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Sampling the equilibrium kinetic network of Trp-cage in explicit solvent
Weina Du and Peter G. Bolhuis
Van’t Hoff Institute for Molecular Sciences, University of Amsterdam, PO Box 94157,
1090 GD Amsterdam, The Netherlands

(Received 9 February 2014; accepted 20 April 2014; published online 21 May 2014)

We employed the single replica multiple state transition interface sampling (MSTIS) approach to
sample the kinetic (un)folding network of Trp-cage mini-protein in explicit water. Cluster analysis
yielded 14 important metastable states in the network. The MSTIS simulation thus resulted in a
full 14 × 14 rate matrix. Analysis of the kinetic rate matrix indicates the presence of a near native
intermediate state characterized by a fully formed alpha helix, a slightly disordered proline tail, a
broken salt-bridge, and a rotated arginine residue. This intermediate was also found in recent IR
experiments. Moreover, the predicted rate constants and timescales are in agreement with previous
experiments and simulations. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4874299]

I. INTRODUCTION

Modeling the folding and unfolding of proteins in ex-
plicit solvent still proves a challenge for molecular dynam-
ics (MD) simulations. The long times scales, often caused by
large free energy barriers, render a straightforward MD simu-
lation inefficient. While huge improvements have been made
in the accessible MD time scale,1 and in the analysis of MD
trajectories in terms of Markov State Models,2–4 the funda-
mental issue that dynamics in complex system dominated by
rare events is difficult to sample, remains. This problem is
usually solved by biasing the sampling along a reaction co-
ordinate. However, for protein folding these biasing methods
often introduce spurious dynamics, lead to large hysteresis,
and do not directly yield kinetic information. Transition path
sampling (TPS)5–7 was developed to avoid the reaction coor-
dinate problem, but in its basic form can only sample paths
between two predefined states. The multiple state path sam-
pling alleviates this limitation, and can, in principle, sample
a whole network of transitions. The coupling with the tran-
sition interface sampling (TIS) methodology, namely, multi-
ple state TIS (MSTIS),8, 9 allows a direct calculation of the
entire rate matrix for such a network resulting in a Markov
State Model (MSM), but requires as many TIS calculations
as there are states.10 This is in particular problematic for the
replica exchange version of TIS, in which all interfaces have
to be sampled simultaneously.11, 12 Recently, we therefore de-
veloped a single replica version of MSTIS,13 which allows
path sampling on a single interface that moves through the
space of allowed interfaces, thus covering the entire network.
The advantage is faster decorrelation of pathways, and almost
complete decoupling of replicas. Here, we apply this method-
ology to the folding of a small model system: the Trp-cage
mini protein.

Trp-cage, consisting of 20 residues, was designed to be
a fast folding protein.14 Notwithstanding its small size, Trp-
cage contains typical protein motifs, an α-helix (residue 2-
8), a 310-helix (residue 11-14), and a polyproline II helix
(residue 17-19), which form a hydrophobic core with the tryp-
tophan buried in the center.

Many experimental methods have provided information
concerning the folding mechanism of Trp-cage mini-protein.
Qiu et al.15 applied laser temperature-jump spectroscopy and
the measured folding rate of Trp-cage at room temperature
is kf = (4.1 μs)−1 with a relaxation time of τ = 3.1 μs (as
τ−1 = kf + ku, the unfolding rate ku = (12.7 μs)−1). They
reported a two-state folding process, and an unfolding mid-
point of Tf = 314 K. Their results were later confirmed by
Streicher and Makhatadze16 who carried out differential scan-
ning calorimetry (DSC) and circular dichroism (CD) spec-
troscopy. However, other folding mechanisms have been pro-
posed. Neuweiler et al.17 utilizing fluorescence correlation
spectroscopy (FCS), proposed a more complex folding pro-
cess with a collapsed molten globule-like intermediate as well
as conformational flexibility of Trp-cage in the denatured
state. This is in line with UV resonance Raman spectroscopy
(UVRS) results carried out by Ahmed et al.,18 who proposed
the presence of an intermediate with an intact α-helix, where
the hydrophobic core is even more compact. Recent T-jump
IR experiments19 established a biexponential relaxation time
with τ1 = 2.2 μs and τ 2 = 150 ns at room temperature which
suggested the additional presence of a native-like intermedi-
ate, characterized by a partly solvated proline helix.

Complementary to the experiments, molecular simula-
tions have been carried out to gain atomistic insight in the
folding process. Early implicit solvent all-atom simulation
observed two-state folding and found a folding rate of 1.5–
8.7 μs20 at 300 K. Zhou21 employed replica exchange molec-
ular dynamics (REMD) simulations in explicit solvent, which
supported the two-state folding mechanism. An intermediate
state was found where two hydrophobic cores are separated
by an essential salt-bridge between residues Asp-9 and Arg-
16 in the early stage of folding. Employing extensive all-atom
MD simulations, Chowdhury et al.22 found a folding rate of
(∼3 μs)−1 and proposed the packing of the central trypto-
phan as the rate-limiting step. Juraszek and Bolhuis23 car-
ried out all atom simulations in explicit solvent using TPS.
They found Trp-cage folding paths that formed tertiary con-
tacts and the salt bridge before formation of the helix, as well
as paths that first formed the helix. These two folding routes
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were also observed by Marinelli et al.24 using bias exchange
metadynamics simulations. These authors calculated that the
folding process takes ∼2.3 ± 0.7 μs. Juraszek and Bolhuis23

pointed out that the transition states of the rate-limiting steps
are solvated native-like structures, and water expulsion is the
last step for folding. They performed a full TIS calculation
of the folding and unfolding process between intermediate
loop state and the native state.25 The unfolding rate turned
out one order-of-magnitude higher than the measured exper-
imental value, while the folding rate was in agreement with
experiment. A later study of the transition employing opti-
mized forward flux sampling (FFS) methods yielded results
consistent with the TIS simulations.26 The Shaw group pub-
lished a 208 μs atomic-level MD applied on K8A mutant of
the thermostable Trp-cage variant TC10b27 and reported a
folding time of 14 μs. Recently, Juraszek et al.28 using the
efficient partial path TIS method to study the (un)folding pro-
cess, reported 4/6 μs and 5.4/3.3 μs, respectively, for the fold-
ing and unfolding time. Notwithstanding these good results,
force field issues remained. Extensive REMD simulations by
Day et al.29 showed that the Amber99sb force field accurately
described the equilibrium thermodynamics and folding tran-
sitions.

In this work, we employ the recently developed MSTIS
approach to compute the equilibrium kinetic network of Trp
cage. The aim is twofold: (1) to demonstrate the application
of single replica MSTIS approach to relatively complex sys-
tems, (2) to establish a Markov state model describing the
equilibrium kinetic network of Trp-cage, and provide further
evidence for a (un)folding mechanism involving intermediate
states. In this application, we construct a Markov state model
for Trp-cage through several stages. The first stage is a regu-
lar TIS in which the native state is the only stable state. The
resulting trajectories can become very long when the system
is trapped in a metastable state. Analysis of the resulting ac-
cepted and rejected pathways leads to a definition of such
metastable states. The resulting 14 metastable states are the
basis for further TIS calculations. The second stage is appli-
cation of the single replica MSTIS method with results into
an estimate of the rate matrix. The matrix is completed using
regular TIS for some lowly populated metastable states. The
complete matrix is analyzed using Markov theory and Transi-
tion Path Theory (TPT).3

The paper is organized as follows. In Sec. II, we briefly
review the MSTIS approach, and introduce a novel method
to analyze the path ensemble for complex networks in which
metastable states can fall inside the definition of the inter-
faces. In Sec. III, we present the initial TIS simulations and
the cluster analysis that leads to the establishment of the 14
states, followed by the results of the single replica MSTIS
simulations. We end with concluding remarks.

II. SIMULATION METHODS

A. Multiple state path sampling

1. Transition path sampling

For a brief overview of the path sampling methodology,
we have to define a few concepts:

A path is a discretized dynamical trajectory x(L)
≡ {x0, x1, x2, . . . , xL} that consists of L + 1 times slices sep-
arated by time interval �t. Each time slice contains positions
and momenta of all particles in the system.

A stable state is a region in configuration space with a
low free energy thus a high population, defined by one or a
few selected order parameter(s) λ(x) < λ0. State I is thus de-
noted by λ0I.

An interface is a hypersurface defined by selected order
parameter(s) λ(x) = λ that surround the stable state. Interfaces
are non-intersecting and the order parameter is usually mono-
tonically increasing away from the stable state. λsI refers to
sth interface of state I.

The effective positive flux, denoted 〈φsI〉, is the average
number of paths per unit time leaving state I to cross λsI, with-
out first returning to I.

The crossing probability, denoted PI(λkI|λsI), represents
the conditional probability for a path to reach interface λkI

before returning to I under the condition that it crosses λsI

while coming directly from I. Note that it is allowed that the
path returns to I after crossing λsI.

