
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Optical antennas on substrates and waveguides

Bernal Arango, F.

Publication date
2014

Link to publication

Citation for published version (APA):
Bernal Arango, F. (2014). Optical antennas on substrates and waveguides. [Thesis, externally
prepared, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/optical-antennas-on-substrates-and-waveguides(bffef474-0487-4ad3-aba8-81e0cf744bd2).html


5
Method to Retrieve Magneto-Electric
Polarizability Tensors of Metamaterial Antennas

A key quantity in design of plasmonic antennas and metasurfaces, as well as metama-
terials, is the electrodynamic polarizability of a single scattering building block. In
particular, in the current merging of plasmonics and metamaterials, subwavelength
scatterers are judged by their capability to present a large, generally anisotropic electric
and magnetic polarizability, as well as a bi-anisotropic magnetoelectric polarizability.
This bi-anisotropic response, whereby a magnetic dipole is induced through electric
driving, and vice versa, is strongly linked to optical activity and chiral response of
plasmonic metamolecules. We present two distinct methods to retrieve the polarizability
tensor from electrodynamic simulations. As basis for both we use the Surface Integral
Equation method (SIE) to solve for the scattering response of arbitrary objects exactly.
In the first retrieval method, we project scattered fields onto vector spherical harmonics
with aid of an exact discrete spherical harmonic Fourier transform on the unit sphere.
In the second, we take the effective current distributions generated by SIE as basis to
calculate dipole moments. We verify that the first approach holds for scatterers of any
size, while the second is only approximately correct for small scatterers. We present
benchmark calculations, revisiting the zero-forward scattering paradox of Kerker [1]
and Alú [2], relevant in dielectric scattering cancelation and sensor cloaking designs.

5.1 Introduction
Metallic and dielectric nano-scatterers currently enjoy a surge of interest in photonics,
due to the unusual optical properties that may be obtained through a suitable choice
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5 Polarizability Tensor Retrieval

of material and geometry. In plasmonics, it is well established that Ag and Au single
nano-spheres, rods, wires, pyramids, triangles, cubes, stars or core-shell particles, as
well as oligomers and arrays of such objects have very distinct scattering resonances
that can be used for optical sensing, improvement of LEDs and solar cells, as well
as plasmon-enhanced spectroscopy on basis of large field enhancements near metals
at the plasmon resonance [3–9]. In a related development, the field of metamaterials
uses metal split rings, loops, as well as so called cut-wire pairs to generate a strong
collective magnetic response [10–12]. The effective magnetic permeability and electric
permittivity that is achieved arises from the strong electric and magnetic polarization
obtained in each building block. Recently, the fields of plasmonics and metamaterials
have come together in so-called ‘metasurfaces’, where non-identical subwavelength
resonant scatterers are organized in a plane at subwavelength distances, in order to
achieve arbitrary phase and amplitude masks that control the transmission, reflection,
refraction and diffraction of light [13–15]. In all these developments, the response is
fundamentally quantified by the geometrical arrangement of scatterers on one hand,
and the electric and magnetic polarizability of each building block on the other hand.

Numerical methods in electrodynamics play an increasingly important role in the
design and understanding of nano structures in an electromagnetic field. In daily
practice, finite difference time domain codes, finite element simulations, and boundary
element methods are used to replicate experiments, and extract expected observables
such as transmission and reflection coefficients, or the brightness and directivity of
localized sources. Remarkably, it is not common practice to use simulations to extract
the fundamental parameter, i.e., the electric and magnetic polarizability, as well as
possibly higher order multipoles, that quantify how a building block scatterers. A
first step to this goal is a recent paper by Mühlig et al. [16] that shows a retrieval of
the multipolar moments induced in various metamaterial scatterers for a particular
incident field. Here we propose a rapid and accurate method to retrieve electric,
magnetic and magneto-electric polarizabilities of meta-atoms which can be applied
to any electromagnetic solver (FDTD [17], VEM [18], BEM [19]). In our specific
implementation this method is based on Surface Integral Equation calculations to solve
Maxwell equations for electric and magnetic field exactly, and to calculate the induced
effective electric and magnetic surface currents that quantify the scatterer response.
We show how to extract polarizabilities both from the calculated scattered field, and
as an alternative method, also from the induced currents. This chapter is organized
as follows. In section 5.2 we present the surface integral equation method, and the
retrieval of polarizability tensors. In section 5.3 and 5.4 we benchmark the retrieval for
magnetoelectric spheres, illustrating the zero-forward scattering paradox of Kerker.

