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1

Introduction

1.1 Colloidal Crystals and Glasses

Solids are characterized by their structural rigidity and resistance to changes of

shape or volume. An ordered array of tightly bound atoms or molecules forms

a crystalline solid, whereas in amorphous solids like glasses, the spatial arrange-

ment of the molecules is completely disordered. Comparing different properties,

e.g. structure, dynamics, thermodynamics, and mechanical properties, of or-

dered and disordered solids has been subject of many studies. The theory of the

solid state has started with X-ray diffraction studies of crystals and is by now

well developed. However, these concepts [1–4] have been extended to understand

non-crystalline solids and glasses as well [4], but so far with limited success. The

interest in the physics of disordered systems largely originates from the fact that

the thermodynamic behavior of disordered systems often changes significantly

from those in crystals [4]. Disorder could be of various types: structural, dy-

namic or bond disorder (spin glasses). Here, we deal with structurally disordered

systems, i.e. glasses, where the spatial arrangement of the particles are disor-

dered and consequently each particle experiences a different environment than

the other ones.
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Chapter 1

Figure 1.1: (a) Colloidal crystal. (b) Colloidal glass. (c) Pair correlation
function of crystal. (d) Pair correlation function of glass. The inset of (c) and
(d) show the way particles are found around the reference particle for crystal

and glass respectively. Red particle is our reference particle [5].

Glasses are amorphous (non-crystalline) solids that exist in both natural and

man made forms. There are various routes for the formation of a glass [6]. Nor-

mally, they are obtained by rapidly cooling a liquid so that its viscosity increases

dramatically, by as much as 17 orders of magnitude, without any pronounced

change in material structure. This transition from a liquid to a disordered solid

is termed glass transition. Although it is one of the oldest artificial materials

utilized by man, new discoveries and applications continue to appear. Tradi-

tional applications of glasses and glass science include, e.g., metallic glasses for

making optical fibers or glass ceramics and of course glass is still extensively used

for windows and containers, not to mention the beautiful artworks based on a

thousand-year old tradition. Such wide applications arise naturally due to their

exceptional mechanical properties. Generally, glasses have a large shear modu-

lus at room temperature, but are easily deformable and modelable to different

shapes at higher temperatures [4, 7]. Understanding glasses is one of the grand

challenges of condensed matter physics. Despite the progress, there is no well-

accepted theory. The glasses pose deep fundamental questions from a theoretical

perspective because the standard statistical mechanics tools are sometimes not

2



Introduction

sufficient to understand the slow dynamics. Additionally, simulating in the com-

puter the dynamics of microscopically realistic materials on time scales that are

experimentally relevant is not an easy task, even with modern computers. Fi-

nally, the field is constantly stimulated by new, and sometimes quite beautiful,

experimental developments to produce new types of disordered materials, or to

obtain more microscopic information on the structure and dynamics of glassy

systems. Over the last few decades, the study of glasses has acquired a broader

meaning [7].

1.1.1 Phenomenology of the Glasses

Traditionally glasses are obtained by supercooling a liquid below its glass transi-

tion temperature. Upon cooling from high temperatures, a liquid may crystallize

at melting temperature Tm. A liquid that is cooled below Tm without crystalliz-

ing is called a supercooled liquid. When liquids are cooled below their freezing

temperature Tm, molecular motion slows down. If the liquid is cooled sufficiently

fast, crystallization can be avoided fig. 1.2(a) [8]. Eventually molecules will

rearrange so slowly that they cannot adequately sample configurations in the

available time allowed by the cooling rate. The liquid’s structure therefore ap-

pears ’frozen’ on the laboratory timescale (for example, minutes). This falling

out of equilibrium occurs across a narrow transformation range where the char-

acteristic molecular relaxation time becomes of the order of 100 seconds, and

the rate of change of volume or enthalpy with respect to temperature decreases

abruptly (but continuously) to a value comparable to that of a crystalline solid.

The resulting material is a glass. The puzzling fact about the transition from

liquid to glass is that it does not seem to be associated with any simple structural

change of the system [8–11].

The slower a liquid is cooled, the longer the time available for configurational

sampling at each temperature, and hence the colder it can become before falling

out of liquid-state equilibrium [12]. Consequently, Tg increases with cooling rate.

The properties of a glass, therefore, depend on the process by which it is formed

[12]. In practice, the dependence of Tg on the cooling rate is weak, and the

transformation range is narrow, so that Tg is considered as an important material

characteristic. Another definition of Tg is the temperature at which the shear

viscosity reaches 1013Pa.s or the relaxation time becomes larger than 100sec.

3
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Figure 1.2: (a) Temperature dependence of a liquid’s volume v or enthalpy
h at constant pressure. Tm is the melting temperature. A slow cooling rate
produces a glass transition at Tga; a faster cooling rate leads to a glass tran-
sition at Tgb [8]. (b) Viscosity of various glass forming liquids on approach
to the glass transition temperature Tg. The inverse temperature on the x-
axis is scaled by Tg. Strong liquids exhibit approximate linearity (Arrhenius

behavior), while fragile liquids exhibit super-Arrhenius behavior [8].

Figure 1.2(b) shows the viscosity of various glass-forming liquids on approaching

the glass transition temperature Tg [6].

A qualitative description of such transitions is often based on the free energy

landscape picture [8, 13–16]. In this paradigm, a large number of local minima

of the free energy exists. The glass transition occurs when the timescale of

transitions among the glassy minima becomes so long that the system is confined

in a single valley of the landscape over experimentally accessible timescales. The

characteristics of the glass transition is all then the slow dynamics and the large

relaxation time as well as the viscosity that can grow several orders of magnitude

over a relatively small temperature interval.

The slow dynamics leads also to non-ergodic behavior which is well studied in

several dynamic light scattering measurements [17, 20, 21]. These experiments

measured the decay of self intermediate scattering function f(q, t) of colloidal

suspensions at different volume fractions. One of those early experiments by

Pusey et al. [17] is shown in fig. 1.3. For relatively dilute suspensions f(q, t)

decays completely within experimental observation time whereas the f(q, t) at

at higher volume fractions, φ > 0.57, does not decay to zero on the experimental

time scale. This illustrates the transition from the ergodic to non-ergodic dy-

namics. The emergence of such non-ergodicity is perceived as a signature of the

4



Introduction

Figure 1.3: Normalized intermediate scattering functions f(q, t) at different
volume fractions of the suspensions of colloidal PMMA spheres measured at
q ' qm, where qm is the main peak in the static structure factor by Pusey
et al. [17]. For relatively dilute suspensions, φ < 0.528, density fluctuations
decay completely within the experimental observation time whereas for higher
volume fractions φ > 0.57 the decay remain incomplete. Finally for φ > 0.58,
f(q, t) attains essentially a flat plateau value f(q,∞) showing the non-ergodic

behavior of the system.

glass transition in any system [11, 18, 19].

The central question that we address in this thesis is the thermodynamics of col-

loidal glasses. The thermodynamics of colloidal hard sphere glasses are however,

directly related to the entropy of the system since the phase behavior of hard

sphere systems is dictated only by entropic contributions, and also to the vibra-

tional dynamics of the system which represents a form of the entropy too. In

this thesis, we provide a direct measurement of the entropy and the vibrational

modes of colloidal hard sphere glasses and compare them to those of the crystals

which have been studied much more extensively.

1.2 Statistical Geometry for Hard Sphere

Systems

It is well established that a hard sphere system, i.e. a system consisting of

impenetrable spherical particles interact via hard core repulsion, is the simplest

system that mimics the behavior of atomic and molecular systems [22]. Phase

behavior of hard spheres is governed only by the volume fraction [23, 24] which

5



Chapter 1

Figure 1.4: Schematic view of the free volume. Free volume is defined as
the volume over which center of a sphere can move when all other particles
are held fixed. Unlike the available volume, the free volume is a local quantity
and can be obtained for each individual sphere. Dashed region on the right
shows the free volume for the given sphere in left. Bright areas around the
spheres represents the excluding volumes with the size twice of the spheres.

is defined as the ratio of the spheres volume to the total volume of the system:

φ = Nπσ3

6V
where N is the number of spheres, σ is diameter of the spheres and

V is the total volume of the system. Because of the absence of interaction

energies, the phase behavior of hard sphere systems is dictated only by entropic

contributions, implying that the statistical geometry provides a direct route to

study the thermodynamics of the system [25]. Moreover, the available volume,

the free volume and their corresponding surface areas are geometric quantities

that are directly related to thermodynamic quantities [26–31]. In particular,

geometry provides a microscopic and straightforward route to the equation of

state, the chemical potential and the free energy of hard sphere systems.

In a system containing N hard spheres, the free volume vf , is defined as the

volume over which a center of a given sphere can translate, given that the other

N − 1 spheres are fixed [26] (see figure 1.4). This free volume should not be

confused with the cavity volume vc, which is volume of a connected region of space

available for the addition of another sphere (fig. 1.5). The available volume Va is

then the union volume of the cavities and is defined as the total volume available

to insert an additional sphere into the system. By definition, a point is inside

a cavity if it lies outside the exclusion spheres surrounding each particle center,

i.e., if it is separated from each particle center by at least one particle’s diameter

σ. At low densities, the available volume is connected, and hence the free volume

approaches the available volume. As the density of the system is increased, the

available volume becomes disconnected. This change in the topography of the

6
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Figure 1.5: Schematic view of the available volume. Available volume is
defined as the volume available to insert an additional sphere into the system
which is given by union volume of the cavities (dashed regions). Bright areas
around the spheres represents the excluding volumes with the size twice of the

spheres.

available volume occurs when the exclusion spheres occupy approximately 30%

of the space [28] which translates to a volume fraction of φ ' 0.040. In this

thesis, we mostly focus only on high volume fractions, e.g. φ > 0.50.

In the following, we first explain the cell theory for crystalline solids and discuss

the approximations used in the cell theory. We then discuss exact relations

for the thermodynamics of hard spheres in terms of the available volume and

it corresponding surface area and explain the limitations appear in practical

applying this method to hard spheres.

1.2.1 Exact Thermodynamical Relations

For a given configuration of spheres, the union volume of the cavities represents

the available volume Va. The available surface area Aa comprises the surface

areas of the individual cavities. The average cavity volume and average surface

area are given by [25]:

< vc >=
< Va >

Nc

, < ac >=
< Aa >

Nc

, (1.1)

where Nc represents the number of cavities in the system. It is shown that the

exact equation of state of an equilibrium hard sphere system can be expressed in

7
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terms of the statistical geometry of the system as follows [25, 32]:

P

ρkBT
= 1 +

σ

2d

< Aa >

< Va >
, (1.2)

where P is the pressure, ρ is the number density, kB the Boltzman constant, T

the absolute temperature, and d is the dimensionality of the system. Derivation

of equation 1.2 is in Appendix A.

Equivalently in terms of average cavity volume and surface area

P

ρkBT
= 1 +

σ

2d

< ac >

< vc >
. (1.3)

It has been shown [25, 28] that, the average cavity size is equal to the harmonic

mean of the free volume (see Appendix B):

< v−1f >=< vc >
−1 . (1.4)

The surface area that bounds vf is termed the free surface area af .

Thus [28]:

〈af
vf
〉 =

< ac >

< vc >
=
< Aa >

< Va >
.

See more detail about eq. 1.5 in Appendix B. Therefore, the equation of states

can be deduced from free volume information alone (see Appendix B) [28]:

P

ρkBT
= 1 +

σ

2d
〈af
vf
〉.

Equation 1.5 is identical with the equation of state introduced by Hooveret al.

[27] from the collision rate of hard spheres (see eq. 1.5).

The chemical potential of the hard sphere system is directly related also to its

statistical geometry [28]:

µ = kBT ln (
λ3dN

< Va >
) = kBT ln (

λ3dN < 1
vf
>

Nc

). (1.5)

The second equality establishes the connection between the chemical potential

and the free volume distribution. The fact that the number of cavities Nc ap-

pears in the second relationship, indicates that the chemical potential can not

8
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be determined only from the free volume information. It is usual to separate the

chemical potential µ into an ideal and an excess contribution, i.e.,

µ = µid + µex = kBT ln (
λdN

V
) + kBT ln (

V

< Va >
). (1.6)

The former term represents the chemical potential of an ideal gas, while the latter

embodies the reversible work required to form a cavity of radius σ. Derivation

of this relation for the chemical potential is shown in Appendix A.

Free energy then can be expressed in terms of pressure and chemical potential

as follows:
F

V
= −P + ρµ. (1.7)

It is shown that although there are exact relations between the available volume

and thermodynamics of hard spheres but, the problem is using the available

volume method is applicable only to low volume fractions, i.e. for φ < 0.40

[28, 30]. This is because size of the cavities become extremely small at high

densities and so the determination of the available volume becomes prohibitively

difficult [30]. However, the free volume which is typically much larger than the

cavities, can be determined with much greater accuracy.

1.2.2 Cell Theory

Cell theory is a simple method that can be used to calculate the thermodynamic

properties of hard sphere crystals by determining the free volume [33, 34]. The

basic aim of cell theory is to find an one-particle model from which the equi-

librium properties of a many-body crystalline system can be obtained. The cell

model is particularly easy to visualize for classical hard spheres, discs, and rods

because such hard particles are confined to well-defined free volumes with sharp

boundaries. In cell theory, the unit cell is considered as a model of the whole

crystal [34]. It is assumed that all the particles but the central one are fixed in

their lattice positions. Depending on the structure of the crystal, a proper unit

cell should be chosen. The unit cell for a fcc crystal is shown in figure 1.6; by

determining the free volume for a particle at center of this cell, one can obtain the

free energy, the pressure, and the chemical potential for the hard sphere crystal.

9
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Figure 1.6: A unit cell for a fcc crystal. The cage of twelve nearest neighbors
for a particle at center of the cell.

Using cell theory involves two kinds of approximations [34]: 1) an approximation

intrinsic to the free volume concept and 2) an approximation in determining the

free volume. In the first approximation, the many-particle partition function is

approximated by the Nth power of an one-particle partition function, i.e. cell

theory neglects the interactions between the particles. The configurational part

of that one-particle partition function is then calculated by determining the free

volume for one particle when all the neighbors are held fixed in their mean lattice

position:

Z =
N !

N !λ3N

∫
V1

d~r1...

∫
VN

d~rN exp [−β
N∑
i<j

φ(rij)] ' (
vf
λ3

)N , (1.8)

where λ = (h2/2πmkBT )1/2 is the thermal wavelength, φij is the potential energy

between particle i and j, and vf is the free volume. Note that, the N ! in the nu-

merator represents the number of distinct way that N spheres can be distributed

over N cells.

Then, the free energy can be obtained in terms of the free volume as:

F = −kBT lnZ,

= −NkBT ln (
vf
λ3

). (1.9)

10



Introduction

Figure 1.7: Left: Equation of state for the nine different samples of three
different particle diameters and three different suspension preparations, de-
scribed in [36]. Solid lines denote cell theory while circles denote experimental
data. Right: Equations of state obtained from depolarized light scattering
measurements of equilibrium sedimentation profiles [37]. Solid lines denote
cell theory while symbols denote experimental data. In both graphs, the fluid
branches, i.e. φ < 0.494, are fitted using the Carnahan-Starling equation of

state [38].

From that, other thermodynamic quantities such as the pressure and the chemical

potential (for a NV T ensemble) can be determined:

P = −(
∂F

∂V
)N,T ,

= NkBT
∂ln (

vf
λ3

)

∂V
,

= NkBT
∂vf/∂V

vf
, (1.10)

µ = (
∂F

∂N
)V,T ,

= kBT ln (
vf
λ3

) +NkBT
∂ln (

vf
λ3

)

∂N
,

= −kBT ln (
vf
λ3

)−NkBT
∂vf/∂N

vf
. (1.11)

In spite of the approximations involved, the results of the cell theory for hard

sphere crystals are in good agreement with those of both experiments and simu-

lations [35–38] (fig. 1.7).

We proceed by determining the free volume for a particle in middle of a unit cell

11
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Figure 1.8: (a) The central sphere is just able to escape through the face of
the cube for a =

√
2σ. (b) The tightest possible packing, a = σ, with infinite

pressure.

of a face-centered cubic (fcc) lattice (see figure 1.6). We consider all the particles

but the central one to be fixed at their lattice positions: a cage is formed for the

particle in the center by the twelve nearest neighbors located at the twelve edges

of a cube as shown in figure (1.6). If a denotes the distance between the nearest

neighbors in the lattice, then from the geometry of the lattice it follows that

v =
a3√

2
, (1.12)

where v = V/N indicates the volume per particle.

The central particle is just able to escape through the face of the cube when

a =
√

2σ (σ is diameter of the spheres), as shown in figure 1.8(a). On the other

hand, the free volume is zero when a = σ (or equivalently when φ ' 0.74) for then

the neighboring molecules are in contact (see fig. 1.8(b)). We should note that

although there are still some space in the system at close packing, i.e. volume

fraction φ ' 0.74, that is not filled with the spheres, (1 − 0.74 = 0.26), but at

this volume fraction all the nearest neighbors are in contact and in practice, none

of the spheres can move considering all other spheres are fixed. So according

to the free volume definition, the free volume is zero at φ ' 0.74. This is

the highest density possible for rigid spheres and the corresponding pressure

is infinite. Between these two limits, the free volume is bounded by twelve

intersecting spherical surfaces. By definition, each point inside this free volume

is located more than σ away from all the neighbors.

A very simple approximation for evaluating the free volume is called spherical

approximation in which, the free volume of the central sphere is approximated

12



Introduction

Figure 1.9: Free volume vf , given by the spherical approximation while
neglecting the pockets p, lying outside a sphere of radius (a− σ).

by a sphere of radius (a− σ) (see fig. 1.10):

vf =
4

3
π(a− σ)3. (1.13)

It is quite clear from fig. 1.9 that spherical approximation for the free volume,

neglects the pockets p, lying outside a sphere of radius (a− σ).

Substituting eq. 1.13 in eq. 1.10, the equation of state for hard sphere crystal is

obtained as:
P

ρkBT
=

1

1− σ/a
, (1.14)

equivalently in terms of the volume fraction

P

ρkBT
=

1

1− (φ/φcp)1/3
, (1.15)

or
P

ρkBT
=

3

1− φ/φcp
, (1.16)

where φcp ' 0.74.