Developed for a two-state system, conventional TPS5, 7

samples the transition path ensemble by performing a Monte
Carlo random walk in the trajectory space. The shooting
algorithm5 creates a trial path by selecting a random slice
on the current path, changing its momenta slightly, and in-
tegrating the equations of motion forward and/or backward in
time. The trial path is accepted when the path connects the
two states. The original TPS scheme sampled trajectories of
fixed duration. A slight variation is the flexible path length
algorithm in which the integration is stopped upon touching
a stable state.7 In this work, we use the one-way variant of
the shooting algorithm, in which from the randomly chosen
slice, without touching the momenta, the equations of motion
are integrated either in the forward or the backward time di-
rection. This improves the sampling efficiency, but requires a
stochastic thermostat.30

In complex systems, there are often multiple states, e.g.,
long lived metastable intermediates between the unfolded and
a folded protein. When performing a two-state TPS in such
a situation trial paths are likely to become kinetically trapped
in these metastable states, thus dramatically increasing the av-
erage path length. The multiple state TPS method9, 10 solves
this problem by pre-defining all kinetic traps as stable states
and by allowing all pathways that connect any two of these
M states during sampling. As in the flexible length TPS the
integration of the equation of motion is stopped once the path
touches any defined state. The path ensemble consists thus of
all possible paths between any two valid metastable states I
and J with I �= J. For this scheme, detail balance leads to the
Metropolis acceptance rule,7

Pacc[x(o) → x(n)] = hI

(
x

(n)
0

)
hJ

(
x

(n)
L

)
min

[
1,

L(o)

L(n)

]
, (1)

where the indicator function hI(x) is unity if x belongs to state
I and zero otherwise. The labels (o) and (n) refer to the old
and the new path, respectively.
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2. Multiple state transition interface sampling

The TIS method allows an efficient evaluation of the rate
constant and of the complete path ensemble by reweighting.31

The MSTIS, a direct generalization of TIS to more than two
states, introduces a set of m + 1 interfaces λsI, 0 ≤ s ≤ m
for every state I.9, 10 In the usual convention, λ0I denotes the
boundary of I. For every state I and every interface λsI, MSTIS
collects pathways that leave I and cross that interface before
returning to I or going on to any other state J, by the shooting
algorithm. The acceptance rule of paths in a MSTIS ensemble
is

Pacc[x(o) → x(n)] = h̃s
I (x(n)) min

[
1,

L(o)

L(n)

]
, (2)

where h̃s
I (x(n)) is an indicator function that is unity if the path

crosses the corresponding interface λsI and connects state I
with any state J. Note that J = I is now allowed. In addition,
for I to I paths the reversal move changes the time direction of
the path, by reversing the time slice order and negating all ve-
locities. MSTIS enables the computation of all rate constants
kIJ for transitions between states I and J by evaluating8, 9

kIJ = 〈φ1I 〉PI (λmI |λ1I )PI (λ0J |λmI ), (3)

where 〈φ1I〉 is the flux through the first interface λ1I of
state I, which can be computed directly from straightforward
MD.8, 10 The second term PI(λmI|λ1I) is the crossing probabil-
ity from λ1I to λmI. This crossing probability cannot be com-
puted directly, but needs to be constructed by combining the
crossing probabilities PI(λsI|λI) for all m interfaces from λ1I

to λmI using, e.g., the weighted histogram analysis method
(WHAM).32 The product of the first two terms gives the ef-
fective positive flux through the outermost interface λmI. The
third term PI(λ0J|λmI) is the crossing probability for a path
that crosses λmI while coming directly from I to reach state J
before returning to I, and can be obtained from a MSTIS run
of the outermost interface(s)

Pi(λ0J |λmI ) = nm
IJ (λmI )∑

J nm
IJ (λmI )

, (4)

where nm
IJ (λmI ) denotes the number of pathways starting in I,

crossing λmI and ending in J. Note that this is an approxima-
tion that becomes only exact in the limit of infinite number
of paths.

The full kinetics for a set of M states is given by a M × M
rate constant matrix. Evaluation of the entire matrix requires
nM straightforward MD runs, M × (m − 1) separate interface
sampling runs (where we assume all states have m interfaces),
and a MSTIS run for all states at their outermost interfaces.

To enhance the sampling of the first interfaces, we em-
ploy the minus-interface sampling.11, 12 The minus-interface
move for λ1I extends one (randomly chosen) endpoint of the
path, into the stable state I until it crosses again the first inter-
face λ1I, and returns to any state. Because the trajectory typi-
cally spends a relatively long time in state I before it crosses
the corresponding first interface again, it decorrelates from
the previous path. The new trial path is identified as the part
of the trajectory around the last positive (forward) crossing
of the interface λ1I, and can be always accepted. The minus

FIG. 1. Schematic representation of a system with four states: N, B, C, U.
Only interfaces for state N are shown. B and C both fall within the outermost
interface of N, while U is located outside of all interfaces. Green lines are
examples of possible path types.

interface also provides the flux through the first interfaces
〈φ1I〉 = 〈τ I〉−1,11 where τ is the time duration of the entire
trajectory.

3. Path type reweighting analysis

Equation (3) assumes that all meta-stable states J �= I in
the system are located outside the outermost interface of state
I. While in theory the outermost interface can always be cho-
sen to impose this situation, in practice it is hard to realize in
a complex system, where (meta)stable states can sometimes
be close to each other. See Fig. 1 for a graphical illustration.
Moreover, if the outermost interface is chosen too close to
state i, the sampling is not enhanced sufficiently. Therefore, it
would be useful to allow overlap of the metastable states with
the interfaces. However, when applying Eq. (3) many paths
that avoid the outermost interface will be left out, leading to
a wrong estimate of the rate. To account for these paths re-
quires a modification of the way that transitions are counted
and reweighted. First, instead of computing the rate from the
crossing probability at the outermost interface we could mea-
sure it at the first interface

kIJ = 〈φ1I 〉PI (λ0J |λ1I ). (5)

Of course, a direct computation of the second term is as diffi-
cult as the original rare event problem. However, just as it is
possible to reweight the interface ensembles to get the cross-
ing probability, it is possible to reweight the PI(λ0J|λ1I) term.
To do this, we split each interface ensemble i in sets of paths
according to their path type, defined by its initial state I, its
final state J, and the maximum interface λkI it has crossed.
The number of paths observed in that set is denoted ni

IJ (λkI )
where the ensemble index is denoted by a superscript instead
of an explicit condition to avoid confusion with the interface
index of the path type. Note that the ensemble index i still
refers to the condition that all paths have to cross λiI. The sum
of the path type number over all J ∈ M states, is simply the
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number of paths that reach λkI. Adding these numbers over
the interfaces j ≤ k ≤ m results in the crossing probability for
λjI when normalized with respect to λiI

PI (λjI |λiI ) =
∑m

k=j

∑
J∈M ni

IJ (λkI )∑m
k=i

∑
J∈M ni

IJ (λkI )
. (6)

Now, instead of reweighting the crossing probability, as was
done previously, we can reweight the actual path type num-
bers ni

IJ (λkI ) themselves. The expression for this reweighted
path type number is

ñIJ (λkI ) = w̄k

m∑
i=1

ni
IJ (λkI ), (7)

where w̄k = (
∑k

l=1 w−1
l )−1 is the WHAM weight. Normaliz-

ing this number for all types gives the path type probability

p̃IJ (λkI ) = ñIJ (λkI )∑
J∈M

∑m
k=1 ñIJ (λkI )

= w̄k

∑m
i=1 ni

IJ (λkI )∑
J∈M

∑m
k=1 w̄k

∑m
i=1 ni

IJ (λkI )
. (8)

The probability PI(λ0J|λ1I) is now simply the sum over
the path type probabilities for interface 1 ≤ k ≤ m

PI (λ0J |λ1I ) =
m∑

k=1

p̃IJ (λkI ). (9)

The rate constant matrix thus becomes

kIJ = 〈φ1I 〉PI (λ0J |λ1I ) = 〈φ1I 〉
m∑

k=1

p̃IJ (λkI ). (10)

It is also possible to compute the crossing probability for
arbitrary λjI by again summing Eq. (8) over all states and all
interfaces, yielding

PI (λjI |λ1I ) =
∑
J∈M

m∑
k=j

p̃IJ (λkI )

=
∑

J∈M

∑m
k=j ñIJ (λkI )∑

J∈M

∑m
k=1 ñIJ (λkI )

, (11)

which, for i = 1, is indeed identical to Eq. (6).

