts of corresponding
results by Endriss (2018) for single-winner voting rules. The first concerns the
k-Borda rule.

Theorem 6.1. When restricted to RANKING-rational profiles, we have that the
max-sum(-, k-INDIFF-INCOMP) rule simulates k-Borda.

Proof. For any given set W C C, let J" be defined as the unique judgment
such that, for any given x,y € C, we have J" (p,.,) = 1 if and only if z € W.
Observe that the judgments JV for sets W with |W| = k, are precisely the
judgments that satisfy k-INDIFF-INCOMP:

Mod(k-INDIFF-INcOMP) = { JV | W € P,(C)}.

!'Note that in general, multiple committees returned by a multiwinner rule F may correspond
to a single judgment of Fja. However, this does not apply to the feasibility constraints that we
deal with as it is not possible for a judgment J to exist such that J = ToPy and J | TOPyy-
for committees W # W' C C.
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Now consider any profile J € Mod(RANKING)". The max-sum rule in-
duced by k-INDIFF-INCOMP, acting on the profile J, returns:

argmax Z |Agr(J, J;)|.

JEMod (k-INDIFF-INCOMP) ieN

This is equivalent to the following:

argmax Y |{p € 8 | J¥(p) = Ji(#)}I.

Now, to determine the outcome, we need to compute a score that is ob-
tained by summing over the elements ¢ of the preference agenda <I>§. For
any given W C C, we can separate this agenda into the following five disjoint
parts:

—_

APary |z =y}

- APery | # yandz,y ¢ W}
- APery | v # yandz,y € W}
APory |z EW, y ¢ W}
APy [T EW, y e W}

We need to count the propositions ¢ in @g on which the two judgments,
namely JV and J; € Mod(RANKING) representing voter i’s judgment, agree.

First, for propositions in {p,, | = y}, the judgments agree when = € .
This number remains the same regardless of the selection of W so it is omitted
from the final count.

Second, JY rejects all propositions in {p,., | * # yandz,y ¢ W}, while
J;, by virtue of denoting a voter’s strict ranking of the candidates, accepts
exactly half of them (independently of the specific preference reported by
voter ). Since this number also does not depend on the choice of the set W,
we omit it going forward.

The same is true for {p,., | z # yandz,y € W}: JV again accepts all
propositions, while J; accepts exactly half of them, namely those propositions
Dzsy for which x =; y. However, as will become clear shortly, in this case
it will be convenient to explicitly include this number in our count of the
agreements.

For the remaining two parts of the agenda, that is {p,., | x € W, y ¢ W}
and {p,n, | © € W,y € W}, the judgment J" accepts all propositions in
the former and rejects all those in the latter. If J; accepts a proposition pgy,
in the former, it rejects p,., in the latter. So J; is in agreement with J",

[ N N C A V)
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in both parts of the agenda, for exactly those pairs (z,y) for which = >=; y.
So these judgments agree on the same number for both parts of the agenda,
meaning that we need to consider only one.

To summarise, omitting the terms we can ignore, we obtain that the max-
sum rule induced by k-INDIFF-INCOMP maps any given strict preference profile
(>1,...,>n) to the outcome:

argmax Z H(z,y) |z >;yandz € W, y ¢ W}
JW st We’Pk(C’) ieEN

+{(z,y) |  =; yand z,y € W}|.

The latter can be further simplified to:

argmax Z|{y€C’|x>iyandeW}|.
JW st. WePL(C) ;en

Hence, the elected k-sized committee/s clearly maximise/s the Borda scores
of the winning candidates; so this is the k-Borda rule. O

As a feasibility constraint, we used k-INDIFF-INCOMP to capture the intuition of
collective incomparability within the losing set. However, there is also another
intuitive route, namely the one where we assume indifference between the non-
winners. Indeed, when counting agreements, as voters provide strict relations
between candidate pairs, one can freely choose between indifference and incom-
parability amongst candidates grouped together in the outcome. We demonstrate
this with the following result using k-INDIFF-INDIFF.

Theorem 6.2. When restricted to RANKING-rational profiles, we have that the
max-sum(-, k-INDIFF-INDIFF) rule simulates k-Borda.

Proof (sketch). We define the judgment J" as accepting a proposition py.,
for z,y € C, if and only if one of the following three conditions are satisfied:
(1) z,y € W, (ii) x € W but y ¢ W, or (iii) x,y ¢ W. This ensures that
Mod(k-INDIFF-INDIFF) = {JW | W € P4(C)}. The proof now proceeds
along the same lines as that of Theorem 6.1.

Regarding agreements, both judgments accept all of {p,», | * = y} and
agree on half of {p,., | z # yand z,y ¢ W} with J" accepting all them. The
other agreements are as in the proof of Theorem 6.1. The same holds for the
final count. O

The same can be seen for the third size-k feasibility constraint that we have high-
lighted, namely k-INCOMP-INCOMP even though we now assume incomparability
amongst those candidates in the top set W.
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Theorem 6.3. When restricted to RANKING-rational profiles, we have that the
max-sum(-, k-INCOMP-INCOMP) rule simulates k-Borda.

Proof (sketch). We define the judgment JW as accepting a proposition
Pawy for z,y € C, if and only if x € W but y ¢ W. This ensures that
Mod(k-iINcomp-iNcomP) = {JV | W € P,(C)}. The remainder of the
proof is analogous to the proofs of the other k-Borda simulations.

Both judgments agree on those propositions in {p,., | * = y} when it
holds that = € W, the judgments then agree on half of {p,., | v # yandz,y ¢
W} and exactly half of {p,., | © # yandz,y € W}, with JV rejecting all of
the propositions in both sets. The other agreements, for the remaining two
parts of the agenda, are as in the proof of Theorem 6.1. The same holds for
the final count. O

So for max-sum, we have observed that using any of our proposed feasibility
constraints yields a simulation of k-Borda.

Now, we return to k-INDIFF-INCOMP as we apply this feasibility constraint to
max-num, instead of max-sum, as we transition to simulating the multiwinner,
Copeland rules. We begin with simulations where we assume that the following
holds: Maj(J) € Mod(COMPLETEc A ANTI-SYM¢). Intuitively, this is the as-
sumption that for every candidate pair x,y € C, we have that exactly one of p,..,
and p,.., is set to true by the majority judgment Maj(J). This is always the case,
for example, when n is odd.

Proposition 6.4. When we restrict ourselves to RANKING-rational judgment pro-
files J where Maj(J) € Mod(COMPLETE¢ A ANTI-SYM( ), we have that the max-
num(-, k-INDIFF-INCOMP) rule simulates k-Copeland.

Proof (sketch). Take the same judgment J" and agenda decomposition from
Theorem 6.1. We proceed to assess the agreements between J" and the
Maj(J) judgment.

Notice that when checking for the agreements, given the assumption that
Maj(J) € Mod(COMPLETEc A ANTI-SYM¢ ), then Maj(J) sets, for any pair
of distinct candidates x,y € C, exactly one of p,., and p,., to true. This is
much like the considered judgment J; from Theorem 6.1. Hence, it is clear
that the rule is equivalent to:

argmax  |[{Pury | Maj(J)(pery) = Llandz € WH|.
IV s.t. WeP(C)

The returned k-sized committee/s maximise the pairwise majority wins of the
committee members and thus, this is k-Copeland. O
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As with the k-Borda rule, k-Copeland has alternative simulations using either
k-INDIFF-INDIFF or k-INCOMP-INCOMP as feasibility constraints. The (omitted)
proofs of these facts are analogous to that of Theorems 6.2 and 6.3.

Proposition 6.5. When we restrict ourselves to RANKING-rational judgment pro-
files J where Maj(J) € Mod(COMPLETE¢ A ANTI-SYM(), we have that both the
max-num(-, k-INDIFF-INDIFF) and the max-num(-, k~-INCOMP-INCOMP) rule sim-
ulate k-Copeland.

We now assess what can be obtained using max-num when we drop this assump-
tion on the majority judgment Maj(J). We present the following results where
k-INDIFF-INCOMP and k-INDIFF-INDIFF are taken to be the feasibility constraints.
We now look at the k-Copeland® and k-Copeland® separately.

Theorem 6.6. When restricted to RANKING-rational profiles, we have that the
max-num(-, k-INDIFF-INCOMP) rule simulates k-Copeland’.

Proof (sketch). Consider, once again, the same judgment J" and the agenda
decomposition from Theorem 6.1. Let us count agreements between J" and

Maj(J).

argmax  |{Pusy | Maj(J)(peyy) = landx € W}
IV s.t. WeP(C)

+{Pary | Maj(J)(posy) = 0, v # yand z,y ¢ W}.

Observe that the latter maximises the number of pairs of candidates in C'\ W
that contain a strict majority loser in the pairwise majority contest between
the two candidates. So in order to maximise this value, the rule must minimise
the number of candidate pairs in C'\ W that are tied according to the majority
judgment. And to minimise that value, the rule must maximise the number
of candidates x € W such that Maj(J)(pyyy) = 1 for some y € C. So, in the
end, the rule becomes:

argmax  [{Pawy | Maj(J)(poyry) = Landz € WH.
JW st. WeP(C)

And as we dropped the assumption that Maj(J) € Mod(COMPLETE: A
ANTI-SYM(), this is exactly k-Copeland® (but not k-Copeland®). O
Moving on to k-INDIFF-INCOMP as the feasibility constraint, we find that max-

num no longer simulates k-Copeland®, but rather, simulates k-Copeland”.

Theorem 6.7. When restricted to RANKING-rational profiles, we have that the
max-num(-, k-INDIFF-INDIFF) rule simulates k-Copeland®.
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Proof (sketch). Take the judgment J" and the agenda decomposition that
was considered in Proposition 6.2. In counting the agreements as usual, we
find that the rule is the following:

argmax  [{prry | Maj(J)(peyry) = Landz € W+
JW st. WePr(C)

{Pary | Maj(J)(Pary) = 1, & # yand z,y ¢ W}|.

To maximise this count, the rule must minimise the number of candidate pairs
(x,y) with Maj(J)(pzs-y) = 1 such that either (i) z,y € W, (i) z,y ¢ W, or
(14i) y € W,z ¢ W. This is equivalent to:

argmax  [{Pawy | Maj(J)(pysey) = Llandz € WH|.
IV s.t. WEPL(C)

The rule then returns the £ candidates that have the highest Copeland scores
with 7 = 0 and thus, the rule simulates k-Copeland®. O

We have simulated k-Borda, k-Copeland® and k-Copeland® with varying feasibil-
ity constraints but we have yet to ask what occurs when we use k-INCOMP-INCOMP
as a feasibility constraint, adopt max-num as the JA rule, and drop the assump-
tion that Maj(J) € Mod(COMPLETEc A ANTI-SYM¢). In answering this, we veer
towards the simulation of rules that exhibit different qualities to the aforemen-
tioned rules.

In the multiwinner voting literature, k-Borda and the two k-Copeland variants
have been proposed as suitable candidates to perform tasks such as shortlisting,
as they satisfy the axiom of committee monotonicity. This property ensures that
winning candidates in a k-sized committee will remain winners if the target com-
mittee size is increased (Elkind et al., 2017; Barbera and Coelho, 2008; Aziz et al.,
2017b; Faliszewski et al., 2017). Barbera and Coelho (2008) showed this property
to be incompatible with another well-studied property, namely the Condorcet-
related notion of weak Gehrlein stability (Gehrlein, 1985; Barbera and Coelho,
2008; Ratcliff, 2003; Aziz et al., 2017b).2 We recall its definition below.

Definition 6.7 (Weak Gehrlein stability). Take a set of candidates C, a target
committee size k, and a set of voters N with each i € N providing a strict ranking
—i. A committee W € Py(C) is weakly Gehrlein-stable if for any v € W and
y e C\W, itis the case that [{i € N |x =, y}| > {i € N |y =; z}|.

Since we work with weak Gehrlein stability, we can allow for evenly-sized N. And
note that for some C, N, k, and strict preference profiles, a weakly Gehrlein-stable
committee may not exist.

2Aziz et al. (2017b) showed this incompatibility does not occur for strict Gehrlein stability
with k-Copeland” being both committee monotone and strictly Gehrlein-stable.
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We now show that, when certain members of the class of additive major-
ity rules (AMRs) are induced by k-INCOMP-INCOMP on RANKING-rational pro-
files, the resultant JA rule returns judgments that correspond to k-sized, weakly
Gehrlein-stable committees given such committees exist for the given profiles.
Now, we give a definition of these additive majority rules (Botan and Endriss,
2020; Nehring and Pivato, 2019).

Definition 6.8 (Additive Majority Rule, AMR). A JA rule Fyp is an additive
magority rule if there exists a non-decreasing gain function g : [0,n] — R such
that g(t) < g(t') fort < § < t', and for every feasibility constraint I and JA
profile J, it holds that:

Fya(J,I') = argmax > g(n)).
JEMod(I") =7

We obtain the max-sum rule for g(¢) = ¢, while max-num has g(t) = 1 when t > %
and g(t) = 0 otherwise. Now, we get the following simulation result regarding
weakly Gehrlein-stable rules:

Theorem 6.8. When restricted to RANKING-rational profiles, every JA outcome
J € Fyu(-, k-INCOMP-INCOMP) for an AMR Fju that is based on a gain function g
such that g(t) = g(t') for any two t,t' > n/2, corresponds to a weakly Gehrlein-
stable committee, provided such a weakly Gehrlein stable committee exists at all.

Proof. Take an m-sized candidate set C' and suppose that a weakly Gehrlein-
stable committee S € Py (C) exists. Moreover, to derive a contradiction,
suppose that there is some judgment JV € Fy,(J, k-INCOMP-INCOMP) that
corresponds to a committee W € P (C) that is not weakly Gehrlein-stable.

Since W is not weakly Gehrlein-stable, there must be some x € W and
some y € C'\ W such that [{i € N | =; y}| < |{i € N |y =; x}|. Then
the score 3 . jw g(n(s,)) achieved by JV is strictly less than k(m — k) gmax,
where Gmax = g(I_n/Z-I) == g(n)

However, the judgment J° that corresponds to the committee S achieves
the score > ;s 9(n(7,4)) = k(M — k)gmax, and thus achieves a strictly higher
score than JW. This is a contradiction with our assumption that JV &
Fia(J, k-INcoMP-INCOMP). Therefore we can conclude that all judgments
in Fya(J, k-INCOMP-INCOMP) correspond to weakly Gehrlein-stable commit-
tees. O

This result makes a large selection from the AMR class available to those in-
terested in committee stability with tools to easily define novel Gehrlein-stable
rules. In fact, the subclass of AMRs to which Theorem 6.8 applies includes some
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rules that correspond to multiwinner voting rules that have been studied in the
literature.
For example, consider the AMR based on the gain function g with g(¢) = 1

when ¢ > 2 and g(t) = 0 otherwise—which coincides with the max-num rule.

When restrzicted to RANKING-rational profiles, using k-INCOMP-INCOMP as the
feasibility constraint, this rule simulates the following multiwinner voting rule
known as Number of External Defeats (NED) (Barbera and Coelho, 2008; Aziz
et al., 2017b; Faliszewski et al., 2017). Note that this is without the assumption

on the structure of the majority judgment as seen in the k-Copeland simulations.

Definition 6.9 (Number of External Defeats, NED). Recall that =y is the weak
magjority relation. The NED rule elects the k-sized committee/s with the highest
NED scores, defined for a committee W as:

NEDW) = [{(z,y) € W x C\W | & =xn y}-

Proposition 6.9. When restricted to RANKING-rational profiles, we have that
the max-num(-, k-INCOMP-INCOMP) rule simulates NED.

Proof. We proceed as in the previously seen simulation proofs. Take the same
judgment J" and agenda decomposition from Theorem 6.3. As we look at
the max-num rule, we proceed to assess the agreements between J" and the
Maj(J) judgment. Using similar reasoning as we have seen above, we find
that the rule is:

argmax  [{Pewy | Maj(J)(posny) = landz € Wy ¢ W}
IV st WEP(C)

+{Pary | Maj(JT)(Prry) =0, z & W,y € W
+{ Py | Maj(J)(pery) =0, z # yandz,y € W}
+{Prry | Maj(J)(pery) = 0, z # yandz,y & W}|.

Observe that these agreements are maximised when agreements between the
majority judgment Maj(J)(pys,) and the set of propositions {p,., | © €
W, y ¢ W} is maximised which leads us to the following:

argmaX  {Pawy | Maj(J)(pary) = landz € W,y ¢ W}
JW st WePL(O)

= argmax [(z,y)) | Maj(J)(pary) = landz € W,y ¢ W}|.
IV st. WEP(C)

With this, we find that the rule is indeed equivalent to the NED rule. O

We can do similarly for the following Gehrlein-stable, multiwinner voting rule
called k-Kemeny (Ratcliff, 2003; Barbera and Coelho, 2008).
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Definition 6.10 (k-Kemeny). The k-Kemeny rule elects the k-sized committee/s
with the highest Kemeny scores, defined for a committee W as:

EW)y= > max{0,[{i € N|y=;a}|—|{i € N |z y}}.
zeW,yeC\W

We find that the k-Kemeny rule can be simulated using the AMR based on the
following gain function g: g(¢) = 0 when ¢ > % and g(t) = 2t —n otherwise, or put
differently, g(t) = max{0,2t — n}. Specifically, this simulation of k-Kemeny goes
through when this particular AMR is restricted to RANKING-rational profiles,
using k-INCOMP-INCOMP as constraint.