The spherical approximation is probably the simplest way to evaluate the free

volume. Although the spherical approximation neglects the pockets laying out

sidle the sphere, the thermodynamics resulted from that are in surprisingly good

agreement with experiments and simulations [36, 37]. For the case of free energy,

it is because the free energy depends only logarithmic on the free volume (see

eq. 1.9). However, as one can imagine, the real free volume is so different from

that of the spherical approximation. Buehler et al. [34] calculated the exact free

13
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Figure 1.10: Pictorial representation of free volumes. The figures in the top
row represent the shapes of the free volumes for different densities (not for
very high densities). The figures in the second row illustrate the sort of free
volumes which one obtains for the sufficiently high densities. In the bottom
row are shown the corresponding ’spherical’ free volume. The density increases
from left to right up to the close-packed volume fraction φcp ' 0.74 for the

case σ = a.

volume for a rigid sphere in the center of a fcc unit cell (fig. 1.6). The very

complicated geometry of the exact free volume is shown in figure (1.10). The

exact free volume obtained by Buehler is a lengthy expression as follows (with

some changes in the notation):

vf =
20

3
c3 − 4

3
c2s− 4c2(σ2 − c2)1/2

+ 2
√

2(c3 − 6cσ2)(arcsin (
c

q
) + arcsinm)

+ 8σ3(2 arcsinu+
π

2
− arcsinw − arcsin t), (1.17)
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Figure 1.11: (a) Exact free volume (solid line) and the spherical free volume
(dotted line) are plotted versus the volume fraction. (b) Free energy, (c)
pressure, and (d) the chemical potential obtained from the exact free volume
(solid lines) and from the spherical approximation (dotted lines) are plotted

versus the volume fraction.

where

c = a/
√

2,

q = (2σ2 − c2)1/2,

s = (3σ2 − 2c2)1/2,

m = (c− 2s)/(3q),

t = (σ2 + cσ − c2)/(σq),

h =
1

3
(2c− s),

u = [(2σ + c)(σ + h)− (c+ σ)2]/[(σ + h)q],

w = (σ2 − cσ − c2)/(σq). (1.18)
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Figure 1.11(a) illustrates the exact free volume and the spherical free volume as a

function of the volume fraction. The exact free volume is significantly larger than

the spherical free volume, this difference decreasing when the close packing den-

sity is approached. This happens because the spherical approximation neglects

the pockets lying outside a sphere of radius (a− σ) (see fig. 1.9). The volume of

these pockets vanishes at the close packing density, φcp = 0.74. Although there

is a rather large difference between the free volume from the spherical approx-

imation and the exact free volume, the thermodynamic quantities predicted by

the spherical approximation are in a very good agreement with those using the

exact free volume. Figures 1.11(a)-1.11(d) compares the free volume, free energy,

pressure and the chemical potential resulted from the spherical approximation

and results of the exact free volume, showing very good agreement between the

free energy obtained from the spherical approximation and that obtained from

the exact free volume (fig. 1.11(b)). Figure 1.12(c),1.12(d) show that, the pres-

sure and the chemical potential obtained form the spherical approximation are

indistinguishable from those obtained from the exact free volume.

Hoover et al. [27] suggested a different version of cell model. Their idea was

based on analysis of a dynamical classical system in which a single light particle

will actually execute cell-like motion in the fixed background of its more massive

neighbors. They applied their method to hard sphere systems and obtained an

exact [39] equation of state for a d-dimensional hard sphere system that reads:

P

ρkBT
= 1 +

σ

2d
〈af
vf
〉, (1.19)

where vf is the free volume and af is its surface area.

In addition to the above exact relation between
af
vf

and the pressure, there are

approximate models linking the free volume to the thermodynamics. Differenti-

ation of the cell model, using either the exact free volume or the spherical free

volume, leads to an equation of state resembling above equation but with d in-

stead of 2d. The fact that cell model provides an accurate equation of state then

suggests that the true 〈af
vf
〉, will be roughly twice the size of af/vf predicted

by the cell model. Using simulated data for the positions of 864 particles, we

calculated the ratio 〈af
vf
〉 for a 3D hard sphere crystal. Using the same data set,

we also calculate
af
vf

for one particle (one sphere) in center of an fcc lattice: Sur-

prisingly, we observe that
af
vf

for a sphere in one fcc lattice is roughly twice of the
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〈af
vf
〉 when considering the whole particles.

There is an analogy for this strange factor of two difference: In the mean field

theory for Ising model for a magnetic material; N magnetic atoms are located on

a regular lattice with the magnetic moments interacting with each other through

an exchange interaction which sums over the nearest neighbor pairs of lattice

sites. Similar to the case of free volume in the cell theory, the magnetic energy

of one atom is twice the magnetic energy of each atoms in the system [40].

1.3 Vibrations in Solids

Almost all the thermodynamic properties e.g specific heat, thermal conductivity

of solid substances are described based on the theory of lattice dynamics [1] The

general picture of vibrations in solids is that the atoms or molecules located at

their equilibrium positions move back and forth around their positions driven by

the thermal energy and the elastic restoring force arises due to the interactions

with the neighboring atoms. We continue discussing a few related concepts like

the the density of states and the Debye behavior in the sections below.

1.3.1 Density of States

The number of vibrations corresponding to a range d3q ≡ dqxdqydqz of the values

of components of the wave vector is d3q
(2π)3

per unit volume of the crystal [2]. The

density of states D(ω), gives the number density of vibrations whose frequencies

lie in a given range between ω and ω + dω, and is a characteristic of the vibra-

tional spectrum of a particular lattice. The number D(ω)dω is the volume in the

wave vector q space that lies between two infinitesimally close surfaces of con-

stant frequency, ω(q) = constant. At each point in q-space, the gradient of the

function ω(q) is along the normal to the constant frequency surface. Therefore

the distance between the two infinitesimally close surfaces (q-space) measured

along the normal direction is given by [4]:

dq⊥ =
dω

5qω
. (1.20)
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Figure 1.12: Phonon density of states of Iron (α − Fe) as obtained from
inelastic neutron scattering data [41]. The discontinuities in the DOS are
the van Hove singularities as the group velocity (dω/dq) approaches vanishing

limit at certain wave vectors in the dispersion curve.

Multiplying this with the infinitesimal area dSω of the constant frequency surface

element and integrating it over the whole surface within the first zone on which

ωs(q) = ω yields the general expression of the frequency distribution density as

[4]:

D(ω) =
∑
s

1

2π3

∫
dSω

Oωs(q)
, (1.21)

where the subscript s indicates different branches of dispersion relation. Note,

that within the first zone the function ω = ω(q) has a few saddle points. The

existence of these stationary points where group velocity vanishes leads to singu-

larities in the structure of D(ω). As in the electronic case, these singularities are

known as Van-Hove singularities. A typical density of states as obtained from

neutron scattering experiments is shown in fig. 1.12

1.3.2 Debye Scaling

In, 1912, while describing the contribution of lattice vibrations to the specific

heat, Debye proposed a simple model of wave propagation in a solid medium

that he assumed to be isotropic and governed by a linear dispersion up to a

maximum frequency of propagation, say ωmax. This leads to a linear dispersion

relation, ω = cq, where c is the velocity of sound waves. The number of modes

for any isotropic solid lying in the interval dq would simply be proportional to

the volume of the shell between q and q + dq. Thus, for a given polarization the
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density of modes is given by [3, 4], V × 4πq2dq
(2π)3

, where V is volume of the body.

The density of states is then obtained as:

D(ω) =
2ω2

2π2c3
, (1.22)

in which c is the sound velocity.

The behavior D(ω) ∼ ω2 does not only hold only for 3D crystals, but in general,

for a d-dimensional crystal the Debye scaling for the density of states reads

D(ω) ∼ ωd−1. This scaling of the density of states eventually leads to the famous

cubic temperature dependence of the specific heat Cp ∼ T 3, in the limit of

low temperatures. The Debye behavior is established directly in few phonon or

neutron scattering experiments [42, 43] and largely by indirect verification of the

temperature dependence of specific heat [4, 42].

1.4 Vibrational Modes in Glasses

In section 1.2.2 we discussed the density of states and the low frequency Debye

scaling D(ω) ∼ ω2 of the DOS of a crystalline solid. The above scaling leads

to the Debye T 3 law in the limit of low temperatures where the specific heat

of the solid shows a cubic dependence on temperature, Cp ∼ T 3. However,

glassy and amorphous materials exhibit low temperature properties that deviate

significantly from the Debye behavior and the nature of vibrations remains elusive

[44]. For example, the Cp/T
3 as a function of temperature shows a peak at low

temperature. Other features include anomalous acoustic behavior and a Boson

peak observed in inelastic scattering of light or neutrons [44–49]. This suggests

the existence of an excess number of low frequency modes in the density of states

of these systems compared to crystalline solids: at the maximum in Cp/T
3, the

vibrational density of states, D(ω), scaled with the DOS of a perfect crystal,

goes through a maximum which is called the ’Boson peak’ [6, 50–54]. Several

numerical studies have observed such enhancement of modes in the DOS of glassy

systems however, the physical origin of this has remained a serious puzzle in

condensed matter physics.
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1.5 Present Thesis

We study the thermodynamics and vibrational properties of hard sphere colloidal

glasses and crystals. This thesis presents the first experimental measurements of

the free energy for hard sphere colloidal glasses. We also measure the vibrational

density of states for (defected) crystals and for glassy systems from the particle

displacement correlation: The outline of the chapters in the thesis is given below.

Chapter 2: We begin with a general discussion on the colloids and present the

phase diagram of colloidal hard spheres. The experimental techniques and the

preparation procedure of the colloidal samples is discussed in detail. We then

discuss general aspects of confocal microscopy and dynamic light scattering that

we use to measure our particles size.

Chapter 3: In this chapter we provide the first quantitative determination of the

free energy for an aging hard sphere colloidal glass for a range of volume fractions

from a supercooled liquid to a dense glass, φ = 0.54, φ = 0.56, φ = 0.58,

φ = 0.60 and φ = 0.62. We do so by measuring the free volume for about

2.5 × 105 particles. The determination of the free energy allows for a number

of new insights in the glass transition, notably the quantification of the strong

spatial and temporal heterogeneity in the free energy and the quantification of

aging for the glassy systems. We study how the aging of the free energy is related

to the rearrangements of particles by computing the number of changed nearest

neighbors for each particle.

Chapter 4: Here, we study the effects of structural disorder on the vibrational

modes and the thermodynamics of colloidal hard spheres. This system allows

us to determine both the DOS and the thermodynamic properties of the glassy

and crystalline states, and to provide a direct comparison between the two states

of matter. We apply the covariance matrix analysis to determine the density

of states and the normal modes of vibrations from the particle displacements

for crystals with different amount of disorder and for glassy systems. We also

experimentally determine the entropy, which is a measure of the specific heat at

constant temperature by using the same method as explained in chapter 3.

Chapter 5: In this chapter, we study scaling for colloidal glasses with respect

to the jamming point. More specifically, we provide scaling relations for the

20



Introduction

mean squared displacement, the shear modulus and the density of states that we

measure experimentally: we apply the covariance matrix analysis to determine

the vibrational density of states from the particle displacements for a supercooled

liquids and glasses at different volume fractions. The shear modulus is measured

by performing strain sweep rheology while the mean squared displacement (MSD)

is obtained by following the particles motions. We then compare these scaling

relations to the theoretical and numerical results.

Chapter 6: In this chapter, we study the effects of size polydispersity on the

thermodynamics and the phase behavior of hard sphere systems by directly mea-

suring the free energy for crystals and disordered systems for different volume

fractions. To do so, we (artificially) add size polydispersity that is randomly

distributed in the system. As a check, we then calculate the free energy for sim-

ulated polydisperse crystals and disordered systems for which the size of each

individual particle is known.
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2

Experimental Techniques

2.1 Colloids

Figure 2.1: Colloids can be classified based on the phase of the dispersion
and the continuous phases. From top left: shaving foam (gas in liquid), fog
(liquid in gas), aerogel (gas in solid), cranberry glass (solid in solid), red blood

cells (solid in liquid), jelly (liquid in solid) [1].
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Figure 2.2: Schematic view of the colloidal domain. Dimensions and typical
examples of materials that fall in different size range [2].

The term ’colloid’ comes from the Greek word ’Kolla’ (means glue) was first

coined by the Scottish chemist Thomas Graham in 1861 to distinguish those ma-

terials in aqueous solution that would not pass through a parchment membrane.

Colloids consist of nanometer to micron sized particles or entities (fig. 2.2) that

are dispersed in a continuous phase. Every colloidal suspension consists of two

separate phases: a dispersed phase where one substance is dispersed uniformly

in a finely divided state throughout a dispersion medium or continuous phase.

Both phases could be either solid, liquid or gas [3].

One way of classifying colloids is to group them according to the phase (solid, liq-

uid, or gas) of the dispersed substance and of the medium of dispersion (fig. 2.1).

A gas may be dispersed in a liquid to form foam (e.g., shaving lather or beaten

egg white) or in a solid to form solid foam (e.g., Styrofoam or marshmallow). A

liquid may be dispersed in a gas to form an aerosol (e.g., fog or aerosol spray),

in another liquid to form an emulsion (e.g., homogenized milk or mayonnaise),

or in a solid to form a gel (e.g., jellies or cheese). A solid may be dispersed in a

gas to form a solid aerosol (e.g., dust or smoke in air), in a liquid to form a sol

(e.g., ink or muddy water), or in a solid to form a solid sol (e.g., certain alloys)

(see fig. 2.1) [4]. A further distinction is often made in the case of a dispersed

solid.

Colloids of all sorts are ubiquitous in our everyday experience in various forms

with examples including paint, ink, milk, red blood cell and have a wide range

applications in foods, petrol, cosmetics and drug industries. Colloidal particles

are significantly larger than atoms; typically, the diameter of a colloidal particle

is 103− 105 times larger than that of an atom. The relatively large length scales

(see fig. 2.2), and concomitant long time scales make it easy to study colloidal
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systems in real-space and real time. Therefore quantities that are experimentally

difficult to observe in atomic systems can be measured with relative ease in

colloidal systems through the use of direct imaging techniques, such as confocal

microscopy [3–6], or indirect imaging techniques, such as light scattering [7–9] as

well as rheology [10]. On the other hand, they are small enough that the particles

exhibit significant Brownian motion leading to equilibrium phase transitions and

particle self-assembly and consequently they can be used as model system for

molecules.

2.2 Hard Sphere Colloids

The simplest system that mimics the behavior of atomic and molecular systems

is probably a hard sphere system consisting of spherical non-penetrable particles

that interact only through an infinite repulsion on contact, i.e. they exhibit no

interaction until they touch and the interaction is infinitely repulsive when two

adjacent particles overlap [11]. This hard sphere interaction, in the presence of

thermal fluctuations, is sufficient to produce a variety of phases such as fluid,

crystalline and glassy states of matter. These phases are analogous to the states

observed in atomic and molecular physics, but occur over much larger length

scales, and longer time scales [12]. Due to the absence of interactions, the phase

behavior of such hard sphere systems is uniquely governed by the volume fraction

φ [12] which is defined as the ratio of the particles volume to the total volume of

the system:

φ =
N × vp
V

, (2.1)

where N is the number of particles, vp = (4/3)πa3 is the volume of a single

particle of radius a, and V is the total volume of the continuous phase and all

the particles.

The time scale in colloidal systems can be defined from the perspective of the

particles. In the dilute limit when the particles exhibit free Brownian motion,

the mean square displacement < r2 > of the particles is parameterized by the

particle’s self-diffusion coefficient D, and increases linearly with time t:

< r2 >= 6Dt. (2.2)
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Figure 2.3: Phase diagram of colloidal hard spheres. with a clear meniscus
between the crystalline phase at the bottom of the test tube and the fluid

phase on top observed in the experiments [12].

The self-diffusion coefficient for a spherical particle in a dilute solution is given

by the Stokes-Einstein equation:

D =
kBT

6πη0a
, (2.3)

where kB is the is the Boltzmann constant, T is the absolute temperature, η0

is the solvent viscosity and a is the particle radius. The time required by the

particle to move its own size defines the characteristic time scale for the colloidal

suspension, which is often referred as Brownian time scale τB:

τB =
πη0a

3

kBT
, (2.4)

This relation is valid only for very dilute systems under quiescent conditions. It

assumes there is not any body forces acting on the particle such as gravity or

mechanical or thermal convection. It also neglects the hydrodynamic interactions

between the particles that may influence the diffusion and the effective viscosity

by several orders of magnitude [3]. Interactions in more concentrated suspensions

can be taken into account by substituting the effective viscosity of the material

ηeff , for the solvent viscosity [10]:

τB =
πηeffa

3

kBT
, (2.5)

Note that, the difference between equations 2.4 and 2.5 can be significant. There-

fore, increasing the concentration can lead to a wide range of time scales in

colloidal suspensions [3, 12].
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Figure 2.4: Phase diagram of uniformly sized hard spheres. Different phases
of colloidal hard spheres are shown as a function of the volume fraction. There
is a liquid phase for φ < 0.494, a crystalline phase for φ > 0.545, and coexis-
tence between the two for 0.494 < φ < 0.545. If crystallization is avoided, for
0.545 < φ < 0.58, the system is a supercooled liquid, whereas for φ > 0.58,

the dynamics of the system becomes so slow that it is a glass.

2.2.1 Phase Behavior of Hard Sphere Colloids

The first computer simulations on hard spheres by Alder and Wood in 1957

showed that a system with purely repulsive interactions has a well-defined freez-

ing point [13, 14]. The phase behavior of colloidal hard sphere systems was

obtained experimentally by Pusey and van Megen (fig. 2.3) using suspension of

sterically stabilized PMMA particles [12]. Figure 2.4 shows a schematic phase

diagram of monodisperse colloidal hard spheres [12]. There is a homogeneous

fluid phase for volume fractions φ < 0.494 and a crystalline phase for φ > 0.545.

For volume fractions 0.494 < φ < 0.545, the system shows coexistence between

a fluid and a crystal phase (fig. 2.4). For volume fractions φ > 0.58, depending

on the preparation of the sample, polydispersity etc., system can be found either

in a crystalline phase, or a colloidal glass can be found. Simulations confirmed

Pusey’s observations [16]. There are four important branches shown in the phase

diagram (fig. 2.5), where the pressure P is plotted versus the sphere volume

fraction. There is a fluid branch that starts at φ = 0 and continues up to the

freezing-point volume fraction, φ = 0.494. At this point, the phase diagram
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Figure 2.5: Phase diagram of hard sphere system in the pressure-volume
fraction plane [16].

splits into two parts. One part is a metastable extension of the fluid branch

which follows continuously from the previous branch and is conjectured to end

at the random close-packing state, φrcp ' 0.64. The other branch that splits off

the freezing point represents the thermodynamically stable part of the phase di-

agram. Both fluid and solid can coexist along the tieline until the melting point

φm = 0.545 is reached. The portion of the curve that continues above the melt-

ing point is referred to as the solid or ordered branch, ending at the close-packed

FCC crystal volume fraction of π/
√

18 ' 0.7405.

