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1. Introduction

The goal of this paper is to present a general conjecture and a number of proven special cases that express the so-called
A-classes emerging in the theory of the DR/DZ correspondence for integrable hierarchies [10,11] in terms of stable trees
decorated by products of the A-classes and the so-called 2-classes, as well as the vanishing identities of the similar flavor.
The results and conjectures that we present here are to a large extent parallel to the ones appearing in [14]. The main
differences lie in the following two aspects:

interpretation The results and conjectures of [14] aim to proving the existence and equivalence statements in the theory
of DR/DZ correspondence, while in our approach the goal is to explain the surprising numerical observations made
by the first and the second named authors for the tau functions of the DR hierarchy.

decorations The decoration of the stable trees involved in the respective tautological relations is also quite different: in [14]
stable trees are always decorated by ¥ -classes, while here we use products of A-classes and Q2-classes, as men-
tioned above.

The motivation for the present work comes from two different aspects in the study of the so-called double ramifica-
tion (DR) hierarchies of PDEs associated to cohomological field theories, introduced by Buryak in [9] and extended to the
case of F-cohomological field theories in [13,2]. On the one hand, there is a program of establishing a Miura equivalence
between the DR hierarchies and Dubrovin-Zhang hierarchies for a large class of F-cohomological field theories (as well as
polynomiality of conservation laws of the latter): these facts were reduced in [11,14] to a system of tautological relations of
a type that had never emerged in the literature before. In this direction, our paper can be considered as an enhancement of
the system of tautological relations of this type, with new examples. We hope that, once a critical mass of conjectural and
proven relations of this kind is known, this can lead to their full understanding and general proof.

On the other hand, the study of quantum tau functions, introduced in [10] in the context of the quantization of DR
hierarchies, and performed in [3] and in a forthcoming paper [4], strongly suggests a system of relations between double
ramification cycles and Q2-classes, with no immediate resemblance with the known expression for the double ramification
cycles proved in [24]. Furthermore, restricting the conjecture of [4] to the classical setting suggests systems of relations
between the A-classes of [11,14] and Q-classes. In this sense, the paper presents a system of relations revealing what is
behind the numerical observations of [4] in the classical setting.

As a final remark let us mention that the Q-classes that we use here recently became ubiquitous in the interaction of
enumerative geometry and integrability. They are used in a variety of works on Hurwitz numbers, Mirror Symmetry of toric
Calabi-Yau threefolds, Masur-Veech volumes, ©-classes and their relation to integrable hierarchies, Euler characteristic of the
open moduli spaces of curves, spin Gromov-Witten theory of curves and the study of spaces of meromorphic differentials
on algebraic curves, in the expressions of the double ramification cycles and their different variations, among other topics.
See for instance [17,24,8,19,20,7] and references therein.

1.1. Organization of the paper

The paper is not entirely self-contained, as we borrow several constructions and ideas from a number of previous works
on similar structures, see [11,12] and especially [1] and [14]; the material presented in these last two papers is necessary to
follow our arguments. We assume the reader to be familiar with the standard notation for various classes in the tautological
ring of the moduli spaces of curves and the usage of stable graphs for their expressions.

We present our results and conjectures in Section 2 assuming the reader is familiar not only with the standard stratifi-
cation of the moduli spaces of curves and v -, k-, and A-classes in the tautological ring, but also with less known 2-classes.
The introduction to the Q-classes and their properties is postponed to Section 3, where we recall their basic properties and
use them to analyze the formulas proposed in Section 2. Finally, in Section 4 we employ localization techniques along the
lines of the work of Arcara-Sato [1] in order to prove the main results of this paper.

1.2. Conventions and notation

We work with classes in the tautological ring of the moduli space of stable curves, R*(mg,n); when we say “cohomo-
logical degree” we abuse the terminology and actually refer to the degree in the Chow ring, so half the actual degree in
cohomology. For a tautological class ¢ of mixed degree we denote by (c); its homogenenous component of degree i in Chow
and 2i in cohomology.
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1.3.1. Further developments

We would like to add here references on two recent results that were derived from the ideas found in this paper. First
of all, Conjectures 2.2, 2.5, 2.8, and 2.11, were proved in [5]. Moreover, the observations made in Section 2.5 along with the
ideas involved in the proof of the conjectures of this paper have appeared to be crucial in the follow-up proof of the famous
DR/DZ equivalence conjecture and a variety of related statements in [6].

2. Conjectures and theorems
2.1. Basic notation for trees

Let SRTgnm be the set of stable rooted trees of total genus g, with n regular legs oq,...,0n, and m extra legs
On+1, ..., Ontm, Which we refer to as “frozen” legs and must always be attached to the root vertex. For a T € SRTg nm
we use the following notation:

H(T) is the set of half-edges of T.

L(T), Ly(T), L§(T) C H(T) are the sets of all, regular, and frozen legs of T, respectively. L(T) = Ly(T) u L¢(T).

He(T) :=H(T) \ L(T).

t: He(T) — He(T) is the involution that interchanges the half-edges that form an edge.

E(T) is the set of edges of T, E = H.(T)/t.

H.(T) C H(T) is the set of the so-called “positive” half-edges that consists of all regular legs of T and of half-edges in

H(T) \ L(T) directed away from the root at the vertices where they are attached, H,(T) £ E(T) U L.(T);

e H_(T) C H(T) is the set of the so-called “negative” half-edges that consists of all frozen legs of T and of half-edges in
H(T) \ L(T) directed towards the root at the vertices where they are attached, H_(T) = E(T) U L¢(T);

o V(T), Vyur(T) are the sets of vertices and non-root vertices of T.

e v, € V(T) is the root vertex of T; V(T) = {v(T)} u Vyr (T).

e For a v e V(T), H(v), Hy(v), H_(v) are all, positive, and negative half-edges attached to v, respectively. Obviously,
|[H_(v;)|=m and for any v € V,(T) we have |[H_(v)| =1.

e For a v e V(T) let g(v) € Zxo be the genus assigned to v. The stability condition means that

x(v)=2g(v)—-2+|H()|>0.