Proposition 6.10. When restricted to RANKING-rational profiles, then for every
AMR Fya that is based on a gain function g with g(t) = max{0,2t — n}, the
Fia(, k-INCOMP-INCOMP) rule simulates k-Kemeny.

Proof (sketch). For this proof sketch, we first note that with similar reasoning
as used in Proposition 6.9, we find that the score of the AMR is maximised
when the agreement for propositions in {p,., | x € W, y ¢ W} is maximised.

Then we note that this correspondence revolves around the fact that for
each candidate pair (z,y), if candidate x is selected in the outcome W and
candidate y is not, i.e., the AMR sets p,., = 1 and p,., = 0, a score of
max{0,[{i € N |y >=; z}| — [{t € N | z ; y}|} is added for p,., to the total

score (as is done by k-Kemeny). -
AMR with
max-sum  max-num g(t) = max{0,2t — n}
k-Copeland
k-INDIFF-INDIFF k-Borda k-Copel and® B
k-Copeland
k-INDIFF-INCOMP k-Borda k-Copel and? B
OB INCON P % Borda k-Cli)I%%and k-Kemeny

Table 6.1: Simulations of fixed-size multiwinner voting rules on RANKING-rational
profiles. Those simulations highlighted in blue are those that hold only when we
have that Maj(J) € Mod(COMPLETE¢c A ANTI-SYM().

We now transition to approval-based multiwinner voting rules, with a natural
starting point being the simple AV rule. As previously mentioned, the rationality
constraint for these rules will be INDIFF-INCOMP, which allows voters to have
approval ballots of arbitrary size.
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Proposition 6.11. When restricted to INDIFF-INCOMP-rational profiles, we have
that the max-sum(-, k-INDIFF-INCOMP) rule simulates AV.

Proof. Take again, along with the usual agenda decomposition, the judgment
JW from Theorem 6.1 that accepts a proposition p,., for z,y € C if and only
if x € W. With INDIFF-INCOMP-rational profiles, each voter sets indifference
between her most-preferred candidates. We fix an approval set A; for voter i
such that J;(py.,) = 1 if and only if 2 € A;. Note that this captures a voter
specifying incompatibility amongst those candidates she does not approve of.

It is easy to verify through counting relevant agreements that the max-
sum rule induced by k-INDIFF-INCOMP on INDIFF-INCOMP-rational profiles
is:

argmax Z {z € W [ Ji(pary) = 1}
JW st. WePL(C) icn

Thus, in the end, we get that this rule is equivalent to:

argmax Z|{x e WnNA}

IV st WePL(C) icy

The elected committee/s of size k maximise/s the approvals of the com-
mittee members, which gives us a simulation of AV. O

We now extend the AV simulation to other Thiele rules with the use of the
following refinement of the max-sum rule:

Definition 6.11 (uv-max-sum). Given a judgment profile J, a feasibility con-
straint I and some non-increasing scoring function u : Zso — Rsg, the u-max-
sum rule is defined as:

|[Agr(J,Ji)]
u-max-sum(J, ') = argmax u(t).

That the u-max-sum rule facilitates the simulation of PAV and a-CC is immediate
from its definition and our proof sketch for Proposition 6.11. However, we present
the next results in some detail.

Proposition 6.12. When restricted to INDIFF-INCOMP-rational profiles, we have
that the u-max-sum rule induced by k-INDIFF-INCOMP simulates PAV when using
the scoring function where u(t) =1/t for all t.



6.3. Simulating Multiwinner Voting Rules 125

Proof. Once again, we consider the agenda decomposition, judgment J" and
fixing of voters’ approval sets from Theorem 6.1. Now, we have that the
general u-max-sum rule is defined as follows:

|Agr(J,Ji)]

argmax Z Z u(t)
JW st. WePL(C) ien =1
Consider the specific scoring function u where u(t) = 1/ for all t. By count-
ing agreements, we see that the u-max-sum rule induced by k-INDIFF-INCOMP
on INDIFF-INCOMP-rational profiles is equivalent to:

K (z.y)lz=iy and zeW, yeC}|

argmax Z Z u(t)
JW st WePL(C) ;en —1

Now, to see that this rule with u(t) = 1/: for all ¢, simulates PAV, observe
that for every voter ¢, voter i’s approval of a candidate in committee W results
in exactly m—1 agreements. So a voter i that gave a committee W a PAV score
of Z‘ti"lmw‘ u(t) will give said committee’s corresponding judgment a score of
Liilmwl'(mfl) u(t) for this particular u-max-sum rule. And so, a judgment J"
representing a committee W that returned by PAV will still yield a higher
score via the following rule than those judgments that correspond to non-

winning committees of PAV:

H{(z,y)|z=iy and €W, yeC}|
argmax E E u(t)
IV st WEPL(C) jen —
‘{xEW‘Ji(pz}-y)zlﬂ

=  argmax Z Z u(t).

JW s.t. WGPk(C) ieN t=1

Proposition 6.13. When restricted to INDIFF-INCOMP-rational profiles, the u-max-
sum rule induced by k-INDIFF-INCOMP simulates a-C'C when using the scoring
function where u(1) =1 and u(t) =0 for all t > 1.

Proof (sketch). By applying the same reasoning as in the proof of Proposi-
tion 6.12, but for the scoring function where u(1) = 1 and u(t) = 0 for all
t > 1, we find that u-max-sum rule simulates the a-CC rule. O
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6.4 Computational Considerations

Worst-case intractability has been shown for many JA rules. Specifically, it
has been shown that computing outcomes under max-sum and max-num is ©5-
hard (Endriss et al., 2020). Thus, when simulating multiwinner rules in the JA
model, we encounter the paradox that ordinarily easy-to-compute rules, such as
k-Borda and AV (Aziz et al., 2015; Elkind et al., 2017), now seem computation-
ally difficult to implement. To address this mismatch, we build on the approach
for identifying tractable fragments of JA developed by De Haan (2018). Of par-
ticular interest to us, De Haan (2018) showed that certain JA rules can be used
efficiently when the integrity constraint (that is the feasibility constraint in the
JA model we study) is represented as a circuit in decomposable negation normal
form, or a DNNF circuit for short. Recently, this technique has been used to ob-
tain tractable embeddings of participatory budgeting into JA (Rey et al., 2020,
2023). We begin with the definition of this type of circuit, as given by Darwiche
and Marquis (2002).

Definition 6.12 (DNNF circuits). A Boolean circuit in negation normal form
(NNF) is a directed acyclic graph with a single root where each internal node is
labelled with vV or A, and every leaf is labelled with T, 1, x or —x for a proposi-
tional variable x. A DNNF circuit is an NNF circuit that satisfies decomposabil-
ity: for each conjunction in the circuit, no two conjuncts share a propositional
variable.

A
SN

Ty T2 I3 o) Iy

Figure 6.1: An example of a DNNF circuit.

The results of De Haan (2018) cover certain members in the class of scoring
rules (Dietrich, 2014), including max-sum and max-num. Scoring rules select
those constraint-satisfying JA outcomes that maximise the score of an associated
scoring function. Such a function attaches a score to each issue with respect to an
voter’s judgment. Before restating the relevant result in Theorem 6.14, we define
the outcome determination problem OUTCOME(F}),) for a given JA rule Fju.
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OUTCOME(Fju)

Given: A judgment profile J for an agenda ®, an integrity
constraint [, and a partial judgment d on .

Question: Is there a J € Fjp(J,1") that agrees with d?

This decision problem is formulated with the presence of a partial judgment
d in order to mirror the problem used by De Haan (2018), who mention that
this problem is natural when one desires collective outcomes with a particular
structure or property, e.g., a judgment that agrees with the partial judgment d.

Theorem 6.14 (De Haan, 2018). When the integrity constraint I is represented
as a DNNF circuit, then OUTCOME(F14) is polynomial-time solvable for Fyp €
{max-sum, max-num}.

This result was extended to a general class of additive rules, which includes both
the scoring rules and the AMRs (Rey et al., 2020, 2023).

We now show that the k-INDIFF-INCOMP constraint can be represented as
a DNNF circuit. Recall that this constraint sets indifference amongst the top
candidates and incomparability between those in the bottom set. Observe that
for any candidate x in the top set, the proposition p,., is true for all y € C.
On the other hand, if x is in the bottom set, the proposition p,., is false for all
candidates y € C.

Proposition 6.15. Given a finite set C' of candidates and a corresponding pref-
erence agenda @g, the kE-INDIFF-INCOMP constraint can be encoded into a DNNF
circuit in polynomial time.

Proof. Given the set of candidates C' = {z1, ..., x,,}, we construct the circuit
according to the (arbitrary) ordering z1, ..., x,, of C. An ordering of propo-
sitions such as p,., for each x € C is then set. We say z; is the i-th candidate
in C while py,,,, is the corresponding proposition in ®¢. We also use the
counting variables 7 and j during the circuit construction, both starting at 0.

The circuit contains nodes N, ;, each of which denoting that we have as-
sessed the propositions in the sequence up to (and including) index i — 1 with
J the current size of the winning set. We set Ny to be the root of the circuit.
Ifi =|X|+1and j =k, then N;; = T. If i = |X| + 1 and j # k, then
N;; = 1. Now if i < |X|+ 1, we either have (i) py,o, is true or (i4) py,wq, i8
false. We set the node NN; ; to be the disjunction « V 3, where we have both
of the following:

® o= (N(Z + 17 ] + 1) N /\yecpxi%y)'
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e 0= (N(Z +1, .]) A /\yeC _'paﬂi?y)‘

We have that every leaf is either T, L or p,., for some x and y. Thus, we have
a NNF circuit. Each proposition appears exactly once in the circuit so we
also have that it is decomposable. The circuit is only satisfied by a preference
agenda @g if the agenda has a k-sized top set of candidates with indifference
between them while the bottom set’s candidates are incomparable. So we
have that the circuit corresponds to our constraint. This circuit can also be
constructed in polynomial time as the process terminates once each candidate
in C' has been assessed exactly once. O

Note that the proof of the following result, regarding the circuit encoding for
INDIFF-INCOMP, is omitted as it works almost identically to that in Proposi-
tion 6.15, except there is no tracking of the winning set’s size.

Proposition 6.16. Given a finite set C' of candidates and a corresponding pref-
erence agenda (IDQ, the INDIFF-INCOMP constraint can be encoded into a DNNF
circuit wn polynomial time.

These results ensure that for the max-sum and max-num rules, when using
k-INDIFF-INCOMP as the feasibility constraint, such as in our simulations, com-
puting the outcomes can still be done in polynomial time. We continue with this
approach to analyse k-INDIFF-INDIFF.

Recall that k-INDIFF-INDIFF sets indifference within both the k-sized top set
and the bottom set. We now show that this constraint cannot be constructed as
a DNNF circuit in polynomial time. The claim is that, given a set of candidates
C, computing the max-sum rule induced by k-INDIFF-INDIFF with the rationality
constraint T, i.e., when the ballots are unconstrained, is a computationally diffi-
cult problem. This implies that we cannot construct a DNNF circuit representing
k-INDIFF-INDIFF in polynomial time (assuming that P # NP). We show that this
problem is NP-hard by giving a reduction from the following problem.

NAE-3SAT
Given: A formula ¢ in 3CNF.

Question: Is there a truth assignment satisfying ¢ that
falsifies at least one literal in each clause of ¢?

Theorem 6.17. Given a finite set C' of candidates and a corresponding prefer-
ence agenda @g, computing any outcome of the max-sum rule induced by the
k-INDIFF-INDIFF constraint on T -restricted ballots is NP-hard.
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Proof. We reduce from NAE-3SAT. Let ¢ be an arbitrary instance of NAE-
3SAT, where x4, ..., x,, are the variables in ¢ and ¢y, ..., ¢, are the clauses in
@. For each variable x; in ¢, we create a candidate a,, for each literal of the
variable x;. This produces 2m candidates. The profile on @g, is as follows:
for each variable x;, we add 10u voters, each of which has a judgment set that
sets every preference issue to true except for pg, -q-,, and pa_, »a,, . For each
clause ¢;, and each pair of literals (Iy,l2) within ¢;, we create a voter that
has the judgment set that sets every issue in the agenda to true except for
Pay,rar, a0 Pay,-a,, - We claim that there exists a truth assignment that both
satisfies and falsifies at least one literal in each clause of ¢ if and only if the
translated outcome, given by max-sum induced by m-INDIFF-INDIFF, has a
score of at least (10mu + 3u) - (4() + m?) — 10mu — 4u.

(=) Assume we have a truth assignment that satisfies and falsifies at
least one literal in each clause of ¢. Those variables that are set to true in
this assignment correspond to those candidates in the top set of the outcome.
A truth assignment will set one of variables z; and —z; to true and correspond-
ingly, we construct the top set to contain one of a,, and a-,,. This gives us
m candidates, as is required by the feasibility constraint m-INDIFF-INDIFF.
Now to check if this assignment gives the correct score. We have 10u voters
for each top-set member and three voters for each clause who agree on the
following;: 2(”;) propositions in each of the top and bottom sets, which repre-
sents 4(’;) in the score, as well as, for each member of the top set, they agree
on a proposition for every candidate in the bottom set they are preferred to.
This gives m? propositions. This constitutes the (10mu + 3u) - (4(7)) + m?)
agreements. Of propositions such as pg, o, and pa_, -a, , €xactly one is
true. This accounts for 10mu disagreements. In each clause, four of the six
propositions associated with clause voters are set to true. This accounts for
the 4u disagreements. The difference between agreements and disagreements
gives the score (10mu + 3u) - (4('3) +m?) — 10mu — 4u.

(«<=) Assume we have a max-sum outcome with at least a score of (10mu+
3u) - (4(") +m?) — 10mu — 4u which we refer to as s* for the remainder of this
proof. There are m candidates in the top set due to the feasibility constraint.
We must check that they give the correct assignment of . The m candidates
cannot contain conflicting pairs, such as a,, and —a,,, as this leads to a score
of at most (10mu + 3u) - (4(") + m?) — 20mu — 4u which is less than score
s*. This gives a truth assignment for ¢. Now to check if the clauses are
satisfied by this assignment. From the score, we know that all literals in a
clause cannot have same truth value, as that would give a score of at most
(10mu + 3u) - (4('y) + m?) — 10mu — 6u. This is also smaller than the score
s* so we have a valid assignment for ¢ which also satisfies all clauses of ¢ in
the correct manner. |
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So in general, it is not possible to efficiently use the max-sum rule induced by
k-INDIFF-INDIFF (and also, INDIFF-INDIFF). However, when used on RANKING-
restricted profiles, it simulates k-Borda (Theorem 6.2). So in this particular
case, we obtain computational efficiency. Moreover, we know that we can sim-
ulate NED using the max-num rule that is induced by the feasibility constraint
k-INCOMP-INCOMP, and since computing outcomes for the NED rule is NP-hard
(Aziz et al., 2017Db), it follows that k-INCOMP-INCOMP cannot be encoded into
a DNNF circuit in polynomial time (assuming that P # NP). However, in a
similar fashion as we have done with k-INDIFF-INDIFF, we have shown in The-
orem 6.3 that a polynomial-time computable multiwinner voting rule, namely
k-Borda, can be simulated using a max-sum rule induced by k-INCOMP-INCOMP
on RANKING-rational profiles. These observations lead to the following:

Theorem 6.18. Let F be a class of feasibility constraints. Suppose computing
outcomes for a rule Fjq € {max-sum, max-num} induced by a feasibility con-
straint I" € F on T -restricted ballots is NP-hard. It then holds that no IV € F
can be encoded into a DNNF circuit in polynomial time, unless P = NP.

These cases highlight the care that is required in selecting the constraints used in
this JA model as certain constraint-rule combinations have these computational
drawbacks.

6.5 Chapter Summary

In this chapter, we illustrated how the JA model with rationality and feasibility
constraints enables us to simulate important multiwinner voting rules in judgment
aggregation. We subsequently showed, by encoding the constraints as DNNF
circuits, that some of these simulations retain the computational efficiency of
their multiwinner counterparts. On the other hand, for specific feasibility con-
straints, namely k-INDIFF-INDIFF and k-INCOMP-INCOMP, this efficiency cannot
be retained in general. Also, we demonstrated how the class of JA rules called
AMRs can help produce multiwinner voting rules that satisfy the property of
weak Gehrlein-stability.

Future Work. For future research, the JA simulation of more sophisticated
multiwinner voting rules, such as sequential rules or other rules that are tailored
towards proportional representation, should be explored. Also, in line with our
result related to weak Gehrlein-stability, we mention that JA rules could aid the
enrichment of multiwinner voting with new rules satisfying multiwinner notions
other than committee stability.
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Chapter 7

Constrained Public Decisions

This chapter gets us back on the track of providing proportional representation
within complex domains. And with this, we study the public decisions model
(detailed in Chapter 3) as a base. Recall that this is the model where a group
of voters is presented with a set of issues for which they are expected to make
a binary choice: typically, deciding to either accept or reject each issue. It is
of particular interest due to the real-world scenarios captured by it. Notable
examples include the following (Lang and Xia, 2016):

1. Multiple Referenda: The scenarios where the public vote directly on the
resolution of political issues.

2. Group Activity Planning: A group of individuals are to choose, as a collec-
tive, the activities that the entire group shall partake in.

3. Committee Elections: A set of candidates are in the running for multiple
positions on a committee and a group of decision-makers must select the
committee members.