B. Single replica MSTIS

Evaluating the entire M × M rate matrix is quite an effort,
as it requires on the order of M × m TIS simulations. More-
over, convergence of these simulations is not trivial, since
each TIS ensemble is constrained to sample paths that cross
the appropriate interface. A replica exchange scheme11, 12 al-
leviates this convergence problem but is difficult to imple-
ment in parallel, since path lengths vary among the ensem-
bles. Recently, we developed a novel approach in which a
single replica randomly walks along the interface space.13 In-
terspersed with shooting and reversal moves, an interface ex-
change Monte Carlo move attempts to change the current in-
terface to a neighboring interface. The standard metropolis

Monte Carlo acceptance rule dictates that the move can be ac-
cepted if the current path also crosses that interface. Because
much more paths cross interfaces close to the stable state than
interfaces further out on the barrier region, naturally the for-
mer are visited much more than the latter. Statistics is im-
proved by imposing a bias which allows the sampling to visit
all interfaces evenly. The natural probability to find a path at
a certain interface, the so-called “density of paths” (DOP),
is denoted by g(λ). Performing a random walk with a prob-
ability proportional to 1/g(λ) results in a “flat” random walk
across the interface space. The acceptance rule as required by
detailed balance is then

Pacc(x(L); λiI → λjI ]) = h̃
j

I [x(L)] min

[
g(λiI )

g(λjI )

]
, (12)

where g(λjI) denotes the natural DOP at each interface λjI.
Remarkably, the DOP (normalized with respect to the DOP
at the first interface) is identical to the crossing probability
PI(λi|λ1) = g(λi)/g(λ1). The algorithm requires knowledge of
g(λiI), which can be obtained via either a Wang-Landau (WL)
approach or by using the estimated crossing probability from
a previous path sampling.13

1. Wang-Landau in single replica MSTIS

The WL algorithm33, 34 attempts to achieve “flat sam-
pling” by multiplying the biasing function g(λkI) with a fac-
tor f each time the algorithm visits interface k. Starting with
all g(λk) = 1, the algorithm updates the bias until approx-
imately all interfaces have been visited an equal amount of
times, which is tracked by a visiting histogram H(λk). A crite-
rion could be, for instance, that the difference of any two H(λi)
should not be greater than 10% of the lowest value. When ful-
filled, the WL factor is reduced to f = √

f , and the visiting
histogram is reset to zero. This procedure is repeated until
convergence.

2. State swapping move

To allow the paths to start in a different state, we include
an additional state swapping move when the current interface
is the outermost interface. This move involves an attempt to
reverse the paths time direction, and can be accepted if the
current path connects two different states, I and J, and crosses
both states’ outermost interfaces λmI and λmJ with the accep-
tance rule

Pacc(x(L); λmI → λmJ )

= h̃m
I [x(L)]h̃m

J [x(L)] min

[
1,

g(λmI )

g(λmJ )

]
. (13)

The time reversal of the path ensures that the path starts in
J. This means that the state swapping move changes the en-
semble from λmI to λmJ, with its corresponding DOPs. The
WL criterion for flatness of the histogram H(λmI) is again set
at 10%. When this criterion is fulfilled the increment factor
fs is reduced, and the sampling continues. Such a swapping
move will eventually result in an equal sampling of outermost
interfaces.
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3. Fixed bias in single replica MSTIS

As the Wang-Landau approach in general converges
slowly, one can adopt a fixed bias condition. The optimal bias
is the crossing probability itself.13 The initial bias can be a
crossing probability computed from a previous path sampling,
based on experience or even an intelligent guess. An accurate
initial bias condition is not required as the bias will be up-
dated from time to time in the sampling procedure. While the
update interval must be sufficiently long to allow the system
to sample enough interfaces, it is not a sensitive parameter.

C. System setup and equilibration

We used the Gromacs package (version 4.0.5)35–38 for en-
ergy minimization and all molecular dynamics simulations.
Employing the AMBER99sb force field,39 the Trp-cage mini
protein (PDB entry 1L2Y) was put into a rhombic dodeca-
hedron box, solvated by 2798 TIP3P water molecules,40 and
neutralized by one chlorine ion. The energy was minimized by
steepest descent followed by conjugate gradient optimization.
To equilibrate the system, we performed position restricted
MD simulation, followed by a molecular simulation at con-
stant pressure of 1 atm. The box size was then set to the av-
erage value of 4.99596 nm, and all subsequent simulations
were performed at constant volume. In all simulations, the
time step was 2 fs and the temperature was kept 298 K by
the v-rescale scheme.41 In all molecular simulation, the non-
bonded van der Waals cutoff radius was 1.1 nm, the LINCS
algorithm constrained bonds,42 and fast Particle-Mesh Ewald
method treated long-distance electrostatic interactions.43, 44

D. Replica exchange molecular dynamics

We applied REMD45 to sample the conformational space
and extract reference configurational stable states to initiate
the TIS runs. Two 40 ns REMD simulations were carried
out starting, respectively, from the native structure and an un-
folded structure. The unfolded structure was taken from a MD
simulation at 500 K in which the protein became fully ex-
tended. In each of the two REMD simulations, 64 replicas are
used with the temperatures exponentially distributed between
295 K and 564 K. In each replica, the velocity rescaling ther-
mostat maintained the imposed temperature. Exchanging of
all possible 642 replica pairs is attempted every 2 ps, and con-
figurations are saved at the same frequency. The exchange of
replica i and j is accepted with the usual rule Pacc(i → j )
= min[1, exp((Ei − Ej )( 1

kBTi
− 1

kBTj
))], where kB is Boltz-

mann constant, Ti and Tj denote the temperatures of the two
selected replicas, and Ei and Ej are, respectively, the potential
energies at these two temperatures. We use the virtual move
Monte Carlo move for better statistics.46 The exchange move
had an average acceptance ratio of 51%, based on first neigh-
bor exchanges only (the total number of exchange trials is of
course much larger). The two REMD simulations did not con-
verge, thus did not lead to a reliable free energy landscape.
(For a converged free energy landscape for this force field,
we refer to Refs. 29 and 47.) Nevertheless, the REMD simu-
lations can provide structural information in particular in the
vicinity of the native state. Cluster analysis was applied to the

results of the folded REMD results in order to define states
around the native state N.

E. Cluster analysis

We applied the Jarvis-Patrick clustering algorithm48 to
geometrically lump configurations into clusters. Two struc-
tures are identified as neighbors if their metric distance, here
defined as RMSD of all heavy atoms of Trp-cage, is less than
0.15 nm. A neighbor list is constructed for each configuration
from its M closest neighbors. The algorithm considers two
configurations part of same cluster if they are in each others
neighbor list, and have P common neighbors. We use M = 15
and P = 3 in our calculations.

In addition, we employed the k-centers clustering algo-
rithm. K-centers clustering is faster than Jarvis Patrick and
less memory demanding, and can handle large amounts of in-
put. The method results in “equal-radius” clusters with vari-
able population. There are four steps to follow.

(1) Arbitrarily choose one configuration as the center of the
first cluster.

(2) Compute all RMSD metric distances between the exist-
ing center(s) to other configurations.

(3) Assign the next cluster center, which is the configuration
with farthest distance from the existing center(s), thus
the total number of clusters increased by one.

(4) Repeat step 2 and step 3 until the required number of
clusters are generated. Distribute all configurations to all
clusters, keep their radii relatively equal.

Cluster centers generated by k-centers clustering are not
necessarily, and most of the time not, the geometric centers
of the clusters, but only configurations initiated for the parti-
tion of the conformational space. To find the cluster centers
for each cluster, one can perform a RMSD matrix calcula-
tion for all member configurations, and pick the configura-
tion which has the minimum sum of RMSDs (with respect of
all other members) to replace the old cluster center. The new
centers, called RMSD centers, are more structurally represen-
tative of the clusters. This method combining k-centers and
RMSD-center provides a better description of the conforma-
tional space.

While the k-centers clustering method is highly efficient
it frequently suffers from state division problems. The divi-
sion that k-centers clustering makes is rough, and cannot sep-
arate stable states from intermediate regions. Sparsely popu-
lated intermediate regions are also grouped into clusters (with
low populations), while sometimes a well populated state is
split into two or more clusters. To extract reliable stable states,
we select only the clusters with high populations and check
the dynamical trajectories to identify all structures (clusters)
belonging to the same stable state.

III. RESULTS AND DISCUSSION

A. Defining the stable state set

1. Analysis of the folded REMD data

The REMD starting from the native structure yielded a
collection of 20 000 structures at T = 300 K, which we used as
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FIG. 2. Overlay of the six near native structures that are combined into one
state definition for TIS. Red: native state N (S01). Blue: metastable neighbor
(S06) frequently visited by paths leaving S01. Magenta: structure (S03) which
turned out to be a key intermediate state in the (un)folding process. Cyan: the
remaining structures S02, S04, S05.

input data for clustering. After Jarvis-Patrick cluster analysis,
clusters were selected if they contained more than 50 mem-
bers. To check stability of the cluster, a 100 ns MD run is
performed starting from its central structure. If the trajectory
at least stays for 4 ns within 0.15 nm of the center, a cluster
is confirmed to be a metastable state. This analysis yielded
five clusters, all close to the native state. MD runs of four
clusters remained in their respective traps during the entire
100 ns simulation, while, the fifth cluster diffused away af-
ter 5 ns, suggesting a less stable structure. The most popu-
lated of these five clusters represents the native state, and its
central structure is labeled as S01 (Figure 2). The other four
clusters dwell in the neighborhood of S01, with their central
structures labeled as S02, S03, S04, and S05. We detected a
sixth (meta)stable state in the trial phase of TIS runs where
paths from S01 frequently got trapped and extracted its central
structure as S06. S06 is stable on 5 ns time scale, comparable
with S05.