The genus condition reads

Y swv=g

veV(T)

e We say that a vertex or a (half-)edge x is a descendant of a vertex or a (half-)edge y if y is on the unique path
connecting x to vr.

e For an h € Hy(T) let DL(h) be the set of all legs that are descendants to h, including h itself (if h is a leg). Note that
DL(h) € L,(T) for any h € H(T) and DL(l) = {l} for l € L, (T).

e For an h € H, (T) let DH(h) be the set of all positive half-edges that are descendants to h, excluding h. For instance, for
le L, (T) we have DH(l) =%, and for h € Hy(T) \ L,(T) we have DH(h) 2 DL(h).

e For an e € E(T) let DL(e) be the set of all legs that are descendants to e. Note that DL(e) C L.(T) for any e € E(T).
Note also that DL(e) = DL(h) for the unique positive half-edge h of the edge e.

e For an v € E(T) let DL(v) be the set of all regular legs that are descendants to v. In particular, DL(v;) = L. (T).

e ForaveV(T) let DV(v) C V(T) be the subset of all vertices that are descendants of v, including v itself. For instance,
DV (vy) = V(T). Let

Dx)= Y x().

v'eDV (v)
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In the pictures it is convenient to arrange the half-edges at each vertex such that the negative half-edges are directed
to the left and the positive half-edges are directed to the right. In particular, the root vertex is the leftmost vertex on the
pictures. Here is an example of a stable rooted tree in SRT; 3> placed on the plane following this convention:

o1

o4 ©
) @

05 03 02

Consider the polynomial ring Q := QJay, ..., a,] and define a: H,(T) - Q, a: E(T) - Q, and a: V(T) — Q (abusing
notation we use the same symbol a for all these maps) by

a(o;) =aj, i=1,...,n; ath) =3 jcprm ad), he H (T);
ace) = Z,eDL(e) a(), ec E(T); a(v) = Z,eDL(V) a(), veV(T).

2.2. Vanishing conjecture for more than one frozen leg

Let T € SRTg nm. Assign to each v € V(T) the moduli space of curves Mg(‘,),w(vn, where the first |H, (v)| marked points
correspond to the positive half-edges attached to v and ordered in an arbitrary but fixed way and the last |H_(v)| marked
points correspond to the negative half-edges attached to v, also ordered in some arbitrary but fixed way. Consider the class

Q) = aw)' Wi Qi (a(v), 0: —a(hy), ... —a(hys, ). 0. ... 0)

[H-(v)]
€ R*(Mgw),iHm)) ®g Q-
The classes Q[é]n(r, S; 1, ..., Mp) are defined in Section 3; for now it might be seen just a notation for some class of mixed

degree. The only property that we use in this section to state our conjectures and results is the following feature of the
class Q(v): its component in R? is a homogeneous polynomial of degree d in as, ..., as, see Proposition 3.5 in Section 3.

Definition 2.1. For each (g, n, m) such that 2g — 2 +n +m > 0 define the class

Qg n € R*(Mgnim) ®g Q

as

Qn= ) (—1)‘””( 11 a(€)>(br)* QR ew 21)

TeSRT(g,n,m) ecE(T) veV(T)

Here (br), is the boundary pushforward map that acts from ®V€V(T) R*(ﬂg(v),m(v)\) ®@ Q to R*(Mg_n+m)®@ Q. We call
Q(T) the summand corresponding to the tree T. The class an and each Q(T) also have the feature that their component
in R? are homogeneous polynomials of degree d in ay,...,ay.

Conjecture 2.2. For g > 0,n > 0, m > 2 we have deg an <2g-—-2+4m.

Here the degree deg can be understood either as the degree in the tautological ring or the degree in the variables
ai, ..., 0y, these two ways to define the degree are equivalent by construction.

This conjecture is supported by the experiments with the admcycles package [16] for (g,n,m) = (1,2,2) as well as
the following two theorems:

Theorem 2.3. For g =0, n > 0, m > 2 we have deg Q'gn <m-—2.
In other words, Conjecture 2.2 holds in genus 0.
Theorem 2.4. For g >0,n =0, 1, m > 2 we have deg an <2g—-2+m.

In other words, Conjecture 2.2 holds in any genus for n =0 and n=1.

4
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2.3. An alternative reformulation with level structures

We enhance the structure of a stable rooted tree to what we call a degree-labeled stable rooted tree (of genus g, with
n regular and m frozen legs). To this end we take a stable rooted tree T € SRTy . and assign to each v € V(T) an extra
degree label p(v) € Z>o such that p(v) <3g(v) —3 + |H(v)|. Denote the set of all degree-labeled stable rooted trees by
DLSRTg nm. and consider its elements as pairs (T, p), where T € SRTg ;, » and p is the degree label function on T.

Our next goal is to assign to a degree-labeled stable rooted tree (T, p) € DLSRT; , m a coefficient that we call Cpy (T, p).
A function ¢: V(T) — Zxg is called an admissible level function if the following conditions are satisfied:

The value of ¢ on the root vertex is zero (£(v;) =0).

If v e DV(v) and v’ # v, then £(Vv) > £(V).

There are no empty levels, that is, for any 0 <i < max£(V(T)) the set £-1(i) is non-empty.
For every 0 <i <max¥{(V(T)) — 1 we have inequality

eVMItm <ill-1+ Y pm=m—2+ Y 2gW).

veV(T) veV(T)
Lvy<i Uv)<i

In other words, if we let p(v) to be a degree of some class on the moduli space corresponding to the vertex v, then
the inequality means some bound (N.B.: exactly the same bound as in Conjecture 2.2) on the degree of a class obtained
by the boundary pushforward map (by/). of the tree T’ obtained from T by cutting it at level i. For instance, if T has
more than one vertex, then p(v,) <2g(v;) —2+m.

Let L(T, p) denote the set of admissible level functions on (T, p) € DLSRTg 5 ;. The coefficient Cj,,(T, p) is defined as

Cvi(T, p) = Z (—1)maxe(v (D)
teL(T.p)

Now, we adjust the main steps of the definition of Q(T) to the case of degree-labeled stable rooted trees. For a (T, p) €
DLSRTg n,m, we still assign to each vertex v € V(T) the moduli space of curves ﬂg(w,m(v)‘, where the first |H. (v)| marked
points correspond to the positive half-edges attached to v and ordered in an arbitrary but fixed way and the last |H_(v)|
marked points correspond to the negative half-edges attached to v, also ordered in some arbitrary but fixed way. But now
we consider the class

(QWY)p) = (a(v)l—gW)xg(V)Qg’((vv){]m(v)‘ (—ath.....—ath o). 0.....0)

o P

that belongs to RP(")(ﬂg(v),‘H(V”) ®q Q, that is, we consider the homogeneous component of Q(v) of degree p(v). It is
a homogeneous polynomial of degree p(v) in a,...,a,, and it can be nonzero only if p(v) > g(v) (in principle, one could
add the latter inequality to the list of conditions for the degree labels p, but we don’t do this for a better comparison
with [14], cf. Remark 2.16 below).

