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1
Introduction

On the 5th of March 1979 an energetic wavefront of γ-ray/X-ray radiation swept
through the solar system, saturating the sensitive detectors of several space telescopes.
The signal consisted of an initial bright spike lasting a fraction of a second followed
by a decaying afterglow with superimposed pulsations (e.g. Mazets et al. 1979). Even
though it was evident that an extreme and unprecedented astrophysical phenomenon
had been observed, to this date however the nature of what we have come to call
a ‘magnetar giant flare’ remains a matter of considerable discussion. Its at present
well-established source, a magnetar (Duncan & Thompson 1992), is incidentally no
less extraordinary or perplexing. When a star with a mass 8 � M/M� � 30 (Woosley
& Heger 2015) undergoes gravitational core collapse and expels its outer layers in a
supernova explosion, a relatively tiny ultra-compact remnant with a radius the size
of Utrecht (R∗ ∼ 106 cm) and a mass of roughly M∗ ∼ 1.5 M� survives. Due to its
immense densities (averaging at a few times 1014 g cm−3) electrons are captured by
protons, such that the remaining star predominantly comprises neutron-rich matter
that support it against further collapse into a black hole (BH) through degeneracy
pressure and nucleon-nucleon interactions (e.g. Silbar & Reddy 2004). Accordingly,
such an object is aptly named a ‘neutron star’ (NS) (Baade & Zwicky 1934). The
outer layer of the neutron star (∼ 0.1R∗) cools down and crystallises into a solid crust,
while the core remains liquid consisting of e.g. neutrons (most likely in a superfluid
state), some superconducting protons, and perhaps states of strange matter; hyperons
or even deconfined quarks (Shapiro & Teukolsky 1983; Glendenning 2000).

These stars may foster extremely strong magnetic fields that thread their core

1
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1 Introduction

and crust. The external manifestations of the magnetic field have inferred strengths 1

ranging typically from2 109 to 1013 Gauss (G). Yet, in the tail-end of the neutron star
magnetic field strength distribution lie those with strengths exceeding the quantum
critical limit3 Bqed ≡ m2

ec
3/(e�) � 4.41×1013 G and up to an astounding 1016 G. The

presence of a strong magnetic field has a major impact on the dynamics of the star and
its surrounding plasma. NSs where the output emission is dominated by the decay
of such an ultra-strong field are characterised as magnetars. 23 confirmed magnetars
have now been identified (Olausen & Kaspi 2014). The magnetic field decay may occur
gradually, appearing for instance as a bright source of persistent X-ray emission, or
abruptly resulting in recurrent soft γ-ray bursts and on three recorded occasions a
magnetar giant flare (e.g. Woods & Thompson 2006; Mereghetti 2008; Turolla et al.
2015; Kaspi & Beloborodov 2017).4

In this thesis we aim to gain a better understanding of the underlying physics
of magnetar burst mechanisms. We examine and develop theoretical models relating
to the trigger and emission mechanisms of magnetar bursts. These models involve
extreme and fundamental (astro)physical processes such as magnetic reconnection in
a relativistic magnetosphere, the generation of high-energy emission through inverse
Compton, and synchrotron radiation from shock accelerated particles. By comparing
the model predictions to the observed data, we intend to investigate and establish
constraints on the candidate burst mechanisms. In the following, we briefly introduce
the observational characteristics of magnetars, focussing on the burst emission, i.e. the
recurrent soft γ-ray bursts, intermediate flares, and giant flares, and on the quiescent
emission, i.e. the persistent X-ray emission. Subsequently, in the context of the so-
called magnetar model, we discuss the currently proposed theoretical models regarding
the burst trigger and emission mechanisms of magnetar bursts.

1Generally an estimate of the surface magnetic field strength Bs of a neutron star is determined
by assuming that the external field can be approximated as a rotating magnetic dipole in vacuum.
Subsequently, the output power of such a rotating magnetic dipole, given by Larmor’s formula,
is equated to its rate of rotational energy loss Ėrot. Accordingly, an expression is obtained where
Bs ∝ (PṖ )1/2, where P is the rotation period of the NS and Ṗ is the period derivative – see equation
(1.2).

2ATNF Pulsar catalogue, http://www.atnf.csiro.au/people/pulsar/psrcat/.
3The quantum critical limit is defined at the point where the excitation energy of the first electron

Landau level �ωc, where ωc ≡ eB/(mec) is the cyclotron frequency, becomes equal to the electron
rest mass energy mec2, i.e. �ωc(Bcrit) = mec2. In magnetic fields exceeding this limit, extreme
physical processes such as one-photon pair production/annihilation (γ ↔ e+e−) and photon splitting
(γ → γγ) may occur (e.g. Harding & Lai 2006).

4An online database listing the known magnetar candidates and their properties is given by
the McGill Online Magnetar Catalog (Olausen & Kaspi 2014), http://www.physics.mcgill.ca/
~pulsar/magnetar/main.html, and on the outburst data of magnetars is given by the Magnetar
Outburst Online Catalog (MOOC; Coti Zelati et al. 2017), http://magnetars.ice.csic.es/.

2
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1.1 Magnetar emission properties

1.1 Magnetar emission properties

Initially, the observed emission from magnetars was divided into two separate source
classes each characterised by their distinct emission properties. The first class was
that of the Soft Gamma Repeaters (SGRs), which release bright short-duration bursts
that differ from typical Gamma-ray Bursts (GRBs) due to their softer spectra and the
simple fact that they repeat (Mazets et al. 1979). The second class was the Anomalous
X-ray Pulsars (AXPs), whose exceptionally bright X-ray luminosity was difficult to
reconcile with emission models that otherwise describe the output radiation of rotation
or accretion powered pulsars (Gregory & Fahlman 1980; Fahlman & Gregory 1981).
However, it was found that the objects referred to shared emission properties: SGRs
displayed pulsed emission during quiescence (Rothschild et al. 1994; Kouveliotou et al.
1998) and AXPs also had bursts (Gavriil et al. 2002). Furthermore, they shared
similar values for the period (P∗ ∼ 2−12 s) and period derivative (Ṗ∗ ∼ 10−13−10−11

s s−1). It was determined that the distinction was merely observational, i.e. that both
classes were simply different manifestations of the same object. This outcome was
moreover predicted by the magnetar model (Duncan & Thompson 1992; Thompson &
Duncan 1993, 1995), which gave prominence to the role of a decaying and dissipating
ultra-strong magnetic field that could better explain the observed radiation features.
Before we present the magnetar model in Section 1.2, we will first briefly discuss the
characteristic magnetar emission properties.5

1.1.1 Persistent X-ray emission

The persistent X-ray luminosity observed from magnetars typically lies in the range
LX ∼ 1033 − 1036 erg s−1, yet may vary strongly over periods of months. Since this
emission is pulsed at the rotation period of the NS (left plot in Fig. 1.1), one can
estimate the rotational power Ėrot available in the system from the observed spin
period P and spin period derivative Ṗ ,

Ėrot = −IΩ∗Ω̇∗ ∼ 4.4× 1032
(

P

10 s

)3
(

Ṗ

10−11 s s−1

)
erg s−1, (1.1)

where I denotes the moment of inertia and Ω∗ the star’s spin frequency. For most
magnetars we find however that Ėrot � LX, such that we require a distinct source
of energy to the one used by the more common rotation powered pulsars in order
to explain the observed emission. If we construct a so-called PṖ -diagram, as shown
in Fig. 1.2, we find that magnetars in general are clustered in phase space; slowly

5Here we focus on the characteristic properties of the high-energy emission (� 1 keV). Therefore,
we do not treat the radio, infra-red, and optical emission that has been observed for several magne-
tars. For more on the observations in these wavebands, we refer to Turolla et al. (2015) and Kaspi
& Beloborodov (2017), and references therein.

3
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1 Introduction

Figure 1.1: Left: Lightcurves of the persistent X-ray emission of distinct magnetars. Note that the
amount of harmonic content varies strongly between sources. Plot taken from Kaspi & Beloborodov
(2017); original image of R.F. Archibald. Right: High-energy emission spectra (Δε = 1− 100 keV)
of several magnetars. We can clearly distinguish the soft (1−10 keV) and hard (20−100 keV) X-ray
components. Image from (Götz et al. 2006a)

rotating with a rapid spin-down. Assuming Larmor’s vacuum dipole radiation model
for the magnetospheric magnetic field, we may infer the minimum surface magnetic
field strength,

Bs � 3× 1014
(

P

10 s

)1/2
(

Ṗ

10−11 s s−1

)1/2

G. (1.2)

Subsequently, lines of constant magnetic field strength can be superimposed on the
PṖ -diagram. We find indeed that magnetars tend to cluster in the region asso-
ciated with super-critical magnetic field strengths. Note however that there have
been sources observed with characteristic magnetar emission properties for which
Bs < Bqed (Rea et al. 2013, 2014; Scholz et al. 2014). To find a rough estimate of the
source ages, we may calculate their spin-down age, i.e.

τ∗ =
1

2

P

Ṗ
∼ 1.6× 104

(
P

10 s

)(
Ṗ

10−11 s s−1

)−1

yr, (1.3)

4
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1.1 Magnetar emission properties

Figure 1.2: The PṖ -diagram, wherein the spin period derivate Ṗ of NSs is plotted against their spin
period P . Magnetars are denoted by the (blue) stars, X-ray dim Isolated NSs (XINS) are denoted
by the (magenta) rings, Rotating Radio Transients (RRATs) are given by the (blue) diamonds, and
the remaining pulsars are represented by the plus (+) symbols. The dashed curves represent lines
of constant surface magnetic field strength Bs, with the dotted line denoting the quantum critical
limit, i.e. Bs = Bqed. Finally, the dash-dotted curves represent lines of constant spin-down age τsd.
Note that, even though generally for magnetars Bs > Bqed, there have been sources observed with
Bs < Bqed that exhibit characteristic magnetar emission. Data obtained from the ATNF pulsar
catalogue (August 2017): http://www.atnf.csiro.au/people/pulsar/psrcat/.

which suggests that magnetars are relatively young NSs. A more reliable age estimate
can be established if the source has an associated supernova remnant (SNR), which
is the case for a number of magnetars. Fig. 1.3 shows the SNR N49 that is associated
with SGR 0526–66. According to the age of the SNR, the magnetar is estimated to
be approximately 5× 103 years old (Rothschild et al. 1994).

One must be cautious in inferring parameters from timing data. Not only are the
above inferences based on elementary assumptions, but the timing data itself suffers
from significant timing noise. Magnetars display very irregular spin-down behaviour
and undergo large glitches, i.e. large abrupt changes in spin frequency. Their pulse
morphology varies strongly in time and between sources (left plot Fig. 1.1), from
simple sinusoids to superpositions thereof. Moreover, it has been found to change
shape in concert with active bursting phases (Göǧüş et al. 2002; Woods et al. 2004).

5
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1 Introduction

Figure 1.3: Composite image of the supernova remnant N49 associated with the magnetar SGR
0526–66. Left: Optical emission taken with the Hubble Space Telescope in yellow and purple, and
X-ray emission observed with the Chandra X-ray Observatory in blue. Image taken from http:
//chandra.harvard.edu/. Right: X-ray intensity map from ROSAT: the colour yellow (purple)
signifies a high (low) intensity. The upper (yellow) spot corresponds with the point source, i.e. SGR
0526–66, in the image on the left. Image from Rothschild et al. (1994).

The persistent emission spectra are complex (right plot in Fig. 1.1), consisting of
a soft (∼ 0.5−10 keV) and hard (∼ 20−100 keV) component. The soft component is
commonly fit with a combination of a Blackbody (BB) model peaking at a constant
temperature ∼ 0.5 keV and a powerlaw (PL) with a photon index Γ ∼ 3− 4 that may
fluctuate over time. In general, the latter is observed to be anti-correlated with the
average spin-down of the source(s) (Marsden & White 2001; Mereghetti et al. 2005b;
Kaspi & Boydstun 2010).

1.1.2 Recurrent soft γ-ray bursts

Our first encounter with magnetars came from SGR 1806–20 in the form of an intense
short duration burst on January the 7th of 1979 (Mazets & Golenetskii 1981). Since
then many have followed from the same source and 20 other magnetars6. Their
recurrent nature immediately disqualified them as GRBs, since the latter have not
been observed to repeat. Moreover, their spectra are comparatively soft: two-BB
model fits to the burst spectra peak respectively at kBT1 ∼ 4 keV and kBT2 ∼ 10

keV (Feroci et al. 2004; van der Horst et al. 2012). The bursts generally occur during
periods of high bursting activity that may last for ∼ months and are separated by
prolonged stretches of quiescence (during which however low-luminosity bursts may

6Amsterdam Magnetar Burst Catalogue (November 2017), http://staff.fnwi.uva.nl/a.l.
watts/magnetar/mb.html.

6



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 13PDF page: 13PDF page: 13PDF page: 13

1.1 Magnetar emission properties

Figure 1.4: Left: Several examples of recurrent soft γ-ray bursts from SGR0501+4516 observed
with Fermi/GBM. Image from Huppenkothen et al. (2013). Right: Lognormal burst duration
distribution of burst observed from 1E 2259+586, peaking approximately at 10−1 s. The curves
comprise fits to the observed histogram data. Image from Gavriil et al. (2004).

Figure 1.5: Left: Lognormal burst waiting-time distribution of the bursts from SGR 1900+14.
The fit to the observations (solid curve) peaks at ∼ 100 s. Right: Differential distribution of the
burst fluence (dN/dE ∝ E−q) as observed by the Rossi X-ray Timing Explorer (RXTE ; diamonds)
and BATSE on the Compton Gamma Ray Observatory (squares) from SGR 1900+14. The powerlaw
fits reveal an index of q � 1.66 over 4 orders of magnitude. Both images from Göǧüş et al. (1999).

occur below the detection threshold of operational telescopes). Assuming isotropic
emission, their luminosity in the hard X-ray/soft γ-ray energy band lies in the range
1036 − 1042 erg s−1, extending past the Eddington limit for non-magnetic NSs, where
LEdd ∼ 1038 erg s−1 (Göǧüş et al. 1999; Göǧüş et al. 2000; Gavriil et al. 2004; Scholz
& Kaspi 2011). Burst morphologies vary strongly, see left panel of Fig. 1.4, yet fast
rise-slow decay bursts (τrise � τdecay) are most common (Göǧüş et al. 2001; Gavriil
et al. 2004). Their durations describe a lognormal distribution centred at T ∼ 10−1

7
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s (right plot in Fig. 1.4) and correlate with burst fluence (Göǧüş et al. 1999; Göǧüş
et al. 2000; van der Horst et al. 2012). No correlation is found however between burst
waiting time, i.e. the time between successive bursts, and their subsequent intensity
(Laros et al. 1987; Göǧüş et al. 2000; Gavriil et al. 2004; Savchenko et al. 2010).
Waiting times can be as short as the typical burst durations, such that differentiating
between multi-peaked and completely separate bursts becomes complicated (Göǧüş
et al. 1999; Göǧüş et al. 2000). Waiting time distributions have found to be lognormal,
peaking at ∼ 100 s (see left plot in Fig. 1.5), for observation runs containing a large
amount of bursts. Burst fluences follow a power-law dN/dE ∝ E−q with q ∼ 1.4−2.0

– right plot in Fig. 1.5. Currently, it is unclear whether burst occurrence is dependent
on rotational phase. Even though some events from certain sources seem to have a
statistically significant tendency to occur near pulse maxima (Gavriil et al. 2002, 2004;
Woods et al. 2005), others appear to be uniformly distributed across phase (Savchenko
et al. 2010; An et al. 2014; Collazzi et al. 2015). This is discussed in more detail in
Chapter 5.

1.1.3 Magnetar giant flares & Intermediate bursts

To date, a magnetar giant flare has been observed from the sources SGR 0526–66
(Mazets et al. 1979; Cline et al. 1980; Fenimore et al. 1996), SGR 1900+14 (Hurley
et al. 1999), and SGR 1806–20 (Hurley et al. 2005; Palmer et al. 2005; Boggs et al.
2007), respectively on 1979 March 5, 1998 August 27, and 2004 December 27 (their
lightcurves are shown in Fig. 1.6). These events comprise the highest fluxes ever
measured from sources beyond the solar system. Assuming isotropic radiation, their
output energy is E ∼ 1044 − 1046 erg. In the X-ray range their light curve has the
characteristic shape of a fast-rising short-duration intense spike reaching luminosities
up to 1047 erg s−1, denoted as the impulsive phase, followed by a quasi-exponentionally
decaying afterglow, that lasts for a few minutes and is strongly modulated at the spin
period of the underlying magnetar. Where the spectrum of the initial spike peaks in
the hard X-ray/γ-ray range (∼ 175 − 250 keV) reaching energies up to a few MeV,
the decaying afterglow has a significantly softer spectrum, peaking at approximately
∼ 20 − 30 keV and remaining roughly constant for its duration. For the last two
giant flares, short precursors were recorded before the onset of the flare itself (Hurley
et al. 1999, 2005) and a bright expanding transient radio nebula was observed a few
days after the events (Frail et al. 1999; Gaensler et al. 2005; Taylor et al. 2005).7

The effects of these extreme events were even measured in the Earth’s ionosphere,
where the ionization levels returned to daytime values as the energetic wavefront
passed through (Inan et al. 1999, 2007). More details on the observational features
of magnetar giant flares are presented in Chapters 2 and 3.

7The fact that these features have not been observed for the giant flare on 1979 March 5 may be
due to the lack of sensitive detectors operational at the time of the event.
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1.1 Magnetar emission properties

Figure 1.6: Light curves of the 3 giant flares observed to date. Upper graphs: Giant flare of SGR
0526–66 observed on 1979 March 5. From left to right: The light curve of the first 3 seconds following
the onset of the burst; two light curves displaying the pulsating tail as observed by separate space
probes, i.e. Venera 11 (bottom) and Venera 12 (top); energy spectra of the spike (1: top curve) and
afterglow (2: bottom curve). Image adjusted from Mazets et al. (1979). Lower left: Giant flare
of SGR 1900+14 observed on 1998 August 27. The bottom panel shows the lightcurve up to ∼ 400

s after the burst onset (the inset shows the first ∼ 50 s post burst onset, where the small arrow
marks the presence of a small precursor). The top panel show the spectral temperature against time.
Note the spike in temperature coincident with the initial phase of the giant flare and the roughly
constant temperature for the duration for the afterglow. Image from Hurley et al. (1999). Lower
right: Giant flare of SGR 1806–20 observed on 2004 December 27. The bottom panel shows the
lightcurve of the entire flare. The inset presents the precursor that occurs ∼ 142 s before the onset
of the giant flare. The top panel displays the spectral temperature against time. Image from Hurley
et al. (2005).

9
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1 Introduction

Figure 1.7: Light curve of an intermediate flare from SGR 1900+14 observed on 2001 April 18,
that resembled the morphology of a giant flare, yet without the initial hard X-ray spike. Image from
Guidorzi et al. (2004).

Several intermediate bursts have been observed with energies ∼ 1041 − 1043 erg
(Mazets et al. 1999a; Kouveliotou et al. 2001; Guidorzi et al. 2004; Olive et al. 2004;
Esposito et al. 2007; Israel et al. 2008). These bursts appear to be the more energetic
variants of the recurrent soft γ-ray bursts, yet some have decaying tails lasting for
several minutes with superimposed pulsations at the NS spin period. One instance
of an intermediate flare closely resembled the structure of a giant flare, however only
the afterglow phase, i.e. without the initial hard γ-ray spike (Guidorzi et al. 2004) –
see Fig. 1.7.

1.2 The magnetar model

The magnetar model was introduced by Duncan & Thompson (1992); Thompson &
Duncan (1995) and Thompson & Duncan (1996) and fundamentally states that the
characteristic magnetar emission properties are the result of a decaying and dissipating
(ultra-)strong magnetic field. Note that even though for most known magnetars the
inferred magnetic field strength exceeds Bqed, no lower limit on the strength of the
magnetic field has been determined for magnetar bursts to occur. It is important
to state that no alternative model has managed to explain any of the key features
of magnetars. Thus, even though it is straightforward to propose that the presence
and evolution of a strong magnetic field can power the observed emission, the precise
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1.2 The magnetar model

Figure 1.8: Schematic representation of the global magnetic field. Note that the internal field is
highly twisted and the external field is, at least initially, approximately dipolar. As the internal
magnetic field evolves, the twist and associated currents are transported to the external field, of
which the field lines are anchored to the NS crust. Image from Thompson & Duncan (2001).

mechanism however required a more detailed description. Furthermore, it was and
still remains unclear what the origin of such an (ultra-)strong magnetic field might
be.

1.2.1 Formation & Evolution

Current magnetar formation scenarios mainly argue that either the strong magnetic
field is inherited from the magnetar’s progenitor (Ferrario & Wickramasinghe 2006) or
is generated in the first instances of the magnetar’s birth (Duncan & Thompson 1992).
In the former case, simple magnetic flux conservation of relatively strong magnetic
fields in the core of massive progenitors, may result in an ultra-strong magnetic field
in the interior of a proto-NS. However, it is unclear whether there are enough of
such progenitors in the Galaxy to explain the number of magnetars we have already
observed, let alone the ones that might be dormant and have yet to be detected (Spruit
2008). The latter formation scenario invokes intense magnetic field amplification
through an α–Ω dynamo that operates during the initial strong convective phase of
the proto-NS. The efficacy of the dynamo action is determined by the initial rotational
period Pinit of the proto-NS, which is required be � 3 ms. It was argued that this
scenario may be accompanied by exceptionally energetic supernovae or unusually high
kick velocities, yet no evidence of either prediction is found for the currently known
magnetars (Vink & Kuiper 2006; Helfand et al. 2007; Vink 2008). Nevertheless, the
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Figure 1.9: Left: The internal currents that support the twisted magnetic field close in a small
surface layer. A Lorentz force acting on the current causes a horizontal (rotational) displacement,
that drags the external field lines along. Accordingly, the twist and internal currents are transported
into the magnetosphere. Right: Schematic representation of a globally twisted dipole, where the
upper and lower hemisphere have been rotated by one radian in opposite directions. Images taken
from Thompson et al. (2002).

plateau phases present in lightcurves of long GRBs have been fitted successfully with
models involving the birth of a magnetar whereby its initial rapid spin-down phase
powers a relativistic wind (Rowlinson et al. 2013).

After formation the internal magnetic field evolves on timescales of seconds and
has ample time to relax towards a (meta-)stable state, most likely comprising a
poloidal and toroidal component, before the crust of the NS crystallises (∼ minutes
to hours) (Flowers & Ruderman 1977; Braithwaite & Spruit 2006). Subsequent evolu-
tion, through ambipolar diffusion and Hall drift, takes place on longer timescales, i.e.
� 104 years (Goldreich & Reisenegger 1992). The magnetic field lines that extend into
the magnetosphere collectively constitute the external field and are pinned to the con-
ductive crust. Fig. 1.8 shows a schematic representation of the twisted internal field
and the external field lines that are frozen-in the crust (Thompson & Duncan 2001).
Consequently, the crust gets stressed due to the evolution of the internal field, and
may react either by fracturing (Thompson & Duncan 1995) or deforming plastically
(Jones 2003). In the process, the internal currents and corresponding magnetic helic-
ity are effectively transported into the external field through horizontal displacements
of the crust (left panel in Fig. 1.9), such that the latter becomes increasingly twisted,
deviating from a simple dipolar configuration either locally or globally (Thompson
et al. 2002) – see the right panel of Fig. 1.9. The currents in the twisted external
field of a magnetar flow along closed field lines; contrary to what is held to be the
case for standard radio pulsars, where the currents flow along open field lines. They
are sustained by a potential drop across a closed field lines, in turn caused by the
decaying external magnetic twist, that is large enough to lift and accelerate charges
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from the surface against the extreme gravitational force (Beloborodov & Thompson
2007).

1.2.2 Magnetar trigger & emission models

Here we discuss the proposed models that aim to describe the aforementioned ob-
served magnetar emission characteristics. We consider the burst trigger and emission
models for the smaller recurrent bursts and the giant flares separately, even though
their difference need not be a matter of type, but merely of magnitude.

I. Persistent X-ray emission

The pulsed X-ray emission is understood to consist in thermal emission arising in-
homogeneously from the surface of the hot star (Ts ∼ 4 × 106 K), driven by an
internal heat source (e.g. Thompson & Duncan 1996; Beloborodov & Li 2016). Sub-
sequently, resonant cyclotron scattering (RCS) of the thermal photons on the currents
that thread the magnetosphere, strongly modifies the emergent soft X-ray spectrum
(∼ 0.5 − 10 keV; right plot in Fig. 1.1) (Thompson et al. 2002; Lyutikov & Gavriil
2006; Fernández & Thompson 2007; Nobili et al. 2008a). Since, RCS depends on the
properties of the local magnetic field, that in turn varies throughout the magneto-
sphere, the output spectrum does not display distinct narrow spectral lines at the
resonance frequencies, but instead forms a powerlaw. The powerlaw index depends
on the optical depth of RCS, which is contingent on the charge density in the twisted
magnetosphere. Increasing the latter not only enhances the stars’ spin-down torque,
but also hardens the powerlaw spectrum, which is consistent with the observed anti-
correlation between the photon index and Ṗ .

Several distinct mechanisms have been put forward to describe the hard spec-
tral component of the persistent emission (∼ 20 − 100 keV; right plot in Fig. 1.1).
Thompson & Beloborodov (2005) initially proposed that it may arise due to thermal
Bremsstrahlung from a dense transition layer that is formed after returning currents
bombard the NS surface or due to synchrotron emission high up in the magnetosphere
(∼ 10R∗). The latter originates from energetic pairs that are produced by Comp-
tonized X-ray photons of accelerated positrons. Alternatively, Beloborodov (2013)
proposed a more self-consistent description by modelling the charge dynamics and ra-
diative signature in an evolving locally twisted magnetic flux tube or j-bundle, i.e. the
coronal outflow model (see Fig. 1.10). In the j-bundle pairs are produced abundantly
with large Lorentz factors (γ � 10) and form an outflow. Radiative losses of the
pairs due to resonant scattering cause their Lorentz factor to be reduced considerably
(γ ∼ 1), as they decelerate towards the apex of the j-bundle. The soft component
emission may then be the result of Comptonization of ambient X-ray photons at the
top of the j-bundle, whereas the hard component is due to Compton up-scattering
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Figure 1.10: Schematic representation of the ‘coronal outflow’ model that aims to describe the
(phase-dependent) spectrum of the persistent X-ray/γ-ray emission. The black sphere represents
the NS, from which a twisted magnetic flux loop, or j-bundle, extends into the magnetosphere. The
high-energy photons (blue arrows) originate from interactions of ambient photons with outflows of
energetic pairs (γ � 10), whereas the low-energy photons (red arrows) originate from the surface of
the NS and interactions of ambient photons with decelerated pairs (with γ ∼ 1) at the apex of the
j-bundle. Image from Beloborodov (2013).

of the X-ray photons by the energetic pairs in the outflows. Due to the relativistic
motion of the pairs, the hard component emission will be beamed along the field lines
over an angle ∼ γ−1, causing the spectrum to be phase-dependent, which indeed has
been observed to be the case (Hascoët et al. 2014; An et al. 2015).

II. Recurrent soft γ-ray bursts

Large parts of the physical process that causes the soft recurrent γ-ray bursts re-
main unknown. Various candidate trigger mechanisms have been put forward that
either involve fracturing of the NS crust or explosive magnetic reconnection in the
magnetosphere. In the former scenario, due to the unwinding of twist in the inter-
nal magnetic field, Maxwell stress continuously builds up in the rigid crust until the
tensile strength of the Coulomb lattice is insufficient to balance the imparted Lorentz
forces. It is held that the crust then ruptures, releasing huge amounts of energy
through Alfvén waves (Thompson & Duncan 1995). The magnitude of the energy
release can be estimated by calculating the critical amount of energy the crust can
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withstand before it yields (Lander et al. 2015),

Ecrit � 3× 1044
(

lf
2πR∗

)(
d

Rc

)2(
θcrit
10−3

)
erg, (1.4)

where lf is the estimated length-scale of the rupture, d represents the depth of the
rupture, Rc denotes the thickness of the crust, and θcrit is the critical yield strain,
estimated to be ∼ 10−1, through ion molecular dynamics simulations of Coulomb
solids (Horowitz & Kadau 2009).

Even though Ecrit is sufficient to power the observed recurrent bursts, and even
the intermediate/giant flares, the yield strain however will decrease after multiple
ruptures (Hoffman & Heyl 2012). Moreover, the magnetic field lines that thread the
crust counterbalance any significant displacements through magnetic tension forces
reducing the overall release of energy (Levin & Lyutikov 2012). Additionally, due to
the large hydrostatic pressure in crust a long-lasting void is not able to persist, such
that a brittle fracture cannot occur. Instead, the internal twist may rather be trans-
mitted through plastic deformations into the magnetosphere (Thompson et al. 2002;
Jones 2003). The gradual increase of twist in the external field may eventually lead
to strongly sheared field configurations. These configurations may become unstable
to magnetohydrodynamic (MHD) instabilities and result in magnetospheric explosive
magnetic reconnection (Lyutikov 2003).

Both scenarios cause rapid particle acceleration in a strong and curved magnetic
field, that results in a pair cascade and γ-ray emission (Sturrock et al. 1989). The
emission may get trapped and form a fireball, if the opacity increases due to the
presence of an ablated electron-ion plasma. Accordingly, the emission timescale may
get extended as the fireball gradually evaporates (Thompson & Duncan 1995; Heyl
& Hernquist 2005). Note that the dynamics of the emission process may therefore
not be in a one-to-one correspondence with that of the trigger mechanism (Uzdensky
2011; Hoshino & Lyubarsky 2012). One should keep in mind that the characteristic
emission timescales that we observe, may not be a reliable probe of the timescales that
describe the underlying physical processes of the trigger mechanism – we accentuate
this aspect in Section 2.5.2 of Chapter 2.

The statistical properties, e.g. the powerlaw differential energy distributions and
lognormal waiting time distributions of the recurrent bursts resemble those of systems
of self-organised criticality (SOC; Bak et al. 1987, 1988; Cheng et al. 1996). In such
systems an energy reservoir is gradually accumulated over time by a driving force to-
wards a certain critical state. Once this pivotal threshold is reached, the concentrated
energy is released in a discontinuous manner, and a subsequent build-up of energy
may resume; quintessential examples of such systems are avalanches, earthquakes, and
solar flares (Aschwanden et al. 2014). An important auxiliary quality of SOCs is that
the energy released due to the catastrophic failure of one system, may push other sys-
tems beyond their respective critical thresholds in a chain-reaction like fashion. Note
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Figure 1.11: Snapshots of a simulation of a magnetospheric reconnection event involving a globally
sheared external magnetic field. Note the ejection of a magnetic plasmoid at the right edge of the
middle panel. Image from Parfrey et al. (2013).

that both proposed burst trigger mechanism scenarios, i.e. crustal ruptures and mag-
netospheric reconnection events, can be modelled as cases of SOCs. In Chapter 4, we
examine the characteristics of magnetar (sub)bursts in the context of systems of SOC.

III. Giant flares

Similar trigger mechanisms as for the recurrent bursts have been proposed for the
initial phase of magnetar giant flares. Yet the latter are associated with catas-
trophic events of global proportions. Internally, a large MHD rearrangement in the
liquid core may propagate to the surface on the internal hydrodynamic timescale,
τ intA ∼ R∗/vintA ∼ 0.1 s, and eject an Alfvén pulse into the magnetosphere (Thompson
& Duncan 2001). Alternatively, the crust might rupture in response to the gradual
build-up of stress from underneath (Thompson & Duncan 2001), as we have seen in
the case of the smaller recurrent bursts. We previously found in equation (1.4) that
such a mechanism is likewise able to power the observed energy release of a giant
flare. A complication for any internal trigger mechanism however is to explain the
observed short rise-times of the giant flare spikes (τrise ∼ 0.1 − 1 ms). There exists
an considerable impedance mismatch between the internal and external Alfvén wave
velocities, which delays the transmission of shear waves to the magnetosphere (Link
2014). Moreover, the observed radio afterglow is well explained by the interaction of
a magnetic plasmoid that was ejected from the star with a thin shell of a preexisting
cavity (Granot et al. 2006).

Magnetic reconnection in a sheared magnetic field naturally leads to the ejection
of such a plasmoid (Lyutikov 2006; Parfrey et al. 2013) – see Fig. 1.11. Furthermore,
the growth-time of magnetospheric MHD instabilities, which drive the reconnection
process, develop on timescales of the order of τrise (Komissarov et al. 2007). We
assess the intricacies of a particular magnetospheric reconnection scenario, i.e. the
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1.3 Magnetic reconnection

Figure 1.12: Schematic representation of a magnetically trapped optically thick fireball. The
scattering opacity of X-mode photons is greatly reduced in the presence of a strong magnetic field.
Subsequently, they can leak out at the base of the fireball. Image from Thompson & Duncan (2001).

spontaneous development of the tearing instability in a global current sheet, further
in Chapter 2. We stress however that the onset of reconnection may be caused by
a sudden displacement of the field lines at the surface, due to an internal trigger
mechanism.

The emission of the decaying giant flare tail is thought to originate from a continu-
ously evaporating locally magnetically trapped optically thick leptophotonic fireball,
the boundary of which follows the magnetic field lines, as illustrated in Fig. 1.12.
In strong magnetic field environments B ∼ Bqed, vacuum polarization of the photon
normal modes becomes significant. Two polarization modes can be identified: the
ordinary mode (O-mode), which is polarized parallel to the k-B plane (where k de-
notes the wave propagation vector), and the extraordinary mode (X-mode), which
is polarized perpendicular to the k-B plane (Mészáros 1992; Harding & Lai 2006).
The scattering opacity of the latter mode is greatly reduced by a factor of (ω/ωc,e),
where ωc,e ∝ B is the electron cyclotron frequency, in the presence of a strong mag-
netic field. Subsequently, X-mode photons are able to leak out at the base of the
fireball and account for the observed super-Eddington emission during the afterglow
phase. Due to the intense radiative pressure a relativistic outflow of material persists
throughout the decaying tail, causing the thermal emission to be strongly beamed
and hence resulting in a large pulsed fraction in the observed light curve (Thompson
& Duncan 1995, 2001; van Putten et al. 2016).

1.3 Magnetic reconnection

Free energy in a strongly sheared magnetic field configuration may be released through
a sudden global rearrangement of the magnetic field topology towards a lower (meta-)
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stable energy state. Such a rearrangement, denoted as magnetic reconnection, involves
the local diffusion of magnetic field lines through the ambient plasma, thereby modi-
fying the connectivity of the plasma elements. In the process, the released energy is
converted into heat, bulk kinetic energy, and particle acceleration (Priest & Forbes
2000). As we have seen in the previous sections, magnetic reconnection may play a
crucial role in understanding the magnetar burst trigger mechanisms and associated
emission. Accordingly we provide a concise review of this phenomenon and how it
relates to the trigger of magnetar giant flares.

Magnetic reconnection has been studied extensively in solar flares and coronal
mass ejections from the Sun, and in magnetospheric substorms, that result from
interactions between the Earth’s magnetosphere and the solar wind. It has also been
investigated on a smaller scale in laboratory experiments and plasma confinement
devices that facilitate thermonuclear fusion, like the tokamak, spheromak, reversed
field pinch (RFP), or field-reversed configuration (FRC; e.g. Zweibel & Yamada 2009,
and references therein). Beyond the solar system, it has been used to describe many
idiosyncratic astrophysical phenomena, e.g. in flare stars, accretion-disc coronae,
magnetically linked star-disc systems in young stellar objects (YSOs) and compact X-
ray binaries (XRBs), the interstellar medium (ISM) striped pulsar winds, accelerator
engines of black-hole jets, highly variable active galactic nuclei (AGN), and cosmic
γ-ray bursts (GRBs; e.g. Uzdensky 2011, and references therein).

The evolution of a magnetic field is described by the induction equation,

∂B

∂t
= ∇× (v ×B) + η∇2B, (1.5)

where v represents the plasma velocity and η ≡ c2/(4πσ) denotes the magnetic dif-
fusivity or plasma resistivity, which is inversely proportional to the conductivity of
the plasma, given by σ. The first and second term on the r.h.s. represent the evo-
lution of the magnetic field due to advection and diffusion, respectively. In general,
astrophysical plasmas are very conductive, i.e. η → 0, such that in most cases the
advective term dominates and field lines are frozen-in the plasma. However, in the
presence of large gradients, e.g. in strongly sheared magnetic field configurations, the
diffusive term becomes significant and magnetic flux conservation breaks down, i.e.
the magnetic field lines are allowed to move separately from the plasma.