2. Escaping the native basin using TIS

Since all six structures identified are in the neighbor-
hood of the native state, we view them as one stable state
from which paths initiated to explore the configuration
space using TIS. To combine the 6 structures S01 − S06
into one state N6, we apply the combination rule.10 The
stable state indicator function hN6[x] is unity if x ∈ N6
= S01 ∪ S02 ∪ S03 ∪ S04 ∪ S05 ∪ S06 and zero otherwise.
The sth interface of combined state N6, is defined as {x :
min [λ (x)] = λs}, where the min function returns the
minimum of its argument, λ(x) = {λ1(x), λ2(x), λ3(x), λ4(x),
λ5(x), λ6(x)}, with λs1. . . λs6 the heavy atoms RMSD to the
six centers. The combined interface is thus defined by the dis-
tance λs to the center of the nearest sub-state in the combined
state.

We performed a regular TIS simulation initiated from the
combined state. Interfaces were defined at λsN6 = 0.20, 0.25,
0.30, 0.35, and 0.45 nm, with a TIS simulation carried out
for each one. In this TIS, we sample paths that start from N6,
cross the combined interface and come back to N6. For in-
terface λsN6, at least one time slice a in the path should obey
min [λ (a)] > λsN6. Note that since we do not have other states
yet, paths have to return to N6. Also note that we have to
include all six structures in the stable state definition, since
paths can begin and end in any of S01 − S06. All TIS calcula-
tions taken together resulted in totally 6454 pathways, 2099 of
which are accepted. The acceptance ratio of path ensembles
decreased from 40% to 25% as the interface value increases
from 0.20 nm to 0.45 nm. The total length of all paths together
add up to ∼10 μs.

3. Analysis of the TIS data

The ensemble of paths escaped the native basin and ex-
plored the Trp cage conformational space. We use this en-
semble to identify a collection of (meta)stable states from
which we will perform MSTIS (see Sec. III B). As metastable
states are kinetic traps, we detect them by considering only
the paths (both accepted and rejected) that are longer than
4 ns. Those paths together contain 963 309 frames, which are
grouped into 10 000 clusters by k-centers clustering49, 50 us-
ing RMSD of heavy atoms as distance. 125 individual clusters
were found containing more than 1000 members, together ac-
counting for 44.6% of overall population. For each of the 125
clusters we extracted the central structure, the structure with
the minimum sum of RMSD with respect to all members of
that cluster, as a candidate structure for further testing. Stabil-
ity was checked by computing the RMSD of all trajectories
against all 125 structures. A structure was considered stable
if at least one path dwelled longer than 4 ns in it. Since some
of the remaining 52 structures might actually belong to the
same state, we carefully checked the trajectory behavior with
respect to each structure. Structures with closely correlated
kinetics belong to a same state and were combined. For ex-
ample, if trajectories always enter and leave structure 12, 13,
and 14 (almost) simultaneously, we can define a state Pd that
is composed by the combination of three structures. This test
reduced the 58 structures (which include the 6 structures of
the initial state) to a set of 32 states (see Table I).

An additional 33rd state is the unfolded state U, which
was not defined by structures due to the large conformational
entropy of the unfolded region. Instead, we defined the U state
as having a RMSD of the helix compared with an ideal helix
over 0.25 nm and a RMSD of all heavy atoms with respect to
the native structure larger than 0.55 nm. Thus, the conforma-
tional space of Trp-cage system contains (at least) a set of 33
metastable states (N, PN, SN, Mg, meta, Pd, LNA, LNB, LNC,
LSNA, LSNB, LMg, LmetaA, LmetaB, A, B, C, D, LE, F, G,
LG, SI, PI, H, O, Q, R, T, La, Lb, W , U). As building up a
complete Markov state model for Trp-cage using MSTIS is
a tremendous effort, we further reduced the metastable state
set to M = (N, PN, SN, Mg, meta, Pd, LN, LSN, Lm, Lo,
I, W , other, U) by combining similar and very lowly popu-
lated states among the states indicated by TIS analysis. This
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TABLE I. The definition of 13 states by combining 32 microstates con-
structed by 58 structures.The stable state definitions is given between brack-
ets (in nm).

State Microstate Structures

N N 1(0.13)

PN PN 2(0.10)

SN SN 3(0.14)

Mg Mg 5(0.12)

meta meta 6(0.15)

Pd Pd 12(0.14), 13(0.14), 14(0.14)

LN LNA 4(0.12)
LNB 17(0.14)
LNC 37(0.15), 38(0.15)

LSN LSNA 9(0.14), 10(0.14)
LSNB 21(0.12), 22(0.12), 23(0.12)

Lm LMg 39(0.10)
LmetaA 25(0.12)
LmetaB 40(0.12), 41(0.12)

Lo LE 18(0.15), 19(0.15), 20(0.15)
LG 27(0.14), 28(0.14)
La 51(0.10)
Lb 43(0.16), 44(0.16), 45(0.16), 46(0.16), 47(0.16),

48(0.16), 49(0.16), 50(0.16)

I SI 29(0.18), 30(0.18), 31(0.18), 32(0.18)
PI 33(0.15)

W W 57(0.30), 58(0.30)

Other A 7(0.13)
B 8(0.12)
C 11(0.13)
D 15(0.12), 16(0.12)
F 24(0.10)
G 26(0.12)
H 34(0.15), 35(0.15), 36(0.15)
O 42(0.12)
Q 52(0.14)
R 53(0.13)
T 54(0.15), 55(0.13), 56(0.14)

14-state set is used in all subsequent calculations and analy-
ses (see Table I). Structure S01 is relabeled the native state
N. State PN (S02) is a metastable state, very close to N, but
with a more extended hydrophobic core and 310 helix caused
by Ser13 bond rotation. State SN (S03), has an intact α helix
and 310 helix, but a broken Asp-Arg salt bridge and a slightly
sifted and rotated proline tail with respect to N. Compared
to the native state, state Pd has a deformed 310 helix, state
Mg has a twisted relative position of α helix and 310 helix,
and in state meta the proline tail is rotated halfway towards
the back of the molecule. States with “L” in their labels are
composed of structures with a head-deformed α helix and
intact hydrophobic core, among which “LN” has the same
backbone with state N, “LSN” has the same backbone with
state SN, “Lm” has members with backbone of either Mg or
meta, and members of “Lo” mainly have deformed 310 he-
lix. In state I the α helix is intact but the proline tail rotated

away, exposing the hydrophobic core to the solvent. In state
W, the first half of α helix is deformed but the hydropho-
bic core is still intact. The remaining states were combined
to a state labeled “other.” Structures of all 32 microstates
and the composition of 13 states by the 32 microstates are
shown in Fig 3. Note that LN, LSN, Lm, Lo, I, and other
are combined states, i.e., each is composed of more than one
microstate.

B. Sampling the equilibrium kinetic network

1. Single replica multiple state transition interface
sampling simulations

We start with exploring the local network around N. We
employed the single replica MSTIS for the first six states
(N, PN, SN, Mg, meta, Pd), among which we allowed state
swapping, i.e., not only interfaces of a same state, but also
the outermost interfaces of two different states are allowed to
exchange. State swap and interface exchange accelerate path
decorrelation and yield equal sampling of interfaces and states
that are differently populated naturally.

The one-way shooting algorithm with a uniform random
choice of shooting point generated and accepted trial paths
(see Sec. II and Ref. 30). The number of interface exchange
moves to number of shooting moves is 9:1. State swap moves
are attempted with a ratio of 1:1 to shooting moves. When
an exchange with the first interface is attempted, the minus
interface move takes place. The exchange move is governed
by a fixed (logarithmic) bias lnDOP, given by the crossing
probability based on the sampled paths. This crossing proba-
bility and thus the bias function is updated after every 4500
exchange moves, i.e., around 500 shooting moves. The state
swap move is achieved by an interface exchange move be-
tween two outermost interfaces of two states by employing the
Wang-Landau algorithm, initiated with a (logarithmic) incre-
ment of 0.001 on each visit. For this simulation, 5 interfaces
were defined for each state, evenly distributed with an interval
of 0.04 nm. The interface values are shown in the first column
of Table II. The first interface location is chosen to yield a
flux on the order of nanoseconds in the minus interface move.
For each state 3 walkers were initiated. Via interface exchang-
ing and state swapping, all 18 walkers contribute to and are
governed by the same bias function. The acceptance ratio for
shooting was 51%, for interface exchange 27%, and for state
swapping 11%. The final analysis is based on 12 048, 6401,
9820, 7372, 8086, and 4887 paths for the respective states.
The convergence of the sampling bias is shown in Fig. 9 of
the Appendix. Fig. 4 shows how the 18 different walkers sam-
ple the interfaces. Clearly, state swapping occurs less frequent
than interface exchanging, as expected.