2.3 Sample Preparation

In the present experiments we prepare colloidal hard spheres using suspensions

of sterically stabilized PMMA (poly methylmethacrylate) particles suspended in

a mixture of Cis-Decalin and CHB (CycloHeptyl Bromide), (this provides the

best model system for hard spheres) with a volume ratio of 1 : 3 in order to

match closely the density and the index of refraction of the solvent with those

of the particles [3, 17]. The density matching of the particles and the solvent is

needed to avoid sedimentation or creaming of the particles. The refractive index

matching provides a nearly transparent sample making it suitable to visualize
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the individual particles when using an optical microscope. We add an organic

salt TBAB (tetrabutyl ammonium bromide) to the suspension to further screen

any possible residual charges. The density matching is very sensitive to the

temperature; the thermal expansion coefficient of the solvent exceeds that of

PMMA by about a factor of ten. Therefore, a decalin-CHB mixture of a given

composition will match the particle density only in a narrow temperature range

[3]. We exploit this fact to prepare suspensions of different volume fraction by

centrifuging the suspension at a speed of 5000rpm, and at a temperature T > 32C

above the buoyancy matching temperature, i.e. T = 20C, to create a sediment

that has a volume fraction close to the random close packing (φrcp ' 0.64) [3, 18].

We use this as our reference volume fraction. We typically prepare samples in

the range φ = 0.54 − 0.62 to study colloidal crystals and glasses. Finally, to

verify the hard-sphere behavior of the above samples, we allow the system to

crystallize by waiting weeks or months, and measure the crystallization density,

a very sensitive measure for deviations from the hard-sphere behavior; it agrees

to that of true hard spheres within a fraction of a percent.

2.4 Dynamic Light Scattering

Dynamic light scattering (DLS) is a standard technique for measuring particle

sizes. We use it here to determine the average hydrodynamic radius of our

particles. Dynamic light scattering probes the Brownian motion of suspended

particles in solution. The particles diffuse in the solvent with diffusion constants

that depend on the size of particles. The light intensity scattered from particles

will fluctuate in time as a result of the particle diffusion [4]. As light scatters

from the moving particles, this motion imparts a randomness to the phase of the

scattered light, such that when the scattered light from two or more particles is

added together, there will be a changing destructive or constructive interference.

This gives rise to time-dependent fluctuations in the intensity of the scattered

light, known as ’speckle patterns’ [2, 19]. The fluctuations are quantified by the

intensity autocorrelation function [19–21]:

< I(q, t)I(q, 0) >= lim
T→∞

1

T

∫ T

0

I(q, τ)I(q, τ + t)dτ, (2.6)
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Figure 2.6: Schematic configuration of the light scattering setup [2].

where q is the scattering wave vector, I(q, 0) and I(q, t) are the scattered intensity

at time 0 and t, respectively. The brackets denote an ensemble average. The

scattering wave vector is directly related to the laser wave length λ and scattering

angle θ as:

q = (4π/λ) sin(θ/2). (2.7)

A sketch of the light scattering setup is shown in fig. 2.6 [2].

In DLS measurements, the time fluctuations of the scattered intensity are sent

into a correlator that calculates the normalized intensity correlation function in

real time as:

g1(q, t) =
< I(q, 0)I(q, t) >

< I(q) >2
, (2.8)

where < I(q) >2 indicates the ensemble averaged scattered intensity. For simple

diffusion of the particles, this correlation function decays exponentially with time

as [2, 19]

g1(q, t) = exp(−2Dq2t), (2.9)

where D is the diffusion coefficient. The hydrodynamic radius R of the particles

is determined directly from the diffusion coefficient using the Stokes-Einstein

relation (eq. 2.3) as

R =
kBT

6πηsD
, (2.10)

with ηs the viscosity of the solvent.

32



Experimental Techniques

Figure 2.7: Left: Principle of a confocal microscope. The rays that are not
emanating from the focal plane are eliminated by the pinhole aperture [3].

Right: Confocal microscope set up used for the present measurements.

2.5 Confocal Microscopy

2.5.1 Optical microscope

Optical microscopy also referred to as the “light microscopy” uses visible light and

a system of lenses to magnify images of smaller objects which will be otherwise

invisible to the naked eye. Microscopy started with the simple experiments of two

Dutch spectacle makers, Zaccharias Janssen and his father Hans in about 1590.

The modern optical microscope has evolved through the contributions of various

scientists like Galileo Galilei, Antoni van Leeuwenhoek and Robert Hooke in the

seventeenth century [3]. Today it has become a powerful visualization tool in the

domain of micron and submicron length scales for a wide variety of disciplines like

biology, nanophysics and micro-electronics. Nevertheless, visualizing deep inside

a sample like biological tissues or dense colloidal suspensions remains difficult

using conventional optical microscopes due to multiple scattering events leading

to blurred images [3]. These issues were first addressed by Marvin Minksky in

1950s which provides the basic foundation of confocal microscopy as elaborated

in the section below.
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Figure 2.8: Resolution of microscope. (a) The airy disc of a single particle.
(b) The overlapping airy discs of two closely spaced particles and (c) Rayleigh

limit for identifying two particles as different objects [4].

2.5.2 Laser Scanning Confocal Microscopy

In order to image in three dimensions, Marvin Minksky proposed a two-fold

solution - point by point illumination of the sample to minimize aberrant rays of

scattered light, as well as introduction of a pinhole aperture in the image plane

eliminating all those rays emitted other than from the focal plane, thus creating a

better quality image than wide field imaging where the whole object is illuminated

at the same time, fig. 2.7. The light rays emerging from the pinhole are finally

measured by a detector such as a photomultiplier tube or avalanche photodiode.

Constructing the image of the whole specimen in 2D or 3D requires scanning

over a regular raster in the specimen. While the first confocal microscopes used

a translating stage, modern day confocal microscopes use lasers as light sources

and scan it across the sample to visualize each point inside it; this is called Laser

Scanning Confocal Microscopy (LSCM) [22, 23]. In the present study we use a

LSCM (Carl Zeiss, LSM5) with a high speed line scanning technique to obtain

images of the fluorescent colloidal samples under study. The use of fluorescent

particles further gives higher contrast as a filter blocks everything except the

fluorescence emission wavelength [3].
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2.5.3 Resolution

The resolution of any optical system is the ability to clearly distinguish two sep-

arate points, or objects, as singular, distinct entities. In a confocal microscope,

the image of a point-like source is a three dimensional pattern known as point

spread function (psf) due to the diffraction through the circular aperture (pin-

hole). The transverse cross-section of the psf on the image plane is an Airy disc,

fig. 2.8(a), whose size depends on the numerical aperture of the objective lens as

well as on the wavelength of the light source. Generally, two closely spaced lumi-

nous points in the sample plane result in overlapping discs leading to an intensity

distribution with two peaks as shown in fig. 2.8(b). A minimum separation is

required between the discs to create a reasonable ’dip’ in between, for the peaks

to be resolved -this sets the maximum resolution of the microscope [3]. Following

the Rayleigh criteria, this separation is the full width half maximum (FWHM),

FWHM of the airy disc (when the first minimum of an airy disc aligns with

the central maximum of the second one) leading to a dip of roughly about 26%,

fig. 2.8(c). For the optical setup of most commercially available confocal micro-

scopes this separation in the lateral direction is about 200nm. It is important to

note that the precision of determining the position of an imaged object is differ-

ent from the above discussed resolution. The position of an isolated fluorescent

point-like source corresponds to the ’center of mass’ of its spatially extended airy

disc image. If the disc is about N pixels wide and each pixel is M micrometers

across, the center of the disc can be estimated to Y ∼ M/N accuracy, which

is higher than the optical resolution. In the present study this uncertainty in

detecting the position of a fluorescent particle is close to ∼ 25nm [3].

2.5.4 Data acquisition

We image the colloidal particles using an objective that has a magnification of

63x and a numerical aperture of 1.4. The Zeiss LSM 5 microscope uses a line

scanner to illuminate a section of the sample line by line, at a maximum of 120

frames per second (fps). The depth of the focal plane, Z, is controlled by a

piezo-element mounted on the objective of the microscope [3]. For 3D imaging, a

z-stack of 2D images are acquired by rapidly varying the height of the objective

using the piezo and simultaneously taking 2D images at each z. For our 3D
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Figure 2.9: Image processing of confocal images. (a) Raw confocal image
(b) Filtered image (c) Tracked image [4].

measurements, we typically image a 106 × 106 × 70µm3 volume by taking 350

images at a spacing of 0.20µm in the z direction. At a scan speed of 8 fps,

it takes ∼ 45sec to acquire a z-stack. We typically acquire 1 − 2 stacks every

minute to follow the individual particle dynamics. For 2D imaging, we fix the

position of the objective such that its focal plane is, at least, 20µm away from

the boundaries, and acquire a time series of images. Typically, the images are

acquired at a rate of 25 fps to follow the short time dynamics of particles in their

nearest neighbor cages.

2.6 Image Processing and Particle Tracking

To follow the particle dynamics, we use a particle tracking software [24]. The

first step in the particle tracking algorithm is the accurate identification of par-

ticle positions. We determine the particle positions in each frame by using the

most widely used algorithm developed by Crocker and Grier [24], with relevant

software in the public domain [25]. The algorithm identifies the particles based

on the assumptions that they appear as bright spherical spots against a dark

background, and the intensity maxima of the spots correspond to the center of

the particle. Since we have used PMMA particles that are labeled with fluores-

cent dye, they appear as bright spots in the raw images (fig. 2.9(a)) [3, 4]. The

undesired noise in the images is eliminated using a spatial band pass filter, which

removes long wavelength contrast gradients and also short wavelength pixel to

pixel noise (fig. 2.9(b)). The particles are initially identified by locating the local

intensity maxima in the filtered images. The particle coordinates are then refined

to get the positions of the particle centers with sub-pixel resolution down to less
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Figure 2.10: The pair correlation function from our experiments for a (a)
crystal at φ = 0.54 and for a (b) glass at φ = 0.60.

than 1/10 of the pixel size (fig. 2.9(c)) [3]. To follow motion of the particles in

time, we connect particle coordinates together for consecutive snapshots.

We can now use the particles centers for instance to compute the pair correlation

function g(r), which is defined as the probability of finding a particle at a distance

r from a particle at the origin, in a crystal at φ = 0.54 (fig. 2.10(a)) and a

colloidal glass at φ = 0.60 (fig. 2.10(a)) as a check for our image processing,

since there are many theoretical and simulation results for the pair correlation

function for different phases of hard spheres [26, 27]. The peak structure in

the pair correlation function reveals the short-range order in the liquids and the

glasses, and the long-range order in the crystal.
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3

Direct Measurement of the Free

Energy of Aging Hard Sphere

Colloidal Glasses

3.1 Introduction

The nature of the glass transition is one of the most important unsolved problems

in condensed matter physics. The difference between glasses and liquids is be-

lieved to be caused by very large free energy barriers for particle rearrangements;

however so far it has not been possible to confirm this experimentally. The sim-

plest system that has become a paradigm for molecular glasses is a colloidal hard

sphere system in which spheres interact only through an infinite repulsion on con-

tact [1]. The phase behavior of such hard sphere systems is uniquely governed

by the volume fraction φ [2]: there is a liquid phase for φ < 0.494, a crystalline

phase for φ > 0.545 and coexistence between the two for 0.494 < φ < 0.545. If

crystallization is avoided, for 0.545 < φ < 0.58 the system is a supercooled liquid

whereas for φ > 0.58 the dynamics of the system becomes so slow that it is a

glass [3–10]. Because of the absence of interaction energies, the phase behavior

of hard sphere systems is dictated only by entropic contributions, implying that

the statistical geometry provides a direct route to study the thermodynamics of

the system [11]. The usual way to do this is to determine the available volume,
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Figure 3.1: Schematic view of the available volume. Available volume is
defined as the volume available to insert an additional sphere into the system
which is shown by union of the cavities (dashed regions). Bright areas around
the spheres represents the excluding volumes with the size twice of the spheres.

i.e. the volume available to insert an additional sphere into the system (see figure

3.1); there are exact relations (see section 1.1.2) that relate the available volume

to the thermodynamics of the system [12, 13]. This method was successfully ap-

plied to colloidal liquids, but is unfortunately not applicable to glasses, because

the cavities become extremely small at high densities and so the determination

of the available volume becomes prohibitively difficult [13].

An alternative method relies on the use of the related free volume [14, 15], the

volume over which the center of sphere can move when all other particles are held

fixed (fig. 3.2). Unlike the available volume, the free volume is a local quantity

that can be obtained for each individual spherical particle (fig. 3.2). Since

the free volume is typically much larger, it can be measured with much greater

accuracy. In this chapter, we apply the free volume method to measure the free

energy of a colloidal glass. We provide the first quantitative determination of the

free energy for an aging hard sphere colloidal glass. The configurational entropy

of a hard sphere system uniquely defines the free energy; we obtain the latter

by determining the free volume of each particle from 3D confocal images of the

position of 250,000 particles in the glassy system. The determination of the free

energy allows for a number of new insights in the glass transition, notably the

quantification of the strong spatial and temporal heterogeneity in the free energy.

A study of the local minima of the free energy reveals that the observed variations

are directly related to the rearrangements of the particles. Our main finding is

that the probability of particle rearrangements shows a power law dependence
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Figure 3.2: Schematic view of the free volume. Free volume is defined as
the volume over which center of a sphere can move when all other particles
are held fixed. Unlike the available volume, the free volume is a local quantity
and can be obtained for each individual sphere. Dashed region on the right
shows the free volume for the given sphere in left. Bright areas around the
spheres represents the excluding volumes with the size twice of the spheres.

on the free energy changes associated with the rearrangements, similarly to the

Gutenberg-Richter law in seismology.

3.2 Experiments

We determine vf experimentally in a colloidal hard sphere system; We use

sterically stabilized fluorescent poly-methylmethacrylate (PMMA) particles sus-

pended in a refractive index and density matched mixture of cis-decalin and

cycloheptyl bromide (CHB) which is the best model system for hard spheres

[16]. Our particles have a diameter σ = 1.5µm and polydispersity ' 7% to pre-

vent crystallization for the glassy samples. The crystal is obtained in a second

system with σ = 1.7µm and polydispersity ' 4%. In both systems an organic

salt, tetrabutylammoniumbromide (TBAB), is used to screen any possible resid-

ual charges. Suspensions at volume fractions between 0.54 and 0.62 are prepared

by diluting sediments that are centrifuged to random close packing (φrcp ' 0.64).

There are some uncertainties in determining the random close packing and so in

the volume fraction however, this is one of the most accurate methods to obtain

different volume fractions; for a discussion on the accuracy of this procedure, see

Ref. [17]. To initialize the glassy samples we insert a small stirring bar into the

chamber of each sample to stir and have a reproducible initial state for the sam-

ple at the start of the experiments. The stirrer bars were covered with glass in
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Figure 3.3: Typical images of the confocal microscope and a part of the
3D reconstruction of the particle positions. Left: Crystal at φ = 0.54, Right:

Glass at φ = 0.60.

order to avoid any chemical interaction with the CHB or decalin. The subsequent

particle dynamics is very reproducible after this stirring. Within several minutes

of ending the stirring, slow transient flows within the whole sample persist, which

shows that mixing was efficient: The sample is fully ‘liquefied’. The initial time

t = 0 is defined as the beginning of the measurements that we start 20 minutes

after ending the stirring. Using a fast confocal microscope (Zeiss LSM live) we

acquire 3D images of the system in a 105µm× 105µm× 80µm volume (fig. 3.3).

The accuracy in finding the particle’s positions is 0.03µm in the horizontal and

0.05µm in the vertical direction.

3.3 Method and Analysis

We apply the free volume method to measure the free energy of a colloidal glass.

In this approach the system is divided intoN cells constructed around the particle

positions; In terms of the free volume, the free energy in Ref. [18] for a given

configuration of the particles then reads:

Fα '
N∑
i=1

ε(nαi )− kBT [ln
vf (n

α
i )

λ3
− lnP (nαi )], (3.1)
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Figure 3.4: Schematic view of the Voronoi volume. A Voronoi tessellation
divides the space into distinct, non-overlapping convex polyhedra which sur-
round each point. The Voronoi volume is given by the polyhedron around the
center of a sphere ’i’ consisting of the region of space closer to ’i’ than the

center of all the other spheres.

with nαi a set of parameters which carry the complete information about the

geometry and topology of cells, ε(nαi ) the energy contribution from a particle in

the cell Cα
i ; this term goes to zero for a hard sphere system. vf (n

α
i ) denotes the

free volume associated with the cell Cα
i , and P (nαi ) the probability of finding cell

i occupied. λ = (h2/2πmkBT )1/2 is the thermal wavelength. Here we apply this

method to our experimental hard sphere system and measure the free energy for

hard sphere glass and crystal. For the case of hard spheres, the most convenient

choice for the cells is the Voronoi cells [19] which are all singly occupied, therefore

P (nαi ) = 1; A Voronoi tessellation divides the space into distinct, non-overlapping

convex polyhedra which surround each point [19]. The Voronoi volume is given

by the polyhedron around the center of a sphere ’i’ consisting of the region of

space closer to ’i’ than the center of all the other spheres (fig. 3.4). The free

energy of a hard sphere system for a given configuration of the particles can be

expressed directly in terms of only the free volume as [18]:

F ' −kBT
N∑
i=1

ln(
vfi
λ3

), (3.2)

in which vfi is the free volume for particle ’i’ in its Voronoi cell; this form supposes

there are no interactions other than hard sphere. We note that, for a perfect

crystalline system in which all the particles have a same free volume, equation

3.2 reads F ' −NkBT ln (
vf
λ3

) which is identical with eq. 1.9 in chapter 1: the

free energy for a perfect hard sphere crystal obtained from the cell theory.
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Figure 3.5: (a) Distribution of the Voronoi volumes for the crystal and the
glass at φ = 0.60 from our experiments. Distribution of the Voronoi volumes
for the particles in the crystal is much sharper than in the disordered system.
(b) Histogram of the Voronoi volumes for hard sphere glasses obtained from
experiments in Ref. [20]. (c) Distribution of the Voronoi volumes for hard

disks obtained from simulations in Ref. [22].

We note that, in the hard sphere model there should be a kinetic energy contri-

bution to the free energy however, a simple calculation shows that the entropy

contribution to the free energy, TS ∼ 10−21J , is larger than kinetic energy contri-

bution, mv2/2 ∼ 10−29J , by several orders of magnitude. Therefore, the internal

energy for hard sphere systems identically vanishes and consequently the free

energy is simply the negative of the entropy.

3.4 Results

From the confocal images, we find the positions of ' 2.5×105 individual particles

in three dimensions (fig. 3.3). We do so for both disordered (liquid, glass) and

ordered (crystalline) systems. Using the positions of particles, we generate a

Voronoi tessellation. We find that the Voronoi volumes in the crystal are almost

the same for all the particles, leading to a much sharper distribution of the

Voronoi volumes for the crystal compared to that of the glass (fig. 3.5). In

addition, the measured distribution for the Voronoi volumes (fig. 3.5(a)) agrees

very well with both experiments and simulations (fig. 3.5(b),3.5(c)) [20–22].