1.3.1 Steady-state reconnection

Sweet-Parker reconnection, comprises the first formal steady state and incompressible
magnetic reconnection model (Parker 1957; Sweet 1958) for which the reconnection
rate vrec was determined and compared to observations of solar flares that exhibit
impulsive emission timescales of ∼ 102 − 104 s (Shibata & Magara 2011). A diffusion
region or current sheet forms along the separatrix, at the center of a sheared magnetic
field configuration, with a length 2L and thickness 2δ (Fig. 1.13). Field lines on
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1.3 Magnetic reconnection

Figure 1.13: Schematic representations of magnetic reconnection configurations. Images adjusted
from Zweibel & Yamada (2009). Left: The Sweet-Parker reconnection is given by two oppositely
directed magnetic field domains (of which the field lines are denoted as the blue arrows) that are
separated by a thin current sheet or diffusion region (magenta rectangle). The length and width
of the current sheet is 2L and 2δ, respectively. Magnetic field lines are advected in at the top and
bottom of the current sheet, proceed to reconnect inside (as they can diffuse through the plasma), and
are subsequently ejected to the sides of the current sheet in opposite directions. Right: Petschek’s
mechanism makes use of four standing slow magneto-acoustic shocks (thick blue lines), that extend
out from the corners of the central current sheet or x-point (magenta box), and cause large amounts
of flow to circumvent the diffusion region. Only a fraction of the field lines (blue arrows) reconnects
at the x-point.

opposite sides of the separatrix are advected into the current sheet where they proceed
to diffuse through the plasma and subsequently reconnect. The strong magnetic
tension forces in the newly formed field lines result in a powerful outflow in opposite
directions, perpendicular to the inflow. The Sweet-Parker reconnection rate is given
by

vSP = vAS−1/2 (1.6)

where S ≡ LvA/η is the Lundquist number (i.e. the magnetic Reynolds number).
For typical values of solar flares L ∼ 109 cm and S ∼ 1014, resulting in a τSP ∼
L/vSP ∼ 109 s, which is much too large to account for the observed impulsive emission
timescales. The challenge has been to formulate a mechanism constitutes that fast
magnetic reconnection.

The dilemma with Sweet-Parker reconnection is that on the one hand its rate
is inversely proportional to the thickness of the current sheet, such that one would
prefer a thin diffusion layer, yet on the other hand, due to mass conservation, the
exhausts for the outflow should be large enough to eject the inflowing plasma, which
then favours a larger current sheet thickness. The Petschek mechanism solves this
problem by making use of four standing slow magneto-acoustic shocks to divert large
amounts of the plasma flow away from the central diffusion region, i.e. the x-point,
where only a small fraction of the global field proceeds to reconnect (Petschek 1964)
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Figure 1.14: Snapshot of a simulation of reconnection involving the development of the tearing
instability. The white arrows denote the perturbed magnetic field lines. The regions of higher
densities coincide with the magnetic islands (or current loop filaments) and the areas in between
represent the x-points, where the field lines reconnect. Image adjusted from (Sironi & Spitkovsky
2014).

– see Fig. 1.13. The reconnection rate is then

vrec � vSP
S1/2

lnS , (1.7)

which for S � 1 amounts to a considerable decrease of the reconnection timescale. It
was later discovered however that in resistive MHD with uniform resistivity, Petschek’s
configuration inevitably collapses back into Sweet-Parker reconnection. It was found
that a source of localised anomalous resistivity (e.g. due to micro-turbulence) is
required for the configuration to persist (Biskamp 1984, 2000).

1.3.2 The tearing instability

In a non-steady framework, magnetic reconnection can occur through the develop-
ment of a resistive instability in a sheared magnetic field configuration, such as the
tearing instability (Furth et al. 1963). In this case so-called tearing modes, i.e. small
perturbations of the magnetic field near the separatrix, will continue to grow at an
exponential rate. In the process they generate many local x-points that in turn pro-
ceed to reconnect the field lines. Consequently, the current sheet eventually becomes
subdivided into many separate current filaments or magnetic islands – see Fig. 1.14.
The reconnection timescale in the initial phases of the tearing instability is then given
by the growth time of the linear tearing mode, which for (non-) relativistic plasmas
is given by,

τtm = (τAτη)
1/2, (1.8)

where here the Alfvén timescale τA = δ/vA is defined in terms of the half-thickness
of the current sheet δ, and τη = δ2/η represents the resistive diffusion timescale.
Note that in a relativistic context, we can obtain the linear growth time by simply
setting vA → c. Spontaneous tearing occurs when τtm < L/vA, which states that
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(a)

(b)

(d)

(c)

Figure 1.15: Snapshots of a simulation of the plasmoid instability. A perturbation of the field lines
with λd 	 L results in the initial reconnection of the field lines and formation of several magnetic
islands. The islands proceed to coalesce due to mutual attraction forces. As they merge, they cause
further current sheet thinning in their wake, subsequent secondary reconnection, and further island
formation. Image from Huang et al. (2017).

the growth of the mode is required to take less time, than for it to exit the system.
The wavelength will then be λ � λmax ∼ L, since compared to modes with smaller
wavelengths, these are less affected by restoring magnetic tension forces. In Chapter
2, we are able to put constraints on the reconnection geometry, by assuming that
the onset of a giant flare is triggered by the spontaneous development of the tearing
instability in a globally sheared magnetospheric magnetic field.

The size of the magnetic islands continues to increase until it becomes comparable
to the dimension of the region where the resistive diffusion of field lines dominates over
advection. At this stage the tearing instability saturates and the reconnection rate
drops significantly (Rutherford 1973). For reconnection to remain fast, the plasmoid
instability needs to commence before the current sheet saturates. The plasmoid in-
stability relies on the attractive Lorentz force between magnetic islands, which consti-
tute aligned current concentrations in the direction perpendicular to the reconnection
plane. Approaching islands coalesce and generate thin current sheets in their wake,
which in turn promptly become unstable to further tearing and subsequent island
growth (Uzdensky et al. 2010). For the plasmoid instability to occur however, one
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1 Introduction

requires that the initial perturbation has a wavelength � λmax (Uzdensky & Loureiro
2016), which entails that the onset cannot ensue spontaneously, but instead must be
driven by an external force. In the case of magnetar giant flares an external force
may consist of a sudden displacement of the magnetic footpoints due to an internal
trigger. Snapshots of a simulation of the plasmoid instability are shown in Fig. 1.15.

1.4 High-energy radiation processes

In studying the trigger mechanisms of magnetar bursts, (for now) we rely entirely
on the information we receive from the produced high-energy emission. Properly
understanding the emission processes involved is therefore crucial. In Chapter 3, we
aim to model the observed high-energy emission that was observed in the aftermath
of the 2004 December 27 giant flare from SGR 1806–20, in order to put constraints
on the underlying burst mechanism. We focus on two distinct emission processes,
i.e. synchrotron radiation and inverse Compton emission, that eventually result in
different output photon energy spectra.

1.4.1 Synchrotron radiation

The (relativistic) dynamics of a charged particle of mass m and charge q propagating
through a uniform magnetic field B (and neglecting the presence of external forces
e.g. gravity) will be determined by the Lorentz force acting on the particle,

∂τ (mUμ) = Fμ, (1.9)

which, in the absence of an electric field, translates into the following set of equations

d(γmc2)

dt
= 0, (1.10)

d(γmv)

dt
=

q

c
v ×B, (1.11)

where γ represents the Lorentz factor of the charged particle (Rybicki & Lightman
1986). Consequently, we find that the kinetic energy of the particle is conserved,
which means that the magnitude of its velocity |v| remains constant. We define the
velocity components parallel v‖ and perpendicular v⊥ to B, such that we can write

γm
dv‖
dt

= γma‖ = 0, (1.12)

γm
dv⊥
dt

= γma⊥ =
q

c
v⊥ ×B. (1.13)

Accordingly, we find that the particle’s acceleration is perpendicular to its velocity,
such that it describes a circular motion in the plane perpendicular to B. With v‖ 
= 0
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1.4 High-energy radiation processes

Figure 1.16: Synchrotron emission from a relativistic particle propagating in the presence of a
uniform magnetic field B. Due to relativistic beaming of the particle’s emission into a cone of
θ ∼ 1/γ, the observer will only receive radiation emitted for a small fraction of the particle’s entire
rotation ∼ Δφ/(2πρ). Image adjusted from Rybicki & Lightman (1986).

the particle follows a helical trajectory with a gyration frequency of

ωsyn =
qB

γmc
. (1.14)

The rate of energy loss of a charged and accelerating relativistic particle is given by
the Larmor formula,

P =
2q2

3c3
γ4
(
|a⊥|+ γ2a2‖

)
, (1.15)

where in the case of synchrotron radiation a‖ = 0 and |a⊥| = ωsyn|v⊥| = ωsync|β⊥|.
If we consider an isotropic velocity distribution relative to B for the charged particles,
we have 〈β2

⊥〉 = 2β2/3. Therefore we may eventually infer,

Psyn =
4

3
σTcβ

2γ2uB , (1.16)

where σT represents the Thomson cross section and uB = B2/(8π) denotes the am-
bient magnetic energy density.

As the particle gyrates, we observe a time-dependent electric field. Contrary to
the non-relativistic case however, the rate of change of the electric field is not simply
given by the rotation frequency of the particle. Due to the relativistic velocity of
the particle, the radiated emission is beamed in its direction of motion into a narrow
cone with opening angle θ ∼ 1/γ. Accordingly, an observer at infinity will observe a
narrowly pulsed signature, since they see the emission only for a small fraction of the
particle’s entire rotation ∼ Δφ/(2πρ), where ρ represents the gyroradius. This effect
is illustrated in Fig. 1.16. By inferring the shape of the time-dependent electric field
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1 Introduction

Esyn(t), one can derive the power per unit frequency emitted by a highly relativistic
(β → 1) particle to be,

P (ω) =

√
3

2π

q3B sinα

mc2
F

(
ω

ω∗syn

)
, (1.17)

where the first synchrotron function is defined in terms of the modified Bessel function
of the second kind Kn(z), as

F (x) ≡ x

∫ ∞
x

K 5
3
(z)dz. (1.18)

We find that the spectrum peaks at (ω/ω∗syn) ∼ 0.29, where the critical frequency is
given by

ω∗syn =
3

2
γ3ωsyn sinα. (1.19)

Up to now we have neglected the effect of radiative back-reaction, i.e. any sig-
nificant recoil the charged particle experiences each time it emits a photon. If the
magnetic field in the rest frame of the charged particle however becomes comparable
to the quantum critical limit,

γB

Bqed
∼ 1 (1.20)

the emission must be treated quantummechanically. The emission process becomes
discrete and stochastic, whereby the energy of the emitted photon approaches that of
the charged particle, which suffers considerable energy losses (Shen 1972). Therefore,
one will observe a cut-off in the synchrotron spectrum at the frequency

ωco
syn � γcomc2

�
= γ3

coωsyn =
m2c4

γco�2ωsyn
, (1.21)

with a corresponding cut-off energy γco of the charged particle. We use this feature
in estimating the cut-off energy of the observed high-energy spectrum from a giant
flare in Chapter 3, assuming that the emission consists in synchrotron radiation from
shock accelerated pairs.

1.4.2 Inverse Compton emission

The scattering interaction of a unpolarised photon with a charged particle is described
by Compton scattering. The process can be described classically, if the energy of the
incident photon ε0 is considerably smaller than the rest energy of the charged particle,
i.e. ε0 � mc2; this is known as the Thomson regime. The energy of the scattered
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1.4 High-energy radiation processes

photon ε1 remains roughly equal upon scattering, i.e. ε0 ∼ ε1 and the differential
scattering cross section is given by

dσT

dΩ
=

r2e
2

(
1 + cos2 Θ

)
, (1.22)

where re ≡ e2/(mc2) is the classical electron radius, with e the elementary electric
charge, and Θ denotes the angle between the incident and outgoing photon.

If the kinetic energy of a moving charge is comparable to the energy of an incident
photon, the energy of the outgoing photon may be increased through the process of
inverse Compton scattering. We can study the scattering process best in the rest-
frame of the charged particle (denoted by primed quantities). If in the rest frame we
have ε′0 � mc2, we are still permitted to use the above expressions to describe the
scattering process.

In the case of relativistic particles, the energy of the incident photon can be in-
creased by a factor γ2. Moreover, the radiation will be beamed, within a cone with
opening angle ∼ γ−1, in the propagation direction of the particle. Therefore, an
observer at infinity will only detect photons scattered by particles moving into the
line-of-sight. If the incident angle of the photons is periodic, then the observed photon
energy spectrum will be periodic as well. We examine this feature in more detail in
Chapter 3, where we put constraints on anisotropic inverse Compton as a model for
the observed (unpulsed) high-energy emission of giant flares.

The scattering process needs to be treated in a quantum mechanical framework,
when in the rest frame of the charged particle ε′0 ∼ mc2. We need to consider the
fact that the photon carries momentum and that the electron will experience recoil
due to the interaction. In the particle rest frame, the outgoing photon energy is then
given by

ε′1 =
ε′0

1 +
ε′0
mc2 (1− cosΘ′)

, (1.23)

which causes the energy of the outgoing photon to be reduced in most cases. Fur-
thermore, the differential cross section in QED is given by the Klein-Nishina (K-N)
relation,

dσK−N

dΩ
=

r2e
2

(
ε′1
ε′0

)2(
ε′1
ε′0

+
ε′0
ε′1

− sin2 Θ′
)
, (1.24)

which decreases the cross section compared to its classical analogue, i.e. for large
photon energies inverse Compton scattering becomes much less effective, limiting the
maximum attainable photon energy through this process. Eventually, this results in
a cut-off energy in the observed inverse Compton energy spectrum.
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1 Introduction

1.5 Summary: thesis outline

In this thesis we aim to constrain various magnetar burst trigger and emission mech-
anisms, by developing theoretical models and comparing their predictions with obser-
vations.

In Chapter 2, we assess the spontaneous development of the linear tearing insta-
bility in a globally sheared magnetic field as the trigger mechanism for magnetar
giant flares. In order to do so, we infer the growth time of the tearing mode in a
relativistic magnetosphere and compare this to the observed time-scales of the initial
phase of a giant flare. We are further constrained by the output energy of the latter
and inferred dipole magnetic field strength of the source. Accordingly, we are able to
estimate the dimensions of the reconnection region, under the assumption that the
rise-time of the giant flare is directly related to the growth time of the instability.

In Chapter 3, we investigate an emission model that was proposed to describe the
high-energy emission (> 250 keV) that was observed shortly after the initial hard
γ-ray spike of the giant flare from SGR 1806–20. It was held that a highly extended
corona consisting of relativistic pairs would upscatter and isotropise a fraction of the
low-energy photons that in turn constitute the pulsating afterglow. This picture was
conjectured to be consistent with the lack of apparent pulsations in the high-energy
component. We verify that the high-energy data are consistent with not being pulsed,
yet infer however that the Compton scattering of the low-energy photons does not
isotropise the emission. Moreover, we show that the presence of such an energetic and
highly extended pair corona is unlikely. We suggest an alternative model, where the
high-energy emission is the result of synchrotron radiation from particles accelerated
in a shock generated by the collision of a reconnection exhaust with the outflow from
the stellar surface.

In Chapter 4, we discuss the results from the data analysis procedure done by Hup-
penkothen et al. (2015). They successfully modelled a large sample of magnetar bursts
as superpositions of simple spike-like features, where the number of such features per
burst is itself a parameter of the inference problem. As a result, they obtained pos-
terior distributions of the model parameters, from which they were able to construct
differential distributions of certain quantities and examine possible correlations be-
tween model parameters. We subsequently compare the data to the predictions of
SOC systems and correlations between crucial physical quantities based on distinct
burst trigger mechanisms.

In Chapter 5, we assess the conditions under which a burst phase-dependence would
be detectable, if the emission originates from a localised burst region on the surface of
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1.5 Summary: thesis outline

the star. We construct a simple theoretical model, which takes into account the geom-
etry of the system, relativistic light bending effects, and the intrinsic burst properties.
We subsequently generate sequences of phase dependent bursts for which we control
the input parameters, and study the output phase distributions of the burst parame-
ters. Accordingly, we are able to investigate the detectability of a phase-dependence
and find that for certain conditions strongly phase-dependent emission may in fact
go undetected. Furthermore, we stress that for particular configurations a minimum
number of bursts is required to rule out the presence of a phase-dependence.
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2
The impulsive phase of magnetar giant flares:

assessing linear tearing as the trigger mechanism

C. Elenbaas, A.L. Watts, R. Turolla, & J.S. Heyl

Monthly Notices of the Royal Astronomical Society, 2016, 456, 3282

Abstract

Giant γ-ray flares comprise the most extreme radiation events observed from magnetars.
Developing on (sub)millisecond time-scales and generating vast amounts of energy within
a fraction of a second, the initial phase of these extraordinary bursts presents a significant
challenge for candidate trigger mechanisms. Here we assess and critically analyse the linear
growth of the relativistic tearing instability in a globally twisted magnetosphere as the trigger
mechanism for giant γ-ray flares. Our main constraints are given by the observed emission
time-scales, the energy output of the giant flare spike, and inferred dipolar magnetic field
strengths. We find that the minimum growth time of the linear mode is comparable to the e-
folding rise time, i.e. ∼ 10−1 ms. With this result we constrain basic geometric parameters of
the current sheet. We also discuss the validity of the presumption that the e-folding emission
time-scale may be equated with the growth time of an magnetohydrodynamic instability.
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2 The impulsive phase of magnetar giant flares

2.1 Introduction

Magnetars are neutron stars (NSs) whose output power is dominated by the decay
of an ultra-strong magnetic field (often exceeding the quantum critical field, Bqed ≡
m2

ec
3/(e�) � 4.41×1013 G) (Thompson & Duncan 1995, e.g. Mereghetti 2008; Turolla

et al. 2015). The transient emission properties of such sources include comparatively
minor recurrent soft γ-ray bursts (E � 1042 erg) and sporadic giant γ-ray flares
(E ∼ 1044 − 1046 erg)1. At present, three giant flares have been observed from
independent sources and their lightcurves exhibit remarkably similar characteristics
(see Fig. 2.2 in Section 2.2). Giant flares are typically composed of an explosive initial
hard γ-ray spike (kBTspec ∼ 175−250 keV) that develops within (sub)milliseconds and
lasts a mere fraction of a second (∼ 0.15 − 0.5 s), and a quasi-exponentially abating
X-ray tail (∼ 20 − 30 keV) that persists for minutes, with superimposed pulsations
(see e.g. Mazets et al. 1979; Fenimore et al. 1996; Hurley et al. 1999; Feroci et al.
2001; Palmer et al. 2005) .

The emission of the decaying tail is argued to be the result of a continuously
evaporating and locally magnetically trapped thermal photon-pair fireball. Beamed
emission from this moves in and out the line of sight, due to the rotation of the
underlying NS (Thompson & Duncan 1995). The physical process behind the onset,
the trigger mechanism, that would clarify the impulsive phase of these energetic flares,
remains however a topic of great debate. Here we will discuss one such mechanism,
spontaneous tearing of a globally extended equatorial current sheet, in more detail.
Typical emission time-scales of the observed giant flares play a critical role in resolving
this dispute.

2.1.1 Giant flare trigger mechanisms

In this section we briefly explore the various magnetar giant flare trigger mechanisms
that have been proposed. We begin with the setup of the system prior to the ex-
plosive event and proceed with the triggers, subdivided into internal and external
mechanisms.

Setup: magnetic field formation and evolution

The origin of the strong magnetic field is a non-trivial affair. Duncan & Thomp-
son (1992) have argued that during the transient phase of extensive neutrino cooling
moments after gravitational collapse of the progenitor star, entropy-driven convec-
tion and differential rotation inside a rapidly spinning (initial spin period: Ω−1

0 ∼ 1

ms) proto-NS may sustain an efficient α-Ω dynamo which could generate an internal
magnetic field up to ∼ 1017 G. Alternatively, the massive progenitor may already

1Energy discharge estimates assume an isotropic release of radiation.
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2.1 Introduction

accommodate a sizeable magnetic field. An ultra-strong field is consequently formed
via straightforward flux conservation of the fossil field during implosion (Ferrario &
Wickramasinghe 2006).

The dynamical time-scale of the newly formed ultra-strong field is only seconds
or less, and the crystallization of the outer layer does not set in for another couple
of minutes to hours. This allows the field to evolve readily towards a (meta-)stable
magneto-hydrodynamic (MHD) equilibrium configuration, likely consisting of a com-
bination of a poloidal- and toroidal component, before its further evolution is con-
strained by the presence of a highly conductive solid crust (Flowers & Ruderman
1977; Braithwaite & Spruit 2006). The problem of magnetic-field stability, and the
respective strengths of the two field components have been studied by e.g. Braith-
waite (2009), Lander & Jones (2012), and Ciolfi & Rezzolla (2013). No consensus has
been reached on these matters yet, and further investigations including the effects of
superconductivity (Henriksson & Wasserman 2013; Lander 2014) and the NS crust
(Gourgouliatos & Cumming 2014) are required to advance the issue. Subsequent evo-
lution of the strongly twisted field is then determined by ambipolar diffusion, Ohmic
decay, and (non-diffusive) Hall drift which occur throughout the interior of the NS
(crust and core) and operate on much longer time-scales � 104 yr (Thompson &
Duncan 1996; Heyl & Kulkarni 1998). The conductive crust either severely resists
the imparted motion of the frozen-in magnetic flux tubes such that Maxwell stress
builds up continuously in the system or allows for a constrained transport of magnetic
helicity into the magnetosphere, which in turn may develop into a sheared configu-
ration. A reservoir of energy grows (internally or externally) until a certain critical
threshold is reached, suddenly releasing the energy in an explosive manner through
e.g. a crustal failure or MHD instability of the magnetic field.

Internal trigger

Motivated by the duration of the impulsive phase (∼ 0.1−1 s), Thompson & Duncan
(1995) initially proposed an internal trigger mechanism whereby a large-scale inter-
change instability, i.e. a global MHD rearrangement, would take place in the liquid
core of the NS and propagate outward on a dynamical time-scale, equal to the internal
Alfvén crossing time,

τ intA =
R∗
vintA

∼ 0.1 s, (2.1)

where R∗ ∼ 106 cm is the typical radius of an NS and vintA ∼ 107 Bint
15 cm s−1 is the

core Alfvén speed for a density ∼ 1015 g cm−3 with the core magnetic field strength
given by Bint ≡ Bint

15 × 1015 G. This results in a sudden global displacement of the
magnetic footpoints on the surface of the star injecting an ‘Alfvén pulse’ into the
magnetosphere, which subsequently induces a relativistic outflow of plasma. The
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2 The impulsive phase of magnetar giant flares

Figure 2.1: 2D cut-through of the globally sheared magnetic field containing an equatorial current
sheet. Continuous current injections into the magnetosphere gradually increase the magnetic helicity
of the external field. This in turn may evolve continuously towards a Y-type neutral line configura-
tion, such that a narrow current sheet is formed. Reconnection through spontaneous tearing of the
current sheet results in magnetic field dissipation and the ejection of a relativistic magnetic plasmoid.
The dimensions of the current sheet have been labelled (current sheet length Ly and thickness 2δ)
and the height of the base of the reconnection region with respect to the centre of the NS is given
by rrec. The velocities vrec and vA are the inward reconnection and outward (Alfvénic) bulk plasma
velocity, respectively.

(sub)millisecond rise of the giant flare lightcurve is, they argue, the signature of a
reconnection front in the magnetosphere leading the relativistic outflow, which in
turn develops on the external Alfvén crossing time,

τ extA =
R∗
vextA

∼ 3× 10−2 ms, (2.2)

where vextA ∼ c is the magnetospheric Alfvén speed. Therefore, even though we
initially observe the emission from the reconnection front, the trigger nevertheless is
given by the onset of the internal instability2.

A second trigger mechanism introduced by Thompson & Duncan (2001) involves
the force balance between the rigidity of the elastic NS crust and vast magnetic
shear-stress, imparted through the anchored magnetic field lines3. Ultimately, the
tension of the strongly twisted magnetic field in the crust will become the dominant
force and drive the crustal lattice beyond its critical straining threshold θcrit. As the
crust yields, the suppressed magnetic energy is allegedly liberated abruptly through a
propagating fracture – analogous to an earthquake – producing seismic modes, which
in turn couple to magnetospheric Alfvén modes via the pinned magnetic field lines
(Blaes et al. 1989).

2See also the discussion in Link (2014) on the feasibility of such an internal MHD instability
mechanism.

3This mechanism was discussed earlier by Thompson & Duncan (1995) in explaining the physical
process behind the less energetic recurrent soft γ-ray bursts from magnetars.
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Thompson & Duncan (2001) note however that the storage capacity of elastic
energy in the crust

Emax
elastic ∼ 1.7× 1043

(
θcrit
10−2

)2

erg, (2.3)

which depends on its critical yield strain, is insufficient to explain the observed output
power of a giant flare (E � 1044 erg). Accordingly, they argued that the crust merely
functions as a gate that assists in the storage and discharge of the internal magnetic
energy, rather than as the main energy reservoir. It is important to remark however
that they assumed conservatively θcrit � 10−2, yet this value has since been revised by
Horowitz & Kadau (2009) through molecular dynamics simulations to be θcrit ∼ 0.1

(this value has been independently reproduced by Hoffman & Heyl 2012). With
this we obtain Emax

elastic ∼ 1045 erg (see equation 2.3), which is comparable to the total
energy output of the giant flares. Note however that the value for the critical breaking
strain decreases significantly, due to defects induced in the crust after the first time
it yields (Hoffman & Heyl 2012). Nonetheless, Lander et al. (2015) argue that even a
moderate breaking strain of ∼ 0.065 and a fracture extending to the base of the crust
can power the most energetic giant flare to date.

Due to the large hydrostatic pressure in the NS crust Pcrust in comparison to
the shear modulus μ, i.e. Pcrust � μ, it is impossible to create a long-lived void
necessary for a brittle fracture to occur (Jones 2003), regardless of the magnitude
of the imparted Maxwell stress. When the crust yields it does not crack, yet rather
undergoes a gradual plastic deformation in response to the imparted Lorentz forces,
whereby internal currents and associated magnetic helicity are transported outwards
into the less conductive magnetosphere (Thompson et al. 2002).

Levin & Lyutikov (2012) argue that the presence of a strong magnetic field rein-
forces the crust, which might strongly impede the formation of a propagating fracture
or global slip, altogether. Only under certain specific conditions, where the magnetic
flux surface is oriented almost perfectly perpendicular to the direction of shear (within
10−3 rad), can enough energy be released through a propagating fracture to explain
the observed emission.

An important challenge for trigger mechanisms that manifest internally, either a
core MHD instability or crustal failure, is the significant impedance mismatch between
the internal and external Alfvén velocities (Link 2014). As a result, magnetic energy
that dissipates through shear waves cannot be transmitted to the magnetosphere fast
enough to explain the (sub)millisecond rise of the initial transient phase of the giant
flare. Instead, shear waves get reflected numerous times prior to leaving the stellar
interior, extending the outward transmission time considerably.
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2 The impulsive phase of magnetar giant flares

External trigger

The aforementioned issues with internal triggers have led to the notion that prior to a
giant flare the magnetic energy might be stored in the magnetosphere, rather than in
the interior of the NS. Thompson et al. (2002) argue that the tightly wound internal
magnetic field induces a strong current that in turn closes through a thin surface
layer. This local surface layer will experience a Lorentz force, which causes the crust
to rotate plastically. Anchored magnetic field lines are dragged along with the gyrating
motion and a twist is gradually imparted to the external magnetic field. The twist
supporting currents can be composed of charges stripped from the NS surface or –
more likely – of pair creation in the magnetosphere (Beloborodov & Thompson 2007).
Subsequently, the non-potential external field reacts to the new boundary conditions
and evolves through a series of quasi-equilibria, continuously twisting the external
field either locally (Huang & Yu 2014a,b; Beloborodov 2009) or globally (Thompson
et al. 2002).

A local increase of helicity leads to the formation of a helically twisted flux rope
embedded in the magnetar magnetosphere, whereby the impulsive phase of the giant
flare is associated with an abrupt loss of equilibrium and subsequent catastrophic
destabilization of the flux rope, analogous to the dynamics of coronal mass ejections
(Masada et al. 2010; Yu 2012; Yu & Huang 2013; Huang & Yu 2014a,b). Alternatively,
a global accumulation of twist may cause the external field to eventually expand out-
wards, becoming increasingly radial, and admitting a cusp-shaped or Y-type neutral
line topology, characterized by a narrow equatorial current sheet where the magnetic
shear is most significant (Mikic & Linker 1994; Wolfson 1995; Parfrey et al. 2013). In
this narrow yet extended neutral layer, the gradients become significant and the MHD
approximation breaks down allowing for the field lines to diffuse through the plasma.
The onset of the flare is then given by an explosive reconnection event, which may
roughly develop on the external Alfvén crossing time τ extA ∼ 10−2 ms (equation 2.2)
(Thompson & Duncan 1995), and the expulsion of a relativistic plasmoid. In this
paper we investigate specifically the reconnection process in the latter configuration
– illustrated in Fig. 2.1.

Both magnetospheric models provide a mechanism for slow build up of an energy
reservoir over tens of years caused by the ambipolar diffusion of the internal magnetic
field and its subsequent rapid conversion into bulk kinetic energy, particle accelera-
tion, and radiation (� milliseconds). Observed spectral hardening (softening) and an
increase (decrease) in spin down in the pre (post) giant flare stage of SGR 1900+14
and SGR 1806–20 (Woods et al. 1999, 2001; Mereghetti et al. 2005b; Rea et al. 2005)
are consistent with an increase (decrease) of twist and charge density in the exter-
nal field (Thompson et al. 2002; Lyutikov 2006). Moreover, a considerable reduction
in harmonic content of the pulse profile of SGR 1900+14 during and following the
giant flare suggests a burst mechanism which reduced the twist of the external field
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2.1 Introduction

significantly (Woods et al. 2001).
Distinct reconnection models have been introduced to describe the initial tran-

sient phase of the observed giant flares. Lyutikov (2003, 2006) and Komissarov et al.
(2007) suggest the development of the tearing instability in a relativistic force-free
current sheet as the trigger mechanism. They argue that the minimum growth time
of the linear tearing mode accords with the (sub)millisecond rise (to peak) of the
giant flares. Alternatively, Gill & Heyl (2010) propose a fast reconnection model that
relies on collisionless Hall reconnection (τHall

rec ∼ 0.3 ms) and ascribes a crucial role
to the soft precursors (� 1041 erg, kBT < 50 keV) that have been observed before
the last two giant flares4. These precursors facilitate the conditions for collisionless
Hall reconnection by introducing a baryon contaminant in the pair dominated mag-
netosphere, since the former process relies on the Hall effect which in turn requires a
non-mass-symmetric plasma composition to operate.

In this paper we focus on magnetospheric giant flare trigger mechanisms. In par-
ticular we critically analyse the most discussed candidate reconnection mechanism,
i.e. impulsive reconnection through the spontaneous development of the tearing in-
stability in a globally sheared external field.5 We revise the tearing mode growth time
as applied to magnetar magnetospheres by Lyutikov (2003) and expand on the rec-
tified result. Characteristic time-scales appearing in the giant flare light curves have
hereby provided necessary constraints. Furthermore, we provide order-of-magnitude
estimates related to the geometry of the reconnection region and discuss the validity
of basic assumptions regarding this trigger mechanism.

In Section 2.2, we review typical time-scales of the observed giant flare emission
and additional relevant data of the phenomena involved. In Section, 2.3 we summa-
rize previous works on the dynamics behind the relativistic tearing instability and
the general expression for its minimum growth time. Subsequently, we show that a
revised version of the tearing mode growth time for magnetar magnetospheres can in
principle explain the (sub)millisecond rise times of giant flares under certain condi-
tions, pertaining to the geometry of the reconnection region. In Section 2.4, using

4 Any precursor of the 1979 March 5 flare would have gone by unnoticed due to the lack of
detectors operational at the time with sensitivities below ∼ 50 keV.

5Recent particle-in-cell (PIC) simulations that describe relativistic reconnection in pair plasmas
demonstrate the growth of the drift-kink (DK) instability perpendicular to the plane of reconnection
through tearing (Zenitani & Hoshino 2007). For certain initial equilibrium configurations, the DK
instability dominates over the tearing instability at first and consequently impedes efficient recon-
nection, thermalizes the particles, and broadens the current sheet. However, it is also shown that
efficient reconnection leading to significant particle acceleration will occur at a later stage, when the
tearing mode regains dominance (Sironi & Spitkovsky 2014). Moreover, it is found that the DK
instability is quenched in the presence of a finite guide field, such that the dynamics of the sheet
is dictated by the development of the tearing instability at all stages (Zenitani & Hoshino 2008;
Kagan et al. 2013; Cerutti et al. 2014). The Bφ component of the globally twisted magnetic field
surrounding the NS may act as a guide field in the case of an equatorial current sheet.
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2 The impulsive phase of magnetar giant flares

straightforward theoretical models that rely on the tearing mode time-scale, we con-
strain the height of the reconnection region and thickness of the current sheet in
which the tearing mode develops. In Section 2.5, we discuss the relations between the
MHD growth time and the radiative time-scale, which is directly connected with the
observed light curve. Throughout the paper we adopt a Gaussian-cgs unit system in
our calculations.

2.2 Emission time-scales

Currently, three magnetars have produced a giant γ-ray flare. In chronological order,
they are the 1979 March 5 flare from SGR 0526–66 (Mazets et al. 1979), the 1998
August 27 flare from SGR 1900+14 (Hurley et al. 1999), and the 2004 December 27
flare from SGR 1806–20 (Palmer et al. 2005). The energy in radiation emitted during
the decaying tail was roughly equal for the three giant flares (Etail ∼ 1044 erg),
indicating that the strength of the confining magnetospheric field, which traps the
photon-pair fireball, is roughly similar for the three sources since the energy storage
capacity of the field is related to its strength (Mereghetti 2008). The inferred surface
dipole magnetic field strengths Bs of the sources are given in Table 2.1. The released
photon energy during the initial spike was however considerably larger for the most
recent giant flare (Espike ∼ 1046 erg), as compared to the first two (Espike ∼ 1044 erg).

Considering the fact that the duration of the hard spike is roughly three orders
of magnitude less than the soft tail, it is rather astonishing that the photon energy
output of the hard spike is approximately equal to or even much greater than the
energy released during the decay of the soft tail. The conversion of such a vast amount
of stored magnetic energy into high energy radiation in a considerably limited window
of time, requires an extraordinary trigger mechanism indeed, which accordingly may
be constrained by the observed photon flux and associated sub(milli)second rise time.
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2 The impulsive phase of magnetar giant flares

2.2.1 Time-scale definitions

In studying the initial spectrally hard phase of the giant flare lightcurve, the fol-
lowing characteristic emission time-scales may be defined6 (see Fig. 2.2). The e-
folding rise time τe describes the exponential rise of the spike out from the continuum
([fγ ∝ exp(t/τe)], where fγ represents the photon flux). This emission time-scale
constrains the explosive capability of the trigger mechanism, i.e. the physical process
that generates the observed radiation is necessarily required to advance on this time-
scale. The peak time τpeak ≡ |tpeak − t0| denotes the time between the onset of the
spike t0 and the moment tpeak when the spike photon flux peaks [fmax

γ (tpeak)] and the
spike time τspike ≡ |t∗ − t0| represents the duration of the spike, i.e. the timespan of
the spectrally hard phase of the giant flare lightcurve, where t∗ indicates the end time
of the hard spike. The latter time-scale may serve to constrain the energy deposition
or radiative evaporation time. This time-scale will depend on factors such as the ex-
tent of the energy reservoir, the rate of energy conversion and radiation production,
and/or the effective trapping of the generated radiation.

2.2.2 Observed characteristic time-scales and auxiliary param-
eters

From the giant flare initial spike data listed in Table 2.1, we find that the values for the
various time-scales are typically, τe ∼ 0.1−1 ms, τpeak ∼ 1−10 ms, and τspike ∼ 0.1−1

s. However, the accuracy and precision of the e-folding rise time measurements are
restricted by the limited time resolution of the detectors operational at the time.
Moreover, the short time-scales may have been significantly affected by saturation of
the detector and deadtime of the instrument. Both effects, if present, result in an
overestimation of the shortest time-scales and in particular the e-folding rise times.
Therefore, strictly one should regard these time-scales as upper limits.

The listed spectral temperatures kBTspec in Table 2.1 are obtained through fitting
optically thin thermal bremsstrahlung (OTTB) or cooling blackbody models to the
spectra of the observed giant flare spikes (Fenimore et al. 1996; Hurley et al. 1999,
2005). However, the exact physical mechanism that generates the observed spectra
remains unknown.

The initial spikes display strong variability on (sub)millisecond time-scales and
quasi-periodic oscillations (QPOs) with ν ∼ 102 Hz (Barat et al. 1983; Hurley et al.
1999; Feroci et al. 2001; Schwartz et al. 2005; Terasawa et al. 2005). Peak luminosities
and spike energies in Table 2.1 are found assuming isotropic radiation and computed
from the observed fluxes using the respective source distances; no spectral bolometric
corrections have been applied. In Table 2.1, multiple values are quoted at times for

6Here we follow the definitions for the typical time-scales as described by Duncan (2004, section
1.3).
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2.3 The relativistic tearing mode

Figure 2.2: Schematic representation of giant γ-ray flare lightcurve with the γ-ray photon flux
as a function of time. Typically, the giant flare light curve may be subdivided into two regions
characterized by their respective spectral hardness: the spectrally hard impulsive phase, i.e. the
hard spike, and the spectrally soft afterglow or tail with superimposed pulsations. The onset of the
giant flare is at t0, the hard spike reaches its peak flux at tpeak, and t∗ denotes the end of the spectrally
hard phase. The grey area denotes the exponential rise time-scale of the spike, fγ ∝ exp(t/τe). The
peak time is defined as τpeak ≡ |tpeak − t0| and the spike duration time as τspike ≡ |t∗ − t0|. Note
that, since in reality τspike 	 τtail, the time domain of the initial phase has been magnified for
viewing purposes. The most distinct mode of the modulated tail emission has a period equal to the
rotation period 2πΩ−1∗ of the NS.

various quantities. These values have been sourced from distinct references. They
differ because of significant differences in instrumentation, e.g. energy bandwidth
and time resolution, and in data analysis techniques. We quote these values to give
an indication of the uncertainties involved.