Assign to each (T, p) € DLSRTg . the class Q(T, p) in RP(T*P)(Mg,,Hm) ®q Q, where P(T, p) :=|E(T)|+ ZVGV(T) p(v),
given by

QT, p) = CM(T,m( [1 a(e))(bm Q) @)

ecE(T) veV(T)

Recall that (br), is the boundary pushforward map from ®,cy ) RPY) (Mg nw)) ®@ Q to RFTP (Mg nim) ®g Q.

The class Q(T, p) is a homogeneous polynomial of degree P(T, p) in ay, ..., d,. o
Consider for each (g,n,m) such that 2g —2 +n+m > 0 the class "'QY € R*(Mgnim) ®g Q defined as
Mag,= ). l.p

(T,p)eDLSRT(g,n,m)

Conjecture 2.5. For g > 0,n > 0, m > 2 we have deg"”an <2g—2+4m.

As in the case of Conjecture 2.2, the degree deg can be understood either as the degree in the tautological ring or the
degree in the variables ay, ..., a,, these two ways to define the degree are equivalent by construction.

Theorem 2.6. Conjectures 2.2 and 2.5 are equivalent.
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So, we can consider Conjecture 2.2 as a somehow more streamlined version of Conjecture 2.5. The reason for this more
involved reformulation that uses level functions is that this way we can extend our conjecture(s) and theorems to the cases
m =20, 1. Theorem 2.6 is a purely combinatorial statement that uses only the degrees of the involved classes; it is proved in
Section 2.5 below.

Another observation that relates versions of Conjectures 2.2 and 2.5 for different m > 2 is the following statement. Let
T Mg,Mm — ﬂgywm,] be the map that forgets the last marked point.

Theorem 2.7. For m > 2 we have

m __ n X —1.
Qg = (D=1 4i) Qg5 s

ﬂ*MQg‘,n — (Z?:] ai)MQrgn,H1~
Form =2 we have 7,Q2% , = n*"”Qén =0.
This theorem is proved in Section 3.3 along with Theorem 2.14 stated below.
2.4. A-class conjecture for less than two frozen legs
First, let us define the A-class.

We consider again the polynomial ring Q = Q[ay,...,a,] and define a: H.(T) — Q, a: H_(T) \ Lg(T) — Q, and
a: E(T) — Q (abusing notation we use the same symbol a for all these maps) by

a(oj) =aj, i=1,...,n;
ath) = jepray ad), he Hi(T);
a(h) == =X iepramy 40 H_(T)\ Ly (T);
ae) = jeprie) a(), ec E(T).

In particular, in this case if two half-edges, h and h’, form an edge, then a(h) + a(h’) = 0. Also, for any vertex v € V(T) we
have 3y, a(h) =0. Finally, set a(on41) = — > ai

Let T € SRTg 5 1. Assign to each v € V(T) the moduli space of curves M) |H(v)|, where the first |[H4 (v)| marked points
correspond to the positive half-edges attached to v and ordered in an arbitrary but fixed way and the last marked point
corresponds to the unique negative half-edge attached to v. Consider the class

A(V) = Ag)DRg(w) (a(h1), ... alhyu, ). alhyuey)) € R (Mg inon) ©0 Q.

This class is a homogeneous polynomial of degreeig(v) ina,...,a,.
Assign to each T € SRTg 5,1 the class A7 in R*(Mg ny1) @ Q given by

A(T) :=< I1 a(e))( I1 X )(bm Q) AW e RPEHEDIMg 111) @0 Q.

ecE(T) veV(T) DX(V) veV(T)

Here (br), is the boundary pushforward map from ®V€V(T) Rzg(")(ﬂg(v),m(v”) ®0p Q to RZgHE(T)‘(ﬂg,nH) ®q@ Q. The
class A(T) is a homogeneous polynomial of degree 2g + |E(T)| in aq, ..., ay.
Consider for each (g,n) such that 2g — 1 +n > 0 the class A}g_n € R*(Mgnt1) given by A}g‘n =2 reskTg ., A

Conjecture 2.8. For g > 0,n > 1 we have deg ("'Q} , — A} ) <2g — 1.

This conjecture is supported by the experiments with the admcycles package [16] for (g,n) = (1,2) and (2, 2) as well
as the following two theorems:

Theorem 2.9. For g = 0,n > 2 we have V'Q} = A} .
In other words, Conjecture 2.8 holds in genus 0.
Theorem 2.10. For g > 1,n =0, 1, we have deg (MQL,H — Ay, <2g-1.

In other words, Conjecture 2.8 holds in any genus for n =0 and n=1.

6
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2.4.1. A-class conjecture for no frozen legs
Let w: Mg i1 — Mg, be the map that forgets the last marked point. By [11, Lemma 2.2], the following class

o TAga
&M a1 4+ +ay
is still a polynomial in ay, ..., ay, that is, Ag,n € R*(Mgn) ®0 Q.
Conjecture 2.11. For g > 0, n > 1 we have deg ("”ngn —AY,) <2g-2.
This conjecture is supported by the following three theorems:
Theorem 2.12. For g =0,n > 3 we have V'QJ | = AJ .
In other words, Conjecture 2.11 holds in genus 0.
Theorem 2.13. For g > 1,n =1, and g > 2, n =0, we have deg ("'Q§ , — A% ) <2g —2.
In other words, Conjecture 2.11 holds in any genus for n =0 and n =1.
Theorem 2.14. We have .. (V' , — A} ) = (Xin @) (V22 — A% ).

In other words, Conjecture 2.11 follows from Conjecture 2.8. In particular Theorems 2.12 and 2.13 are direct corollaries
of Theorem 2.14 and Theorems 2.9 and 2.10. Theorem 2.14 is proved in Section 3.3 along with Theorem 2.7.

2.5. Alternative expressions in terms of y-classes

The structure of the tautological classes used in Conjectures 2.2, 2.5, 2.8, and 2.11 as well as the respective theorems stat-
ing their special cases repeat to some extent the conjectures and statements of [14]. Let us explain what are the necessary
adjustments to reproduce the expressions discussed in [14].

All constructions presented in Sections 2.2, 2.3, and 2.4 are based on the definition of the class (v) that we assign to a
vertex v in a stable rooted tree T or its homogeneous component (£2(v))p(v) that we assign to a vertex v in a degree-labeled
stable rooted tree (T, p). Now, replace the class (v) with the class

\p(v):‘J}g(v),|H(v)|(—a(h1)»u«,_a(h|H+(v)|)’0»u«,O)
[H-(v)]
[Hy (V)] o
=1 7=aiou: oty €K Memnm) 8o Q

i=1

(we use the same convention as before, that is, the first |[H (v)| marked points correspond to the positive half-edges and the
last [H_(v)| correspond to the negative half-edges). With this new assignment one can repeat all steps of the constructions
above in order to define W, for m > 2 and "W, for m > 0.