Given the collective nature of the problem, one of the natural desiderata is that
the outcome represents a fair compromise for the participating voters. And in
keeping with the approach of the thesis, we focus on proportional representation
among the numerous possible interpretations of fairness. And indeed, as shown
in Chapter 3, when zooming in on the model of public decisions, the goal of pro-
ducing collective outcomes that proportionally reflect the opinions of the voter
population has been drawing increasing attention in recent years (Freeman at al.,
2020; Masarik et al., 2023; Skowron and Gérecki, 2022). However, a component
that has so far not received much attention in this growing literature on propor-
tionality is the presence of constraints that restrict the possible outcomes that
can be returned (with the exception of (Masarik et al., 2023)).

133
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In this chapter, we focus on answering the question of what one may do
when outcomes that would satisfy classical proportionality axioms—and thus be
considered fair outcomes—are no longer feasible due to the presence of constraints.
When examining real-world examples of the public-decision model, there are many
scenarios where enriching the model with constraints fits naturally:

1. Multiple Referenda: Take an instance of multiple referenda where a con-
straint sets the acceptance of a political issue to be conditioned on the
acceptance (or rejection) of another issue.

2. Committee Elections: Consider diversity constraints being imposed on a
committee election instance that require that the number of candidates
with certain characteristics that may be selected must be a precise number
(or must fall within a specific range of numbers).

3. Group Activity Planning: Suppose we have instances of group activity plan-
ning where the feasible combinations of chosen activities are constrained by
factors such as the activities’ costs, the distances between the activity loca-
tions, the activities only being available in certain timeslots, and so on.

In tackling our task, we build on existing notions of proportionality that have
been posed for less rich models and tailor them to the challenges that comes with
the existence of constraints. Our work contributes to the ongoing research on this
topic in the following three respects:

e Axioms. We provide (what we argue to be) natural adaptations of existing
proportionality axioms—that are based on varying public-decision interpre-
tations of justified representation—for this setting with constraints. Note
that the axioms that we adapt are discussed in Chapter 3. Also, we im-
port to our setting the priceability notion from multiwinner voting which
provides another promising route to introducing proportionality for public
decisions under constraints. Our adaptations require the introduction of
the notion of feasible group deviations within this setting.

e Constraint Restrictions. We identify a class of constraints that provides
promising results when looking to ensure proportional representation in
this constrained setting. Specifically, for each of our axioms, we show that
although it is challenging to satisfy these properties in general constrained
instances, when one hones in on a restricted—yet highly expressive—class of
constraints, we can achieve strong proportionality guarantees that represent
approximations of the desirable justified-representation axioms.

e Decision Rules. We define novel adaptations of recently studied decision
rules to our public-decision setting with constraints, such as MES (for public
decisions) and the local-search variant of PAV.
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Additional Related Work. We begin by noting that our constrained public-
decision model closely resembles that of judgment aggregation and it also naturally
fits into the area of collective decisions in combinatorial domains (see the book
chapters by Endriss (2016) and Lang and Xia (2016) for general introductions to
these two topics, respectively).!

Most relevant to this chapter’s work is the research conducted on proportion-
ality in the context of public decisions without constraints that we discussed in
Chapter 3. Conitzer et al. (2017) focused on individually proportional outcomes,
thus, our work more closely aligns with those that look to ensure adequate repre-
sentation to groups of voters (Freeman at al., 2020; Masarik et al., 2023; Skowron
and Gdrecki, 2022). Note that with the general social-choice model of Masarik et
al. (2023), one can model our setting of interest. But by focusing on this setting,
we explore properties that are specifically made for it, which in turn allows us to
define, and subsequently conduct an analysis of, constrained public-decision rules
that are not touched upon by Masarik et al. (2023). Thus, this chapter’s results
complement their work by showing further possibilities, and also limitations, for
proportionality within this constrained public-decision model.

Also, the works on proportionality in models of sequential decision-making
(that are discussed in Chapter 3) are relevant to our own as they can be seen as
generalisations of the public-decision model without constraints (Bulteau et al.,
2021; Chandak et al., 2024; Lackner, 2020). Amongst these sequential decision-
making papers, those of Bulteau et al. (2021) and Chandak et al. (2024) relate
to our work the most as they also implement justified-representation notions.

In related fields, previous work studied proportionality in various models that
differ from the constrained public-decision model but feature collective choices on
interconnected propositions: the belief merging setting (Haret et al., 2020), inter-
dependent binary issues via conditional ballots (Brill at al., 2023c), and approval-
based shortlisting with constraints (presented in a model of judgment aggregation)
(Chingoma et al., 2022). The former two were mentioned in Chapter 3 while the
latter is explored in the later Chapter 8.

Chapter Outline. We begin by detailing the constrained public-decision model
in Section 7.1. We continue with Section 7.2 where we discuss two known ways in
which justified representation is formalised for public decisions, and also present
our notion of voter groups having feasible deviations. Then each of Sections 7.3
and 7.4 deal with a particular public-decision interpretation of justified represen-
tation. Finally, we deal with our constrained version of the priceability axiom in
Section 7.5 before concluding in Section 7.6.

INote that the judgment aggregation framework is discussed in more detail in Chapter 6.
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7.1 The Model

A finite set of n voters N = {1,...,n} has to take a collective decision on a finite
set of m issues Z = {ay,...,a,}. It is typical in the public decisions setting to
consider there only being two available decisions per issue but we instead adopt
the following, more general setup. Each issue a; € 7 is associated with a finite
set of alternatives called a domain D; = {d},d?,...} where |D;| > 2 holds for all
t € [m]. The design decision of going beyond binary issues is motivated by the
wider real-life applicability of this model when more than two alternatives are
possible for each issue.

Each voter i € N submits a ballot b; = (b;,...,b7") € Dy x ... x D, where
b. = d¢ indicates that voter i chooses the decision df for the issue issue a;. A
profile B = (by,...,b,) € (D1 X ... x D,,)" is a vector of the n voters’ ballots.
An outcome w = (wq,...,wy) € Dy X ... X D,, is then a vector providing a
decision for every issue at stake.

We focus on situations where some constraints limit the set of possible col-
lective outcomes: we denote by C C Dy x ... x D,, the set of feasible outcomes.
We write (B, C) to denote an election instance. By a slight abuse of notation we
also refer to C as the constraint, and thus, we refer to elections instances where
C=D; x...x D,, as unconstrained election instances.? Note that some of the
results hinge on the way in which we chose to represent the constraint C and may
be affected if a different constraint representation were to be used.

Note that voter ballots need not be consistent with the constraints, i.e., for
an election instance (B, C), we do not require that b; € C for all voters i € N.3

Remark 7.1. While not common in work done in the related judgment aggre-
gation model, our assumption that voters ballots need not correspond to feasible
outcomes is common in other settings of social choice. In multiwinner voting,
voters can approve more candidates than the committee target size while in par-
ticipatory budgeting, the sum of the costs of a voter’s approved projects may exceed
the instance’s budget. For our setting, we argue that this approach helps capture
real-world, constrained decision-making scenarios where either the constraint is
uncertain when voters submat their ballots, or possibly, the voting process be-
comes more burdensome for voters as they attempt to create ballots with respect
to a (possibly difficult to understand) constraint. For example, consider a group
of friends deciding on the travel destinations of their shared holiday across the

2Note that while we work formally with the constraint being an enumeration of all feasible
outcomes, in practice, it is often possible to represent the set of feasible outcomes in more concise
forms—via the use of formulas of propositional logic, for example—to help with parsing said
constraint and/or speed up computation by exploiting the constraint’s representation structure.

3This assumption takes our model closer to the particular model of judgment aggregation
where the constraints on the output may differ from the constraints imposed on the the voters’
input judgments (Endriss, 2018; Chingoma et al., 2022). The earlier Chapter 6 gives a more
detailed outline of this model.
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world, visiting one country in each continent. On a booking platform, there are
a certain number of locations that can be selected per continent such as: Amster-
dam, Paris and Vienna in Europe; Mexico City and Toronto in North America;
Cairo, Nairobi and Cape Town in Africa; and so on. Fach friend has a preferred
combination of cities and their collective itinerary is subject to factors such as
their travel budget or the available flight connections between cities. However,
as flight costs and connections may change significantly on a day-to-day basis, it
may be unclear which combination of cities are affordable. Therefore, it is not
reasonable to impose the requirement, by default that is, that voter ballots are
constraint-consistent. N

If needed, we explicitly state when we pivot from this assumption and require
that voter ballots be constraint-consistent. At times, we shall restrict ourselves
to election instances where D; = {0, 1} holds for every issue a;. We refer to such
cases as binary election instances. When necessary, we explicitly state whether
any result hinges on the restriction to binary instances. Given an outcome w for
a binary instance, the vector @ = (wy, ..., wW,,) is such that w; = 1 — w; for all
issues a; € 1.

Now, consider an outcome w, a set of issues S C Z and some vector v =
(U1,...,Up) € Dy X ... X D, (that can be interpreted as either an outcome or
voter’s ballot). We write w[S < v] = (w},...,w),) where w; = w; for all issues
a; € Z\ S and w; = v, for all issues a; € S. In other words, w[S < v] is the
resultant vector of updating outcome w’s decisions on the issues in S by fixing
them to those of vector v. For a given issue a; € Z and a decision d € D;, we use
N(as,d) = {i € N | b, = d} to denote the set of voters that agree with decision
d on issue a;. Given two vectors v, v’ € Dy X ... x D,,, we denote the agreement
between them by Agr(v,v’') = {a; € Z | v; = v;}. Then, the satisfaction that a
voter ¢ obtains from an outcome w corresponds to w;(w) = |Agr(b;, w)|, i.e., the
number of decisions on which the voter 7 is in agreement with outcome w.

Example 7.1. Suppose that a group of three voters must vote on the design
of a logo and there are three relevant aspects that go into its design, each
with their own set of available options: the outer shape of the logo can either
be a circle or pentagon; the pattern within the logo’s shape can either be
horizontal lines, a checkerboard or a crosshatch; and the colour of this inner
pattern can either be blue, red, yellow or green.

Formally, @we can model this with three issues Z =
{Shape, Pattern, Colour}, and here are the domains of each issue:

DShape Q Q
DPattern E
D Colour @ @ @
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Next, suppose that the five voters cast the following ballots (where each
voter’s desired logo may, or may not, correspond to a feasible logo as de-
termined by the constraint C).

Voter Shape Pattern Colour ‘ Voter Ballot

Voter 1 Q
Voter 2 @ é

Voter 3 O E @
Voter 4 Q =
Voter 5 O E @

Now, we present an example of a constraint C that indicates the feasible logo
designs, i.e., the feasible combinations of decisions on the three logo aspects.

Constraint C )

D
DOODOHO

Note that with this constraint, we can see that only voters 1 and 3 submit
feasible logos as their ballots.

7.2 Proportionality via Justified Representation

This section starts with the observation that classical notions of proportionality
fall short when considering interconnected decisions (in the upcoming Exam-
ple 7.2), and then follows with our proposed generalisations of such axioms that
deal with constraints.

Ideally, when looking to make a proportional collective choice, we would like to
meet the following criteria: a group of similarly-minded voters that is an « fraction
of the population should have their opinions reflected in an « fraction of the m
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issues. We wish to define an axiom for our model that captures this idea within our
richer framework. In the setting of multiwinner voting, this is formally captured
with the justified representation axioms such as EJR (detailed in Chapter 2). In
the setting of public decisions, there are two different adaptations that have been
studied and both were discussed in Chapter 3. These two notions are agreement-
EJR and cohesiveness-EJR. In this chapter, we shall look at both. Recall that
with agreement-EJR, the aim is to guarantee that ‘a group of voters that agree
on a set of issues T and represent an « fraction of the voter population, should
control an « - |T'| number of the total issues in Z°. This approach differs from
cohesiveness-EJR which states that ‘a group of voters that agree on an « fraction
of the issues and represent an « fraction of the total voters, should control - m
of the issues in Z° (Chandak et al., 2024; Freeman at al., 2020).

Meeting the ideal outlined by both of these notions is not easy in our setting
as the constraint C could rule out a seemingly fair outcome from the onset.

Example 7.2. Take the following binary election instance version of the
logo design task from Example 7.1. Here, we have two issues Z =
{Patterned Shape, Colour} with each issue having a domain of size two.

DPatterned Shape
D Colour @ @

Now, suppose that we have the following constraint with two feasible out-
comes.

Constraint C

Then suppose that the two voters submitting the following ballots.

Voter Patterned Shape Colour ‘ Voter Ballot

Voter 1 @
Voter 2 @

Note that voters 1 and 2 are both, on their own, cohesive groups. Now, both
aforementioned EJR interpretations require each voter to obtain at least 1
in satisfaction, i.e., deciding half of the two issues. However, there exists no
feasible outcome that provides agreement-EJR or cohesiveness-EJR as one
voter i € {1,2} will have satisfaction u;(w) = 0 for any outcome w € C.
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Example 7.2 makes clear an issue that we must take into account when defining
proportionality properties when there are constraints. That is, a voter group that
is an « fraction of the population may lay claim to deciding an « fraction of the
issues, but in doing so, they may be resolving, or influencing the decision on, a
larger portion of the issues than they are entitled to (due to the constraint).

In doing so, we look for a meaningful way to identify those voter groups that
can justifiably complain at the selection of some outcome w. This is formalised
by the following definition where we identify the voter groups whose displeasure
is justified as those groups that can propose an alternative outcome w* that is
feasible and yields greater satisfaction for each group member.

Definition 7.1 ((S,w)-deviation). Given election instance (B,C) and outcome
w € C, a set of voters N' C N has an (S, w)-deviation if ) # S C T is a set of
1ssues such that all of the following hold:

o S C Agr(b;, b)) for alli,j € N' (the voters agree on the decisions on all
issues in S).

e S C T\ Agr(b;,w) for alli € N’ (the voters disagree with outcome w’s
decisions on all issues in S).

o w[S < b;] €C foralli € N' (fizing outcome w’s decisions on issues in S,
so as to agree with the voters in N', induces a feasible outcome).

Intuitively, given an outcome w, a voter group having an (S, w)-deviation in-
dicates the presence of another feasible outcome w* # w where every group
member would be better off. Thus, our goal in providing a fair outcome reduces
to finding an outcome where every group of voters that has an (S, w)-deviation
is sufficiently represented. We shall use this (S, w)-deviation notion to convert
proportionality axioms from unconstrained settings to axioms that deal with con-
straints. But first, we look at the following computational question associated
with (S, w)-deviations: given an election instance (B,C) and an outcome w € C,
the problem is to find all groups of voters with an (S, w)-deviation.

Proposition 7.1. Given an election instance (B,C) and an outcome w € C,
there exists an algorithm that finds all groups of voters N’ such that there exists
an S C T with N' having an (S, w)-deviation, that runs in O(|C[*mn) time.

Proof. Take (B,C) and outcome w € C. Consider the following algorithm
that operates in |C| rounds, assessing an outcome w € C in each round (with
each outcome assessed once throughout): at each round for an outcome w €
C, iterate through all other outcomes w* # w € C; fix S to be the issues that
w and w* disagree on; in at most mn steps, it can be checked if there is a
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set of voters that agree with w™* on all issues in S which verifies the existence
of a voter group N’ with an (S, w)-deviation; keep track of all such groups
N': if all outcomes have been assessed, terminate, otherwise, move to the next
outcome. This algorithm takes O(|C|?*mn) time to complete in the worst case,
which is polynomial in the input size given our assumptions. O

We offer the following remark in regards to the nature of Proposition 7.1.

Remark 7.2. Proposition 7.1 can be seen as positive whenever the constraint
C under consideration is ‘not too large’. Such an assumption is reasonable for
many real-life examples. Consider the quite general, collective task of selecting the
features of some product. Our running example of the logo design is an instance
of this. Other applicable scenarios include choosing the technical features of a
shared computer or the items to be placed in an organisation’s common area. In
many cases, factors such as a limited budget (or limited space in the case of the
common area) may result in very few feature combinations being feasible for said
product. These are natural scenarios where we may encounter a ‘small’ constraint
(according to our definition) with respect to the number of issues at hand and the
size of their domains. <

Our goal is to answer the following question: how much representation can we
guarantee from some outcome w, to a group of voters that has an (S5, w)-deviation
and that qualifies as underrepresented?

7.3 Justified Representation with Cohesiveness

We now propose the following adaptations of cohesiveness-EJR to public deci-
sions with constraints. To adapt cohesiveness-EJR, we adapt ¢-cohesiveness from
multiwinner voting in a similar manner as done by Freeman at al. (2020). First,
we define the notion of T-agreeing groups.

Definition 7.2 (T-agreeing). For a set of issues T C I, we say that a group of
voters is T-agreeing if T C Agr(b;, b;) holds for all voters i,j € N'.

We can then define our cohesiveness notion as the following:

Definition 7.3 (T-cohesiveness). For a set of issues T C T, we say that a set of
voters N' C N is T-cohesive if N’ is T-agreeing and it holds that |N'| > |T|-/m.

Using T-cohesiveness, we can adapt the formulation of EJR from (Freeman at
al., 2020) to our public-decision model with constraints.
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Definition 7.4 (cohEJR¢). Given an election instance (B,C), an outcome w
provides cohEJRe if for every T-cohesive group of voters N' C N for someT C T
with an (S, w)-deviation for some S C T, there exists a voter i € N' such that
ui(w) = |T).

Intuitively, cohEJR: deems an outcome to be unfair if there exists a T-cohesive
voter group with (7) none of its group members having at least |T'| in satisfaction,
and (i) them fixing outcome w’s decisions to match their own on some of the
issues in 7' leads to some other feasible outcome.