5.2 Surface integral equation method and α-tensor
retrieval

Any electromagnetic problem is completely specified by the Maxwell equations,
together with a definition of the source, and the boundary condition. We use the
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5.2 Surface integral equation method and α-tensor retrieval

equations in integral form [20]. We divide space into a region 1, defined as the
embedding medium that we take to be a homogeneous dielectric with permittivity
ε1 and permeability µ1, and a region 2 that represents the volume occupied by the
scattering material of dielectric constant ε2 and permeability µ2. In the integral equation
formalism, it is useful to solve for the electromagnetic response by first finding effective
auxiliary electric and magnetic surface current densities J and M on the interface
between medium 1 and 2 that are used to satisfy the boundary conditions for continuity
of tangential E and H, and normal B and D. Once these surface currents are solved for,
they can be used to construct the electromagnetic field solution everywhere. Assuming
harmonic time dependence (frequency ω) the currents are set by an Electric Field
Integral Equation (EFIE),

ωµi

i

∫
S

dS′Gi(r,r′) · J(r ′)−
∫

S
dS′[∇′×Gi(r,r′)] ·M(r′) =

{
Einc

1 (r) for r in region i= 1

0 for r in region i= 2
(5.1)

and a Magnetic Field Integral Equation (MFIE) that reads:∫
S

dS′[∇′×Gi(r,r′)] · J(r′)+ ωεi

i

∫
S

dS′Gi(r,r′) ·M(r′) =
{

Hinc
1 (r) for r in region i= 1

0 for r in region i= 2
.

(5.2)
Here G(r,r′) is the electric dyadic Green function for each type of homogeneous
medium ‘i’ (with i= 1,2) and ∇′ ×G(r,r′) is the curl of the Green’s function. The
integral runs over the surface S that contains the current densities. We use the method
introduced by Kern et al. [21], which is based on the method of moments (MoM)
[22], coined the Surface Integral Equation (SIE) method to solve these equations. In
brief, in the SIE method any scatterer is represented by effective electric and magnetic
surface current densities J and M that are discretized on finite elements over the surface
of the scatterer with the help of the Rao, Wilton and Glisson (RWG) basis functions
fn [23]. Consider the surface S meshed with triangles. We define n = 1. . . N nodes as
the shared edges of the triangles. The basis function fn(r) is zero everywhere except on
the triangle pair T ± that shares node n. Here the function is pyramid shaped, with,

fn =
{±Ln

2A±
n

(
r−p±n

)
: r ∈ T ±

0 : otherwise
(5.3)

where Ln is the length of the shared node, A±
n is the area of the triangle pair and p±n are

the non-shared vertices of the triangles, as explained in [21]. The discretized strength
and direction of the currents is accounted for through basis expansion coefficients αn

and βn in the following way,

J(r) =
N∑

n=1
αn fn(r) (5.4)

M(r) =
N∑

n=1
βn fn(r). (5.5)
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5 Polarizability Tensor Retrieval

By projecting the EFIE and MFIE equations onto the RWG basis functions, the integral
equations transform into a set of linear equations for the αn and βn values:

M ·
(
αn

βn

)
= q. (5.6)

In this system of linear equations the matrix M needs to be found only once and can
be used for any incident field, that is only contained in q . The matrix M is defined by:

M =
[

D1 +D2 −K 1 −K 2

K 1 +K 2 D1

Z 2
1
+ D2

Z 2
2

]
(5.7)

where Zi =
√
µi/εi,

D i
mn = ωµi

i

∫
Sm

dSfm(r) ·
∫

Sn
dS′Gi(r,r′) · fn(r′), (5.8)