The free volume is defined as the volume over which the center of sphere can

move when all other particles are fixed. Using the position of particles, we can

then calculate the free volume for each particle which is assumed to be confined

to its Voronoi cell. Following Ref. [18] and consistent with Ref. [23, 24], the free

volume associated with a Voronoi cell is defined as the volume of a smaller cell
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Figure 3.6: Schematic view of the free volume for a particle associated to
its Voronoi cell. The free volume associated with a Voronoi cell is defined as
the volume of a smaller cell (green) generated from the Voronoi cell (orange)
by moving the faces normally inside of a distance σ/2, where σ is the particle

diameter.

generated from the Voronoi cell by moving the faces normally inside of a distance

σ/2, where σ is the particle diameter (see fig. 3.6). It should be noted that the

assumption of considering that the particles are confined in cells is valid only at

high densities where the particles are so densely packed that no rearrangements

happen on the time scale of obtaining the configuration.

The observed distribution for the free volumes in the crystals is consistent with

a Gaussian distribution (fig. 3.7(a)). For the glass however, the observed distri-

bution for the free volumes shows an exponential tail (fig. 3.7(b)) in line with

random nature of the glassy state. For the same volume fraction, the average

free volume for particles in the glass is much smaller than that in the crystal

(fig. 3.7(a),3.7(b)), leading to a larger free energy for the glass; this is of course

expected, because the crystal is the thermodynamically stable phase. The fact

that the probability distribution of the free volumes is non-zero at zero free vol-

ume for volume fraction φ = 0.60 when random close packing has not yet been

reached, implies that the system is highly dense such that some particles are in

full contact with their surrounding neighbors, which leads to zero free volume for

these particles.

The colloidal crystal is used as a reference system for our measurements since

there are other very accurate methods to determine the free energy for ordered

systems [25, 26]. We find that the measured free energies for the hard sphere
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Figure 3.7: Distribution of the free volumes at φ = 0.54 and φ = 0.60. The
observed distribution for the free volumes in the crystals (left) is consistent
with a Gaussian distribution (solid line on left). For the glass however, the
observed distribution for the free volumes (right) shows an exponential tail
(solid line on right). For the same volume fraction, the average free volume
for particles in the glass is much smaller than that in the crystal. Increasing

the volume fraction, the free volume shifts to lower values.

crystal are in excellent agreement with the Hall equation of state (dashed curve

in fig. 3.8). On the other hand, the free energy for the disordered system for

volume fractions up to the glass transition are found to be in good agreement

with the standard Carnahan-Starling equation of state (fig. 3.8) which is known

to be very accurate for the liquid phase of the hard sphere systems [27]. The

free energy results of Dullens et al. [13], who were only able to measure the free

energy for φ < 0.40 because they were using the available volume method, also

agree with the Carnahan-Starling results.

This method then allows, for the first time, to investigate the free energy and its

variations as function of both space and time for a glass. In fig. 3.9 we show that,

while the free energy of the crystal is constant as expected for an equilibrium

system, it decreases significantly over a long time in disordered systems, signaling

aging of the system [28–31]. This is what is commonly assumed for the time

evolution of non-equilibrium glassy systems, but we are the first to observe the

temporal free energy decrease experimentally. For hard sphere colloids it is well

known that aging can be observed on similar time scales in e.g. the correlation

function of the particle displacements [32, 33].

To check the effect of the particles size distribution on the calculated free energy,

we add size polydispersity into the crystal as well as the glass artificially: A

polydispersity of 7% distributed randomly in the glass decreases the free energy
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Figure 3.8: The free energy density F/V in units of kBT/µm
3 as a function

of the volume fraction. Circles denote our free energy results for the crystal at
volume fractions 0.54, 0.56, 0.58, 0.60 and 0.62 that agree with the Hall [25] free
energy (dashed curve). Stars show the free energy measured for the disordered
systems at volume fractions 0.54, 0.56, 0.58, 0.60 and 0.62 at the beginning
of the measurements while squares indicate the measured free energy after
5 days. The results agree rather well with the standard Carnahan-Starling
[27] free energy (solid curve). Crosses are the measurements of Dullens et
al. [13] which are also compared to the Carnahan-Starling result. Note that
fluctuations in our method of measuring the free energy are much smaller than
the difference between the free energies of ordered and disordered systems and

the free energy decreases that we consider here.

Figure 3.9: Time evolution of the free energy. Free energy per particle is
plotted versus time: Crystal (lower part) and disordered system (upper part)
at different volume factions. ’D’ stands for disordered and ’C’ for crystal. The
free energy of the crystal is constant as expected for an equilibrium system, it
decreases significantly over a long time in disordered systems, signaling aging

of the system.
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Figure 3.10: Aging of disordered systems. Free energy per particle is plotted
versus time for φ = 0.54 (brown) and φ = 0.58 (black). The noise shows the
effect of the local minima of the free energy. Note that the data in fig. 3.9

corresponds to the very beginning of these curves.

by 6% while a polydispersity of 4% randomly distributed in the crystal increases

the free energy by an amount of 4%. This is much smaller than the typical

fluctuations in the free energy and the difference between ordered and disordered

systems that we consider here.

To see whether there is a clear signature of glassy behavior, we measure the free

energy for several days for a disordered system with φ = 0.54 and for φ = 0.58,

which are commonly believed to be a supercooled liquid and a glass (fig. 3.10)

[3]. In the supercooled liquid the free energy saturates to a horizontal plateau.

For the glassy system at φ = 0.58, after the quench into the glassy phase, the

free energy evolves very slowly and indeed the glass never equilibrates on the

experimental time scale (fig. 3.10), in perfect agreement with the usual assertion

that the system becomes glassy around φ = 0.58 [3]. We also observe rather large

fluctuations in the time dependence of free energy suggesting that every now and

then the system becomes trapped in local free energy minima (fig. 3.10), as is

also expected for a glass [31, 34, 35].

To look at the aging in more detail, we investigate small subsystems, so that the

fluctuations are more pronounced. We calculate the free energy for many small

boxes, each containing around 60 particles, in the colloidal glass at φ = 0.60

(fig. 3.11). The free energy of the glass is found to be very heterogeneous: The

free energy varies strongly with the position of the box, e.g. the free energy may

change about 20%, or more than 1kBT per particle from one region to another at
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Figure 3.11: Heterogeneity in the free energy distribution in a glass at φ =
0.60 at time (a) t = 0 and at (b) t = 82min. The color code shows the free
energy per particle. The background indicates the free energy calculated for
the whole system. (c) The free energy per particle versus time in one of the

boxes.

any given time. Figure 3.11 shows that the free energy changes very significantly

also in time in the boxes.

We are now in the position to address the central question about glassy dynam-

ics, namely how the aging of the free energy is related to the rearrangements

of particles. To investigate this, we computed the number of changed nearest

neighbors for each pairs, located in regions that contain around 200 particles,

from the Voronoi decomposition [36]. Comparing the neighbors of all the parti-

cles after each time step allows us to detect rearrangements as events for which a

certain number of neighbors change between two time steps (fig. 3.12). We find

that the probability of occurrence of a neighbor changing event decreases expo-

nentially with the magnitude of the event, i.e. the number of changed neighbors.

If we take ∆F to be the absolute value of the free energy difference between

two consecutive snapshots (see fig. 3.13) averaged over events with the same

number of changed neighbor pairs, we find that the number of events obeys a

power law scaling in terms of the free energy changes with a power ' −1.2±0.15
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Figure 3.12: Probability distribution of neighbor changing events. The num-
ber of events decreases exponentially with the number of changed neighbors
in the event. The solid curve is an exponential fit. The number of changed
nearest neighbors shows a logarithmic behavior in terms of the free energy

changes (inset).

Figure 3.13: ∆F is defined as the absolute value of the free energy difference
between two consecutive snapshots.

(fig. 3.14). Surprisingly this is analogous to the Gutenberg-Richter law [37] in

seismology where the probability for large earthquakes to happen decreases ex-

ponentially with the magnitude of the earthquakes, the latter being logarithmic

in terms of the released energy; in this case number of events is a power law in

terms of the released energy with a power ' −1± 0.4 [38].
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Figure 3.14: The number of events over a given time period varies as a power
law with the free energy change associated with the events (left) similarly, to

the Gutenberg-Richter law in seismology (right).

3.5 Summary

In summary, we present the first measurements of the free energy of a glassy

system. The concept of the free energy landscape and its deep minima is central

in our current theoretical understanding of glassy systems. However, a direct

measurement was so far not possible but has been achieved here. The determi-

nation of the free energy reveals the strong spatial and temporal heterogeneity of

the free energy and its link to the slow structural relaxation that is the hallmark

of glassy behavior. We find that similar to the Gutenberg-Richter law in seismol-

ogy, the probability of particle rearrangements shows a power law dependence

on the free energy changes associated with the rearrangements.

53



Chapter 3

References

[1] W. Goetze, Liquids, Freezing, and Glass Transition, Part I, edited by J. P.

Hansen, D. Levesque, and J. Zinn-Justin (North-Holland, Amsterdam, 1991).

[2] P. N. Pusey and W. van Megen, Nature 320, 340 (1986).

[3] P. G. Debenedetti and F. H. Stillinger, Nature 410, 259 (2001).

[4] W. K. Kegel and A. van Blaaderen, Science 287, 290 (2000).

[5] E. R. Weeks, J. C. Crocker, A. C. Levitt, A. Schofield, and D. A. Weitz,

Science 287, 627 (2000).

[6] O. Dauchot, G. Marty, and G. Biroli, Phys. Rev. Lett. 95, 265701 (2005).

[7] L. Berthier, G. Biroli, J.-P. Bouchaud, L. Cipelletti, D. El. Masri, D. L’Hote,

F. Ladieu, and M. Pierno, Science 310, 1797 (2005).

[8] L. Berthier, G. Biroli, J.-P. Bouchaud, W. Kob, K. Miyazaki, and D. R.

Reichman, J. Chem. Phys. 126, 184503 (2007).

[9] T. Kawasaki and H. Tanaka, J. Phys.: Condens. Matter 22, 232102 (2010).

[10] S. Jabbari-Farouji, R. Zargar, G. H. Wegdam, and D. Bonn, Soft Matter 8,

5507 (2012).

[11] R. J. Speedy, J. Chem. Soc. Faraday Trans. 2 76, 693 (1980).

[12] S. Sastry, T. M. Truskett, P. G. Debendetti, S. Torquato, and F. H. Still-

inger, Molecular Phys. 95, 289 (1998).

[13] R. P. A. Dullens, D. G. A. L. Aarts, and W. K. Kegel, Proc. Natl. Acad.

Sci. U.S.A. 103, 529 (2006).

[14] R. J. Bouehler, R. H. Wentorf, J. O. Hirsci-Welder, and C. F. Courtiss, J.

Chem. Phys. 19, 61 (1951).

[15] M. H. Cohen and D. Turnbull, J. Chem. Phys. 31, 1164 (1959).

[16] C. P. Royall, W. C. K. Poon, and E. R. Weeks, Soft Matter 9, 17 (2013).

[17] W. C. K. Poon, E. R. Weeks, and C. P. Royall, Soft Matter 8, 21 (2012).

54



Direct Measurement of the Free Energy of Aging Hard Sphere Colloidal Glasses

[18] T. Aste and A. Coniglio, Europhys. Lett. 67, 165 (2004).

[19] G. F. Voronoi, Journal für die reine und angewandte Mathematik 134, 198

(1908).

[20] A. van Blaaderen, and P. Wiltzius, Science 270, l (1995).

[21] F. W. Starr, S. Sastry, J. F. Douglas, and S. C. Glotzer, Phys. Rev. Lett.

89, 125501 (2002).

[22] V. S. Kumar and V. Kumaran, J. Chem. Phys. 123, 114501 (2005).

[23] T. Hill, Statistical Mechanics (Mc Graw-Hill, New York) 1956, Chap. 8.

[24] W. W. Wood, J. Chem. Phys. 20, 1134 (1952).

[25] K. R. Hall, J. Chem. Phys. 57, 2252 (1972).

[26] M. A. Rutgers, J. H. Dunsmuir, J. -Z. Xue, W. B. Russel, and P. M. Chaikin,

Phys. Rev. E 53, 5043 (1996).

[27] N. F. Carnahan and K. E. Starling, J. Chem. Phys. 51, 635 (1969).

[28] D. Bonn, S. Tanse, B. Abou, and H. Tanaka, J. Meunier, Phys. Rev. Lett.

89, 015701 (2002).

[29] N. B. Simeonova and W. K. Kegel, Phys. Rev. Lett. 93, 035701 (2004).

[30] S. Jabbari-Farouji, D. Mizuno, M. Atakhorrami, F. C. MacKintosh, C. F.

Schmidt, E. Eiser, G. H. Wegdam, and D. Bonn, Phys. Rev. Lett. 98, 108302

(2007).

[31] L. Berthier and G. Biroli, Rev. Modern Phys. 83, 587 (2011).

[32] R. E. Courtland and E. R. Weeks, J. Phys. Cond. Matter 15, S359 (2003).

[33] G. C. Cianci, R. E. Courtland, and E. R. Weeks, Solid State Communica-

tions 139, 599 (2006).

[34] C. Dasgupta and O. T. Valls, Phys. Rev. E 59, 3123 (1999).

[35] G. Parisi and F. Zamponi, Rev. Modern Phys. 82, 789 (2010).

[36] V. Chikkadi, G. H. Wegdam, D. Bonn, B. Nienhuis, and P. Schall, Phys.

Rev. Lett. 107, 198303 (2011).

55



Chapter 3

[37] B. Gutenberg and C. F. Richter, Geol. Soc. Am., Spec. Pap. 34, 1 (1941).

[38] T. Utsu, Pure Appl. Geophys. 155, 509 (1999).

56



4

Disorder and the Boson Peak in

Hard Sphere Colloidal Systems

4.1 Introduction

The vibrational density of states (DOS) and the normal modes of solids provide

a direct route to study its thermodynamics and mechanical properties [1]. In

perfect crystalline solids, because of their long range order, vibrational states are

well understood as plane-wave phonon modes [2–5]. However, for more disordered

systems the nature of vibrations remains elusive [6]. Structurally disordered

systems such as liquids, glasses and amorphous materials exhibit a number of

peculiar properties that are anomalous compared to those of the crystals [6–11].

These properties include anomalous acoustic behavior, a peak in the temperature

dependence of the specific heat Cp/T
3, and a Boson peak observed in inelastic

scattering of light or neutrons [6–11]. These suggest the existence of an excess

vibrational density of states over and above the predictions of the Debye model:

at the maximum in Cp/T
3, the vibrational density of states, D(ω), scaled with

the DOS of a perfect crystal, goes through a maximum which is called the ’Boson

peak’ [12–17]. The relation between the Boson peak and the disorder remains

a topic that is hotly debated [18, 19]; it seems clear that there is some relation

between the two, but a direct link between the Boson peak and structural disorder

in glassy systems has been difficult to demonstrate, as recently reviewed e.g. by
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Wyart et al. [20, 21]. Consequently, the physical origin of the Boson peak has

remained a serious puzzle in condensed matter physics [12–17, 20, 21, 42].

In this chapter, we study the effects of structural disorder on the vibrational

modes and the thermodynamics of colloidal hard spheres. This system, as we

will show below, allows us to determine both the DOS and the thermodynamic

properties of the glassy and crystalline states, and to provide a direct comparison

between the two states of matter. We apply the covariance matrix analysis

[7, 23, 24] to determine the density of states and the normal modes of vibrations

from the particle displacements for a nearly perfect crystal, crystals with different

amounts of defects, and for completely disordered systems (glasses). We find

that there is a strong enhancement of the low frequency modes in the DOS

for glasses which is signaling the Boson peak; however, no significant excess of

modes is observed for very defected crystals, regardless of the amount of disorder

(crystalline defects) present. Using a novel method [25] to determine the free

energy, we also experimentally determine the entropy, which is a measure of

the specific heat at constant temperature, for several hard sphere systems with

different amounts of disorder. We show that while the specific heat increases

gradually with increasing amount of disorder for crystals, it shows a discontinuous

jump between a very defected crystal and a glass, as does the intensity of the

Boson peak. These observations confirm independently that the Boson peak is

an intrinsic property of glassy systems that is uniquely due to their vibrational

entropy and is not directly related to structural defects, as the fraction of particles

with local six-fold symmetry in the very defected crystal is only slightly larger

than that of the glassy system.

4.2 Experiments

Fast confocal microscopy allows us to determine the structure and dynamics

of fluorescently labeled colloids that are subject to thermal agitation. We use

sterically stabilized fluorescent poly-methylmethacrylate particles suspended in

a refractive index and density matched mixture of cis-decalin and cycloheptyl

bromide which are the best model system for hard spheres [26]. The particles

have a diameter σ = 1.7µm and polydispersity ' 4%. The disordered system

is obtained in a second system with σ = 1.5µm and polydispersity ' 7% to
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prevent crystallization. In both systems an organic salt, tetrabutylammonium

bromide, is used to screen any possible residual charges. For the DOS, we acquire

sequences of 2D images on a 3D system; this allows us to follow the dynamics of

the individual particles. Note that, following the vibrations of particles in a full

three-dimensional system requires an extremely fast scanning microscopy which is

not feasible with the current equipment even for small three-dimensional systems.

To understand what is the effect of choosing a 2D slice of a 3D system, previously

the density of states for a two-dimensional slice of a 3D system and for a three-

dimensional system was studied by performing extensive simulations [7, 8]; it was

shown that the low frequency part of the two spectra have a qualitatively similar

behavior: the signature of the presence of the soft modes is present both in the

full 3D system, and in its 2D cut. Our entire crystal is polycrystalline, allowing to

perform the measurements on perfect and defected crystals on the same sample

but at different regions that are characterized by a different defect density [27].

Figure 4.1 shows a 2D configuration of the particles for a nearly perfect crystal,

crystals with three different amounts of disorder and for a supercooled liquid;

crystals are more and more defected going from (a) to (d).

The 2D slices are taken in a field of view 105µm × 105µm and at a distance of

25−30µm away from the coverslip, deep enough to avoid the effects of the bound-

ary. Effects of the boundary on the structure and the dynamics of hard spheres

have been studied extensively [28, 29]. We note that hard spheres nucleate with

their hexagonal plane, i.e. the (1, 1, 1) plane of the fcc crystal, perpendicular to

the external boundary and then fill the cell maintaining the same orientation.

The cover slide thus dictates the orientation of the crystal but, at sufficiently long

distances, has no effect on its thermodynamic properties [28]. In other words,

the orientation of crystalline planes is due to its growth history, but at the mea-

surement location (at 25−30µm from the cover plate), the crystal behaves like a

bulk crystal [28], i.e. its vibrational properties are unaffected by the presence of

the wall. For amorphous phases however, the wall effects propagate at most over

the dynamical correlation length, which is less than a few times of the particle

diameter [28, 30, 31].

