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2
Simulation Methods

In this thesis, various molecular simulation techniques are used. This chapter presents the
background of these techniques. A brief review of the basis of these techniques - statistical
mechanics - is firstly given. Next, we formulate the technique of Markov chain Monte Carlo.
The basic algorithm of Molecular Dynamics is then presented, with discussions on both the
atomistic and coarse-grained force field. The remainder of the chapter is devoted to advanced
techniques aiming at enhanced sampling: Replica Exchange and Metadynamics.
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2.1 A reminder of equilibrium statistical mechanics

The simulations of signaling proteins systems presented in this thesis are all performed under
the condition of thermodynamic equilibrium. From a macroscopic point of view, a system in
thermodynamic equilibrium is well described by a relatively small number of variables. LetN
be the total number of particles contained in the system, a complete microscopic description
includes a 3N dimensional position vector rN , a 3N dimensional momenta vector pN and
the interactions U(rN ) among these N particles. Statistical mechanics enables computing
the macroscopic quantities as averages over the microscopic ones, connecting the two levels
of description. The reader is directed to Ref[13, 14] for a comprehensive interpretation of
equilibrium statistical mechanics.

Suppose the N-particle system of interest is characterized by the following Hamiltonian

H(rN ,pN ) = K(pN ) + U(rN )

=
N∑
i=1

1

mi
|pi|2 + U(rN ) (2.1)

Here K(pN ) is the kinetic energy, mi is the mass of particle i. U(rN ) is the potential energy,
which is known a priori for a simulation.

Most molecular simulations are performed in the NV T or the NpT ensemble. In the
NV T ensemble (the canonical ensemble), the total number of particles N , the total volume
V and the temperature of the system are kept constant. In the NpT ensemble (isobaric-
isothermal ensemble), the pressure p of the system, instead of the volume V in NV T is held
constant. The standard results of the two ensemble averages of a function q(rN ,pN ) over
the phase space rN ,pN are:

〈q〉NV T =

∫
q(rN ,pN )e−βH(rN ,pN )drNdpN∫

e−βH(rN ,pN )drNdpN
(2.2)

〈q〉NpT =

∫
dV
∫
q(rN ,pN )e−β(H(rN ,pN )+pV )drNdpN∫
dV
∫
e−β(H(rN ,pN )+pV )drNdpN

(2.3)

where β = 1
kBT

is the inverse temperature and kB = 1.3806504(24) × 10−23JK−1 is the
Boltzmann constant.

When q = q(rN ) is only a function of the positions, not the momenta, the averages are
simplified to

〈q〉NV T =

∫
q(rN )e−βU(rN )drN∫
e−βU(rN )drN

(2.4)

〈q〉NpT =

∫
dV
∫
q(rN )e−β(U(rN )+pV )drN∫

dV
∫
e−β(U(rN )+pV )drN

(2.5)

The partition functions are

Z(N,V, T ) =
1

N !h3N

∫
e−βH(rNpN )drNdpN (2.6)

Z(N, p, T ) =
1

N !h3N

∫
dV

∫
e−β(H(rNpN )+pV )drNdpN (2.7)
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where h = 6.62098896(33)×10−34Js is the Planck constant. The total Helmholtz and Gibbs
free energies of the system are connected to the partition functions by the following relations:

F (N,V, T ) = − 1

β
lnZ(N,V, T ) = E − TS (2.8)

G(N, p, T ) = − 1

β
lnZ(N, p, T ) = E − TS + pV (2.9)

with S the entropy and E the internal energy of the system.
Estimating the free energy as function of a configurational quantity of interest is also

a major task for any molecular simulations. In principle, any total free energy can not be
measured by a simulation because it requires an integration of the complete phase space. In
practice, we compute the free energy differences between two values of a quantity of interest.
Various techniques have been invented for this purpose[20].