We have the following result that can be interpreted as positive when the size
of C is ‘not too large’.

Proposition 7.2. Given an election instance (B,C) and an outcome w € C,
there exists an algorithm that decides in O((maxyepm) |Dy|)™|C[*mn) time whether
outcome w provides cohEJR.

Proof. From Proposition 7.1 we know that, given an outcome w, we can
find all groups with some (S, w)-deviation for some S C Z in O(|C|?*mn)
time. There can be at most (maxgcpn) |D¢|)™(]C| — 1) such groups (recall that
maXc|m] | Dy| is the maximal size of any issue’s domain). Then, for each group
N’ with an (S, w)-deviation, we can check their size in polynomial time and
thus verify whether they are a T-cohesive with S C T, and if so, we can check
if there exists any voter i € N’ with u;(w) > |T|. O

Now, Chandak et al. (2024) have already shown that, in general, cohesiveness-
EJR is not always satisfiable in their sequential decisions model. This negative
result carries over to the unconstrained public-decision setting. Although we shall
later analyse the extent to which we can achieve positive results with cohesiveness-
EJR in our constrained setting, this negative result motivates the study of the
following weaker axiom that is an adaptation of the multiwinner JR axiom and
can always be satisfied in the public-decision setting without constraints (Bulteau
et al., 2021; Chandak et al., 2024; Freeman at al., 2020).

Definition 7.5 (cohJR¢). Given an election instance (B,C), an outcome w pro-
vides cohJR¢ if for every T-cohesive group of voters N' C N for some T C T
with an (S, w)-deviation for some S C T where |S| = |T| = 1, there exists a voter
i € N' such that u;(w) > 1.

Unfortunately, when considering arbitrary constraints, even cohJR¢ cannot al-
ways be achieved. Note that this even holds for binary election instances.

Proposition 7.3. There exists an election instance where no outcome provides
cohJRc.
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Proof. Consider the following binary election instance where we have two
issues Z = {Patterned Shape, Colour} with each issue having a domain with
two alternatives.

DPatterned Shape
D Colour @ @

Then suppose we have the following constraint with two feasible outcomes
where we see that the patterned shape must be a circle for the logo to be
feasible.

Constraint C

Now, suppose that there are two voters that submit the following ballots with
both voters choosing the pentagon as the patterned shape and thus, neither
of their ballots are feasible.

Voter Patterned Shape Colour ‘ Voter Ballot

Voter 1 @
Voter 2 @

Note that for both outcomes w € C, one voter will have satisfaction of 0 while
being a T-cohesive group with an (S, w)-deviation for |S| = |T'| = 1. As each
voter is half of the population, they may ‘flip’ issue Colour to deviate towards
the alternative feasible outcome, which provides them greater satisfaction
than the current one. O

Let us now restrict the constraints that we consider. To do so, we introduce
notation for the fixed decisions for a set of outcomes C' C C, which are the issues
in Z whose decisions are equivalent across all the outcomes in C. For a set of
outcomes C' C C, we represent this as:

T (C) = {a; € T | there exists some d € D, such that wy = d for all w € C'}.

Definition 7.6 (No Fixed Decisions (NFD) property). We say a constraint C has
the NFD property if Zs,(C) = 0 holds for C.

Remark 7.3. At first glance, this NFD property seems more than a reasonable
requirement but rather a property that should be assumed to hold by default. We
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arque however, that by doing so, we will neglect election instances where deci-
sions that are fized from the get-go may contribute to the satisfaction of voters
and, specifically for our goal, these fized decisions may aid in giving the voters
their fair, proportional representation. It is this reason, why we did not restrict
ourselves to election instances where the NFD property holds. N

Now, we show that with the NFD property, the cohEJR, axiom can always be
satisfied, albeit only for ‘small’ election instances. We begin with cases where the
number of feasible outcomes is limited to two.

Proposition 7.4. For election instances (B,C) with |C| = 2 where C has the
NFED property, cohEJRe can always be satisfied.

Proof. Take some feasible outcome w € C. Observe that when |C| = 2, if
property NFD holds, then the two feasible outcomes differ on the decisions
of all issues. Thus, it is only possible for T-cohesive groups with an (.S, w)-
deviation for |S| < |T'| = m to have an allowable deviation from w to the only
other feasible outcome. This means only the entire voter population have the
potential to deviate. And if such deviation to w’ exists, then outcome w’
sufficiently represents the entire voter population. d

Now we ask the following: can we guarantee cohEJRe when m < 37 We answer
in the positive when we restrict ourselves to binary election instances.

Proposition 7.5. For binary election instances (B,C) with m < 3 where the
constraint C has the NFD property, cohEJRc can always be provided.

Proof. The case for m = 1 is trivially satisfied so we present the proof as two
separate cases where the number of issues is either m = 2 or m = 3.

Case m = 2: Take a constraint C and a feasible outcome w = (d,,d,) € C
where d,,d, € {0,1}. Let us now consider voter groups with an (S, w)-
deviation over some set of issues S C T who are witness to a violation of
cohEJRe. As m = 2, the agreement among voters and the deviation may
concern at most two issues, i.e., |S|, |T| € {1, 2}.

First, consider |T| = 1. Since |S| < |T| and S # 0, we have |S| =
1 for any T-cohesive group (which is thus of size |N'| > n/2) wishing to
perform a (S, w)-deviation from w to some other feasible outcome w’ € C. If
there is a voter ¢ € N’ such that u;(w) > 1, group N’ would be sufficiently
satisfied—therefore, cohEJR¢ is satisfied. Otherwise, we have that all i € N’
are unanimous and that u;(w) = 0; hence, b; = (1 — d,,1 — d,) for all
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i € N'. There are two possible outcomes that differ from w in only one issue-
decision. If neither outcome is in C, then no (S, w)-deviation is possible for N’
and cohEJR¢ is satisfied. Otherwise, assume without loss of generality that
w' = (1—d,,d,) € C. Now, if there is a voter i € N\ N’ such that u;(w) > 1,
then we are done (as the group N\ N’ would be sufficiently satisfied if it were
T-cohesive for |T'| = 1). If that is not the case, then all voters j € N\ N’ are
unanimous on ballot b; = (d,,1 — d,). But then, since C satisfies the NFD
property, there exists some outcome w” € C such that w” =1 — d,. Then,
ui(w”) > 1 for all i € N and no deviation is possible.

Finally, consider |T'| = m = 2. In order for a group N’ that is T-cohesive
to have a (S, w)-deviation for |S| < |7T'|, it must be the case that N’ = N,
and u;(w) = 0 for all i € N. By property NFD, there must be some outcome
w’ # w € C, and thus u;(w’) > 1 for all i € V.

Case m = 3: Let (B,C) be an election instance satisfying the conditions
in the proposition statement. We now reason on the existence of possible
T-cohesive groups that are a witness to the violation of cohEJR¢, for each
possible size 1 < |T'] < 3.

For |T| = 1, suppose by contradiction that for all w € C, there is some
voter group N’ such that |N’| > n/3 and each voter in N’ has satisfaction
of 0. Thus, for all voters : € N’ we have b, = w. Moreover, for a T-cohesive
group with an (S, w)-deviation for |S| = |T| = 1 to be possible, there has
to exist a w’ € C whose decisions differ from w in exactly one issue (i.e.,
Agr(w,w’) = 2). To fit all these disjoint T-cohesive groups for |T'| = 1, one
for each outcome in C, it must be that n > |C| - 7/3, hence |C| < 3 must hold.
If |C| = 1, the NFD property cannot be met. If |C| = 2, then the two feasible
outcomes cannot differ in the decision of only one issue while also satisfying
the NFD property. For |C| = 3, to get a T-cohesive voter group with an
(S, w)-deviation for |S| = |T'| = 1 at every w € C, the three outcomes must
differ by at most one decision, contradicting the NFD property.

For |T'| = 2, we only consider (S, w)-deviations from a T-cohesive group
N’ with |S| € {1,2}. Consider the case of |S| = 1. Without loss of generality,
assume that w = (0,0,0) and that there exists a T-cohesive group N’ (where
|N'| > n-2/3) with every voter having satisfaction u;(w) < 2, with an (S, w)-
deviation towards some outcome, e.g., w’ = (1,0,0). So w;(w’) > 1 holds
for at least one voter i € N’. If N’ has no (S, w’)-deviation, then there
are not a witness to a violation of cohEJRe. Otherwise, suppose no voter
in N’ has satisfaction of 2 (so all voters in N’ have a ballot (1,1,1)) and
the group N’ has an (S, w’)-deviation, to outcome w” = (1,1,0). Then all
voters in N’ have satisfaction of at least 2 with outcome w”. Suppose that
the remaining 7/3 of the voters N \ N’ have an (S, w")-deviation (so each of
these voters derives zero satisfaction from outcome w” and all disagree with
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group N’ on the first two issues a; and ay). This must be a deviation of
size |S| = 1 for the /3 of the voters N \ N’ to demand it. This deviation
can only be to outcome (1,1,1), (0,1,0) or (1,0,0). By the NFD property,
we know that one of the outcomes {(0,0,1),(0,1,1),(1,0,1),(1,1,1)} must
be in C. See that for each of the outcomes (1,1,1), (1,0,1) and (0,1, 1),
some voter in N’ gets at least satisfaction of 2 while all voters in N \ N’
get at least 1 in satisfaction, thus, cohEJR¢ is satisfied. Now, out of these
outcomes {(0,0,1),(0,1,1),(1,0,1),(1,1,1)}, if only outcome w” = (0,0, 1)
is in C, then group N’ has no (S5, w"’)-deviations of size |S| = 1 as this is only
possible to one of (0,1,1) or (1,0, 1). So in this case too, cohEJR is satisfied.

Now we look at the case for |S| = 2. Without loss of generality, consider
the outcome w = (0, 0,0) and assume that there exists a T-cohesive group N’
(where |N'| > n - 2/3) with an (S, w)-deviation towards some outcome, e.g.,
w’' = (1,1,0). Thus, there is some voter i in N’ with satisfaction u;(w’) >
2. At this point, the only possible further (S, w)-deviation could arise for
|S| = 1 in case there are 7/3 voters in N \ N’ each have a satisfaction of 0
for w’, i.e., each has the ballot (0,0,1) and either one of the outcomes in
{(1,0,0),(0,1,0),(1,1,1)} is in C. Now take instead that u;(w’) = 2 and
consider two cases where either voter ¢ agrees or disagrees with the voters in
N\ N’ on the decision of issue as. First, assume that voter ¢ € N’ agrees
with the voters in N '\ N’ on issue a3 (so voter i had the ballot b; = (1,1,1)).
Then if either (0,1,1) € C or (1,1,1) € C holds, we have that cohEJR¢ is
provided. And if (0,0,1) € C holds, then voters in N\ N’ are entirely satisfied
and the voters in N’ may only have an (S, w)-deviation for |S| < |T| = 2
if either (0,1,1) € C or (1,1,1) € C holds (as they only ‘flip’ issues they
disagree with), which means that cohEJR¢ is provided. In the second case,
assume that voter i € N’ disagrees with the voters in N \ N’ on issue a3 and
so, voter i had the ballot b; = (1,1,0). This means that u;(w’) = 3 holds,
hence, any outcome that the voters in N \ N’ propose given they have an
(S, w)-deviation for |S| = 1, would be one that provides cohEJRe.

Finally, a T-cohesive group for |T'| = 3 implies a unanimous profile; if there
exists an allowable (.S, w)-deviation for |S| < |T'| = 3, then the outcome in C
maximising the sum of agreement with the profile provides cohEJR¢. O

We leave it open whether the above result holds if we do not restrict our view to
binary election instances. Unfortunately, the good news ends there as we provide
an example showing that cohJR¢ cannot be guaranteed when do not have m < 3
(even for binary election instances).

Proposition 7.6. There ezists an election instance (B,C) where m > 3 and the
constraint C has the NFD property but no cohJRc outcome exists.
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Proof. Consider the binary election instance where voters are to choose the
pattern and colour of each of the four quadrants of a circular logo. We can
represent this with eight issues that have the following domains.

D TL Colour @ @
D BL Colour O @
D TR Colour @ @
D BR Colour O @

DTL Pattern
DBL Pattern

D TR Pattern

D BR Pattern

Now, take the constraint C = {w;, wq, w3, w4} having four outcomes being
feasible where w; = (1,1,1,...,1), wy = (0,0,1,...,1), w3 = (1,1,0,...,0)
and wy = (0,0,0,...,0).
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Then consider now a profile of four voters {1, 2, 3,4} with b; = w;, i.e., each
of the four feasible outcomes is submitted by one of the voters. Given that
m = 8, note that for every outcome w € C, there exists some voter that
deserves 2 in satisfaction by being T-cohesive for |T'| = 2 with an (S, w)-
deviation (by changing the pattern and colour of the top left quadrant) but
with zero in satisfaction. And by cohJR¢, such a voter would be entitled to
at least 1 in satisfaction, so there is no outcome that provides cohJR¢. O

We now turn our attention towards a weakening of cohEJR¢ that takes inspira-
tion from EJR-1 studied in the context of participatory budgeting (discussed in
Chapter 3).

Definition 7.7 (cohEJRe-1). Given an election (B,C), an outcome w provides
cohEJRe-1 if for every T-cohesive group of voters N' C N for some T C T
with an (S, w)-deviation for some S C T, there exists a voter i € N' such that
ui(w) > |T| - 1.

As cohEJR¢ implies cohEJR¢-1, the results of Propositions 7.4 and 7.5 immedi-
ately apply to cohEJR¢-1.
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Corollary 7.7. For binary election instances (B,C) with |C| = 2 where the con-
straint C has the NFD property, cohEJRc-1 can always be satisfied.

Corollary 7.8. For binary election instances (B,C) with m < 3 where the con-
straint C has the NFD property, cohEEJRc-1 can always be satisfied.

Note that for the computational result for cohEJR¢ in Proposition 7.2, a simple
alteration of the proof given for Proposition 7.2 (replacing the value |T| with
|T| —1 in the final satisfaction check) yields a corresponding computational result
for cohEJRc-1.

Proposition 7.9. Given an election instance (B,C) and an outcome w € C,
there exists an algorithm that decides in O((maxyepm) |Dy|)™|C[*mn) time whether
outcome w satisfies cohEJR¢-1.

For the result of stating that cohEJR¢ can be provided when m = 2 given that
NFD holds (see Proposition 7.5), we can show something stronger for cohEJR¢-1
by dropping the assumption that the NFD property holds.

Proposition 7.10. For election instances (B,C) with m = 2, cohEJRc-1 can
always be satisfied.

Proof. Consider an election over two issues, where a T-cohesive group of voters
has an (S, w)-deviation for some outcome w. Observe that, when m = 2,
(S, w)-deviation are only possible for |S| € {1,2}. Take a T-cohesive group
N’ for |T'| = 1 with an (S, w)-deviation from w to some other feasible outcome
w’ € C. Even if u;(w) = 0 for every voter ¢ € N', we have u;(w) > |T| —1 =
1 —1 = 0, and thus cohEJR¢-1 is satisfied. Take now a T-cohesive group
N’ for |T| = 2: for them to deviate, it must be the case that N’ = N, and
ui(w) = 0 for all ¢ € N. If they have an (S, w)-deviation for |S| = |T| = 2,
the outcome w’ they wish to deviate to must increase the satisfaction of each
voter by at least 1, which thus satisfies u;(w) > |T|—1=2—1 =1, and thus
cohEJRe-1. O

Can we show that an outcome providing cohEJR¢-1 always exists when there
are more than three issues, unlike for cohEJR¢? Unfortunately, this is not the
case, even assuming property NFD, as the same counterexample used to prove
Proposition 7.6 yields the following (so also for binary election instances).

Proposition 7.11. There exists an election instance (B,C) where m > 3 and
the constraint C has the NFD property but there exists no outcome that satisfies
cohEJRc-1.



7.8. Justified Representation with Cohesiveness 149

We demonstrate that the challenge of satisfying cohEJRe-1 lies in the constraints.
To do so, we show that in the setting without constraints, it is always possible to
find an outcome that provides cohEJR¢-1. To do so, we define the constrained
version of MES that has been studied for the public-decision setting without
constraints (mentioned in Chapter 3). Our adaptation allows for the prices asso-
ciated with fixing the outcome’s decisions on issues to vary. This contrasts with
the unconstrained MES that fixes the prices of every issue’s decision to n from
the onset. And this pricing is determined by a particular pricing type .

Definition 7.8 (MES;). The rule runs for at most m rounds. Each voter has a
budget of m. In every round, for every undecided issue a; in a partial outcome w*,
we identify those issue-decision pairs (as, d) where fixing some decision d € D
on issue a; allows for a feasible outcome to be returned in future rounds. If no
such issue-decision pair exists, then the rule stops. Otherwise, for every such
pair (a;, d), we calculate the minimum value for pe, ) such that if each voter in
N(ay,d) were to pay either pe,q or the remainder of their budget, then these
voters could afford to pay the price A(at,d) (determined by the pricing type ).
If there exists no such value for pe,.q), then we say that the issue-decision pair
(a4, d) is not affordable in round, and if in a round, there are no affordable issue-
deciston pairs, the rule stops. Otherwise, we update w* by setting decision d on
issue ay for the pair (a;, d) with a minimal value p(q, qy (breaking ties arbitrarily,
if necessary) and have each voter in N(as, d) either paying p(a,.q), or the rest of
their budget. Note that MES: may terminate with not all issues being decided
and we assume that all undecided issues are decided arbitrarily.