K i
mn =

∫
Sm

dSfm(r) ·
∫

Sn
dS′∇′×Gi(r,r′) · fn(r′). (5.9)

Note how M self-consistently contains the interactions between all the discretized
current elements, as evident from the appearance of Gi(r,r′). After this matrix is
calculated it can be inverted and multiplied by the vector q which is the projection of
the incident field that drives the scatterer into the RWG functions. Specifically,

q =
{∫

Sm
dSfm(r) ·Ei nc

1 (r) : m = 1....N∫
Sm−N

dSfm−N (r) ·Hi nc
1 (r) : m = N +1....2N .

(5.10)

We order the variables such that the vector q has the projections of Ei nc on the N basis
functions as the first N elements, and the projection of Hi nc on the basis functions as
elements N +1 to 2N . As an important implementation note, one of the key features of
this method is that the Green’s function, which is singular at r = r′, is written as the
sum of a smooth G(r,r0)S and singular part G(r,r0)N S as follows

G(r,r0)S = [1+ ∇∇
k2

i

]G(r,r0)S = [1+ ∇∇
k2

i

]
1

4π

(
e i kiR −1

R
+ k2

i R

2

)
, (5.11)

G(r,r0)N S = [1+ ∇∇
k2

i

]G(r,r0)N S = [1+ ∇∇
k2

i

]
1

4π

(
1

R
− k2

i R

2

)
(5.12)

where ki is the wave vector defined as ki = 2π/λ ·pµiεi and R = |r−r0|. The singular
part of the integral is treated analytically. For a detailed explanation of this separation
method, we refer to Ref. [21]. Without this separation, the matrix M would be highly
inaccurate on its diagonal, as well as for elements Dmn and Kmn that correspond to
close triangles. Moreover subsequent retrieval of the scattered field from the calculated
currents would be highly inaccurate close to the scatterers.
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5.2 Surface integral equation method and α-tensor retrieval

Once found, the coefficients αn and βn completely specify the electric and magnetic
surface currents that in turn allow one to find the scattered field and the total field by
propagating the currents with the aid of the Green’s function in the following manner:

Ei(r) =
{+
−

}∑
n

[
−αn

ωµi

i

∫
Sn

dS′G(r,r′) · fn(r′)

+βn

∫
Sn

dS′[∇′G(r,r′)]× fn(r′)
]
+

{
Ei nc

1 (r) : for r in region i= 1

0 : for r in region i= 2
(5.13)

Hi(r) =
{+
−

}∑
n

[
−βn

ωεi

i

∫
Sn

dS′G(r,r′) · fn(r′)

−αn

∫
Sn

dS′[∇′G(r,r′)]× fn(r′)
]
+

{
Hi nc

1 (r) : for r in region i= 1

0 : for r in region i= 2
(5.14)

We have implemented the described algorithm in MATLAB, using triangular surface
gridding that defines the set of fn(r) as input that we generated using Gmsh [24]. The
main objective of our paper is to discuss the retrieval of polarizabilities from the SIE
calculations. On basis of the current contributions found through SIE two different
approaches can be taken in order to find the polarizability tensor. On one hand the
fields produced by the effective currents can be propagated with the aid of G and ∇′×G
(Eq. (5.13) and Eq. (5.14)) onto a sphere that is centered around the structure under
consideration. The projection of the fields on the sphere on vector spherical harmonics
directly define the multipole moments through the expansion coefficients anm and
bnm , as explained by Jackson [Ch.10][20], as well as by Mühlig et al. [16]. Thus, for
this first retrieval method we use two steps. First we use SIE to solve for the fields
E and H and then we project these fields onto VSH to find the dipolar moments and
hence the polarizability tensor. This means that E and H might as well be found by
using any other full wave calculation, for instance FDTD or FEM. As an alternative
method, multipole moments can be defined directly from the current distributions,
without calculating fields. Here we first discuss the multipole expansion method, and
then the direct definition based on J and M.