Theorem 2.15. The vanishing of(\IJgn)d in degreesd > 2g — 1 +m, m > 2, as well as the vanishing of ("”\Ilgn - 87 Ag’n — &7 A}g’n)d
in degrees d > 2g — 1 4+ m is equivalent to [14, Conjectures 1, 2, 3].

Remark 2.16. Note that using classes ©2(v) as opposed to W(v) reduces the number of graphs that might contribute non-
trivially. Indeed, as we mentioned above, the degree of Q(v) is bounded from below by g(v), hence we are only interested
in the degree-labeled trees with p(v) > g(v) for each v € (T, p). It is no longer the case for W(v), and it is the reason why
we haven'’t included this inequality in the definition of degree-labeled stable rooted trees.

Proof of Theorem 2.15. In order to prove this theorem in the degree-leveled case, it is sufficient to identify "”\I/’” with the
generating function )5 B H, 14;', where Bm- is given by [14, Theorem 3.10]. We recall the latter expression (adapted to

the notation that we use 1n the present paper) and explain the identification.
Let (T, p) € DLSRTg p . Introduce an extra function q: H,(T) - Z=g such that for each v € V(T) we have p(v) =
Zhem(v) q(h). Denote Q(T, p) the set of such functions. Then B’;a. d=(q,...,dp), is defined as

7
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IHy (v)]
Bza:= Z Cui(T, p) Z ((bT)* ® H w;’”‘“)x

(T,p)eDLSRTg nm qeQ(T,p) veV(T) i=1
[hen, @y (XZieprny @D+ = Xpepum @) + 1))q(h)+1
[T, di+ D!

Here d(l) is defined as d(o;) =d; and (s); =s(s —1)---(s —t + 1) denotes the Pochhammer symbol and it is assumed that
Shet, ) 4 + [E(D)| = Y1, d;.

In order to prove that ) ; Bm ? 1 fl’ "”\Il?n. it is sufficient to show that the expressions match for each (T, p) €

DLSRTg n,m separately. This is done by applying the following identity at each vertex of T:

[H4(v)] noci—p—
; (ci + 1 . 21:1 ci—p—1
y [ (wf(h’)a(hi)cl(c)"(h")H> = (W(V)), -a(v)- a(v)ni
Q@ Hy(V)>Zs =1 €+ D! (Xiici—p)!

2 heHy vy IM=p(v)

for suitable ¢; > q(hy), i=1,...,|Hy(v)|.
In the case of the usual \Il?n, it has to be compared with the generating function ) ; B’" ]_[, 1a where B’”f is given
by [14, Equation 3.2]. The argument is then completely parallel to the one presented above in the case of degree leveled
expressions. [

Theorem 2.15 provides a compact reformulation of the classes introduced and considered in [11,12,14]. But, most impor-
tantly, in the context of this paper it allows to automatically transfer the purely combinatorial equivalences proved in [14] to

the case of classes an and "”Q’g”n considered in the present paper. For instance, we can immediately prove Theorem 2.6.

Proof of Theorem 2.6. It is a direct corollary of Theorem 2.15 and the proofs of [14, Theorems 3.4 and 3.10] — the latter
proofs provide a combinatorially described triangular change that relates {\I/’g_,n} and {"”\Ifgn}, and since nothing but the

vanishing dimensions of the classes are used, we can replace them by {an} and {"”an} in that argument. O
3. Background on Q2-classes
3.1. Definition and formula

In [28], Mumford derived a formula for the Chern character of the Hodge bundle on the moduli space of curves Mg,n
in terms of tautological classes and Bernoulli numbers. A generallzation of Mumford’s formula was computed in [15]. The
moduli space M g.n is substituted by the proper moduli stack /\/l o of r-th roots of the line bundle

wlog( Zalpl>

where wjog = @(3; pi) is the log-canonical bundle, r and s are integers with r positive, and ay, ..., a, are integers satisfying
the modular constraint

at+a+---+a,=2g—2+n)s (modr).
This condition guarantees the existence of a line bundle whose r-th tensor power is isomorphic to a)log( >iaipi). Let
T C e M o be the universal curve, and £ — c.: g:q the universal r-th root. In complete analogy with the case of moduli
spaces of stable curves, one can define i-classes and k-classes. There is moreover a natural forgetful morphism

€: M «—> Mgn

which forgets the choice of the line bundle. It can be turned into an unramified covering in the orbifold sense of degree
2g — 1 by slightly modifying the structure of ﬂg,n, introducing an extra Z, stabilizer for each node of each stable curve
(see [24]).

Let B;;(x) denote the m-th Bernoulli polynomial, that is the polynomial defined by the generating series

tx
fe Z Bm(x)—.

The evaluations B;,(0) = (—1)"B,(1) = By, recover the usual Bernoulli numbers. Chiodo’s formula provides an explicit
formula for the Chern characters of the derived pushforward of the universal r-th root chy,(r, s; @) = chy(R*7.L).

8
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Theorem 3.1 ([15]). The Chern characters chy (r, s; @) of the derived pushforward of the universal r-th root have the following explicit
expression in terms of vy -classes, « -classes, and boundary divisors:

B KB L r A Ben () @) = ()"
Chm(T,S,a)— m/(m —Emlﬂl + 5; (m—i—l)‘ Ja,x w/—i—i/f” . (31)

Here jq is the boundary morphism that represents the boundary divisor with multiplicity index a at one of the two branches of the
corresponding node, and ', v" are the vr-classes at the two branches of the node.

We can then consider the family of Chern classes pushed forward to the moduli spaces of stable curves

m=1

o
ng]n(r, S;0q,...,0p) = €4 €XP (Z(—l)mxm(m — D!chp(r,s; a)> € R*(Mgp).

We will omit the variable x when x = 1. Notice that we recover Mumford’s formula for the Hodge class when r =s =1,
x=1,and a=(1,...,1). The indices ay, ..., a, are often referred to as “primary fields”.

Corollary 3.2 ([24]). The class Q?L(r, s;ay,...,an) is equal to

Z Z |Aut(r‘)| 3’: e m=1 X (32)

1 — B )
F25—1-h'(D) D S D == K L)
I
FeGgn WEWrr s veV ()

n —1,m Bm+1(a;/1)
2 (DM ey i
em:] X

i=1

3 (—aym g Pt OO gy ()M

1—em=1
[1 Yh + Y } '

ecE(T)
e=(h,h")

Here Gg p, is the finite set of stable graphs of genus g with n legs. The set Wr - s is the finite set of decorations of all half-edges (including
the legs). The leg i is decorated with a;, and any other half-edge h with an integer w(h) € {0, ...,r — 1} (a so-called “weight”) in such
a way that decorations of half-edges h, h’ of the same edge e € E(T"), e = (h, h") sum up to r and locally on each vertex v € V(I')) of
genus g(v) and index n(v) the sum of all decorations is congruent to (2g(v) — 2 +n(v))s modulo r.