Acquiring about 5500 images with a rate of 25 frames per second, we follow

positions of about 2600 particles in the 2D confocal plane. The time interval

between consecutive images is 0.04 sec, which is approximately 0.024 and 0.016 of

the Brownian time, τB = ηsd
3/kBT , of the particles in respectively the disordered
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Figure 4.1: Configuration of the particles in a 2D plane. The average position
of the particles are shown for (a) a nearly perfect crystal, (b),(c) imperfect
crystals, (d) for a crystal with a large amounts of disorder, a ’very defected
crystal’ and (e) for a supercooled liquid all at the same volume fraction φ =
0.56. The amounts of disorder increases from (a) to (e). Particles are colored
according to the hexagonal order. A Voronoi tessellation is shown for each

configuration.
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Figure 4.2: The probability density distribution of the bond orientational
parameters for a nearly perfect crystal, crystals with defect, and for liquids.

system and the crystals. ηs is the viscosity of the solvent. For determining the

free energy, we perform full 3D scans of the particle positions, that allow us to

determine the free volumes of a given static configuration.

4.3 Method and Analysis

To quantify the order in our systems, we calculate the bond orientational or-

der parameter,Ψ6 = 1
Nnn

∑Nnn

k exp(6iθjk) in which Nnn is the number of nearest

neighbors and θjk indicates the direction of particle j with respect to its nearest

neighbors k [43]. Figure 4.2 demonstrates the probability density distribution of

Ψ6. We find that for the nearly perfect crystal and the two more imperfect crys-

tals, corresponding respectively to fig. 4.1(a),4.1(b) and 4.1(c), the distribution

shows a high peak at Ψ6 = 1: all the particles are six-fold coordinated. For the

glassy sample, the histogram is broad with Ψ6 < 1 (fig. 4.1(e) and 4.2). The

very defected crystal however, represents both features: a small peak at Ψ6 = 1

and a rather broad distribution for Ψ6 < 1 (fig. 4.1(d) and 4.2) [27].

Following the motion of particles in real time, we obtain all particle positions x =

x(t), y = y(t) as functions of time using standard particle tracking software [33].

Denoting ui(t) the components of the particle displacements from the average

positions along the confocal plane ui(t) = {(xi(t)− < xi >), (yi(t)− < yi >)},
we obtain the displacement correlation matrix (of dimension twice the number
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of particles) as:

Dab =< uµiuνj >, µ, ν = x, y (4.1)

where a, b = 1, 2, ..., 2N matrix index on the left runs both over the particle

indices and the Cartesian components of displacements. The averaging < ... >

has been done over the period of measurement, which is about 220 seconds.

Diagonalizing Dab we obtain the eigenvalues, λa, and the corresponding 2N nor-

mal modes of the system. Results are presented in terms of the mode frequencies

which are related to the eigenvalues as:

ωa =
√

1/λa. (4.2)

We note that the covariance matrix analysis is extensively used to study the vibra-

tional density of states for different systems [4, 7–9, 24, 34]. This method allows

us to gain information on the nature of low frequency modes, but completely

ignores dissipative effects and anharmonicity that are present in the system. On

the other hand, for the dynamical matrix method while both dissipative effects

and anharmonicity are taken into account, all spatial information is lost, which

is not the case for our method. Connecting the two methods is not possible

here: the eigenvalues of the covariance matrix λa with the dimension of length

squared, are related to those of the dynamical matrix ωa with the dimension

of inverse time, as λa = (kBT )/(mω2
a) with kBT the thermal energy, only for

systems with non-dissipative dynamics at equilibrium which is not valid for our

dense hard spheres. Therefore, the combined effects of damping, anharmonicity

and hydrodynamic interactions can alter the frequency scale of the covariance

matrix analysis from the real frequency of the damped anharmonic system. Thus,

ωa are the temporal frequencies the system would have if it were harmonic and

undamped. We note also that it is shown that unless at very close to jamming,

the low frequency modes of the covariance matrix matches those of the Dynam-

ical the matrix in almost all circumstances [24]. Moreover, it is shown that for

a system of hard discs, the low frequency part of the DOS obtained from the

covariance matrix method is in a good agreement with that obtained from the

dynamical matrix even for very low number of frames, so that the statistics are

not very good [24].
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Figure 4.3: The density of states for a nearly perfect crystal, crystals with
three different amounts of disorder, and for a completely disordered system
all at the same volume fraction φ = 0.56. Dashed and dotted lines show
the upper limit of the frequency until which the data is not affected by noise
for respectively crystals and liquid. The DOS of the nearly perfect crystal is

subtracted from all the densities of states (Inset).

4.4 Results

The resulting density of states, D(ω), is shown in fig. 4.3; the DOS is plotted

versus the frequency for a nearly perfect crystal, crystals with three different

amounts of disorder and for a supercooled liquid all at the same volume fraction

φ = 0.56. Since ’hard’ modes are expected to have eigenvalues proportional to

the pressure, we scale out this effect by plotting the density of states in terms of

the scaled frequency ω/p [7, 8, 23, 35]; to do so, we use the Hall [36] equation

of state for the crystal and the Liu [37] equation of state for the supercooled

liquid and glassy phases. We note that, the Carnahan-Starling equation of state

agrees with experiments and simulations for volume fractions below the glass

transition φ < 0.58 [25]. Thus, to be more consistent, we follow [3, 7, 8] and

use the Liu equation of state to rescale the frequency for supercooled liquids and

glasses with φ = 0.54, φ = 0.56, φ = 0.58, φ = 0.60, and φ = 0.62. Scaling

the frequency with the pressure, allows us to compare the DOS for systems

with different amounts of disorder and different volume fractions, since trivial

effects due to the density change are already scaled out. The density of states
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is normalized such that
∫∞
0
D(ω) = 1. It has been established [24] that for high

frequencies the experimental noise becomes important due to the lack of accuracy

in determining individual particle positions. Dashed lines show the limits below

which the frequencies should remain unaffected by noise (fig. 4.3). Figure 4.3

shows that for a given low frequency, the observed density of states for defected

crystals is larger than the DOS for a perfect crystal; the difference increases

with increasing disorder. For the supercooled liquid however, the difference is

much larger than any of the crystal samples (fig. 4.3). We also find that the

DOS shows a shift towards lower frequencies with increasing disorder. The most

striking observation is however the large difference between all crystalline samples

and the supercooled liquid, which shows a large peak at low frequencies [27].

We note that we compare the DOS for (defected) crystal and completely dis-

ordered system at the same volume fraction φ = 0.56, for which the pressure

is pHall = 12.21ρkBT for the crystals and pLiu = 22.97ρkBT for the super-

cooled liquid; ρ is the number density. Scaling the frequency with p changes

the height of the supercooled DOS with respect to the crystal DOS by a factor

of 22.97/12.21 = 1.88. However, this factor is considerably smaller than the

observed difference between the crystal and the disordered system (fig. 4.3).

To investigate the effects of disorder more consistently, we subtract the DOS of

the nearly perfect crystal from all the densities of states (fig. 4.3 inset). The very

existence of the peak in the density of states for supercooled liquid with respect to

that of a perfect crystal implies a strong excess of low-frequency modes. We find

that the excess of low-frequency modes or equivalently, the height of the peak

is very small for defected crystals compared to completely disordered systems

(fig. 4.3 inset), implying that the Boson peak is an intrinsic property of glasses

and does not arise due to structural disorder in crystals [27], in agreement with

theoretical results [21]. Plotting D(ω)/ω and D(ω)/ω2 is a usual way to identify

the Boson peak for respectively a 2D and 3D system. However, it was shown

previously that the density of states for a 2D slice through a 3D system, that we

measure, differs from that for a 2D system [3]: for a 2D slice of a 3D system, it

is shown that the Debye behavior is D(ω) ∼ ω3. To measure the excess of modes

with respect to the corresponding crystal, we subtract the DOS of the nearly

perfect crystal from all the densities of states (see [38] for a similar analysis);

in our system we can be assured that this is (nearly) defect free, as we directly

visualize all the defects.
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Figure 4.4: The density of states for a nearly perfect crystal, two more
imperfect crystals, and for a very defected crystal all at the same volume
fraction φ = 0.56. The small peak at very low frequency disappears with

increasing disorder.

We note that measuring the density of states for a nearly perfect crystal, we

identify a very small peak at very low frequency as well as a clear peak at higher

frequencies (fig. 4.4) which are the vestiges of the van Hoff singularities, although

both peaks and specially the first one are rounded due to e.g. size polydispersity

of particles, uncertainties in finding particle positions and the limitation due to

the finite number of frames. The first peak disappears with increasing amounts of

disorder; for a more detailed discussion see section 4.5. Since the peak is present

for the nearly perfect crystal, and we scale the DOS with respect to that, the

absence of the peak leads to the dip in the inset in fig. 4.3 for the imperfect and

very defected crystals.

We proceed by investigating the disorder dependence of the Boson peak in more

detail (fig. 4.5). For each system we quantify the disorder exploiting two quan-

tities: 1) the bond order parameter and 2) the number of nearest neighbors; a

particle is considered as a defect if the former is less than 0.95 or the latter differs

from six, the expected value for a 2D crystalline lattice. Disorder is then defined

as the fraction of defected particles relative to the total number of particles, i.e.

it is zero for a perfect crystal and one for a completely disordered system. For

our experimental system, the disorder is 0.14 for the nearly perfect crystal, 0.35,

0.55 for the two more imperfect crystals, 0.86 for the very defected crystal and
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Figure 4.5: Height of the Boson peak (Y-axis at left) is plotted versus the
scaled amount of disorder for a nearly perfect crystal, crystals with three dif-
ferent amounts of disorder and for a supercooled liquid all at the same volume
fraction φ = 0.56 (squares). The entropy per particle, which is indeed a mea-
sure of the specific heat for a system of hard spheres at constant temperature,
in units of kB (Y-axis at right) is plotted versus the scaled amount of disorder
for a nearly perfect crystal, crystals with four different amounts of disorder
and for two supercooled liquids all at the same volume fraction φ = 0.56 (cir-
cles). Disorders are scaled with respect to that in the nearly perfect crystal
for both. Dotted line shows the difference between the entropy of a crystal

and a liquid calculated in [25]. Dashed curve is plotted as a guide for eye.

0.99 for the completely disordered system. We therefore find that, although the

amount of disorder in a supercooled liquid is only slightly larger than that for a

very defected crystals, the height of the Boson peak for the former is significantly

larger (fig. 4.5). This unambiguously shows, for the first time, that the Boson

peak is not directly related to the disorder, but rather to the nature of the glassy

state.

A unique feature of hard sphere colloids is that due to the absence of interactions,

the free energy can be obtained directly from the configuration of the particles

[25, 39]. To study the effects of disorder on the thermodynamics, we measure the

entropy for several 3D subsystems with different amounts of defects [25]; each

subsystem that we measure contains around 2500 particles. We calculate the free

energy F , from which the entropy follows directly as −F/T . We determine the

free volume for each individual particle; once the free volume is known, the free

energy can be obtained directly from the cell model [25], as explained extensively
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Figure 4.6: Density of states for a nearly perfect crystal, two imperfect
crystals and several very defected crystals.

in Chapter 3. Note that, for a system of hard spheres at constant temperature

T , any changes in the entropy indicates a change in the specific heat according

to: S(T ) =
∫
Cp(T )dT

T
. The results are shown in fig. 4.5 where the entropy is

plotted versus the disorder. Interestingly, we find that, similarly to the height of

the Boson peak, the specific heat for crystals increases gradually with increasing

disorder and shows a significant jump between a very defected crystal and a

supercooled liquid (fig. 4.5). We observe again that while the difference in the

amount of disorder for the very defected crystal and the supercooled liquid is

very small, the difference between their measured entropy is very large, implying

that the thermodynamic first order phase transition between crystal and liquid

is not much affected by the disorder [27]. The transition between crystal and

liquid therefore remains as a first order, even if the crystal is strongly disordered.

This observation confirms once again that the Boson peak is a property of liquid-

like phase that is uniquely due to its vibrational entropy and is not related to

structural disorder in crystals.

To check whether the DOS for a very defected crystal represents more crystalline

features or is more liquidlike, we measure the density of states for several crys-

tals with a large amount of defect, i.e. with the wide distribution of the Ψ6,

lies between crystal and liquid, (e.g. Figs. 4.1(d) and 4.2); we find that for
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all very defected crystals, the observed DOS stays much closer to that of the

perfect crystal and far below the DOS for the liquids (see fig. 4.6), implying

that there is a discontinuous jump between the vibrational density of states for

a very defected crystal and that of a supercooled liquid or a glass [27]. This hap-

pens in spite of the observation that the fraction of particles with local six-fold

symmetry in the very defected crystals is only slightly larger than in a glassy

system. This indicates again the transition between crystal and liquid remains

first order, even if the crystal is strongly disordered. It should be noted that for

non-overdamped systems the density of states obtained from different regions of

the same sample do not differ significantly from each other, since the DOS re-

ports the vibrational properties of the whole sample. However, since our colloidal

system is an overdamped system, the vibrational state inferred from each image

is basically independent from each other.

We note that R. Mari et al. [23] showed that a crystal defected by a very small

polydispersity of 0.003%, has a spectrum of soft modes similar to an amorphous

system at p =∞ where the system is isostatic. This can be understood since the

sharp effect of polydispersity is a very sharp and singular limit of the system at

p = ∞. However, the p = ∞ condition does definitely not apply to our system

and so its consequences.

We now explore the effects of disorder on the normal modes of the crystalline

systems. Figure 4.7(a)-4.7(d) shows the spatial distribution of the normal modes

at a low frequency for respectively a nearly perfect crystal, a more imperfect

crystal, a very defected crystal, and a supercooled liquid corresponding respec-

tively to Figs. 4.1(a),4.1(b),4.1(d) and 4.1(e). We find that the lowest frequency

modes in the crystals exhibit mostly plane wave-like features that extend over

very large length scales. This becomes less and less evident with increasing the

amount of disorder (fig. 4.7(a)-4.7(c)). For the completely disordered system,

the very lowest frequency modes show spatially correlated motions only over a

few particle diameters (fig. 4.7(d)). For a perfect crystal the spatial distribution

of the normal modes would show plane waves that extend over the size of the sys-

tem. The spatial distribution of the normal modes for our nearly perfect crystal

shows wave-like features rather than very extended plane waves. The observation

of wave-like features for experimental (defected) crystal is in fact quite common

in these systems [3, 4]. We note that, one may also look at these patterns as

being non-affine patterns as discussed in [40].
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Figure 4.7: Spatial distributions of the normal modes at ω/p = 0.37 for (a) a
nearly perfect crystal, (b) a more imperfect crystal (c) a very defected crystal

and (d) a supercooled liquid all at the same volume fraction φ = 0.56.

To take a closer look at the nature of the modes, we compute the participation

ratio which is a measure of the degrees of spatial localization of the modes. Modes

are normalized for each of the frequencies, so that
∑N

i=1 νi(ω).νi(ω) = 1. The

participation ratio is then defined as:

p(ω) = (
∑
i

νi(ω)2)2/(N
∑
i

νi(ω)4), (4.3)

where νi(ω) is the projection of the normal mode of frequency ω onto a colloidal

particle i. A participation ratio of 1/2 indicates a perfect plane wave; for a mode

localized on a single particle the participation ratio is 1/N where N indicates

the total number of particles. Figure 4.8 shows the participation ratio versus the

frequency for a nearly perfect crystal, a very defected crystal and for a super-

cooled liquid [41]. For the crystals, while most of the modes have participation

ratios near 0.5, the value expected for a plane wave, some of the low-frequency

modes have a significantly smaller participation ratio, implying that for some
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Figure 4.8: Participation ratio versus the frequency for a nearly perfect
crystal, a very defected crystal and for a supercooled liquid all at the same
volume fraction φ = 0.56. Dashed and dotted lines show the upper limit of the
frequency until which the data is not affected by noise for respectively crystals

and liquid.

low-frequency modes, only a small fraction of the particles participates in the

mode; these modes are known as quasi-localized modes [9, 34]. The participa-

tion ratio for a nearly perfect crystal is typically larger than for a very defected

crystal, indicating lower spatial localization of the modes for a nearly perfect

crystal. For disordered systems however, the number of modes with low partici-

pation ratio is much larger than those in crystals, indicating a larger number of

quasi-localized modes for disordered systems.

The phenomenon of localization of modes in the presence of defects and disorder

is very general and has been observed in many different systems e.g. light prop-

agation, and spin glasses [42–44]. Usually, for crystals one expects well defined

sound waves with a high participation ratio in the very low frequency range how-

ever, we note that our scanning rate is too slow to observe sound waves. The

observation of small participation ratio at low frequency for defected crystals

is in fact quite common in these systems [3, 4]; there, for instance, is a very

similar discussion in [4] that shows structural defects e.g. dislocations, vacan-

cies and polydispersity in crystal, cause quasi-localized low frequency modes, i.e.

modes with low participation ratio. It is shown that there is a spatial correlation

between the quasi-localized low frequency modes and the structural defects in

2D colloidal crystals [4]. For the glassy systems however, it is shown that the
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Figure 4.9: Cumulative density of states for nearly perfect crystals with
different values for oversampling in (a) linear scale and in (b) logarithmic
scale. The low frequency part of the DOS spectrum remains unchanged with

varying the oversampling by almost one order of magnitude

low frequency quasi-localization originates from the large vibration of defective

structures coupled with transverse excitation [34].

4.5 Effects of Noise

Measuring the density of states for a nearly perfect crystal, we identify a peak and

a shoulder. However, ideally, there are two peaks in the vibrational spectrum

for a perfect crystal that are the vestiges of the van Hove singularities [1, 2].

Several factors may in our experiment contribute to the rounding of the van

Hove singularities in our colloidal crystal, e.g. size polydispersity of particles,

uncertainties in finding particle positions and the limitation due to the finite

number of frames which all can introduce noise into the covariance matrix and

thus into its eigenvalues and eigenvectors; on the other hand, at low frequencies

the density of states is hardly affected by this. We investigate the effects of the

finite number of statistics on the vibrational density of modes for a nearly perfect

crystal. Figure 4.9(a) shows the cumulative DOS for nearly perfect crystals with

different values for oversampling. The oversampling is defined as ratio between

the number of frames, Nf , and the number of degrees of freedom: γ = Nf/2N ,

where N is the number of particles.

Figure 4.10 shows the cumulative DOS for a nearly perfect crystal, crystals with

three different amounts of defects and for a supercooled liquid all at the same
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Figure 4.10: Cumulative density of states for a nearly perfect crystal, crys-
tals with three different amount of disorder and for a supercooled liquid all
at the same volume fraction φ = 0.56 and oversampling 1 < γ < 2. The
frequency is scaled with the pressure which is obtained from the Hall and Liu

equations of states for respectively crystal and liquid.

volume fraction φ = 0.56 and oversampling 1 < γ < 2. We find that the low fre-

quency part of the DOS spectrum remains unchanged, varying the oversampling

by almost one order of magnitude (fig. 4.9), indicating that our measured den-

sities of states for crystals and disordered systems with oversampling 1 < γ < 2

should not be affected by noise due to lack of statistics at low frequencies [41].