Multipole moments based on the projection onto Vector spherical
harmonics
We use the vector spherical harmonic functions as defined by Mühlig et al. [16], which
are equivalent to the textbook definition of [25]. As proven in [25] the vector spherical
harmonics form a complete and orthonormal set [25]. Therefore the field E(r,θ,φ)
found from SIE has a unique expansion

E(r,θ,φ) =
∞∑

n=1

n∑
m=−n

[anm Nnm(r,θ,φ)+bnm Mnm(r,θ,φ)], (5.15)
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Figure 5.1: Sketch of the calculation protocol for retrieving multipolar moments with
vector spherical harmonics (VSH). Here a gold split ring represents the scatterer, while
the scattered field is represented in red. The sphere and black points, located around
the scatterer and field, show how we only use a small number of points at which we
calculate the electric field for the discrete spherical harmonics transform on the sphere
(DSHTS).

where the expansion coefficients anm and bnm can simply be found by taking the inner
product of the calculated E(r,θ,φ) with the vector spherical harmonic functions. Here
Nnm(r,θ,φ) and Mnm(r,θ,φ) are the vector spherical harmonic functions, and the inner
product is defined as the integration over the unit sphere. Therefore the anm and bnm

coefficients are corresponding to the "Mie" coefficients [20]. While in principle one
could densely sample E(r,θ,φ) on the unit sphere to evaluate the inner product, it is
particularly advantageous to use the fact that a discrete spherical harmonic transform
is exact for Legendre polynomials up to order N if sampling points and weights are
chosen consistent with Legendre quadratures for Legendre polynomials of order N +1.
Thereby one can obtain a highly efficient and exact algorithm, that requires only very
few field sampling points for multipole expansion coefficients up to order n=N [26], by
carefully separating the vector spherical harmonics into ordinary spherical harmonics.
As in any discrete Fourier transform, the only caveat for this exact method is that
aliasing artifacts may occur if the radiated field contains significant contribution from
multipoles of order higher than the truncation order of the transform. Therefore we use
a truncation order N=5, corresponding to just 50 sampling points on the unit sphere,
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5.2 Surface integral equation method and α-tensor retrieval

as we do not expect multipole moments beyond N=2 to be significant throughout this
chapter. The coefficients anm , and bnm , and hence the retrieved moments finally, will
depend on where the center of the sphere is chosen [16, 20, 27] but are independent
of the radius of the sphere as long as the scatterers are fully enclosed. The dipolar
moments p and m are calculated from the coefficients anm and bnm using the procedure
explained in [16]. A sketch of how this calculation is performed is shown in Fig. 5.1.

Multipole moments based on the effective currents
As a second method to obtain the induced dipole moments p and m (electric and
magnetic dipole moments) we can directly use the effective magnetic and electric
current densities M and J calculated as the intermediate solution step in SIE. In
particular

p = i

k

p
µε

∫
Ω

J(r)dS − ε

2

∫
Ω

r×MdS (5.16)

m = i

k

√
ε

µ

∫
Ω

M(r)dS + 1

2

∫
Ω

r× JdS, (5.17)

where the integration is performed over the surface of the scatterer Ω. In contrast to
other brute force methods, SIE naturally provides the effective magnetic and electric
currents as an essential part of its solution strategy. In standard implementations of, for
instance, FDTD modeling, retrieving these currents with enough numerical accuracy
would itself be a challenge. On a standard FDTD Yee-grid inaccuracies arise from
the approximation of curved boundaries into discretized Cartesian grids, as well as
from the fact that in general the field components and their derivatives are not sampled
right on the boundary. Consequently, right at object boundaries large inaccuracies of
local fields, fluxes and currents are obtained unless one uses specially improved FDTD
algorithms [28]. The definitions of the RWG basis functions imply that∫