3.2. Basic properties
This section recalls several properties of the Q-classes collected in [23]. Fix g,n > 0 integers such that 2g —2 +n > 0.

Let r and s be integers with r positive. Let ay,...,a, be integers satisfying the modular constraint a; +ay +--- +ap =
(2g — 2 +n)s (mod r). The Q-classes satisfy the following properties:

Lemma 3.3 ([23]). We have:

[x] ) , _ ol ) ) a
Qgu(r,s;ay,....a;+r,...,ap0) = Qg y(r,s;a1,...,0) l—i—xr\pl
Q¥ 0;a1,...,00) = Q¥ (@, a4, ..., an)

Q¥ s;aq,...,0,...,a0) = Q¥ scaq, ... 1. an)
Lemma 3.4 ([23,26]). Assume in addition that 0 < ay, ..., a, <r. Then
Q?,L(r, s;ai,...,dp,S) = n*Qg]n(r, s;aq,...,04n),
where 1 Mg ni1 — Mg n forgets the last marked point.
3.3. Further properties

Here we collect the properties important for the statements in Section 2.

9



X. Blot, D. Lewariski, P. Rossi et al. Journal of Geometry and Physics 209 (2025) 105391

Proposition 3.5. Let a1, ..., a, be non-negative integers and let a = ay + - - - + an. Then the cohomological degree k expression
(al’gAgQgL(a, 0;—ay,..., —an))k € RK(Mg.n)

is an homogeneous polynomial in the a; of polynomial degree equal to k.

In other words (and perhaps more precisely), for any (g, n, k) there exists a class in Rk(mg,n) ®q Q, whose specialization to the

non-negative integer values of a1, . .., an is equal to (al‘gngEL (a,0; —ay,..., —an))k.

Remark 3.6. The class a1‘gng[g‘f]n(a, 0; —ai, ..., —ay) is initially defined only for non-negative integer values of a;. This
proposition allows us to speak of this class as a polynomial in ay, ..., a,, and we use the result of this proposition to abuse
a little bit the notation and let a“gng‘[ga’]n (a,0; —ay, ..., —ay) denote this polynomial as well.

Proof. First, we apply Lemma 3.3 to the first primary field a;. We have:

1-golal o _ _
a' " &Qyn(a,0;a—aq,—ay,...,—a
a'"¢ (Qgga.]n(a,oz —a1,...,—an)) = sl o2 i

| k (1—ary) )

k
1
— d7g+1( .\ L o
= r Qen(r,0;) 5 a5, —az,..., an)) > (—)
§< ! d /=y g \1 =191 /44

The second factor of each summand in the latter sum is manifestly polynomial in a;. Thus, we see that the statement of
the proposition holds if and only if the class

<rd—g+1 ()LgQg,n(r, 0; Z'}:z aj, ...,—an)) )
g+d =31 Gi
is a homogenenous polynomial in the a; of polynomial degree equal to d, for all (g, n,d).
Note that for a large enough r (it is sufficient to assume that r > Z’}-=2 aj) the class AgQg (1, 0; Z’}=2 aj,...,—ap) can
be represented using Equation (3.2) as

1 Bmp1 (=X ai/m)
X (—1ymt R

P
Ag —  Ep,| e x
vo, 1 Aut(D)]

n —1 Bm41@/)
X ()" e v

em=1
i=2
B w(h
¥ 1yt Bt g ym ()™

1 —em=!
[ Y, + Yn_ } '

ecE()
e=(hy,ho)

Here Tg , is the finite set of stable trees of genus g with n legs. Here w is the unique decoration of all half-edges (including
the legs) satisfying the following conditions. The leg 1 is decorated by Z'}:z aj, the leg i is decorated with —a;,i=2,...,n,
and any other half-edge h with an integer w(h+) ==+ ;. a; for some choice of sign + and a subset I € {2,...,n} in such
a way that decorations of half-edges h, h_ of the same edge e € E(I"), e = (h4, h_) sum up to 0 and locally on each vertex
v € V(I')) the sum of all decorations of the adjusted half-edges is equal to 0. Note that the splitting of the set of half-edges
into ‘positive’ and ‘negative’ is uniquely determined by the structure of the tree TI.

Thus, the class rd—&+1 (AgQgn(r,0; Z?zz aj, ..., —an))g+d for ar> Y"1 ,a; is represented as a restriction to the non-

negative integer values r,ap, ..., a, of a certain class Cg 5 4(r,az2,...,ap) € Rg+d(mg,n)[r, r~1,ay,...,a,], which is a Laurent
polynomial in r and a usual polynomial in ap, ..., a, of total homogenenous degree g + d. The degree of this polynomial
in a; is bounded by 2d, thus for each particular non-negative values of ay, ..., a, it is a Laurent polynomial in r with the
possible range of degree from g —d to g +d.

Our next goal is to prove that the coefficients of the negative degrees of r in the Laurent polynomial Cg ; 4(r, a2, ..., an)
are equal to O as classes in Rg+d(m‘g,n). Instead of proving it for the coefficients of monomials in ay, ..., ap, it is suffi-
cient to prove it for a Zariski dense subset of possible values of ay, ..., a,, for instance, for all non-negative integer values
of these variables. Thus our goal is to show that for each fixed values ay,...,a, € Z>¢ the class Cgnd(r,az,...,ap) €
Rg+d(ﬂg,n)[r, r~ 11 is polynomial in r. To this end it is sufficient to find a class in R&*+d (ﬂg,n)[r] that would coincide with
Cgnd(r,az,...,ap) on a Zariski dense subset of possible values of r.

10
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Recall a result in [18, Section 4], which states that for any (g, n, d) and for any integer b1, ..., b, such that by +---+b, =
0 and sufficiently large r the class

rd—g+l (Qg,n(r’ O, b17 ey b”))d

can be represented as a specialization polynomial Eg (1, b1, ...,by) € Rd(ﬂg,n)[r] to r =r. Sufficiently large in this case
means that no subset of the b; can sum up to r. Note that this result implies some non-obvious vanishing of combinations
of tautological classes involved in the expression (3.2) for rd—&+1 (Qg,n(r, 0;bq,..., bn))d.