2.3 The relativistic tearing mode

Here we consider the development of the tearing instability in a relativistic current
sheet as depicted in Fig. 2.1. In the presence of finite magnetic resistivity η the
current sheet will become unstable to transverse tearing modes (k · B = 0) and
decompose into many smaller current filaments or magnetic islands (Furth et al.
1963). Simultaneously magnetic energy is converted into heat, bulk kinetic energy,
and charged particles are accelerated by the reconnection-induced electric field E =

−Ez ẑ (see e.g. Priest & Forbes 2000).
In the following, we revisit and further analyse the (relativistic) tearing instability

as a candidate trigger mechanism for the onset of magnetar giant flares, the ground-
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2 The impulsive phase of magnetar giant flares

work for which has been laid in detail by Lyutikov (2003) and Komissarov et al.
(2007). Here we briefly review the relevant equations of resistive magnetodynamics
(MD) and the stability analysis of a current sheet in a magnetically dominated mag-
netosphere, which ultimately results in a minimum growth time of the linear tearing
mode. Next we discuss the application of this characteristic time-scale to the initial
rise of magnetar giant flares and reassess the conclusions of previous work.

2.3.1 Force-free degenerate electrodynamics

Magnetization parameter

To investigate the properties of the magnetar magnetosphere, it proves useful to define
the dimensionless magnetization parameter,

σm ≡ 2
uB

up
=

B2

4πρc2
, (2.4)

which describes the ratio of magnetic energy density to total particle energy density,
where uB = B2/8π and up = ρc2, with B the magnitude of the magnetic field, ρ the
particle density, and c the speed of light. The magnetization parameter for magnetar
magnetospheres is estimated to be 1013 ≤ σm ≤ 1016 (Komissarov et al. 2007). When
σm � 1, the magnetosphere is said to be magnetically dominated (the inertia of the
particles is negligible, even though they still act as carriers of charge) and relativistic,
since the velocity of an Alfvén wave,

vA = c

(
σm

1 + σm

)1/2

, (2.5)

approaches the speed of light, i.e. vA → c. Note accordingly that the Alfvén transit
time becomes the light crossing time, τA → τc = l/c, where l denotes the typical
length-scale of the system.

In describing the dynamics of the magnetar magnetosphere, σ−1
m may be used

as a small expansion parameter to approximate the general equations of relativistic
MHD in the limit of vanishing rest-mass density and pressure of matter (force-free
approximation), i.e. force-free degenerate electrodynamics (FFDE) or MD (Uchida
1997; Komissarov 2002; Komissarov et al. 2007).

Ohm’s law in resistive FFDE

In FFDE the energy–momentum equation in covariant form, stripped from its matter
component, reduces to

∇μT
μν
em = 0, (2.6)
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2.3 The relativistic tearing mode

where

Tμν
em =

1

4π

[
F ναFμ

α − 1

4
gμν
(
Fαβ

Fαβ
)]

, (2.7)

denotes the electromagnetic stress-energy tensor, composed of the electromagnetic
field tensor Fμν and the metric tensor gμν . We do not consider the effects of gravita-
tional curvature and assume a Minkowski metric gμν → ημν with signature s = −2.
Combining the energy-momentum equation (equation 2.6) with the covariant homo-
geneous and inhomogeneous Maxwell’s equations, respectively

∂μ(�F )νμ = 0, (2.8)

and

∂μF
μν =

4π

c
Jν , (2.9)

where (�F )μν = (1/2)εμνσλFσλ represents the Hodge dual of Fμν and Jμ = (cρch, j)
T

is the four-current7, we may write the divergence of the stress-energy tensor as

∂νT
μν
em − 1

c
FμνJν = 0, (2.10)

and subsequently find

FμνJν = 0. (2.11)

The above expression is the so-called force-free condition and implies specifically that
the Lorentz force,

fμ =
1

c
FμνJν (2.12)

is required to vanish, i.e. that the force-free electromagnetic field is fundamentally
degenerate (Komissarov 2002). It follows immediately that the first electromagnetic
invariant is zero,

Fμν(�F )μν = 0, (2.13)

which is known as the degeneracy condition. This means that the inertia of the plasma
particles, but not their electromagnetic interaction, is ignored.

In ideal FFDE, we wish to describe the plasma velocity in a physical force-free
electromagnetic field. To this end, we require the plasma velocity field given by
Uμ = γ(c,v)T to satisfy FμνU

ν = 0. Since the four-velocity of the plasma is a
time-like vector, we demand that the second electromagnetic invariant be positive,

FμνF
μν > 0, (2.14)

7Here ρch represents the plasma charge density.
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2 The impulsive phase of magnetar giant flares

which necessitates the existence of time-like zero eigenvectors of Fμν . This condition
implies that there exists a reference frame wherein observers at rest detect a field that
is purely magnetic, i.e. where the electric field vanishes entirely (Uchida 1997).

Adopting 3+1 notation, we find that equations (2.11), (2.13), and (2.14) become
respectively

ρchE+
1

c
j×B = 0, (2.15)

E ·B = 0, (2.16)

B2 − E2 > 0, (2.17)

where E denotes the magnitude of the electric field and B the magnitude of the
magnetic field. Incidentally, F 0iJi = E · j = 0 and the electromagnetic energy is
conserved, i.e.

∂t(E ·B) = 0. (2.18)

To obtain Ohm’s law, which describes the relation between the current and the
electric field, it is convenient to separate the current vector into components parallel
and perpendicular to the magnetic field vector,

j = j⊥ + j‖, j⊥ =
(B× j)×B

B2
, j‖ =

(B · j)B
B2

. (2.19)

With the force-free condition equation (2.15) we may express the perpendicular com-
ponent as

j⊥ = ρchv⊥ (2.20)

where along with the requirement expressed by equation (2.17) we have defined the
electric drift velocity

v⊥ ≡ c
E×B

B2
, (2.21)

which denotes the plasma velocity component across the magnetic field.
In the singular current sheet however the ideal MHD approximation breaks down

and the magnetic resistivity becomes finite, i.e. the second electromagnetic invariant
(equation 2.17) becomes negative. Accordingly, the parallel component of Ohm’s
law is altered to include the effect of current dissipation, solely along the magnetic
field, due to the presence of a resistive electric field. To this end, we introduce the
relativistic formulation of Ohm’s law in covariant form (Gedalin 1996),

FμνUν =
4π

c
Θμν(δαν − UνU

α)Jα, (2.22)
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2.3 The relativistic tearing mode

where Θμν represents the resistivity tensor. This tensor is highly anisotropic in FFDE,
since only the currents flowing along the field may experience resistive dissipation.
Accordingly we define the resistivity tensor as such

Θμν ≡ η
bμbν

b2
, (2.23)

where bμ = (�F )μνUν represents the magnetic four-vector and the scalar resistivity
or magnetic diffusivity, which characterizes the dissipation of currents, is given by
the phenomenological parameter8 η = c2/(4πσ), with σ the macroscopic conductivity
of the plasma. Subsequently, by convolving equation (2.22) with the magnetic four-
vector, we obtain (Lyutikov 2003)

FμνUν(�F )μαU
α =

4π

c
η(�F )μαU

αJμ, (2.24)

which in 3+1 notation becomes

γ2(B ·E)(c2 − v · v) = 4π

c
ηγ
[
j · (cB− v ×E)− J0(B · v)] , (2.25)

where γ = [1− (v ·v/c2)]−1/2 is the Lorentz factor. The above expression reduces to

c2

4πη
(B ·E) =

γ

c

[
j · (cB− v ×E)− J0(B · v)] . (2.26)

Upon splitting vectors into components parallel and perpendicular to the magnetic
field, we can rewrite equation (2.26) as

c2

4πη
(B ·E) = γ

[
(B · j)

(
1− E2

⊥
B2

)
− ρch(B · v)

(
1− E2

⊥
B2

)]
. (2.27)

We remove the second term on the r.h.s. by choosing our coordinate system such that
v‖ ≡ 0. Consequently with equation (2.21) we have that,

γ−2 =

(
1− E2

⊥
B2

)
, (2.28)

such that equation (2.27) becomes

(B · j) = c

4π

[
cγ

η
(B ·E)

]
. (2.29)

Accordingly we use the above result to rewrite the parallel component of the current
vector and ultimately obtain the following expression for the current vector,

j =
c

4π

[
4πρch

v⊥
c

+
cγ

η

(B ·E)B

B2

]
, (2.30)

8We do not derive η from microscopic plasma processes, but rather assume a simple macroscopic
description.
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2 The impulsive phase of magnetar giant flares

which describes Ohm’s law in resistive FFDE, whereby the electric current is writ-
ten solely in terms of the electric field components, parallel and perpendicular to the
magnetic field. Note that in the plasma rest frame v⊥ = 0, the electromagnetic field
is no longer purely magnetic, due to the presence of the resistive electric field.

2.3.2 Magnetodynamics near force-free equilibrium

The divergence of the stress-energy tensor equation (2.10) determines the energy- and
momentum conservation equations, given in 3+1 notation as follows

∂tuem +∇ · S+E · j = 0, (2.31)

∂tpem −∇ ·Tij
em +

1

c
j×B+ ρchE = 0, (2.32)

where respectively

uem =
B2 + E2

8π
and pem =

S

c2
, (2.33)

are the electromagnetic energy density and electromagnetic momentum density. The
above expressions are written in terms of the Poynting vector,

S =
c

4π
E×B, (2.34)

and the Maxwell stress-tensor

Tij
em =

1

4π

[
EiEj +BiBj − 1

2
(E2 +B2)δij

]
, (2.35)

where δij is the Euclidean metric of flat space.
To study the dynamical properties of a system near force-free equilibrium, we

introduce the relevant time-scales via the relativistic Lundquist number,

Sl ≡ τη
τA

=
lc

η
, (2.36)

where τη ≡ l2/η is the resistive diffusion time-scale, τA ≡ l/vA → l/c denotes the
hydromagnetic time-scale or Alfvén transit time (for σm � 1), and l denotes the
corresponding typical length-scale of the system.

The evolution of the system can be represented by the time-scale τ , for which
τA � τ � τη. Accordingly, |v⊥| � c and with equation (2.21) we find naturally
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2.3 The relativistic tearing mode

E⊥ � B. Immediately, we may approximate

γ → 1,

uem � uB =
B2

8π
,

Tij
em � 1

4π

(
BiBj − B2

2
δij
)
.

Scaling equations (2.31) and (2.32) in terms of the small expansion parameters
(τ/τη) and (τA/τ) and assuming incompressibility of the plasma, Komissarov et al.
(2007) derive the following closed set of equations,

∇ · v⊥ = 0, (2.37)

∇ ·B = 0, (2.38)

∂tB = ∇× (v⊥ ×B) + η∇2B, (2.39)

ρem[∂t(∇× v⊥)] =
1

8π
∇× (B ·∇)B, (2.40)

that together govern the dynamics of a system near force-free equilibrium and in-
cidentally closely resemble the equations of non-relativistic resistive incompressible
MHD.

2.3.3 Growth time of the (relativistic) tearing mode

Linear stability analysis

The growth time of the tearing instability may be obtained by performing linear
stability analysis on a current sheet described by the following one-dimensional force-
free equilibrium profile that represents a rotational discontinuity (Low 1973),

B0 = B0 tanh
(x
δ

)
ŷ ±B0 sech

(x
δ

)
ẑ, (2.41)

where the magnetic null line is given by the sheared B0y-component that goes to zero
at x = 0, whilst the magnitude of the magnetic field vector |B0(x)| remains constant
under rotation over π rad (see Fig. 2.3). The vector rotates predominantly within
the domain −δ < x < δ, such that the typical length scale of the system is given by
l → δ, which denotes the (half-)thickness of the current sheet9.

Through linearizing the dynamical equations of resistive MD10. Komissarov et al.

9In the following we refer to δ simply as the thickness of the current sheet, even though in principle
it only describes half of the total thickness – see Fig. 2.1.

10The linearized equations of resistive MD are equal to those of resistive MHD, such that the
growth time of the linear tearing mode remains equal for both regimes. This similarity was first
made explicit by Komissarov et al. (2007).
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2 The impulsive phase of magnetar giant flares

Figure 2.3: 3D schematic representation of the force-free equilibrium profile in the form of a
rotational discontinuity. The magnitude of the magnetic field vector remains constant under rotation
over π radian and most of the rotation takes place within −δ < x < δ. Accordingly, the typical length
scale of the system, i.e. the current sheet (half-)thickness, is given by δ. A magnetic null line, which
denotes the location of the resistive sublayer, is formed in the xy-plane at x = 0.

(2007) concisely demonstrate how to derive the following expressions for the (maxi-
mum) wavelength and (minimum) growth time of the fastest growing linear mode,

λmax = 2π δS1/4
δ , τmin

tm = τAS1/2
δ = (τAτη)

1/2
, (2.42)

where Sδ = cδ/η is the relativistic Lundquist number corresponding to the length scale
δ and the minimum growth time of the tearing mode is ascertained to be the geometric
mean of the Alfvén- and resistive diffusion time-scale, as in the case of non-relativistic
resistive incompressible MHD. More comprehensive and general derivations of tearing
mode characteristics may be found in the literature, e.g. White (1986), Goldston &
Rutherford (1995), Priest & Forbes (2000), Lyutikov (2003), and Goedbloed et al.
(2010).

2.3.4 Tearing mode growth time in magnetar magnetospheres

Here we aim to establish the minimum growth time of the tearing mode prevailing in
magnetar magnetospheres. In a globally twisted magnetic field, the radial dependence
of the magnetic field strength is approximately given by (Thompson et al. 2002)

B0(r) � Bs

(
r

R∗

)−(2+p)

, (2.43)

where Bs denotes the inferred surface dipole magnetic field strength and R∗ ∼ 106

cm is the typical NS radius. Also, 0 < p < 1 is the radial index which parameterizes
the net twist angle 0 < Δφ < π, where the limiting value p = 1 (p = 0) corresponds
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2.3 The relativistic tearing mode

to a net twist of Δφ = 0 (Δφ = π), representing a pure dipole (split monopole)
configuration. B0(r) will function as the background or upstream magnetic field
strength of the reconnection region.

We need a qualitative estimate of the local magnetic resistivity η. We consider
a macroscopic description, whereby the resistivity is homogeneous and given by the
presence of Langmuir turbulence (as in Lyutikov 2003). In this case, the typical
turbulent length-scale is given by the electron skin depth,

δe =
c

ωp,e
(2.44)

where ωp,e = (4πn±e2/me)
1/2 is the electron plasma frequency, with n± = n+ + n−

the total number density of the charge carriers, i.e. the sum of positrons n+ and
electrons n−, e is the elementary charge unit, and me the electron mass. Accordingly,
the resultant resistivity of a turbulent plasma with a typical eddy size and turnover
velocity of δe and c, respectively, is approximately

η ∼ c δe =
c2

ωp,e
= c2

(
4πn±e2

me

)−1/2

. (2.45)

In the aforementioned globally twisted dipole model the magnetospheric currents
generate a toroidal field component that approaches the strength of the poloidal field,
i.e. Bt � Bp ∼ B0(r). Therefore, we may apply Ampère’s law to obtain an estimate
for the charge number density as a function of the local magnetic field strength B0(r)

and distance from the NS centre r (Lyutikov 2002),

∇×B0 =
4π

c
j = 4πe [β+n+ − β−n−], (2.46)

where β+ and β− are the dimensionless drift velocities of the positrons and electrons,
respectively. If we consider the case where β+ = −β− ∼ 1 and n+ � n−, we may
simplify11

n± ∼ B0(r)

8πe r
. (2.47)

Accordingly, we obtain an expression for the plasma frequency,

ωp,e ∼
(ωc,e c

r

)1/2
, (2.48)

with the electron cyclotron frequency given by ωc,e ≡ eB0(r)/(mec). The resistivity
as a function of the surface dipole magnetic field strength and distance to the centre

11Twisted magnetospheres are believed to be threaded by pairs moving at mildly relativistic speeds
and with low multiplicity, as required to explain magnetar quiescent emission at X-ray energies (see
e.g. Turolla et al. 2015, and references therein).
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2 The impulsive phase of magnetar giant flares

of the NS becomes

η � c2

[
eBs

mer

(
r

R∗

)−(2+p)
]−1/2

. (2.49)

Now together with equations (2.42) and (2.36) we may ultimately obtain the minimum
growth time of the tearing mode in magnetar magnetospheres,

τmin
tm =

(
δ3

cη

)1/2

�
(
eR

(2+p)
∗

mec6

)1/4

δ3/2r−(3+p)/4B1/4
s . (2.50)

In order to compare this result with the observed time-scales, we rewrite the above
result in terms of typical values for the relevant parameters,

τmin
tm � 10−1 δ

3/2
4 r

−(3+p)/4
7 B

1/4
s,15 ms, (2.51)

where we define δ4 ≡ δ/(104 cm), r7 ≡ r/(107 cm), Bs,15 ≡ Bs/(10
15 G), and 0 <

p < 1 (in practice p will always be close to unity). With these scalings, the minimum
growth time of the tearing mode agrees nicely with the observed (sub)millisecond
e-folding rise times τe of the magnetar giant flares.

Note that this time-scale differs significantly from the minimum growth time as cal-
culated by Lyutikov (2003), essentially due to an error in that calculation (specifically
in the inferred expression for the plasma frequency). In addition we have adopted a
rather smaller (by a factor of 10−2) typical size for the thickness of the current sheet
δ than the value used in Lyutikov (2003). We do this since for large gradients to
develop, the thickness of the current sheet must be significantly less than the global
extent of the reconnection region, which in the case of magnetar giant flares is a few
times the NS radius. Komissarov et al. (2007) argue for a current sheet thickness
of ∼ 3 × 103 cm; however we have not been able to reproduce their inferred tear-
ing mode time-scale (particularly equation (73) in their paper). Without the above
modification to the typical value for δ, however, the inferred tearing mode growth
time would be ∼ 100 ms (Duncan 2004). If this were the case, it would entirely rule
out the development of the tearing mode as a candidate mechanism to explain the
(sub)millisecond rise times of the magnetar giant flares.

In the subsequent section we will assume that the trigger is given by the develop-
ment of a tearing instability, and that its minimum growth time corresponds to the
time-scale on which the observed emission is released from the system, i.e. τmin

tm = τe.
We explore additional constraints on the geometry of the reconnection region that are
required for the linear tearing mode to be a plausible mechanism for the giant flares,
and discuss how they relate to the constraints derived in this section.
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2.4 Physical constraints on the reconnection region

2.4 Physical constraints on the reconnection region

Here we present two straightforward models, respectively based on energy conserva-
tion and mechanical equilibrium of the current sheet, that provide order-of-magnitude
estimates for the thickness of the current sheet δ and height of the base of the recon-
nection region in terms of the radial distance from the NS centre r.

In order to relate the thickness of the tearing unstable current sheet to the global
length of the reconnection region Ly, we consider the following elementary instability
condition: for an unstable mode to be able to develop in a current sheet, its growth
time (τmin

tm ) is required to be less than the time it would take for the perturbation to
exit the system (Ly/c) (Shibata & Tanuma 2001). We obtain the requirement

τmin
tm <

Ly

c
. (2.52)

Together with equation (2.50) we have the following upper limit to the thickness of
the current sheet

δmax = S−1/2
δ Ly, (2.53)

and equivalently

δmax = [ c η (τmin
tm )2 ]1/3. (2.54)

2.4.1 Conversion of magnetic energy

Fig. 2.4 shows the geometry of the reconnection region in the xy-plane, whereby the
curved (blue) arrows represent the sheared magnetic field that continues to annihilate
within the current sheet, which in turn is denoted by the smaller rectangular box
(2δ × Ly). The larger rectangle (2Lx × Ly) describes the size of the total area that
proceeds to reconnect, i.e. the extent of magnetic flux that is advected into the
current sheet for the duration of the hard γ-ray spike τspike. We hypothesize that the
magnetic field lines are fed into the diffusion region at a constant rate (this assumption
is discussed further in Section 2.5.2). The reconnection rate is generally determined
by the aspect ratio of the reconnection region through mass flux conservation (e.g.
Pucci & Velli 2014), i.e.

vrec
c

� δ

Ly
= S−1/2

δ , (2.55)

which together with equation (2.52) leads to

vrec � δ

τrec
. (2.56)
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2 The impulsive phase of magnetar giant flares

Figure 2.4: 2D schematic representation of the reconnection region – the reconnection geometry
is uniform along the z-direction. The curved (blue) arrows denote the sheared magnetic field com-
ponent, the thick (grey) arrows represent the plasma inflows and outflows, the large box describes
the extent of the reconnection region for the duration of the hard γ-ray spike, and the smaller
rectangular box denotes the current sheet. The volume of the entire reconnection region is given
by V = (2Lx)LyLz , where Lx = vrecτspike = (δ/τrec)τspike, representing the extent to which the
magnetic field is fed into the diffusion region for the duration of the spike, assuming that vrec re-
mains constant, and Lz < 2πr for an equatorial current sheet. This image essentially represents a
magnification of the reconnection region depicted in Fig. 2.1.

Accordingly, we find that

Lx ∼ vrecτspike = δ

(
τspike
τrec

)
. (2.57)

For an equatorial current sheet we have Lz < 2πr (one may picture the current sheet
as a disk around the NS if Lz = 2πr). The entire volume of magnetic flux that
reconnects over the course of the initial hard phase of the giant flare is then given by
V = (2Lx)LyLz. The energy contained in this region, that is subsequently released
within τspike can be estimated as

Etot � ζ uBV = ζ
B2

0

8π
(2LxLyLz) =

ζ B2
0rLyδ

2

(
τspike
τrec

)
, (2.58)

where ζ is the fraction of free magnetic energy that is dissipated and we have used
uB = B2

0/(8π) for the local magnetic energy density in terms of the upstream magnetic
field B0. Rewriting this equation, we obtain

δ(r) ∼ 2Etot

ζ B2
0rLy

(
τrec
τspike

)
. (2.59)

Note incidentally that the above general expression does not rely on any particular
reconnection mechanism as yet. If we now consider linear tearing as the principal
reconnection mechanism, we may set τrec = τmin

tm and, through equation (2.52), Ly =
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2.4 Physical constraints on the reconnection region

cτmin
tm . Using equation (2.43) and adopting p = 1/2, we end up with

δ(r) ∼ 2Etotr
4

ζ cB2
sR

5∗τspike
. (2.60)

Together with the condition stated in equation (2.54), we find an estimate for the
height of the reconnection region

rrec ∼ 107
[
ζ B

11/6
s,15 (τmin

tm,−4)
2/3

(
τspike,0.2
Etot,45

)]12/41
cm, (2.61)

and the thickness of the current sheet at rrec,

δ(rrec) ∼ 104

[
ζ7 B6

s,15(τ
min
tm,−4)

32

(
τspike,0.2
Etot,45

)7
]1/41

cm. (2.62)

In the above we have made use of equations (2.49) and (2.52) to eliminate η(r) and
Ly respectively. The solutions depend mildly on ζ.

2.4.2 Mechanical equilibrium

Without mechanical equilibrium across the current sheet boundary, the current sheet
would disrupt before reconnection could occur effectively (Uzdensky 2011). This
requirement is given by the following pressure balance,

Pcs +
B2

cs

8π
= P0 +

B2
0

8π
, (2.63)

where Pcs and Bcs, respectively, are the leptophotonic pressure (see equation 2.65)
and magnetic field strength inside the current sheet, and P0 and B0, respectively, are
the local plasma pressure and magnetic field strength in the upstream region. In the
upstream region, we have σm � 1, such that the plasma beta, β = Pplasma/Pmag, is
small, i.e. P0 � B2

0 . Consequently, the above expression simplifies to

Pcs +
B2

cs

8π
� B2

0

8π
. (2.64)

The leptophotonic pressure in the current sheet may be decomposed as

Pcs = Prad + P±, (2.65)

where Prad signifies the radiation pressure and P± denotes the pressure as a result of
pair production. In a relativistic current sheet P± becomes ∼ (7/4)Prad (Uzdensky
2011), such that

Pcs ∼ 11

4
Prad, (2.66)
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2 The impulsive phase of magnetar giant flares

and

Prad(Tcs) =
4σSB

3 c k4B
(kBTcs)

4, (2.67)

where σSB ≡ π2k4B/(60�
3c2) � 5.67×10−5 erg cm−2 s−1 K−4 is the Stefan–Boltzmann

constant and Tcs represents the temperature inside the current sheet.
Equation (2.64) may then be written as

B2
0 −B2

cs = 22πPrad. (2.68)

Furthermore using Gauss’ law for magnetism ∇ ·B = 0, we approximate

Bcs

δ
+

By

Ly
+

Bg

Lz
� 0, (2.69)

where we respectively parameterize the strengths of the guide field and y-component
of the field as Bg = qB0 and By = (1− q)B0, with 0 ≤ q ≤ 1/2 and B0 = Bg +By.
Subsequently, we may write

Bcs � B0

[
(1− q)

δ

Ly
+ q

δ

Lz

]
. (2.70)

Together with equation (2.53) and the relation for Lz below equation (2.57) this
becomes

Bcs � B0

[
(1− q)S−1/2

δ + q
δ

2πr

]
, (2.71)

such that we may eliminate Bcs from equation (2.68):

B2
0

{
1−
[
(1− q)S−1/2

δ + q
δ

2πr

]2}
= 22πPrad. (2.72)

The above equation depends on the values for Bs, Tcs, δ, and r. To solve equa-
tion (2.72) we need to write δ in terms of r via equation (2.54) and require an esti-
mate for the temperature inside the current sheet kBTcs. It is however questionable
whether kBTspec – listed in Table 2.1 – would represent kBTcs, since the former may
rather correspond to a Lorentz-boosted photospheric temperature of a relativistically
expanding fireball. Of necessity, we consider here the following reasonable range of
temperatures: kBTcs ∼ 250− 1000 keV.

Consequently, together with Bs = 1015 G and τmin
tm = 10−4 s, we solve equation

(2.72) numerically for r and find,

rrec ∼ (3× 106)− 107 cm, (2.73)
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2.5 Discussion

and furthermore with equation (2.54) we have

δ(rrec) ∼ (4− 8)× 103 cm, (2.74)

where the lower (upper) estimates of the above equations correspond to the upper
(lower) value for kBTcs. These estimates remain equal down to the fourth decimal for
the entire range of q and as one can observe from equation (2.71), Bcs � B0, such
that the second term on the l.h.s. of equation (2.68) may be neglected to find the
following expression (for p = 1/2),

rrec ∼ 107B
2/5
s,15

(
kBTcs

250 keV

)−4/5

cm. (2.75)

Note that the results agree roughly with those obtained in the previous section. Ad-
ditionally, we find that the dimensionless reconnection rate is approximately Mrec ≡
δ/(vAτrec) � δ/(cτmin

tm ) ∼ 10−3, which is comparable to the reconnection rates found
for solar flares (e.g Narukage & Shibata 2006). Moreover, note that the reconnection
region is located high up in the magnetosphere, such that the background magnetic
field is sub-critical B0(rrec) � 1012 G ∼ 10−1Bqed.

2.5 Discussion

2.5.1 Geometry of the reconnection region

The previous calculations provide estimates for the scale of the reconnection region
involving spontaneous tearing of a global current sheet; the sheet length (from equa-
tion 2.52) is Ly � c τmin

tm = c τe ∼ (3 × 106) − 107 cm, the sheet thickness is δ ∼ 104

cm, and the height of the reconnection region is r ∼ 107 cm. Here we briefly discuss
various consequences of these results.

We have assumed that the resistivity is given by a homogeneous background of
Langmuir turbulence, which fundamentally requires that the drift velocity of the
current-carrying particles exceed the thermal velocity of the background plasma. This
needs to be the case throughout the extensive reconnection region (> 2δ × Ly) for
impulsive tearing to be able to occur on the requisite short time-scales.

With an estimate for the thickness of the reconnection region, we can infer the
temperature at the photosphere of the current sheet kBTphot (Uzdensky 2011). At
the photosphere, the optical depth

τ ∼ δ

λmfp
(2.76)

will be of order unity, where λmfp is the photon mean free path. Assuming that this
temperature is sub-relativistic, such that the pair number density is given by

n± =
1√
2π3

(mec

�

)3(kBTphot

mec2

)3/2

exp

[
− mec

2

kBTphot

]
, (2.77)
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2 The impulsive phase of magnetar giant flares

and considering that the scattering opacity of O-mode (i.e. ordinary mode) photons in
the presence of a strong magnetic field remains close to Thompson scattering opacity,
σes(O) ∼ σT ≡ (8π/3) e4/(mec

2)2 � 6.65× 10−25 cm2, we have

λmfp(O) ∼ 1

n± σT
. (2.78)

Together with equation (2.76) we find

δ σT n±(kBTphot) ∼ 1, (2.79)

which can be solved for δ ∼ 104 cm to get kBTphot ∼ 27 keV. Note however that
kBTphot depends only weakly on δ.

Due to the release of high-energy radiation following the reconnection process, ex-
tensive pair production has resulted in a high photospheric pair density n±(kBTphot ∼
27 keV) ∼ 1020 cm−3. Note that this pair density greatly exceeds the charge density
that is available prior to the onset of reconnection [from equation (2.46) we estab-
lish n � 1014Bs, 15r

−7/2
7 cm−3]. It is argued that the observed spectral temperatures

kBTspec (see Table 2.1) correspond to a Lorentz-boosted photospheric temperature of
a pair fireball that, in the wake of the onset of the flare, expands outwards from the
stationary reconnection region relativistically (Lyutikov 2006; Uzdensky 2011), such
that

Γ kBTphot = kBTspec, (2.80)

where Γ denotes the bulk Lorentz factor of the ejected fireball.12 Using the result from
equation (2.79) and assuming that the dimensions of the fireball roughly correspond to
those of the initial current sheet, we obtain Γ ∼ 10, which is consistent with previous
estimates in the literature.

Furthermore, considering the required scale of the initial configuration Ly, uniquely
determined by τe, spontaneous tearing seems an unlikely candidate for the smaller re-
current γ-ray bursts (� 1041 erg, τe ∼ 1 ms; Göǧüş et al. 2001; Gavriil et al. 2004),
since their e-folding rise times are similar to those of the giant flares, such that
Ly ∼ (3−10)R∗. These particular bursts may rather demonstrate for instance driven
reconnection through an external driver (e.g. sudden crustal motion at magnetic foot
points or ideal instabilities in smaller critically sheared magnetic arcades, Browning
et al. 2008), or comprise explosive seismic events without involving magnetospheric
reconnection altogether.

12Note that the photosphere of the relativistically expanding fireball differs from the stationary
emission region associated with the onset of the flare, such that the bulk Lorentz factor of the latter
is zero.
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2.5 Discussion

2.5.2 Linear tearing and the observed high-energy emission

In discussing linear tearing as a candidate mechanism for explaining the fast initial
rise of magnetar giant flare light curves, it has been implicitly assumed throughout
the literature that the growth of the resistive instability directly coincides with the
conversion of magnetic energy – via Ohmic heating and particle acceleration – into
the observed high energy radiation (i.e. τmin

tm = τe) (Lyutikov 2003; Duncan 2004;
Komissarov et al. 2007). This conjecture presumes that (i) linear tearing dictates
the rate of radiation release and (ii) that during the linear tearing phase a significant
amount of magnetic energy is converted efficiently to produce the observed radiation
in the first place. Both assumptions will be examined further; in Section 2.5.2 we
discuss the former requisite (i), and in Sections 2.5.2 and 2.5.2 we address the latter
(ii).

Nonthermal emission from accelerated particles

Concerning point (i) above, it should be emphasized by observing that even for com-
paratively well studied phenomena like solar flares, the generation and release of radi-
ation is not unequivocally linked to the reconnection rate. Note that whilst solar flares
are not supposed to be directly analogous, the comparison may still be informative.
The rapid onset of a solar flare is given by the sudden increase of hard X-ray (HXR)
emission due to collisional thick-target bremsstrahlung interactions of non-thermal
particles at the chromospheric footpoints of coronal loop structures undergoing mag-
netic reconnection (Shibata & Magara 2011). Accordingly, the observed radiation
time-scales are determined by the acceleration time-scales of the non-thermal parti-
cles.

Proposed acceleration mechanisms include direct acceleration by reconnection-
induced or field-aligned electric fields (e.g. Aschwanden 2005; Egedal et al. 2012),
acceleration through shocks (Aschwanden 2005), and stochastic acceleration through
turbulence excited by reconnection outflows at the loop top or cascading Alfvén waves
near the footpoints (e.g. Petrosian & Liu 2004; Liu et al. 2008; Liu & Fletcher 2009;
Fletcher & Hudson 2008). None of the above processes guarantee a straightforward
connection between the time-scales of linear tearing and that of radiation release.
Moreover, such acceleration mechanisms generally rely on the later phases of recon-
nection (e.g. non-linear tearing; see Section 2.5.2) or rather its large-scale effects, such
as reconnection jets that excite MHD turbulence or the catastrophic rearrangement of
the global magnetic field topology. In the latter case, the amount and rate of energy
release will be determined more by the dynamic restructuring of the field, than on
the dissipation of an extended current sheet (Hoshino & Lyubarsky 2012).

Efficient particle acceleration in magnetar magnetospheres may however require
local regions where the magnetic field becomes small enough, since considerable syn-
chrotron losses might otherwise impede any significant acceleration. Acceleration
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through reconnection-induced electric fields localised at magnetic x-points seems fit-
ting in this regard, since not only does By → 0 but the presence of E × B-drift
also focuses the trajectory of the charged particles in the acceleration region (Speiser
1965). PIC simulations of relativistic reconnection in pair plasmas disclose short ac-
celeration time-scales (Zenitani & Hoshino 2001), such that the time-scale on which
the radiation is generated is the reconnection rate.

None the less, a major complication is given by the copious pair production that
will ensue upon release of high-energy radiation in the presence of an ultra-strong
magnetic field (e.g. Harding & Lai 2006), causing the reconnection region to become
optically thick. The observed radiation time-scales will therefore not necessarily repre-
sent the time-scales associated with reconnection dynamics (Uzdensky 2011; Hoshino
& Lyubarsky 2012). To further constrain magnetar burst trigger mechanisms, via
emission time-scales, will require a better understanding of radiation transport in the
magnetar magnetosphere.

Phases of tearing: linear and nonlinear

Exponential growth of the magnetic island proceeds until their half-width

w(t) ∝ exp

[
t

τtm

]
(2.81)

becomes comparable to the size of the resistive sublayer εδ; here nonlinear effects
become important. Analytic calculations disclose a transition from exponential to
algebraic growth (∝ tα), once this stage is reached (Rutherford 1973). Numerical
simulations confirm this strong change in reconnection rate, even though it is less
significant when k � 1 and Sδ � 1 (Steinolfson & van Hoven 1984). Moreover, it
is found that the nonlinear regime sets in very quickly, after only a few e-folding
times, such that one would expect to observe a considerable change in reconnection
rate just moments after the onset of the instability. With τmin

tm ∼ 10−4 ms, the
exponential phase of the light curve would only last a few tenths of milliseconds to
a millisecond, followed by a notable decline in count rate due to the transition from
linear to nonlinear tearing. A break in the increase of the count rate during the initial
rise to peak has been observed for the SGR 1806–20 flare by Terasawa et al. (2005),
Schwartz et al. (2005), and Tanaka et al. (2007) after a few e-folding times. The latter
reference also finds a similar break in the SGR 1900+14 giant flare.