Therefore, the effect of structural disorder on the density of states is considerably

larger than the effects of oversampling (Figs. 4.9 and 4.10). The cumulative DOS

shows a shift to lower frequencies with increasing the amount of disorder. The

strong enhancement of low frequency modes for the supercooled liquid is clear in

figure 4.10.

4.6 Summary

In summary, we presented the first experimental evidence that the Boson peak

is an intrinsic property of glasses and does not arise due to structural disorder in

crystals. Our study takes advantage of the opportunities offered by hard spheres,

in which the crystal and glass phases can be compared at the same volume frac-

tion, and for which a simultaneous measure of disorder and free energy is possible
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experimentally. We show that, in spite of the observation that the fraction of

particles with local six-fold symmetry in the very defected crystals is only slightly

larger than in a glassy system, the vibrational and thermodynamical properties,

i.e. the DOS and the entropy are significantly different, implying the different

nature of the glass compared to a defected crystal. The main conclusion is there-

fore that entropy is not the same thing as disorder: the structural disorder can

slightly change the physical properties, e.g. entropy, of the crystals however, they

do not change the properties of these systems very significantly, i.e. structural

disorders do not cause the thermodynamics phase transition from crystal to dis-

ordered system. The large difference between the DOS and the thermodynamic

properties of the defected crystalline and glassy systems then indicates that it

is not possible to form a glass just by increasing the amount of disorder in a

crystal, in spite of the fact that it may not be evident telling these systems apart

experimentally by looking at them and quantifying the disorder.
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5

Scaling for Hard Sphere Colloidal

Glasses with Respect to the

Jamming Point

5.1 Introduction

The emergence of rigidity near the glass transition is a fundamental property

of glasses and a highly debated topic in condensed matter physics. The most

surprising case is perhaps in hard sphere glasses where rigidity is purely entropic.

A qualitative description of the glass transition is often based on the free energy

landscape picture [1–6] where a large number of local minima of the free energy

exists. The rapid growth of relaxation time around the volume fraction φ ' 0.58

suggests that the system is trapped in a local minimum of the free energy and

that a large activation energy is required to overcome the barrier for the system

to flow. This scenario is captured also by the Mode Coupling Theory [6, 7] and

can be rationalized via density functional theory [8] and via the replica method

[5]. Brito et al. proposed a real-space description of mechanical stability and

elasticity for hard sphere glasses as jamming is approached [9, 10]. This picture

is based on two results: first, in elastic networks, mechanical stability is controlled

by coordination number, i.e. the mean number of contacts per particle [11–13];

as one may intuitively expect, increasing coordination is stabilizing, whereas
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increasing pressure at fixed coordination is destabilizing. Second, the vibrational

free energy of a hard sphere system can be approximated as a sum of local

interaction terms between pairs of colliding particles, which are supposed to

be in contact. On a time scale that contains many collisions, at high packing

fraction the interaction follows approximately V (h) ' −kBT lnh where h is the

time-averaged distance between two adjacent particles [9, 10]. We note that,

the equation above is a specific form of the free energy that we measure F '
−kBT

∑N
i=1 ln(

vfi
λ3

) (see chapter 3) [14], for very high volume fractions close to

the jamming when almost all particles are in contact. This directly leads to an

effective force law f(h) ∼ kBT/h and allows one to map a hard sphere system

near the random close packing φm, to a zero-temperature elastic network. These

two sets of results yield a stability constraint on the microscopic structure of hard

sphere glasses, which in practice appears to lie very close to saturation [9, 10, 15–

17]. Such marginal stability implies the excess of very soft elastic modes, i.e.

very low frequency modes, as has been confirmed [18–23], and fixes the scaling

behavior of elasticity as jamming is approached [10, 17]. In particular the particle

mean square displacement was predicted to follow < δR2 >∼ (φm − φ)k with

k ' 1.5 instead of the naive k ' 2 which would hold in a crystal: particles

in the glass fluctuate much more than the size of their cage (defined as the

typical distance between particles), due to the presence of collective soft modes

[17]. Recently, a replica calculation [24, 25] predicted k = 1.41574 in infinite

dimensions, close but different from the prediction of [9, 10].

Very recently DeGiuli et al. [17] studied theoretically and numerically the elastic

properties of hard sphere glasses. By investigating how the distribution of contact

forces affects the stability and the vibrational properties of hard sphere glasses,

they provided a real-space description for mechanical stability in these systems.

They consider an elastic network of N points of mass m, connected by Nc springs,

of coordination z = 2Nc − N , in spatial dimension d. The quadratic expansion

of the elastic energy for an imposed displacement field |δR >, is then given by

the stiffness matrix M : δE = 1
2
< δR|M |δR > [17]. The eigenvalues of M

are λ = mω2, where the ω’s are the frequencies of vibrational modes of density

D(ω). Using variational and scaling arguments, they then predict the vibrational

modes, the shear modulus and the mean square displacement. They found that

the presence of certain pairs of particles interacting with a small force f , soften

elastic properties. This softening affects the exponents characterizing elasticity
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at high pressure. Denoting P (f) = f θe the force distribution of such pairs, they

predicted scaling relations for the 1) vibrational density of states, 2) the shear

modulus, and for the 3) mean squared displacement as jamming is approached.

They found that the density of states has a low-frequency peak at ωc rising up

to it as [17]

D(ω) ∼ ω2+a, (5.1)

and decaying above ωc as [17]

D(ω) ∼ ω−a, (5.2)

where ω is the frequency and a = 1−θe
3+θe

.

They found θe ' 0.41 for two and three-dimensional hard spheres, from numerical

tests. This leads to a ' 0.17 and thus to D(ω) ∼ ω2.17 and D(ω) ∼ ω−0.17 for

respectively low and high frequency, i.e. before and after the peak ωc.

For the shear modulus, by using scaling arguments they predict [17]

µ ∼ (φm − φ)−k, k = 2− 2

3 + θe
, (5.3)

where φ is the volume fraction and φm indicates the maximum volume fraction.

Substitution of θe ' 0.41 gives k ' 1.41.

Their theoretical predictions, resulted from scaling arguments, show that the

mean squared displacement scales as inverse of the shear modulus [17]

< δR2 >∼ 1

µ
∼ (φm − φ)k, (5.4)

with θe ' 0.41 and k ' 1.41.

In this chapter, we compare these scaling relations to our experimental data.

We apply the covariance matrix analysis [19, 26–28] to determine the vibrational

density of states from the particle displacements for a supercooled liquids and

glasses at different volume fractions. We also measure the shear modulus and

the mean squared displacement (MSD) for these systems.
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5.2 Experiments

We use fast confocal microscopy to determine the structure and dynamics of

sterically stabilized fluorescent poly-methylmethacrylate particles that are sus-

pended in a refractive index and density matched mixture of cis-decalin and

cycloheptyl bromide. The particles again have a diameter σ = 1.5µm, so that

they are subject to thermal agitation, and polydispersity of ' 7% to prevent

crystallization. Supercooled liquids and glasses at volume fractions between 0.54

and 0.62 are prepared by diluting sediments that are centrifuged to random close

packing (φrcp ' 0.64) [29, 30]. We acquire sequences of 2D images on a 3D

system; this allows us to follow the dynamics of the individual particles; see

chapter 4 for a more detailed discussion. The 2D slices are taken in a field of

view 105µm × 105µm and at a distance of 25 − 30µm away from the coverslip,

deep enough to avoid the effects of the boundary. We note that, for amorphous

systems, the wall effects propagate at most over the dynamical correlation length,

which is less than a few times of the particle diameter [31].

Acquiring about 5500 images with a rate of 25 frames per second, we follow the

positions of about 2200 particles in the 2D confocal plane. The time interval

between consecutive images is 0.04 sec, which is approximately 0.024 times the

Brownian time, τB = ηsd
3/kBT , of the particles. ηs is the viscosity of the solvent.

The shear modulus is measured from rheology by performing strain sweep exper-

iments on colloidal hard spheres for different volume fractions [32].

5.3 Method and Analysis

We again use the covariance matrix analysis to determine the vibrational density

of states (see chapter 4). We obtain all particle positions x = x(t), y = y(t) as

functions of time using standard particle tracking software [33]. Denoting ui(t)

the components of the particle displacements from the average positions along

the confocal plane ui(t) = {(xi(t)− < xi >), (yi(t)− < yi >)}, we obtain the

displacement correlation matrix (of dimension twice the number of particles) as:

Dlm =< uµiuνj >, µ, ν = x, y, (5.5)
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Figure 5.1: Density of states for disordered system at different volume frac-
tions 0.54, 0.56, 0.58, 0.60 and 0.62.

where l,m = 1, 2, ..., 2N matrix index on the left runs both over the particle

indices and the Cartesian components of displacements. The averaging < ... >

has been done over the period of measurement, which is about 220 seconds.

Diagonalizing Dlm we obtain the eigenvalues, λm, and the corresponding 2N nor-

mal modes of the system. Results are presented in terms of the mode frequencies

which are related to the eigenvalues as:

ωm =
√

1/λm. (5.6)

5.4 Results

Figure 5.1 shows the resulted density of state for supercooled liquids and glasses

at volume fractions 0.54, 0.56, 0.58, 0.60 and 0.62 [28]; the DOS is plotted versus

the frequency and is normalized such that
∫∞
0
D(ω) = 1. The peak of the density

of states shifts slightly towards higher frequency by increasing the volume fraction

(figs. 5.1 and 5.2). Figure 5.2 shows that the peak frequency ωc, increases

with the volume fraction by up to 40% from 0.54 to 0.62. As explained in

chapter 4, the frequency is scaled with the pressure ω/p, to scale out hard modes

that are expected to have eigenvalues proportional to the pressure [19, 20, 26,
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Figure 5.2: Peak frequency for the DOS curves is plotted versus the volume
fraction.

34]. The Carnahan-Starling [35] equation of state agrees with experiments and

simulations only for volume fractions below the glass transition φ < 0.58 [14].

Therefore, to be more consistent, we follow [19, 20] and use the Liu [36] equation

of state to rescale the frequency for supercooled liquids and glasses for all volume

fractions. The Liu pressures are 18.16, 22.97, 30.97, 46.98, and 94.99 in units

of ρkBT for respectively φ = 0.54, φ = 0.56, φ = 0.58, φ = 0.60 and φ = 0.62.

Note that, scaling the frequency with the pressure changes the position of the

peak differently for different volume fractions: for φ = 0.62 the position of the

peak changes much more significantly, i.e. by a factor of 94.99/18.165 ' 5.23,

compare to φ = 0.54. Again, the density of states is normalized such that∫∞
0
D(ω) = 1. We find that for all volume fractions the DOS rises starting from

a lowest frequency up to a maximum resulting a peak at a certain frequency and

then starts decreasing. Since the compression effect is taken out by scaling the

frequency with the pressure, we observe that by increasing the volume fraction,

D(ω) shifts to lower ω/p. The cumulative density of states for disordered system

at different volume fractions is also shown in fig. 5.3 inset.

If instead of the pressure, we scale the frequency with that of the peak of the

DOS, we find that all the densities of states curves for different volume fractions

collapse on a single master curve (fig. 5.4). We note that while scaling the

frequency with the pressure changes the position of the peak very significantly,

by e.g. up to a few hundred percent, scaling the frequency with ωc, changes the
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Figure 5.3: Density of states for disordered system at different volume frac-
tions 0.54, 0.56, 0.58, 0.60 and 0.62. Frequencies are scaled with the dimen-
sionless pressure in Liu equation of states. Inset shows the cumulative DOS

for different volume fractions.

Figure 5.4: Density of states for supercooled liquids and glasses of colloidal
hard spheres for different volume fractions. The frequency is scaled with the
frequency of the peak in the DOS, ωc. The spectrum is shown in both linear

and logarithmic scales (Left and Right).
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Figure 5.5: Exponents of the low frequency part of the DOS is plotted versus
the volume fraction. Blue dashed line represents the theoretical prediction.

peak position by less than 40%: this implies that the collapse of the DOS curves

after scaling the frequency omegac, is not due to the compression effects.

To check how the D(ω) scales with the frequency, we fit a power law to the

low frequency part of the DOS spectrum, i.e. the part before the peak, that

we measure experimentally. The results are shown in fig. 5.5 where the powers

are plotted for different volume fractions. The power we find is in very good

agreement with the theoretical prediction D(ω) ∼ ω2.17, by E. DeGiuli et al.

[17].

For the high frequency part of the density of states, i.e. after the peak frequency,

we find D(ω) ∼ ω−1.9 (fig. 5.6), in agreement with previous experimental results

[19, 20]; however, in theory it is found to be D(ω) ∼ ω−0.17 [17]. This is because

for high frequencies the experimental noise becomes very important due to the

lack of accuracy in determining individual particle positions [27]. If we consider

that the DOS spectrum is purely noise after the peak, the random matrix theory

then predicts an exponent of ' −2; we are rather close to this, and thus can not

compare reliably with theory.

We then check for the compatibility of our experimental results with the theoret-

ical predictions for the shear modulus. To do so, we measure the shear modulus

for different volume fractions for colloidal hard spheres by performing constant

strain rate sweep experiments [32] where both frequency and strain amplitude
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Figure 5.6: Absolute values of the exponents of the high frequency part of
the DOS are plotted versus the volume fraction (left). Blue dashed line on

right shows the theoretical predictions.

are varied at the same time to keep the strain rate constant. The constant strain

rate sweeps were performed at strain rates of 0.1 and 1.0s−1. The strain was

varied from 0.01 to 1 for both strain rates, while the frequency was varied from

10 to 0.1rad/sec and from 100 to 1rad/sec for respectively 0.1 and 1s−1 strain

rates. The results are shown in figure 5.7 where the shear modulus is plotted

versus the volume fraction (left) and versus the distance from the maximum vol-

ume fraction, φm−φ; the maximum volume fraction is supposed to be φm ' 0.64

(right). We find that the shear modulus shows a power law dependence on φm−φ
with a power around ' −1.33± 0.12 (fig. 5.7 Right). This value is in very good

agreement with the theoretical result in [17] that shows µ ∼ (φm − φ)−k with

k ' 1.41.

We measure the mean squared displacement (MSD) for different volume fractions

by following the particles in time. Figure 5.8 shows the plateau values of the

MSD plotted versus φm − φ. Similarly to the shear modulus, the mean squared

displacement also shows a power law behavior with respect to the volume fraction.

We find that the power is around ' 1.48 ± 0.15 which is consistent with the

theoretical result that predicts < δR2 >plateau∼ (φm − φ)k with k ' 1.41.

In figures 5.7 and 5.8 we assume that the maximum volume fraction is φm =

0.64; while φrcp ' 0.64 is commonly known for the random close packing of

monodisperse hard spheres, other values, i.e. 0.63 < φm < 0.64, are also reported.

We note that, it is shown that introducing size polydispersity into the system

increases the random close packing density very slightly [37]. Here, it is assumed

that all the particles have the same size. We check how the maximum volume
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Figure 5.7: Shear modulus is plotted versus the volume fraction (Left). Shear
modulus is plotted versus the distance from jamming (Right).

Figure 5.8: The plateau values of the mean squared displacement is plotted
versus the distance from the jamming volume fraction.

fraction affects the the exponents obtained for the shear modulus and the mean

squared displacement by changing φm. Figure 5.8 shows that varying φm by one

percent, changes the exponents for the shear modulus and the mean squared

displacement but also leads to less pretty fits.
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Figure 5.9: Left: Shear modulus is plotted versus the distance from the
maximum volume fraction for different maximum volume fractions φm = 0.63,
φm = 0.64, and φm = 0.65. Right: The plateau values of the mean squared
displacement is plotted versus the distance from the maximum volume fraction
for different maximum volume fractions φm = 0.63, φm = 0.64, and φm = 0.65.

5.5 Summary

We determine the scaling relations for the density of states, the shear modulus,

and the mean squared displacement that we measure experimentally. We apply

the covariance matrix analysis to determine the vibrational density of states

from the particle displacements for a supercooled liquids and glasses at different

volume fractions. Scaling the frequency with the frequency of the peak in the

density of states, we find the DOS of supercooled liquids and glasses for different

volume fractions all collapse on a single master curve which obeys a power law

in terms of the scaled frequency. For low frequency, the exponent is in great

agreement with the theoretical results. We find that both the shear modulus and

the MSD show power law dependence on the distance from the maximum volume

fraction with almost the same exponent: while the shear modulus increases with

increasing the distance from the maximum volume fraction, the MSD decreases.

Our results are in very good agreement with the theoretical predictions.
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6

Effects of Size Polydispersity on the

Phase Behavior of Hard Sphere

Colloidal Systems

6.1 Introduction

As has already been mentioned, the phase behavior of monodisperse hard spheres

systems is uniquely governed by the volume fraction φ, and is well understood in

theory and experiments [1, 2]: There is a liquid phase for φ < 0.494, a crystalline

phase for φ > 0.545 and coexistence between the two for 0.494 < φ < 0.545. If

crystallization is avoided, for 0.54 < φ < 0.58 the system is a supercooled liquid

whereas for φ > 0.58 the dynamics of the system becomes so slow that it is a

glass. However, in experiments there is usually a distribution of the particle sizes

since a perfectly monodisperse system can not be synthesized. The standard

deviation of particle sizes from the mean value which is known as polydispersity,

significantly influences the behavior of hard spheres in many aspects [3–7]. Many

interesting studies have been done on the effects of polydispersity on the phase

separation and crystallization of hard spheres [8–12]. Crystallization of hard

spheres that are geometrically frustrated due to incommensurate particle shape

and due to the introduction of impurities, i.e. large spherical impurities in a

sea of monodisperse colloidal hard spheres, have been also studied [13, 14]. In
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Figure 6.1: Full phase diagram for polydisperse hard spheres with a triangu-
lar size distribution [15]. In each region the nature of the phase(s) coexisting
at equilibrium is indicated (F: fluid, S: solid). Dashed line: best guess for the
phase boundary in the region where our numerical data become unreliable.

simulations, it has been shown that there are different crystalline structures that

coexist in the crystalline phase of polydisperse hard spheres [15–17]. The glass

transition and the glassy phase of polydisperse hard spheres have been studied

extensively in simulation [4, 5, 18]. It has been shown also that polydispersity

changes significantly the close packing and random close packing densities of

hard spheres [11, 19–21]. Effects of polydispersity on the phase behavior of hard

spheres has been investigated by computer simulations [15, 16]. These studies

have revealed that, compared to the monodisperse case, polydispersity causes

several qualitatively new phenomena; for example large enough polydispersity

destabilizes the crystal phase, because it is difficult to accommodate a range

of diameters in a lattice structure. Using computer simulations Sollich et al.

studied the equilibrium phase behavior and the fractionation of different sizes

for polydisperse hard spheres (fig. 6.1) [15–17]. They found no point of equal

concentration between fluid and solid or reentrant melting at higher densities.

Rather, the fluid cloud curve continues to the larger polydispersity; they found

that at δ = 7% a terminal polydispersity can be defined only for the solid. At

sufficiently large polydispersity, fractionation into several solid phases can occur;

they found, in addition, that coexistence of several solids with a fluid phase is

also possible.