Now note that for sufficiently large positive integer values r of the variable r we have from the definitions

Cg,n,d(ra az,...,0ap)l=r = )LgEg,n,cl(rs Z?zz aj, —daz, ..., —ap)|r=r.
This range of values of r is Zariski dense and the right hand side of this equality is a polynomial in r. Thus
Cg,n,d(r_,az, ...,0p) is a also a polynomial in r, that is, the coefficients of the negative degrees of r of Cg4(r,az,...,an) €
Rg+d(/\/lg,n)[r, r~1] vanish in the tautological ring.
Summarizing the discussion above, we see that for any (g, n, k) and for any ay, ..., a, € Z>o we have

s
r=a
aj=a;

k
0¥ (g Qh @ 0~ ) = (ch,n,d(r, a, ... an) (@ vn)"*d>
d=0

where on the right hand side we do have a specialization to given integer values of a class in Rg+k(mg.n)[r, ai,az, ...,
apl. O

Another statement that we need is the following:

Proposition 3.7. For any m > 1,

1-g * olal o _

a SAemrQyn(a,0;a—aq,...,a—ap)

a1_gkg52g1]n+m(a,0; —ay,...,—0y,0,...,0) = £ m &2 iy
7 A [Tic (1 —aiy)

where 7t : Mg nim — Mg.n is the map forgetting the last m marked points.

Proof. First, we apply Lemma 3.3:

1- la] :
a g)thga,n-Hn(a,O,_als-“’_a”’o""’o)
m
— a0l @, 0 a—ar, 0= a0, 0)
g — [T (1 —aivy)

This brings us to the range where we can apply Lemma 3.4 m times to the first factor, which completes the proof. O

With Proposition 3.7 at hand, we are able to prove the push-forward statements.

Proofs of Theorems 2.7 and 2.14. Note that for ([T{_;(1 — a,-wi))_1 € R*(Mgni1) ®@ Q and 7: Mg pi1 — Mg, we have

. 1 YL
* =
[T (O —av) [T —aiy)

In the setup of Theorem 2.7 for m > 3 and m =1 the push-forward that forgets the last marked point (corresponding to
the last frozen leg in the stable rooted trees) does not change the structure of the graph, or, in the case of the class "”an,
the level structure and implied coefficients C!V'. It only acts on the class Q(v;) assigned to the root vertex and, in the degree-
labeled case, decreases the value of p(v,) by 1. At the root vertex we can combine Equation (3.3) and Proposition 3.7 via
the projection formula to see that the decoration of the root vertex in the resulting graph is exactly the expected one, with
an extra factor of Y} I ; a;.

The case of m =2 is a bit special, since under the push-forward we have to take into account the graphs with the root
vertex v, of genus 0, with |H, (v,)| = 1. This root vertex is decorated by Q(v,;) =1 and has to be contracted under the
pushforward. The new root vertex v, is then the one that was a direct descendant of the root vertex before the push-
forward. We gain an extra factor Y |_; a; for the edge connecting v, and v}. Under the pushforward we also gain an extra
sign (—1), either as an extra sign for the edge connecting v, and v} in the case of Qé,n, or as a consequence of the fact

that with removing v, we suppress exactly one level in the computation of Cy,(T, p) for lV’szgn.

€ R*(Mgn) ®g Q. (3.3)

11
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The graphs with the root vertex v, of genus 0, with |H,(v;)| =1 are in one-to-one correspondence with the graphs
where 2g(v;) —2 + |H4(v;)| > 0 both in the degree-labeled and the non-degree-labeled cases. The correspondence is given
by contracting the edge connecting v, and v, (in the leveled case note that p(v;) =0 one m =2 and g(v;) = 0). The pairs
of graphs such correspondence have identical push-forwards but with opposite signs, thus the resulting class is equal to
zero. O

3.4. Genus 0

In this Section we analyze the Q2-class in genus 0 and prove Theorems 2.3 and 2.9.

Lemma 3.8. For genus zero, we have

0 ifk>0,
(aIQEa](a,O;a—al,...,a—an)) = l.f<>
n k 1 ifk=0.

Proof. In cohomological degree zero and any genus, the 2-class is well known to be equal to the fundamental class times
a%4~1 hence for k =0 the statement is trivial. In fact the multiplication by powers of a in front of the Q-class serves the
purpose of normalization. For positive cohomological degree, by Lemma 3.3 we have

Qon(a,0a—ay,...,a—ap)=Ron(a,aa—ay,....a—ap). (3.4)

Moreover, by [25, Proposition 4.4],

Qon(r,0;b1,...,bn), bi >0

is the properly normalized by a multiplicative constant push-forward from the space of r-spin structures of an actual total
Chern class of a vector bundle (as opposed to a virtual bundle). This occurs because the universal r-th root does not have
any global section as long as genus zero is considered and all primary fields are positive. All b; = a — a; are positive as each
a; > 0 and as for stability we need n > 3. We can then perform the Riemann-Roch computation of the rank (and we do so
on the RHS of (3.4), that is, with s = a), which in general leads to:

(2g—2+n)s—> ;b
r

—g+1=h"—n!

Imposing g =0, h% =0, and substituting r =s =a and b; = a — a; we find that the rank of the corresponding vector bundle
is equal to:

_ Yila—a)—n—2)a B

a

h! 1=0.

This concludes the proof of the lemma. O
As an immediate corollary of this Lemma and Proposition 3.7, we have:

Corollary 3.9. For any vertex v in a stable rooted tree such that g(v) = 0, we have Q(v) = W(v). In particular, Qf', = VJ',, m > 2,
vl _ vl
and "V an =" \Ifgn, m>0.

This corollary means that Theorems 2.3, 2.9, and 2.12 are equivalent to the statements proved in [14, Theorem 2.3], cf.
Theorem 2.3 in [14].

A straightforward generalization of the argument above via Riemann-Roch gives the following proposition, which we do
not need but nevertheless report on for completeness.

Proposition 3.10. Let a be a positive integer and let by, . . ., by, be integers such that their sum is divisible by a and let B be the quotient.
Then we have

(Rg.n(a.0:by,....by)), =0 wheneverk > g + B ifB>0.

12
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3.5. Then =1 case

We have the following

Proposition 3.11. Let n = 1. Then for any m > 1,

[a]

asis A

a' =&, (a,0;—a,0,...,0) = — s
g %g. 14+m Ny (-l _alp])

where A[ga] denotes 3% (=1 A;d'.
Proof. Proposition 3.7 implies that it is sufficient to prove that

2@l (a,0;0) = a®8 gAY

To this end, we just match the contributions of the graphs in Equation (3.2) for the left hand side and the corresponding
expression stemming from Mumford’s formula for the right hand side for this equation.

