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Chapter 7

The Issue of Power in the ldentification
of “g” with Lower-Order Factors

This chapter has been published as:

Dora Matzke, Conor V. Dolan, and Dylan Molenaar (2010).

The issue of power in the identification of “g” with lower-order factors.
Intelligence, 38, 336-344.1

Abstract

In higher-order factor models, general intelligence (g) is often found to correlate perfectly with
lower-order common factors, suggesting that g and some well-defined cognitive ability, such
as working memory, may be identical. However, the results of studies that addressed the
equivalence of g and lower-order factors are inconsistent. We suggest that this inconsistency
may partly be attributable to the lack of statistical power to detect the distinctiveness of the two
factors. The present study therefore investigated the power to reject the hypothesis that g and a
lower-order factor are perfectly correlated using artificial datasets, based on realistic parameter
values and on the results of selected publications. The results of the power analyses indicated
that power was substantially influenced by the effect size and the number and the reliability
of the indicators. The examination of published studies revealed that most case studies that
reported a perfect correlation between g and a lower-order factor were underpowered, with
power coefficients rarely exceeding 0.30. We conclude the paper by emphasizing the importance
of considering power in the context of identifying g with lower-order factors.

7.1 Introduction

The positive intercorrelation among scores on cognitive ability tests is a well-established phe-
nomenon, which is often explained by positing a general intelligence factor (g). The g-factor and
the positive manifold of correlations may be viewed as synonymous, i.e., the positive manifold
guarantees a dominant factor in principal component analyses (Basilevsky, 1983). However, we

!The final publication is available at http://dx.doi.org/10.1016/j.intell.2010.02.001.
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7. THE ISSUE OF POWER IN THE IDENTIFICATION OF “g” WITH LOWER-ORDER FACTORS

view the g-factor as a strong hypothesis, as the positive manifold may be attributable to causes
other than a general factor (Bartholomew, Deary, & Lawn, 2009; van der Maas et al., 2006).

The g-factor is supposed to reflect the operation of a process that is common to all cognitive
tasks (Jensen, 1998). There is, however, considerable disagreement as to what the nature of this
general process might be. For instance, some researchers argued that g is in large part a reflection of
frontal lobe functions such as inhibitory and control processes (e.g., J. Duncan, Burgess, & Emslie,
1995; Embretson, 1995; Dempster, 1991), whereas others stressed the importance of the speed of
information processing (e.g., Demetriou et al., 2005; Kail & Salthouse, 1994; Jensen, 1998), or the
efficiency of working memory (e.g., Conway, Cowan, Bunting, Therriault, & Minkoff, 2002; Siif},
Oberauer, Wittmann, Wilhelm, & Schulze, 2002).

One source of information concerning the nature of g is higher-order factor modeling, in which
g features as the highest order factor (Jensen, 1998). In these models, g is often found to correlate
perfectly with a lower-order common factor, suggesting that g and some well-defined broad cognitive
ability (represented by the lower-order factor) may be identical. However, the results of such studies
are inconsistent. First, g has been found to be perfectly correlated with a wide variety of cognitive
abilities, such as fluid reasoning (Gustafsson, 1984; Undheim & Gustafsson, 1987; W. Johnson &
Bouchard, 2005), nonverbal reasoning (Dunham, McIntosh, & Gridley, 2002), perceptual reasoning
(W. Johnson & Bouchard, 2005), verbal/mathematical ability (Stauffer, Ree, & Carretta, 1996),
and working memory (Colom, Rebollo, Palacios, Juan-Espinosa, & Kyllonen, 2004; Stauffer et al.,
1996; Kyllonen & Christal, 1990; Kyllonen, 1993; Colom, Escorial, Shih, & Privado, 2007). The
interpretation of such a perfect correlation varies from study to study: some discuss the theoretical
implications (e.g., Gustafsson, 1984; Undheim & Gustafsson, 1987), whereas others merely note
the results, but do not interpret them theoretically (e.g., W. Johnson & Bouchard, 2005). Second,
several studies have failed to support the equivalence of general intelligence and the proposed
cognitive abilities. For example, there is considerable evidence that ¢ is highly correlated with
both fluid reasoning and working memory, but cannot be considered identical with either of these
constructs (e.g., Bickley, Keith, & Wolfle, 1995; Ackerman, Beier, & Boyle, 2002, 2005; Kane,
Hambrick, & Conway, 2005).

We suggest that the inconsistency in the results of studies that have addressed the equivalence
of g and lower-order factors may in part be attributable to a lack of statistical power. In an
underpowered study, the probability of rejecting the hypothesis that two highly correlated (e.g.,
0.8 or 0.9) factors are in fact perfectly correlated is low. In such studies, one should be reticent
to attach too great a meaning to the supposedly perfect correlation between g and the lower-order
common factor. Despite the theoretical importance of the issue of the exact nature of g, we are
unaware of any study that has addressed the question of power in the context of identifying g with
abilities represented by lower-order factors.