2.2 Markov-chain Monte Carlo

Monte Carlo (MC) is a technique widely used to sample configurations distributed according
to a given probability distribution π(rN ). It is highly efficient in calculating statistical
averages in a high-dimensional configuration space.

Suppose we can obtain a sequence of M weakly correlated configurations {rN}i=1...M

from the configurational space {rN}, the ensemble average Eqn. 2.4 can be approximated by

〈q〉 ∼ 1

M

M∑
i=1

q(rNi ) (2.10)

As M → ∞, this estimator of average becomes exact, with a statistical error vanishing as
∼ 1√

M
, irrespective of the dimensionality of the phase space. This means we can approximate

the exact ensemble average 〈q〉 using a relatively small number of samples M in the vast
phase space of the system.

In a Markov-chain Monte Carlo (MCMC), the sequence of configurations is not generated
directly randomly from the distribution π at each step, but through a consecutive random
displacement from a previous configuration. A Markov Chain eventually converges to the
target distribution π(rN )[33]. The Metropolis Monte Carlo[36] - an instance of MCMC - is
probably the most popular Monte Carlo algorithm in the scientific community targeting on
Boltzmann distribution π(rN ) = e−βU(rN ).

A simplest implementation of Metropolis MC is a loop as follows:

I Select randomly a particle i from an old configuration o = (r1, ..., ri, ..., rN ), displace
it with a random vector δri and generate a new trial configuration n = (r1, ..., ri +
δri, ..., rN ). To ensure the micro-reversibility of the sampling, detailed balance must be
fulfilled, i.e. the random displacement must be generated from a uniform distribution
around zero δri ∈ [−δrmax, δrmax]. In principle, δrmax can be chosen arbitrarily, but
in practice it affects the efficiency of the sampling[20].

I Calculate the Metropolis acceptance probability

a = min{1, π(n)

π(o)
} = min{1, e−β(U(n)−U(o))} (2.11)
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I Extract a random number r from the uniform distribution [0, 1]. If r ≤ a, accept
the trial displacement and append n to the sequence of configurations {rN}i=1...M . If
r > a, reject the trial displacement and append another o to {rN}i=1...M .

2.3 Molecular Dynamics

Monte Carlo is an efficient approach for computing static properties of a simple molecular
system. When systems become very complex, and/or when dynamical properties are of
interest, we shall tend to Molecular Dynamics. Within the scope of this thesis, we only
discuss classical molecular dynamics.

In a classical molecular dynamics scheme, the time evolution of the atomistic system
follows Newton’s laws of motion:

fi = miai (2.12)
ai = v̇i (2.13)
vi = ṙi (2.14)

where the vector fi is the force on particle i, ai its acceleration, vi its velocity, ri is the
position, mi its mass, pi = mivi. A more concise expression is

mr̈i = fi = ∇riU(rN ) (2.15)

where U(rN ) is the potential energy function of the system, ∇ri = (∂xi , ∂yi , ∂zi) is the
gradient operator for particle i. Through numerical integration of this equation of motion
for a desired amount of steps with a time-interval ∆t, one obtains a rN (t+ ∆t)) trajectory
in the phase space.

A proper integration scheme for Eqn. 2.15 should conserve the total energy (U(rN ) +
T (pN )) and obey time-reversibility. The two most commonly used examples of such algo-
rithms are the Leapfrog[25] and the velocity Verlet[44].

In the Leapfrog[25], positions and velocities are computed every half a time step after each
other. Assuming the positions are known at integer time steps, the neighboring velocities
are defined at half integer time steps:

vi(t+
∆t

2
) =

ri(t+ ∆t)− ri(t)
∆t

(2.16)

vi(t−
∆t

2
) =

ri(t)− ri(t−∆t)

∆t
(2.17)

The positions and velocities are updated as follows:

ri(t+ ∆t) = ri(t) + vi(t+
∆t

2
)∆t (2.18)

vi(t+
∆t

2
) = vi(t−

∆t

2
) +

fi(t)
m

∆t (2.19)