Note that the assumption of a constant reconnection rate for the duration of the
hard spike (τspike ∼ 0.1 − 1 s), as applied in Section 2.4.1, is suspect in the light of
nonlinearity of the mode; the obtained estimates for r and δ [equations (2.61) and
(2.62)] are lower limits in this regard.
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2.5 Discussion

Coalescence and impulsive bursty reconnection

The least stable long-wavelength tearing modes (λmax ∼ Ly) tend to saturate soon af-
ter the onset of the non-linear phase. For efficient reconnection to occur, the presence
of a significantly strong external driver (e.g. sudden crustal motions at the footpoints
of sheared arcades, the onset of an ideal instability, or the catastrophic ejection of a
flux rope) may be required, which forces a current sheet to become unstable to shorter
wavelength modes (λmax � Ly), such that a chain-like structure of magnetic islands
is formed before the nonlinear phase sets in (Uzdensky & Loureiro 2016). This config-
uration is consequently unstable to the coalescence instability, whereby the magnetic
islands approach each other through mutually attractive Lorentz forces since they
essentially comprise parallel flowing current concentrations. Island coalescence is typ-
ically subdivided into two phases: (1) the ideal MHD phase, where the current loops
approach one another, and (2) the resistive reconnection phase, where due to finite
resistivity (η 
= 0) and large field gradients between the approaching current loops,
the loops merge to form one current loop with an increased cross-section, i.e. larger
magnetic island. Stability analysis was performed by Finn & Kaw (1977) on a partic-
ular periodic island-chain configuration described by a Fadeev force-free equilibrium
(Fadeev et al. 1965),

ψ0 = ln[cosh(kx) + ε cos(ky)],

B0 = B0 ẑ ×∇ψ0,

∇2ψ0 = 4πjz0 = (1− ε2)k2 exp [−2ψ0] ,

where ψ0 is the equilibrium magnetic flux function, B0 the local (background) mag-
netic field, jz0 the equilibrium current directed perpendicular to the reconnection
plane, and 0 < ε < 1 the peakedness parameter of the current concentration in the
magnetic islands. Subsequent numerical simulations have shown that, for a large
range of Sδ, the coalescence growth rate is much greater than the tearing growth rate
(Pritchett & Wu 1979) and that it depends critically on the value for ε (Bhattacharjee
et al. 1983); linear tearing corresponding to ε = 0.

The coalescence instability is characterized by two time-scales associated with its
distinct phases (Kliem 1995). During the ideal phase, the current loops approach
each other on a hydromagnetic time-scale, whereby the length-scale is given by the
separation distance of paired current loops λC,

τC1 ∼ ε−1λC

vA
(2.82)

with δ � λC � λmax. In general, τC1 � τmin
tm , yet no magnetic energy is dissipated

in the process. During the resistive phase, when the current loops merge, ‘anti-
reconnection’ occurs in between the approaching islands. The reconnection rate is
enhanced by the external driving forces of the converging current loops, such that in
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2 The impulsive phase of magnetar giant flares

general τC2 < τmin
tm . Moreover, for strongly peaked current concentrations (ε → 1),

we have τC1 ∼ τC2 � τmin
tm . For λmax

C � λmax ∼ 106 cm, the coalescence time-scale
becomes comparable to the magnetospheric light crossing time, i.e. τC ∼ τ extA ε−1 ms.

Coalescence following tearing converts the bulk of the free magnetic energy in
the current sheet, such that the island growth phase may act as mere prelude to the
explosive energy release of merging current loops (Leboeuf et al. 1982). Its rapid
development and ability to convert a significant fraction of magnetic energy argue in
favour of coalescence, rather than tearing, as an explanation for the impulsive phase
of flares (Tajima et al. 1982; Sakai & Ohsawa 1987; Tajima et al. 1987; Kliem 1995;
Schumacher & Kliem 1997). The observed giant flare emission may therefore be a
proxy of the non-linear, rather than the linear, tearing phase.

Furthermore, for higher values of Sδ and σm a non-linear process known as ‘im-
pulsive bursty reconnection’ may occur, whereby a cycle of slow tearing, rapid co-
alescence, current sheet thinning, and further secondary tearing (i.e. the plasmoid
instability) at an increased rate repeats successively (Leboeuf et al. 1982; Priest 1985;
Uzdensky et al. 2010). Consequently, energy is released during separate coalescence
events in a fragmentary and quasi-periodic manner. This process is advanced to
explain the periodic temporal fine structure of HXR emission and coherent drifting
radio bursts associated with discrete (bidirectional) electron beams observed during
the impulsive phase of solar flares (Aschwanden et al. 1995; Kliem et al. 2000; Karlický
2004). QPOs of ν ∼ 102 Hz, which might be associated with separate energy injec-
tions, have also been detected during the initial phases of the magnetar giant flares:
see Section 2.2.2. These distinct energy surges may be interpreted as quasi-periodic
peaks in coalescence rates13, resulting from impulsive bursty reconnection. Precise
timing observations of hypothesized (drifting) radio burst from magnetars (Lyutikov
2002) may greatly help to further probe the reconnection substructure (e.g. separate
plasmoids), reconnection rate, and density of the acceleration region. Yet even though
various magnetars show radio emission (e.g. Camilo et al. 2006), no such bursts of co-
herent radio emission coincident with the (recurrent) γ-ray bursts have been observed
to date.

The total energy release through a multitude of coalescence events may be esti-
mated accordingly (Krueger et al. 1989; Kliem 1995),

U tot
C � (NC − 1)3

NC

λ2
CLzB

2
0

24π2
ln

(
λC

δ

)
, (2.83)

where NC is the number of individual coalescence events. If we estimate the total

13Quasi-periodic pulsations are ubiquitously observed in solar flares; among self-oscillatory recon-
nection, a multitude of alternative mechanisms have been proposed to explain these phenomena
(Nakariakov & Melnikov 2009).
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2.6 Summary

number of coalescence events during the impulsive phase of a giant flares as follows,

NC � ντspike
Ly

λmax
C

∼ 102, (2.84)

we find for the total energy release through dynamic current sheet reconnection,

U tot
C ∼ 1045 N2

C,2(λ
max
C,6 )2Lz,6B

2
s,15r

−5
7 ln

(
λmax
C,6

δ4

)
erg, (2.85)

where Lz,6 = Lz/10
6 cm is the length of a current loop. This estimate is consistent

with the observed energy output of the initial spike – see Table 2.1.

2.6 Summary

To better understand the extreme nature of the explosive onset of magnetar giant
flares, we have discussed impulsive reconnection through the spontaneous development
of the linear tearing instability in a globally sheared external field as a candidate
trigger mechanism. Upon reexamination of previous works on the (relativistic) linear
tearing mode, we found that the minimum growth time in magnetar magnetospheres
is τmin

tm ∼ 10−1 ms (equation 2.51). This estimate is consistent with the typical e-
folding rise times (τe ∼ 0.1− 1 ms) of the giant flare light curves (see Table 2.1). Our
result differs significantly from the one found by Lyutikov (2003) (τL03tm ∼ 10 ms).
Even though the rescaling of the current sheet thickness (by a factor of 10−2) has a
larger effect on the final result, the difference is however essentially due to an error
in that calculation.

Assuming the validity of the assumption that the exponential rise time of the giant
flare is a proxy for the linear growth time of the tearing mode τmin

tm = τe, we obtained
order-of-magnitude estimates for the thickness of the current sheet and height of the
base of the reconnection region, respectively δ ∼ 104 cm and r ∼ 107 cm, through
elementary pressure balance and energy conservation considerations. Additionally, we
found that the global length of the current sheet would have to be Ly ∼ (3− 10)R∗,
which is reasonable for the giant flares, yet problematic for the smaller recurrent
bursts, since such large unstable regions would have to develop on very short time-
scales ΔT ∼ 100 s, where ΔT represents the typical waiting time of recurrent bursts
(Göǧüş et al. 1999; Göǧüş et al. 2000).

Finally, we discussed the obtained constraints on the reconnection geometry and
evaluated the soundness of the aforementioned assumption of equating an MHD
growth time with an emission time-scale. Regarding the latter, it is not apparent
whether linear tearing dictates the rate of radiation release and if during the lin-
ear tearing phase magnetic field dissipation occurs efficiently enough to generate the
observed emission. Considering the impulsive phase of solar flares, there is no un-
equivocal connection between linear tearing and the observed high-energy emission
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2 The impulsive phase of magnetar giant flares

that is ultimately radiated by accelerated non-thermal particles. Moreover, substan-
tial pair production in magnetar magnetospheres may obscure the emission resulting
from magnetic field dissipation through reconnection, altogether.

Furthermore, non-linear effects become significant soon after the onset of linear
tearing and in general reduce the reconnection rate considerably. Fast and efficient
reconnection during the nonlinear impulsive bursty regime that may follow tearing
requires however the presence of a strong external driver e.g. rapid crustal motion
or catastrophic loss of equilibrium of external magnetic field configurations. Accord-
ingly, we propose that future research into magnetospheric trigger mechanisms for
magnetar (giant) bursts investigates driven reconnection scenarios, where the emis-
sion time-scales may constrain the development of the external driver, the non-linear
reconnection phase, or the intense reconnection after-effects.

Acknowledgements

C.E. acknowledges support from NOVA (Nederlandse Onderzoeksschool voor As-
tronomie). A.W. acknowledges support from NWO Vidi Grant 639.042.916. The
work of R.T. is partially supported by INAF through a PRIN grant. We would like
to thank Sam Lander, Lyndsay Fletcher, Maxim Lyutikov, Serguei Komissarov, and
the participants of the ‘Integrated Plasma Modelling of Solar Flares’ Lorentz Center
workshop (May 2015) for helpful discussions. We also wish to acknowledge the useful
and significant feedback from the anonymous referees.

60



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 67PDF page: 67PDF page: 67PDF page: 67

3
Magnetar giant flare high-energy emission

C. Elenbaas, D. Huppenkothen, C. Omand, A.L. Watts, E. Bissaldi,
I. Caiazzo & J. Heyl

Monthly Notices of the Royal Astronomical Society, 2017, 471, 1856

Abstract

High energy (> 250 keV) emission has been detected persisting for several tens of seconds
after the initial spike of magnetar giant flares. It has been conjectured that this emission
might arise via inverse Compton scattering in a highly extended corona generated by super-
Eddington outflows high up in the magnetosphere. In this paper we undertake a detailed
examination of this model. We investigate the properties of the required scatterers, and
whether the mechanism is consistent with the degree of pulsed emission observed in the tail
of the giant flare. We conclude that the mechanism is consistent with current data, although
the origin of the scattering population remains an open question. We propose an alternative
picture in which the emission is closer to that star and is dominated by synchrotron radiation.
The RHESSI observations of the December 2004 flare modestly favor this latter picture. We
assess the prospects for the Fermi Gamma-Ray Space Telescope to detect and characterize
a similar high energy component in a future giant flare. Such a detection should help to
resolve some of the outstanding issues.
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3 Magnetar giant flare high-energy emission

3.1 Introduction

Magnetars are Neutron Stars (NSs) with magnetic fields at the extreme high end of
the distribution, in the range 1013 − 1015 G. One of their defining characteristics,
indeed the one that led to their discovery (Mazets et al. 1979; Mazets & Golenetskii
1981), is the repeated emission of bursts of hard X-rays and γ-rays. The bursts are
assumed to be powered by magnetic field decay (Thompson & Duncan 1995), yet
many details of the burst trigger and emission process remain unsolved (see Turolla
et al. 2015, for a recent review).

Bursts come in a range of fluences, but the brightest are the rare Giant Flares
(GFs) with energies in the range 1044 − 1046 erg (if the emission is isotropic). Only
three have been observed over the last 38 years, each from a different magnetar. Their
properties are very similar: a very bright initial spike lasting ∼ 0.1−1 s followed by a
decaying tail lasting several hundred seconds, strongly pulsed at the few second spin
period of the star (Mazets et al. 1979; Hurley et al. 1999, 2005).

The initial γ-ray spike is very hard, with emission being detected up to a few
MeV (Mazets et al. 1979; Hurley et al. 1999). It is thought to originate in particle
acceleration as the evolving magnetic field reaches a tipping point and undergoes
explosive reconfiguration or reconnection. Rapid acceleration of electrons in a strong
curved magnetic field leads naturally to a cascade of γ-rays and pair creation (Sturrock
et al. 1989). The existence of radio afterglows points to the simultaneous ejection of a
plasmoid of relativistic particles and magnetic fields that then energizes a pre-existing
shell of surrounding material (Frail et al. 1999; Cameron et al. 2005; Granot et al.
2006).

Many of the electron-positron pairs from the initial event become trapped in closed
field regions, with optical thickness high enough to trap the photons, leading to rapid
thermalization (Thompson & Duncan 1995). This hot pair plasma fireball cools and
contracts relatively slowly, generating the long tail. The emission is strongly beamed
by super-Eddington mildly relativistic outflows driven by the radiation escaping from
the fireball (Thompson & Duncan 1995, 2001; van Putten et al. 2013, 2016). Although
the temperature in the core of the fireball is thought to be ∼ 100 keV, the emerging
radiation has a photospheric temperature ∼ 10− 30 keV.

Following the GF from the magnetar SGR 1806-20 in December 2004, Boggs et al.
(2007) reported the detection of two hard nonthermal components in the spectrum
after the initial spike. One power law component extends up to � 250 keV and persists
throughout the pulsed tail. However there is also a second power law component
that extends up to 17 MeV (the limit of the RHESSI instrument) with no sign of
a cutoff. Frederiks et al. (2007) also report the observation of a high energy power
law component extending up to the sensitivity limit of the Konus-Wind detector, i.e.
10 MeV. A hard tail (∼ 300 − 650 keV) was observed by Feroci et al. (1999) for
the 1998 August 27 GF of SGR 1900+14, where the upper limit was constrained by
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3.1 Introduction

the sensitivity of the Gamma-Ray Burst Monitor (GRBM) on board the BeppoSAX
spacecraft.

The nonthermal component at the lower end of the energy spectrum is thought to
emerge from electron cyclotron scattering in an extended corona (∼ 5−10RNS, where
RNS is the radius of the NS), where output photon energies in excess of 100 keV are
attainable (Thompson et al. 2002; Boggs et al. 2007). The hard energy component
that reaches tens of MeV however is conjectured by Feroci et al. (2001) and Boggs
et al. (2007) to originate in a highly extended corona, generated by super-Eddington
outflows, high up in the magnetosphere (∼ 100RNS). At these altitudes the magnetic
energy density has become less than the energy density of the X-ray emission, i.e.
uB < uX, and the charges cool through inverse Compton scattering, rather than
synchrotron emission. The hard nonthermal tail is thus argued to be the result of
inverse Compton (IC) scattering of the emission onto the charges that make up this
additional extended corona1.

Note that during quiescence a nonthermal power law component is also observed
in the hard X-ray range (> 20 keV) of various magnetars: 4U 0142+614, 1RXS J1708-
4009, 1E 1841-045, 1E 2259+586, SGR 1806- 20, and SGR 1900+14 (Kuiper et al.
2004, 2006; Mereghetti et al. 2005a; Molkov et al. 2005; Götz et al. 2006a; Enoto
et al. 2011; Turolla et al. 2015). The non-detection of γ-ray emission by Comptel and
Fermi LAT from quiescent magnetars, suggest a spectral cutoff of this component at
∼ few hundred keV (den Hartog et al. 2006; Kuiper et al. 2006; Şaşmaz Muş & Göǧüş
2010). Various mechanisms have been invoked to explain the hard quiescent emission.
Thompson & Beloborodov (2005) consider two scenarios: (i) thermal Bremsstrahlung
through crustal heating by return currents and (ii) synchrotron radiation (peaking at
∼ 1.5 MeV) from energetic pairs created by Comptonized X-ray photons on acceler-
ated positrons in the magnetosphere (at ∼ 10RNS). Another possibility is resonant
cyclotron scattering (RCS) of a thermal seed photon population (Baring et al. 2005;
Baring & Harding 2007). This scenario has been studied in detail with relativistic full
QED 3D Monte Carlo codes that model the hard component (Nobili et al. 2008a,b;
Zane et al. 2011).

The latter are limited by their use of a self-similar twisted magnetic dipole and
simple charge velocity distribution. Phase resolved spectroscopy of Anomalous X-ray
Pulsars (AXPs) 1RXS 4U 0142+61 and J1708-4009 suggest however the presence of
more complex magnetic field configurations (den Hartog et al. 2008b,a). The effects
of higher multipolar and locally twisted configurations on the emergent high-energy

1The smooth ∼ 40 s decay that followed the initial spike of the GF from SGR 1900+14 on 1998
August 27, is argued to have been the signature of a pair corona, produced by post burst onset seismic
activity, that surrounded the fireball (∼ 10RNS) and gradually evaporated (Thompson & Duncan
2001; Feroci et al. 2001). This corona proceeded to Compton scatter O-mode photons seeping out at
the base of the fireball hardening the emergent emission. Note however that this corona is dissimilar
from the highly extended corona (∼ 100RNS), invoked to explain the second hard component (∼ 0.4
- 17 MeV), that upscatters photons at the outer edges of the X-ray jets.
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spectra, were investigated by Pavan et al. (2009) and Viganò et al. (2012) respectively.
Beloborodov (2013) explored the emergent spectrum from a more physically motivated
model for the charge velocity distribution on a locally twisted magnetic bundle.

In quiescence the non-thermal flux is typically ∼ 10−12 ergs cm−2 s−1, and the
cooling time for RCS is 0.1 ms, about a light-crossing time. During the burst the
non-thermal flux above 1 MeV is 106 times larger, and the non-thermal flux continues
nearly ∼ 100 s. So although the RCS mechanism could account for the instantaneous
high-energy spectrum during the burst, the energy content of the quiescent population
of high-energy electrons falls short by 12 orders of magnitude.

The purpose of this paper is to examine in detail the mechanism that could gen-
erate the highest energy MeV emission, particularly inverse Compton scattering in
an extended pair corona high up in the magnetosphere. We consider the properties
of the scatterers that would be required to generate the highest energy emission. We
contrast these results with those from a model where synchrotron emission dominates
the high-energy radiation. We also consider whether these mechanisms are consistent
with the observed high-energy spectrum and the degree to which the emission during
the tail is pulsed. Determining amplitudes and upper limits on periodic signals dur-
ing magnetar bursts is complicated by the fact that the signal has a strong red noise
component, as well as the changes in source brightness relative to the sky background
imposed by the spectral dependence. We build a Bayesian model to take both effects
into account in our analysis.

We also examine the prospects for future detection of high energy components
during GFs. The facility that is best suited to do this is NASA’s Fermi Gamma-
ray Space Telescope (FGST or Fermi) that has been operational since 2008 and will
be until at least 2018. Fermi has two instruments: the Gamma-Ray Burst Monitor
(GBM ), which provides near full coverage of the unocculted sky in the ∼ 0.01 − 38

MeV energy band (Meegan et al. 2009) and has been a very prolific burst detector
(Collazzi et al. 2015; Bhat et al. 2016); and the Large Area Telescope (LAT ) provides
high energy coverage with a field of view (FoV) ∼ 2.4 sr in the ∼ 80−104 MeV energy
band (Atwood et al. 2009). The latter has been used to study the γ-ray upper limits
on magnetars (Abdo et al. 2010; Li et al. 2016).

3.2 Observations and Analysis

3.2.1 Giant flare high-energy emission

The Reuven Ramaty High Energy Solar Spectroscopic Imager RHESSI is a solar tele-
scope dedicated to the exploration of energetic transient phenomena, such as explosive
particle acceleration during solar flares, over a broad energy bandpass (3 keV − 17
MeV) and at a native time resolution of 1 binary μs (2−20 s � 9.5 × 10−7 s). The
principal instrument comprises an array of 9 coaxial high-purity germanium detec-
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3.2 Observations and Analysis

tors (each with 1 front and 2 rear segments; the former records X-rays up to ∼ 100

keV and the latter detect photons with energies � 100 keV), which are unshielded
and may record photons from off-axis sources (Smith et al. 2002). RHESSI employs
mobile attenuators to inhibit incoming flux from high intensity flares as to prevent
saturation due to excessive count rates; their motion however can lead to significant
instrumental artifacts in the data (see Appendix A.3).

On 2004 December 27 at t0 = 21:30:26.64 UT, RHESSI recorded a GF a mere
∼ 5◦ off-axis, that originated from the magnetar SGR 1806–20 (see Fig. 3.1); the
third and most energetic magnetar GF ever observed, with total energy (assuming
isotropic emission) ∼ 1046 erg (Hurley et al. 2005). A detailed analysis of the obtained
RHESSI data was presented by Boggs et al. (2007). In particular, they demonstrated
the presence of a nonthermal high-energy emission component (> 400 keV) following
the onset of the flare that lasts a few tens of seconds. In this section we first reproduce
their results regarding the high energy emission, and then further investigate the
temporal and spectral properties of the event.

3.2.2 Temporal and spectral properties

We begin by repeating the analysis performed by Boggs et al. (2007) to confirm the
general properties of the high energy component. The presence of the high-energy
excess emission (0.4−10 MeV) is demonstrated in Fig. 3.2, where the counts, recorded
in the rear segments only, are plotted against time in 4.07 s time bins. Thick crosses
denote the high-energy emission associated with the GF starting at t0 and lasting
∼ 100 s. The background emission is represented by thin crosses and fitted with an
appropriate smooth function (here a 3rd-order polynomial), i.e. the dash-dotted curve.
Consequently, the excess counts were fitted with a decaying powerlaw f(t) ∝ t−α

shown as the solid curve, with best-fit parameter α = 0.76 ± 0.07 (χ2
red = 1.49, 39

dof). This estimate is consistent with the one found by Boggs et al. (2007), i.e.
αB07 = 0.68± 0.04 (χ2

red = 1.63, 39 dof). Fig. 3.2 should be compared to Figure 9 in
Boggs et al. (2007).

A high-energy (0.4 − 15 MeV) background subtracted count energy spectrum,
shown in Fig. 3.3, was generated from the integrated time interval2 t−t0 = 1.07−21.42

s (with Δtspec ≡ 20.35), denoted by the vertical dashed lines in Fig. 3.2. The top
panel displays the count energy distribution dN/dE (crosses) of the counts recorded
in the detectors rear segments and a folded best-fit source photon spectral model
(step curve). The latter was determined via a ‘forward-fitting’ procedure in XSPEC
employing the appropriate instrumental response matrix for RHESSI (see Fig. A.1)
observing a source at 5◦ off-axis. The bottom panel shows the residuals of the fit.
The bin containing the 511 keV line was excluded from the fitting procedure.

2Our time interval coincides exactly with the one chosen by Boggs et al. (2007). Note however
that they round t0 to the nearest whole second, i.e tB07

0 = 21:30:26 UT.
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3 Magnetar giant flare high-energy emission

Figure 3.1: Count rate versus time of the RHESSI detectors. The giant flare starts at t0 =

21:30:26.64 UT. The upper (lower) plot displays the low (high) energy count rate, i.e. counts with a
recorded energy < 250 keV (> 250 keV). The initial hard spike lasts ∼ 0.2 s and is followed by a soft
tail with a series of superimposed pulsations at the spin period of the neutron star, i.e. PNS � 7.56

s (Woods et al. 2007). The first pulse occurs at t − t0 ∼ 3.47 s, denoted by the vertical dashed
line and coincides with an instrumental artifact – see Appendix A.3. The subsequent pulse maxima
are denoted by the vertical dash-dotted lines. The pulsations are not apparent in the high energy
emission. The plot is truncated at t − t0 = 100 s. Recorded counts of all detector segments (front
and rear) where used in these plots.

We assumed a simple powerlaw (PL) model for the photon source spectrum f(ε) =

N ε−Γ, where ε is the photon energy, and obtained the following best-fit parameters:
A normalization N = 4.58+5.07

−2.52 photons keV−1 cm−2 s−1 at 1 keV and photon index
Γ = 1.38 ± 0.09, with fit statistic χ2

red = 0.91, 30 dof. Accordingly, we may infer a
photon flux integrated over the energy range 0.4− 15 MeV of F = (4.2± 0.3)× 10−6

erg cm−2 s−1, with time integrated fluence over Δtspec of F = (8.6 ± 0.6) × 10−5

erg cm−2. This result deviates from the fluence found by Boggs et al. (2007), i.e
F = (9.8 ± 0.1) × 10−5 erg cm−2. We have not been able to fully determine the
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3.2 Observations and Analysis

Figure 3.2: High-energy (0.4–10 MeV) counts (in the rear segments) against time since flare onset
t0 in time bins equal to the spacecraft rotation period, i.e. 4.07 s. A high energy excess is present
(thick crosses) for ∼ 100 s above the background (thin crosses). A 3rd-order polynomial was fit to the
background counts (dash-dotted curve) and a decaying powerlaw f(t) ∝ t−α was fitted to the excess
counts, i.e. the background-subtracted counts, with best-fit parameter α = 0.76± 0.07 (χ2

red = 1.49,

39 dof); the solid curve denotes the fit to the excess counts on top of the fit to the background. The
spectrum has been generated from the time interval t− t0 = 1.07− 21.42 s, denoted by the vertical
dashed lines. This figure should be compared to Fig. 9 of Boggs et al. (2007).

cause of this slight difference, since some relevant details of the data analysis done
for the 2007 publication are not given. After consultation with the authors, however,
we believe that the differences likely arise from the use of a distinct background
extraction procedure resulting in a different background-subtracted source spectrum
and adopting a slightly more up to date instrument response matrix that may modify
the best-fit parameters of the photon spectrum model and consequently the inferred
photon fluence (E. Bellm, private communication).

Having confirmed the results of Boggs et al. (2007) regarding in particular the
existence and general properties of the nonthermal hard component, we will now
continue to investigate the pulsed emission. In particular we would like to know how
pulsed is the high-energy emission.

3.2.3 Pulsed emission

From Fig. 3.1 we notice that a strong pulsed fraction seems to be absent in the high
energy emission, as compared to the low energy emission (Boggs et al. 2007). The
degree to which the emission is pulsed in all of the bands will be important when we
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3 Magnetar giant flare high-energy emission

Figure 3.3: RHESSI count energy spectrum integrated over time interval t − t0 = 1.07 − 21.42

s. The top panel shows the background subtracted count distribution (crosses) and folded best-fit
source photon spectral model [step curve; Γ = 1.38 ± 0.09 (χ2

red = 0.91, 30 dof)] versus energy.
The bottom panel shows the residuals. The energy bin including the 0.511 MeV line was omitted in
determining the best-fit photon spectral model.

come to consider mechanisms that might generate the high energy component. In
this section we will examine whether the apparent drop off in pulsed amplitude at the
highest energies is genuine, or whether it could be an artifact of lower signal to noise
in the higher energy band.

Issues with standard periodicity detection approaches

Comparing the pulsed fraction in low and high energy bands is not straightforward:
whether the pulsed fraction is detected (or, indeed, detectable) depends on the details
of the detector efficiency as a function of energy, the source energy spectrum and the
sky background in the detector as a function of energy. Here we employ a simple
empirical model to test whether the pulsed fraction is constant as a function of energy.
Specifically, we extract light curves in four energy bands (25 − 40 keV, 40 − 80 keV,
80 − 250 keV, and 250 − 15, 000 keV) at a time resolution of 50ms. We consider a
segment between t0+4.2 s and t0+94.2 s. The start time of this segment is set roughly
by the end time of the first peak of the pulsating phase, since an instrumental artifact
coincides with the first pulse maximum (see Fig. 3.1 and Appendix A.3). The end time
is set approximately by the end of the detectable emission in the highest energy band.
The complex time variability of the burst, including an overall decay, a re-brightening
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3.2 Observations and Analysis

Figure 3.4: Power spectral density plots of the separate energy bins (25 − 40 keV, 40 − 80 keV,
80− 250 keV, and 250− 15, 000 keV). The dash-dotted line denotes the Poisson noise level at P = 2.
Notice the presence of a strong red-noise component in three low energy bins. The background
dominates the highest energy bin, Fig. 3.2, so the red noise is much less pronounced. Furthermore,
we can clearly distinguish the fundamental frequency at ν/ΩNS in the low energy bins (< 250 keV).
The high-energy bin (> 250 keV) is dominated by noise, making it intricate to detect or negate the
presence of any periodic variability.

and the changing shape of the pulse profile, lead to an equally complex power spectrum
including a strong red noise component at low frequencies (see Fig. 3.4). Consequently,
standard periodicity detection algorithms, which rest on the assumption of a white
noise background, cannot be used (see e.g. Vaughan 2010; Huppenkothen et al. 2013).

Building Template Models for the Observations

In order to model the observed emission in all four energy bands, we build a template
pulse profile using the brightest band (40 − 80 keV). We first re-bin this light curve
to a coarser resolution of 0.1 s and then fit the binned light curve with a cubic spline
function, which allows us to interpolate a smooth version back to the original time
resolution. We then extract an estimate of the total background by considering an
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3 Magnetar giant flare high-energy emission

interval of 26 s recorded before the burst in the same energy range and compute the
count rate in that interval, assuming that all of the emission recorded in that interval
is due to sky background. Under the additional assumption that the sky background
is constant, we subtract off the counts per bin due to background from the template.
By dividing this smooth version by the total number of source photons (i.e. the
total number of photons observed in this band, minus the total number of photons
assumed to be due to background) in this energy band, we arrive at a template to
use for further analysis.

In order to compare this template to the observations, we use the spectrum of the
flare interval as well as the pre-flare interval to extract the integrated photon flux in
the detector for source and background, respectively. The total photon flux from the
flare interval includes contributions from both source and sky background. In order to
get the source flux only, we subtract the time scaled total number of photons expected
from the sky background based on the pre-flare interval in the same energy band. We
then construct a template light curve by multiplying the pulse template by the total
source photons in each bin, and adding a constant sky background that integrates
to the total sky background as extracted from the spectrum. This procedure results
in a model light curve for each bin, appropriately scaled by the number of photons
recorded in the detector, thus it takes the effects of the detector efficiency and the
source energy spectrum into account.

Bayesian Model Comparison

The ultimate goal is to test whether we can confidently exclude a model where the
pulsed fraction is constant with energy. Note that this is conceptually different from
trying to to detect whether there are any pulsations present in the data. In the
latter case, we would presume no other knowledge of the problem and simply ask the
question whether the data supports the hypothesis of a (quasi-)periodicity in a given
energy bin, without taking the other energy bins into account. Here, however, we are
more interested in whether the data are consistent with a model where a periodicity
is present in all four energy bins, but modulated by the changes in source spectrum
and sky background as a function of energy, so that it might still go undetected with
other period detection algorithms. To do so, we introduce an amplitude parameter
Ai for each energy bin Ei, which scales the pulse profile. This allows us to set up two
models encoding the hypotheses we are interested in. In model 1 (M1), we assume the
pulsed fraction is constant with energy, and any decrease in observed pulse fraction
is caused by the energy dependence of source spectrum and sky background. Thus,
in M1 we define that the amplitudes Ai equal a single constant parameter C for
all i, i.e. Ai = C ∀i. In model 2 (M2), we allow the pulse amplitude to vary as a
function of energy. Because we have no a priori knowledge of the functional form of
this dependence, we allow the amplitude to vary independently in each energy bin.
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3.2 Observations and Analysis

We parametrize the amplitude as Ai = C + ai ∀i, which gives an additional set of
N parameters {ai}Ni=1 for N = 4 light curves. While we could have parametrized Ai

directly and reduced a parameter, this parametrization allows for the models to be
nested (where the simpler model is a special case of the more complex model with
ai = 0∀i), which is convenient for model comparison purposes.

Using these two parametrizations, we build two models for the observations in a
Bayesian framework and use Markov Chain Monte Carlo (MCMC) to sample their
parameters. Because the pulse shape may be mildly energy dependent, we do not
compare the light curve template directly to the observed light curves, but instead
produce power density spectra (PDS) of the observed light curves as well as the model
light curves. We add a power law component (with normalization APL,i and index
Γi) to each transformed model PDS to account for any red noise not modeled by the
pulse shape itself as well as a constant wi to account for Poisson statistics at high
frequencies. This adds a set of twelve parameters {Γi, APL,i, wi}Ni=1 to each model.

Because the GF light curves were extracted in energy bands that do not overlap,
we can consider them to be statistically independent, and can thus define a likelihood
over all four light curves as the product of the individual likelihoods for each energy
band. This, along with reasonable priors on the parameters (see Appendix A.1 for
details of the model and procedure), allows us to sample from the full model.

Results

We use MCMC in the form of emcee (Foreman-Mackey et al. 2013) to sample the
posterior distributions of both M1 and M2 and find that the posterior distributions
for M1 and M2 are well-constrained. In order to compare M1 and M2 more for-
mally, we exploit the nested nature of the models and use the Savage-Dickey Density
(SDDR; defined in Appendix A.1) to approximate the ratio of marginalized posterior
probability densities of M1 to M2 (i.e. the Bayes factor). Using the SDDR, we find
a logarithmic Bayes factor of −1.6, corresponding to a 74% probability of M2 being
true. Following Jeffrey’s scale (Jeffreys 1998) and assuming equal prior probabilities
for M1 and M2 (i.e. p(M1) = p(M2) = 0.5), we interpret this as very weak evidence in
favor of the model with variable pulse amplitude. In Fig. 3.5, we present the posterior
distributions for the pulse amplitudes. We note that while the posterior distributions
for the pulse amplitudes are fairly wide, there is some indication that the pulse am-
plitude might not be constant here, too. In particular, the pulse amplitude for the
highest-energy bin is consistent with this emission not being pulsed. Furthermore, the
emission in the lowest energy bin also appears to be less pulsed than the two middle
bins.

We note, however, that this result depends quite strongly on prior choice: the
Bayes factor trades off information content in the data with the volume of parameter
space allowed by the prior. If the latter is very large for the additional parameters
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3 Magnetar giant flare high-energy emission

Figure 3.5: Posterior distributions for the pulse amplitudes in the four different bands. The
distributions were calculated as Ai = C + ai for each band i and each sample in the MCMC chain.

in M2, the automatic penalty imposed may lead to a preference of the simpler model
if the data are not exceptionally informative. Replacing the uniform prior for ai
with a Gaussian prior centered on zero with a standard deviation of 0.2 changes our
conclusions quite drastically: in this case, there is moderate evidence for the model
with constant pulse amplitude M1 (with posterior odds of 0.94). Given that even
a fairly wide Gaussian prior can change the model’s inference this drastically, we
conclude that the data are not very informative. If it were, the likelihood would
dampen the sensitivity of our conclusions to the choice of prior, and the model would
converge to the same conclusions. This is also reflected in the likelihood ratio which
only weakly prefers the model where the pulse amplitude depends on energy.

3.3 Global flare model: A highly extended corona

In this section we explore the model proposed by Boggs et al. (2007) to explain the
high energy nonthermal component during the peak decay. They hypothesize that this
component originates in a highly extended corona, that has been driven by the hyper-
Eddington luminosities, where the synchrotron cooling of the scattering particles is
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Figure 3.6: Schematic of the inverse Compton scattering configuration (not to scale). During the
pulsation phase of the giant flare a cone of beamed emission emerging from the evaporating fireball
sweeps through the line of sight of the observer. Moreover, a portion of this anisotropic low energy
(i.e. < 250 keV) emission proceeds to upscatter in a region that is part of an extended corona of
isotropic relativistic pairs that envelops the NS, resulting in the high energy spectral component
(> 400 keV). Here, ε0 and ε1 respectively denote the incident photon unit vector (red thick arrow)
and unit vector of the upscattered photon in the direction of the observer (blue thick arrow), χ is
the angle between the rotation vector of the neutron star and the observer, cosα = μ · Ω denotes
the angle between the rotation and magnetic dipole vector of the NS (or indeed the normal vector
at the base of the fireball), θ0 represents the incident photon angle, i.e. the angle between ε0 and
the pair’s direction of motion (in turn given by the purple thick arrow). Due to the rotation of the
neutron star, the orientation of μ(φ) will vary periodically with respect to the observer, such that
θ0(φ) will depend on the phase. From simulating inverse Compton spectra we find that the photon
spectral index Γ depends strongly on θ0(φ) (see Fig. 3.7) and will therefore also be phase-dependent.

inefficient. The seed photons that are upscattered come from the jets of radiation
that emanate from the base of the trapped pair-plasma fireball. They argue further
that the lack of apparent pulsations in the high energy light curve is consistent with
this picture. Our analysis of the afterglow emission indeed shows that a model where
the pulsed fraction decreases for the high energy emission is preferred.

3.3.1 Inverse-Compton Scattering

Here we wish to investigate whether the model proposed by Feroci et al. (2001) and
Boggs et al. (2007) can reproduce the observed high energy spectral component and
furthermore whether such a process would isotropise or increase the degree of beaming
of the beamed incident radiation emerging from the base of the fireball. We will make
use of inverse Compton (IC) scattering calculations involving an anisotropic incident
photon beam undertaken by Dubus et al. (2008) and Cerutti (2010) in investigating
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3 Magnetar giant flare high-energy emission

the phase-dependent emission from γ-ray binaries. Here however we consider the
following scenario, illustrated in Fig. 3.6. During the pulsation phase of the GF light
curve, we consider the configuration wherein the pulsed soft X-ray emission is caused
by a cone of beamed emission aligned with the magnetic dipole vector μ of the NS3

that moves in and out of the line of sight (parameterised by χ, i.e. the angle between
the observer and rotational vector Ω of the NS) as the underlying NS rotates. We
subsequently assess the model where a portion of this beamed emission irradiates a
highly extended corona comprising an isotropic distribution of pairs that envelops the
NS. These pairs in turn upscatter, through inverse Compton scattering, the incident
low energy photons to higher energies (> tens of MeV).

We assume that the pairs are relativistic (γ � 10), such that the outgoing photons
will be beamed primarily, over an angle ∼ 1/γ, in the direction of motion of the
charged particles. Accordingly, we only observe the Comptonized emission scattering
from charged particles that propagate in the direction of the observer. Consequently,
we solely observe photons that have interacted with a charged particle at θ0, which
is given by

cos θ0(φ) = cosα cosχ+ sinα sinχ cosφ ≡ μ0(φ), (3.1)

where cosα = μ·Ω denotes the angle between the rotation and magnetic dipole vector
of the NS, and φ represents the rotational phase of the NS.