A natural candidate for a pricing type is the standard pricing of unconstrained
MES where the price for every issue-decision pair (a;, d) is set to A(a;,d) = n.
And with this pricing, that we refer to as unit pricing Ay, we can show that
MES¢ satisfies cohEJR¢-1 for unconstrained, binary elections.

Proposition 7.12. For binary election instances, when C = {0,1}™, MESe with
unit pricing Ayni satisfies cohEJRe-1.

Proof. Take an outcome w returned by MES. with unit pricing Au.;; and
consider a T-cohesive group of voters N'. Let us assume that for every voter
i € N', it holds that u;(w) < |T'| — 1 and then set ¢ = |T'| — 1. So to conclude
the run of MES¢, each voter in N’ paid for at most £ — 1 = |T'| — 2 issues.

Now, assume that the voters in N’ paid at most /(¢+1) for any decision on
an issue. We know that each voter has at least the following funds remaining
at that moment:

m 2m 2m 2n
(-1l == > .
m— (=1 7] = V]
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The last step follows from the group N’ being . So now we know that the
voters in N/ hold at least 2n in funds when some at the end of MES¢’s run.
Thus, we know that at least two issues have not been funded and for at least
one of these two issues, at least half of N’ agree on the decision of this issue
(as the election instance is binary) and they hold enough funds to pay for it,
hence, we have a contradiction to MES, terminating.

Now, assume that some voter 7 in N’ paid more than ™/(+1) for a decision
on an issue. Since we know that at the end of MES¢’s execution, each voter in
N’ paid for at most £—1 = |T|—2 issues, then at the round r that voter i paid
more than m/(¢+1) for an issue’s decision, the voters in N’ collectively held at
least 2n in funds. Since at least two issues in were not funded, there exists
some issue that could have been paid for in round r, where voters each pay
m/(e+1), contradicting the fact that voter ¢ paid more than ™/(e+1) in round 7.
So, we have that this group of voters N’ cannot exist and that MES¢ satisfies
cohEJRc-1. O

This result provides us with an axiom ‘close to’” EJR that we know is always
satisfiable when the issues have size-two domains and there are no constraints.

7.4 Justified Representation with Agreement

Given the mostly negative results regarding the cohesiveness-EJR notion, we
move on to justified representation based on agreement. We justify this move
as the notion based on agreement is weaker and yields more positive results in
the unconstrained setting. Thus, by assessing it here, we are able to establish a
baseline of what can be achieved in terms of EJR-like proportionality guarantees
in our constrained model. First, we formalise agreement-based EJR with the
following axiom.

Definition 7.9 (agrEJR.). Given an election (B,C), an outcome w provides
agrEJR if for every T-agreeing group of voters N' C N for some T C T with an
(S, w)-deviation for some S C T with |S| < |T'|-NV'l/n, there exists a voteri € N’
such that w;(w) = IN'l/n - |T|.

Now, in more unfortunate news, we find that agrEJR, is not always satisfiable
in general. In fact, the counterexample of Proposition 7.6 suffices to show this as
each voter requires at least 1 in satisfaction for to agrEJR, to be satisfied.

Proposition 7.13. There exists an election instance where no outcome provides
agrEJR, (even when the NFD property holds for C).
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We now focus on a particular class of constraints as we import agreement-EJR
into our setting. Specifically, we consider a class that allows us to talk about how
restrictive, and thus how costly, the fixing of a particular issue-decision pair is.

Akin to work by Rey et al. (2020, 2023), we consider constraints C that can
be equivalently expressed as a set of implications Imp,, where each implication
in Impc is a propositional formula with the following form: £, 4,) — f(a,.d,)-
This class of constraints allows us, for instance, to express simple dependencies
and conflicts such as ‘selecting = means that we must select 3’ and ‘selecting x
means that y cannot be selected’, respectively. These constraints correspond to
propositional logic formulas in 2CNF.

Example 7.3. Take a set of issues Z = {ay, as, as, ay, a5} for a binary election
instance. Here is an example of an implication set:

Imp, = {(a1,1) = (ag, 1), (asz,1) — (as,0), (as,1) — (as,0)}.

Here, accepting a; means that a; must also be accepted while accepting either
asz or ay requires the rejection of as.

Given a (possibly partial) outcome w € C and the set Imp., we construct a
directed outcome implication graph Gy = (H, E) where H = |J, ,{(a;,d) | d €
D,} as follows:

1. Add the edge ((as,d,), (ay,dy)) to E if {4, 4,y = €a,.q,) € Impe and w, #
d

y3

2. Add the edge ((ay, d}), (az,d};)) for all dy # d, € Dy, d; # d, € D, to E if

Yy
g(az,dz) — g(ay,dy) € [mpc and Wy = d:l?

*
T

Given such a graph G,, for an outcome w, we use G (az, d;) to denote the set of
all vertices that belong to some path in G, having vertex (a,,d,) as the source
(note that Gy, (a,,d,) excludes (a,,d,)).

Example 7.4. Consider a binary election instance and take a set of is-
sues Z = {ay,a9,a3,a4} and the implication set Imp, = {(a1,1) —
(ag, 1), (a1,1) — (as, 1),(az,1) — (a4,1)} of some constraint C. Consider
the outcome implication graph for w; = (0,0, 0,0) (vertices with no adjacent
edges are omitted for readability):
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((11, 1) — (CLQ, 1) — (a4, 1)
I
(&37 1)

Then, we have that Gy (a1, 1) = {(az,1), (a3, 1), (a4, 1)} holds and therefore,
we also get that |Gy (a1, 1) = 3.

Thus, for an issue-decision pair (a,,d,), we can count the number of affected
issues in setting a decision d, for the issue a,. This leads us to the following class
of constraints.

Definition 7.10 (k-restrictive constraints). Take some constraint C expressible
as a set of implications Imp,. For some positive integer k > 2, we say that C is
k-restrictive if for every outcome w € C, it holds that:

(a0, dy) € | J{(ar,d) | d € Dt}} —k—1,

ar€L

max{|Gw(am,dz)]

where G, is the outcome implication graph constructed for outcome w and the
implication set Imp,.

Intuitively, with a k-restrictive constraint, if one were to fix/change an outcome
w'’s decision for one issue, this would require fixing/changing w’s decisions on
at most k£ — 1 other issues. So intuitively, when dealing with k-restrictive con-
straints, we can quantify (at least loosely speaking) how ‘difficult’ it is to satisfy
a constraint via the use of this value k. Thus, we can use this value k to account
for the constraint’s difficulty when designing proportionality axioms.

Before assessing how k-restrictive constraints affect our goal of providing pro-
portionality, we touch on the computational complexity of checking, for some
constraint C, whether there exists a set of implications Imp, that is equivalent
to C. For the case of binary elections, this problem been studied under the name
of Inverse Satisfiablility and it has been shown that for formulas in 2CNF, the
problem is in P (Kavvadias and Sideri, 1998). So in the remainder of the chapter,
when we refer to a k-restrictive constraint C, we thus assume that C is expressible
using an implication set Impg.

We now import the agreement-EJR notion and an approximate variant into
our framework with constraints.

Definition 7.11 (a-agrEJR-5). Given an election (B,C), some o € (0,1] and
some positive integer B, an outcome w provides a-agrEJR.-B if for every T-
agreeing group of voters N' C N for some T C T with an (S, w)-deviation for
some S C T with |S| < |T| - N'l/n, there exists a voter i € N’ such that u;(w) >
a- Nl |T| - 8.
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With this axiom, we formalise agreement-EJR to our constrained public-decision
model with the presence of the multiplicative and additive factors allowing us to
measure how well rules satisfy this notion even if they fall short providing the
ideal representation.* Note that for the sake of readability, when we have either
a=1or f =0, we omit them from the notation when referring to a-agrEJR-f.

Example 7.5. Suppose we have the binary election instance where there are
four issues Z = {TL Colour, TR Colour, BL. Colour, BR Colour}.

DTL Colour 0 @
DR colour @
@
@

DBL Colour
DBR Colour

99

Here is the constraint C = {(1,1,0,0),(1,1,1,0)} that has two feasible out-
comes which only differ in a single quadrant colour.

Constraint C
S a4,

Next, suppose that there are two voters with ballots b; = (1,1,1,1) and
by = (0,0,0,0) that are represented as the following.

Voter TL Colour BL Colour TR Colour BR Colour ‘ Voter Ballot

Voter 1 @ @ & @
Voter 2 @ @ @ @

See that each voter deserves at least 2 in satisfaction according to agreement-
EJR. See that outcome wy = (1,1,0,0) provides agrEJR, while the outcome
we = (1,1, 1,0) only provides 1/2-agrEJR,, as voter 2 only obtains 1 in satisfac-
tion whilst having a sufficiently small (S, w)-deviation for the issue BL Colour
(deviating to outcome wy).

40Observe that we include the axiom’s size requirement on the set S such that a group has
an (S, w)-deviation in order to prohibit considering cases such as a single voter only having an
(S, w)-deviation for S = Z while not intuitively being entitled to that much representation.
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Next, we analyse MESy with respect to this axiom for k-restrictive constraints.
We say that for MES., the price for an issue-decision pair (a,,d) given a partial
outcome w* is A(ay,d) = n - (|Gy+(as,d)] + 1) and we refer to this as a fived
pricing Ag.. Then we can show the following for binary election instances.

Theorem 7.14. For binary election instances (B, C) where C is k-restrictive for
some k, MESc with fived pricing Ag, satisfies /k-agrEJRq-1.

Proof. For a binary election instance (B,C) where C is k-restrictive, take
an outcome w returned by MES. with fixed pricing A\g.. Consider a T-
agreeing voter group N’. Let us assume that for every ¢ € N, it holds that
ui(w) < IN'l/nk-|T| — 1 and then set £ = IN'l/nk-|T| — 1. So to conclude MESc,
each voter i € N’ paid for at most £ — 1 = IN'l/nk - |T'| — 2 issues. Note that
for a k-restrictive constraint C, the maximum price MES, with fixed pricing
Asix sets for any issue-decision pair is nk (as at most k issues are fixed for a
MES¢ purchase). Now, assume that the voters in N paid at most m/(e+1) for
any decision on an issue. We know that each voter has at least the following
funds remaining at that moment:

mo 2m B 2m B 2mnk 2nk
(+1 441 Nk |T|  |N||T|” |N'|

m—({—1)

We now have that voter group N’ holds at least 2nk in funds at the rule’s
end. Thus, we know that at least k issues have not been funded and for at
least one of these k issues, at least half of N’ agree on the decision for it (as
the election is a binary instance) while having enough funds to pay for it.
Hence, we have a contradiction to MES; terminating.

Now, assume that some voter i € N’ paid more than ™/(e+1) for fixing an
issue’s decision. Since we know that at the end of MES.’s run, each voter in
N’ paid for at most ¢ — 1 issues, then at the round r that voter i paid more
than m/(¢+1), the voters group N’ collectively held at least 2nk in funds. Since
at least k issues in were not funded, there exists some issue that could have
been paid for in round r, where voters each pay ™/(¢+1). This contradicts the
fact that voter ¢ paid more than ™/(¢+1) in round r. So, we have that this
group of voters N’ cannot exist, which concludes the proof. O

Towards an even more positive result, and one where we are not limited to binary
election instances, we now provide an adaptation of the MeCorA rule (mentioned
in Chapter 3). In the unconstrained public-decision model, MeCorA is presented
by Skowron and Gérecki (2022) as an auction-style variant of MES that allows
voter groups to change the decision of an issue all while increasing the price for
any further change to this issue’s decision. In our constrained model, groups are
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allowed to pay for changes to the decisions on sets of issues, as long as these
changes represent a feasible deviation.

Definition 7.12 (MeCorA¢). Take some constant € > 0. Start by setting Ay = 0
as the current price of every issue a; € L, endow each voter i € N with a personal
budget of m and take some arbitrary, feasible outcome w € C as the current
outcome. A groups of voters can ‘update’ the current outcome w’s decisions on
some issues S C T if the group:

(1) can propose, for each issue a; € S, a new price X} = M\ + ¢,
(17) can afford the sum of new prices for issues in S, and
(i73) has an (S, w)-deviation.

The rule then works as follows. Given a current outcome w, it computes, for every
non-empty S C I, the smallest possible value py.s) for each issue ay € S such
that for some N', if voters in N' each pay ps = ), g Pw,s) (or their remaining
budget), then N' is able to ‘update’ the decisions on every a; € S as per conditions
(1) — (idi). If there exists no such voter group for issues S then it sets ps = oc.

If ps = oo for every S C I, the process terminates and returns the current
outcome w. Otherwise, it selects the set S with the lowest value ps (any ties are
broken arbitrarily) and does the following:

1. updates the current outcome w’s decisions on issues in S to the decisions
agreed upon by the voters with the associated (S, w)-deviation,

2. updates the current price of every issue a; € S to A},

3. returns all previously spent funds to all voters who paid for the now-changed
decisions on issues in S,

4. and finally, for each wvoter in N', deduct ), _spu,s) from their personal
budget (or the rest of their budget).

Next, we show the representation guarantees can be achieved on instances with
k-restrictive constraints via the use of modified version of MeCorA.. Moreover,
we can drop the restriction to binary election instances that was key for the result
of Theorem 7.14. In this MeCorA¢ variant, we first partition the voter population
into groups where members of each group agree on some set of issues. Then, for
each group, its members may only pay to change some decisions as a collective
and only on those issues that they agree on. In contrast to MeCorA¢, voter groups
cannot pay to change some decisions if this leads to the group’s members gaining
‘too much’ satisfaction from the altered outcome (i.e., a voter group exceeding
their proportional share of their agreed-upon issues, up to some additive factor ¢
that parameterises the rule).
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Definition 7.13 (Greedy MeCorAc-q). The set of the voters N is partitioned
into p disjoints sets N(T1),...,N(T,) such that:

(i) for every x € {1,...,p}, a voter group N(T,) C N is T,-agreeing for
some T, C T, and

(1) for allx € {1,...,p—1}, it holds that |N(T%)| - |T:| = |N(Tos1)| - | Lot

As with MeCorAc, voter groups shall pay to change the decisions of some
1ssues during the rule’s execution. However, given the initial partition, during
the run of Greedy MeCorAc-q, the voters in N(T,) may only change decisions for
the issues in T,.

Moreover, if a voter group N(T,) for some x € {1,...,p} wishes to change
some decisions at any moment during the process, this change does not lead to any
voter in N(T,) having satisfaction greater than IN(T2)l/n - |T,| — q with the updated
outcome. Besides these two differences, the rule works exactly as MeCorAe.

Now, we can show the following for Greedy MeCorA¢-g working on a k-restrictive
constraint. For this result, we require the additional assumption that voter ballots
represent feasible outcomes in C.

Theorem 7.15. For election instances (B, C) where voters’ ballots are consistent
with the constraint C and C is k-restrictive for some k > 2, Greedy MeCorAc-(k—
1) satisfies agrEJRy-(k — 1).

Proof. Take an outcome w returned by Greedy MeCorAc-(k — 1). As-
sume that w does not provide agrEJRq-(k — 1). Thus, there is a T-
agreeing group N’ such that u;(w) < IN'l/n - |T| — k + 1 = ¢ holds for every
i € N'. Now, consider the partition of voters N(7}),...,N(T},) constructed
by Greedy MeCorAc-(k — 1) to begin its run. Assume first that there is some
x € {1,...,p} such that N' = N(T), i.e., voters N’ appear in their entirety in
said partition. We then have T" = T,.. Moreover, voters in N’ each contribute
to at most ¢ decisions at any moment of the run of Greedy MeCorAc-(k — 1),
as this is the limit the rule imposes on their total satisfaction. We now con-
sider two cases. Assume that the voters in N’ contributed at most ™/(¢+k—1) to
change some decisions during the rule’s execution. It follows that each voter
has at least the following funds remaining: m — (¢ — 1) - ™/(¢+k—1) > nmk/|n/||1).

In this case, the voters in N’ would have at least »m#/7| in collective funds,
so it follows that each distinct (S, w)-deviation available to N’ must cost at
least mmk/|7|. As N’ is T-agreeing, it must be that N’ has at least a (IT1=¢+1)/
many (5, w)-deviations due to C being k-restrictive and as the voters’ ballots
are consistent with C.
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Now, consider the case where some voter in N’ contributed more than
m/(+k—1) to change some decisions. The first time that this occurred, the
change of decisions did not lead to any voter in N’ obtaining a satisfaction
greater than ¢ = IN'l/n - |T| — k + 1 (otherwise the rule would not allow these
voters to pay for the changes). Thus, each voter in N’ must have contributed
to at most ¢ — 1 issues before this moment. From the reasoning above, it
must hold that in this moment, each voter held at least »mk/|n'||7| in funds
with there being at least (7I-¢+1)/k feasible deviations available to N’ and
each such deviation costing at least »m#/|r|. So in both cases, for the (S, w)-
deviations that are present in 7" that voters in N’ wish to make, outcome
w'’s decisions must have been paid for by voters within the remaining voter
population N\ N’. And so, these decisions must have cost the voters in N\ N’

at least:
nmk (|T|—¢+1 nm |N'|
: SRCULIN Y I A T Ty
() = (=

nm (n|T| — |N'[[T]
n

b ) = min= 18,

However, voters N \ N’ have at most m(n — |[N'|) in budget. Thus, the rule
cannot have terminated with the voter group N’ existing.