T ++T −
fn(r)dS = Ln(rc−

n − rc+
n ) (5.18)∫

T ++T −
r× fn(r )dS = (Ln/6)(p+n −p−n )× (r2 + r3), (5.19)

where rc−
n and rc+

n are the centroid vector of the two triangles that share node n, Ln is
the length of the shared line between the two triangles, and finally r2 and r3 are the
vector positions of the shared vertices of the two triangles. Inserting these results in
the discretized form of Eq. (5.16 and 5.17) allows to retrieve p and m in terms of the
coefficients αn and βn :

p = i

k

p
µε

N∑
n=1

Ln(rc−
n − rc+

n )αn − ε

2

N∑
n=1

(Ln/6)(p+n −p−n )× (rn2 + rn3)βn (5.20)

m = i

k

√
ε

µ

N∑
n=1

Ln(rc−
n − rc+

n )βn + 1

2

N∑
n=1

(Ln/6)(p+n −p−n )× (rn2 + rn3)αn . (5.21)
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5 Polarizability Tensor Retrieval

Both the electric dipoles p arising from the effective magnetic currents as well as the
magnetic dipoles m arising from the electric effective currents depend on the choice
of origin. One of the potential advantages of the effective current approach over the
VSH approach is that one can find the dipolar contributions of single scatterers in close
proximity to other scatterers, for instance when examining the physics of multi-element
plasmon antennas. Furthermore one can even envision that one could calculate the
multipole moments for structures close to an interface or inside lossy environments,
while this is certainly not possible with the VSH approach.

Polarizability tensor retrieval
For both the VSH retrieval method and the direct current-base retrieval method the
electric dipole moment p and magnetic dipole moment m are retrieved given a particular
incident field. Motivated by recent developments in the field of metamaterials, we
propose to retrieve polarizability tensors that specify the response for any incident field,
rather than induced moments for a particular incident field. We focus on objects with
an electric and magnetic dipole response, which we expect to be fully captured by a
6×6 polarizability tensor[29]:(

p
m

)
=α ·

(
E
H

)
=

(
αE αE H

αHE αH

)
·
(

E
H

)
(5.22)

In this tensor the upper diagonal 3× 3 block ᾱE is the usual electric polarizability
tensor, while the lower diagonal block ᾱH is the magnetic polarizability tensor. The
off-diagonal blocks represent magnetoelectric response, i.e., the electric (magnetic)
moment that might be induced through magnetic (electric) driving. This form of
the polarizability tensor is commonly used in the field of bi-anisotropic and chiral
media [30]. Evidently, one should choose six independent incident conditions, retrieve
the induced moments, and apply matrix inversions to obtain

α=
(

p1 · · · p6

m1 · · · m6

)
·
(

Ei nc
1 · · · Ei nc

6
Hi nc

1 · · · Hi nc
6

)−1

. (5.23)

In our work we use as incidence conditions standing waves constructed as plane waves
incident from opposing Cartesian directions. To construct six independent conditions
we use the three Cartesian axes as incident directions, each with two orthogonal
polarizations (also along the Cartesian axes). Due to the fact that SIE rigorously respects
the linear superposition principle, this choice of incidence conditions is immaterial
for the final result. Although this choice is entirely arbitrary it has the esthetic appeal
of corresponding exactly to each one of the six Cartesian basis vectors used for the
driving fields. As a final note on the retrieval protocol we add that the definition of
origin that is chosen to refer the dipole moments to, is a nontrivial matter, due to the
well-known dependence of electric and magnetic dipoles on the choice of origin (more
precisely, both the contributions to the electric dipoles created by magnetic currents
and to the magnetic dipoles created by electric currents depend on origin). We have
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5.3 Benchmark of vector spherical harmonics and effective current density α-retrieval

made use of the Onsager relations that the polarizability tensor has to fulfill due to
reciprocity. Onsager relations in particular state that the upper diagonal and lower
diagonal cross-polarizabilities are each other’s negative transpose for purely dipolar
scatterers. Accordingly, we choose the origin for both retrieval algorithms as the
position for which the sum |αE H +αHE | is minimum.