(1) The presence of Az forces the set of stable graphs to restrict to the set of stable trees. Therefore the prefactor q2e—1-h'M
specializes to a8~ and can be factored outside.

(2) For stable trees, via the local vertex condition all decorations are uniquely determined by the decorations of the legs.
In this case, the only leg is decorated by zero, forcing all other decorations to be equal to zero. Therefore the Bernoulli
polynomials present in the edges contributions become Bernoulli numbers independent on a.

(3) The Bernoulli polynomials paired with i or « classes get evaluated at zero and therefore also specialize to Bernoulli
numbers independent on .

Thus the formula specializes to the Mumfords formula for Ag” multiplied by Ag (thus we also have to select only stable
trees among all graphs) and an extra factor a*$~1. O

Thus, in order to prove Theorems 2.4 and 2.10 for n =1, we have to make computations only with the A-classes. To this
end, we generalize some known relations for A-classes in Section 4 below.

Remark 3.12. In the light of Proposition 3.11 one might wonder why we pose our conjectures in Section 2 in terms of the

Q-classes. A plausible alternative might be, for instance, to replace Q(v) with a(v)g<V)Ag(v)Ag'((‘,"))]\IJ(v); in all proven cases

there is no difference between these classes. However, the very first case where these classes can potentially give different
result, g =1, m=n =2, we indeed have the vanishing prescribed by Conjecture 2.2 for the Q-classes, and no vanishing for
this alternative, as per experiments with admcycles.

3.6. Then =0 case

Proposition 3.13. Let n = 0. Then for any m > 1 we have

1-g [a] . _ 8 [a]

a °igQ2 a,0;0,...,0)=a°AsAy".

g g,m( ) gig
m

Proof. The proof is parallel to the one of Proposition 3.11. O

Employing that Aé =0, we immediately have the following corollary.
Corollary 3.14. Form > 1 and n =0, deg (AgQ‘[g“}m (a, 0;0,..., O)) <2g—1.

This concludes the proof and refines the bound of Theorems 2.4 and 2.10 for the n =0 case, as the Q-classes involved

for n =0 degenerate from sums of (degree-labeled) stable trees to a single rooted vertex and Aquo = Aé =0.

13
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4. Arcara-Sato relations and generalizations
4.1. Basis relation in the tautological ring

Let Ag = ‘,.g:o(—l)iki (we omit index [x] in the notation AngJ when we set x =1).

Let y1 ¢ ¥, be the operation of concatenation of two classes or decorated stable dual graphs, )7 in Mgl,z, g1 >1, and
¥, in ﬂg2,1+m, g2>1form=0,1 and g > 0 for m > 2, that forms an edge from the second leaf of ) and the first leaf
of V2.

Lemma 4.1. For any r > 0 we have following relation in Mg 5:

A A
(5 ) 25 w»
1=y Mg2/ gtr 1=y M2/ gtr
+a Ag1 Agz
+ Y EnErm (Rl ) o )
g1+&2=8 1=y Mg 2/ 1=y Mg, 2/ az
g1.82>1
a+axy=g—1+r
Moreover, for any m > 2 and r > 0 we have the following relation in Mg,l+m-'
A
O:_< p ‘_ ) (4.2)
1 — 1 Mg 1pm/ g+m—1+4r
+ > (—&ta (& ) 0( Ag, ) .
g1+82=8 1=y Mg 2/ 1= Y Mgy 14m/ a2
g1>1,82>0>

ay+ay=g+m—2+r

In both formulas " and " denote the vy -classes at the two branches of the node formed by the operation <.

Proof. Formulas (4.1) and (4.2) are obtained by a slight modification of the argument of Arcara and Sato in [1]. In this
context, we will only point out the necessary modifications in their proof to derive a valid proof of (4.1) and (4.2), while
referring to their work for notations and details.

In this [1], Arcara and Sato first define a C*-action on the moduli space of degree 1 maps from genus g curves with
3 points to P! denoted by Mg 3 (P!, 1). Then, they use the virtual localization formula [21] on Mg 3 (P!, 1), imposing
in each fixed locus that the point 1 is sent to 0 € P!, while the points 2 and 3 are sent to co € P!, Then, they extract
the coefficient of t—# in this formula, where t is the generator of the equivariant cohomology of the point. This coefficient
vanishes and this vanishing gives their formula after forgetting the marked points 2 and 3.

In our case, we consider the moduli space mg,prm (]P’l, 1). for m > 2, that is with m + 1 marked points instead of 3,
and we impose in each fixed locus the first marked point to be sent to 0, while the m other marked points are sent to cc.
Thus, their localization formula is replaced by

() L @ Ea

7 e (F‘;/ll‘) t(—tm

where f: Mg 11m (P!, 1) = Mg 14m x (IP”)m+1 and i : Mg mi1 x {0} x {00)™ <> Mg 14m X (]P”)mﬂ. To each fixed point
of the action is associated a graph, the fixed locus F;, for 0 <i < g, corresponds to the graph with two vertices connected
by a degree 1 edge, such that one vertex is of genus i with the first marked point on it and associated to 0 € P!, and
the other vertex is of genus g — i with the m remaining marked points and associated to co € P!, In our case we have

ecx (mg'm_._l x {0} x {oo}m) =t (—t)™ giving the denominator on the RHS. Now, we extract the coefficient of tr+++2 in
this formula, since i’ f, [1]"" is a polynomial in t, the RHS vanishes. The contribution of the Euler class eC*(IN-';’“) does not
depend on the number of marked points 14+ m > 3, so it is the same as in the case 1+ m =3 treated in [1]. Thus, the
localization formula gives exactly formula (4.2), where the first term corresponds to the contribution of the fixed locus
Fo, and the second term to the fixed loci I:‘gl, for 0 < g1 < g. To get formula (4.1), it suffices to substitute m = 2, and
then to push forward this equality to ﬂg,z by the forgetful map forgetting the point 3, using the string equation when
necessary. 0O

Proposition 4.2. For any r > 0 we have:
Ag

0= (_1)r—1 DRg(1, _1)1/[{|mg,2 + (m ’ﬂ 2)g+r
g

(4.3)
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A
B DR (-
+ Y (1_w,
81+82=¢

81,82>1
a1+az=g1+r—1

1m\az 1) —
ﬂgm)mO(w) DR, (1, 1)|Mg2.2'

Here ' and " again denote the v-classes at the two branches of the node formed by <.

Proof. The proof of this formula is obtained by localization on the moduli space of degree 1 stable relative maps to (IF”, oo).
The localization formula for moduli of relative stable maps was obtained by Graber and Vakil in [22].