The goal of the present paper is therefore to study the power to correctly reject the hypothesis
of perfectly correlated factors in situations where g and the lower-order factor of interest are
strongly, but not perfectly, correlated. To this end, we investigated the power to detect a less
than perfect correlation using exact population (summary) statistics, which we constructed on the
basis of realistic parameter values and the results of selected publications that reported a perfect
correlation between g and a lower-order common factor. We focused exclusively on hierarchical
factor models, with g as the single highest order factor, i.e., with g at the apex of the hierarchy
(see Jensen, 1998).

The outline of this article is as follows. In the first section, we introduce the concept of statistical
power and present a brief overview of power calculations in the context of maximum likelihood
estimation. In the second section, we describe the study in which we established the power to
correctly reject the equivalence of two related factors under a variety of circumstances using realistic
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7.2. Statistical Power and the Log-Likelihood Difference Test

parameter values based on the literature. In the third section, we investigate the power of five
published studies by reconstructing the original factor models using reported parameter values.
We conclude the paper with a discussion.

7.2 Statistical Power and the Log-Likelihood Difference Test

The concept of statistical power plays an important role in formal statistical testing. Statistical
power represents the probability of rejecting a hypothesis, given that it is false (e.g., J. Cohen,
1988, 1992; Kraemer & Thiemann, 1989). We show how power calculations are carried out within
the common factor model. In this presentation, it may be useful to note that this approach to
power calculation within models for covariance structures is conceptually the same as that to power
calculation within a more basic statistical test like the independent samples ¢ test. In case of a ¢
test, power represents the probability of correctly rejecting the null hypothesis (Hy; no difference
between the two samples) in favor of an alternative hypothesis (H 4; a difference between the two
samples) using the ¢ statistic. Here, we are concerned with the power to reject a parsimonious
model (My) in favor of a more complex model (Mp) using the Ty; ¢ statistic (see below). We now
present the details of this approach.

In covariance structure modeling, which includes higher-order factor modeling, Mp concerns
the true model and M4 concerns the false model (Satorra & Saris, 1985; Saris & Satorra, 1993).
Here M4 is a special case of Mp, in that M4 can be derived from Mp by the imposition of
constraints on the parameters (e.g., by fixing a given parameter in Mp to zero): M4 is thus nested
under Mpg. In the present situation, Mp is the model which includes a less than perfect correlation
between g and a first-order factor and M4 is the model in which the correlation is fixed to equal
one, by the imposition of an appropriate constraint.? As shown in Table 7.1, the present article
is thus concerned with the power to correctly reject M4 with perfectly correlated factors in favor
of Mp with correlated, but distinct, factors. For any given statistical test, power is a function of
the sample size, the Type I error probability («), and the effect size, i.e., the discrepancy between
the value of the parameter(s) of interest under Mp (correlation of say 0.8) and M, (correlation
of 1.00). A power of 0.80 is generally considered adequate: i.e., by consensus, a value lower than
0.80 implies an unacceptable risk of a Type II error. Power higher than 0.80 may, ceteris paribus,
require unrealistically large sample size (J. Cohen, 1992).

Table 7.1 Probabilities of Correct and Incorrect Decisions in Hypothesis Testing in the Context of
Covariance Structure Modeling

Statistical decision

Reject My Accept My
My is true (r=1)  Type I error («) l-«
True state of the world Mgp is true (r < 1)  Power (1-5) Type II error (53)

Note. r = correlation between g and the lower-order factor of interest; Mp = model where r < 1; M4 = model
where r = 1.

2Given the positive manifold, and its implication that the common factors are positively correlated (Krijnen,
2004), we do not consider the possibility of a perfect negative correlation.

149



7. THE ISSUE OF POWER IN THE IDENTIFICATION OF “g” WITH LOWER-ORDER FACTORS

In the setting of maximum likelihood estimation, the tenability of the parameter constraints
associated with the M4 (i.e., the constraints that renders the correlation perfect) can be determined
using a number of asymptotically equivalent statistical tests (Azzelini, 1996). Here we focus on the
log-likelihood difference test, which can be calculated as

Thirf =Ta— 1B, (7.1)

where T4 and Tg are the likelihood ratios of the M4 and Mp models, respectively.

To determine the power of the test, one has to consider the distribution of the test statistic
Tairs. If the two factors of interest were truly perfectly correlated (i.e., if the M4 model was true),
Tqisr would asymptotically follow a central x? distribution,

Taigs ~ X (dfaigs, A = 0), (7.2)

where dfg; ;s is the difference in the number of estimated parameters under the Mp and the My
models and A is the non-centrality parameter, which equals zero here.