Now, assume that the group N’ did not appear in their entirety within the
partition N(71),...,N(T,) made by Greedy MeCorAc-(k — 1). This means
that some voter i« € N’ is part of another voter group N(7}) that is T)-
agreeing such that IN(To)l/n - |T,| > N'/n - |T|. Now, recall that for each voter
group N(T) in the partition, the voters in N(7') have the same satisfaction
to end the rule’s execution (as they only pay to flip decisions as a collective).
Thus, from the arguments above, it holds for this voter i € N’ N N(7}) that
wi(w) = INT/n - T, — k+1 > INl/n- |T| — k + 1, which contradicts the
assumption that every voter in N’ has satisfaction less than IN'l/n - |T| — k+ 1.

a

Now, we offer yet another way towards producing proportional outcomes when
using k-restrictive constraints. It is a constrained adaptation of the LS-PAV
(detailed in Chapter 2). Recall that LS-PAV is polynomial-time computable and
satisfies EJR. In the multiwinner voting setting, the rule begins with an arbitrary
committee of some fixed size k£ and in iterations, searches for any swaps between
committee members and non-selected candidates that brings about an increase
of the PAV score by at least 7/k2. To translate LS-PAV to our model, we must
define the PAV score of some feasible outcome w € C:°

5Note the overload of terms when referencing the PAV score of feasible outcomes in this
setting and PAV score of committees in the multiwinner setting (see Definition 2.16).
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Definition 7.14 (PAV score of an outcome). Given a constrained election instance
(B,C), the PAV score of an outcome w € C is defined to be:

ui(w)

PAV-scorec(w) = Z Z %

iEN t=1

With this PAV score notion in place, we can now lift LS-PAV to our setting with
constraints in the following manner.

Definition 7.15 (LS-PAV¢). Beginning with an arbitrary outcome w € C as the
current winning outcome, the rule looks for all possible deviations. If there exists
an (S,w )-deviation for some voter group to some outcome w' € C such that
PAV-scorec(w') — PAV-scorec(w) = n/m2, i.e., the new outcome w' yields a PAV
score that is at least "/m? higher than that of w, then the rule sets w' as the
current winning outcome. The rule terminates once there exists no deviation that
improves on the PAV score of the current winning outcome by at least /m?.

As there is a maximum obtainable PAV score, LS-PAV, is guaranteed to termi-
nate. The question is how long this rule takes to return an outcome when we
have to take k-restrictive constraints into account.

Proposition 7.16. For elections instances where C is k-restrictive where k is a
fized constant and k > 2, LS-PAV; terminates in polynomial time.

Proof. We show that given an outcome w, finding all possible deviations
can be done in polynomial time for a k-restrictive constraint C. This can be
done by exploiting the presence of the implication set Imp,. Note that the
size of the implication set Imp, is polynomial in the number of issues. So we
can construct the outcome implication graph of Imp, and the outcome w in
polynomial time. Then for each issue a; € Z, we can find the set Gy, (ay, d) for
some d # w; € D, in polynomial time and the issue-decision pairs represent
the required additional decisions to be fixed in order to make a deviation
from outcome w by changing the w’s decision on issue a; to d. Doing this for
each issue a; allows us to find a deviation that can improve the PAV score, if
such a deviation exists. With similar reasoning used in other settings (Aziz
et al., 2017a; Chandak et al., 2024), we end by noting that since there is a
maximum possible PAV score for an outcome, and each improving deviation
increases the PAV score by at least /m2, the number of improving deviations
that LS-PAV,: makes is polynomial in the number of issues m. O

Off the back of this positive result, our attention immediately turns to LS-PAV¢’s
performance with respect to constrained agreement-EJR. We find the following
holds under similar conditions of the result of Theorem 7.15.
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Theorem 7.17. For election instances (B,C) where the voters’ ballots are con-
sistent with the constraint C and C 1is k-restrictive for some k > 2, LS-PAV,
satisfies 2/(k+1)-agrEJR,-(k — 1).

Proof. For an election instance (B, C) where C is k-restrictive for k > 2, take
an outcome w returned by LS-PAV. and consider a group of voters N’ that
agree on some set of issues T'. Let us assume that for every voter i € N', it
holds that u;(w) < 2/k+1-IV'l/n-|T|—k+1 and then set £ = 2/k+1-IN'l/n-|T|—k+1.
We use r; to denote the number of outcome w’s decisions that a voter ¢ € N
agrees with.

For each voter i € N \ N’, we calculate the maximal reduction in PAV
score that may occur from a possible deviations by LS-PAV,: when C is k-
restrictive. This happens when for each of at most 7i/k deviations, we decrease
their satisfaction by £ and remove Zf:_ol 1=ty in PAV score. So for these
voters in NV \ N’, we deduct at most the following:

S (T i (B - e

N\N’ t=0 N\N’

Now, so there are |T| — (¢ — 1) = |T| — £ + 1 issues that all voters in N’
agree on but they disagree with outcome w’s decisions on these issues. Since
we assume the constraint is k-restrictive, then for each of these |T'| — ¢ + 1
issues, they fix at most k— 1 other issues and thus, there are at least (IT1=4+1)/k
feasible deviations that can be made by LS-PAV,: amongst these issues. For
the voters in N’, we now consider the minimal increase in PAV score that may
occur from these possible deviations by LS-PAVe. For each such deviation,
we increase their satisfaction by at least k and thus, for a voter ¢ € N/, we
increase the PAV score by Zt | Yritt). Since for each voter ¢ € N’ we have
ri < £ — 1, and as there are at least (TI-¢+1)/i feasible deviations in T, it
follows that we add at least the following to the PAV score:

|T|—€+1 (ZZTZH) |T|—€+1 <22g+t_1>

iEN’ t=1 1EN’ t=1

Taking into account that k& > 2 and ¢ = 2IN'lIT/(nk+1)) — k + 1, then with
further simplification, we find that at least the following is added to the PAV
score:
n(k+1)
> —_ Z,
2

n(k+1)>k‘+1 n(k+1)

— N[+ > (n—[N') +
T 2 T

So the total addition to the PAV score due to satisfying voters in N’ is strictly
greater than the PAV score removed for the added dissatisfaction of voters
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in N\ N’ (which is at most (k+1)(®=INl)/2). And specifically, this change in
score is at least 2(k+1)/j7| > n/|7| and thus, at least one of the (TI—¢+1)/x many
deviations must increase the PAV score by more than:

k n 1 n n n

> > s >
T/ =¢+1 [T] 7 |T| [T] ™ TP~ m?

Thus, LS-PAV. would not terminate but would instead make this deviation
in order to increase the total PAV score. Thus, contradicting that such a
group N’ cannot exist. O

With this result, we have a rule that when focused on k-restrictive constraints,
is both polynomial-time computable and provides substantial proportional rep-
resentation guarantees (assuming voter ballots are constraint consistent).

7.5 Proportionality via Priceability

With this section, we offer an alternative to the justified-representation-like in-
terpretation of proportional representation, and this is through the notion of
priceability (see Definition 2.12). Recent work has shown the promise of this
market-based approach for a general social choice model (Masarik et al., 2023)
and the sequential choice model (Chandak et al., 2024). We look to employ it for
constrained public decisions (albeit looking at a weaker priceability axiom than
the axiom that Masarik et al. (2023) studied).

Definition 7.16 (Priceability). Each voter has a personal budget of m and they
have to collectively fund the decisions on some issues, with each decision coming
with some price. A price system ps = ({p;}ien: {T(ar,d) }ar,d)cr) where H =
U, ezl(ar, d) | d € Dy} is a pair consisting of (i) a collection of payment functions
pi : L x{0,1} — [0,b], one for each voter i € N, and (i) a collection of prices
Tad) € Rso, one for each decision pair (ay,d) for a, € T and d € D;. We
consider priceability with respect to outcomes w € C where decisions are made on
all issues. We say that an outcome w = (wy, ..., w,,) is priceable if there ezists
a price system ps such that:

(P1) : For alla; € T and d € Dy, it holds that if d # b we have p;(a;,d) = 0,
for every i € N.

(P2) = > wenPilas,d) < m for every i € N where it holds that H =
Uaeril(ar, d) | d € Di}.

(P3) : iy pilar, d) = (o) for every a; € T.
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(P4) : >, cnpilas, d) =0 for every a, € T and every d # w, € D,.

(P5) : There exists no group of voters N' with an (S, w)-deviation for some
S C I, such that for each a; € S:

Z <m — Z pi(ag, d,)) > 7T-(at,wt)

1eEN’ (a},d")eH

where H =, c7{(as,d) | d € Dy}

Condition (P1) states that each voter only pays for decisions that she agrees with;
(P2) states that a voter does not spend more than her budget m; (P3) states that
for every decision in the outcome, the sum of payments for this decision is equal
to its price; (P4) states that no payments are made for any decision not in the
outcome; and, finally, (P5) states that for every set of issues S, there is no group
of voters N’ agreeing on all decisions for issues in S, that collectively hold more
in unspent budget to ‘update’ outcome w’s decision on every issue a; € S to a
decision that they all agree with (where ‘updating’ these issues leads to a feasible
outcome). We illustrate priceability in our setting with the following example of
a binary election instance.

Example 7.6. Take a binary election instance with four issues 7 =
{TL Colour, TR Colour, BL. Colour, BR Colour}.

DTL Colour O *
DTR Colour O @
D BL Colour 0 @
DBR Colour @ *

Here is the constraint C = {w;, ws} where the two feasible outcomes are
wp = (1, 1, O, O) and wo = (1, 1, 1, 1)}

Constraint C
£ @,

Now, take two voters with the ballots b; = (1,1,1,1) and by = (0, 0,0, 0).
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Voter TL Colour BL Colour TR Colour BR Colour ‘ Voter Ballot

Voter 1 @ @ @ @

Voter 2 @ @ @ @

Note that outcome w; = (1,1, 1, 1) is not priceable as any price system where
voter 2 does not exceed her budget would have voter 2 having enough in left-
over budget to cause a violation of condition (P5) (with her entire budget
being leftover, she can afford more than price of the (S, w)-deviation to out-
come w). On the other hand, ws = (1,1,0,0) is priceable where we set the
price of this outcome’s decisions to 1.

The following result gives some general representation guarantees whenever we
have priceable outcomes.

Proposition 7.18. Consider a priceable outcome w with price system ps =
({pitien AT (@) Harayern) where H = U, cr{(a,d) | d € Di}. Then, for every
T-cohesive group of voters N' C N for some T' C T with an (S, w)-deviation for
some S C T, it holds that:

n
> wlw)> 2 (7] - I3]

1€EN'

where q = HlaX{ﬂ'(at’wt)}ateg.

Proof. Take a priceable outcome w and consider a T-cohesive group of voters
N'. Suppose that Y,y ui(w) < 7/q- |T| — |S| where ¢ = max{7(,w,)}ases-
As a group, the voters N’ have a budget of m|N’|. Now, the voters in N’
collectively contributed to at most #/q - |T'| — |S| — 1 decisions in outcome w,
and for each decision, the price was at most ¢ (as ¢ is the the price system’s
maximal price). So, we have that voter group N’ has at least the following in
leftover budget:

n n|T
=g (271 =181 -1) 2 m- 20— ir 4 gls)+ = - 51+

Note we made use of the fact that N’ is T-cohesive. Thus, we know that N’
has strictly more than ¢|S| in funds and for each issue in a; € S, holds more
than in funds than ¢ > m(,, .,). This presents a violation of condition P5 of
priceability. Hence, voter group N’ cannot exist. O
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However, we now must ascertain whether priceable outcomes always exist, re-
gardless of the nature of the constraint. We see that this is possible thanks to
the rule we have already defined, namely MeCorA¢. The next result shows that
MeCorA¢ captures the notion of priceability.

Proposition 7.19. MeCorAc always returns priceable outcomes.

Proof. Let w = (wy,...,w,,) be the outcome returned by MeCorA.. We
define the following price system ps: For each issue a; € Z, fix the prices
T(aswe) = T(ar,d) = A¢ for all d # wy € D, where A, is issue a;’s last MeCorA¢
price (before being set to 0o) prior to the rule’s termination. Fix the payment
functions p; for each voter to the money they spent to end the execution of
MeCorA¢. Observe that the priceability conditions (P1)-(P4) clearly hold:
since we have that, to end MeCorA¢’s run, voters do not pay for decisions that
(7) they do not agree with (condition (P1)) and (éi) are not made by outcome
w (condition (P4)); MeCorA¢ limits each voter a budget of m (condition (P2))
(P2); and the sum of payments for decisions made by outcome w will equal
exactly 7, w,) = A¢ (condition (P3)). Now, for condition (P5), note that if
such a group of voters N’ existed for some set of issues S, then MeCorA,
would not have terminated as this group of voters could have changed the
decisions of these issues in S while increasing each issues’ prices. |

This is a positive result that, combined with that of Proposition 7.18, gives us a
rule that always returns us priceable outcomes for any election instance.

7.6 Chapter Summary

In this chapter, we first considered two different interpretations of justified repre-
sentation from multiwinner voting and adapted them to a public-decision model
with constraints. In analysing the feasibility of the axioms, we devised re-
stricted classes of constraints (the NFD property, simple implications and k-
restrictiveness). While we could show mostly negative results for the satisfaction
of cohesiveness-EJR under constraints, we were able to adapt successfully three
known voting rules (MES, MeCorA and LS-PAV) to yield positive proportional
guarantees that meet, in an approximate sense, the requirements of agreement-
EJR. Additionally, we defined a suitable notion of priceability and showed that
our adaptation of MeCorA always returns priceable outcomes.

Future Work. Our work opens up a variety of paths for future research. First,
assessing a class of constraints that are more expressive than the simple impli-
cations seems a natural starting point in extending our work. Then, on a more
technical level, it would be interesting to check if the representation guarantees
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that are offered by MES¢, Greedy MeCorAc-(k — 1) and LS-PAV¢ still hold for
a wider range of election instances. Also, it is imperative that our axioms based
on the cohesiveness notion such as cohEJR¢ are explored when restricted to k-
restrictive constraints and other restricted classes of constraints that we did not
consider. Regarding our adaptation of priceability, the question is open as to
whether there are more constrained public-decision rules that always produce
complete priceable outcomes. Given that we opted to represent the constraints
as an enumeration of all feasible outcomes, it is natural to ask what occurs to
results such as Propositions 7.1 and 7.2, when we consider the constraint takes a
particular form of representation, e.g., C is represented as a Boolean formula of
propositional logic. We also note some lingering computational questions such as
the computational complexity of (i) computing outcomes for rules such as MES,
and Greedy MeCorAc-(k—1) for general constraints, and (i¢) of checking whether
a given feasible outcome is priceable. Finally, the list of proportionality notions
to be tested on the constraints test-bed is not exhausted, with the proportionality
degree (Lackner and Skowron, 2023) most notably still to be considered.



Chapter 8

Constrained Shortlisting Using
Approvals

Chapter 7 saw us study a model of public decisions that is enriched with con-
straints. This chapter sees us investigate a quite similar model. Specifically,
we shall be using constraints to enrich the model of multiwinner voting where
there is not a fixed, committee target size. Instead, the size of the committee is
variable and is determined by the decision-making method. We refer to such a
setting as approval-based shortlisting (Lackner and Maly, 2021a). The similarity
of the public-decision and approval-based shortlisting models can be seen by also
looking at the former (with binary election instances specifically) as an instance
of variable-sized, approval-based multiwinner voting as the number of accepted
issues is not fixed beforehand but may vary. This however, also reveals the differ-
ence between these settings. This difference lies in the way in which voters attain
satisfaction from a committee. In the model of public decisions, when voters are
presented a winning committee, they care about both the number of committee
members that they approve of as well as the number of candidates that they
disapprove of, that are not in the winning committee. This contrasts with the
approval-based shortlisting model where voters only care about the former—the
size of the intersection between the committee and their approval ballots—as is
most common in the multiwinner voting literature. The similarity is such that
the model of approval-based shortlisting is one that also admits a substantial
number of real-world applications and is thus worthy of our attention.

Now that the intuition of this shortlisting model has been given, we move on to
outline the goal of the chapter’s analysis, and given what this thesis has discussed
before this point, it is quite a familiar one: how can the proportionality notions of
multiwinner voting be extended to this model of approval-based shortlisting with
the presence of constraints? To be precise, we adapt the justified-representation
notion to this model and study voting rules that we designed with the specific task
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of providing proportionality in mind. Our study of these rules takes the shape
of testing them against some of our adapted proportionality axioms and also,
assessing the computational aspects of computing these rules’” outcomes. These
novel rules take inspiration from two sources. The first is the class of Thiele
methods (with us focusing on two well-known members of it), and the second
is a class of rules introduced for the task of variable-sized multiwinner voting
(Kilgour, 2016; Faliszewski et al., 2020).

Additional Related Work. We are looking at a model of multiwinner voting
that does not have a target committee size that is fixed. There has been some
interest in such settings. One example is that of public decisions, but in that
work, the voter satisfaction is treated differently. In the public-decision model,
voter satisfaction depends on those approved candidates that are in the commit-
tee as well as those disapproved candidates that are not in the committee. We
take a different route to voter satisfaction: only consider voter approval of can-
didates elected to the committee. With this, we have the model of variable-sized
multiwinner voting (Duddy et al., 2016; Kilgour, 2016; Faliszewski et al., 2020)
or approval-based shortlisting (Lackner and Maly, 2021a). The model we study
can be captured by the aforementioned general social-choice model of Masarik et
al. (2023). Also, one may consider settings such as participatory budgeting to be
related as in that setting, there is no limit on the number of projects that are
to be implemented but rather, the only restriction on the selection of projects is
imposed by the budget limits constraints. This can be done in our constrained
shortlisting case when the considered constraint corresponds to a budget con-
straint.