In this configuration, the extended pair corona is hypothesized to be uniform. We
will test this conjecture and discuss its validity in sections 3.3.3 and 3.3.3, focus-
ing mainly on its size constraints. The extended corona is illuminated at different
longitudes, i.e. the scattering regions, as the soft X-ray beam sweeps round with
φ. Accordingly, we approximate the incident photon spectrum as a blackbody dis-
tribution of constant temperature kBTbb. Furthermore, we assume that it is highly
anisotropic, i.e. we model the emission cone as a entirely radially outward directed
beam irradiating a scattering region from below at each instant in time. The seed
photon distribution is therefore given by

dnX

dε0
=

2

h3c3
ε20

exp
[

ε0
kBTbb

]
− 1

, (3.2)

where nX is the soft X-ray photon number density, ε0 is the incident photon energy, h
is Planck’s constant, and c is the speed of light. A fraction of these photons interacts
kinematically with the relativistic pairs in the extended corona. We assume a simple

3The base of the fireball may not be aligned with the dipole vector of the NS. In that case μ

represents the normal vector to the NS surface at the location of the base of the fireball.
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isotropic power law energy distribution for the pairs up to a maximum energy4 γ+,

dN±
dγ

=
1

4π
K±γ−p γ < γ+, (3.3)

where p denotes the spectral index of the pair energy distribution and K± represents
the normalization in number of pairs per cm2.

The differential cross section of Compton scattering described by QED is given in
the particle rest frame (PRF) by the Klein-Nishina (K-N) equation,

dσ

dΩ′1dε
′
1

=
r2e
2

(
ε′1
ε′0

)2(
ε′1
ε′0

+
ε′0
ε′1

− sin2 Θ′
)
δ (ε′1 − ε′1∗) , (3.4)

where the primed quantities are defined in the PRF, re ≡ e2/(mec
2) is the classical

electron radius, ε1 is the energy of the outgoing photon, Θ is the angle between the
incident and outgoing photon, δ denotes the Dirac distribution, and the Compton
formula is given by

ε′1∗ =
ε′0

1 +
ε′0

m±c2 (1− μ′Θ)
, (3.5)

where μ′Θ = cosΘ′ = μ′1μ
′
0 + (1− μ′1)

1/2(1− μ′0)
1/2 cos(φ′1 − φ′0) and μi = cos θi, with

i ∈ {0, 1}. We may translate the photon energies between the PRF and the lab frame
through the relativistic Doppler shift equations:

ε′0 = γ (1− βμ0) ε0, (3.6)

ε′1 = γ (1− βμ1) ε1, (3.7)

where β = v/c = (1 − γ−2)1/2 is particle’s velocity in units of c. Furthermore, the
angles μi, with i ∈ {0, 1}, translate according to the formula for the aberration of
light,

μ′i =
μi − β

1− βμi
. (3.8)

The normalised anisotropic seed photon density for a monochromatic beam is given
by

dn

dεdΩ
= δ (ε− ε0) δ (μ− μ0) δ (φ− φ0) , (3.9)

4For now, we have no physical reason to set a lower limit to the energy of the pairs. The
distribution extends down to γ− = 1. Our Klein-Nishina kernel (equation 3.12) and the assumption
that we only observe upscattered photons from relativistic pairs that move in the direction of the
observer, however both depend on an approximation that requires γ � 1. We address this assumption
in Section 3.3.3.
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which in the PRF becomes

dn′

dε′dΩ′
= γ(1− βμ)δ (ε′ − ε′0) δ (μ

′ − μ′0) δ (φ
′ − φ′0) . (3.10)

In the lab frame, the anisotropic K-N kernel is then given by the following relation

dN

dtdε1dΩ1
=

c

γ2(1− βμ1)

∫∫
dn′

dε′dΩ′
dσ

dΩ′1dε
′
1

dε′dΩ′. (3.11)

Inserting equations (3.4), (3.10), and making use of the following approximation μ′Θ ≈
μ′1μ

′
0 valid for γ � 1, one can write the anisotropic kernel as such

dN

dtdε1
�πr2ec

γ
ξ
1− βμ0

1− βμ∗1

{
1 +

(
μ∗1 − β

1− βμ∗1
μ′0

)2

+

⎛
⎜⎝ γε1
m±c2

1 + βμ′0 − (β + μ′0)μ
∗
1{

1− γε1
m±c2 [1 + βμ′0 − (β + μ′0)μ

∗
1]
}1/2

⎞
⎟⎠

2⎫⎪⎬
⎪⎭ , (3.12)

with

ξ ≡
{
1− γε1

m±c2 [1 + βμ′0 − (β + μ′0)μ
∗
1]
}2

∣∣∣βγε1 + ε21
m±c2μ

′
0

∣∣∣ , (3.13)

and the outgoing photon angle

μ∗1 �
1− ε0

ε1
(1− βμ0) +

ε0
γm±c2

β + ε0μ0

γm±c2
. (3.14)

To attain the emitted spectrum we need to consider the seed photon energy distri-
bution equation (3.2) and isotropic energy distribution of the scattering pairs equa-
tion (3.3) and proceed to numerically evaluate the following expression at each emitted
photon energy ε1,

dN

dtdε1
=

∫∫
dN±
dγ

dnX

dε0

dN

dtdε1
dε0dγ. (3.15)

The input parameters of the simulation are Tbb, K±, p, γ+, and θ0(φ) where the latter
may vary with the rotational phase φ of the NS, depending on fixed values for α and
χ – see equation (3.1). The former parameters however are assumed to be constant,
i.e. we assume a homogeneous energy distribution for the relativistic pairs in the
extended corona, characterized by K±, p, and γ+, and that a given scattering region
is always irradiated by the same incident photon spectrum, determined by Tbb.
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3.3 Global flare model: A highly extended corona

Table 3.1: Results of the inverse Compton model fit to the observed RHESSI counts for fixed
values of p and varying θ0. Note that the best-fit power law model was described by Γ = 1.38± 0.09

with Δχ2
red = 0.91 and 30 dof.

p θ0/π Δχ2
red (31 dof)

1.0 0.46 1.00
1.1 0.53 1.00
1.2 0.59 1.00
1.3 0.65 1.00
1.4 0.73 1.00
1.5 0.83 1.06a

1.6 0.83 1.18a

2.0 0.81 1.90a

aLowest obtainable values for Δχ2 for the respective values of p.

3.3.2 Results of the IC model

The IC spectra

We investigated the effect of varying the input parameters within a physically rea-
sonable space has on the emitted spectrum, in the photon energy range 300− 17, 000

keV. We found that varying p changes the hardness of the emitted spectrum notably,
whereas the remaining parameters only alter the normalization or display no appar-
ent change in this energy range. For γ+ � 102 the spectrum cuts off exponentially at
roughly � 20 MeV.

Results of the integration of equation (3.15) are shown in Fig. 3.7. Each sub figure
exhibits a range of values for θ0 = 10−1π−π in steps of 4.5×10−2π for a set of values
of the spectral index of the pair energy distribution p ∈ {1, 1.4, 1.8, 2.2, 2.6, 3}.
Note that the slope of the emitted spectra increases as p decreases. We also see that
the spectrum is harder with increasing incoming photon angle θ0, i.e. as the collision
with the particle becomes increasingly head-on.

We fit the IC model to the observed data for fixed values of p, varying θ0. Best-fit
results are listed in Table 3.1. We find that we can attain Δχ2

red = 1.00 for p = 1−1.4

and a poor fit for p = 2 (and θ0 = 0.81π), with Δχ2
red = 1.90 and 31 dof.

For comparison we plot the IC spectrum for p = 1.2 and θ0 = 0.59π and the best-
fit power law in Fig. 3.8. If indeed the observed data are produced by Comptonized
emission, we find that the energy distribution of the scatterers is required to be very
hard to reproduce the observed spectrum, such that the acceleration mechanism must
be very efficient p � 1.5. For instance, values of p = 1− 1.2 may be attained through
magnetic reconnection in the ultra-relativistic regime, i.e. where the energy density
of the magnetic field dominates over the particle energy density εB/εp � 1 (Sironi &
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3 Magnetar giant flare high-energy emission

Figure 3.7: Simulated high-energy inverse Compton emission spectra. The separate graphs show
the emission spectra for varying spectral index of the pair energy distribution p. The curves per
graph represent the emission spectra for different values of the incident photon angle θ0 ranging
from 10−1π to π in steps of 4.5× 10−2π; with γ+ = 104 and kBTbb = 10 keV. Note that the spectra
below � 1 MeV, and in particular for small values of θ0, may deviate due to the assumption that
γ � 1.

Spitkovsky 2011; Guo et al. 2014). These particles may however cool due to strong
synchrotron radiation, before being able to Compton upscatter the seed photons (see
Section 3.3.3).

If we consider the case where p = 1.2, θ0 = 0.59π, and γ+ = 102, we find that
K± = (1.03± 0.07) × 1024 pairs cm−2. Here, we have assumed a typical size for the
NS, i.e. RNS = 106 cm and the source to be a distance d = 8.7 kpc from the observer
(Bibby et al. 2008). Subsequently, with equation (3.3) we can estimate the required
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3.3 Global flare model: A highly extended corona

Figure 3.8: RHESSI count energy spectrum integrated over time interval t − t0 = 1.07 − 21.42

s. The top panel shows the background subtracted count distribution (crosses), best-fit inverse
Compton model [step curve; p = 1.2 and θ0 = 0.59π (χ2

red = 1.00, 31 dof)], and best-fit powerlaw
photon spectral model [dashed step curve; Γ = 1.38± 0.09 (χ2

red = 0.91, 30 dof)] versus energy. The
bottom panel shows the residuals of the inverse Compton model. The energy bin including the 0.511
MeV line was omitted in determining the best-fit IC model.

integrated energy of the pairs (with 1 < γ < 102) in the scattering region,

E± = m±c2
∫ γ+

γ−
γ
dN±
dγ

dγ � 3.3× 1018 erg cm−2. (3.16)

The dependency of the IC spectrum on the phase

When it comes to studying the pulsed fraction, comparing the simulated spectra to
the data of the GF is hindered by the fact that we have no specific information
on the angles χ and α, which both determine how θ0 will vary with φ. What we
do know however is that if the low energy emission is strongly beamed and pulsed
(α /∈ {0, π}), which it indeed should be for SGR 1806–20, then θ0 will vary strongly
as well according to the IC model. The strongest variation in the slope of the emitted
spectrum due the variation of θ0(φ) will occur when α = χ = π/2.

In Fig. 3.9 we plot the simulated light curves as a function of the NS rotational
phase φ. The plots correspond to two values of p ∈ {1.2, 2.2}. The solid and dashed
curves respectively show a maximum and moderate dependence of the scattering
angle on the phase, i.e. consecutively (χ = π/2, α = π/2) and (χ = π/2, α = π/4).
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3 Magnetar giant flare high-energy emission

Figure 3.9: Simulated lightcurves of the Comptonized emission as a function of the neutron star
rotational phase φ. We show the lightcurves for two values of the spectral powerlaw index of the
pair energy distribution p ∈ {1.2, 2.2}. Per plot the curves exhibit phase variability in three separate
energy bands, i.e. low (260 keV ≤ εlow1 ≤ 1.4 MeV), mid (1.4 MeV < εmid

1 ≤ 8.4 MeV), and high (8.4
MeV < εhigh1 ≤ 50 MeV), and for two different dependencies of θ0 on φ. For the latter, θ0 may vary
maximally (moderately) with φ, where cos θ0 = cosφ (cos0 = 1/

√
2 cosφ). The left panels show the

relative flux of the separate energy bands; from which we see that the pulse amplitude decreases with
energy, and decreases stronger for larger p. The right panels show the fluxes normalized by their
respective maximum value; from which we see that the anisotropy increases with energy, regardless
the value of p.

Moreover, per plot the averaged flux of three distinct energy bands are shown, in the
low (260 keV ≤ εlow1 ≤ 1.4 MeV), mid (1.4 MeV < εmid

1 ≤ 8.4 MeV), high (8.4 MeV
< εhigh1 ≤ 50 MeV) range.

The left panels show the relative flux of the separate energy bands and the right
panels show the fluxes normalized by their respective maximum value. We find that
the pulse amplitude decreases with energy and that this effect is stronger at larger
values for p. Moreover, we find that the anisotropy of the Comptonized emission
increases with energy, regardless the value of p. The pulsed fraction remains very close
to 1.0 in the case of maximum variability, yet does not become much less (� 0.85)
in the case of moderate variability. Our analysis shows that the IC mechanism does
not isotropize the thermal emission, as suggested by Boggs et al. (2007). In fact, the
emission generated by this IC model remains strongly pulsed in the higher energy
bands, contrary to what the data indicate.
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3.3 Global flare model: A highly extended corona

3.3.3 Discussion and review of assumptions

Validity of the Klein-Nishina kernel

In deriving the K-N kernel given by equation (3.12) we made use of the approximation
that γ � 1. Nevertheless, in generating the spectra we set our minimum particle
energy at γ− = 1. This however does not only affect the lower energy end of the
resultant spectra (below 1 MeV, mainly for smaller values of θ0), it also weakens the
assumption that the Comptonized emission that we observe solely originates from
kinematic interactions of seed photons with charged particles that propagate in the
direction of the observer. If γ ∼ 1 the outgoing photon is not necessarily beamed
in the same direction as the motion of the charged particle. Hence, we may observe
photons that have interacted with sub relativistic pairs, under a different incident
angle than θ0. This effectively means that the anisotropy will be somewhat reduced
for the Comptonized emission at the lower energies, i.e. � 1 MeV. Nonetheless, the
higher energies are much less affected by this assumption and will remain highly
anisotropic as shown in Fig. 3.9.

A moving scattering region

We have assumed that the highly extended corona is stationary. In general however
we expect the corona to consist of an outflow; therefore, we can relax the hardness
of the electron distribution by assuming that the scattering region is moving mildly
relativistically away from the star. In the comoving frame the energy of the thermal
photons will be lower, such that the IC scattering is no longer in the K-N regime.
Subsequently, we would still require a hard electron distribution with p � 1.8, yet
much less hard than the value of p � 1.4 that corresponds to a stationary scattering
region with respect to the observer. In the nonstationary case we would expect the
hard emission to be as pulsed as the thermal emission, since both populations are
boosted with respect to the observer. One would also expect the optical depth of the
scattering region to decrease as it moves away if it also expands. The similar power-
law decay of the flux in the two energy regimes constrains changes in the optical
depth.

IC cooling time & size of the corona

From equation (3.16) we found that the observed high-energy emission can be pro-
duced from inverse Compton scattering only if the total scattering region has approx-
imately 3.3 × 1018 ergs cm−2 of pairs with 1 < γ < 102. Even though there may
be higher energy particles, these nonetheless do not contribute much to the emission
below 20 MeV. The total energy in the high-energy emission is ∼ 1042 ergs assuming
isotropic emission and a distance to the source of d = 8.7 kpc. This yields a scattering
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3 Magnetar giant flare high-energy emission

region radius of rsr ∼ 4.4 × 104 RNS, which exceeds the light cylinder of the source,
i.e. Rlc = cΩ−1

NS ∼ 3.6× 104 RNS. Only if γ+ � 103, do we find that rsr < Rlc.
An important question is the cooling time of the scattering population. If the

cooling time is much shorter than the duration of the high-energy excess emission,
then the pairs must be continuously replenished. We can estimate the IC cooling
time τ ICc by calculating the total energy column density of the pairs in the scattering
region E± over the IC power per unit area dPIC/dA, i.e.

τ ICc ∼ E±

(
dPIC

dA

)−1

. (3.17)

With equations (3.3) and (3.16) we find that we may write

E± =
m±c2K±

4π

(
γ−p+2
+ − γ−p+2

−
2− p

)
. (3.18)

The IC power emitted by a single electron is given by

PIC =
4

3
σTcβ

2γ2uX, (3.19)

where σT ≡ (8π/3) r2e is the Thomson cross section. We have made a modest ap-
proximation by using the Thomson cross section rather than the K-N expression,
equation (3.4). Accordingly, we may infer the IC power per unit area of the scatter-
ing region as follows,

dPIC

dA
=

∫ γ+

γ−
PIC

dN±
dγ

dγ =
4
3σTc uXK±

4π

∫ γ+

γ−
β2γ−p+2 dγ,

�
4
3σTc uXK±

4π

(
γ−p+3
+ − γ−p+3

−
3− p

)
, (3.20)

where in the last step we assume that the scatterers are relativistic, i.e. β ∼ 1.
Consequently, we can write

τ ICc ∼ 3m±c
4σTuX

(
3− p

2− p

)
1

γ−

⎡
⎢⎣
(

γ+

γ−

)−p+2

− 1(
γ+

γ−

)−p+3

− 1

⎤
⎥⎦ . (3.21)

The energy density of the incident X-ray emission can be estimated as

uX =
LX

πcR2
NS

(
rsr
RNS

)−2

, (3.22)

where LX denotes the (isotropic) X-ray flux at RNS, and rsr represents the radial
height of the scattering region.
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3.3 Global flare model: A highly extended corona

Assuming γ+ � γ−, and adopting typical values for p = 1.2, LX ∼ 1042 erg s−1,
and rSR ∼ 104 RNS, we obtain an IC cooling time of,

τ ICc ∼ 7× 10−4

γ+

(
rsr

104RNS

)2

s , (3.23)

i.e. the pairs cool very rapidly through IC scattering.
Of course this cooling mechanism would only affect the pairs that are illuminated

by the beam of soft photons. We expect the pairs in these illuminated regions to
be replenished high-energy particles in neighboring regions. Observations of eruptive
solar flares and magnetic reconnection models indicate that the total energy in this
highly extended corona could be comparable to the energy released during the initial
spike of the GF (Sironi & Spitkovsky 2014; Janvier et al. 2015; Sironi et al. 2016).
Therefore, there should be sufficient total energy in the corona to power the late
high-energy emission as long as other cooling mechanisms do not operate.

Synchrotron cooling time & lower limit to the size of the corona

Synchrotron emission might however cool the corona over the timescale of the high-
energy emission. If we insist that the synchrotron cooling time is longer than 100 s,
we can obtain a lower limit on the size of the corona and the energy contained within
it. We can estimate the synchrotron cooling time τ sync by taking equation (3.19) and
substituting uX → uB , where the latter is the magnetic energy density given by,

uB =
B2(r)

8π
=

B2
0

8π

(
r

RNS

)−6

, (3.24)

assuming that the post-GF magnetic field resembles a dipole. We end up with the
following estimate,

τ sync ∼ 4× 102

γ+

(
rsr

104RNS

)6

s, (3.25)

where we adopted a surface magnetic field strength of B0 � 2 × 1015 G (Nakagawa
et al. 2009). Incidentally, the synchrotron cooling time will decrease in the case of a
globally twisted magnetic field (Thompson et al. 2002).

The synchrotron cooling time of pairs with γ+ ≥ 102 can be stretched beyond
100 s only if the scattering region is larger than 1.7 × 104 RNS. This means that
the initial cloud of relativistic particles, that was presumably created near to the
star during the initial spike of the GF, must expand by a factor more than ∼ 104

without cooling due to inverse Compton scattering, synchrotron radiation or adiabatic
expansion. The adiabatic effects alone reduce the Lorentz factor of the pairs by
a factor of 104, dramatically increasing the energy requirements. Accounting for
adiabatic losses alone would require an initial energy in relativistic particles at the
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3 Magnetar giant flare high-energy emission

reconnection event of ∼ 1046 ergs, as much as the energy released in the GF itself.
We must therefore conclude that the high-energy emission results from pairs that are
continuously accelerated by the outflow rather than from pairs excited by the initial
GF.

3.4 Local Flare Model: Shock Acceleration

The initial spike of the GF is expected to generate copious pairs and a large initial
outflow. Outflows of material must persist throughout the tail of the giant flare
however, in order to collimate the low energy emission and generate the prominent
rotational pulsations (van Putten et al. 2016). These outflows are driven by the super-
Eddington emission from the base of the trapped fireballs. We find that both the soft
and hard photons decrease at a similar rate, i.e. the soft emission flux also decays
as f(t) ∝ t−0.76 (see Section 3.2.2). This indicates a possible connection between
the particle injection rate and the soft emission that originates from the outflow.
We present a local emission model, inspired by the CSHKP model (after Carmichael
1964; Sturrock 1968; Hirayama 1974; Kopp & Pneuman 1976) for solar flares (e.g.
Shibata & Magara 2011, for a review), in which the particles in the outflowing material
can be accelerated sufficiently to replenish continuously the population of relativistic
particles. This can be achieved if the outflow from near the surface of the NS collides
with the exhaust of the reconnection region as depicted in Fig. 3.10, forming a shock
that accelerates particles. Significant advances in the study of relativistic shocks
have recently been made both theoretically and numerically through Particle-In-Cell
(PIC) simulations. In particular their ability for particle acceleration and generating
magnetic fields in the upstream region has been investigated (Sironi et al. 2015).
It has been determined that the physics of relativistic shocks is strongly dependent
on the value of the magnetization parameter σm ≡ 2uB/u±. Fundamentally, the
conditions for the Fermi acceleration mechanism to operate are constrained by the
orientation of the field with respect to the upstream flow in strongly magnetized shocks
(σm � 10−3 for pair dominated flows). Only for shocks where the orientation of the
upstream magnetic field is near-parallel to the shock normal, can efficient particle
acceleration occur. In weakly or unmagnetized shocks (σm � 10−3 for pair dominated
flows) however, accelerated particles are more easily able to flow into the upstream
region and excite electromagnetic plasma instabilities, which in turn produce magnetic
structures that facilitate the Fermi acceleration mechanism.

3.4.1 Inverse-Compton Scattering

We first analyze the case in which the high-energy emission is produced by IC scatter-
ing of the low-energy photons by the particles accelerated in the shock. In this case,
we can compare the fluence of the high-energy emission to that of the low-energy
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NS

Shock

Reconnection Flow

High-Energy Emission Region

Low-Energy Emission Region

Evaporative Flow βγ ∼ 1

Figure 3.10: Local flare model in which the outflow generated near the surface forms a shock that
accelerates particles and perhaps generates a magnetic field as well. The thickness of the high-energy
emission region is limited by the cooling time.

emission to obtain an estimate of the total energy in relativistic particles up to a
Lorentz factor of 102. Although higher energy particles are likely to be present, they
do not contribute to the emission < 20 MeV. The total energy column density in the
scatterers was determined in the previous Section (equation 3.16) to be

E± = u±l = 3.3× 1018 ergs cm−2, (3.26)

where here l is the thickness of the emission layer.
Meanwhile, the luminosity of the high-energy emission is about 3.8×1040 ergs s−1.

Beyond about 350 stellar radii, inverse Compton cooling will dominate over syn-
chrotron cooling, assuming that all of the magnetic field originates from the star.
Rescaling equation (3.23) we find that in this case

τ ICc ∼ 8× 10−7

γ+

(
rsr

350RNS

)2

s , (3.27)

and with γ+ = 102, we estimate a flux from the pairs at the source of

F± ∼ 4.1× 1026
(

rsr
350RNS

)−2

cm−2 erg s−1. (3.28)
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3 Magnetar giant flare high-energy emission

Combining this with the aforementioned luminosity yields the surface area of the
scatterers

Σtot ∼ 9× 1013
(

rsr
350RNS

)2

cm2. (3.29)

The combined cross section of scatterers can only subtend a tiny fraction of the
magnetosphere, i.e. roughly 6× 10−5 of the sphere.5

We can also obtain an estimate of the minimal size of the scattering region by
determining how far a relativistic particle can travel before cooling. The typical
distance between scattering events is

λmfp =
〈εbb〉
σTuX

, (3.30)

where 〈εbb〉 ∼ 27 keV is the mean energy of a soft photon, for kBTbb = 10 keV. The
typical number of scattering events is

Nscatt =
cτ ICc
λmfp

∼ 1.7
m±c2

γ+〈εbb〉 , (3.31)

with the relative change in the particle momentum of

Δp

p
∼ γ+〈εbb〉

m±c2
, (3.32)

per scattering event. The particle essentially travels a straight path as it loses energy,
so the minimum size of the scattering region is determined by the cooling time

cτ ICc ∼ 2.4× 104

γ+

(
rsr

350RNS

)2

cm =
6.8× 10−5rsr

γ+

(
rsr

350RNS

)
. (3.33)

Furthermore the spectrum of scattered photons, even if the maximum Lorentz
factor γ+ is large, will only extend to an energy

εmax = γmaxm±c2 = γ2
max〈εbb〉 =

m2
±c

4

〈εbb〉 ∼ 10 MeV (3.34)

because above this energy the K-N cross section becomes important.
In general when a shock accelerates particles, it also generates a magnetic field

such that u± � uB , where here the latter is the energy density of magnetic field
generated in the shock (Sironi et al. 2015; Marcowith et al. 2016). Because we are
examining a model where IC scattering dominates the high-energy radiation, we must

5An equivalent way to look at this is to estimate the scattering optical depth. The typical photon
increases its energy upon scattering by a factor of about 100, and the total luminosity in the soft
component is 100 times larger than in the hard component, yielding a scattering optical depth of
about 10−4.
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3.4 Local Flare Model: Shock Acceleration

also insist that uX > uB and accordingly uX > u±. Subsequently, we find that the
thickness of the high-energy emission layer l must satisfy

l >
u±l
uX

= 4× 104
(

rsr
350RNS

)2

cm, (3.35)

where we made use of equations (3.22) and (3.26). For γ+ ∼ 102 which is necessary
to account for the high-energy emission, this exceeds the cooling length by a factor of
more than 100, creating difficulties for the IC model, if the particles are accelerated
in a region thinner than l. If the region containing the relativistic particles is much
thinner than this and magnetic field is also generated in the shock at a similar rate
to the relativistic particles, synchrotron emission will dominate over IC.

Furthermore, given the analysis in Section 3.3, we expect IC scattering to yield a
cutoff in the high-energy emission around 20− 50 MeV and to result in pulsed high-
energy emission. The analysis of the RHESSI data yields marginal evidence that the
emission is at most weakly pulsed and there is no cutoff to the high-energy emission
below 50 MeV.

3.4.2 Synchrotron radiation

We will now examine an alternative picture in which the high-energy emission results
from synchrotron radiation. The magnetic field can be due to the star or generated in
the shock itself (Sironi et al. 2015; Marcowith et al. 2016). In both cases we will find
that the cutoff in the high-energy emission may be small if the emission region is close
to the star, but it is typically much larger if the shock is further away. Furthermore,
if the magnetic field is generated in the shock itself, we expect it to be chaotic and
the high-energy emission may be very weakly pulsed.

If the emission region is either close to the star (within 350 stellar radii) or thinner
than a few hundred meters, synchrotron emission will indeed dominate over IC emis-
sion under the further assumption that the field strength decreases as a dipole from a
surface field of about 2× 1015 G. The pulsed fraction of the high-energy emission in
this case will be low if the local magnetic field is chaotic. In principle, the magnetic
field could become highly distorted either through reconnection or shocks. The field
from the star at a distance of 350 RNS is strong, but at about 5 × 107 G it is less
than the quantum critical field (Bqed � 4.4×1013 G), so synchrotron emission should
proceed classically and extend into the MeV regime for electrons or positrons with
γ ∼ 103.

Rescaling equation (3.25), we note that at 350 RNS the synchrotron cooling time
is also short, i.e. 8 × 10−7γ−1

+ s, which also requires that particles are continually
accelerated to high energies; we therefore expect the high-energy flux to reflect the
instantaneous particle injection rate. In the synchrotron picture, assuming that the
particles are accelerated in a shock where the mildly relativistic outflow is halted, we
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3 Magnetar giant flare high-energy emission

would expect the particle injection rate to decrease in time as the soft flux does, and
therefore expect the high-energy emission to decrease at the same rate as the soft
emission.

Another observational feature that can pinpoint whether the emission is IC or
synchrotron radiation is the cutoff energy. The RHESSI data do not indicate a cutoff
energy < 50 MeV. For synchrotron emission the cutoff depends on the strength of the
magnetic field in the emission region; specifically, the maximum Lorentz factor γco of
the pairs that emit classical synchrotron radiation is given by

εco = γcom±c2 = γ2
coεcyc =

m2
±c

4

εcyc
(3.36)

where εcyc = �eB/(m±c) is the non-relativistic cyclotron energy. For pairs with
larger energy, the emission must be treated quantum mechanically. Therefore, there
is a cutoff in the photon spectrum at this energy.

In order to estimate the cutoff for synchrotron emission, we have to estimate
the magnetic field strength in the shock region. For this reason, we have to make
some assumptions. The first one is obvious: we are analyzing the case in which
synchrotron dominates over IC, so we want uB � uX, where uB is the energy density
of the magnetic field generated by the shock. We will consider uB = a uX, where
a � 1 is a boost parameter that depends on the distance of the shock region from the
star.

The second constraint on the energy in the magnetic field is given by the as-
sumption that the energy in the pairs accelerated by the shock and the energy in the
magnetic field generated by the shock have to be the same order of magnitude, i.e.
u± ∼ uB . We can estimate the energy in the pairs by multiplying the luminosity of
the high-energy emission (LHi ∼ 3.8× 1040 ergs s−1) by the synchrotron cooling time
τ sync , which in turn is given by equation (3.21) and substituting uX → uB and setting
p = 1.8. In equation (3.21), γ+ and γ− are defined as the maximum and minimum
Lorentz factors for electrons emitting at the upper and lower limit of RHESSI ’s band
respectively:

ε+ ≈ 0.29
3

2
γ2
+εcyc sinα (3.37)

where ε+ = 15 MeV is the upper limit of RHESSI ’s energy band, where we take
sinα ≈ 0.5 and the factor 0.29 is where the first synchrotron function F (x) peaks
(Rybicki & Lightman 1986). γ− is defined in the same way, with ε− = 0.4 MeV (the
lower limit of RHESSI ’s high-energy energy band). The value of the limiting Lorentz
factors depends on the strength of the magnetic field. The other missing piece of
information is the volume of the emission region. The minimum thickness of the
region is given by how far an electron moves in one cooling time. Assuming random
walk, this is given by

l �
√
cτ sync ρ (3.38)
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3.4 Local Flare Model: Shock Acceleration

where ρ = γ−m±c2/(eB) is the Larmor radius.
We then indicate the surface area of the region by qr2s , where rs is the distance

of the shock region from the star and q < 1. Our assumption that the energy in
the magnetic field equals that in the pairs can then be translated in the following
expression

LHiτ
syn
c

uBlqr2s
� 1. (3.39)

Accordingly we find,

uB � 9× 1013
( q

0.8

)−1
(

rs
350RNS

)−2

ergs cm−3, (3.40)

which corresponds to a magnetic field of

B � 4.8× 107
( q

0.8

)−1/2
(

rs
350RNS

)−1

G. (3.41)

This is given by imposing a minimum boost on the magnetic energy density compared
to the energy density in the photons: uB = a uX, that does not depend on rs

a ∼ 1
( q

0.8

)−1

. (3.42)

Since in order for the emission to be dominated by synchrotron, a has to be greater
than 1. Accordingly, we expect the area of the emission region to be smaller (q < 0.8).
With these values, the minimum thickness of the emission region (equation 3.38)
becomes

l � 0.35
( q

0.8

)3/4( rs
350RNS

)3/2

cm. (3.43)

This is assuming a zero thickness for the shock itself, so the thickness of the emission
region is determined by the cooling length. Of course, there is still some arbitrariness
in these estimates since the shock region can be thicker; equivalent to increasing a

and decreasing the energy in the field, or have a smaller area (lower q), increasing
the energy in the magnetic field. However, this picture is robust against changes in
the parameters. For example, one could reduce the distance of the shock region from
the star to 35RNS and still have the field produced in the shock itself exceed the
stellar dipole field, for q < 8× 10−5, corresponding to a value of the boost parameter
a = 104. If the shock region was much larger than this, then one would expect that the
dipolar magnetic field may dominate over the one generated in the shock. In this case,
synchrotron emission could still account for the high-energy photons, but it would be
harder to explain a low pulse fraction with the more organized field configuration.
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3 Magnetar giant flare high-energy emission

We find that the maximum Lorentz factor and, consequently, the cutoff energy,
increase with the distance to the star:

γco � 9.3× 105
( q

0.8

)1/2( rs
350RNS

)
(3.44)

εco � 473
( q

0.8

)1/2( rs
350RNS

)
GeV (3.45)

For example, in the case where the shock region is 10 times closer and much smaller so
the shock-generated field still dominates over that of the star, εco is 103 times smaller
at about 0.5 GeV. Measuring a cutoff in the Fermi energy band would point in the
direction of a synchrotron emission process as the source of the high-energy emission
and would give us information on the geometry of the emission region.

3.5 Fluence prediction for Fermi Gamma-Ray Space
Telescope

Fermi is designed to observe high-energy astrophysical phenomena over a large energy
bandwidth with its two main instruments, the GBM, with energy bandpass from
practically 10 keV to 38 MeV, and the LAT, covering an energy range ∼ 80 − 104

MeV. There has been no magnetar GF during the lifetime of Fermi, which has been
operational since 2008. It is currently the best instrument available to study the
highest energy components of the emission should a magnetar GF occur and previous
recurrence times suggest one could be imminent.

Here we aim to predict the total number of counts that Fermi would detect in the
event of a magnetar GF, similar to the 2004 December 27 event. With knowledge of
the incident photon spectrum and flux as inferred from the RHESSI data, we can fold
the obtained photon models (shown in Fig. 3.8) through the appropriate response (see
Appendix A.2) using fakeit in XSPEC to find the count energy distribution that would
be recorded by the respective instruments. The inferred photon spectral models, i.e.
a PL (with Γ = 1.38, appropriate for synchrotron emission) and an IC model (with
p = 1.2, θ0 = 0.59π, and γ+ = 106), are based on a fit over the energy range 0.4− 15

MeV. We know that below 0.4 MeV the spectrum deviates from the deduced PL and
IC spectrum. However, in the case of the PL spectrum we cannot determine the cut
off energy from the RHESSI data; for the predictions we will assume that the PL
extends into the LAT bandwidth. Boggs et al. (2007) note that they retrieve a slightly
worse fit to the RHESSI count spectral data, when they introduce an exponential cut
off at > 50 MeV, compared to the simple PL model. The simulated count data will
provide us with an estimate of the number of counts that may be observed in the
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3.5 Fluence prediction for Fermi Gamma-Ray Space Telescope

Table 3.2: Predicted number of counts to be observed with the Fermi detectors (LAT and GBM ) in
the event of a giant flare comparable to the 2004 December 27 burst from SGR 1806–20. Estimates
were made for two distinct inferred photon spectral models: a power law (PL: with Γ = 1.38) and
inverse Compton model (IC model: with p = 1.2, θ0 = 0.59π, and γ = 106). For comparison,
RHESSI observed the latter at 5◦ off-axis and recorded ∼ 2.1 × 103 counts in the energy range
0.4 − 15 MeV integrated over Δtspec = 20.35 s. All reported numbers of counts are similarly the
result of integrations over Δtspec.

GRB ζLAT Model NLAT /10
3 Nb

GBM/103

identifiera (80− 104) MeV (0.4− 38) MeVc

090510A 14◦ PL 22.0± 0.7 4.8± 0.9

IC 2.0± 0.2 4.5± 0.8

160509A 32◦ PL 18.8± 0.8 4.9± 0.9

IC 1.8± 0.2 4.5± 0.8

110721A 41◦ PL 16.2± 0.6 4.5± 0.8

IC 1.5± 0.2 4.4± 0.8

080916C 49◦ PL 14.4± 0.7 4.7± 0.9

IC 1.3± 0.2 4.7± 0.9

150210A 54◦ PL 10.4± 0.5 4.1± 0.8

IC 0.8± 0.1 4.1± 0.8

aThese denote the names of the γ-ray bursts (GRBs) from which we used the instrument
response files to generate the fake count spectra; obtained from the Fermi GBM /LAT
GRB catalog:
http://fermi.gsfc.nasa.gov/ssc/observations/types/grbs/lat_grbs/index.php.
bThese values represent the sum total of the simulated counts in the 3 NaI and BGO
detectors where the GRB signal was the brightest. cThe lower energy limit of the GBM
has been set to the lower limit of the observed nonthermal emission.

event of a GF. We will adopt the same amount of integration/observation time that
was used in generating the RHESSI count spectrum, i.e. Δtspec = 20.35 s.

We obtained response matrices for the respective instruments from the online
Fermi GBM and LAT γ-ray burst (GRB) catalogs6. We selected the instrument
response files that were used in the spectral analysis of 5 bright GRBs, which respec-
tively occurred at an angle ζLAT to the LAT boresight - see Table 3.2.