If the correlation between the two factors of interest was truly less than one (i.e., if the Mp
model was true), Ty s would follow the non-central x? distribution (Satorra & Saris, 1985; Saris
& Satorra, 1993),

Tuiry ~ X>(dfaigp, A > 0). (7.3)

To put the non-central y? distribution at use, one has to determine its shape. The shape of the
non-central y? distribution depends on dfy; ¢ and the non-centrality parameter A\. To obtain a
numerical estimate of A\, one first assigns plausible values to the parameters of Mp and calculates
the associated population covariance matrix. The parameters of Mp are chosen such that (inter
alia) the correlation between g and the lower-order factor of interest is less than one (say 0.8 or 0.9).
As the population covariance matrix is generated according to Mp (i.e., true model), it obtained
features as the true population covariance matrix. Second, one expresses M 4 by assigning plausible
values to its parameters. The parameters of M4 are chosen such that the correlation between g
and the lower-order factor of interest equals one. Note that both Mp and M4 must be fully
specified; all model parameters must be assigned plausible values.? Third, one chooses a realistic,
but arbitrary, sample size N, fits the Mp and the M4 models to the population covariance matrix
and establishes the values of Ty;rs and dfgrr. Note that the likelihood ratio associated with
Mp (Tp) is zero, because Mp is the true model, i.e., the model used to obtain the population
covariance matrix. The likelihood ratio associated with My (T4) is greater than zero, as M4 is
false and does not fit the population covariance matrix. The value of Ty;r¢ (Equation 7.1) equals
the non-centrality parameter A (Satorra & Saris, 1985; Saris & Satorra, 1993).

Once the value of A is obtained, one can calculate the power of the test as follows. Choose the
Type I error rate () and the associated critical value (C') based on the central x? distribution.
Next, determine the Type II error rate () by calculating the probability of observing a value of
the test statistic Ty;s¢ that is smaller than the chosen critical value C, given the non-central x>
distribution,

B = Plx*(dfuirs, \) < C). (7.4)

3See Hancock (2006) for a simplified approach to power calculation that does not require the specification of all
parameter values.
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The power of the test is then given by 1 — 3 (see Table 7.1). Note that this approach to power
calculation does not rely on Monte Carlo simulations, rather it uses analytic methods to determine
the probability to correctly reject M 4.

Thus the steps towards analytical power calculation are 1) choose the parameter values of Mp
(i.e., the true model in which the correlation between g and the first-order factor is less than
perfect) and calculate the associated population covariance matrix; 2) choose an arbitrary sample
size N; 3) fit Mp to obtain Tz, which should equal zero (a useful check); 4) fit M4 model (i.e.,
the false model in which the correlation between g and the first-order factor equals one) to obtain
T4, which will assume a value greater than zero; 5) calculate A and dfg;rr; 6) choose the Type I
error rate (a) and calculate the associated critical value C'; 7) calculate the power given, A, N and
«. As noted below, the power for other values of NV can be calculated easily, i.e., does not require
refitting the model.

7.3 Power Analysis

The objective of the power study was to establish the power to correctly reject the M 4 of perfectly
correlated factors under a variety of circumstances using realistic parameter values. The power
to detect the distinctiveness of g and a lower-order factor depends on a number of aspects of the
factor model, including the number and the reliability (i.e., explained variance in the factor model)
of the indicators, and the effect size (i.e., the discrepancy between the correlations of g and the
lower-order factor under Mp and M4). Therefore, we systematically manipulated these features
of the factor models to study their influence on power.

Design

We focused exclusively on hierarchical factor models with five first-order factors and with ¢ as
a single second-order factor. First, we specified Mp in which the correlations between g and all
first-order factors were less than one. The parameter values of the models were chosen to span the
range of values reported in published studies. In each model, the correlations (i.e., standardized
second-order factor loadings) between g and the first-order factors were set to 0.95, 0.90, 0.85,
0.80, and 0.75, with corresponding explained variances of 0.90, 0.81, 0.72, 0.64, and 0.56.* To
study the effects of the number and the reliability of the indicators, the Mp models were created
by systematically manipulating these aspects of the models. The Mp models featured either two,
three, or four indicators per first-order factor, where the reliabilities of the indicators were either
relatively high (ranging from 0.55 to 0.80) or relatively low (ranging from 0.20 to 0.45). This design
resulted in 3 x 2 = 6 different Mp models. Figure 7.1 presents an example of a hierarchical factor
model used in the study. Note that each first-order factor had the same number of indicators
and that the residuals of the indicators as well as the residuals of the first-order factors were
uncorrelated.