Chapter Outline. We present the model of this chapter’s study in Section 8.1.
Section 8.2 is where we present the proportionality notion that we aim for and
then we formalise it in an axiom called EJRj, along with weakenings of EJR,;,. We
then develop some novel voting rules and test them against the EJR;, weakenings
in Section 8.3. Section 8.3 also sees us assessing the computational complexity of
these rules. We then conclude the chapter with Section 8.4.

8.1 The Model

This model is only a slight variation on the approval-based multiwinner voting
model that we have seen previously. We take a set of voters N = {1,...,n} and
a set of m candidates C = {a,b,c,...}. In the usual fashion, each voter i € N
then submits a set of candidates A; € C that indicate those candidates that
voter i approves of. Then an approval profile is then a vector A = (Aq,..., A,)
of approval ballots, one for each voter.

This constrained shortlisting model then differs from that of standard approval-
based multiwinner elections in the presence of a constraint C that denotes the set
of feasible committees that may be of varying size, i.e., C C P(C). The goal is to
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select, as an outcome, a feasible committee W € C (we sometimes refer to such an
outcome as a shortlist). A constrained election instance is a pair (A,C) and an
(irresolute) constrained shortlisting rule Fgy, takes a constrained election instance

(A,C) as input, and maps it to a non-empty set of winning, feasible committees
denoted as Fy,(A,C).

8.2 Defining Proportionality Axioms

In defining an axiom to aim for, we use the same approach as in our paper (where
we did so for PJR instead of EJR) (Chingoma et al., 2022). Specifically, we aim
for an output committee W € C to provide EJR (in the sense of approval-based
multiwinner voting (see Definition 2.9)) where the committee target size is set to
k = |W|. Formally, we have the following definition:

Definition 8.1 (EJR,,). Given an election instance (A,C), we say a committee
W € C provides EJRgy, if W provides EJR for the multiwinner election instance
(A, k) where k = |W/|.

To the best of our knowledge, with this PJR-variant of this axiom, we initiated
the study of justified representation in this setting, however, the axiom was too
narrow. Subsequently, more general, but different, notions have been studied.
Specifically, we must touch on the work by Masarik et al. (2023). We note that
our EJRy, axiom is not implied by the axioms that they developed indepen-
dently (namely, their EJR and BEJR axioms that we mentioned in Chapter 3).
Intuitively, see that our axiom effectively ignores the constraint in its definition
whereas theirs do not. Formally, the difference becomes clear with the following
bad news for our setting: it is not always possible to satisfy EJRg,. This is not
the case for their BEJR axiom, for example, which they show is always satisfiable.

Proposition 8.1. There exist constrained election instances where EJRg;, cannot
be provided.

Proof (sketch). We only provide the intuition behind this result. The result
is clear as there may not exist a committee W € C that provides multiwinner
EJR for size |W| as the constraint C could exclude, for every k € [m], the
committees W that provide EJR for the target committee size k = |[W|. O

Now, we do have a way to determine if it is possible to satisfy this criterion
given some election instance: for all possible committee sizes k € [m], apply a
multiwinner voting rule that is known to satisfy EJR, e.g., MES or PAV, to see
if at least one of committees returned by the rule is feasible. The existence of
one such committee means that it is possible to provide EJR,. If the rule does
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not return a feasible committee for any of the target sizes k € [m], then we know
that EJR,, cannot be provided. This same approach can be used to produce
committees for our constrained shortlisting setting. For example, we could apply
MES|[arbitrary] for all possible committee sizes k € [m], in increasing order, until
the rule produces a size k committee W that is feasible. This means that we can
satisfy our axiom in polynomial-time (at least for election instances where such
a committee exists).

The downside of this approach is its ad-hoc nature and we wish to look at rules
that are more tailored for the task of variable-sized committee selection.

To conclude this section on a more positive side however, observe that if we
have a constraint C where all committees W of some size k are feasible, i.e.,
Pr(C) C C, then EJRy, can always be satisfied. This follows as at least one of
these size-k committees satisfies multiwinner EJR.

Remark 8.1. A key question is whether such constraints capture natural, real-
world scenarios. We argue that they do so despite seeming to be so limited. For
example, consider a conference organiser having to select a set of talks (of varying
lengths) to fill the conference day’s five timeslots. The constraint may require at
least five talks to be selected (to fill each timeslot with at least one talk) with any
set of, let’s say, five to ten talks being a feasible outcome. However, due to the
talks having different lengths, we also have that not all selections of size greater
than ten are feasible due to the presence of too many lengthy talks, i.e., some
size-11 selections may run over time when certain talks are chosen together. This
case falls into the identified class of constraints. <

The above results and observations prompt us to assess weakenings of EJRy, that
take greater account of the constraint C in their definitions. So we move forward
with weaker axioms based on the notion of a candidate being independent within
a constraint C. Given a constraint C and a candidate ¢ € C', we say that candidate
c is C-independent if it holds that (7) for every committee W € C with ¢ ¢ W, we
have that W U {c} € C and (i) for every committee W € C with ¢ € W, we have
that W\ {c} € C. This leads us to this modified version of the ¢-cohesiveness
notion where we take into account the variable outcome size, denoted by t.

Definition 8.2 ((/,t)-ind-cohesiveness). For some constraint C, some positive in-
teger t and an integer ¢ € {1,...,t}, we say that group of voters N' C N is
(¢,t)-ind-cohesive if both of the following conditions hold:

o [N'| > (- n/.
o [{c€ens Ai | ¢ is C-independent}| > {.

Observe that with the use of the C-independence notion in defining cohesiveness,
we take the constraint into account in a natural manner. We then use this variant
of cohesiveness to define the following justified-representation axioms.
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Definition 8.3 (Independent EJR, ¢-ind-EJRgy,). When we are given an election
instance (A,C), we say a committee W € C provides (-ind-EJRyy, if for every
(¢,|W|)-ind-cohesive group of voters N', there exists a voter i € N' such that
A, N | > L.

Definition 8.4 (Independent PJR, ¢-ind-PJRgy,). When we are given an election
instance (A,C), we say a committee W € C provides {-ind-PJRyy, if for every
(¢,|W| )-ind-cohesive group of voters N', it holds that || J,cn A N W] > £.

Definition 8.5 (Independent JR, ind-JRg,). Given an election instance (A,C),
we say a committee W € C provides (-ind-JRyy, if for every (1,|W|)-ind-cohesive
group of voters N', there exists a voter i € N' such that |A; " W| > 1.

With the parameter ¢, we can account for committees that provide the propor-
tionality property when one only considers (¢,|W])-ind-cohesive group for certain
sizes. We then use ind-JR,y, to refer to (-ind-EJR,j, for £ = 1. Observe that when
the constraint C states that the feasible committees are all those committees of
some target size k, then these axioms reduce to those in from multiwinner voting
(albeit with EJR and PJR being parameterised by /).

Note that this extends our earlier work in (Chingoma et al., 2022)—where we
only studied /-ind-PJR,,—by looking at the stronger ind-EJR,. These axioms
for independent candidates represent weak requirements of a committee that any
reasonably proportional rule ought to satisfy in this constrained setting.

8.3 Rules to Provide Proportionality

We are now going to propose constrained shortlisting rules geared towards pro-
portionality. In the variable-sized multiwinner literature, there is a class of rules
that take both approvals and disapprovals into account when scoring a commit-
tee (Brams and Kilgour, 2014; Faliszewski et al., 2020), namely the class of Net
Approval Voting (NAV) rules. We adopt this approval-disapproval dynamic and
apply it to an outcome’s shortlisted candidates.

Given a scoring vector u™ = (uy, ..., up), let fuum (k) = Zf:o u; be the sum
of the first k elements of ™. Then we have the following general rule for two
scoring vectors a(™ and d™) for approvals and disapprovals, respectively.

Definition 8.6 ((a,d)-NAV rule). Given two scoring vectors a™ and d™, we
define an (a,d)-NAV rule to be the following:

(a,d)-NAV(A,C) = argmax }  foum (W N0 Ail) = faom (W \ Ai]).

WeC N

We concretely analyse two instances of this general (a,d)-NAV rule. The first
attaches standard AV scoring to approved candidates in the shortlist, and ‘pe-
nalises” disapprove shortlist members with an ‘inverted” PAV scoring.
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Definition 8.7 (c-PAV). ¢-PAV is defined as the (a,d)-NAV rule with the scor-
ing vectors a™ = (1,1,...,1) and d™ = (Ym, ..., 12, 1).

For the second rule, a voter awards points to an outcome as with a-CC scoring,
but subtracts a point if the majority threshold, a commonly-used threshold (Alon
et al., 2015; Faliszewski et al., 2020; Fishburn and Peke¢, 2017), of disapproved
shortlist members is crossed.

Definition 8.8 (¢c-CC). ¢-CC is defined as the (a,d)-NAV rule with the scoring
vectors a'™ = (1,0,...,0) and d™ = 0,...,0,1,0,...,0). In d™  we set the
scoring vector’s ‘threshold’ at position [m/2] + 1.

Next, we test our proposed Thiele method adaptations against these axioms and
get the following results. We begin with c-CC.

Theorem 8.2. Assuming all candidates are C-independent, c-CC satisfies ind-
JRy, but fails (-ind-PJR, with ¢ > 1.

Proof. Our claim is that, for any ¢ > 1, we can construct a candidate set C'
and approval profile A such that, for C = P, (C), there is a W € ¢-CC(A,C)
that does not provide ¢-ind-PJR,;,. Consider an arbitrary ¢ > 1. We choose
an agenda with an odd number m > 5 of candidates such that ¢ = |7/2]. We
fix a set of voters N with |N| = m + 1 and a voter subset N* C N such that:

|NZ|: |N|Lm/2J :|N|—2.

/2]

This ensures the existence of two voters x,y ¢ N*. Given this voter pop-
ulation, we can define the approval profile A. In this profile, the voters
in N* uniformly approve the same ¢ candidates, so we have |(,cye Ai| =
| Ujene Ail = €. For the approval ballots of voters z,y ¢ N*, we have two
candidates c,, ¢, & [;cne Ais i-e., neither ¢, nor ¢, are accepted by voters in
N*, such that A, = {c,} and A, = {c,}. This completes the construction of
the profile. Note that ||J,cy Ail = [™/2] + 1. Now we assess the candidates
shortlisted by ¢-CC for the profile A. Once the voter group N* is represented
by ¢ — 1 candidates, observe that (due to ¢ > 1) accepting the candidate
c, for voter x ¢ N gives a greater score than accepting an (-th candidate
in (;cne Ai- The same holds for ¢, and voter y ¢ N*. After ¢, and ¢, are
selected, including an /-th candidate in (. y. A; decreases the score as the
majority threshold is crossed. Notice that c-CC accepts exactly [m/2] candi-
dates and thus, from the definition of the group N*’s size, it follows that N*
is an {-cohesive group. So we have an outcome where an ¢-cohesive group is
only represented by ¢ — 1 candidates.
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Next, we show that every W € ¢-CC(A,C) provides ind-JRg, (¢-ind-
PJRg/¢-ind-EJRy), for £ = 1), assuming C-independence throughout the can-
didate set. The argument is that any non-selected candidate in (7, . A; for
an unrepresented (1,|7V|)-ind-cohesive group N* can be ‘swapped’ for some
chosen candidate in a committee W. This only decreases the ¢-CC score if
every already-selected candidate represents a unique group that is at least as
large as N*. Thus, any such candidate would at least match the contribution
to the score of a candidate accepted by N*. However, this cannot be the case
for all |W| candidates as this would imply that at least |W|-7/jw| = n voters
have been represented thus far, contradicting our assumption of the existence
of this unrepresented group N*. O

With this result, we unsurprisingly find that our novel rule yields similar propor-
tionality guarantees in the multiwinner voting literature (as Theorem 8.2 assumes
that there are no constraints) as a-CC does.

Off the back of these results for ¢-CC, we now turn our attention towards
c-PAV and find a more encouraging outcome.

Theorem 8.3. A committee W returned by c-PAV satisfies (-ind-EJRgy, for every
value € > WI/(m—w|+2).

Proof. Take a W € ¢-PAV(A,C) and assume there is an (¢,|W|)-ind-cohesive
group N* such that |[W N A;| < ¢ for all voters i € N*. We can show that
a committee W’ that additionally selects a currently-rejected candidate in
Nicn+ Ai, all else being equal, yields a strictly higher c-PAV score than W.

We now detail the change in score which occurs with the acceptance of
candidate ¢, € (V,cy+ 4i \ W. The group N* adds at least ¢ - 7/jw| to the
score. At least one voter is already satisfied by W and this voter deducts at
most 1/(m—|w+1) while at most n — | N*| — 1 voters will each deduct at most
1/(m—w1). So the score strictly increases when we have:

n n—|N* -1 1

N >1- > +
[N |W| m — |W| m—|W|+1
n—|N* -1 1 _ n—|N7|
m—|W|l+1 m—-|W|+1 m—|W|+1
n—*™w n|W| —nt B n(|W| — )

> = = :
m—|Wl+1 [W|(m—|W[+1) [W|(m—|W|+1)
To conclude, observe that the score is strictly positive when we have:
W|—¢ W
(14 e N

. > —
(W= [Wlim = [W|+1) m— W[+ 2
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So we find that ¢-PAV does provide ¢-ind-EJR,, when we have that ¢ >
W1/ (m—W|+2) O

We have now assessed both of our constrained shortlisting rules with respect to
the proportionality axioms that we have devised for this setting. With the next
section, we look at the computational aspects of both ¢-CC and c-PAV.

This section continues by conducting a computational complexity analysis of
our rules. To be precise, beginning with c-PAV, we consider the following deci-
sion problem that is similar to that seen in the previous chapter when assessing
judgment aggregation rules (note the overloading of notation with the naming of
the decision problem).

OUTCOME(c-PAV)

Given: An approval profile A for a candidate set C, a positive integer ¢
and a subset of candidates C' C C.

Question: Is there an outcome W of size t that is returned by ¢-PAV on
profile A such that ¢/ C W?

Note that for the OUTCOME(c-PAV) problem, the constraint C is not explicitly
included in the problem input but rather, it is implicit that the constraint restrains
the feasible committees to those of size t.

In order to show that OUTCOME(c-PAV) problem is NP-hard, we must first
show NP-hardness for a variant of the classical problem of INDEPENDENT SET
where given an arbitrary graph, the question is whether the graph contains an
independent set of certain size, with an independent set being a subset of the
vertices S such that no two vertices in S have an edge connecting them. In the
variant we consider, which refer to as TARGET-INDEPENDENT SET, the size of
the maximum independent set is known in advance, and the question is whether
there is a maximum independent set that contains a given vertex

Lemma 8.4. TARGET-INDEPENDENT SET s NP-hard.

Proof. We show NP-hardness by reducing from INDEPENDENT SET where
we are given a graph G = (V| E) and a positive integer ¢, with the question
being whether there exists an independent set of size ¢t in G. We reduce
to TARGET-INDEPENDENT SET as follows: the input for the problem if the
graph G* = (V U {v*}, E) where is an extra vertex v* such that no edge is
connected to it. We claim that there exists an independent set of size t in G
if and only if there exists an independent set of size t + 1 in G* that contains
the vertex v*.
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(=) Assume that we have a positive instance of INDEPENDENT SET so
there exists a size t independent set S C V in G. As the vertex v* is not
connected to any vertex in G*, it is contained in every independent set of G*
and specifically, it forms an independent set S U {v*} of size ¢t + 1 with S
being an independent set in G* as all is equal between G and G* besides the
presence of this vertex v*.

(«=) It is the clear to see that if in the modified graph G*, there is an
independent set S* C V U {v*} of size t + 1 that contains vertex v*, then
S*\ {v*} is an independent set in the original graph G that is of size t. O

We are now able to show NP-hardness for the OUTCOME(c-PAV) problem.

Theorem 8.5. OUTCOME(c-PAV) is NP-hard.

Proof. We show NP-hardness by reducing from the following problem. Take a
positive integer ¢ € N and an approval-based multiwinner election. Moreover,
we know that there exists some b € N such that: (i) the maximum PAV
score of any committee of size ¢ equals b - ¢, and this can only be achieved
by getting a score of 1 from b -t different voters, (ii) there exists at least
one such committee of size ¢ < m, and (7ii) each voter approves of exactly 2
candidates. The problem is to decide, for a given candidate ¢* € C, whether
it is part of a committee of size t with maximum PAV score.

This problem can straightforwardly be shown to be NP-hard, by adapting
the proof of a known result for multiwinner PAV voting (Aziz et al., 2015, The-
orem 1), which uses a reduction from the classical problem of INDEPENDENT
SET. By instead considering TARGET-INDEPENDENT SET (which is NP-hard
by Lemma 8.4), this proof directly yields NP-hardness of the problem that we
will reduce from.