5.3 Benchmark of vector spherical harmonics and
effective current density α-retrieval

In order to benchmark the SIE code and the retrieval of the polarizability tensor we
consider an entirely known object, i.e., a Mie sphere. We focus on a sphere that has
both a dielectric and magnetic response in order to benchmark both the electric and
magnetic dipole retrieval. We compare to the rigorous theoretical values for electric
and magnetic polarizability given by the Mie coefficients (labeled here as cT M

1 and
cT E

1 ) [31, 32]:

αE =−6πiε0cT M
1

k3
0

I, (5.24)

αH =−6πi cT E
1

k3
0

I, (5.25)

For our benchmark, we fix µ = 4 and set ε equal to the dielectric constant of gold
as tabulated by [33]. While these values do not represent any currently physically
realizable object, these values allow to asses whether we can accurately separate electric
and magnetic dipole moments. We use a fixed discretization of the sphere surface by
572 nodes composed of 1241 triangles. While the vertices of the mesh are exactly
located on the assumed nano-particle radius of 10 nm, we note that the triangulated
surface is entirely located within the assumed sphere. For this reason, SIE simulations
effectively underestimate the sphere size, to a degree that reduces with increasing
number of nodes. We quantify the effective radius by calculating the mean distance
from the center of the sphere to the surface of the meshing triangles. For the particular
meshing conditions used here, the effective radius is 9.96 nm, which we use in the Mie
calculations to which we compare the SIE results. In Fig. 5.2 we plot the diagonal
elements αE xx and αH y y of the polarizability tensor over the wavelength range from
100 nm to 4000 nm. For both the vector spherical harmonic projection, and for the
equivalent current retrieval there is an excellent correspondence between the retrieved
dipole moments and the polarizabilities predicted by Eq. (5.24) and Eq. (5.25). The
origin used for the retrieval was found to coincide with the center of the sphere, as
expected based on symmetry. The error between the VSH retrieval procedure and
the theoretical dipole moments is less than 0.1% throughout the whole wavelength
range of the simulation. This agreement is only possible due to the precision of the
discrete spherical harmonic transformation over the sphere on which the scattered field
is collected (taken here to have radius of 10 µm), and of course also to the extremely
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good convergence of the SIE method. Furthermore this almost perfect agreement to
the theoretical values spans all the way to wavelengths equal to the diameter of the
sphere. This agreement is hence beyond what is needed for metamaterial analysis
where wavelengths around 5 to 10 times bigger than the structures are commonly used.
When examining the current retrieval procedure we find that the error between the
effective currents retrieval and the theoretical electric dipole moments is less than
0.006% at 4000 nm and grows monotonically up to 1% at 100 nm wavelength. For the
magnetic dipole it is 0.03% at 4000 nm and 8.7% at 100 nm. The difference between
the rigorous values and those extracted from the effective currents method is due to
the fact that the current-to-dipole expression used in the current retrieval procedure
(Eq. (5.16 and 5.17)) are only valid for krmax << 1 as explained by Jackson [20].
These two equations, which are the equations commonly used in the metamaterial
field [34–36], derive from exact formulae (9.167 and 9.168 in [20]) by replacing the
involved spherical Bessel functions by their small-argument asymptotes. Therefore the
effective current method is only expected to be accurate for r ¿λ/2π (i.e. kr∼1). The
error is thus not a numerical error but an error due to a poorly met approximation. This
error and whether it is larger for p than for m or vice versa, not only depends on the
size of the scatterer but also on the specific weighting given by the current distribution.
In contrast the VSH retrieval through fields is valid for arbitrary frequency and arbitrary
size of the radiating object.