Besides the six states intensively sampled as described
above, the Trp-cage system contains 8 other metastable states.
Among these, state I has a polyproline tail that points away
and exposes the hydrophobic core, state W has the α-helix
deformed and hydrophobic core preserved and state U is a
broad region contains a big variety of unfolded state struc-
tures. In order to derive a full network, we performed three
additional sets SRMSTIS for each of these three states. The
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FIG. 3. Structures of the 13 stable states, composed from 32 microstates based on 55 structures. The native structure is shown in red in each picture (except N)
for comparison.

three states are independent from the local network and show
no fast inter-conversion. Therefore, we deactivated the state
swapping move, and only allowed interface exchanging. The
one-way shooting algorithm was employed. For state I and
W , we kept the uniform random selection of shooting point,
while for state U, we employed a Gaussian bias (with a
standard deviation of 0.1 nm from the interface) to select
shooting points.25 The acceptance ratio for shooting was 55%,
for interface exchange 43%. For state I, W , and U, respec-
tively, 4333, 4803, and 2665 paths were collected. The con-
verged bias condition lnDOP, i.e., the crossing probability of
all 3 states are shown in Fig. 9 of the Appendix.

The 9 TIS ensembles were subjected to the path analysis
described in Sec. II A 3. Applying Eq. (11) yields the cross-
ing probabilities P(λ1X|λiX) (see Table II). We can compare
these crossing probabilities with the results of the (regular)
ensemble based analysis.13 Table II indicates that both meth-
ods perform comparable.

The remaining five states LN, LSN, Lm, Lo, and other turn
out not very stable, nor very populated. We nevertheless sam-

pled the path ensembles coming out of these states by TIS,
to obtain a more complete picture. It turned out that sampling
on the first interface (λ1) defined at 0.03 nm larger than the
state definition (see Table I), including the minus move pro-
vided sufficient transitions. For states LN, LSN, Lm, Lo, and
other, respectively, 447, 759, 97, 307, and 902 paths were har-
vested, which can be used to construct the complete matrix.
While some MSTIS paths were a few ns long, the majority
had a duration of less than a 1 ns. The transitions between
states can take longer (see Table VI in the Appendix). In all,
the aggregate simulation time of the (MS)TIS simulations is
153.8 μs.

Fluxes of all sampled states at their respective first inter-
faces are listed in Table III, extracted from the implemented
minus interface sampling method (see Sec. II).

2. The rate matrix

For each state, the path type analysis yields the number
of paths that end in any of the 14 states. To turn this into

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

145.18.108.179 On: Fri, 14 Nov 2014 09:55:03



195102-9 W. Du and P. G. Bolhuis J. Chem. Phys. 140, 195102 (2014)

TABLE II. Crossing probabilities for each state, as given by path type anal-
ysis and by the regular method. Columns denote, respectively, the interface
value, the number of exchanging moves, the crossing probability from path
type analysis, and the crossing probability from regular analysis.

λ Exchanges Path type Ensemble based

N
0.16 36 692 1.0000 1.0000
0.2 34 590 0.1001 0.1136
0.24 32 661 0.0255 0.0304
0.28 31 282 0.0073 0.0091
0.32 36 493 0.0024 0.0031

PN
0.13 17 933 1.0000 1.0000
0.17 15 512 0.4748 0.4894
0.21 13 605 0.1631 0.1764
0.25 12 937 0.0432 0.0472
0.29 6965 0.0168 0.0211

SN
0.17 39 677 1.0000 1.0000
0.21 33 895 0.2218 0.2368
0.25 33 938 0.0544 0.0636
0.29 27 529 0.0146 0.0176
0.33 26 796 0.0048 0.0061

Mg
0.15 17 552 1.0000 1.0000
0.19 18 835 0.4272 0.4696
0.23 16 985 0.1347 0.1560
0.27 16 975 0.0420 0.0501
0.31 10 773 0.0093 0.0122

meta
0.18 17 364 1.0000 1.0000
0.22 19 727 0.3661 0.3771
0.26 20 589 0.1791 0.1936
0.3 17 414 0.0474 0.0547
0.34 11 154 0.0101 0.0134

Pd
0.16 17 070 1.0000 1.0000
0.2 10 598 0.2834 0.3033
0.24 10 146 0.1051 0.1144
0.28 9148 0.0498 0.0572
0.32 8511 0.0268 0.0323

I
0.204 13 499 1.0000 1.0000
0.244 13 500 0.4955 0.5291
0.284 13 555 0.3520 0.3819
0.324 12 227 0.2648 0.2934
0.364 13 804 0.2199 0.2451

W
0.33 13 326 1.0000 1.0000
0.37 13 091 0.3039 0.3306
0.41 12 468 0.1538 0.1655
0.45 12 542 0.0742 0.0782
0.49 11 503 0.0388 0.0424

U
0.08 16 365 1.0000 1.0000
0.12 7097 0.1488 0.1627
0.16 6223 0.0669 0.0753
0.2 4467 0.0286 0.0317
0.24 5065 0.0172 0.0178
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FIG. 4. The replica identity as as function of exchange move index, for each
of the 18 walkers. Walkers are separated by vertical lines. The replica index
corresponds to λ1 to λ5 for state N, PN, SN, Mg, meta, and Pd, respectively.

a rate matrix, we symmetrized the path count matrices for
each state by setting nIJ = nJI, where nIJ ≡ ñIJ (λ1I ) (see
Eq. (7)), as in an unbiased ensemble each IJ path should be
as likely as its reversed JI path. For the ith state, this resulted
in a path count matrix with only a non-zero row i and a non-
zero column i. All 14 matrices were joined using WHAM32

which resulted in a 14 × 14 transition matrix (see Table VI
in the Appendix). Combining this matrix with the flux, and
normalizing using kIJ = 〈φI〉PI(λ0J|λ1I) = 〈φI〉nIJ/

∑
JnIJ

(cf. Sec. II A 3), yields the final rate matrix, as shown in
Table IV. This table also reports the mean first passage times τ

= k−1 for all transitions. Numbers corresponding to combined
states include transitions of all the member microstates. Some
entries are zero, indicating that no transitions were observed
between the corresponding states. The statistical error in the
rates is mostly around 10% (see Table VII in the Appendix).

TABLE III. Fluxes at the first interface for each metastable state obtained
from the minus interface move. Columns give from left to right, the state
label, the average first passage time (fpt), its standard deviation stdv, the
number of paths contributed to the flux npath, and the flux itself 〈φ1〉 in ns−1.
The non-integer number of paths due to the symmetrization of paths in the
ensemble.

State aver fpt stdv npath 〈φ1〉

N 0.5871 0.1013 4374 1.7032
PN 0.7117 0.2038 2233 1.4050
SN 0.5239 0.0297 4962 1.9089
Mg 0.3824 0.0527 2244 2.6151
meta 0.3116 0.0361 2031 3.2090
Pd 0.5423 0.1311 1953 1.8441
LN 0.5238 0.3061 854 1.9091
LSN 0.4576 0.0242 1516 2.1852
Lm 1.0480 0.2692 1487 0.9542
Lo 0.7057 0.2680 586 1.4171
I 1.1119 0.3717 1618 0.8993
W 0.9782 0.5360 1621 1.0223
Other 0.6306 0.2147 1734 1.5859
U 23.0915 1.3462 95 0.0433
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TABLE IV. Full rate matrices. Rows denote leaving, columns arriving states. Top: conditional transition probability based on path type analysis, symmetrization, and WHAM. Middle: full rate matrix (in ns−1) by
multiply the top matrix with the fluxes. Bottom: the mean first passage time matrix (in ns), obtained from the reciprocal rates.

N PN SN Mg meta Pd LN LSN Lm Lo I W Other state U

Conditional transition probability matrix at the first interface of each state.
N 9.83 × 10−1 2.18 × 10−3 1.35 × 10−4 2.71 × 10−4 9.59 × 10−3 3.10 × 10−3 1.41 × 10−3 6.04 × 10−5 5.82 × 10−6 1.23 × 10−7 5.26 × 10−5 1.36 × 10−5

PN 3.95 × 10−1 5.95 × 10−1 3.98 × 10−4 2.17 × 10−4 5.10 × 10−3 2.06 × 10−3 1.31 × 10−3 4.24 × 10−5 1.20 × 10−4 1.00 × 10−3 2.91 × 10−5

SN 6.02 × 10−4 9.76 × 10−6 9.98 × 10−1 2.29 × 10−6 1.47 × 10−4 4.17 × 10−4 1.46 × 10−5 4.50 × 10−4 1.30 × 10−5 5.63 × 10−5 1.32 × 10−8 5.37 × 10−4 1.15 × 10−4

Mg 1.50 × 10−1 6.60 × 10−4 2.85 × 10−4 7.05 × 10−1 1.16 × 10−1 2.76 × 10−2 1.20 × 10−5 7.93 × 10−7 4.99 × 10−4

meta 2.52 × 10−1 7.37 × 10−4 8.68 × 10−4 5.49 × 10−3 7.37 × 10−1 1.21 × 10−3 2.58 × 10−3 7.19 × 10−6 1.12 × 10−4 4.94 × 10−5 2.82 × 10−7 3.53 × 10−4 2.96 × 10−5

Pd 3.99 × 10−1 1.46 × 10−3 1.20 × 10−2 5.92 × 10−3 5.77 × 10−1 6.90 × 10−5 8.28 × 10−5 1.32 × 10−4 1.20 × 10−4 2.10 × 10−6 3.93 × 10−3 6.82 × 10−5