Due to such definition of velocity at half integer time steps, in the Leapfrog algorithm,
velocities and the Hamiltonian (total energy) are not known at the same step as the positions
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and forces. In the velocity Verlet algorithm, however, velocities and positions are computed
simultaneously:

ri(t+ ∆t) = ri(t) + vi(t)∆t+
fi(t)
2m

∆t2 (2.20)

vi(t+ ∆t) = vi(t) +
fi(t+ ∆t) + fi(t)

2m
∆t (2.21)

GROMACS[23], the MD engine used in this thesis, uses the Leapfrog algorithm.
One may notice that any discretization of the continuous time t, which takes place in

all numerical integration schemes of Newton’s equation of motion, will eventually lead to
a large deviation from the real continuous time trajectory due to the Lyapunov instability
of molecular many body systems[20]. But fortunately, the goal of MD simulations is never
to reproduce the exact trajectories, but to generate trajectories based on which the correct
statistical behavior and macroscopic averages can be correctly calculated[20]. If the system is
ergodic[20, 47], in the limit of an infinitely long time interval [0, τ ], the average of a quantity
q over time coincides with the ensemble average:

〈q〉 ∼ 1

τ

∫ τ

0
q(t)dt τ →∞ (2.22)

In practice, the discrete time step ∆t should be large enough to save computational efforts
but also short enough so that necessary fast vibrations of interest in the system are not
ignored[20].

A plain MD simulation samples the microcanonical (NVE) ensemble. To sample with
constant temperature (e.g. in NPT or NVT ensemble), one needs to couple the system with a
thermostat, such as the Nose-Hoover[38, 26], the v-rescale[12] or Andersen[2]. Constant pres-
sure MDs are possible via a barostat, e.g. the Parrinello-Rahman[39] or the Berendsen[41]
barostat.

The systems studied via MD simulations are typically contained in a very small box
(volume of order nm3). Thus we apply periodic boundary conditions (PBC) to relieve the
finite size effect of these small simulation boxes that may severely affect the simulation
results. In other words, a typical simulation box is surrounded with virtual copies of itself
to mimic an infinite system. As long as the box is sufficiently large to cover the range of
potential of interest among the atoms, each atom interacts only with the image of another
atom nearest to it. The exception is the electrostatic interaction requiring special techniques
(e.g. Ewald summation) because of its long range. The Ewald summation algorithm divides
the Coulomb interactions in short range and long range. The first part is directly summed in
real space. The latter, an infinite sum over all periodic images, is summed in Fourier space.
Particle Mesh Ewald (PME)[17, 19] or Particle-Particle Particle-Mesh (PPPM or P3M)[25]
further improves the efficiency of Ewald summation by discretizing the space into a lattice
("mesh”) and applying Fast Fourier Transform on this mesh. The simplest box shape is
cubic or rectangular. But more efficient shapes of the box exist, e.g. truncated octahedron
or dodecahedron ones, allowing less amount (30%) of solvents than the cubic ones.

2.3.1 Atomistic Force Fields

Up to now, we have not characterized the potential energy function U(rN ) describing the
interactions among the atoms. There exist different sources of obtaining U(rN ). For clas-



22 Simulation Methods

sical MD simulations, these interactions are represented by (semi-)empirical force fields.
Parametrization of these force fields is based on both quantum mechanical calculations and
experimental data (e.g. spectroscopic data). For proteins, the most commonly used atomistic
force fields include AMBER[16], CHARMM[35], GROMOS[42] and OPLSAA[29]. If mem-
brane lipids are also part of the system, one can use the burger lipid model[7], CHARMM[35]
or GROMOS version 43A1-S1[15]. We refer to Ref.[34] for a more extensive discussion of
biomolecular force fields.

One can classify the total potential function U(rN ) (the force field) into two contributions:
covalent interactions Ucov(rN ) and non-covalent interactions Uncov(rN ).