MatLab code for the VSH retrieval method can be found in our group webpage
(http://www.amolf.nl/research/resonant-nanophotonics/), to be used with the fields
calculated with any full wave Maxwell solver.
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Figure 5.2: Magnitude of the electric and magnetic polarizabilities for a bead 10 nm
radius, with ε = εGol d and µ = 4. The polarizabilities are calculated with a vector
spherical harmonic expansion of the scattered fields (VSH), with the use of the effective
currents (currents) and finally based on the theoretical Mie expansion of a sphere. The
electrical polarizabilities are divided by 4πε0 while the magnetic polarizabilities are
divided by 4π so as to have the dimensions of volume.
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5.4 Polarizability retrieval applied to Kerker’s paradox

5.4 Polarizability retrieval applied to Kerker’s
paradox of zero-forward scattering spheres

As a more challenging benchmark we consider magnetoelectric spheres where material
parameters are set to the very special condition that is the subject of Kerker’s paradox
raised in [1] and resolved in [2]. It was first noted by Kerker [1] that at a particular
combination of ε and µ, spheres appear to have zero forward scattering, yet nonzero
extinction. This apparent paradox that occurs for very small spheres when ε = (4−
µ)/(2µ+1) gained new interest in the framework of cloaking and invisibility [37, 38].
Alú et. al. [2] showed that these spheres indeed have very low, yet nonzero forward
scattering, thereby complying with the optical theorem. The almost zero forward
scattering results from destructive interference in the forward direction of the radiation
of the generated electric dipole and magnetic dipole moment. Here we reproduce three
of the examples studied by Alú [2], using the SIE method (see Fig. 5.3) and retrieve the
polarizability tensor. First, in Fig. 5.3 the bistatic scattering cross section or differential
scattering efficiency is plotted for the spheres treated in [2]. The spheres have different
radius a=λ/100, a=λ/20 and a=λ/4. The permeability of the three spheres is µ=3 while
the permittivity is ε=0.143, ε=0.121 and ε=0.315. It should be noted that for larger
spheres, the condition of minimal forward scattering is shifted away from the criterion
ε= (4−µ)/(2µ+1). The calculated efficiencies are in excellent quantitative agreement
with the values reported by Alú [2]. It is evident that the forward scattering for the
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Figure 5.3: Differential scattering efficiency (bistatic scattering cross section/πa2)
for parallel and perpendicular scattered field form three different magneto electric
spheres of radius ‘a’, as studied in [1]. The first sphere has an ε = 0.143 and µ = 3,
the simulation is done at λ = 100a. The second sphere has an ε = 0.121 and µ = 3,
the simulation is done at λ = 20a. The third sphere has an ε = 0.315 and µ = 3, the
simulation is done at λ= 4a. The table shows the retrieved values of α expressed in
units of a3 for all three spheres, as extracted from the VSH method and expressed in
units of the particle radius cubed.
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three spheres is close to zero. We report as a table in Fig. 5.3b the retrieved values of
α expressed in units of a3 for all three cases, as extracted from the VSH method and
expressed in units of the particle radius cubed. All off-diagonal elements are at least
105 times smaller than the diagonal elements, i.e., zero within numerical precision.
The retrieved polarizabilities are isotropic to within 0.1%. We therefore only report
the mean diagonal αE and αH . Evidently, for all three spheres the condition p =−m
required for complete destructive interference in the forward direction is almost met,
consistent with the conclusion derived in [2] and [1] that this is a necessary condition
for zero forward scattering. For increasing sphere size compared to the wavelength
the imaginary part of the diagonal elements of the tensor increases due to radiation
damping. For the largest sphere, p deviates noticeably from -m, and forward scattering
is noticeable.

This benchmark shows the usefulness of SIE to simulate magneto-electric scatterers
with a very high precision, and suggests that the retrieved α-tensor can be used on
more complex systems to gain insight into the problem beyond that usually obtained
from just brute force calculations.

5.5 Conclusions
We have developed and benchmarked the SIE method to retrieve the polarizability
tensor of scatterers. This retrieval is performed in two different ways. The first method
consists of a vector spherical harmonics projection of the scattered fields, which yields
an extremely good precision for any wavelength and size of the scatterer, thanks to the
aid of a discrete harmonic transform on the sphere. With the second method, based
on effective electric and magnetic surface currents, we can successfully retrieve the
polarizabilities of small scatterers with the advantage that this retrieval can be done on
non-isolated structures.
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