LN 5.58 × 10−2 2.85 × 10−4 1.29 × 10−4 1.98 × 10−3 3.90 × 10−3 2.13 × 10−5 9.36 × 10−1 3.50 × 10−4 1.19 × 10−3 3.54 × 10−5 4.03 × 10−6 3.05 × 10−4

LSN 1.48 × 10−2 4.01 × 10−5 9.43 × 10−5 1.30 × 10−3 9.81 × 10−1 1.68 × 10−3 4.53 × 10−5 1.81 × 10−7 6.44 × 10−4 4.94 × 10−4

Lm 8.14 × 10−2 3.15 × 10−4 2.91 × 10−5 5.77 × 10−3 4.07 × 10−2 8.72 × 10−1 3.65 × 10−6

Lo 1.72 × 10−3 6.04 × 10−4 6.77 × 10−3 9.45 × 10−1 3.06 × 10−4 1.32 × 10−6 3.89 × 10−2 6.58 × 10−3

I 1.23 × 10−2 1.40 × 10−3 2.68 × 10−2 3.98 × 10−3 1.97 × 10−3 1.89 × 10−3 6.54 × 10−4 1.10 × 10−3 9.31 × 10−1 3.65 × 10−6 1.22 × 10−2 6.30 × 10−3

W 7.91 × 10−3 1.91 × 10−4 9.23 × 10−5 6.93 × 10−4 1.05 × 10−3 6.55 × 10−3 7.96 × 10−5 1.74 × 10−4 1.44 × 10−4 1.11 × 10−4 8.27 × 10−1 8.30 × 10−6 1.56 × 10−1

Other 6.88 × 10−3 7.23 × 10−4 1.58 × 10−2 1.18 × 10−4 1.76 × 10−3 3.99 × 10−3 5.75 × 10−4 8.64 × 10−3 7.52 × 10−4 1.68 × 10−8 9.59 × 10−1 2.21 × 10−3

U 1.94 × 10−3 2.29 × 10−5 3.70 × 10−3 1.61 × 10−4 7.58 × 10−5 1.10 × 10−3 4.82 × 10−4 1.60 × 10−3 4.25 × 10−4 3.46 × 10−4 2.41 × 10−3 9.88 × 10−1

Rate matrix (ns−1)
N . . . 3.71 × 10−3 2.30 × 10−4 4.61 × 10−4 1.63 × 10−2 5.28 × 10−3 2.40 × 10−3 1.03 × 10−4 9.92 × 10−6 2.09 × 10−7 8.96 × 10−5 2.32 × 10−5

PN 5.55 × 10−1 . . . 5.60 × 10−4 3.04 × 10−4 7.16 × 10−3 2.89 × 10−3 1.84 × 10−3 5.96 × 10−5 1.68 × 10−4 1.41 × 10−3 4.09 × 10−5

SN 1.15 × 10−3 1.86 × 10−5 . . . 4.37 × 10−6 2.81 × 10−4 7.95 × 10−4 2.78 × 10−5 8.59 × 10−4 2.48 × 10−5 1.08 × 10−4 2.52 × 10−8 1.02 × 10−3 2.20 × 10−4

Mg 3.92 × 10−1 1.73 × 10−3 7.45 × 10−4 . . . 3.03 × 10−1 7.23 × 10−2 3.13 × 10−5 2.07 × 10−6 1.30 × 10−3

meta 8.07 × 10−1 2.36 × 10−3 2.78 × 10−3 1.76 × 10−2 . . . 3.88 × 10−3 8.28 × 10−3 2.31 × 10−5 3.60 × 10−4 1.58 × 10−4 9.07 × 10−7 1.13 × 10−3 9.50 × 10−5

Pd 7.36 × 10−1 2.69 × 10−3 2.22 × 10−2 1.09 × 10−2 . . . 1.27 × 10−4 1.53 × 10−4 2.43 × 10−4 2.21 × 10−4 3.87 × 10−6 7.24 × 10−3 1.26 × 10−4

LN 1.06 × 10−1 5.44 × 10−4 2.47 × 10−4 3.78 × 10−3 7.44 × 10−3 4.06 × 10−5 . . . 6.69 × 10−4 2.28 × 10−3 6.76 × 10−5 7.70 × 10−6 5.81 × 10−4

LSN 3.23 × 10−2 8.77 × 10−5 2.06 × 10−4 2.83 × 10−3 . . . 3.68 × 10−3 9.89 × 10−5 3.96 × 10−7 1.41 × 10−3 1.08 × 10−3

Lm 7.77 × 10−2 3.01 × 10−4 2.78 × 10−5 5.51 × 10−3 3.88 × 10−2 . . . 3.48 × 10−6

Lo 2.44 × 10−3 8.56 × 10−4 9.60 × 10−3 . . . 4.34 × 10−4 1.87 × 10−6 5.52 × 10−2 9.33 × 10−3

I 1.11 × 10−2 1.26 × 10−3 2.41 × 10−2 3.58 × 10−3 1.78 × 10−3 1.70 × 10−3 5.88 × 10−4 9.89 × 10−4 . . . 3.28 × 10−6 1.09 × 10−2 5.67 × 10−3

W 8.09 × 10−3 1.95 × 10−4 9.43 × 10−5 7.08 × 10−4 1.07 × 10−3 6.70 × 10−3 8.14 × 10−5 1.78 × 10−4 1.48 × 10−4 1.14 × 10−4 . . . 8.48 × 10−6 1.59 × 10−1

Other 1.09 × 10−2 1.15 × 10−3 2.50 × 10−2 1.87 × 10−4 2.79 × 10−3 6.33 × 10−3 9.11 × 10−4 1.37 × 10−2 1.19 × 10−3 2.67 × 10−8 . . . 3.50 × 10−3

U 8.42 × 10−5 9.92 × 10−7 1.60 × 10−4 6.98 × 10−6 3.28 × 10−6 4.75 × 10−5 2.09 × 10−5 6.91 × 10−5 1.84 × 10−5 1.50 × 10−5 1.04 × 10−4 . . .
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TABLE IV. (Continued.)

N PN SN Mg meta Pd LN LSN Lm Lo I W Other state U

Mean first passage time matrix (in ns)
N . . . 269.76 4340.54 2168.61 61.24 189.23 416.91 9728.44 100 832.11 4 777 834.24 11 155.61 43 137.71
PN 1.80 . . . 1787.02 3285.88 139.58 345.44 544.93 16 786.75 5938.94 708.65 24 433.61
SN 870.06 53 652.22 . . . 228 771.80 3559.01 1257.53 36 002.95 1164.73 40 243.45 9296.81 39 707 055.43 976.15 4546.30
Mg 2.55 579.15 1343.02 . . . 3.30 13.83 31 985.25 482 022.16 766.38
meta 1.24 422.86 359.12 56.80 . . . 257.86 120.74 43 322.70 2775.99 6314.09 1 103 103.90 883.53 10 527.97
Pd 1.36 371.55 45.05 91.55 . . . 7854.88 6545.74 4110.11 4516.42 258 437.55 138.11 7947.49
LN 9.39 1838.33 4045.43 264.72 134.45 24 636.16 . . . 1494.74 438.76 14 785.47 129 895.90 1719.91
LSN 30.92 11 398.27 4850.69 353.17 . . . 271.63 10 110.95 2 525 592.33 710.83 926.46
Lm 12.87 3326.07 35 956.48 181.56 25.77 . . . 287 000.71
Lo 409.70 1167.97 104.16 . . . 2303.87 534 338.07 18.13 107.18

90.29 796.49 41.53 279.52 563.14 587.79 1701.25 1010.89 . . . 304 442.69 91.40 176.52
W 123.66 5126.84 10 601.56 1411.51 931.42 149.26 12 283.06 5615.11 6776.86 8799.80 . . . 117 917.33 6.27
Other 91.63 871.87 40.00 5349.65 358.81 157.98 1097.20 72.96 838.44 37 424 658.23 . . . 285.90
U 11 880.87 1 007 937.81 6246.63 143 356.55 304 806.40 21 031.35 47 948.61 14 465.10 54 295.70 66 740.76 9586.12 . . .
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C. Analysis of the kinetic network

1. Timescales

The reciprocal eigenvalues of the rate matrix imme-
diately give the most important time scales in the ki-
netic network. These timescales are in descending order τ

= {∞, 1746.44, 278.681, 25.6991, 21.3476, 16.0814,
9.96394, 8.7391, 7.56012, 5.65457, 1.74424, 1.36474,
1.27371, 1.11255} ns. The slowest time scale (besides in-
finity, which is the equilibrium population) corresponds to
the overall folding process, the second timescale is re-
lated to a relatively long lived intermediate state. All other
timescales are fast processes related to transitions between
the metastable states. Recent IR experiments by Meuzelaar
et al.19 found biexponential kinetics for the Trp cage system.
At a temperature of 300 K, they measured a slow time scale
of 2200 ns, and a fast timescale of around 150 ns, which they
attribute to the presence of an intermediate. Our prediction of
these time scales are 1746 and 278 ns, respectively, in reason-
able agreement with the experiments.