U(rN ) = Ucov + Unconv = {Ubond + Uangle + Udih}+ {Ucoulomb + Uvdw} (2.23)

Ubond =
1

2
kijb (rij − r0

ij)
2 (2.24)

Uangle =
1

2
kijka (θijk − θ0

ijk)
2 (2.25)

Udih =
1

2
kijkld (1 + cos(nφijkl − φ0

ijkl)) (2.26)

Uclmb =
eiej

4πε0rij
(2.27)

Uvdw =

(
Crpij
rij

)12

+

(
Catij
rij

)6

(2.28)

The covalent interactions include the contributions from the bond length Ubond and the
bond angle Uangle, the dihedral angle Udih. In Equation 2.24, 2.25 and 2.26, kijb ,k

ijk
a ,kijkld

are the corresponding force constants for the bond length rij between atom i and j, the
bond angle θijk between bond ij and bond jk, the dihedral angle φijkl for the atoms i, j, k
and l respectively. r0

ij , θ
0
ijk φ

0
ijkl denote the equilibrium values of the the bond, angle and

dihedral angles, respectively. The non-covalent interactions include the Van der Waals Uvdw
and electrostatic interactions Uclmb. As indicated in Eqn. 2.28, Uvdw is modeled by a 6-12
Lenard Jones potential, with two parameters Crpij and Catij representing the repulsion and
attraction between atom i and j respectively. Electrostatic interactions are modeled with
the Coulomb potential (Eqn. 2.27) in which ei and ej denote the partial charge of the two
atoms and ε0 is the dielectric constant.

Water molecules require special attention due to their distinctive characteristics. Dif-
ferent models of water have been developed, including SPC[46], TIP3P[28] and TIP4P[27].
Both SPC and TIP3P are 3-site models with the tetrahedral angle of 104.5o and 109.47o re-
spectively. Accordingly the charges on the sites differ among the two models as well. TIP4P
is a 4-site water model employing an extra negative charge placed as a dummy atom (virtual
atom without mass), aiming at improving the electrostatic distribution around the water
molecules.

Sometimes it is not necessary to sample correctly all fast vibrational degrees of freedom.
In these circumstances, constraint algorithms can be applied, allowing for a longer timestep
∆t. In most MD simulations, constraints are enforced with the Lagrange multipliers. All
constraining methods differ only in how they solve the corresponding system of equations.
The most commonly used constraining methods are LINCS[22], SHAKE[1], RATTLE[3] and
SETTLE[37]. Another way to enhance efficiency is to use a multi-timestep approach, where
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faster degrees of freedom are evaluated more frequently than slower degrees of freedom, e.g.
the RESPA algorithm[48]. GROMACS uses SETTLE and LINCS for constraints.

2.3.2 Coarse graining

Atomistic Molecular Simulations are expensive, especially for large system typically con-
taining over ∼ 105 atoms. For such "huge" systems, coarse graining techniques exist using
simplified geometry of molecules and simplified force fields U(rN ). Coarse graining allows
for exploring larger scale of conformational motions of a protein on very long timescales.

The Go-model is the earliest coarse-gained force-field (1970s) for studying protein
folding[45]. In this model, a protein is represented by a chain of one-bead amino acids
interacting through simplified attractive and repulsive non-covalent interactions that are bi-
ased towards its native configuration. Another coarse grained model heavily biased towards
the native structure is the elastic network model (ENM)[24], in which a protein is also re-
duced to one bead per amino acids but connected through elastic springs. The power of
ENM lies its convenience in reproducing the patterns of the principal modes of a protein,
provided that the deviation of the protein structures from the native conformation is small.

The Go-models and ENMs are by design not transferable to general dynamics studies.
In general, it is more difficult to develop a truly transferable force field with a decreasing
number of beads representing an amino acid. The reason lies in the fact that it is impossible
to reproduce the generic effects of the amino acid size, geometry and conformation with very
few parameters. Most coarse grained force fields depend on a reference structure.