The GBM detector is composed of 12 Thallium Sodium Iodide crystals (NaI) and
2 Bismuth Germanate crystals (BGO) (e.g. Meegan et al. 2009; Bissaldi et al. 2009)
that provides full coverage of the non occulted sky. We selected the response functions
from 3 of the NaI and the BGO detectors where the signal was most prominent. We
assume that in the event of a GF we can take the total sum of counts recorded in

6Online Fermi GBM and LAT γ-ray burst catalog: http://fermi.gsfc.nasa.gov/ssc/
observations/types/grbs/lat_grbs/index.php
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3 Magnetar giant flare high-energy emission

Figure 3.11: Simulated number of counts versus angle of Fermi LAT boresight ζLAT . We compare
the results for the predicted number of counts in the separate Fermi instruments, i.e. the GBM and
the LAT, based on the powerlaw (PL) and inverse Compton (IC) model. By far the most counts
are expected to be detected with the LAT if the PL extends up to 104 MeV. Moreover, we find that
the predicted number of counts of the LAT are dependent on ζLAT and decrease with increasing
incident angle, whereas those for the GBM remain roughly constant. For comparison the number of
counts detected by RHESSI is shown by the horizontal dash-dotted line at ∼ 2.1× 103.

these 4 detectors as an estimate for the counts that the GBM would detect.
Depending on data from the GBM or the LAT, the GBM may send a request

for autonomous repointing (ARR) of the spacecraft. The LAT changes the observ-
ing mode to monitor the location of the transient in or near its FoV. After a pre-
determined time (generally ∼ 2.5 hours) the spacecraft will return to the scheduled
mode. An ARR is performed within approximately ∼ 10 s (Meegan et al. 2009).
Slewing of the Fermi spacecraft changes the photon angle of incidence ζLAT , which
alters the instruments response function. We can estimate the advantageous effect of
slewing towards the source by looking at the responses of GRBs that were observed at
different incident angles, where a lower ζLAT results in a higher number of observed
counts with the LAT - see Figure 3.11.

The results are summarized in Table 3.2. Compared to the number of high-energy
counts observed with RHESSI, i.e. ∼ 2.1 × 103 counts, we find that the LAT would
roughly observe an order of magnitude more counts in the case of a PL extending up
to 104 MeV and a similar or less amount in the case of a IC photon spectrum. The
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3.6 Conclusion

total sum of the 3 NaI and one BGO detector of the GBM instrument would detect
roughly 2− 2.5 times the number of counts that RHESSI observed for both models.
Setting the number of counts against the incident angle ζLAT , as shown in Fig. 3.11,
we find that as expected for the LAT the number of counts decreases with increasing
opening angle, whereas those for the GBM remain approximately constant.

In any case, we expect that the Fermi data will by virtue of the increase in the
observed number of counts, allow more stringent tests of the physical mechanism that
generates the high energy emission, in particular the IC model.

3.6 Conclusion

In this work we aimed to reproduce the results of the RHESSI data analysis done by
(Boggs et al. 2007) on the high energy excess emission observed during the giant flare
of SGR 1806–20 on 2004 December 27. Moreover, we set out to study the proposed
underlying physical mechanism that may produce such high energy emission, i.e. IC
scattering in a highly extended relativistic pair corona, and investigate the constraints
it places on such extraordinary phenomena.

We were able to confirm the earlier results of (Boggs et al. 2007) regarding the
general properties of the high-energy emission. Crucial however to testing the afore-
mentioned model was to determine whether the high energy component (> 250 keV)
could be the result of a pulsed source as is apparent for the low energy emission (< 250

keV). Using more detailed statistical analysis/robust method we have shown that the
existing data from RHESSI are consistent with a model where the high-energy emis-
sion is not pulsed, but the data are only weakly constraining.

Subsequently, we have shown that IC scattering of a highly anisotropic beam of soft
radiation emerging from a trapped fireball could generate this high energy emission
given a suitable population of scatterers. The IC model fits the observed counts best
for p = 1 − 1.4, i.e. for a scattering population that has been accelerated (very)
efficiently. The origin of the scattering population however remains an open question.
If the scattering population is moving mildly relativistically or if the emission is
produce by synchrotron radiation, the particle distribution is a bit softer p ≈ 1.8. In
either case, the relativistic particles have to be replenished continuously to account for
the emission. The current data are insufficient to decide the issue; better constraints
on the time decay of the hard emission and a determination of whether it is pulsed
or whether it cuts off below 50 MeV would help to decide the issue. We find that
according to the IC model the outgoing high energy emission will not be isotropized in
the process, in fact a significant pulsed fraction is to be expected for the Comptonized
emission if this is also observed for the low energy emission. Furthermore in the IC
model we also expect the emission to cut off below 50 MeV.

Next, we examined a local flare model where synchrotron emission dominates the
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3 Magnetar giant flare high-energy emission

hard band. Synchrotron will dominate if the emission region is within about 350
stellar radii or if it is thinner than a few hundred metres. If the magnetic field is
generated in a shock along with the relativistic pairs, the synchrotron emission may
only be weakly pusled and can continue into the GeV regime without a cutoff.

Fermi LAT/GBM is very well placed to detect the next giant flare. We have
estimated that, depending on the model for the production of the high energy emis-
sion, Fermi GBM and LAT may respectively detect approximately 2− 2.5 times and
∼ 1 − 10 times the number of counts that RHESSI observed in the event of a sim-
ilar giant flare to the one from SGR 1806–20. With better observations, i.e. more
observed counts and in a broader high-energy range, we may be able to observe and
analyse in more detail properties of the Comptonized or synchrotron emission, thereby
placing tighter constraints on the models for the high-energy emission of magnetar
giant flares.
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4
Self-organised criticality and magnetar burst

mechanisms

C. Elenbaas, D. Huppenkothen, A.L. Watts

This thesis chapter presents the analysis contributed by the Promovendus to Hup-
penkothen et al. (2015) (Section 6 of that paper). It contains literal and expanded
extracts of that manuscript, including key results from the other sections where they
are required. The co-authors listed above are those who contributed most to the ma-
terial presented here: the original Huppenkothen et al. (2015) manuscript has several
additional co-authors.

Abstract

Neutron stars are a prime laboratory for testing physical processes under conditions of strong
gravity, high density, and extreme magnetic fields. Among the zoo of neutron star phenom-
ena, magnetars stand out for their bursting behaviour, ranging from extremely bright, rare
giant flares to numerous, less energetic recurrent bursts. The exact trigger and emission
mechanisms for these bursts are not known; favoured models involve either a crust fracture
and subsequent energy release into the magnetosphere, or explosive reconnection of mag-
netic field lines. In the absence of a predictive model, understanding the physical processes
responsible for magnetar burst variability is difficult. Huppenkothen et al. (2015) developed
an empirical model that decomposes magnetar bursts into a superposition of small spike-
like features with a simple functional form, where the number of model components is itself
part of the inference problem. The cascades of spikes that we model might be formed by
avalanches of reconnection, or crust rupture aftershocks. Using Markov Chain Monte Carlo
(MCMC) sampling augmented with reversible jumps between models with different numbers
of parameters, Huppenkothen et al. (2015) characterised the posterior distributions of the
model parameters and the number of components per burst. We relate the parameters from
the model to physical quantities in the system, and show for the first time that the variability
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4 Self-organised criticality and magnetar burst mechanisms

within a burst does not conform to predictions from ideas of self-organised criticality. We
also examine how well the properties of the spikes fit the predictions of simplified cascade
models for the different trigger mechanisms.
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4.1 Introduction

4.1 Introduction

Magnetar bursts are of particular interest for a variety of reasons. While the most
spectacular outbursts are the rare, but extremely energetic giant flares, magnetars
also show a complex behaviour of emitting much smaller, shorter recurrent bursts.
These bursts have a duration of � 1 s, with energies generally between 1038 erg and
1041 erg, and have a complex temporal structure with single or multiple peaks that
differs from one burst to the next. They are observed either appearing individually, or
in burst storms, where tens or hundreds of bursts can occur over a timescale of single
days to weeks (Mazets et al. 1999a; Götz et al. 2006b; Israel et al. 2008; Mereghetti
et al. 2009; Savchenko et al. 2010; Israel et al. 2010; Scholz & Kaspi 2011; Dib et al.
2012; van der Horst et al. 2012; von Kienlin et al. 2012). The appearance of bursts
appears to be random (Göǧüş et al. 1999; Göǧüş et al. 2000), but far more numerous
than the giant flares: for the two best-observed magnetars, SGR 1806-20 and SGR
1900+14, their data set spans thousands of such bursts.

One observation of particular interest concerns the overall distributions of these
bursts: the differential distribution of fluence (integrated flux) and the cumulative
distribution of waiting times are similar to those observed in earthquakes and solar
flares (Cheng et al. 1996; Göǧüş et al. 1999; Göǧüş et al. 2000; Prieskorn & Kaaret
2012). The fluence distribution in particular can be well-modelled by a power law
with an index of ∼ 1.7, believed to be a typical signature for a system obeying self-
organised criticality (SOC; Bak et al. 1987, 1988; for a recent introduction and review
on SOC in astrophysics see Aschwanden et al. 2014). In the SOC framework, the
physical system in question continuously drives itself towards a critical state, without
requiring fine tuning. When the critical state is reached, relaxation occurs via a
catastrophic release of energy. The system returns to a subcritical state, and the
cycle begins anew. One advantage of describing a system in the SOC framework
is that while the details of the process leading to the critical state and subsequent
relaxation depend on the physical processes specific to the system, many of the overall
statistical properties are universal.

At present, it is not clear whether magnetar bursts are smaller-scale versions of
the processes believed to produce a giant flare: either a rapid rupturing of the neutron
star due to an internal re-structuring of the magnetic field, with the energy of the
cracking process released in the magnetosphere, or a slow untwisting of the magnetic
field leading to ductile deformations in the crust and explosive reconnection in the
magnetosphere.

Huppenkothen et al. (2015) showed that it was possible to model a set of 332

bursts, observed with Fermi/GBM of SGR J1550–5418, by decomposing the bursts
into a number of individual component models with an elementary spike-like func-
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Figure 4.1: Example of the component model used for magnetar bursts: a spike is defined by
an exponential rise with characteristic time scale τ and an exponential fall with a fall time scale
τfall = τs, where s is a skewness parameter that describes how the fall time is stretched (s > 1)
or contracted (s < 1) compared to the rise time. Individual spikes are also characterized by a time
offset toffset describing the location of the peak count rate in a time series (the difference between
the dashed line and the 0 point on the x-axis), and an amplitude A describing the height of a peak.

tional form,

f(t) = A

{
exp [(t− toffset)/τ ] if t < toffset,

exp [−(t− toffset)/(sτ)] if t ≥ toffset,
(4.1)

where A represents the spike amplitude at t = toffset, τ denotes the rise-time, and s

denotes the skewness of the spike. For s > 1 (s < 1) the spike rises faster (slower), than
it decays – see Fig. 4.1. They were able to determine the posterior distributions of the
model parameters and number of components per bursts, by making use of a Bayesian
hierarchical model together with a Markov Chain Monte Carlo (MCMC) sampling
routine. By assuming that the burst properties do not depend on the other bursts
and then combining samples of the posterior distributions from the separate bursts
together, they were able to make inferences regarding the parameter distributions of
the whole sample.

In this chapter we present a first, exploratory analysis of the kind of results that
may be derived from a model such as the one developed in Huppenkothen et al. (2015).
In a simple way we characterize differential distributions of key quantities, and find
them inconsistent with predictions from SOC. We search for and find correlations
between key physical quantities based on various burst trigger mechanisms.
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4.2 Relevant results
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Figure 4.2: Differential distributions for the duration, count-space amplitude and fluence for all
model components from 332 bursts. In each bin, we plot the mean (bars) and standard deviation
(error bars) for that bin from 100 ensembles of random draws from the posterior distribution of each
burst. All three distributions are strongly peaked, duration and amplitude seem to have a slight
excess at smaller values.

4.2 Relevant results

Here we briefly summarize the results from the sampling routine by Huppenkothen
et al. (2015). Fig. 4.2 shows the obtained differential distributions for the duration
τspike (defined as the time between the points where the count rate drops below 0.01
of the peak count rate on either side of the peak), the count-space amplitude and
fluence for all model components from 332 bursts. The distributions are all unimodal
and have a strong peak. The distributions for the duration and amplitude are slightly
asymmetric, with a modest excess at smaller values. Fig. 4.3 shows the differential
distribution for the waiting times τw between consecutive spikes for 332 bursts. The
maximum waiting time is limited by the size of the burst data files, which is ∼ 330 s.
Consequently, the resulting distribution will be biased towards shorter waiting times.
The waiting time distribution is bimodal, i.e. it consists of two distributions, with a
peak at τw,1 ∼ 0.05 s and τw,2 ∼ 20 s, which suggests that the two distributions are
the result of distinct underlying physical mechanisms. The distribution associated
with the short (long) waiting times represents the times between consecutive spikes
(bursts). We provide three simple toy models within the SOC framework in Section
4.4.1, that aim to model the waiting time distribution of the spikes. Fig. 4.4 shows the
joint distributions of fluence against duration and spike rise-time, respectively. The
fluence is positively correlated both with the duration of the spike as with its rise-

99



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 106PDF page: 106PDF page: 106PDF page: 106

4 Self-organised criticality and magnetar burst mechanisms

−3 −2 −1 0 1 2
log10 (waiting time) [s]

0

20

40

60

80

100

120

140

160

N
(w

ai
ti
n
g
ti
m
e)

Figure 4.3: Waiting time distribution between consecutive spikes for 332 bursts. We show the mean
(bars) and standard deviation (error bars) of 100 ensembles of burst models, where each member
of the ensemble is a random draw from a burst’s posterior. Waiting times are the times between
peak amplitudes of the spikes, and are only computed for continuous stretches of data between them,
i.e., time series without gaps. This effectively sets an upper limit to the waiting time that can be
measured of 330 s, the length of a single Fermi/GBM TTE data file. This cut-off introduces a bias
into the distribution at long waiting times, and shifts the peak at long waiting times to smaller
values.

time. More energetic spikes take longer to reach their peak and to emit their energy.
We consider three simple models for the physical (trigger) mechanism of the spikes
and derive correlations between the relevant quantities in Sec 4.4.2. The dash-dotted
curves in Fig. 4.4 represents the predictions from a reconnection model, involving
the linear tearing instability, and the dashed curve (in the left panel) represents the
prediction from the crust rupture model. The fluence-duration correlation has been
noted before for bursts as a whole (Göǧüş et al. 1999; Göǧüş et al. 2000; van der
Horst et al. 2012) as a typical signature of self-organised criticality (SOC), which we
will discuss in more detail below.

4.3 Comparison with SOC predictions

Magnetar bursts have often been placed in the context of self-organised criticality. The
standard cellular automaton model of Bak et al. (1987) models an SOC system as a
grid of cells (or nodes), where activation of one node leads to a cascade of activation in
neighbouring nodes based on some rule (e.g. a preferred direction). An avalanche is
triggered when the critical threshold is exceeded in a single cell. The release in energy
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Figure 4.4: Joint distributions of spike duration and fluence (left) and spike rise time and fluence
(right). Shaded contours are derived from a single realization of draws for all bursts. The duration is
defined as the time between the two points where the count rate drops to 0.01 of the peak count rate
on either side of that peak, computed from the inferred model parameters of each spike. The fluence
is calculated by computing the fraction of photons within a single spike compared to the number
of photons in the entire burst, and using this fraction in combination with fluences inferred from
spectral modeling (van der Horst et al. 2012; von Kienlin et al. 2012) to derive the fluence in a single
spike. The dashed line in the left panel corresponds to the prediction of the crust rupture model,
the dashed-dotted line in both panel to the predictions of a reconnection model with a tearing mode
instability.

can then trigger an event in a neighbouring cell. Depending on the specific model
of the system, triggering any of the neighbouring cells is equally likely, or one may
impose that a particular (or several) cell(s) are more likely to be activated than others
(e.g. if directional fields play a role). The entire process leads to a sudden energy
release and dissipation and return of the system to the sub-critical state. Based on
the avalanche evolution, it becomes possible to define a characteristic length scale and
affected area (or volume) in the system for that avalanche, which is closely related to
the released energy.

In general, SOC processes follow a fractal geometry, an idea that was proposed
by early proponents of SOC theory (Bak & Chen 1989), and later confirmed with de-
tailed SOC simulations (Aschwanden 2012a), where next-neighbour interactions were
found to build up tree-like fractal structures. In the simplest case, the fractal geom-
etry can be characterised by the Hausdorff fractal dimension Dd, which depends on
the Euclidean space dimension d. In practice, while it is usually possible to deter-
mine the area fractal dimension D2 directly (e.g. from solar granulation imaging or
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4 Self-organised criticality and magnetar burst mechanisms

solar magnetograms), this is not true for the 3D Euclidean space that is relevant for
the geometry of both solar flares and magnetar bursts. In the absence of firm mea-
surements, it is often reasonable to define a mean fractal dimension, averaging the
smallest likely and the maximum possible fractal dimensions. For most SOC systems,
Dd,min ≈ 1, since for smaller fractal dimensions there would be too little interaction
between neighbouring nodes to form an avalanche. The maximum possible fractal
dimension is directly related to the relevant Euclidean dimension d. For d = 3, the
mean fractal dimension becomes Dd ≈ (1 + d)/2 = 2.

For solar flares, there is a wealth of both imaging and timing studies suited to
measuring the relevant fractal dimensions. A large body of evidence suggests that
area fractal dimension D2 is close to the expected mean fractal dimension D2 ≈ 1.5

(see Table 8 in Aschwanden et al. 2014, and references therein). While measurements
of D3 are more difficult, Aschwanden & Aschwanden (2008) found D3 = 2.06 ± 0.48

in a study of 20 bright solar flares observed in X-rays, close to the predicted value
D3 = 2.

Simulations of cellular automaton models (Aschwanden 2012a) and calculations
from solar flare observations (Aschwanden 2012b; Aschwanden & Shimizu 2013; As-
chwanden 2013) suggest that the evolution of the avalanche radius r(t) follows a
classical diffusion-type relationship after onset of the instability t0,

r(t) = κ (t− t0)
β/2 , (4.2)

with a diffusion coefficient κ and a diffusive spreading coefficient β.
Using this diffusion law in combination with the fractal dimension Dd, the SOC

framework makes predictions for power law-type correlations between various quan-
tities — most importantly, duration, peak amplitude and total dissipated energy —
as well as their differential distributions. The predicted correlations for the avalanche
duration T , peak flux P and total dissipated energy E are

P ∝ T dβ/2 ∝ T 3/2 (4.3)

E ∝ TDdβ/2+1 ∝ T 2 (4.4)

for typical values Dd ≈ (1+d)/2, d = 3 and β = 1 (see Aschwanden et al. 2014, and
references therein for details of the derivation). For solar flare data in hard X-rays,
observed correlations between T , P and E are in remarkably good agreement within
the measurement uncertainties with predictions made by the fractal-diffusive SOC
model outlined above, with a classical diffusion coefficient β = 1 and Dd = 2.

Similarly, the differential distributions of burst duration, peak amplitude and total
dissipated energy can be shown to be

N(T )dT = T−αT dT ; αT = 1 + (d− 1)β/2 = 2,

N(P )dA = T−αP dP ; αP = 2− 1/d = 5/3, (4.5)

N(E)dE = T−αEdE ; αE = 1 + (d− 1)/(Dd + 2/b) = 3/2,
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again for the standard assumptions stated above. Observations of solar flares in
hard X-rays with a number of different telescopes agree with fractal-diffusive SOC
predictions; the power law-like distributions in T , P and E and the values of αT , αP

and αE match those of Equations 4.5.
As expected from SOC predictions, we see a positive correlation between spike

duration and fluence (a proxy for the total dissipated energy) for spikes in magnetar
bursts, similar to that seen when taking the bursts as a whole (Göǧüş et al. 1999).
The slope of this correlation seems to be flatter than the T 2 proportionality expected
from classical SOC, although this requires confirmation with a hierarchical model that
allows proper inference over many bursts at the same time.

Unlike the correlations between parameters, however, the differential distributions
for magnetar bursts do not follow the expected power laws: all three quantities show
strongly peaked, unimodal distributions. While some of that may be an artefact of
excluding the weakest, unconstrained peaks (with amplitudes lower than the inferred
background count rate) from the sample, this selection cannot account for the com-
plete disparity between theoretical expectations and the inferred distributions from
the data. In particular the fluence distribution disagrees strongly with the derived
differential fluence distributions when considering bursts as a whole, which is known
to be power law-like over at least four orders of magnitude (Göǧüş et al. 1999; Göǧüş
et al. 2000; Prieskorn & Kaaret 2012). It is possible that there is a population of weak,
low-amplitude peaks even beyond those predicted by the model considered here that
we cannot see due to instrumental and sky background. Alternatively, if there truly is
a paucity of peaks at low amplitudes, durations and energies, this would indicate that
while bursts as a whole behave as an SOC system, the driving process that produces
the intra-burst variability does not.

The waiting time distribution for magnetar bursts has traditionally been modelled
as a log-normal distribution, with limited knowledge in the tail on both sides due to
two dominant factors. At long waiting times, a lack of continuous monitoring and the
resulting data gaps make an accurate determination of long waiting times problematic.
At the short end, there is a fundamental uncertainty in the definition of a single burst
(see also discussion on burst extraction in Section 2 of Huppenkothen et al. (2015)
and van der Horst et al. 2012 for the standard definition of a burst). Indeed, Göǧüş
et al. (1999) and Göǧüş et al. (2000) do not model waiting times < 3 s in order to
avoid confusion between separate, single-peaked bursts and multi-peaked bursts.

In the SOC framework, the occurrence of individual avalanches is generally mod-
elled as a random process: the distribution of critical events in time follows a Poisson
process. This process can either be stationary for a constant driving process, or more
often the driving process setting the frequency of burst occurrences is non-stationary
in some way. The details of this non-stationarity will determine the shape of the
resulting waiting time distribution. However, even for a non-stationary Poisson pro-
cess, the resulting waiting time distribution will be a superposition of two or more
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4 Self-organised criticality and magnetar burst mechanisms

exponential distributions, no matter what the time-dependent behaviour of the under-
lying driving process is. The resulting distribution can be approximated as a power
law at long waiting times (see Aschwanden 2011 for derivations for various driving
processes), which flattens out at short waiting times.

This is not what is observed when decomposing magnetar bursts into individual
spike-like features (compare also Figure 4.3). There is a clear bimodality that is at
odds with the power law-like predictions of SOC theory. Even for a driving process
that operates at a low rate for most of the time, and only occasionally drives a short
period of intense avalanching, SOC predicts a power law that flattens at short waiting
times. Again, it may be possible to explain some of the discrepancy with a lack of
well-constrained low-amplitude spikes hidden in the background, but this does not
explain the clear bimodality between long and short waiting times. This may be an
indicator that two different processes, with two different characteristic time scales,
operate in producing the bursts and the intra-burst variability, respectively.

4.4 Comparison with burst mechanism models

As outlined in the Section 4.1, the mechanisms responsible for triggering magnetar
bursts, and the associated emission processes, are still poorly understood. The basic
picture, however, is as follows. Magnetic field evolution in the stellar interior (via am-
bipolar diffusion, the Hall effect, and Ohmic decay, see also Goldreich & Reisenegger
1992), leads to the build up of stress in the system. Stress may build up in the solid
crust, which resists motion of the magnetic field lines that are frozen into it. Alterna-
tively, if the crust yields plastically (Jones 2003; Levin & Lyutikov 2012), stress may
build up in the external magnetosphere if the prevailing plasma conditions permit
(Beloborodov & Levin 2014). Bursts occur when this stress is released on a very
rapid timescale, be the cause of stress release a crust rupture or a plasma instability.
Magneto-hydrodynamic instabilities in the core itself may also play a role.

The stress release process leads to high energy X-ray and γ-ray emission, which
we observe as a magnetar burst. This emission may comprise both a non-thermal
component (from particle acceleration or scattering), and a thermal component (as
parts of the system are heated). The picture is further complicated by the fact that
energy from the initial stress release event may be ‘stored’ and then released over
a longer timescale. Energy may be locked up temporarily in the form of seismic or
magnetospheric oscillations, or in the form of an optically thick pair-plasma fireball
that may get trapped within closed magnetic field lines. One of the main goals of
magnetar research is to search for unique signatures of these various possibilities, and
hence to distinguish between the various mechanisms suggested.

We have explored the idea that each burst is made up of cascades of stress release
(and emission) events. We have done this by fitting each burst with sequences of
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exponentially rising and decaying spikes, and studying the ensemble properties of
those spikes. We now need to examine whether the results are consistent with the
predictions of the various models. Sadly, detailed model predictions that link up stress
release and emission are sparse to non-existent, so a fully rigorous comparison is not
yet possible. As a prelude to more detailed studies we can nonetheless use simplified
models to explore how this type of analysis might allow us to distinguish the different
mechanisms.

In connecting physics to observables, we need to be aware of the limitations of what
we can infer from our measurements. In particular the following considerations apply:
(i) The fluence that we measure is the energy released in the X-ray/γ-ray waveband.
As such it is a lower bound, since energy may be lost at other wavelengths or even
in other forms such as neutrinos (depending on the precise location of the energy
release). (ii) The rise time that we measure is the rise time of the emission process,
not necessarily that of the stress release process. (iii) The duration that we measure
may be the duration of the stress release event, or may be set by the prolongation
mechanisms discussed above. We will revisit these caveats in the discussion that
follows.

4.4.1 Toy models for the waiting time distribution

We start by considering the waiting time distribution in Fig. 4.3. Within the cascade
picture, the waiting times represent the time for information regarding the change
in configuration resulting from a local release of stress to be communicated to the
next failure point; which may be a weakened part of the crust, or another part of the
magnetosphere. The distribution is bimodal, with one peak at τw ∼ 0.05 s, which
represents the waiting time between individual spikes, and one at longer timescales of
at least τw ∼ 20 s, which represents the waiting time between individual bursts. Here
we examine whether the observed waiting time distribution is consistent with three
separate information propagation scenarios that differ in geometry and characteristic
timescale. We propose that the information may be transmitted either (a) through the
crust (set by the shear timescale), (b) through the stellar interior, or (c) through the
magnetosphere (the latter two are dominated by their respective Alfvén timescales).

For transmission of information through the neutron star crust only (a), the deter-
mining propagation velocity is given by the shear speed in the crust, vs = (μs/ρ)

1/2

where μs is the shear modulus and ρ the density. The shear modulus is of the order of
the Coulomb potential energy ∼ Z2e2/r per unit volume r3, where r ∼ (ρ/Amp)

−1/3

is the inter-ion spacing, while Z and A are the effective atomic number and mass
number, respectively, of the ions in the crust. Using the shear modulus computed by
Strohmayer et al. (1991) and scaling by typical values for the inner crust (Douchin &
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Haensel 2001), the shear velocity is:

vs = 1.1× 108
(

ρ

1014 g cm−3

)1/6(
Z

38

)(
302

A

)2/3(
1−Xn

0.25

)2/3

cm s−1, (4.6)

where Xn is the fraction of neutrons (see e.g. Piro 2005). The timescales for trans-
mission of information via shear waves around the crust are therefore

τ crusts � π
R

vs
= 0.03

(
R

R∗

)
s. (4.7)

This is certainly consistent with the values that we found for the wait times between
individual spikes.

To reproduce the waiting time distribution, we adopt spherical coordinates (r, θ, φ)
and consider the distribution of propagation time between two random points P0 =

(R∗, θ0, φ0) and P1 = (R∗, θ1, φ1) on the surface of the star. The distance between two
points may be written in terms of the colatitude angle θ ∈ [0, π), since we may rotate
our coordinate system such that the first point is located at (R∗, 0, 0) and a second
point at (R∗, θ, 0). Note that due to rotational symmetry the distance is independent
of the azimuthal angle φ ∈ [0, 2π). The arc distance between the two points is then

s(θ) = R∗θ. (4.8)

Next we choose to write θ in terms of x ∈ [0, 1),

θ = arccos(2x− 1), (4.9)

such that we obtain

s(x) = R∗ arccos(2x− 1), (4.10)

which leads to the following transformation function when divided by the correspond-
ing velocity, i.e. the shear speed in the crust vs [equation (4.6)],

τw(x) =
R∗
vs

arccos (2x− 1) , (4.11)

where the waiting time t is expressed in terms of the variable x. Consequently, we as-
sume that the random variable X obeys a uniform density distribution Uniform(0, 1):

UX(x) =

{
1 if 0 < x ≤ 1,

0 otherwise.
(4.12)

and with the transformation function in equation (4.11), we finally obtain the PDF
for the variable τw in this case

gτw(τw) =

{
1
2vs

sin(vsτw/R∗)
R∗

if 0 < τw < πR∗
vs

,

0 otherwise.
(4.13)
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4.4 Comparison with burst mechanism models

To simulate this distribution, we calculated the time it takes for the information
to propagate across the surface of the neutron star between two arbitrary points, and
repeated this procedure for many additional points distributed uniformly across the
surface. We assumed that the impact of the original failure is sufficient to trigger
subsequent failure events in other weak points. The distribution of waiting times that
results in this case is shown in the middle panel of Fig. 4.5 for both the analytical
solution given in equation (4.13) and Monte Carlo (MC) simulation. In general, this
model reproduces the observed waiting time distribution in Fig. 4.3 fairly well: it
peaks at similar time scales (∼ 0.01 s, with a sharp drop at long waiting times and
a long tail towards shorter waiting times; which here is more pronounced than in the
observed data. However, we note that the waiting times may be artificially shortened
by line-of-sight effects: if a single event at a point triggers two successive events at
different positions on the star or in the magnetosphere, we might see all three in rapid
succession depending on our line of sight. This may lead us to conclude that there
exists a small waiting time between successive (causally connected) events, whereas
in reality, two of the three hypothetical events in this example are unconnected.

Considering the second scenario (b), regarding the transmission of information via
Alfvén waves through the neutron star interior, the appropriate timescale is set by
the Alfvén speed vA = B/

√
4πρ where B is the magnetic field strength, giving

vA = 108
(

B

1016G

)(
1015 g cm−3

ρ

)1/2

cm s−1. (4.14)

This yields timescales for transmission of information through the neutron star core
via torsional Alfvén waves of

τ coreA � 2
R

vA
= 0.02

(
R

R∗

)
s. (4.15)

Note however that the value of the field strength B in magnetar cores is highly un-
certain, as is the appropriate value of the density ρ. In principle only the charged
component (∼ 5−10% of the core mass) should participate in Alfvén waves, reducing
ρ, however there are mechanisms associated with superfluidity and superconductivity
that can couple the charged and neutral components (van Hoven & Levin 2008; Ander-
sson et al. 2009). As such this value is also consistent with the inter-spike timescale
distribution. In Fig. 4.5 (top panel panel), we show the expected distribution of
waiting times for propagation through the neutron star interior.

Following a similar procedure as in the previous scenario, we find that we can
express the distance (through the star) between two points on the stellar surface as,

s(θ) = R∗(2− 2 cos θ)1/2. (4.16)

Using equation (4.9) we get

s(x) = 2R∗(1− x)1/2. (4.17)

107



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 114PDF page: 114PDF page: 114PDF page: 114

4 Self-organised criticality and magnetar burst mechanisms

Dividing the above equation by the appropriate velocity, i.e. the core Alfvén speed
vA, gives us the following transformation function

τw(x) =
2R∗
vA

(1− x)1/2, (4.18)

which describes the waiting time τw in terms of the variable x. Consequently, we as-
sume that the random variable X obeys a uniform density distribution Uniform(0, 1).
Then together with equation (4.18), we find that the probability density function
(PDF) for the variable τw is given by

fτw(τw) =

{
1
2

(
vA
R∗

)2
τw if 0 < τw ≤ 2R∗

vA
,

0 otherwise.
(4.19)

Again we assumed a number of weak points on the neutron star surface, yet here
propagation proceeds through the neutron star interior under the assumption that
transmission proceeds purely through the internal Alfvén waves. As in the previous
scenario, a single failure triggers an energy release that is then communicated through
the star and triggers failures at other weak points in the crust.

In Fig. 4.5 (top panel), we show the expected distribution of waiting times for
transmission of information of failure points through the neutron star interior. We
show both the analytical solution [from equation (4.19)] as well as the result of the MC
simulation. The expected distribution is clearly at odds with the observed data: while
it extends to values high enough to explain the long waiting times, the distribution is
dominated by a power law with a positive exponent and a sharp cut-off at ∼ 0.02 s.
This is not observed in the data, where the inter-spike waiting times resemble more a
log-normal distribution. However, the model assumed here does not include seismic
waves traveling through the star multiple times. Instead, it is assumed that the energy
transferred in the first instance is sufficient to trigger a follow-up event, such that the
waiting times are directly related to the distance through the star between two points
on the surface. The sharp cut-off at long waiting times in this case corresponds to
the travel time between the furthest two points on the star (i.e. 2R). It is possible
that seismic waves could be reflected and travel through the interior multiple times,
transferring small amounts of energy every time, and accordingly that the waiting
time is determined by the time it takes for the cumulative energy transmitted to a
weak point to be sufficient to trigger a starquake. However, including these effects
would require much more detailed knowledge about the energy threshold for crust
failure than is available, which is beyond the scope of this simple toy model.

For the final scenario, transmission through the magnetosphere, the Alfvén speed
is of order the speed of light. An upper limit for the waiting time between causally
connected spikes is given by the light crossing time of the circumference of the light
cylinder (2πRL = 2πc/Ω) i.e.

Δtmax ∼ 2π
RL

c
= P, (4.20)
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where Ω is the spin frequency of the neutron star and P the spin period. For magnetars
P ∼ 2−12 s. The typical value where the waiting time of the individual spikes peaks,
i.e. ΔT ∼ 10−2 s, corresponds roughly to a height of rrec ∼ 10−2c/(2π) ∼ 5× 107 cm.
If we distribute reconnection events uniformly in the magnetosphere in the region
[rmin = 10−4c, rmax = 10−1c], we find obtain waiting time distribution shown in
Fig. 4.5, lower left. The waiting time distribution expected from this simple toy
model is remarkably in good qualitative agreement with the observed distribution
(compare Fig. 4.3): it peaks roughly at the same waiting time and has an extended
tail towards smaller waiting times. This tail is more pronounced in the toy model
compared to the observations, yet this could potentially be due to observational effects
(such as the absence of low-amplitude events that we cannot constrain reliably from
the data).

We conclude that the shorter ‘inter-spike’ waiting time distribution is, given the
extreme simplifications of our models, at least in principle consistent with transmis-
sion of information via crustal shear, magnetospheric, or core Alfvén waves. The
latter possibility was most problematic in terms of fitting the distribution, however
we caveat that our choice of stress points in the magnetosphere (which will have
a major effect on the predicted waiting time distribution) was highly ad hoc. The
longer waiting times, by contrast, are clearly inconsistent with any of the communi-
cation timescales described here, and are therefore more likely to be set by a slower
evolutionary timescale of the system.

4.4.2 Simple models of spike properties

We now move on to consider more complex models and to exploit the other spike
properties discussed in this analysis. We will explore three scenarios: (i) crust rupture
trigger that leads directly to high energy emission; (ii) crust rupture trigger that leads
to magnetic reconnection, with the emission coming as a consequence of that process;
and (iii) magnetospheric trigger leading to spontaneous magnetic reconnection and
associated emission.

We will first explore the crustal rupture model (i) of Thompson & Duncan (1995).
Within this picture, the small magnetar bursts are triggered by crustal ruptures as
the crust comes under stress from the evolving interior field. The high energy emis-
sion that follows comes from particle acceleration, scattering and, they argue, a high
likelihood of pair plasma fireball formation1.

The energy released in a burst scales in this model (equation 28ff. in Thompson
& Duncan 1995) as

E ∼ 4× 1040
(

Lthick

104 cm

)(
L

105 cm

)2(
B

1015 G

)−2(
θmax

10−3

)2

erg, (4.21)

1Heyl & Hernquist (2005) also discuss the crust rupture mechanism, however in the scenario that
they outline, energy is transported by fast MHD waves before forming a pair plasma fireball.
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Figure 4.5: Waiting time distributions for three different trigger and propagation models. In all
cases, we randomly distribute 106 points of potential failure (which we also call weak points) either
on the sphere of a neutron star of radius 106 cm or in the magnetosphere above the star. We then
trigger a single point of failure, and compute how much time it would take for that information
and energy release to propagate either through the neutron star interior (middle panel), along the
surface in the crust (upper panel), or through the magnetosphere (lower panel) to other points of
failure. The red line presents the analytic solutions for the first two cases presented in the text, the
blue distribution the waiting time distribution from 106 Monte Carlo-simulated connections between
weak points constructed as the set of all travel times between failure points for the three different
models, as described in the text.
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4.4 Comparison with burst mechanism models

where B is the internal crustal magnetic field, θmax is the yield strain of the crust, and
L2 is the area of a patch of crust in which the energy is released2. Now if the duration
of the observed spike Tspike ∼ L/vs, so that burst duration is indeed set by the rupture
process itself, then we would predict that E ∼ T 2

spike. This is qualitatively consistent
with the observations (Fig. 4.4): there is a positive correlation between the observed
durations and fluences of the spikes, although it seems slightly less pronounced than
the theoretical calculations here suggest.