Recently, the localization on the moduli space of degree 1 stable relative maps to (IP”, oo) was used to obtain a formula
analogous to Eq. (4.3), see [14, Theorem 5.3]. The proof of Eq. (4.3) is almost identical to the proof of [14, Theorem 5.3].
In this context, we will only point out the necessary modifications in the latter proof to derive a valid proof for Eq. (4.3),
while referring to [14] for notation and details. It worth noting that [14, Appendix] provides a detailed description of the
virtual localization techniques applied to the moduli space of stable relative maps to (IP”, oo).

The proof of [14, Theorem 5.3] goes as follows: first define a C*-action on the moduli space of degree 1 stable relative
maps to (]P’l,oo) denoted by ﬂgJ (IP’l, 1). Then, use the localization formula to express the virtual fundamental class of
ng (]P”, 1) as sum of contributions associated to each fixed locus of the C*-action in the equivariant cohomology of
ng (]P”, 1). Then, intersect this formula with a C*-equivariant class

Ig=ev; ([0])ec (B),

(here B is an auxiliary rank g equivariant vector bundle designed to kill the numerator of the localization formula; this idea
goes back to [27]) and push this equality to the moduli space of curves Mg,z. Finally, extract the coefficient of u~!~" for
r >0, where u is the generator of the equivariant cohomology of the point. This kills the contribution coming from virtual
fundamental class of ﬂgJ (IE”, 1) since this class is equivariant, and this vanishing proves the formula in [14].

In order to prove our formula, it suffices to replace the class Ig by

Ig :=ev3 ([0]).

The argument works in the same way: intersecting the localization formula with fg selects the same fixed loci of the action.
However, the intersection of each fixed contribution of the localization formula with Tg is of course different. We now
explicitly give the contribution of each fixed locus selected by Tg. Using the notations of [14, Theorem 5.3] we have:

o} (7g) =u, then

s s\ XD auE
\ec- (NY) u—yi

and thus

* 7g Wi _ g—a—1 ( Ag ) .
€xl0x (LO (e(C* (Ngir)> N [Mgl]) - Zu 1-vy1/,

a>0

. L’liog (7g) =u, then

* Ig _ 1
Lro'g vir - —Uu — 17/
e(C* NFO,g 0
and thus
g Vi vir —i-1 i—1 i .
Extro g | o, — N [Mry,] :Z” =1 (1) yiDRg (—1,1);
ec (Nro,g) i>0

* T _
° Lrg1.g2 <1g> =u, then

P LR B> HCETCL
1.8 L (Nvir (u—1v1) (_ — )
ec (Nrgl»gz) u—yvo
and thus
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" Ig _ vir
€xlly gy | gy —Nvir N [Mrg],gz]
€c (Nry, g,
_ g17a1—a272 _1 (1271 Agl " QZDR _1 1
=y u D% (75 ) x )%DRg, (<11,
ai,a;>0 a

cf. Eqs (5.18), (5.19), and (5.20) in [14], respectively. We extract the coefficient of u~1~" in each of these three terms. Their
sum vanishes as we outlined above, and this vanishing precisely proves Eq. (4.3). O

4.2. Proofs of Theorems 2.4 and 2.10

We only have to treat the n =1 case of both theorems as the n =0 case is proved in Section 3.6. To this end, multiply
Equations (4.1), (4.2), and (4.3) by A¢ and use Propositions 3.11 and 3.13 to replace in all three equations the classes of the
type

Mg ‘

1—1n ﬂg,mﬁ
in all instances where they occur by Qz 1.7(1,0;—1,0,...,0) (we mean that (g,m) can be (g,2), or (g1,2), or (g2,m),
and sometimes we have to relabel the marked points to call the one with the -class the first one). We have:

0= — (Agfg,2(1,0; —1,0))2g+r+ (=1 (AgQg,2(1,0; 0, —1)) (4.4)
+ Y (DETI (g, Qg 2(1,0:0, = 1)), 0 (hg, g, 2(1,0; =1,0))

a az’
81+82=¢8
81,82>1
ar1+ay;=2g—1+r

= — (g 2(1,0;-1,0, ...,
0 ( g g,2( 7Os 70’ O))

m

+ Z (=18 (0, Rg,,2(1,0;0, —1)) 0 (Ag, g, 2(1,0; —1,0,...,0))02.

aq
81+82=8 m
81>1,82>0>
aj+ax=2g+m—2+r

0= (=)' AgDRg(1, =)¥fl57, , + (RgQe2(1,0:0, =1),, .

+ > DR (g Rg.2(1,0:0, = 1), 0 (¥) DR, (1, =Dz, .

81+82=8
£1,82>1
aj+ax=2g1+r—1

2g+r

2g+m—1+r

This way Equations (4.1), (4.2), and (4.3) multiplied by Ag are absolutely analogous to the Liu-Pandharipande equations
in [27] (see also [14, Egs. (5.1) and (5.2)]) and [14, Theorem 5.3, Equation (5.16)], where, however, W3 ,7(-1,0,...,0) =
1/(1 - lﬂ])|mg Lo AT€ used instead of the Q-classes multiplied by A;:

0= — (Wg2(=1,0)),,,, + (—1 (¥g2(0,-1),,., (4.5)
+ Y (EDET (g 50, - 1), 0 (Vg 2(—1,0)), .
g1+82=8

£1.82>1
aj+ax=2g—1+r

0= — (¥Yg2(-1,0,...,0
( g,2( ))

2g+m—1+r
m
+
- Yo EDEF (W 50, 1)), © (W, 2(—1,0,...,0)), .
811+82=8 m
g1=1,82>0=

aj+ax=2g+m—2+r
0= (=)' " AgDRg(1, = D¥{l57,, + (Wg2(0, = 1),

+ Z (=127 (W, 2(0, —1))a1 o (¥")*2DRy, (1, —Dlxz,, ,-

g1+82=8
£1,82=1
aj+ay=2g1+r—1
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Now we can use the same idea as we used in the proof of Theorem 2.6: starting from Eqs. (4.5), one obtains in a purely
combinatorial way that uses only dimensions of the respective classes the ’V’\Pgn-analogs of n =1 statements of Theo-
rems 2.4 and 2.10, that is, [14, Theorem 2.2], see Section 5 of [14]. Hence, once we use exactly the same argument with
Vs 14m(=1,0,...,0) replaced by 2325 1.7(1,0;—1,0,...,0), we immediately obtain the proofs of the n =1 cases of The-
orems 2.4 (through Theorem 2.6) and 2.10.

Data availability
No data was used for the research described in the article.
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