Even simpler models can be envisioned describing whole secondary structure elements
as single units, interacting via simplified potentials such as the square well interaction. In
this thesis (Chapter 6) we employ such a model. The power of such models lie in their
computational inexpensiveness, and their ability to predict generic features and trends.

2.4 Order parameters

Order parameters (OP) are projections of the high-dimensional configuration space (rN ) into
a one-dimensional representation that provides physical insight of the system.

One of the mostly commonly used order parameters is the Root Mean Square Deviation
(RMSD) from a given reference structure. Usually the experimentally determined structure
via X-ray diffraction or Nuclear Magnetic Resonance (NMR) is used as a reference. RMSD
is defined as:

RMSD =

(
1

M

N∑
i=1

mi||ri − rrefi ||
2

) 1
2

(2.29)

where ri and rrefi denote the positions of atom i of the given and reference structure respec-
tively, mi the mass of atom i, M the sum of the masses of all N atoms used for calculation.
In order to compute the RMSD, one minimizes over all translations and rotations of the
reference structure. When considering only the Cα atoms of a protein, RMSD values below
2.5Å are considered "low".

As the major topic of this thesis is the role of helices in signaling, we shall also introduce
a general order parameter describing the stability of a helix in the simulation - the number
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of helical hydrogen bonds. The most common definition of an established hydrogen bond
is given when the distance and angle between the donor and acceptor residue are below
certain cut-offs. In this thesis we use the standard distance cut-off of 3.5Å and allow for
30o deviation from the ideal N-H-O angle of 180o. A helical hydrogen bond is then defined
between a donor and a receptor four residues apart from each other, as each helical turn
roughly consists of four residues.

When hydrophobic effects are of interest, it is useful to compute the solvent accessible
surface area (SAS), which is a measure of the protein surface area that is reachable for
water molecules. SAS is also known as Lee-Richards molecular surface after the inventors of
this order parameter[32]. A "rolling ball" algorithm is used to compute SAS: a sphere of a
particular size, for instance comparable with the size of a water molecule, is used to "probe"
the surface of the protein.

2.5 Replica Exchange

Replica exchange (RE), also known as parallel tempering, is a general enhanced sampling
scheme that can be combined with both Monte Carlo and Molecular Dynamics[20]. The
scheme was invented based on the observation that a many-body molecular system diffuses
faster in the phase space at high temperature, allowing for a faster sampling of the accessible
conformations of a protein. Exchanging conformations sampled at higher temperature with
those sampled at a lower temperature, may assist the system to overcome the free energy
barriers hindering a meaningful transition at lower temperature. Note that, such observation
is only partially correct, since entropy-driven barriers remain intact, blocking transitions even
at high temperatures.

In a typical temperature replica exchange, multiple copies (replicas) of the same system
are simulated in parallel, but at a different temperature (NVT ensemble). One replica should
be at the temperature of interest. Normally such temperature is the lowest one while the
highest temperature among the replicas should be high enough to assist the sampling at
the lowest temperature. The different replicas are allowed to exchange by a Monte Carlo
scheme that periodically attempts to exchange temperatures between two replicas at certain
simulation time intervals.

The exchange between two replicas obeys detailed balance:

π(o)a(o→ n) = π(n)a(n→ o) (2.30)

where π(x) = e−βU(x) is again the Boltzmann weight of conformation x and a(o → n) is
the acceptance probability for the change from state o to n. Note the meaning of a "state"
is defined in a generalized ensemble including all replicas. The Monte Carlo move here is
not a random displacement of a particle but a random swap between two conformations
(or identically two temperatures) from two distinct replicas i and j. Assume state o to be
(βiUi, βjUj), a random trial swap then generates state n as (βiUj , βjUi), yielding

e−(βiUi+βjUj)a((βiUi, βjUj)→ (βiUj , βjUi)) = e−(βiUj+βjUi)a((βiUj , βjUi)→ (βiUi, βjUj))
(2.31)

which gives the following Metropolis acceptance rule:

aswap(i↔ j) =
a(n)

a(o)
= min(1, e∆βij∆Uij ) (2.32)
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where aswap(i↔ j) denotes the probability to accept the trial swap move between replica i,
j with ∆Uij = Ui − Uj and ∆βij = βi − βj being the difference of the potential energy and
inverse temperature between the two replicas respectively. Eqn. 2.32 assures the canonical
distribution for each temperature.