Another interesting question is whether the fluence of a burst always scales in the
same way with overall duration; or whether there are deviations above a certain energy
threshold that might indicate the development of a longer-lived source of emission such
as a pair plasma fireball. If this occurs then duration would no longer be set by the
rupture process, but would instead be controlled by the fireball evaporation timescale.
There is no direct evidence in the observed correlations for a change of the correlation
with high fluences (Fig. 4.4). Due to the large scatter it is not straightforward to see
whether the correlation changes at the high end, however, a more complex hierarchical
model envisioned for a future work would allow us to make a formally valid inference
of whether the data can distinguish between these two hypotheses (change in the
correlation at high fluences versus no change).

The second two scenarios that we explore both involve the high energy emission
being generated as a result of magnetic reconnection in the magnetosphere, albeit with
different original triggers. In general, the total energy output of a spike generated by
reconnection Erec is given by the total volume that is reconnected V times the local
magnetic energy density,

uB =
B2

s

8π

(
r

R∗

)−2(p+2)

, (4.22)

where Bs is the surface magnetic field strength, r is the height of the reconnection
region and 0 < p < 1 is the radial index that parameterizes the amount of twist in
the external magnetic field (Thompson et al. 2002). The latter value will in general
be close to 1, which corresponds to a pure dipole field. Accordingly, we find

Erec � V uB ∼ LxLyLz
Bs2

8π

(
r

R∗

)−2(p+2)

. (4.23)

If we assume that for the duration of the spike Tspike, the reconnection rate remains
roughly constant, we can infer

Lx ∼ Tspikevrec = Tspike
δ

τrec
, (4.24)

2Note that the relevant equation in Thompson & Duncan (1995) is missing a length scale to be
dimensionally consistent. We assume here that this missing length scale could reasonably be the
thickness of the crust, Lthick.

111



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 118PDF page: 118PDF page: 118PDF page: 118

4 Self-organised criticality and magnetar burst mechanisms

where vrec = δ/τrec denotes the reconnection rate, δ the half-thickness of the current
sheet and τrec the reconnection timescale. Note that the above estimate is not based
on any particular reconnection mechanism.

Let us now consider two different scenarios for the reconnection. Consider first
the case where reconnection occurs spontaneous and is determined by the dynamics
of the tearing instability, as discussed by Lyutikov (2003). In this case,

τrec = τtm ∝ δ3/2r−(3+p)/4B1/4
s , (4.25)

where the tearing mode timescale is defined as τtm = (τRτA)
1/2 = (δ/c)S1/2 (with

τR = δ2/η is the resistive timescale, τA is the Alfvén timescale, and S = τR/τA =

δc/η is the Lundquist number). The perturbative modes with the largest possible
wavelength are the most susceptible to initiate the reconnection process, due to the
comparatively small restoring magnetic tension forces they induce. Consequently, the
necessary condition for sufficient growth is given by,

τtm � Ly

vA
, (4.26)

such that we can write Ly ∼ cτtm, since vA → c in the magnetar magnetosphere.
Note that the growth rate of the tearing mode does not depend on the size of the

reconnection region in the z-direction, i.e. Lz. We further assume that the duration of
the spike is also independent of Lz. Combining the above results with equation (4.23)
we obtain,

Erec ∝ Tspikeτ
2/3
tm r−(11p+21)/6B11/6

s . (4.27)

Thus if the bursts are due to reconnection driven by the tearing mode, fluence should
be linearly proportional to the duration of the spike (Erec ∝ Tspike). Assuming that
the observed rise time is the reconnection time (as discussed earlier this assumes that
emission is essentially instantaneous), this yields Erec ∝ τ

2/3
rise . This is qualitatively

consistent with the observation of a positive correlation between the exponential rise
timescale and the fluence of a spike (Fig. 4.4, right panel): although the correlation
seems to be somewhat steeper than expected from the calculation above; the exact
power law exponent is difficult to tell due to the large scatter in the data. Note that
this large scatter in the fluence versus rise time may be due to the fact that the energy
is also strongly dependent on the local magnetic field strength (Erec ∝ r−16/3B

11/6
s ,

for a dipole field), where the energy of the spike will be highly dependent on the
height of the reconnection region Erec ∝ r−16/3 ∼ r−5.

While the scatter in the data makes the determination of the power law exponent
difficult, it is not that large considering the dependency on the other parameters.
Given the very strong dependence on the height of the reconnection region, a scatter
over ∼ 2 orders of magnitude nevertheless implies that the bursts, instead of happen-
ing all throughout the magnetosphere, occur at relatively the same height r ∼ rrec
where the local conditions for reconnection are favourable.
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4.5 Conclusions

Now consider an alternative scenario, where reconnection is driven directly by
crust rupturing, with the rate is determined by the shear speed in the crust vs and not
by the reconnection rate associated with spontaneous development of a tearing mode.
Assuming again that the observed rise timescale corresponds to the reconnection
timescale, but in a situation where δ does not depend on the reconnection timescale,
we would now predict E ∝ Tspike/τrise. The dependence on rise time is quite different
from that predicted for the tearing mode, and is in fact not consistent with the
observed correlations. Although a linear relationship between duration and fluence
is certainly possible (see Fig. 4.4, left panel), a negative correlation between the rise
time and fluence is strongly disfavoured (Fig. 4.4, right panel).

The cascade models that we have examined in this section are clearly all highly
simplified. They illustrate, however, the potential diagnostic power of the analysis
technique presented in this paper, and we hope that the existence of more rigorous
techniques like this will motivate the development of detailed theoretical models that
link trigger and emission mechanisms in a self-consistent manner.

4.5 Conclusions

Huppenkothen et al. (2015) characterised variability within magnetar bursts in detail,
using a probabilistic and flexible model for the burst light curves. The complex
temporal morphology of magnetar burst light curves can be very well modelled as
a superposition of individual flare-like spikes, represented by a simple model of an
exponential rise and an exponential decay. They used a Bayesian hierarchical model,
combined with MCMC sampling, to infer the probability distributions for parameters
of the individual spikes as well as the number of spikes in a burst in an informative
and statistically rigorous way.

We find that light curves are well modelled by varying numbers of spikes, which
follow clear trends in their properties. In particular, one can relate model param-
eters such as the rise time and skewness as well as derived quantities such as the
duration and fluence to physical quantities in the system. While magnetar bursts
overall seem to fit within the framework of self-organised criticality, we find that the
individual spikes do not: differential distributions of important SOC quantities as
well as the overall waiting time distribution do not follow the expected power law-like
relationships.

We construct several toy models based on simple physical estimates of the relevant
velocities and time scales for the waiting time distribution, and find that the observed
waiting time distribution is consistent with both repeated failure in the crust, with the
information and energy about that failure propagated solely through the crust, as well
as magnetospheric reconnection, where failure points are distributed homogeneously
throughout the magnetosphere. Similarly, we find positive correlations between the
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4 Self-organised criticality and magnetar burst mechanisms

spike duration and fluence as well as rise time and fluence, which can be explained
with either a crust rupture process or magnetospheric explosive reconnection, but
are inconsistent with estimates of the relationship between rise time and fluence in a
model where crust rupture drives reconnection.

While the theoretical estimates we make are very simple, they illustrate an im-
portant point: variability is a key property of magnetar bursts and a powerful tool
for constraining the underlying source physics. In the future, an improved interplay
between theoretical models and variability studies will be crucial. We now have the
tools to characterise variability to take advantage of the vast data set of magnetar
bursts. As theoretical models evolve, they can inform the probabilistic models we
build for studying variability. In return, it will be possible to test the predictions
these models make using more sophisticated hierarchical models together with large
samples of bursts, and work towards an understanding of the origin and mechanisms
of magnetar burst emission.
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5
The rotational phase dependence of magnetar

bursts

C. Elenbaas, A.L. Watts, & D. Huppenkothen

Submitted to Monthly Notices of the Royal Astronomical Society (2017 November 20)

Abstract

The trigger for the short bursts observed in γ-rays from many magnetar sources remains
unknown. One particular open question in this context is the localization of burst emission
to a singular active region or a larger area across the neutron star. While several observational
studies have attempted to investigate this question by looking at the phase dependence of
burst properties, results have been mixed. At the same time, it is not obvious a priori
that bursts from a localized active region would actually give rise to a detectable phase-
dependence, taking into account issues such as geometry, relativistic effects, and intrinsic
burst properties such brightness and duration. In this paper we build a simple theoretical
model to investigate the circumstances under which the latter effects could affect detectability
of a dependence of burst emission on rotational phase. We find that even for strongly phase-
dependent emission, inferred burst properties may not show a rotational phase dependence
depending on the geometry of the system and the observer. Furthermore, the observed
properties of bursts with durations short as 10-20% of the spin period can vary strongly
depending on the rotational phase at which the burst was emitted. We also show that
detectability of a rotational phase dependence depends strongly on the minimum number of
bursts observed, and find that existing burst samples may simply be too small to rule out a
phase dependence.
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5 Rotational phase dependence of magnetar bursts

5.1 Introduction

Magnetars, the most highly magnetized neutron stars (with dipole fields � 1013 G),
are isolated stars powered primarily by magnetic field decay (Thompson & Duncan
1993, 1995). One of their key characteristics is the sporadic emission of soft γ-ray
bursts (for reviews of this specific aspect see Woods & Thompson 2006; Turolla et al.
2015; Kaspi & Beloborodov 2017). Durations and fluences vary, but most of these
bursts are short, lasting ∼ 0.01− 1 s, less than a typical magnetar spin period P ∼ 6

s. The slow decay of the strong magnetic field is assumed to build up stresses in
the system: stress release must involve rapid reconfiguration of the external magnetic
field, particle acceleration, and γ-ray emission. However what triggers the occurrence
of individual bursts, the way in which a burst progresses, and the associated emission
processes, remain very poorly understood (Turolla et al. 2015). The failure point
could be internal, within the crust of the star, or in the external magnetosphere itself.

One question is whether the bursts are triggered within a specific active region,
fixed in the rotating frame of the star. Some crust zones, for example, are expected
to be particularly prone to magnetically-induced faulting and yielding (see for exam-
ple Lander et al. 2015; Gourgouliatos et al. 2015; Thompson et al. 2017). Certain
regions of the magnetosphere could also be more active than others, in which case
there may also be a preferred height above the neutron star surface. Being able to
identify whether this is the case would certainly help in efforts to determine the burst
mechanism.

One way to determine this, suggested by Lyutikov (2002), is to look at whether
there is any rotational phase dependence to the bursts. A number of observational
studies have attempted to investigate this, using various different measures such as
the phase-dependence of the time at which the burst peak is recorded, or the phase-
distribution of all of the burst photons. The evidence for phase-dependence using
these measures is mixed (see Section 5.2 for more details). What has never been
done is to determine from a theoretical perspective the circumstances under which
bursts from a localized active region would actually give rise to a detectable phase-
dependence. This will depend on geometry, gravitational light-bending, any beaming
factor associated with the burst emission, the size of the burst sample for a given
source, and the intrinsic burst properties (e.g. brightness, duration). Under some
circumstances, bursts may well be visible throughout most of the rotational phase
cycle even if they do originate from a specific active region.

In this paper we address this fundamental question of the circumstances under
which emission from a localized bursting region would be detectable as a rotational
phase dependence according to the measures used in the literature. We then revisit
the observational studies carried out to date to see what constraints they actually
place on the degree to which bursting might be localized. We also consider the degree
to which the rotational phase at which a burst is emitted might affect the properties
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5.2 Overview of published burst phase-dependence analysis

measured by an observer.
First, we provide an overview of magnetar burst phase-dependence studies in the

literature in Section 5.2. Different methods have been applied to various sources in an
effort to assess the (non-)phase dependence of magnetar bursts. Next in Section 5.3,
we briefly outline the method through which we aim to answer the aforementioned
questions. We choose to simulate sequences of elementary bursts of which we can
control the input parameters and study any phase-dependent effects we may observe.
The light curve model is treated in Section 5.4 and the simulations are described in
Section 5.5. We discuss the results of the simulations and assess the claims made in the
literature in Sections 5.6 and 5.7. We find that under certain conditions the properties
of the observed bursts may become significantly phase-dependent. However, we also
find that for a large range of input burst parameters and configurations, a guaranteed
detection of phase-dependence requires many more bursts than have commonly been
observed.

5.2 Overview of published burst phase-dependence
analysis

Here we provide a review of previous work where, given the acquired data, the phase
dependence of magnetar bursts has been evaluated. We focus on how the data were
obtained and processed, and what method was used to determine the absence or
presence of a phase dependence in the burst occurrences or properties. In practice,
three methods that have been applied: (i) searching for any significant deviations from
uniformity of burst occurrence and photon arrival-time distributions against phase,
(ii) searching for any correlation between the phase at which bursts occur and the pulse
maxima of the (underlying) pulsed emission, and (iii) Fourier analysis on the burst
occurrence times in an effort to search for significant periodicities. The latter has been
applied only once; the first two are far more common. Table 5.1 provides a summary
of the references that have carried out phase dependence analysis of magnetar bursts.
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5.2 Overview of published burst phase-dependence analysis

The active phase of 1E 2259+586 on 2002 June 18 consisted of 80 bursts and was
studied using method (i) (Gavriil et al. 2004); it was claimed that the burst peak
phase occurrences tended to correlate with the intensity of the pulsed emission, yet
no phase dependencies were observed for the burst durations, fluences, peak fluxes,
and rise/fall-times.

In excess of 300 bursts were observed from SGR J1550–5428 between 2008 March
and 2010 January and many of those bursts were detected by multiple space-based
telescopes simultaneously. Savchenko et al. (2010) found that the burst start times
(the moment the burst exceeds 5σ above background) of 84 bursts, observed with
the Anti-Coincidence Shield (ACS) aboard the INTEGRAL spacecraft, appear to
be distributed randomly across phase, i.e. no significant departure from the mean
bursts per phase bin was identified. Scholz & Kaspi (2011) and Collazzi et al. (2015)
studied the burst peak times of, respectively, 303 and 354 bursts, and both found
no significant (> 3σ) deviations from the mean number of burst peaks per phase
bin. Scholz & Kaspi (2011) however do show that the phase-folded photon times of
arrival of the bursts exhibit an apparent pulse which has an offset with respect to
maximum of the associated quiescent pulse profile. Lin et al. (2012) study a sample
of 31 bursts and similarly find that the burst count distribution is not uniform across
phase. Moreover, they find that the phase probability density anti-correlates with the
phase profile of the persistent emission (with a correlation factor of -0.5 and chance
probability of 3.4×10−2), which may suggest that the burst emission region is distinct
to that of the persistent emission. Contrary to these results however, Collazzi et al.
(2015) do not find a significant (> 3σ) pulse shape in the epoch folded burst emission
light curves. Note that the data set used by Lin et al. (2012) constitutes a subset of
the data used by Collazzi et al. (2015).

A total of 12 bursts from 1E 1048.1–5937, were analyzed using method (ii); 4
of which were observed with RXTE/PCA between 2001 October 29 and 2008 April
28 (Gavriil et al. 2002; Gavriil et al. 2006; Dib et al. 2009) and 8 of which were
observed with NuSTAR in 2013 July 17–27 (An et al. 2014). It was determined
that the majority of the bursts1 observed with RXTE/PCA had a probable chance
alignment with pulse maxima of less than 0.01. For the latter 8 bursts from the
same source however there is no evidence for a preferred phase occurrence. 6 bursts
from XTE J1810–197 observed with RXTE/PCA were also studied with method (ii)
(Woods et al. 2005). These bursts consisted of individual burst spikes, which in
turn occurred near the corresponding pulse maxima of the source, either leading or
trailing. A chance alignment of these spikes with the pulse maxima was estimated at
roughly 0.004. Gavriil et al. (2011) studied 6 bursts of 4U 0142+61 observed with
RXTE/PCA in 2006 from April to June. They found that several bursts appear
to occur near the maxima of contemporaneous folded pulse profiles (no significance

1Dib et al. (2009) discuss the 4 bursts from AXP 1E 1048.1–5937 and note that only 3 of them
occur near pulse maximum, whereas the fourth burst does not.
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5 Rotational phase dependence of magnetar bursts

criteria are specified in the reference). They argue that this may indicate that the
bursts comprise extreme episodes of local transient emission sites.

Palmer (1999, 2002) studied the burst properties of SGR 1806–20 and SGR 1900+14,
where for the former source it was found that active bursting episodes emerge from
local active regions characterized as ‘relaxation systems’. From a larger burst sam-
ple a group of 33 bursts were identified as belonging to a single relaxation system.
Method (iii), i.e. Fourier analysis on the burst occurrences of this group revealed no
apparent modulation at the rotation frequency of the NS, indicating the lack of a
phase dependence2.

Here we will focus mainly on the (non-)uniform phase occurrence of burst peaks
as a proxy for the phase dependency of magnetar bursts. We briefly discuss the use
of alternative methods in Section 5.7.

5.3 Methodology

To understand how the observed emission may depend on the rotational phase, we
intentionally introduce a phase-dependency by fixing the burst location to a certain
region or burst patch on the magnetar surface and then set out to describe and sim-
ulate the process from emission, where we control the input parameters, to detection
and characterization. Subsequently, we can study the effects of a certain configuration
on the burst parameters by investigating the phase distributions of the observed burst
properties. Moreover, we can establish detectability criteria for the phase-dependency
for certain input values/distributions and system configurations.

In order to do so, we require a light curve model that describes how the burst
emission is modified depending on the location of the bursts and additional system
parameters, e.g. the inclination angle to the observer and compactness of the source.
The latter parameter will reshape the trajectory of emitted photons through gravita-
tional light bending.

In Section 5.4 we ascertain an expression that describes the fraction of rays, i.e.
paths along which the emitted photons propagate, that extend out from the burst
location and intersect with an observer at infinity. Subsequently, in Section 5.5, we
simulate sequences of bursts and investigate how the burst properties are modified
through the correction of the burst intensity by the aforementioned expression.
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5.4 Light curve model
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Figure 5.1: Schematic representation of null geodesic G connecting the burst patch, centered at
point p(θ0) of angular width ψ, with the observer. The observer is set in the +z-direction, where
the z-axis makes an angle χ with the rotational axis of the neutron star (NS) Ω. The normal vector
to the NS surface n̂ at p is at an angle α with Ω and at an angle θ0 with the observer’s line of
sight, where the latter depends on the rotational phase of the NS, i.e. θ0 = θ0(φ) as prescribed by
Eq. (5.16). In a stationary frame at r = R, photons radiate from the burst location (along k̂R)
at and angle δ to the normal. The intensity of the source may be isotropic or beamed I = I(δ)

depending on the underlying emission mechanism and properties of the emitting region.

5.4 Light curve model

In the following we adopt we adopt natural units, i.e. G = c = 1, and the spa-
tial spherical coordinates (r, ϕ, θ), where ϕ is the polar angle to the y-axis and θ

is azimuthal angle to the z-axis. Since magnetars are almost spherically symmet-
ric relativistic compact objects that rotate slowly (typically |Ω| ∼ 10−1 rad s−1),
we may assume that the metric external to the star is approximately given by the
Schwarzschild spacetime solution,

ds2 = −A(r)dt2 +A−1(r)dr2 + r2
(
dϕ2 + sin2 ϕdθ2

)
(5.1)

where A(r) = (1 − RS/r), and RS = 2M the Schwarzschild radius, with M corre-
sponding to the gravitational mass of the compact object. To model the effect of
gravitational light bending on the burst emission we consider the configuration illus-
trated in Fig. 5.1, which is based on work done by Pechenick et al. (1983). The stellar
surface is located at a distance R from the origin; for neutron stars, R lies roughly
in the range 2.5 − 4 RS . For now we assume that the burst emission originates at
r = R over a circular patch of angular radius ψ centered at point p(R,ϕ, θ) with total
intensity I. Depending on the burst emission mechanism, I may be anisotropic and
depend on δ ∈ [0, π), i.e. the angle between the normal vector to the stellar surface

2No further details of the analysis procedure on the SGR 1806–20, such as the applied nominal
threshold to determine significance, are given in the article. The phase dependence analysis procedure
of the SGR 1900+14 data is also not described.
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5 Rotational phase dependence of magnetar bursts

n̂ and the outgoing emission vector k̂R. The latter lies at r = R along the associated
null geodesic G of the outgoing emission which in turn intersects with the observer
at r = r0 where k̂R → k̂. We presume that the region r < R is opaque and r > R

is entirely transparent. Moreover, due to the comparatively long rotation period of
magnetars, we may neglect certain corrections, such as oblateness of the stellar sur-
face, light travel-time delays, and Doppler effects, which become significant for NSs
with |Ω| � 1 rad s−1 (e.g. Morsink et al. 2007).

The Schwarzschild solution admits four Killing vectors associated with conserved
quantities that emerge from symmetries inherent in the solution for which,

Kμẋ
μ = constant, (5.2)

where ẋμ = dxμ/dλ, with λ is some affine parameter. Considering the orbital motion
of a photon with tangent 4-vector V μ = ẋμ in the equatorial plane, i.e. ϕ = π/2, the
Schwarzschild solution admits two Killing vectors

εμ = (∂t)μ =
(−A(r), 0, 0, 0

)
, (5.3)

Jμ = (∂ϕ)μ =
(
0, 0, 0, r2

)
, (5.4)

associated respectively with conservation of energy and the magnitude of angular
momentum. Accordingly, we may define

εμẋ
μ = −A(r)V t ≡ −1, (5.5)

Jμẋ
μ = r2V θ ≡ b, (5.6)

where b ≥ 0 denotes the impact parameter of the photon trajectory, i.e. the null
geodesic G. Since ẋθ = 0 and gμν ẋ

μẋν = 0 for massless particles, we find that the
tangent 4-vector of an outgoing photon is given by,

V μ =

(
A−1(r),

√
1− b2

r2
A(r), 0,

b

r2

)
. (5.7)

Setting b = 0, we obtain the tangent 4-vector of a radially outgoing photon,

Wμ =
(A−1(r), 1, 0, 0

)
. (5.8)

A stationary observer with 4-velocity

Uμ =
(
A−1/2(r), 0, 0, 0

)
, (5.9)

will observe an angle

cos ξ =

√
1− b2

r2
A(r), (5.10)
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5.4 Light curve model

between the photons prescribed by V μ and Wμ (Pechenick et al. 1983). Note that
n̂ · k̂R = cos δ = cos (ξ|r=R), such that we may write

δ(b) = arcsin

(
b

bmax

)
, with bmax =

R

A1/2(r = R)
. (5.11)

The total angular deflection of G, which determines the ‘bending’ of the photon tra-
jectory from the surface patch to the observer, is given by

θ∗(b) =
∫ r0

R

b

r2

[
1− b2

r2
A(r)

]−1/2

dr. (5.12)

Incidentally, the total coordinate light travel time along G is given by

T∗(b) =
∫ r0

R

A−1(r)

[
1− b2

r2
A(r)

]−1/2

dr. (5.13)

The difference in travel time between radially emitted photons (with b = 0) and
those with an arbitrary impact parameter can be estimated accordingly,

Δt∗(b) =
∫ r0

R

A−1(r)

{[
1− b2

r2
A(r)

]−1/2

− 1

}
dr. (5.14)

The maximum travel time delay then for a typical NS with R = 2.5RS (R = 106 cm,
M = 1.5M�), is Δt∗(bmax) � 6.7× 10−2 ms � P ∼ 6 s.

To an observer in the +z-direction the system is axisymmetric around the z-axis,
such that the location of the burst patch p can be uniquely described by θ0. The
angle between the observer’s line of sight and the rotation axis of the neutron star Ω

is denoted by χ. Furthermore, the angle between the location of the burst patch and
Ω is given by α. Accordingly, depending on the rotational phase of the neutron star,

φ(t) =
2πt

P
, (5.15)

the angle between the observer and burst patch θ0 is given by the relation

cos[θ0(φ)] = cosχ cosα+ sinχ sinα cosφ. (5.16)

The observed brightness is the integral of the intensity at the observer,

dIobs = I(r0,Ω
′)dΩ′ = A2(r = R)I(R,Ω′)dΩ′, (5.17)

over the solid angle subtended in the observer’s sky,

dΩ′ = sin θ′dθ′dϕ′ � θ′dθ′dϕ′. (5.18)
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5 Rotational phase dependence of magnetar bursts

Due to the axisymmetry dϕ′ = dϕ ≡ Φ(θ∗, θ0), where we define the polar differential
distance as the function Φ(θ∗, θ0), which under the conditions θ0 + ψ ≤ θ∗ ≤ π and
θ0 − ψ ≥ 0 is given by the following expression,

Φ(θ∗, θ0) =

{
2 arccos

(
cosψ−cos θ0 cos θ∗

sin θ0 sin θ∗

)
if θ0 − ψ ≤ θ∗ ≤ θ0 + ψ,

0 otherwise.
(5.19)

Consequently, together with θ′ = ξ and Eq. (5.10) evaluated at r0 → ∞, we obtain

dΩ′ � Φ[θ∗(b), θ0] ξdξ � Φ(b, θ0)

r20
b db. (5.20)

We write the brightness of the source as

I(R,Ω′) = I0f [δ(b)], (5.21)

with the beaming functions given by f(b). Currently, we do not have a physical model
for the shape of the beaming function, which will most likely depend on the radiative
transfer properties of the local magnetic field. An example of a more realistic model
was considered by van Putten et al. (2016) in the case of fireball beaming. Here, for
descriptive purposes we consider a Gaussian shape for the beaming function,

f [δ(b)] =

⎧⎨
⎩

1 isotropic,√
π

2σ2
b
erf
(

π
2
√
2σb

)−1

exp
(
− δ(b)2

2σ2
b

)
beamed,

(5.22)

where σb parameterizes the beam width. Finally, we find the expression for the
observed intensity of the source

Iobs(θ0) = I0

(
R

r0

)2

κ(θ0), (5.23)

where we define

κ(θ0) ≡
(
R1/2

bmax

)4 ∫ bmax

0

f [δ(b)] Φ(b, θ0) b db. (5.24)

Fig. 5.2 shows the observed burst emission Iobs as a function of burst patch location
θ0 for a compact object with R = 2.5RS . In this case the size of the patch is ψ = 1◦.
We consider the observed intensity for the case of isotropic and beamed emission. Note
that the location of the terminator lies ‘behind’ the star, i.e. beyond θ0 = π/2, at
θ0 � 0.72π. At this angle, only photons with an impact parameter of bmax � 3.23RS

reach the observer. Note that the beamed emission is more prominent at θ0 = 0 and
drops off faster than the isotropic emission with increasing θ0. For comparison, we
plotted the emission profiles of sources with R = 1.6RS and R � RS , where the
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5.4 Light curve model

Figure 5.2: Burst emission as a function of the angle between the observer and the burst location,
parameterized by θ0 (see Fig. 5.1) for a burst spot area of ψ = 1◦. The solid (dashed) curves denote
emission from an isotropic (a beamed) source. A beam width of σb = π/6 was used. The black
curves represent emission from a compact object with R = 1.6RS (close to the most extreme case,
i.e. R > 1.5RS). The magenta curves denote the emission from a typical neutron star R = 2.5RS

(R = 106 cm, M = 1.5M�). The blue curves denote the emission from a non-relativistic source
R � RS, i.e. if we neglect the GR light bending effects. The dotted lines indicate the location of
the terminator, respectively at θ0 = 0.5π and θ0 ∼ 0.72π for R � RS and R = 2.5RS, beyond which
the burst patch is invisible. Note that emission is always visible in the R = 1.6RS case regardless
the location of the burst, i.e. ∀θ0. Moreover, in this extreme case the intensity of the burst patch
is greatly amplified at θ0 → π due to gravitational lensing effects. This plot is similar to Fig. 4 in
Pechenick et al. (1983).

former is close to the most extreme case, i.e. R > 1.5RS and the latter approximates
flat spacetime.

In the simulations we concentrate on the relative changes in intensity between the
input and observed burst. Accordingly, from equations (5.16) and (5.24) we define

κ∗(φ) ≡ κ[θ(φ)]

κmax
, (5.25)

which depends on the angles χ, α, and the phase of the neutron star, and describes the
fraction of rays that intersect with the observer at infinity, from the entire ray-bundle
that extends outwards from the burst patch. In the following section, we use this
expression as our measure for how the burst intensity is modulated. Varying χ sepa-
rately from α, or vice-versa, acts as a multiplicative factor to the absolute intensity.
Since, we only consider the fractional intensity, we may explore the parameter space
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5 Rotational phase dependence of magnetar bursts

Figure 5.3: Fraction of rays that intersect with the observer at infinity, from the entire ray-bundle
that extends outwards from the burst patch, i.e. κ∗(φ). The solid (dashed) curves represent isotropic
(beamed, with σb = π/6) emission from a source with R = 2.5RS . The colours represent 4 different
geometries, given by χ and α.

of these angles by setting χ = α. Fig. 5.3 illustrates the shape of κ∗(φ) for R = 2.5RS

in 4 different angle configurations, both in the case of isotropic and beamed emission.

5.5 Simulations

Per simulation run we produce a sequence of n bursts where we control the input
parameters of the bursts and the system. Nonetheless, we treat the detection of
individual photons, which are entirely described by their times-of-arrival (TOA), in a
probabilistic fashion.

We assume for simplicity that a single magnetar burst can be modeled with a
exponential rise/exponential decay profile that allows for asymmetry, i.e. the rise-
time and fall-time may be different. When simulating photons emitted at the source,
this corresponds to drawing N random photon times-of-emission (TOE) from a skewed
Laplace distribution,

pTOE(t) =
1

(1 + s)τ

{
exp [(t− t0)/τ ] if t < t0,

exp [−(t− t0)/(sτ)] if t ≥ t0,
(5.26)

where τ denotes the exponential rise-time of the burst, (sτ) the decay-time, with s

the skewness factor, and t0 the peak time of the burst. The profile of a simulated
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5.5 Simulations

Figure 5.4: Profile of an input burst, i.e. the photon emission rate at the burst patch, where t0
represents the time at which the burst peaks, A denotes the burst amplitude, τ denotes the rise-time,
τs parameterizes the decay-time, determined by s the skewness parameter for a given τ . For s > 1

(s < 1) the burst rises faster (slower) than it decays. The burst duration is given by T90, which is
defined as the time the fluence increases from 0.05 to 0.95 of the total burst fluence; the interval T90

contains 0.90N photons.

burst is shown in Fig. 5.4. We deliberately adopt an oversimplified burst profile to
better understand the differences between the input and output data. Huppenkothen
et al. (2015) decompose complex magnetar bursts, observed from SGR J1550-5418,
into several spike-like components, which in turn are modeled with a similar profile as
in equation (5.26). In this paper we assume that a burst can be represented as a single
spike, as a simple model that lets us explore the relevant effects. Note that we define
the duration of the burst, T90, as the time it takes for the fluence to increase from 0.05
to 0.95 of the total burst fluence. We fix the compactness of the source to R = 2.5RS,
corresponding to a typical neutron star with R = 106 cm and M = 1.5M�, and
set the rotation period to P = 6 s. We choose a light curve bin width, δt, and
background count level, b, such that the background count rate approximates that
from Fermi/GBM data (Huppenkothen et al. 2015), i.e. ζGBM ∼ 318 counts s−1. A
list of the simulation parameters is given in Table A.2.
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5 Rotational phase dependence of magnetar bursts

5.5.1 General simulation procedure

Here we proceed to describe in more detail the general form of a simulation run
step-by-step:

(I) We decide on the number of bursts n we wish to produce per simulation run
and set the inclination angle of the source χ. Next, we assign values to the
burst parameters ψ, α, N , t0, τ , s, and T90, where the latter three parameters
cannot be defined independently of each other. In the following simulation
runs, described in Sections 5.5.2, 5.5.3, and 5.5.4, we only consider symmetric
input bursts, s = 1, with a size of ψ = 1◦, and draw their peak time from a
uniform distribution, i.e. t0 ∼ Uniform(0, P ), where P is the rotation period
of the magnetar which we set to P = 6.

(II) We generate a single burst by drawing N photon emission times (TOEs) from
pTOE(t): We draw random numbers from a uniform distribution Uniform(0, 1)

and transform these values to follow the required skewed Laplace distribution
by using the inverse cdf of the latter, i.e. the percent point function,

TOE(x) =

{
t0 + τ ln [(1 + s)x] if x < (1 + s)−1,

t0 − sτ ln
[(
1 + s−1

)
(1− x)

]
if x ≥ (1 + s)−1.

(5.27)

(III) Using equation (5.15) we determine the phase of each TOEi, i.e. φi. Whether
an emitted photon reaches the observer depends on whether the ray, along which
the photon propagates, intersects with the detector, given by κ∗(φi), which
denotes the fraction of photons directed into our line of sight. In order to decide
whether a given photon intersects with the detector, we use rejection sampling:
for each TOEi we generate a latent variable z drawn from p(z) = Uniform(0, 1).
We only keep the TOEi if z < κ∗(φi).3

(IV) The TOEs that we save are detected by the observer. A detected photon is
recorded as a count with a corresponding TOAi; where the TOAi = TOEi of
the respective photon, since we consider a perfect detector and may neglect
the distance to the source and gravitational time-delay effects – see Section
5.4. Furthermore, we add background counts or TOAs uniformly to the de-
tected TOA data from the burst (with length Ndet ≤ N), such that the mean
background count rate becomes approximately ζ.

(V) We bin the total TOA data in Nbins time bins of length δt, whereby the counts
in each bin follow Poisson statistics. We proceed by applying a similar burst
identification algorithm as used by Gavriil et al. (2004), assuming that we can
infer the background count rate to be ζ, yet have no prior knowledge of the

3If no burst photons are detected, i.e. Ndet = 0, we move on to the next burst [step (II)].
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5.5 Simulations

burst and system input parameters. The probability of the number of counts
ki in the ith bin occurring is given by the Poisson distribution,

Pi =
μkie−μ

ki!
, (5.28)

where μ represents the mean count level, which in our case will be b = ζ δt.
Bins for which

Pi ≤ 3× 10−3N−1
bins (5.29)

are recorded as significant departures from the mean, where we have corrected
for the number of trails by dividing by Nbins, i.e. the total number of bins
searched over. From these, the time bin containing the maximum departure
ysig is labeled as tsig0 . The burst edges, labeled as tin and tout, are ascertained
by making use of a running mean, i.e. when the mean count level of an interval
μ∗ of ΔTinterval = 0.25 s, moving outwards in steps of δt on both sides of tsig0 ,
falls below b∗ = 1.1b, the burst edges are then given by the center time of the
respective intervals; tin before and tout after the burst. The duration of this
interval is denoted ΔT = |tin − tout|.

(VI) We fit the light curve of any identified bursts with the following burst model,

m(t) = NpTOE(t | t0, τ, s) + ζ, (5.30)

using a L-BFGS-B constrained optimizer (Zhu et al. 1997) to determine the
maximum (Poisson) likelihood, whereby we fix the background parameter ζ

and provide initial guesses for the remaining parameters:

tinit0 = tsig0 , (5.31)

τ init =
(
tsig0 − tin

)[
ln

(
ysig

b∗

)]−1

, (5.32)

sinit = 1, (5.33)

and N init is defined as the number of counts in the interval ΔT minus the
background counts4, i.e. ζΔT . After the fit, we delete the bins in ΔT from the
light curve, and repeat steps (V) and (VI) until no significant departures from
the mean, i.e. μ = b, are recorded.

(VII) We return to step (II) until we have generated the pre-defined number of bursts
n. Note that the number of observed bursts might be different, since bursts
might go undetected, or be interpreted as multiple separate bursts. Moreover,
some identified ‘bursts’ may simply be significant statistical deviations from
the background level. However, according to the condition stated in equation
(5.29) we only expect this to be the case in ∼ 0.3% of the input bursts.

4If N init < ysig0 , we set N init = (1 + sinit)τ initysig0 /δt.
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5 Rotational phase dependence of magnetar bursts

Figure 5.5: Folded profiles of input bursts of the initial simulation run. We consider symmetric
bursts of three separate durations. Here the rise-time τ is determined by the values for s and T90.
We choose N such that the burst amplitude is A = 104 photons s−1 at t0.

5.5.2 Run 1: Initial simulation run

We start with the simplest scenario, where we consider simulations of sequences of
identical bursts, referred to as Run 1. Per simulation we fix the values for χ, α, ψ, s
and T90. The latter two parameters determine the value of τ . Subsequently, we define
N using the condition that the input burst amplitude A is 104 photons s−1. We run
simulations for three separate burst durations (see Fig 5.5) and vary the angles χ and
α, to study their effects on the observed quantities.

We concentrate on the difference in input and observed best-fit value for the time
of the burst peak (respectively, t0 and tbf0 ), where the difference is parameterized
as Δt0 ≡ tbf0 − t0, the rise-time τ , skewness factor s, and burst duration T90. The
input values of the latter three parameters are denoted as τ0, s0, and T90,0. All input
parameters of Run 1 are listed in Table 5.2.

5.5.3 Run 2: T90-distribution

Next we perform a simulation run, Run 2, where in step (I) of the general simulation
procedure (Section 5.5.1), we draw the burst duration T90 for each individual burst
from a lognormal distribution centred at T 90 = 0.1 s, with a width of σT90

= 1

(e.g. Göǧüş et al. 2001), and lower and upper burst duration cutoff at, respectively,
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5.5 Simulations

Table 5.2: Input parameters for Run 1, consisting of 12 separate simulations. We consider a
constant input burst profile with peak times distributed uniformly across phase. Per simulation we
vary the burst duration T90, and angles χ, α; where we set χ = α (see Section 5.4).