In this chapter, we investigate the effects of polydispersity on the thermodynam-

ics and the phase behavior of hard spheres. We do so by using a novel method to
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Figure 6.2: Typical images of the confocal microscope and a part of the
3D reconstruction of the particle positions. Left: Crystal at φ = 0.54, Right:

Glass at φ = 0.60.

directly measure the free energy for colloidal crystals and glasses [22]. To do so we

artificially add size polydispersity that is randomly distributed. As a check, we

then calculate the free energy for simulated polydisperse crystals and disordered

systems for which the size of each individual particle is known. We find while

the free energy of crystal increases with increasing polydispersity, it decreases for

glassy systems, implying that size polydispersity destabilizes the crystal phase,

while it stabilizes the disordered systems e.g. liquid and glass. The main result

is that for both crystals and disordered systems the free energy changes with the

polydispersity quadratically with a very similar amplitude but with an opposite

sign. The common tangent construction for our measured free energy for crys-

tals and liquids with different polydispersities, gives the coexistence between the

liquid and the crystalline phase. We also obtain the glass transition volume frac-

tion for different polydispersities by calculating the viscosity. We then present

the phase diagram for polydisperse hard spheres.
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6.2 Experiments

We experimentally determine the free volume vf , in a colloidal hard sphere sys-

tem; we use sterically stabilized fluorescent poly-methylmethacrylate (PMMA)

particles suspended in a refractive index and density matched mixture of cis-

decalin and cycloheptyl bromide (CHB) which are the best model system for

hard-spheres [23, 24]. Our particles have a diameter σ = 1.5µm and polydis-

persity ' 7%. The crystal is obtained in a second system with σ = 1.7µm and

polydispersity ' 4%.

Using a fast confocal microscope (Zeiss LSM live) we acquire 3D images of the

system in a 105µm× 105µm× 80µm volume to find the positions of ' 2.5× 105

individual particles in three dimensions (fig. 6.2). We do so for both the disor-

dered (liquid, glass) and the ordered (crystalline) systems. We find the locations

of particles but do not have the resolution to observe the size polydispersity. To

investigate the effects of polydispersity, we then add size polydispersity into the

systems artificially. A Gaussian distribution of the particle diameters around the

mean size is generated and randomly distributed over the system. This is done

for both the ordered and disordered systems.

6.3 Method and Analysis

We apply the free volume method to measure the free energy of a colloidal glass

[22]. Because of the absence of interaction energies, the phase behavior of hard

sphere systems is dictated only by entropic contributions, implying that the

statistical geometry provides a direct route to study the thermodynamics of the

system [22, 25–27]. The free volume is a key geometrical quantity which is directly

related to the thermodynamics of the system and is defined as the volume over

which the center of sphere can move when all other particles are held fixed [28, 29].

We apply it here to measure the free energy of a colloidal crystal and glass. In

this approach the system is divided into N cells constructed around the particle

positions; choosing the cells so that they are singly occupied, the free energy of

a hard sphere system for a given configuration of the particles can be expressed
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directly in terms of only the free volume as [22, 30]:

F ' −kBT
N∑
i=1

ln(
vfi
λ3

), (6.1)

in which vfi is the free volume for particle ’i’ in its cell, and λ = (h2/2πmkBT )1/2

is the thermal wavelength; this form supposes there are no interactions other

than hard sphere. A detailed explanation of this method is presented in Chapter

3.

Using the positions of particles, a Voronoi tessellation is generated [31]: A

Voronoi tessellation divides the space into distinct, non-overlapping convex poly-

hedra which surround each point. The Voronoi volume is given by the polyhedron

around the center of a sphere ’i’ consisting of the region of space closer to ’i’ than

the center of all the other spheres (see chapter 3).

Using the position of particles, we can then calculate the free volume for each

particle which is assumed to be confined to its Voronoi cell. Following Ref.

[22, 30] and consistent with Ref. [32, 33], the free volume associated with a

Voronoi cell is defined as the volume of a smaller cell generated from the Voronoi

cell by moving the faces normally inside of a distance σ/2, where σ is the particle

diameter (see chapter 3). It should be noted that the assumption of considering

that the particles are confined in cells is valid only at high densities where the

particles are so densely packed that no rearrangements happen on the time scale

of obtaining the configuration. We calculate the free energy for both crystals

and disordered systems for different volume fractions and polydispersities. We

do so for both experimental and simulated data. For the experimental data,

polydispersity is generated as a Gaussian distribution of the particle size around

the mean size. We then randomly distribute these sizes over the particles.

6.4 Results

The observed distribution of the free volumes for monodisperse crystals is con-

sistent with a Gaussian distribution [22]. Introducing a size polydispersity of

δ = 4%, corresponds to our experimental crystals, does not change this distri-

bution considerably. For the disordered systems however, we find that there are
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Figure 6.3: Distribution of the free volumes for a simulated supercooled
liquid at φ = 0.56 in lin-log (left) and log-log (right) scale. Blue circles show
the distribution for the system with size polydispersity δ = 7% around the
mean size. Note that, the size of each individual particle is known. Black
squares indicate the free volume distribution for the same configuration of the

particles when all particles are assumed to have the same size.

two different regimes for the free volume distribution for both monodisperse and

polydisperse systems: for small free volumes while the distribution is exponential

for the monodisperse system, it shows a power law behavior for the polydisperse

system. However, for large free volumes both monodisperse and polydisperse

systems show exponential distributions with different exponents. As a check,

we use a configuration of particles in a supercooled liquid at φ = 0.56 from

simulations for which the size of each individual sphere is known; Figure 6.3

shows the resulting free volume distribution for the monodisperse system and

the polydisperse system with δ = 7% corresponding to our experimental disor-

dered systems. Simulations confirm the experimental results, i.e., while for the

monodisperse system the free volume distribution is double-exponential, for the

polydisperse system it seems to be power law and exponential for respectively

small and large free volumes (see fig. 6.3). We also find that the free volume

decreases with increasing polydispersity for the crystals however, it increases for

the glassy systems. For the same volume fraction, the average free volume for

particles in the glass is much smaller than that in the crystal (fig. 6.3), leading to

a larger free energy for the glass; this is of course expected, because the crystal

is the thermodynamically stable phase.

The free energy is then calculated from the free volumes using eq. (6.1). We find

that the measured free energies for hard sphere crystal are in good agreement

with the Hall equation of state (dashed curve in fig. 6.4) which is very precise for
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Figure 6.4: The free energy density F/V in units of kBT/µm
3 as a function

of the volume fraction. Green squares denote our free energy results for the
monodisperse crystal at volume fractions 0.54, 0.56, 0.58, 0.60 and 0.62 that
agree with the Hall free energy (dashed curve), while green pluses show the
free energy measured for the same crystal but with a polydispersity of 4%.
Blue circles and stars show the measured free energy for disordered systems at
volume fractions 0.54, 0.56, 0.58, 0.60 and 0.62 for respectively monodisperse
system and polydispersity of 7%. The results agree rather well with the stan-
dard Carnahan-Starling free energy. Crosses are the measurements of Dullens
et al. which are also compared to the Carnahan-Starling result (solid curve).

’M’ stands for monodisperse and ’P’ for polydisperse.

the crystalline phase of hard spheres [34]. On the other hand, the free energy for

the disordered system for volume fractions up to the glass transition are found to

be in good agreement with the standard Carnahan-Starling equation of state [35]

which is known to be very accurate for the liquid phase of hard sphere systems

(fig. 6.4). Note that polydispersities δ = 4% and δ = 7% corresponding to

respectively our experimental crystal and disordered system, cause free energy

changes that are much smaller than the difference between the free energies of

monodisperse ordered and disordered systems that we consider here (fig. 6.3).

To investigate the effects of size polydispersity on the free energy, we measure

the free energy for crystals and disordered systems at volume fractions 0.54, 0.56,

0.58, 0.60 and 0.62 (fig. 6.5). We then artificially add polydispersity into the

systems. We find that for crystal the free energy increases with polydispersity but

that decreases for a disordered system (fig. 6.5): polydispersity causes a smaller

free energy difference between crystals and disordered systems. Therefore, size

polydispersity reduces the thermodynamic stability for the crystal, and also it

increases the stability for disordered systems e.g. liquid and glass. This result is
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Figure 6.5: The free energy per particle is plotted versus polydispersity for
different volume fractions: Crystal (lower part) and disordered system (upper
part) for different volume factions. Hollow symbols indicate the crystals and

filled symbols indicate the disordered system.

compatible with the intuition that polydispersity reduces the maximum packing

fraction in a crystal (since a range of diameters need to be accommodated on

uniformly spaced lattice sites), while it increases the maximum packing fraction

in the fluid, where smaller spheres should be able to fill holes between larger

particles more easily.

As a check, we calculate the free energy for simulated data in which we know

the position and the size of each individual sphere. We then compare this ”true

free energy” to the ”artificial free energy” which is calculated using the same

configuration of the particles, i.e. same (X, Y, Z) of the particles, but with a

polydispersity that is artificially generated and is randomly distributed in the

system. We do so for several polydispersities, i.e. several Gaussian distribution

for the particles size. The calculated free energy for the true polydisperse system

and the system with artificial polydispersity are in perfect agreement. Figure

6.6 shows the histogram of deviations of the artificial free energy from the true

free energy for different system sizes, volume fractions and polydispersites. The

difference between the two is a fraction of a percent for all the artificial particle

size distributions.

Following the the free energy changes that are caused by the polydispersity for

ordered and disordered systems, we subtract the free energy of the monodisperse
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Figure 6.6: Histogram of deviations of the artificial free energy from the
true free energy for different volume fractions, polydispersites, and number of

particles.

system from that of the polydisperse system. one of our results is that the free

energy appears to change quadratically with polydispersity for both crystals and

disordered systems with a very similar amplitude for the variations for both

systems(fig. 6.7). Therefore, the free energy for a polydisperse system can be

expressed in terms of the free energy for a monodisperse system and a quadratic

term which arises due to polydispersity. This observation can be understood

theoretically: Considering polydispersity as a perturbation to a monodisperse

system, the free energy for a polydisperse system can be then expanded in terms

of the free energy for a monodisperse system and the free energy derivatives

multiplied by powers of polydispersity. Since the first derivative of the free energy

is zero for an equilibrated system, therefore the first term that represents the

polydispersity effects is proportional to F ′′ × δ2.

Using the simulated data, we also check how the free energy changes with the

polydispersity: Figure 6.8 shows that again, the free energy changes quadrat-

ically with the pilydispersity for different system sizes, volume fractions and

polydispersites.

Since our measured free energy for the ordered and disordered system agree very

well with the theoretical results, i.e. the Hall and the Carnahan-Starling equation

of state for respectively crystal and liquid of hard spheres, the free energy for

polydisperse crystal and disordered system can be written as follow:

FCry(φ, δ) = FH(φ) + αδ2

FLiq(φ, δ) = FCS(φ)− αδ2 (6.2)
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Figure 6.7: The free energy difference between a monodisperse and a polydis-
perse system is plotted versus the polydispersity for crystal and a supercooled
liquid both at a same volume fraction φ = 0.56. Dashed curves show quadratic

fits.

Figure 6.8: The free energy difference between a monodisperse and a poly-
disperse system obtained from the simulated data is plotted versus the polydis-
persity for different number of particles, volume fractions and polydispersites.

Dashed curves show quadratic fits.

where FH is the Hall free energy for the crystal and FCS the Carnahan-Starling

free energy for the liquid phase. Note that amplitude of the free energy change

caused by polydispersity, α in the second term in eq. (6.2), is found by fitting

a parabola to the free energy variations and is the same for both crystal and

disordered systems α = 1.2× 10−3 ± 8× 10−5.

Figure 6.9 shows the free energy density versus the volume fraction at polydisper-

sity δ = 0 and at δ = 14% for both crystal and disordered system. The common

tangent construction for the free energies of crystal and liquid in eq. (6.2) then

gives the coexistence between the fluid phase and the solid phase.

For monodisperse hard sphere system it is known that the system undergoes
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Figure 6.9: The free energy density is plotted as function of the volume
fraction at δ = 0 (left) and at δ = 14% (right). The red solid curve shows the
free energy for the liquid while the blue dashed curve indicates the crystal.

a glass transition around φ = 0.58 where the dynamics become very slow and

the viscosity of the suspension increases dramatically. To investigate how the

glass transition volume fraction changes with the polydispersity, we calculate the

viscosity for a system of hard spheres

Using the free volume arguments, Cohen and Turnbull [29] derive the probability

for particles in a dense fluid to escape from the cages of their nearest neighbors.

This leads to an expression for the viscosity as a function of the volume fraction

as [36, 37]:

η(φ) ' ηs exp(
γφφmax
φmax − φ

) (6.3)

in which ηs is viscosity of the solvent, γ is a constant of order one, and φmax is

the maximum possible volume fraction for a disordered system that we assume

to be the random close packing density φmax = φrcp ' 0.64 for a system of

monodisperse hard spheres. It is known that the random close packing density

increases linearly with the size polydispersity and reaches φrcp ' 0.65 for δ = 12%

[11]. By assuming that the glass transition occurs when the viscosity exceeds

the value for φ = 0.58 for a monodisperse system, we then calculate the glass

transition density for different size polydispersities from eq. (6.3).

The resulting phase diagram for polydisperse hard sphere systems is shown in

figure 6.10 where the polydispersity is plotted versus the volume fraction. In

each region the nature of the phase(s) coexisting at equilibrium is indicated. The

curves represents the boundaries between different phases and the coexistence.

Note that the glass transition changes with polydispersity in the same way as

the random close packing, implying that the glass transition is described by
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Figure 6.10: The phase diagram of polydisperse hard sphere system. Poly-
dispersity is plotted versus the volume fraction. Blue circles indicate the
boundaries of the liquid-solid coexistence. Orange diamonds show the glass

transition line.

distance with respect to the maximum packing fraction. One can observe that

for φ > 0.58 and δ > 12% the system is in the glassy phase and therefore never

crystallizes on the experimental time scales (fig. 6.9), in perfect agreement with

previous experiments that show crystallization is suppressed above δ = 12%

[1, 38]. Moreover, at volume fraction around φ ' 0.57 and polydispersity around

δ ' 8% the system is in the coexistence between solid and liquid; This explains

indeed why the shear modulus for hard sphere crystal vanishes at polydispersity

around δ ' 8% in simulations [39] (see fig. 6.11).

6.5 Summary

In summary, we investigate the effects of size polydispersity on the thermody-

namics and the phase behavior of hard sphere systems. We do so by measuring

the free energy for crystals and glasses and find that the free energy of crystal

increases with increasing polydispersity however, for disordered systems it de-

creases with polydispersity. For both crystal and glass the free energy changes

quadratically with the polydispersity with a same amplitude for both systems.

The phase diagram for polydisperse hard spheres is presented. We show that for

φ > 0.58 and polydispersity δ > 12% the system is always in the glassy phase

and therefore never crystallizes on the experimental time scales.
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Figure 6.11: Several properties of hard sphere (FCC) crystal as functions
of the volume fraction and the polydispersity. P indicates the pressure while
B44, B12, and B11 are the elements of the elastic tensor. B44 is the shear
modulus whereas B12 and B11 contain shear, compression and anisotropy.
B12/(B11+2B12) represents something like a Poisson-ratio for the FCC system.

The red curves correspond to P = 17 and P = 60 [39].

103



Chapter 6

References

[1] P. N. Pusey and W. van Megen, Nature 320, 340 (1986).

[2] M. D. Rintoul ans S. Torquato, Phys. Rev. Lett. 77, 4198 (1996).

[3] E. Dickinson, Chem. Phys. Lett. 57, 148 (1978).

[4] E. Zaccarelli, C. Valeriani, E. Sanz, W. C. K. Poon, M. E. Cates, and P. N.

Pusey, Phys. Rev. Lett. 103, 135704 (2009).

[5] P. N. Pusey, E. Zaccarelli, C. Valeriani, E. Sanz, Wilson C. K. Poon and

Michael E. Cates, Phil. Trans. R. Soc. A 367, 4993 (2009).

[6] L. Berthier, P. Chaudhuri, C. Coulais, O. Dauchot, and P. Sollich, Phys. Rev.

Lett. 106, 120601 (2011).

[7] M. N. van der Linden, A. van Blaaderen, and M. Dijkstra, J. Chem. Phys.

138, 114903 (2013)

[8] Phase separation and crystallisation of polydisperse hard spheres, R. P. Sear,

Europhys. Lett. 44, 531 (1998).

[9] P. G. Bolhuis and D. A. Kofke, Phys. Rev. E 54, 634 (1996).

[10] P. G. Bolhuis and D. A. Kofke, J. Phys. Cond. Matter 8, 9627 (1996).

[11] S. E. Phan, W. B. Russel, J. X. Zhu, and P. M. Chaikin, J. Chem. Phys.

108, 9789 (1998).

[12] D. A. Kofke and P. G. Bolhuis, Phys. Rev. E 59, 618 (1999).

[13] V. W. A. de Villeneuve, R. P. A. Dullens, D. G. A. L. Aarts, E. Groeneveld,

J. H. Scherff, W. K. Kegel, H. N. W. Lekkerkerker, Science 309, 1231 (2005).

[14] R. P. A. Dullens, V. W. A. de Villeneuve, M. C. D. Mourad, A. V. Petukhov,

and W. K. Kegel, Eur. Phys. J. Appl. Phys. 44, 21 (2008).

[15] M.D. Rintoul ans S. Torquato, Phys. Rev. Lett. 91, 068301 (2003).

[16] M. Fasolo ans P. Sollich, Phys. Rev. E 70, 041410 (2004).

[17] P. Sollich and N. B. Wilding, Phys. Rev. Lett. 104, 118302 (2010).

104



Effects of Size Polydispersity on the Phase Behavior of Hard Sphere Colloidal
Systems

[18] P. Chaudhuri, S. Karmakar, C. Dasgupta, H. R. Krishnamurthy, and A. K.

Sood, Phys. Rev. Lett. 95, 248301 (2005).

[19] R. S. Farr and R. D. Groot, J. Chem. Phys. 131, 244104 (2009).

[20] M. Hermes and M. Dijkstra, Europhys. Lett. 89, 38005 (2010).

[21] V. Baranau and U. Tallarek, Soft Matter, 10, 3826 (2014).

[22] R. Zargar, B. Nienhuis, P. Schall, and D. Bonn, Phys. Rev. Lett. 110, 258301

(2013).

[23] C. P. Royall, W. C. K. Poon, and E. R. Weeks, Soft Matter 9, 17 (2013).

[24] W. C. K. Poon, E. R. Weeks, and C. P. Royall, Soft Matter 8, 21 (2012).

[25] R. J. Speedy, J. Chem. Soc. Faraday Trans. 2 76, 693 (1980).