To obtain good sampling, the configurations in each replica should diffuse as easily as
possible among all temperatures. Thus a reasonable high exchange ratio between all adjacent
replicas is a necessary, but not sufficient, rule of thumb. Typically a exchange ratio of
approximately 20% is deemed optimal[43, 18]. Various approaches exist to achieve this,
including choosing the temperature ladder {βi} optimally[40], or using biasing potentials to
enhance exchanges and then correct the bias afterwards[30].

While RE enhances sampling when compared to straightforward MD, it still suffers from
convergence issues. The major reason is that to ensure the optimal acceptance ratio, the nec-
essary number of replicas increases rapidly with increasing system size. For MD simulations
of large protein systems, RE is a less attractive choice. But for MD of small proteins and MC
of simple models (see Chapter 5), RE becomes very powerful, especially when the system
has to be simulated at various temperatures. Moreover, instead of temperature, replicas
can differ in the potential energy function itself. This type of RE, known as Hamiltonian
RE, splits the Hamiltonian into a reference energy and a perturbation energy. The latter,
swapped among replicas, can represent a type of interaction such as hydrophobicity[21] or
hydrogen bond strength[49].

2.6 Metadynamics

In a straightforward molecular dynamics simulation of a system, sampling is difficult due to
the high barriers blocking transitions among the metastable free energy minima. The system
can be easily trapped in a minimum for a long time, much longer than one realistically expect
to be able to simulate. This issue is known as the rare event problem. Various techniques
have been developed to alleviate the rare event problem, including Metadynamics[31, 5].

Metadynamics is an enhanced sampling method, invented by Laio and Parrinello, that
performs history-dependent sampling in a reduced phase space consisting a number of col-
lective variables (CVs) s(rN ) on top of the original Monte Carlo or Molecular Dynamics
sampling in the phase space (rN ,pN )[31, 5].

In Metadynamics, sampling is enhanced by adding a bias potential VG(s(rN ), t) depend-
ing on both the CVs s(rN ) and the simulation time t. This biasing potential discourages the
system to revisit configurations with the same value of s(rN ).

VG(s(rN ), t) =

∫ t

0
dτ

h

τG
exp

[
−(s(rN )− s(rN (τ)))2

2w2

]
(2.33)

As indicated in Eqn. 2.33, the biasing potential VG is a sum of Gaussian hills ( denoted
by subscript G) positioned on the locations in CV space {s(rN )} that have already been
sampled. h and w are the height and width of these Gaussian hills respectively. τ−1

G is the
frequency for depositing the hills on the CV space. h and τG together defines an energy rate
ω of the biasing potential:

ω =
h

τG
(2.34)
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In addition to pushing the system away from local free energy minima, such adaptive biasing
potential VG has several other benefits: (I) it allows exploring new reaction pathways as the
system tends to escape the minima passing through the lowest free-energy saddle point; (II)
no a priori knowledge of the free energy landscape is required. Metadynamics inherently
explores the low free-energy regions first; (III) most importantly, the bias potential VG
converges to an unbiased estimate of the underlying free energy in the long time limit:

VG(s(rN ), t→∞) = −F (s) + C (2.35)

where C is an irrelevant additive constant and the free energy F (s) is defined as

F (s) = − 1

β
ln(

∫
drNδ(s− s(rN ))e−βU(rN )) (2.36)

where β = 1/kBT , kB is the Boltzmann constant, T the absolute temperature of the system.
When convergence of Eqn. 2.35 is achieved, the system diffuses freely in the CV space,
because by then the total free energy surface (F (s) + VG(s) = C) becomes approximately
flat. In practice, one determines empirically a "filling time" tfill, after which VG(s) fluctuates
around F (s) + C.