Parameter Value

n 104

χ, α (◦) 30, 45, 60, 90
A (photons s−1) 104

T90 (s) 0.15, 1.5, 3.0
δt (s) 200−1

Table 5.3: Input parameters for Run 2, consisting of 4 separate simulations. The input burst
durations T90 are drawn from a lognormal distribution with lower and upper cutoff, respectively, at
Tmin
90 = 300−1 s and Tmax

90 = 3 s. Per simulation run we vary the angles χ, α; where we set χ = α.

Parameter Value

n 104

χ, α (◦) 30, 45, 60, 90
A (photons s−1) 104

T90 (s) ∼ LogNormal(T90, σ
2
T90

)

T 90 (s) 0.1

σT90
(s) 1

δt (s) 1400−1

Tmin
90 = 300−1 s and Tmax

90 = 3 s < P . Fixing the input burst amplitude at A = 104

photons s−1, as done in Run 1, we find that the rise-time of the shortest admissible
burst duration, i.e. 300−1 s, is τmin ∼ 7.2× 10−4 s. Accordingly, we set δt = 1400−1

s for this simulation run. The input parameters are summarised in Table 5.3 and the
results are presented in Section 5.6.2.

5.5.4 Run 3: Burst amplitude distribution

In this simulation run we fix the burst duration to T90 = 1 s and draw an amplitude
A for each individual burst from a powerlaw distribution,

dn

dA
∝ A−Γ, with Amin < A < Amax, (5.34)

where Amin and Amax represent the limits of the distribution, and Γ denotes the
powerlaw index. Note that the number of emitted photons during the burst N are
linearly proportional to A, such that these are distributed in a similar fashion.

In accordance with the observation of the energy distributions of magnetar bursts,
we choose Γ = 5/3 (e.g. Cheng et al. 1996). The input parameters are summarised in
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5 Rotational phase dependence of magnetar bursts

Table 5.4: Input parameters for Run 3, consisting of 4 separate simulations. The input burst
amplitudes A are drawn from a powerlaw distribution [equation (5.34)], with Amin = 5×102 photons
s−1, and Amax = 106 photons s−1. Per simulation run we vary the angles χ, α; where we set χ = α.

Parameter Value

n 104

χ, α (◦) 30, 45, 60, 90
A (photons s−1) ∼ Powerlaw(Γ)

Γ 5/3

T90 (s) 1
δt (s) 200−1

Table 5.4 and the results are presented in Section 5.6.2.

5.6 Results

5.6.1 Predictions for Run 1

To better understand the results of the simulations, we first examine how κ∗(φ) will
affect the burst parameters. In Fig. 5.6, we plot the predicted phase distributions of
the burst parameters (rows) for the 3 separate burst durations (columns) of Run 1.
These curves were obtained by fitting the burst model to the theoretical lightcurve
that results when the input model (see Fig. 5.5) is modulated, for a given phase,
by the appropriate κ∗(φ) but without taking into account any photon noise or de-
tectability effects (which are treated properly in the full simulations). It gives an idea
of the general trends expected, but no idea of the scatter. Furthermore, we only fit
modulated burst profiles with a peak rate of � 600 counts s−1, since ones with lower
peak rates will likely go undetected in the simulations.

Based on the predicted curves we expect that the parameter distributions that
we obtain from Run 1 will deviate from their input parameters more strongly for
longer burst durations T90 and larger angles χ and α. Approaching φ = π from
below (above), we find that the bursts will appear to occur earlier (later), rise slower
(faster), to become more skewed, and last longer, than their input counterparts. Note
furthermore that, in contrast to the predicted phase distributions of N , Δt0, s, and
T90, the phase distribution of τ is neither symmetric nor perfectly anti-symmetric
about φ = π. The results of Run 1 are presented in Section 5.6.2.
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5.6 Results

Figure 5.6: Predicted phase distributions of burst parameters (top to bottom) for the 3 bursts (left
to right) studied in the initial simulation run, Run1. From top to bottom: best-fit burst counts,
time difference between burst input t0 and the best-fit value (Δt0), best-fit burst rise-time τ , best-fit
skewness factor s, and burst duration T90, inferred from the latter τ and s (the input parameters
are given by N0, τ0, s0,and T90,0). The distinct colours represent different values for the angles, χ
and α. These curves were obtained by fitting the burst model to theoretical burst profiles (Fig. 5.5)
that are modulated by κ∗ (equation 5.25, Fig. 5.3), depending on their phase occurrence. We only
proceed to fit the modulated profile if the peak rate is � 600 counts s−1. Note that for longer burst
durations and larger angles, the best-fit parameters deviate more from their input values.

5.6.2 Burst properties from simulations

Run 1: Initial simulation run

In Figures 5.7, 5.8, and 5.9, we plot the phase distributions (left) and parameter
densities (right) of the obtained bursts parameters for 3 separate input burst durations
T90,0, respectively, 0.15 s, 1.5 s, and 3.0 s. Table 5.5 lists the amount of bursts that
were identified per configuration.

As predicted, we find that especially for longer duration bursts and larger angles,
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5 Rotational phase dependence of magnetar bursts

Figure 5.7: Phase distributions (left) and parameter densities (right) of burst parameters of Run
1 for an input burst of T90,0 = 0.15 s. The theoretical predictions for these distributions are shown
in Fig. 5.6.

the phase dependence of the burst parameters becomes apparent. Evidently this is
much less the case for bursts with T90 � P – the parameter densities remain strongly
peaked around their input values (e.g. Fig. 5.7). Nevertheless, in those cases around
φ ∼ π the bursts still go undetected for large values of χ and α, because either no
rays extending from the burst patch intersect with the detector during the burst (i.e.
the bursts are invisible) or they do not significantly stand out from the background
level. The results confirm that when approaching φ = π from below (above), the
bursts will appear to occur earlier (later), rise slower (faster), and last longer, than
their input counterparts. Moreover, the predicted asymmetric profile of the rise-time
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5.6 Results

Figure 5.8: Phase distributions (left) and parameter densities (right) of burst parameters of Run
1 for an input burst of T90,0 = 1.5 s. The theoretical predictions for these distributions are shown
in Fig. 5.6.

phase distribution (most notably in the parameter densities of Figures 5.8 and 5.9) is
clearly observed. Looking at the parameter densities, it appears that the rise-times
of bursts going out of view are more spread out, yet those of bursts coming into view
are more clustered. This is in accordance with the predictions; the initial slope of
the rise-time phase distribution (from ∼ 0 − 4π/5) is steeper compared to the final
slope (from ∼ 6π/5−2π). The predicted values between ∼ 4π/5−6π/5 are produced
less well in the simulations, since the amount of detected photons is minimal around
φ = π, complicating burst-identification and characterization. We find that both in
the predictions and, even more so, in the simulations that the majority of observed
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5 Rotational phase dependence of magnetar bursts

Figure 5.9: Phase distributions (left) and parameter densities (right) of burst parameters of Run
1 for an input burst of T90,0 = 3.0 s. The theoretical predictions for these distributions are shown
in Fig. 5.6.

bursts have τ/τ0 < 1. Since, T90 ∝ τ we also find for most observed bursts that
T90/T90,0 < 1, i.e. the bursts seem to last shorter than their input counterparts.

In general, the observed scatter is likely due to photon noise effects, which be-
come most significant near φ = π. These effects influence the efficacy of the burst-
identification algorithm and the observed burst morphology.

Run 2: T90 distribution

The results of Run 2, where we draw the burst duration for each individual burst
from a lognormal distribution are shown in Fig. 5.10. Table 5.6 lists the number of
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5.6 Results

Table 5.5: Number of identified bursts nid for Run 1, per configuration. The input number of
bursts for each simulation run was n = 104. We expect that ∼ 30 of the identified ‘bursts’ simply
constitute statistical deviations that exceed the burst identification threshold (given by equation
5.29).

T90 (s) χ = α (◦) nid

0.15 30 10034
45 10022
60 8875
90 6592

1.50 30 10012
45 10017
60 9940
30 7438

3.00 30 10017
45 10012
60 10007
90 9553

Table 5.6: Number of identified bursts nid for Run 2, per configuration. The input number of
bursts for each configuration was n = 104.

χ = α (◦) nid

30 10028
45 9871
60 7382
90 5971

identified bursts per configuration. The results closely resemble the those of Run 1,
with T90 = 0.15 s (see Fig. 5.7). We only find weak phase dependencies, that only
become noticeable for large values of the angles, χ and α. In Fig. 5.11, the input
(dotted histogram) and best-fit (solid histogram) T90 distributions are shown for the
4 separate configurations. Notice the small dearth of short duration bursts in each
histogram; short duration bursts contain fewer counts and may therefore be missed
by the burst-identification algorithm (step (V) in Section 5.5.1). We furthermore find
that there is a slight excess at T90 ∼ 0.6s (although not apparent when χ = α = 90◦),
which is due to the fact that for most observed bursts τ/τ0 < 1 and T90 ∝ τ .

Run 3: Burst amplitude distribution

The results of Run 3, where we draw the burst amplitude/number of emitted burst
photons for each individual burst from a powerlaw distribution, are presented in
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Figure 5.10: Phase distributions (left) and parameter densities (right) of burst parameters of Run
2, where the input burst durations are drawn from a lognormal distribution (see Fig. 5.11).

Fig. 5.13. Table 5.7 lists the number of identified bursts per configuration. We find
much less spread in the phase distributions of the parameters, compared to e.g. the
results from the 1.5 s burst in Run 1 (Fig. 5.8), however we do observe a considerable
amount of scatter. The latter is likely due to the fact that the majority of input bursts
(∼ 0.87) are low-amplitude bursts, i.e. A � 104 photons s−1, which are more difficult
to characterize, i.e. their morphology is relatively heavily affected by Poisson noise.
Fig. 5.12 displays the input and observed burst amplitude distributions. Despite a
slight offset at larger angles, we find that the slope of the distributions is reproduced
by the observed bursts. Input bursts with an amplitude � 103 photons s−1 may
go unidentified as they will likely fall below the significance threshold of the burst
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5.6 Results

Figure 5.11: Burst duration T90 distributions of 4 separate simulations (with different values for
χ and α) of Run 2. The dotted (solid) histograms represent the input (observed) burst duration
distributions. The slight dearth of observed short duration bursts, present in each simulation, is
simply due to the fact that they consist of fewer counts and are therefore less likely to be identified
by the burst-identification algorithm.

Table 5.7: Number of identified bursts nid for Run 3, per configuration. The input number of
bursts for each configuration was n = 104.

χ = α (◦) nid

30 6645
45 5831
60 4734
90 3717

identification algorithm.

5.6.3 Detectability of burst phase dependence

Here we set out to test the main method used in studies of burst phase dependence
to date, see Section 5.2. During the simulations we determine and record the phase
occurrence of the burst peak φbf

0 , i.e. the phase occurrence of the best-fit burst
peak time tbf0 . After each burst we compile a distribution of the values for φbf

0 of all
previous bursts up to the most recent one, and compare this burst phase occurrence
distribution to a uniform distribution using a Kolmogorov–Smirnov (K–S) test, from

139



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 146PDF page: 146PDF page: 146PDF page: 146

5 Rotational phase dependence of magnetar bursts

Figure 5.12: Burst amplitude distributions of 4 separate simulations (with different values for χ

and α) of Run 3. The dotted (solid) histograms represent the input (observed) burst amplitude
distributions. The cutoff of observed low-amplitude bursts (at � 103 photons s−1) is due to the
fact that the amplitude of these bursts likely occurs below the threshold of the burst-identification
algorithm.

which we obtain a p-value. We set the significance threshold at a p-value of 0.003,
corresponding to a 0.3% probability that the observed burst peak phase occurrences
are distributed uniformly across phase. To be clear: we are simulating emission
from a fixed point on the NS surface, from which bursts are being emitted at random
rotational phase. The naive expectation that this would result in an observable phase-
dependence most from the expected modulation of the intensity (see Fig. 5.3) that
results, for example, in missing some bursts emitted on the dark side of the star.

In Fig. 5.14 we plot the evolution of the p-value against the number of observed
bursts up to that point in the simulation for the 3 separate burst durations (from top
to bottom) of Run 1. The different curves per subplot correspond to different values
of χ and α. The horizontal dashed lines denote the threshold level and the vertical
dotted lines indicate the number of bursts at which the p-value of a given simulation
drops below the threshold level. Note that of these 12 simulations, the p-value does
not fall below the threshold before 103 bursts for χ = α ≤ 45◦. Nevertheless, we do
find a decreasing trend for T90 = 3.0 s after ∼ 500 bursts, reaching the threshold at
∼ 104 bursts (the length of the simulation), for those angles. Remarkably, the p-value
associated with the simulation where T90 = 1.50 s and χ = α = 60◦, does not show a
decreasing trend before 104 bursts. The remaining configurations do drop below the
threshold fairly soon, i.e. after ∼ 20− 150 bursts.

To determine the minimum number of bursts required to guarantee that the p-
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5.6 Results

Figure 5.13: Phase distributions (left) and parameter densities (right) of burst parameters of Run
3, where the input burst amplitudes are drawn from a powerlaw distribution (see Fig. 5.12).

value drops below the threshold, we ran the simulation per configuration Ns times,
each time until the threshold was reached, and recorded the number of bursts. Fig.
5.15 shows the evolution of the p-value for Ns = 10, 100, and 400 simulations, with
T90 = 0.15 s and χ = α = 90◦. We found that the maximum obtained p-value (out of
all Ns simulations for a given configuration) after a specific number of bursts decreases
at a certain rate (denoted by the black markers). In Fig. 5.16, we plot the maximum
p-value attained, over Ns = 400 simulations per configuration, against the number of
bursts. Subsequently, we fit a straight lines to the decreasing trends of the log of the p-
value and record the number of bursts at which these lines intersect with the threshold
level. Accordingly, we find an estimate for the minimum number of bursts nmin at
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5 Rotational phase dependence of magnetar bursts

Figure 5.14: Evolution of the p-value against the number of bursts for 3 separate burst durations
(top to bottom) of Run 1. The distinct curves per subplot represent different values for the angles χ

and α. The horizontal dashed line denotes the threshold level. The vertical dotted lines denote the
number of bursts at which the p-value drops below the threshold (see text for more details).

which, assuming a certain configuration, the observed φbf
0 distribution should deviate

significantly from a uniform distribution. If the φbf
0 distribution does not significantly

deviate from a uniform distribution after nmin bursts, then the configuration will
likely be such that the modulation in intensity is less strong than assumed. The
latter is dependent on assumptions on the parameters that determine the shape of
κ(θ0) (equation 5.24).

For the burst durations and configurations that we study in Run 1, we find for
χ = α = 90◦ that nmin ∼ 100 bursts. For χ = α = 60◦, we find nmin = 1446 bursts
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5.7 Discussion and Conclusion

Figure 5.15: Evolution of the p-value for Ns simulations for T90 = 0.15 s and χ = α = 90◦. From
left to right we increase the value of Ns from 10, to 100, to 400. The distinct coloured curves denote
the evolution of the p-value for separate simulations. The black markers denote the maximum p-
value that was attained (out of all simulations) for a given number of bursts. The horizontal dashed
line denotes the threshold value, the cyan dash-dotted curve represents the fit to the decreasing trend
of the log of the maximum p-values, and the vertical dotted curve denotes the intersection of the fit
with the threshold level. The latter occurs, from left to right, at nmin = 86, 95, and 104, respectively.
The maximum p-values in the panel on the right are also plotted in the top panel of Fig. 5.16.

and nmin = 296 bursts, for T90 = 0.15 s and T90 = 3.0 s, respectively. Yet, we do not
find an nmin for T90 = 1.50 s, since the attained maximum p-value does not exhibit
a decreasing trend before 103 bursts; consistent with the simulation run displayed
in the middle panel of Fig. 5.14. This is because the burst spot remains (partially)
visible throughout the NS’s rotation, such that enough counts can be detected for the
duration of the burst, and the fact that the Δt0 remains comparatively small, i.e. the
corresponding parameter density comprises a narrow peak (Fig. 5.8), in contrast to
e.g. the parameter density of the 3.0 s burst, which is much more spread out (Fig.
5.9).

5.7 Discussion and Conclusion

We have studied, from a theoretical perspective, the conditions under which magnetar
bursts from a predefined localized active region or burst patch on the NS surface would
give rise to a detectable phase-dependence. By adopting a straightforward input
burst model, we were able to examine the changes in the observed bursts after they
were modulated by the phase-dependent function κ∗(φ), which takes into account the
effects of gravitational light bending and depends on the configuration of the system.

We found that the degree to which the inferred burst properties become phase
dependent is strongly contingent on the duration of the bursts and geometry of the
system; we find a stronger phase dependency of the burst properties for longer du-
ration bursts and larger values of the angles χ and α. Furthermore, the majority of
observed bursts turn out to have τ/τ0 < 1 and T90/T90,0 < 1, i.e. they rise faster
and appear shorter than their input counterparts. Attempts to infer the properties of
individual bursts with durations greater than ∼ 10− 20 % of the spin period should
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5 Rotational phase dependence of magnetar bursts

Figure 5.16: Maximum p-value attained, out of Ns simulations per configuration, against the
number of bursts for the 3 separate burst durations (top to bottom) of Run 1. The horizontal dashed
line denotes the threshold level, the blue dash-dotted curves represent the fits to the decreasing trends,
and the vertical dotted lines denote the number of bursts where the fits intersect with the threshold
level.

certainly take into account potential distortion due to phase-dependent effects.
Adopting a lognormal burst duration distribution that peaks at T 90 = 0.1 s (as

observed for well-sampled sources), from which we draw the input duration for each
individual burst, we found that phase distributions of the parameters closely resem-
bled those of Run 1, for which T90 = 0.15 s. When considering a powerlaw distribu-
tion for the input burst amplitudes and burst duration of T90 = 1 s, we observed a
weak phase-dependency of the burst parameters and a considerable amount of scatter,
which in turn is caused by the large fraction of low-amplitude input bursts, which
are more affected by Poisson noise. We conclude that the observed distributions of
burst properties from well-sampled sources are likely not strongly distorted due to
phase-dependent effects, by virtue of being dominated by short bursts.

We studied the detectability of phase-dependence, using the most commonly-used
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5.7 Discussion and Conclusion

Figure 5.17: Predicted phase distributions of burst parameters in the presence of beamed emission
for a burst of T90 = 1.5 s (solid curves). Beaming is described by equation (5.22), where we have
set the beaming width σb to π/6. For comparison, the dotted curves represent the burst parameter
distributions for an isotropic burst with the same duration.

145



516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas516413-L-bw-Elenbaas
Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018Processed on: 18-1-2018 PDF page: 152PDF page: 152PDF page: 152PDF page: 152

5 Rotational phase dependence of magnetar bursts

measure whereby one concentrates on the phase occurrence of the burst peaks. In our
setup all bursts originate at a specific small active region – in some respects the most
extreme phase-dependent scenario. However rotational phase dependence of the peak
occurrences was not always apparent. We found that one would require a minimum
number of bursts for certain input burst properties and a given system configuration,
to guarantee observing a phase dependence. Only in the case of the most extreme
geometries, i.e. χ = α > 60◦, does this approach the burst sample sizes that were
examined in the literature. Studies that have not found a phase-dependence in the
distribution of the burst peak occurrences as yet (e.g. Savchenko et al. 2010; Scholz
& Kaspi 2011; Collazzi et al. 2015), might simply require a larger burst sample in
order rule it out for certain geometries. For other geometries, however, it will never
be possible to rule out the presence of a burst phase-dependence.

In our study we have considered only a restricted range of scenarios. One factor
that we have not simulated in detail is that of any potential beaming of the burst
emission. Fig. 5.17 shows the theoretical phase distributions of the observed burst
properties in the case of beamed emission (Equation 5.22 with σb = π/6) from a burst
with T90 = 1.5 s; the corresponding shape of κ∗(φ) is shown by the dashed curves
in Fig. 5.3. We compare it to its isotropic counterpart and find that the phase-
dependency of the burst properties will be enhanced in the presence of beaming.

The detectability of a burst phase-dependence depends strongly on the shape of
κ∗(φ): the stronger the variation with φ the greater the modification to the input
burst profiles. Introducing additional bursts patches or allowing for active regions to
occur at a certain height above the surface, will cause the phase-dependence of κ∗ to
decrease. A burst phase-dependence in those cases may then only become detectable
if the emission is also strongly beamed.

In this paper we have not studied the method whereby a phase-dependence is
searched for in the epoch folded photon times of arrival. This method can, and
should, be subjected to the same level of scrutiny. An additional challenge with
this method, however, is to determine a proper false alarm rate. Straightforwardly
looking for deviations from uniformity of the times of arrival does not work, since a
single burst already consists a significant departure. One must instead quantify the
conditions under which one would detect a burst photon phase-dependence, even if
the bursts originated at random locations on or above the NS surface. We defer this
topic to future studies.
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A
Appendix

A.1 Giant Flare Pulse Model

We use Bayes rule to build a posterior probability distribution for the PSDs of all
four energy bins simultaneously:

p(θ |D, α,M) =
p(D | θ, α,M)p(θ |α,M)

p(D |α,M)
, (A.1)

where θ denotes a vector of all model parameters, D = {Di}Ni=1 is the set of power
spectra extracted from each energy bin, α denotes a set of hyper-parameters for the
prior distributions on θ (see Section A.1.2 below for details), and M denotes any
additional model assumption.

Table A.1: Overview of the priors used in the Bayesian model

Parameter Meaning Probability Distribution

Shared Parameters

Γi power law index Uniform(0, 4)

logAPL power law amplitude Uniform(−10, 10)

C constant parameter scaling Normal(1, 0.5)

wi Poisson noise amplitude truncatedNormal(0, 0.1, 0.0,∞)a

Variable pulse fraction model
M2

ai scaling offsets Uniform(−2, 2)

An overview over the model parameters with their respective prior probability distributions.
a Truncated normal distribution with lower bound and no upper bound.
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A Appendix

In addition, we denote L(θ) = p(D | θ, αM) as the likelihood, i.e. the probability
of the data given the model (parameters), π(θ) = p(θ |α,M) as the prior probability
of the parameters θ, and p(D |α,M) =

∫
Ω
p(D | θ, α,M)p(θ |α,M)dΩ is the marginal

likelihood or evidence, i.e. the posterior integrated over the full parameter space Ω

allowed by the prior.
We use an exponential likelihood appropriate for modeling power spectra in the

absence of significant dead time. For a single power spectrum Di in energy bin i with
M powers {Pi,j}N,M

i=1,j=1 at each frequency νj we have:

Li(θ) = p(Di | θ, αM) =
M∏
i=1

1

P̂i,j(θ)
exp (

Pi,j

P̂i,j(θ)
) , (A.2)

where P̂i,j denotes the model power at frequency νj in energy bin i. We assume that
the observed power spectra in different energy bins are statistically independent; this
assumption is valid as long as the photon detection process can be assumed to be
largely energy-independent (i.e. the probability of detecting a photon of energy E1

does not directly depend on the probability of having previously detected a photon
of energy E2) and our energy bins do not overlap. In this case, the joint likelihood
for N power spectra becomes:

p(D | θ, α,M) =

N∏
i=1

Li(θ) . (A.3)

Model comparison can now be performed via comparison of the marginal like-
lihoods. For two models M1 and M2 with priors p(M1) and p(M2), and marginal
likelihoods p(D |M1) and p(D |M2), we can define

p(M1 |D)

p(M2 |D)
=

p(D |M1)

p(D |M2)

p(M1)

p(M2)
. (A.4)

In practice, the posterior probability distribution is often not analytical, and thus the
marginal likelihood difficult or expensive to compute. However, the expression can
be simplified if the models M1 and M2 are nested, that is, if M1 is a special case of
M2. Suppose M1 only has parameters θ, and M2 has parameters {θ, φ}, and M1 is
a special case of M2 if φ = φ0, then the Bayes factor B12 = p(D |M1)

p(D |M2)
reduces to the

Savage-Dickey Density Ratio (SDDR),

B12 =
p(φ |D,M2)

p(φ |α,M2)
|φ=φ0 , (A.5)
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A.1 Giant Flare Pulse Model

where we have integrated p(φ |D,M2) =
∫
Ω
p(θ, φ |D, α,M2)dθ and Ω denotes the

total prior volume spanned by the parameters θ (Dickey 1971).
In practice, we compute the SDDR by first sampling from M2. We then marginal-

ize over all nuisance parameters (here all parameters in both M1 and M2) and ap-
proximate the marginalized posterior distribution p({ai}Ni=1 |D,M2) using a Kernel
Density Estimate as implemented in scikit-learn (Pedregosa et al. 2011). This allows
us to compute the posterior probability where ai = 0∀i as required in Equation A.5.

A.1.1 The Model

We model the power density spectrum in each energy i bin with (1) the Fourier-
transformed template pulsed light curve, scaled appropriately to the photon flux in
that energy band from both source and background, (2) a power law component
with parameters Γi (index) and APL,i (amplitude) to account for any red noise not
accounted for in the pulse profile, (3) a constant wi to account for the flat white noise
component visible in the PSDs at high frequencies. These parameters are shared
between M1 and M2. In addition, we consider a scaling factor Ai applied to the pulse
profile light curve before Fourier transforming in each energy bin, which accounts for
any energy-dependent differences in the pulsed fraction.

For the simpler model M1, the scaling factor Ai is constant with energy and

thus equal for all energy bins, i.e. A1 = A2 =
. . . = AN = C. The more flexible

model M2 is parametrized as Ai = C + ai, where C is a constant scaling shared by
all energy bins, and ai is an offset in energy bin i from that shared scaling factor.
This parametrization is convenient, because the models are nested such that we can
recover M1 by setting ai = 0 ∀i. Under the assumption that the priors for ai and
C are separable, we can use the SDDR in comparing the two models. Our full set
of parameters for M1 is θ1 = {{Γi}Ni=1, {APL,i}Ni=1, {wi}Ni=1, C}, and for M2 we have
θ2 = {{Γi}Ni=1, {APL,i}Ni=1, {wi}Ni=1, C, {ai}Ni=1}.

A.1.2 Priors

We place largely non-informative priors on our parameters, summarized in Table A.1.
In addition to the individual parameter priors, we impose two additional restrictions.
First, for both models we are requiring that all powers in each model power spectrum
{P̂i,j}N,M

i=1,j=1 > 0, a requirement imposed by the definition of the power spectrum as
the square of the real part of the Fourier transform.

In order to encode the second assumption as a prior, we introduce the model
powers at frequency νj in energy bin i, {P̂i,j}N,M

i=1,j=1 as latent variables in our model,
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such that our posterior for M1 becomes

p({P̂i,j}N,M
i=1,j=1, θ1 |D, α,M1) = (A.6)

p(D | {P̂i,j}N,M
i=1,j=1, θ1,M1)p(θ1 |α,M1)p({P̂i,j}N,M

i=1,j=1 |α,M1)

p(D |M1)
.

Because the powers {P̂i,j}N,M
i=1,j=1 are uniquely determined once the parameters θ1 are

known, the prior is a Dirac delta function around the function values, unless any of
those function values are negative:

p({P̂i,j}N,M
i=1,j=1 |α,M1) =

{
δ(Pi,j − P̂i,j), if P̂i,j > 0 ∀i, j.
0, otherwise.

(A.7)

In practice, this definition of the prior on the latent variables as a delta function allows
for straightforward marginalization over these latent variables in order to compute the
posterior distribution over parameters θ alone.

A.2 Instrument responses

The RHESSI response matrix displayed in Fig. A.1 represents the response of the
detector’s rear segments at 5◦ incidence angle and was generated by E. Bellm. We
obtain an effective area curve by integrating the response matrix along the axis of the
count energies. The effective area indicates the instrument’s overall sensitivity to a
given photon energy.

A.3 Instrumental feature in RHESSI data of SGR
1806-20 giant flare

An remarkable feature can be seen in the RHESSI light curve at tf − t0 ∼ 3.465 s
(see Fig. A.2), coinciding with the initial pulse of the pulsating tail of the GF. It is
primarily concentrated in the front segments, lasts for Δtf ∼ 0.435 s, and comprises
a number of spikes, ∼ 0.09 s apart. The background subtracted1 spectrum of the
feature is plotted in Fig. A.3. The spikes are primarily visible below ∼ 300 keV and
in the range ∼ 2.6− 3 MeV in the front segments.

Following discussion with experts on the RHESSI instrumentation (David Smith
and Gordon Hurford, private communications), it was determined that these spikes
are most likely an instrumental feature caused by the motion of an attenuator that
deployed in response to the high count rate. Its motion is induced by putting a current

1The background spectrum consists of a spectrum integrated over Δtf taken just before the
appearance of the instrumental feature at tf − t0.
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A.3 Instrumental feature in RHESSI data of SGR 1806-20 giant flare

Figure A.1: Simulated RHESSI response matrix of rear segments at 5◦ incidence (bottom panel).
The response matrix has been used to generate the fit to the count energy spectrum (Fig. 3.3) as to
obtain an estimate of the incident photon flux. By integrating over the count energy dimension we
obtain the effective area of the detector vs incident photon energy (top panel).

through a wire, which contracts when heated. The heating was initiated at ∼ 3.36 s
and the attenuator registered in the ‘in’ position at ∼ 3.75 s. The prompt movement,
or rather impact of the attenuator on the stop, can produce microphonic noise in the
detectors that may be recorded as an event; generally dominant in the front segments
and varying significantly between the individual segments. The separate spikes may
be explained by the fact that the attenuator bounced several times after the initial
impact before it came to rest – each strike generating a burst of microphonics. At
the time of writing this effect is not one of the possible sources of lightcurve artifacts
described on the RHESSI artifact web page2.

This instrumental feature must be taken into account when performing spectral
or temporal analysis of the GF in the moments following the initial hard spike in the
period t− t0 = 3− 4 s. The RHESSI high-energy lightcurve (Fig. 3.2) and spectrum

2RHESSI artifact web page: http://hesperia.gsfc.nasa.gov/ssw/hessi/doc/guides/
lightcurve_artifacts.htm
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A Appendix

Figure A.2: RHESSI count rate versus time in the front and rear segments of the detectors. The
instrumental feature is apparent at t − t0 ∼ 3.465 s. The dotted lines denote the time-integration
interval taken to generate the spectrum (see Fig. A.3). The dash-dotted lines roughly indicate the
individual peaks and are separated by ∼ 0.09 s. Note that the feature is primarily concentrated to
the front segments.

Figure A.3: RHESSI (background subtracted) spectral energy distribution of the instrumental
feature. The magenta (cyan) dots denote the data recorded in the front (rear) segments. Note the
presence of a high energy peak at ∼ 2.5− 3 MeV in the front segments.
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A.4 Parameter table

(Fig. 3.3) in this manuscript are composed of data recorded solely in the rear segments,
where the presence of the instrumental feature is marginal. Moreover, the behaviour
of the pulsating tail as a function of energy, as discussed in Section 3.2.3, is studied
in the time range t− t0 = 5− 95 s, after this instrumental feature has subsided.

A.4 Parameter table

Here we list brief descriptions of the simulation parameters and their associated sym-
bols (see Table A.2).
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Table A.2: A table of the simulation parameters appearing in sections 5.5 and 5.6.

Symbol Description

n number of input bursts
nid number of identified bursts
nmin number of bursts at which the p-value is guaranteed to drop below the threshold
R neutron star radius
P neutron star rotation period
ψ size of the burst patch
χ angle between NS axis of rotation and the line-of-sight
α colatitude of the burst patch
ζ background rate
δt light curve bin width
b background level
N number of emitted photons
Ndet number of detected photons
t0 burst peak time
φ0 burst peak phase occurrence
τ rise-time
s skewness factor
A burst amplitude
Nbins number of time bins
ysig maximum departure amplitude
tsig0 time bin with ysig

ΔT time interval of an observed burst
tin, tout limits of ΔT

μ mean count level ∼ b

μ∗ running mean
ΔTinterval time interval over which μ∗ is estimated
Δt0 difference input and best-fit burst peak time: Δt0 ≡ tbf − t0
T90 burst duration
T 90 mode of the duration distribution
σT90 width of the duration distribution
Tmin
90 minimum burst duration

Tmax
90 maximum burst duration

Γ powerlaw index of the amplitude distribution
Amin minimum burst amplitude
Amax maximum burst amplitude
Ns number of simulations
subscript ‘0’ input parameter
superscript ‘init’ initial guess
superscript ‘bf’ best-fit parameter
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In dit proefschrift, getiteld ‘On magnetar burst mechanisms’, trachten we verschil-
lende ontstekings- en emissiemechanismen van magnetar uitbarstingen te beschrijven
door het ontwikkelen van theoretische modellen en het vergelijken van daaruit voort-
gekomen voorspellingen met observaties.

In Hoofdstuk 2, evalueren we de spontane ontwikkeling van een lineaire tearing
instability (scheurinstabiliteit), in een globaal vervormde magnetisch veld, als ont-
stekingsmechanisme voor magnetar giant flares (i.e. de meest energetische magnetar
uitbarstingen). Zodoende leiden we de groeitijd van de tearing mode af in een re-
lativistische magnetosfeer en vergelijken deze met de geobserveerde karakteristieke
tijdschalen van de impulsieve fase van een giant flare. Daarin worden we beperkt
door de vrijgekomen energie van de giant flare en de afgeleide kracht van het di-
pool magnetische veld van de bron. Derhalve zijn we in staat de dimensies van de
reconnectie-zone te herleiden, onder de assumptie dat de rise-time (i.e. de karakte-
ristieke tijd waarin de lichtcurve van de uitbarsting exponentieel toeneemt.) van de
giant flare direct gerelateerd is aan de groeitijd van de instabiliteit.

In Hoofdstuk 3, onderzoeken we een emissiemodel dat is voorgedragen als een
beschrijving van de hoge-energie emissie (> 250 keV) welke kort na de initiële harde
γ-straling piek van de giant flare van SGR 1806–20 is geobserveerd. Het was veronder-
steld dat een grote uitgebreide corona bestaande uit relativistische elektron-positron
paren, een fractie van de lage-energie fotonen verstrooit. Met als bijkomstigheid dat
deze fractie van lage-energie fotonen niet langer anisotroop zijn, maar isotroop door
de ruimte voortbewegen. Het was geponeerd dat deze beschrijving consistent was met
de afwezigheid van een duidelijk pulserend signaal in de waargenomen hoge-energie
component. Wij verifiëren dat de hoge-energie data consistent is met de afwezigheid
van een pulserend signaal. Echter we leiden daarnaast af dat de Compton verstrooiing
van lage-energie fotonen er niet toe leidt dat deze vervolgens isotroop door de ruimte
voortbewegen, i.e. de voortplanting van de fotonen blijft anisotroop. Bovendien
tonen we aan dat de aanwezigheid van zulk een energetische en uitgebreide elektron-
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positron corona onwaarschijnlijk is. We dragen een alternatief model aan, waar de
hoge-energie fotonen het gevolg zijn van synchrotronstraling van geaccelereerde deel-
tjes in een schok welke voortgebracht wordt door de botsing van een reconnectie-afvoer
met de uitstroom vanaf de oppervlakte van de neutronen ster.

In Hoofdstuk 4, bediscussiëren we de resultaten van de data analyse procedure uit-
gevoerd door Huppenkothen et al. (2015). Huppenkothen et al. (2015) hebben op een
succesvolle wijze een groot aantal complexe magnetar uitbarstingen gemodelleerd als
zijnde superposities van simpelere piek-achtige uitbarstingen, waarbij het aantal van
zulke pieken per uitbarsting ook een parameter is van de inferentie. Hierdoor hebben
ze de a-posteriori distributies van de modelparameters kunnen verkrijgen, waaruit ze
de differentiële distributies van verscheidene grootheden hebben afgeleid en mogelijke
correlaties tussen modelparameters hebben onderzocht. Wij hebben vervolgens deze
data vergeleken met voorspellingen gegrond op SOC systemen en correlaties tussen
cruciale fysische grootheden gebaseerd op verschillende ontstekingsmechanismen voor
magnetar uitbarstingen.

In Hoofdstuk 5, evalueren we de condities waaronder een faseafhankelijkheid in de
magnetar uitbarstingen detecteerbaar is, gegeven dat de emissie lokaal wordt uitge-
zonden vanaf de oppervlakte van de ster. We construeren een eenvoudig model welke
de geometrie van het systeem, de relativistische afbuiging van licht en de intrinsieke
eigenschappen van een uitbarsting in acht neemt. Vervolgens genereren we een serie
aan fase afhankelijke uitbarstingen, waarbij we de input parameters bepalen, en be-
studeren we de resulterende fasedistributies van de parameters van de uitbarstingen.
Zodoende zijn we in staat te onderzoeken in hoeverre een faseafhankelijkheid detec-
teerbaar is en vinden we dat zelfs in bepaalde sterk fase afhankelijke scenario’s, de
faseafhankelijkheid onontdekt kan blijven. Bovendien, beargumenteren we dat er voor
bepaalde configuraties een minimum aantal uitbarstingen vereist is om een mogelijke
faseafhankelijkheid uit te sluiten.
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