[26] S. Sastry, T. M. Truskett, P. G. Debendetti, S. Torquato, and F. H. Still-

inger, Molecular Phys. 95, 289 (1998).

[27] R. P. A. Dullens, D. G. A. L. Aarts, and W. K. Kegel, Proc. Natl. Acad.

Sci. U.S.A. 103, 529 (2006).

[28] R. J. Bouehler, R. H. Wentorf, J. O. Hirsci-Welder, and C. F. Courtiss, J.

Chem. Phys. 19, 61 (1951).

[29] M. H. Cohen and D. Turnbull, J. Chem. Phys. 31, 1164 (1959).

[30] T. Aste and A. Coniglio, Europhys. Lett. 67, 165 (2004).

[31] G. F. Voronoi, Journal für die reine und angewandte Mathematik 134, 198

(1908).

[32] T. Hill, Statistical Mechanics (Mc Graw-Hill, New York) 1956, Chap. 8.

[33] W. W. Wood, J. Chem. Phys. 20, 1134 (1952).

[34] K. R. Hall, J. Chem. Phys. 57, 2252 (1972).

[35] N. F. Carnahan and K. E. Starling, J. Chem. Phys. 51, 635 (1969).

[36] W. W. Wood, J. Chem. Phys. 31, 1164 (1959).

[37] J. Cheng, J. Zhu, P. M. Chaikin, S. E. Phan, and W. B. Russel, Phys. Rev.

E 65, 041405 (2002).

105



Chapter 6

[38] P. N. Pusey, in Liquids, Freezing and Glass Transition, edited by J. P.

Hansen, D. Levesque, and J. Zinn-Justin (North-Holland, Amsterdam, 1991).

[39] M. Schindler’s unpublished data.

106



Appendix A

Here we demonstrate the derivation of the exact expressions for the chemical

potential and the pressure from the Scaled Particle Theory (SPT) [1].

Suppose we wish to add a hard sphere of diameter σ to a system of N hard spheres

of the same diameter where the N sphere are in an equilibrium configuration.

If around each hard sphere of radius σ/2 in this configuration, we construct

another sphere (on the same center) having radius σ, then we will have the

situation illustrated in figure A.1 where the dashed spheres have radii σ and

the solid spheres, of diameter σ are those originally present. We define the

total ’unshaded’ volume outside of the dashed spheres as Va, the equilibrium

available volume for a sphere of diameter σ. The surface separating the shaded

and unshaded volumes in fig. A.1 has the area Aa also becomes one of the

quantities appearing in the expressions.

Figure A.1: Illustration of Va the available volume and Aa the surface sep-
arating ’available’ and ’excluded’ volume. Va is the unshaded volume. The

dashed surface separating the shaded and unshaded volume is Aa.

107



Appendix A

If we wish to add an hard sphere to the equilibrium configuration of the fluid,

we must find a spherical cavity large enough to accommodate the new sphere

in that configuration. Since the center of the new sphere can obviously be ac-

commodated anywhere in the available volume defined in figure A.1, the chance

of accommodation and therefore the probability of finding the suitable cavity, is

simply

P0 =
Va
V
, (A.1)

but the chance of finding such a cavity is also given by fluctuation theory, in

terms of the reversible work W required to produce a cavity in the fluid; i.e.

P0 = exp [−W (σ)

kBT
]. (A.2)

Eliminating Po yields

W (σ) = −kBT ln (
Va
V

). (A.3)

This is also reversible work required to add the hard sphere of radius σ to an

arbitrary point in the fluid.

If σ was set to zero, so that all molecules become points, the system would

degenerate to an ideal gas for which the molecular chemical potential is

µid = kBT ln (
λ3N

V
). (A.4)

This is the reversible work required to add such a point molecule to a fluid of

of its peers. When the molecules are spheres of diameter σ, then the additional

reversible work beyond that specified by that of ideal gas is given by the above

relation. So the total reversible work involved in adding a sphere consists of two

terms: The reversible work to add a point particle to the system and the one for

swelling the system can be written as:

µ = µid +W (σ), (A.5)

and substituting from the above gives

µ = kBT ln (
λ3N

V
)− kBT ln (

Va
V

) = kBT ln (
λ3N

Va
), (A.6)

which is the relation mentioned for chemical potential in chapter 1.

The reversible work specified by eq. A.3 can also be obtained via another path.
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If there exists a spherical cavity of radius σ from which all centers of hard spheres

are excluded, then the local number density of such centers on the surface of that

cavity may be represented by ρG(σ, ρ) whereG(σ, ρ) is the conditional probability

density for a center being at σ when it is known that no centers are within the

cavity. A little thought shows that G(σ, ρ) is simply g(σ, ρ), the standard radial

distribution function for two hard spheres in contact

G(σ, ρ) = g(σ, ρ). (A.7)

Since the transfer of momentum between a hard sphere and a ”hard cavity” is

purely impulsive, the equilibrium force per unit area on the surface of the cavity

is

f(σ) = kBTρG(σ, ρ), (A.8)

while on the entire surface it is

F (σ) = 4πσ2f(σ) = 4πkBTρσ
2G(σ, ρ). (A.9)

The reversible work involved in increasing the radius of the cavity by an amount

dσ is then

dW = F (σ)dσ = 4πkBTρσ
2G(σ, ρ)dσ, (A.10)

from which we derive

G(σ, ρ) =
1

4πρkBTσ2

∂W

∂σ
. (A.11)

Substituting eq. A.3 in eq. A.11, V being constant, gives

G(σ, ρ) = − 1

4πρσ2

1

Va

∂Va
∂σ

. (A.12)

Now, inspection of figure A.1, and consideration of the augmentation of the radii

of all dashed spheres by an infinitesimal amount dσ, show that

dVa = −Aadσ, (A.13)

or
∂Va
∂σ

= −Aa(σ). (A.14)
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Substituting of eq. A.14 into eq. A.12 yields

G(σ) =
1

4πρσ2

Aa(σ)

Va(σ)
. (A.15)

In particular, from eq. A.7 we find

g(σ, ρ) = G(σ, ρ) =
1

4πρσ2

Aa(σ)

Va(σ)
. (A.16)

The ’virial’ or ’pressure’ equation of state for a hard sphere fluid is given exactly

[2] by
P

ρkBT
= 1 +

2

3
πσ3ρg(σ, ρ). (A.17)

Substituting eq. A.16 into eq. A.17 then gives

P

ρkBT
= 1 +

σ

6

Aa
Va
. (A.18)
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Here we show that the average cavity size is equal to the harmonic mean of the

free volume, and hence express the equation of state in terms of the free volume

and its surface area alone. Suppose that p(vc)dv is the probability that a cavity

has a volume between vc and vc + dvc, while f(vf )dvf is the probability that

the free volume of a sphere lies between vf and vf + dvf . Analogous probability

densities can be defined for the cavity surface p(ac) and the free surface f(af ).

As we mentioned before, for a given configuration of spheres, the union volumes

of the cavities represents the available volume Va. The available surface area Aa

comprises the surface areas of the individual cavities. The average cavity volume

and surface area are given by [1]:

< vc >=
Va
Nc

=

∫ ∞
0

xp(x)dx, < ac >=
Aa
Nc

=

∫ ∞
0

yp(y)dx, (B.1)

where Nc represents the number of cavities. When an additional sphere is added

to the system, it enters a cavity of size x which becomes its free volume. Since

the sphere additions sample the available space uniformly, a cavity is visited with

a frequency that is proportional to its size, i.e.,

f(x)dx =
xp(x)dx∫∞
o
xp(x)dx

=
xp(x)dx

< vc >
. (B.2)

Strictly speaking, this equation relates the free volume distribution of the N + 1

spheres to the cavity volume distribution of the N -sphere system. These two

systems become equivalent in the thermodynamic limit.

For any quantity g(vf ) that depends on the free volume, the following relationship

holds [1]

< g(vf ) >=

∫∞
0
g(x)xp(x)dx

< vc >
=
< vcg(vc) >

< vc >
. (B.3)
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In particular, if we choose g(vf ) = vnf , the above equation yields an equation

relating the moments of the free and cavity volume distributions

< vnf >=
< vn+1

c >

< vc >
. (B.4)

It follows that

< v−1f >=< vc >
−1, (B.5)

indicating that the average cavity size is equal to the harmonic mean of the free

volume. The surface area that bounds vf is termed the free surface area af .

Choosing g(vf ) to be the ’free surface’-to-’free volume’ ratio reveals the following

valuable relationship [1, 2]:

〈af
vf
〉 =

< ac >

< vc >
=
< Aa >

< Va >
, (B.6)

which was proved originally by Speedy [2] using a slightly different argument:

If we consider the random addition of an extra sphere to an equilibrium con-

figuration, then the probability that the extra sphere will go on i th cavity is

pi = vci/Va and in that cavity it will have vf = vci and af = aci. Now the envi-

ronment which the extra sphere samples is the same as that of the other spheres

because the environment of a Va site is, statistically, the same as that of a sphere

(to terms of order 1/N). It follows that [1, 2]:

< af/vf > =
∑
i

piaci/vci =< aci > / < vci >

< af > =
∑
i

piaci =< vci · aci > / < vci >

< vf > =
∑
i

pivci =< v2ci > / < vci >, (B.7)

where the sum is over the i = 1 to Nc cavities. Hence, it is apparent that the

pressure can be deduced from free volume information alone:

P

ρkT
= 1 +

σ

2d
〈af
vf
〉. (B.8)
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Summary

Colloids are ubiquitous in our everyday experience in various forms and have

a wide range applications in foods, petrol, and drug industries. Additionally,

colloids have become powerful model systems for scientist because of their rel-

atively large length scales and concomitant long time scales that make it easy

to study colloidal systems in real space and time. Colloidal hard sphere system

is probably the simplest and the most studied system that mimics the behavior

of atomic and molecular systems. Phase behavior of hard spheres is dictated by

entropic contributions and is governed by only the volume fraction. The central

question that we address in this thesis is the thermodynamics of colloidal hard

sphere glasses. Understanding glasses is perhaps the most important unsolved

problem in condensed matter physics. The thermodynamics of colloidal hard

sphere glasses are directly related to the entropy and the vibrational dynamics

of the system. In this thesis, we provide a direct measurement of the entropy

and the vibrational modes of colloidal hard sphere glasses and compare them to

those of the crystals which have been studied much more extensively.

In chapter 1, we present an introduction about the colloidal crystals and glasses.

We then explain how the thermodynamics of hard sphere systems are directly

related to their statistical geometry. The traditional cell theory for colloidal crys-

tals is presented and its results for different determinations of the free volume are

compared. Furthermore, vibrations in crystalline solids and the Debye behaviour

for these systems are compared to the vibrational modes in glasses.

Chapter 2 discusses our experimental techniques in detail. We explain how we

prepare our colloidal hard sphere suspensions and then discuss how to determine

the particles size using the Dynamic Light Scattering (DLS) technique. The Laser

Scanning Confocal Microscopy (LSCM) technique, its resolution in acquiring

images and the data acquisition is explained in detail. We then discuss the
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method that is used to analyse the confocal images and to track the particles

positions.

In chapter 3, we present the first measurements of the free energy of a glassy

system. The concept of the free energy landscape and its deep minima is central

in our current theoretical understanding of glassy systems. However, a direct

measurement was so far not possible but has been achieved here. The determi-

nation of the free energy reveals the strong spatial and temporal heterogeneity of

the free energy and its link to the slow structural relaxation that is the hallmark

of glassy behavior. We find that similar to the Gutenberg-Richter law in seismol-

ogy, the probability of particle rearrangements shows a power law dependence

on the free energy changes associated with the rearrangements.

In chapter 4, we present the first experimental evidence that the excess of soft

modes is an intrinsic property of glasses and does not arise due to structural

disorder in crystals. This conclusion takes advantage of the opportunities offered

by hard spheres, in which the crystal and glass phases can be compared at the

same volume fraction, and for which a simultaneous measure of disorder and free

energy is possible with experiments. We show that, this happens in spite of the

observation that the fraction of particles with local six-fold symmetry in the very

defected crystals is only slightly larger than in a glassy system. We show that, the

vibrational and thermodynamical properties, i.e. the DOS and the entropy, for a

defected crystal are significantly different from those for a supercooled liquid or

a glass, implying the different nature of the glass compared to a defected crystal.

In chapter 5, scaling relations with respect to the jamming point are reported

for the density of states, the shear modulus, and the mean squared displacement

that we measure experimentally. For the density of states, while our results are in

great agreement with theoretical results for low frequencies, they are not reliable

for high frequencies where experimental noise become very important. We find

that both the shear modulus and the MSD show power law dependence on the

distance from the maximum volume fraction with almost the same power, in

very good agreement with theoretical predictions. The shear modulus increases

with increasing the distance from the maximum volume fraction, while the MSD

decreases with the distance from the jamming point.

In chapter 6, we investigate the effects of size polydispersity on the thermody-

namics and the phase behavior of hard sphere systems. We do so by measuring
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the free energy for crystals and glasses and find that the free energy of crystal

increases with increasing polydispersity however, for disordered systems it de-

creases with polydispersity. For both crystal and glass the free energy changes

quadratically with the polydispersity with a same amplitude for both systems.

The phase diagram for polydisperse hard spheres is presented. We show that for

volume fractions larger than 0.58 and polydispersity larger than 12%, the system

is always in the glassy phase and therefore never crystallizes on the experimental

time scales.

119





Samenvatting

Collöıden worden in vele applicaties gebruikt, bijvoorbeeld in de voedsel-, olie-

en farmaceutische industrie. Daarnaast, vormen collöıden een krachtig model

systeem voor wetenschappers, omdat ze relatief groot zijn en daardoor veel

langzamer bewegen dan moleculen. De afwijkende lengte en tijdschalen van

collöıden maken het mogelijk om individuele deeltjes door de tijd en ruimte te

volgen. Het collöıdale harde bollensysteem is waarschijnlijk de simpelste en meest

bestudeerde analoog van een atomair of moleculair systeem. Het fasegedrag van

harde bollen wordt door de entropie bepaald en kan daardoor aan de hand van

de volumefractie die de bollen innemen worden beschreven. Het onderwerp dat

in dit proefschrift wordt behandeld is de thermodynamica van een harde bollen

glas. Het gedrag van glas vormt waarschijnlijk één van de grootste mysteries bin-

nen de vaste stof natuurkunde. De thermodynamica van collöıdaal harde bollen

glas is direct gerelateerd aan de entropie en de vibrationele dynamica van het

systeem. In dit proefschrift presenteren we de directe meting van de entropie en

de vibrationele toestanden van een collöıdaal harde bollen glas. We vergelijken

deze resultaten met die van kristallen die al vaker zijn bestudeerd.

In hoofdstuk 1 introduceren we collöıdale kristallen en glas. Daarna beschrijven

we hoe de thermodynamica van systemen van harde bollen gerelateerd is aan

hun statistische geometrie. De traditionele cel theorie voor collöıdale kristallen

wordt gepresenteerd en we vergelijken de resultaten die uit deze theorie volgen

voor verschillende determinaties van het vrije volume. Verder worden vibraties

in kristallijne vaste stoffen en het Debye gedrag van deze systemen vergeleken

met de virbrationele toestanden in glas.

Hoofdstuk 2 behandelt de experimentele technieken in detail. We leggen uit hoe

collöıdale harde bollen suspensies worden geprepareerd en hoe de deeltjesgrootte
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door middel van Dynamische Lichtverstrooiing (DL) gemeten wordt. Laser Scan-

ning Confocale Microscopie (LSCM) wordt in detail beschreven en hoofdstuk 2

eindigt met een toelichting van de methoden die worden gebruikt voor het digi-

taal volgen van de deeltjes die met LSCM in beeld worden gebracht.

In hoofdstuk 3 presenteren we de eerste metingen van de vrije energie van een

glasachtig systeem. Het concept van een vrije energie landschap met diepe

minima is van centraal belang in onze huidige theoretische beschrijving van

glasachtige systemen. Dit is de allereerste directe meting van de vrije energie.

De meting van de vrije energie toont een sterke heterogeniteit in zowel ruimte

als tijd. Daarnaast blijkt de vrije energie gelinkt te zijn aan de trage struc-

turele relaxatie, een kenmerkende eigenschap van glas. We vinden net als in

de Gutenberg-Richter wet uit de seismologie dat de waarschijnlijkheid van een

herschikking van de deeltjes een machtsfunctie is van de verandering in de vrije

energie die met de herschikking geassocieerd is.

In hoofdstuk 4 tonen we het eerste experimentele bewijs dat het excess aan

zachte toestanden een intrinsieke eigenschap van glas is die niet ontstaat door

structurele wanorde in kristallen. Harde bollen bieden de mogelijkheid om in één

enkel experiment bij dezelfde volume fractie zowel de glasfase als de kristalfase

te bestuderen. In dit experiment kan zowel de wanorde als de vrije energie wor-

den gemeten. We tonen aan dat dit gebeurt, ondanks de observatie dat het deel

van de deeltjes met zesvoudige symmetrie in zeer defecte kristallen bijna net zo

klein is als in glasachtige systemen. We laten zien dat de vibrationele en ther-

modynamische eigenschappen, bijvoorbeeld de dichtheid van toestanden en de

entropie, van een defect kristal significant verschillen van die van een onderkoelde

vloeistof of een glas, hetgeen duid op het verschil in aard tussen een glas en een

defect kristal.

In hoofdstuk 5 rapporteren we schalingsrelaties ten opzichte van het jamming

punt voor de toestandendichtheid, de schuifmodulus en de gemiddelde kwadratis-

che verplaatsing die we meten. De schalingsrelatie voor de toestandendichtheid

is in de lage frequenties in overeenstemming met eerder theoretisch werk. In de

hoge frequenties echter, is onze data niet betrouwbaar, doordat de experimentele

fout hier groot is. Wij vinden dat zowel de schuifmodulus en de gemiddelde

kwadratische verplaatsing als een machtsfunctie afhangen van de afstand tot de
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maximale volume fractie, met bijna dezelfde macht, een uitstekende overeen-

stemming met de theoretische voorspelling. De schuifmodulus neemt toe met

de afstand tot de maximale volume fractie, terwijl de gemiddelde kwadratische

verplaatsing afneemt met de afstand tot het jamming punt.

In hoofdstuk 6 onderzoeken we het effect dat polydispersiteit heeft op de ther-

modynamica en het fasegedrag van harde bollen systemen. Dit doen we door

de vrije energie voor kristallen en glas te meten. We zien dat de vrije energie

van kristallen toeneemt met polydispersiteit, echter voor wanorderlijke systemen

neemt de vrije energie af met polydispersiteit. Voor zowel kristal als glas hangt

de vrije energie kwadratisch af van de polydispersiteit, met dezelfde amplitude.

Het fasediagram voor polydisperse harde bollen wordt gepresenteerd. We tonen

aan dat bij volume fracties onder de 0.58 en polydispersiteit boven de 12%, het

systeem altijd glasachtig is en daardoor niet zal kristalliseren op experimentele

tijdschalen.
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