The original version of metadynamics presents a number major drawbacks: (I) in a
single run, the oscillation of VG(s) around F (s) makes it non-trivial to decide when to stop a
simulation; (II) the bias potential overfills the underlying FES and pushes the system toward
regions of the CVs space with very high energy; (III) Identifying a set of CVs appropriate
for describing complex processes is far from trivial. A solution to the first two problems is
provided by well-tempered metadynamics[6, 8, 4, 11].

2.6.1 Well-Tempered Metadynamics

Well-tempered metadynamics is the current state of the art standard procedure of
metadynamics[6]. In well-tempered metadynamics, the bias deposition rate decreases over
simulation time, because a different expression of the bias potential is used:

VG(s, t) = kB∆T ln(1 +
ωN(s, t)

kB∆T
) (2.37)

V̇G(s, t) =
ωδs,s(t)

1 + ωN(s,t)
kB∆T

= ωe
−VG(s,t)

kB∆T δs,s(t) (2.38)

where V̇G(s, t) is the time derivative of VG(s, t), N(s, t) is the histogram of the CV s(r)
collected during the simulation, ∆T an input parameter with the dimension of a temperature.
The original metadynamics algorithm can be recovered from Eqn. 2.37 by replacing δs,s(t)
with a Gaussian. In practice, Eqn. 2.37 and Eqn. 2.38 are implemented by rescaling the
Gaussian height h according to

h = ωτGe
−VG(s,t)

kB∆T (2.39)

This new biasing potential provides two profound benefits. Firstly, since the histogram
N(s, t) is monotonically increasing function of the simulation time t, the effective energy
deposition rate now decreases as 1/t, see Eqn. 2.38. As a result, the dynamics of all the
microscopic variables of the system becomes closer to thermodynamic equilibrium as the
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simulation proceeds[6, 11]. Secondly, it allows one to tune the extent of exploration, using
the parameter ∆T , for a metadynamics simulation on the energy scale and thus to avoid the
overfilling of Gaussians. This is because the bias potential does not fully compensate F (s)
as in the original version of metadynamics, but converges to

VG(s(rN ), t→∞) = − ∆T

∆T + T
F (s) + C (2.40)

In the long time limit, the probability distribution of the CVs s becomes

P (s) ∝ e−
F (s)

kB(T+∆T ) (2.41)

Here T is the temperature of the system. ∆T +T is refereed to as the fictitious CV temper-
ature. ∆T+T

T is the bias factor. In the limit ∆T → 0, the system dynamics is unbiased. For
∆T →∞, original metadynamics algorithm is recovered.

2.6.1.1 Reweighting with Well-Tempered Metadynamics

Although Eqn. 2.40 provides an estimate of F (s) for the biased variable s, the biasing po-
tential VG(s) inevitably distorts the probability distribution for the variables other than the
biased one in a nontrivial fashion. Fortunately, a simple reweighting scheme has been in-
troduced for well-tempered metadynamics based on the fact that the energy deposition rate
decreases as the simulation proceeds - the system becomes closer and closer to thermody-
namic equilibrium[9]. In this reweighting scheme, the biased probability P (rN , t) is updated
according to

P (rN , t+ ∆t) = e−β(V̇G(s(rN ),t)−〈V̇G(s,t)〉)P (rN , t) (2.42)

where the average 〈V̇G(s, t)〉 is calculated in the biased ensemble. The Boltzmann distribution
PB(rN ) can then be recovered via a standard reweighting step:

PB(rN ) ∝ e+βVG(s(rN ),t)P (rN , t) (2.43)

This scheme allows computing on the fly the probability distribution of any measurable
quantities that are comparable with experiments.