2. The stationary distribution
or equilibrium population

The time evolution of the population p(t) of all 14
states can be computed from the rate matrix from p(t)
= p(0) exp (Kt), where p(0) denotes the initial population
vector. Fig. 5 shows the relaxation for a situation in which
only the native state is initially populated. After full relax-
ation, the distribution has become stationary, the equilibrium
population. For our rate matrix, the equilibrium population is
given in Table V. Note that only N, U, and SN are signifi-
cantly populated states, and that state SN can be considered
an intermediate state in the (un)folding process. Furthermore,
these populations predict that at room temperature the fraction
of unfolded to folded configuration is pU/pN ≈ 0.23, where
we take the SN state to be a folded state. In a recent REMD
calculation,47 using the same force field, this fraction was pre-
dicted around 0.20, close to our current calculation. Previous
measurements of the folding curve yielded pU/pN ≈ 0.33,15

and more recent IR experiments find a pU/pN ≈ 0.2, close to
our predictions.19

Besides the native N and the unfolded state U, only state
SN is significantly populated. The SN state is characterized
by a pseudo native structure (Fig. 6) with remarkable stabil-
ity, thus constitutes a major kinetic trap for correct folding.
In the native state, the stable α-helix and the compact core
provide the very high stability. The α-helix is stabilized by
hydrogen bonds, while the hydrophobic core is stabilized by
the hydrogen bond formed between W6-P18 and the D9-R16
salt bridge. In the SN state, R16, which shields the core, can
rotate away due to thermal fluctuations, thus exposing W6 to
solvent molecules. These subsequently penetrate the core and
induce further transitions including unfolding activity.

The structural features of SN match the experimental
findings by IR T-jump spectroscopy,51 where the transition
state was found to have an intact α-helix, a hydrophobic core
formed without the contribution from P19, and a broken D9-

FIG. 5. Top: Plot of the population relaxation p(t) = p(0)exp (Kt), as a func-
tion of time t for all 14 states. At time t = 0 only the native state is populated.
Bottom: Enlarged population vs. time plot of the region in red in the top fig-
ure, where the population relaxation of the less populated 11 states can be
seen. Lines in the decreased order of final population represent states LN,
meta, other, Pd, PN, LSN, Lo, Lm, Mg, I, and W.

R16 salt bridge. In addition, these findings corroborate with
the recent IR experiment of Meuzelaar et al.19

Interestingly enough, we found that the intermediate I
state, consisting of a formed α-helix with a solvated and

TABLE V. Equilibrium populations and committors. The left column shows
the population obtained from the rate matrix, the right column the committors
towards state U given by TPT analysis (see Sec. III C 4).

State Population Committor

N 0.64 0
PN 0.0043 0.00076
SN 0.13 0.12
Mg 0.00076 0.0014
meta 0.013 0.00094
Pd 0.0046 0.0053
LN 0.014 0.0062
LSN 0.0034 0.15
Lm 0.00085 0.0021
Lo 0.0013 0.25
I 0.00058 0.17
W 0.000017 0.90
Other 0.0053 0.16
U 0.18 1
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FIG. 6. Visualization of the intermediate SN state and the native state N.
The SN state has a disordered proline tail, and a broken salt-bridge with the
arginine rotated away towards the solvent.

rotated proline tail, was not significantly populated. This
seems in contrast with previous findings, that proposed I as
the key intermediate in a diffusion-collision-like unfolding
channel.24, 28 We can solve this paradox, by constructing the
free energy landscape.

3. Free energy surface from the reweighted
path ensemble

The free energy surface can be constructed from the
path ensemble, using the concept of the reweighted path
ensemble.31 For each state, we can reweight the paths from the
MSTIS ensembles. We match the ensembles using the state
populations. For simplicity, we ignore all insignificantly pop-
ulated ensembles, as they will have very little effect on the
free energy surface. We reweighted the path ensembles from
state N, SN, and U and computed the free energy landscape of
Trp-cage as a function of the RSMD with respect to an ideal
helix (RMSDahx), and the RMSD of the α carbons (RMSDCα

).
The resulting landscape is shown in Fig. 7 and is comparable
with that of the REMD study in Ref. 47 which uses the same
force field.

From the dynamical trajectories that were used to con-
struct this free energy landscape, it follows that most reactive
unfolding paths (from N to U) first increase RMSDCα

, fol-
lowed by α-helix deformation and unfolding. Reversely, reac-
tive folding paths (U to N) first fold the helix before condens-
ing to the native state. This route passes by an intermediate
ensemble of states, with RMSDCα

> 0.5 nm, and RMSDahx

< 0.05 nm, in which the proline tail points away from the
hydrophobic core while the α-helix is fully formed. This in-
termediate region is much broader than the definition of our
state I, which only contains a few stable structures. Transi-
tion paths can pass through the intermediate region without
touching the I state. We identified the fraction of paths that
connect the folded state to the unfolded state and found that
98% of the paths were traversing through the region with

FIG. 7. Free energy landscape of Trp-cage (at 300 K) as obtained from the
reweighted path ensemble and plotted on RMSD of helix against RMSD of
the α carbons.

RMSDCα
> 0.5 nm, and RMSDahx < 0.05 nm. This explains

the apparent high population in this region in the free energy,
and also the previous results. However, we found that struc-
tures in this region are flexible, and the trajectories do not
get trapped in a single metastable structure. This also follows
from the crossing probability of structure I, which does cap-
ture trajectories.

4. Transition path theory flux analysis

The rate matrix obtained by MSTIS contains all kinetic
information of the network, but is still rather difficult to inter-
pret. Application of concepts from TPT52, 53 results in more
insight in which transition contribute mostly to the folding or
unfolding flux.3 In this flux analysis, the commitment proba-
bility, a.k.a. as committor, to reach the final state, is computed
from the transition matrix. Looking at the unfolding process,
we can define the initial state as N, the final state as state U.
The committor q+

i then equals the probability that from state i
the unfolded state U is reached before the native state N.6, 52–54

By default q+
N = 0 and q+

U = 1. Then TPT3, 53 gives the com-
mittors q+

i for all other state i as

q+
i =

∑
k∈I

Tikq
+
k + TiU , (14)

where Tik is the transition probability to go from i to k in a
certain lag time τ (set here to 1 ns), I is the subset of states
so that M = (N,U, I). Using the relation T = exp(Kτ ) we
can solve these linear equations to give the committors for
the Trp-cage metastable states. The committors are given in
Table V. With committor probabilities for state i, j ∈ I, the
effective flux fij from i to j, follows from3

fij = πiq
−
i Tij q

+
j , (15)

where π i denotes the population of state i, and q−
i = 1 − q+

i ,
the backward-committor probability, is the probability of a
transition N → i rather than U → i. As fij and fji are both
positive, the net flux becomes3

f +
ij = max{0, fij − fji}. (16)
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FIG. 8. Trp-cage unfolding flux. Numbers on the left indicate the committor probabilities of the corresponding levels. Thickness of the arrow indicate the
N→U related flux density. This figure only regards flux greater than 1 per ms.

This net flux represents the contribution to the N → U unfold-
ing process. The full flux matrix for the unfolding process is
given in Table VIII of the Appendix. A visual representation
of the unfolding flux through the kinetic network as a func-
tion of committor is shown in Fig. 8. In this plot, the thickness
of the arrows between states is proportional to the net flux.
This plot shows several major routes to unfolding, the direct
N → U, the indirect N → SN → U, and the route through the
other states. State SN thus transfers a largest amount (about a
third) of the net flux from state N to U, which demonstrates
the key role this intermediate plays in the (un)folding process.
Note that these observations also hold for the folding process.
As we are describing an equilibrium kinetic network, the net
folding fluxes are identical but in the opposite direction.

The TPT also gives the overall unfolding flux F (number
of unfolding event per unit time, τ = 1ns) and unfolding rate
kN→U as

F =
∑
i �=N

πNTNiq
+
i , (17)

kNU = F

τ
∑

i∈M πiq
−
i

. (18)

τ is the lag time of transition matrix, π is the population
of the denoted state, and M is the set containing all states.
Rate kNU accounts for the total unfolding rate, the sum of di-
rect and all indirect unfolding rates. For Trp-cage unfolding,
the unfolding rate constant from this analysis is kNU is (1.01
× 10−4 ns−1) ≈ (9.9 μs)−1, while the overall folding rate is
4.17 × 10−4 ns−1 ≈ (2.4 μs)−1. These rates are in reasonable
agreement with the experimental results at room temperature.

IV. CONCLUSIONS

We have resolved the kinetic network of Trp-cage in
atomistic detail. Instead of a straightforward MD simulation,
we used the single replica multiple state transition interface
sampling, a recently developed enhanced sampling method
that samples unbiased dynamical transition trajectories. The
method has a great advantage of speeding up the efficiency of
sampling by at least two orders of magnitude, without loss
of accuracy. Given the fact that we have about a thousand
(un)folding trajectories, the total time that the simulations rep-
resent is on the order of 18 ms whereas the actual spent simu-
lation time is on the order of 150 μs. The enhancement comes
from the fact that a protein kinetic network has many basins of
attraction that temporally trap the system, whereas the MSTIS
biases these trapped trajectories to regions where they are free
to explore the rest of the configurational space.