Assume that we are restricted to the setting where conditions (i)—(ii7)
hold. For the PAV problem that we reduce from, we have a set of voters IV,
a set of candidates C' = {¢y, ..., ¢, } and the approval profile A. In reducing
to the problem of ¢-PAV, we use the same set of voters N’ = N and then
we add m? dummy candidates to C' such that no voter in N’ approves of
any of the dummy candidates. So, this means that the new set of candidates
is C" ={c1,- -, Cmy Coni1s - -+ Cyem2 } and we have the same approval profile
A’ = A but now, it is with voters in N’ voting over the modified candidate set
C". Finally, we construct a partial outcome C" = {c¢*}. We then claim that the
given candidate ¢* € C' is part of a committee of size ¢t that with maximum
PAV score on the election (A,t) if and only if there exists an outcome W
returned by ¢-PAV(A’,C) such that C" = {c¢*} C W.
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To verify correctness in both directions, observe that under the conditions
(1) — (iii), the size t committee that yields maximum PAV score is exactly the
outcome of size t that obtains the maximum c¢-PAV score. To see this, recall
that the maximum PAV score b -t for some b € N occurs from b - ¢ different
voters giving the committee a score of 1, ie., |[A; N W| =1 for b - ¢ voters
t € N. Let us consider the c-PAV score that this outcome W attains when
considering that each voter approves of exactly two candidates. Note that the
¢-PAV scoring vectors for approvals and disapprovals are a(™ = (1,...,1)and
d™ = (1/(m+m?), ..., 12, 1), respectively. The b -t voters that approve of a
single candidate in W also give this outcome a positive score of b -t and each
such voter removes Z;;% 1/(m+m2—j) from the outcome’s c-PAV score. The

remaining voters, who approve of no candidates in W, remove Z;;}) L (m+m2—j)
from the c-PAV score. Observe that this is the maximal ¢-PAV score in this
instance where conditions (i) — (i4i) hold, so we know that this outcome W
is one of the outcomes returned by c-PAV. So if it holds that the candidate

c* is in the committee W with a maximum PAV score, then this candidate
must be in an outcome returned by c-PAV. O

Now, we find that not only is a-CC is NP-hard in the standard multiwinner voting
setting (Lu and Boutilier, 2011; Procaccia et al., 2008), but computing outcomes
for the c-CC rule in our constrained shortlisting setting is also hard. The decision
problem that we use is the following, where we overload notation once more:

OUTCOME(c-CC)

Given: An approval profile A for a candidate set C, a constraint C
and a subset of candidates C' C C.

Question: Is there an outcome W € ¢-CC(A,C) of size t such that C' C W?

For the next result, we must introduce an additional complexity class that is not
covered in Chapter 2. The class ©% is the class of decisions problems that can be
decided in polynomial time by a Turing machine that (i) has access to an oracle
that is complete for NP, and (ii) only makes a number of oracles queries that is
logarithmic in the input (Arora and Barak, 2009).

We will now show that OuTCOME(c-CC) is ©5-complete and in our proof of
©Y-hardness, we reduce from the following variant of the well-known MAXSAT
problem (Papadimitriou, 1994):
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TARGET-MAXSAT

Given: A set L of literals, two sets ¢; and @9 of clauses,
with clauses in both being of size at most 3,
and some variable z* occurring in s.

Question: Among the truth assignments that satisfy all clauses in ¢
and that satisfy a maximum number of clauses in s,
is there a truth assignment that sets x* to true?

It is known that MAXSAT is a ©5-complete problem. One can also prove that
TARGET-MAXSAT is ©Y-complete with proof of hardness making use of a re-
duction from the MAX-MODEL problem that is a ©)-complete (Chen and Toda,
1995; Krentel, 1988; Wagner, 1990).!

Theorem 8.6. OUTCOME(c-CC) is ©F-complete.

Proof. We describe ©5-hardness by reducing from the TARGET-MAXSAT
described above. We omit the straightforward proof of membership in ©%.
We introduce a candidate ¢; for each literal [ over the variables in the sets
1 and ¢o. Hence, we have candidates such as c,, and c-,, in the candidate
set C'. For each clause v; appearing in (5, we create a voter i. These voters
approve of those candidates which correspond to literals appearing in their
associated clause. Selecting a candidate ¢; in the outcome corresponds to
setting a literal [ to true while not selecting ¢; represents setting the literal
[ to false. We construct a constraint C that expresses that exactly one of
each pairs of candidates, c,, or c,,, is selected in an outcome in such a way
that satisfies all clauses in ¢;. Finally, we construct a partial outcome C’ that
only selects candidate ¢+, i.e., C' = {c,+}. We claim that the outcomes of the
¢-CC rule over the constructed profile correspond to the truth assignments
that satisfy all of ¢; and that maximise the number of satisfied clauses in s.
Therefore, there is an outcome W € ¢-CC(A,C) such that C' = {¢,»} C W
if and only if the original instance of TARGET-MAXSAT is a yes-instance.
(=) Assume we have a truth assignment that satisfies all the clauses in
1 and maximises the satisfied clauses in ¢ with variable z, set to true. Since
the clauses in @9 correspond to voters, we have that a maximum number of
voters have been satisfied with respect to their approvals, as at least one of
their approved issues are set to true. We must confirm that they do not have
their disapproval thresholds crossed. Note that the number of issues that each

'For MAX-MODEL, we are given a satisfiable propositional formula ¢ along with a variable z*
that occurs in ¢, and the question is whether there exists a satisfying assignment for ¢ that
sets a maximal number of variables in ¢ to true while setting the variable z* to true.
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voter i disapproves of is |A;| + 2 - (m — |A;])|. Thus their majority threshold
is set to [lil/2 4+ (m — |4;])] + 1. The maximum number of disapprovals that
can appear for a voter 7, if their clause is satisfied in the TARGET-MAXSAT
instance, is |4;| — 1 + (m — |A;|) = m — 1. Since each voter can approve at
most three candidates, we know that the number of their disapprovals that
can be selected in an outcome, given at least one of their approved candidates
does appear, cannot reach their majority threshold. Thus, if their clause is
satisfied then their disapproval threshold cannot be crossed. If this is not the
maximum number of voters under ¢-CC then this cannot be the maximum
number of clauses being satisfied in ¢y by the truth assignment. So we have
confirmed that such a truth assignment indeed satisfies a maximum number of
voters under ¢c-CC. And we know that the variable x, is set to true, then that
means that the candidate c,« is also selected in the corresponding outcome
returned by c¢-CC.

(«<=) Assume we have an outcome W € C with c,» € W that satisfies a
maximum number of voters using the c-CC rule, thus representing a winning
outcome. Given our constraint, we know we have a valid truth assignment
as exactly one of the conflicting candidates, such as c,, or c-,,, are selected
in W. This corresponds to literals being satisfied in TARGET-MAXSAT. We
also have that this truth assignment ensures that all the clauses in (; are
satisfied by the construction of C. And since a maximum number of voters
are satisfied, we have a maximum number of ¢, clauses being satisfied as well.
And to conclude, as the candidate c,« is the outcome W, we have that the
variable x* is set to true in s. O

These negative computational results make our (a,d)-NAV rules less appealing
for practical use in general. However, there may be some promise in defining
approximate versions of these rules that are more computationally efficient, or
possibly, in identifying scenarios where these rules are polynomial-computable,
e.g., for certain types of preferences profiles.

8.4 Chapter Summary

This chapter saw us aim towards providing proportionality in the constrained
approval-based shortlisting setting. In doing so, we suggested an adaptation of
EJR to our setting called EJR,,. Although we find that EJR,;, is not always
satisfiable, when we assume that it is, we can find a suitable committee satisfying
it in polynomial-time. To follow these results, we moved on to weaker axioms
based on EJR,,. These axioms made use of the notion of some candidates being
independent of the constraint C. This led to us to defining the class of (a, d)-NAV
rules that we deem to be natural extensions of the Thiele methods of multiwinner
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voting. These rules’ performances in satisfying the independence-based weaken-
ings of EJR,, were mixed while the subsequent computational analysis provided
more negative results as we found that the rules are hard to compute in general.

Future Work. Our most positive axiomatic results came via the weakening of
EJR,p, using the notion of candidate independence from the constraint. The study
of differing notions of weakening EJR;;, would then be a natural follow-up of our
work and could prove to be a fruitful research direction. As we only considered
constraints in their most general form, it is important to investigate whether a
more positive outlook can be found when one restricts oneself to constraints of
a certain structure. Also, it would be of interest to further study the class of
(a,d)-NAV rules to obtain greater insight into their axiomatic behaviour in a
general sense and not only through the lens of proportional representation.






Coming to a Close






Chapter 9

Conclusion

With the exception of the detour in Chapter 6, there is a clear throughline within
the thesis: how to extend proportional representation to richer domains. This
has hopefully given readers a (mostly) seamless read up to this point and leaves
them with only a single chapter to go. This last chapter comprises two sections.
The first offers a summary of the work that the thesis has covered. The second
presents thoughts on potential research paths that follow from the work that the
thesis has covered.

9.1 Taking It All In

We now recap the what was presented in the various parts of this thesis.

Setting the Stage. We began with the introductory chapter of the thesis in
Chapter 1 and we followed with Chapter 2 where the formal foundations of
the thesis were laid. This included the presentation of axioms and proportional
voting rules that are frequently referred to, adapted or used for inspiration in
much of the work in the rest of the thesis. We then closed out this first part of
the thesis with Chapter 3 where we presented a ‘mini-survey’ of work from the
literature that holds a similar goal to that of this thesis: providing proportional
representation to complex domains.

Part One: Some Seats Have More Value Than Others. The thesis then
shifted to the main goal in the next part which consisted of Chapters 4 and 5.
In Chapter 4, we looked at a generalisation of the apportionment model that
introduced weights that are associated with the parliamentary seats. The aim
was to lift the proportionality axioms and apportionment methods from standard
apportionment to this weighted-seat model. The axioms in focus were the two
quota-based axioms, lower quota and upper quota, while we also defined weighted-
seat apportionment methods (WSAMs) that generalised the standard methods of
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D’Hondt, Adams and LRM. We then found that the most faithful adaptations of
these axioms, namely WLQ° and WUQ?’, were too strong for this setting and thus,
yielded mostly negative results, both axiomatically and computationally. Our
subsequent study of relaxations of these axioms—which were inspired by ‘up-to-
one/any’ relaxations from the fair division literature—brought us more positive
results as our WSAMSs were each able to satisfy at least one axiom’s relaxation.
This upper-quota analysis also saw us investigate our WSAMs with respect to a
related notion of envy-freeness and in this case, Adams,, and Greedy,, both fared
well. Our axiomatic study also included the study of a weighted adaptation of
house monotonicity which is an axiom that has been deemed desirable in the stan-
dard apportionment context. In that analysis, we found that the strongest house
monotonicity adaptation was too strong for our WSAMs but our weighted-seat
divisor methods, D’Hondt,, and Adams,,, did satisfy the weakening called min-
HM. Our analysis of the WSAMs was supplemented with an experimental study
where we tested our WSAMs on (i) real-world Bundestag committee assignment
data, and (7i) artificially generated data instances. These experiments yielded
greater insight to our WSAMs and ultimately, our WSAMs proved to have dif-
fering but appealing qualities. Chapter 5 saw us take the weight-seat notion of
the previous chapter and introduce it the the approval-based multiwinner voting
model. In terms of adapting multiwinner voting rules to this model, we defined
two classes of rules, those that are seat-based and those that are weight-based.
For the latter, we defined weighted generalisations of rules such as MES and
seq-Phragmén. These WMWYV rules were to then be tested on our weighted-seat
version/s of the justified-representation notion. We found that the strongest EJR
adaptation, called WEJR, was not always satisfiable. However, we found that the
‘up-to” weakenings of WEJR, namely WEJR-1 and WEJR-X-r, could always be
satisfied. This analysis highlighted the potential for a multiwinner-voting adap-
tation of the Greedy, method from Chapter 4 as it satisfied WEJR-X-r which
is one of this chapter’s strongest axioms that is always satisfiable. Then, to ac-
count for varying interpretations of EJR in this setting, we studied an alternative
relaxation of WEJR and we referred to this as low-WEJR. This axiom proved
most suitable for seat-based rules as our weight-based WMWYV rules did not have
positive results when in came to this low-WEJR axiom. To end this chapter, we
presented a weight-seat translation of priceability from multiwinner voting. This
unsurprisingly led to investigating PJR-like axioms for this setting and we found
a more positive proportionality outlook for both seq-Phragmén , and MES,,.

Detour. This single-chapter part of the thesis represented a deviation in the
content as with Chapter 6, we studied the simulation of multiwinner voting
rules using judgment aggregation. Multiwinner voting rules that were simulated
includes among others, the k-Borda and k-Copeland rules. Then, we not only
simulated multiwinner rules that satisfy the notion of weak Gehrlein stability,
such as k-Kemeny and NED, but also, we observed a natural way to define novel
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multiwinner rules that satisfy weak Gehrlein stability. We followed this simu-
lation study with a dive into more computational considerations related to the
simulations. Through the use of DNNF circuits to encode constraints, we saw
that some positive results as some of our simulations were as computationally
efficient as their multiwinner-voting versions. However, there were also more neg-
ative results as when some feasibility constraints are used in a simulation, such
as k-INDIFF-INDIFF and A-INCOMP-INCOMP, the approach using DNNF circuits
does not lead to a retention of computational efficiency in general.

Part Two: Constraining the Feasible Committees. We then returned to
proportionality in the following part. Here, Chapter 7 dealt with the public
decisions model and Chapter 8 saw us work with the shortlisting model. We
now describe these chapters’ findings in more detail. In importing proportional-
ity to the constrained public-decision model in Chapter 7, we adapted both the
agreement-EJR and cohesiveness-EJR notions from the standard public-decision
model. In the chapter’s analysis, we also defined multiple restricted classes of
constraints such as the k-restrictive constraints or those constraints that sat-
isfy the NFD property. With the constrained adaptation of the latter notion,
cohesiveness-EJR, we could only show mostly negative results as the weaker
agreement-EJR proved to be more suitable for this setting. For our approxi-
mation axiom based on agreement-EJR, we found that our adaptations of MES,
MeCorA and LS-PAV each provided strong proportional guarantees. We also
adapted priceability to this constrained setting and showed that an adaptation
of MeCorA was another viable candidate for providing proportional outcomes.
The second chapter of this part, and the thesis’ final chapter prior to conclud-
ing, was Chapter 8 and here, we defined an EJR adaptation for the constrained
shortlisting model. Now, we saw that this axiom, called EJRy,, cannot always be
satisfied (although, when we assume it is, shortlists providing EJRg, can be found
in polynomial time). This saw us follow by examining weakenings of EJR, that
were based on candidate independence. Then, in looking for rules that satisfied
these weaker axioms, we introduced a class of (a,d)-NAV rules. This class was
inspired by both the Thiele methods of standard (fixed-sized) multiwinner voting
and the NAV rules from variable-sized multiwinner voting. These rules provided
a mixed bag in terms off the axioms with the rule based on PAV performing most
positively. These lacklustre findings continued in the subsequent computational
complexity analysis as we found that both of the rules that we considered were
computationally hard to compute (in general).

9.2 Taking It Further

When we concluded each of the chapters that presented research (so Chapters
4-8), we presented brief, chapter-specific discussions dedicated to future work.
As these parts were specifically related to each chapter’s content, this section will



184 Chapter 9. Conclusion

not be used to rehash these specific research directions. Rather, it outlines more
broad ideas that (i) stem from the thesis’ content, and (ii) we deem deserving of
attention from within the research community.

Getting Closer to Reality with More Complex Domains: If the goal of
(much of ) the computational social choice community is to have decision-making
methods used in practice, then we argue that it is imperative to not only expand
on ‘fundamental’ research done on the standard models (such as apportionment
and multiwinner voting), but to explore richer models. From the side of practice,
the real world presents plenty of decision-making processes where using a more
standard model suffices for decision-makers, but where using an enriched model
would yield more significant insights through bringing said processes closer to
reality. We argue that such instances should be searched for and systematically
investigated. This would be beneficial as it allows for the design of notions that
are better suited to talk about proportionality in the respective scenarios. As sug-
gested by Chapter 3, there are likely many such research lines that are currently
underway, and the sheer number of the works being produced should only further
encourage researchers to explore more interesting domains where proportionality
naturally fits and yet proportionality research is sorely lacked.

Voter Satisfaction: An offshoot of the above point on moving closer to reality, is
getting a handle of the notion of voter satisfaction in the various complex domains.
When the standard models are enriched with additional components, it becomes
less and less clear what exactly voters place value towards when it come to the
final outcome. And this satisfaction notion is vital in the proportionality notions
of justified representation. In fact, this is already a topic that is drawing interest
such as with participatory budgeting (Brill et al., 2023b). This certainly warrants
attention in many more, similarly rich, domains. However, from a methodological
standpoint, it is unclear how exactly to tackle this issue. One option is to take
the approach of Brill et al. (2023b) and abstract away from particular satisfaction
notions. Alternatively, the use of real-world experimental studies may be an
interesting route to take in order to gain insights on what voters value within the
complex domains.

Broaden the Proportionality Notions: A follow-up from the last point. The
main notion we studied, that of justified representation, relies on the notion of
satisfaction but a notion such as priceability does not. This leads to a more broad
research avenue of looking at alternative proportionality notions that are more
specifically designed for the complex domains in focus.

More Emphasis on Limiting Overrepresentation: We now wrap the the-
sis up by highlighting that the proportionality content of this thesis, along with
the research conducted by those working in computational social choice, puts
a significant focus on avoiding underrepresentation when the goal is to ensure
proportional representation. However, we believe that it is also of great impor-
tance to prevent some voter groups from receiving too much representation. The
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prominence of the upper quota axiom in the apportionment literature and (to
some extent) the envy-freeness notion of fair division show that this is an aspect
that has been considered. We believe that greater emphasis should be placed on
this when investigating proportionality for models such as standard multiwinner
voting or more complex domains such as participatory budgeting.
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