2.6.2 Wall potentials

In practical applications of metadynamics, one often needs to limit one’s attention to only
a certain range of values of the CVs s. To prevent unnecessary sampling outside the CV
region of interest, one applies a “wall potential” as a function of s. In this thesis, we used
wall potentials of the following form:

Vwall(s) = κ(
s− s0

ε
)4 (2.44)

where s is the value of CV, s0 the position of the wall, κ an energy constant, ε a rescaling
factor. This potential is only active when s is larger than the upper bound or smaller than
the lower bound[10].
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Figure 2.1: Definition of rigid body motions of helices. (A) Positions of four consecutive Cα atoms
(colored balls) are used to define a group. A helix vector is defined by the vector difference between
the center of mass of the head and tail group of the helix; (B) Three collective variables (CVs) for
describing modes of motions of the helices: rotation θrot , piston ∆pis, and tilt angle θtilt. See main
text for meanings of the position vectors. CV definitions are highlighted in red.

2.6.3 Rigid body motion of helices

In this thesis, we are frequently interested in the relative rigid body motions between two
helices, when the helices under study are relatively stable without severe bending or twist-
ing. As each turn of a helix consists of four consecutive residues, we can define a vector
representing each helix based on four consecutive Cα atoms at head and tail of the helix.
Let Rh and Rt be the head and tail, the vector is then Rh −Rt. We mainly analyze three
modes of rigid body motions of a helix or motions between two helices and use them as CVs
for Metadynamics simulations. These CVs are illustrated in FIG. 2.1.

Rotation We define the rotation of a helix along its own axis using three groups of atoms:
the head group Rh, the tail group Rt and the rotational reference group Rr. This rotational
reference group is defined as the center of mass of a group of atoms, such that Rr is not
on the principal axis of a helix. The vector R is defined by the difference between the head
and tail R = Rh −Rt. The center of mass of the vector is then Rc = (Rh + Rt)/2. With
R0
r the rotational reference group of a reference structure, we compute Rrc = Rr −Rc and

R0c = (R0
r −Rc). Using m = Rrc ×R and n = R0c ×R, rotation is then defined by

θrot =

− arccos
(

mn
|m||n|

)
, Rrc × n < 0

arccos
(

mn
|m||n|

)
, Rrc × n ≥ 0

(2.45)

In our setup, Rh and Rt are defined as the center of mass of four consecutive Cα atoms at
each end of a helix. Rr is defined by the center of mass of a series of Cα atoms separated
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by three Cα atoms to ensure that Rr never sits on the helix vector itself.

Piston We define a CV piston that measures the movement of a vector along itself. In
short, this is a projection of the vector connecting the center of mass of a vector Rc and
the reference vector R0

c onto the vector R itself. Note that this reference structure is first
aligned with the current coordinates to remove overall translation and rotation. Let R0

h and
R0
t represent the initial positions of the head and tail of the vector R, we have

∆pis =
(Rc −R0

c) · (Rh −Rt)

|Rh −Rt|
(2.46)

For the HAMP protein domain discussed in Chapter 3 and Chapter 4, we use four consecutive
Cα atoms from a helix to define the head and tail.

Tilt Angle The tilt angle between two vectors i and j can be expressed as follows:

θtilt = arccos

(
Ri ·Rj

|Ri||Rj |

)
(2.47)

The definition of the head and tail of a helix is similar to those defined for ∆pis and θrot.
We encoded these three new CVs in PLUMED, a package compatible with most main-

stream MD engines containing the metadynamics algorithm[10]. As the CV ∆pis and θrot
involve a reference structure, we must align the reference structure with respect to the cur-
rent frame throughout the simulation, to remove the overall translational and rotational
motions. We tested our implementation of these three new CVs by comparing the analyti-
cally calculated values of the derivative of the CVs implemented in PLUMED and those of
a numerically computed derivative via a very small change in the CVs.
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