The method results in a full rate matrix for all metastable
states. For the Trp-cage, this meant a 14 × 14 rate matrix.
The results indicate the presence of a metastable near na-
tive intermediate state SN in the Trp-cage network, charac-
terized by a full alpha helix, but a slightly disordered pro-
line tail, a broken salt bridge, and a rotated arginine residue.
This SN is an important transient state in the network, with
a population of about 13%. Our prediction shows it car-
ries a third of the net flux through the network. The overall
rates are in good agreement with previous simulations, and
with experiment. Moreover, the presence of the intermedi-
ate was recently found in extensive T-jump IR experiments.19

Also, the predicted timescales are in agreement with these
experiments.

Remarkably, while most of the flux is carried through a
few routes in the network, the rate matrix is not sparse. While
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some transitions were not observed, the majority of the entries
in the rate matrix are filled, meaning that transitions exist.
This is in contrast to the standard MSM approaches4 which
usually result in very sparse transition matrices. This differ-
ence is naturally caused by our rather strict metastable state
definitions, in combination with the fact that we allow rela-
tively long paths between states. Therefore, paths are not re-
quired to visit neighboring states, but also can connect con-
formations that are further apart.

Besides having similarities to the MSM methodology,
the MSTIS methodology at first sight also resembles the cut-
based procedure of Krivov and Karplus to obtain equilibrium
kinetic networks for proteins.55, 56 However, the methods are
different in spirit and in approach. The cut-based method has
the advantage that it needs no prior information of the sta-
ble states, whereas MSTIS requires knowledge of the stable
states. An advantage of MSTIS is that it can handle large bar-
riers and long timescales, whereas the cut-based methodol-
ogy is based on an equilibrium MD trajectory, which might
be computationally not tractable when long timescales are in-
volved.

As a final remark we note that our work shows the feasi-
bility of studying the full kinetic network of a (small) model
protein in atomistic detail using modest computational re-
sources, and thus opens the way for studying larger, biologi-
cally more relevant systems.
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APPENDIX: CONVERGENCE OF THE BIAS
FUNCTIONS AND ADDITIONAL KINETIC DATA

Fig. 9 shows the last three fixed bias functions (lnDOP)
for the states, N, PN, SN, Mg, meta, Pd, I, W, and U. Also
shown is the final crossing probability. Overlap of the final
curves imply convergence. Tables VI–VIII, show the sym-
metrized count matrix, the relative standard deviation of the
rate matrix, and the flux matrix.

0.1 0.2 0.3 0.4 0.5
λ

-10

-8

-6

-4

-2

0

ln
P

(λ
)

N

0.1 0.2 0.3 0.4 0.5
λ

-8

-6

-4

-2

0

ln
P

(λ
)

PN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
λ

-8

-6

-4

-2

0

ln
P

(λ
)

SN

0.1 0.2 0.3 0.4 0.5
λ

-8

-6

-4

-2

0

ln
P

(λ
)

Mg

0.1 0.2 0.3 0.4 0.5
λ

-8

-6

-4

-2

0

ln
P

(λ
)

met a

0.1 0.2 0.3 0.4 0.5
λ

-7

-6

-5

-4

-3

-2

-1

0

ln
P

(λ
)

Pd

0.2 0.3 0.4 0.5 0.6 0.7 0.8
λ

-5

-4

-3

-2

-1

0

ln
P

(λ
)

I

0.3 0.4 0.5 0.6 0.7 0.8
λ

-6

-5

-4

-3

-2

-1

0

ln
P

(λ
)

W

0 0.1 0.2 0.3 0.4 0.5
λ

-6

-4

-2

0

ln
P

(λ
)

U

FIG. 9. The last three fixed biasing functions (in the order of blue, green and red, red being the latest bias condition) and the final crossing probability (black
dots) for each of the sampled states.
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TABLE VI. Symmetric path count matrix (top table) and average path length matrix (bottom table) calculated based on all sampled paths.

N PN SN Mg meta Pd LN LSN Lm Lo I W Other U

Path number matrix gives the number of paths for the transition of the corresponding two states

N 145 88 4923 464 4240 9132 2325 1644 1 768 32 276 471 286 200

PN 2018 39 29 322 68 120 0 5 0 28 0 125 3

SN 16 218 61 355 802 13 214 6 61 507 18 1373 348

Mg 3080 1236 0 529 0 6 0 0 4 40 0

meta 2666 261 109 2 106 11 85 53 186 8

Pd 2426 7 8 0 28 63 79 369 11

LN 2504 30 188 13 49 413 15 68

LSN 2142 5 17 18 8 15 39

Lm 1434 20 1 18 29 0

Lo 626 22 7 280 85

I 5850 10 397 177

W 4156 1 1651

other 5770 170

U 3702

Path length (in ns) matrix gives the average path length for a corresponding transition

N 1.10 1.59 1.92 1.02 0.55 5.87 2.25 19.41 1.81 2.91 4.86 8.19 4.05 17.63

PN 0.70 0.91 2.28 1.24 2.62 4.96 0.00 4.22 0.00 10.38 0.00 2.26 15.63

SN 1.04 0.54 0.89 1.00 17.43 2.87 5.83 6.46 3.40 9.41 2.46 10.90

Mg 0.60 0.87 0.00 1.59 0.00 5.13 0.00 0.00 4.43 1.31 0.00

meta 0.67 0.85 2.14 5.14 1.90 2.33 6.06 7.09 1.87 31.71

Pd 1.05 6.69 12.27 0.00 1.64 7.15 4.36 2.80 7.10

LN 2.24 3.76 3.66 3.70 13.86 9.84 17.16 20.13

LSN 0.46 6.59 5.35 12.70 1.86 7.65 11.12

Lm 0.78 10.02 37.53 14.85 6.95 0.00

Lo 0.42 14.68 14.00 1.97 11.50

I 3.14 27.05 5.58 22.80

W 3.21 11.05 5.81

Other 1.92 17.37

U 4.60

TABLE VII. Relative standard deviation matrix for the rate matrix from 10 sets of data. For each transition at the first interface, a virtual transition path number
was generated from a Gaussian distribution around the average path number, with a width of the square root of the path number.

N PN SN Mg meta Pd LN LSN Lm Lo I W Other U

N . . . 0.1006 0.0894 0.0151 0.0117 0.0387 0.0406 0.0426 0.0772 0.1066 0.1381 0.1122

PN 0.0025 . . . 0.0669 0.0738 0.0260 0.0551 0.0442 0.3088 0.1266 0.3539 0.2617

SN 0.0646 0.1571 . . . 0.1289 0.0673 0.0514 0.4852 0.1041 0.0848 0.0447 0.1546 0.0694 0.0580

Mg 0.0036 0.0617 0.1014 . . . 0.0053 0.0096 0.3759 0.1852 0.0670

meta 0.0029 0.1024 0.0284 0.0102 . . . 0.0478 0.0286 0.7030 0.0300 0.0569 0.1052 0.0998 0.1474

Pd 0.0015 0.0928 0.0106 0.0127 . . . 0.2148 0.1981 0.1174 0.0567 0.1107 0.0655 0.1328

LN 0.0064 0.0677 0.4938 0.0295 0.0598 0.2922 . . . 0.0780 0.0257 0.0711 0.0999 0.1176

LSN 0.1108 1.9173 0.2558 0.0489 . . . 0.0916 0.0698 0.1810 0.1335 0.0904

Lm 0.0057 0.2581 1.2667 0.0248 0.0078 . . . 0.1231

Lo 0.0392 0.1232 0.0246 . . . 0.0855 0.1736 0.0065 0.0871

I 0.0140 0.0521 0.0087 0.0224 0.0292 0.0313 0.0548 0.0490 . . . 0.2028 0.0157 0.0203

W 0.0151 0.1342 0.1997 0.0704 0.0490 0.0225 0.2243 0.0985 0.1113 0.1649 . . . 2.5636 0.0041

Other 0.0207 0.3776 0.0140 0.1361 0.0325 0.0635 0.0735 0.0142 0.0686 0.8700 . . . 0.0877

U 0.0378 0.2608 0.0335 0.1128 0.1135 0.0571 0.0994 0.0444 0.0692 0.0201 0.0355 . . .
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TABLE VIII. Flux matrix of 14 states for transition from N to U in units per ms.

N PN SN Mg meta Pd LN LSN Lm Lo I W Other U

N 1.37 22.46 0.36 6.63 12.34 9.12 0.13 0.13 0.20 1.26 0.12 11.14 15.96
PN 0.27 0.01 0.05 0.04 0.01 0.09 0.72 0.17
SN 3.00 0.56 0.72 4.93 25.29
Mg 0.08 0.18 0.12 0.02
meta 3.09 0.04 0.17 0.43 0.04 0.02 0.24 0.01 1.61 0.99
Pd 8.17 0.08 0.23 0.12 0.01 3.45 0.50
LN 0.44 1.26 0.15 0.09 0.03 7.93
LSN 1.28 0.01 0.05 3.16
Lm 0.12 0.01
Lo 8.90
I 0.05 2.64
W 0.24
Other 6.55 0.09 15.41
U
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