Second, we specified the M4 models that implied perfect correlations between ¢ and a given
first-order factor. Each Mp model had five corresponding M4 models, where each M4 model was
created by constraining the correlation between g and one of the five first-order factors to one.
This design resulted in 6 x 5 = 30 different M 4 models. Because each first-order factor correlated
differently with g, this approach allowed us to investigate the influence of various effect sizes,
ranging from 0.05 to 0.25.

4The explained variances of the first-order factors are given by the squares of the standardized second-order
factor loadings. For example, the explained variance of n; in Figure 7.1 is given by 0.95% = 0.9.
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0.95 0.90 0.85 0.80 0.75

0.1 \ 0.19 0.28 0.36

e e e e

0.740.84 | 0.89

0.740.84 | 0.89

0.740.84 | 0.89

0.740.84 | 0.89

0.740.84 | 0.89

y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 y11 y12 y13 y14 y15
0.45 0.3 0.2 0.45 0.3 0.2 0.45 0.3 0.2 0.45 0.3 0.2 0.45 0.3 0.2

Figure 7.1 Example of a Mp model used in the study. The model features three relatively reliable
indicators per first-order factor 1. The values corresponding to the arrows beneath the indicators
and the values corresponding to the arrows left above the first-order factors represent residual
variances. Standardized parameters are shown.

Third, we obtained the non-centrality parameter A for each M 4. To this end, we first calculated
the population covariance matrices associated with the six Mp models. Next, we fitted each M4 to
the data generated according to its corresponding Mp, using an arbitrary sample size of N = 200.
To obtain perfectly correlated factors, each M4 was fitted by constraining the residual variance
(i.e., unexplained variance) of the first-order factor of interest to equal zero (van der Sluis, Dolan,
& Stoel, 2005). Discarding subject indices, let

ni =Yg + G (7.5)

denote the regression of the i first-order factor (1) on g, with ¢; representing the residual. Scaling
the variance of g to equal one, the correlation between 7; and g equals

i
Pnig = ﬁ (7.6)

If agi is constrained to equal zero, then clearly the correlation equals
A, (7.7)

Pnig =
V2

The goodness-of-fit statistics of the My models (T4) were used as approximations for the non-
centrality parameters.

Finally, we calculated the power to reject each M 4 using the obtained non-centrality parameter
and dfgiry = 1. Note that because the M4 models were obtained by constraints on the variance
components, the Type I error probability («) was doubled to correct for the violation of the
admissible parameter space (e.g, Dominicus, Skrondal, Gjessing, Pedersen, & Palmgren, 2006;
Stoel, Garre, Dolan, & van den Wittenboer, 2006). The power was therefore computed given
a = 0.05 x 2 = 0.1. Note also that the results reported in the following section are based on
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7.3. Power Analysis

non-centrality parameters computed with N = 200. However, the non-centrality parameters and
the power can easily be computed for any other sample size using;:

)\ori ina
)\new = <2SOZ> X Nnewa (78)

where Aoriginal is the value of the non-centrality parameter reported in the present article (based
on N = 200) and Ny, is the new sample size of interest. The models were fitted using LISREL
(Joreskog & Sorbom, 2001). The data generation and the power calculations were carried out
using the R package (R Development Core Team, 2006). The R code for the power calculation is
presented in Appendix D.1.

Results

Table 7.2 summarizes the results of the power calculations. Over the M 4 models that we considered,
power varied from 0.17 to 1. In general, the three manipulations (i.e., the number and the reliability
of the indicators and the effect size) all influenced the power to detect the distinctiveness of g and
the lower-order factors.

We first consider the effects of the reliability of the indicators. The results indicated that
power increased as the reliability of the indicators increased. The increase in power was, however,
more pronounced when the number of indicators and the effect sizes were relatively low. For
low effect sizes, power coeflicients varied by as much as 0.6 across the two reliability conditions.
This difference was reduced for higher effect sizes, especially when the number of indicators was
relatively high. With respect to the sample size, the results followed the same pattern. The sample
size required to reach sufficient power (i.e., 0.80) was substantially lower for reliable indicators
than for unreliable indicators; increases in the reliability of the indicators resulted in an average
decrease of 90% in the necessary sample size.

Turning to the effects of the number of indicators, the results indicated that for reliable in-
dicators power was high regardless of the number of indicators. For unreliable indicators, power
increased as the number of indicators increased, with power coeflicients varying by about 0.15 over
the levels of this factor. Similarly, for reliable indicators, the necessary sample size was relatively
low regardless of the number of indicators. For unreliable indicators, an increase in the number of
indicators was accompanied with an average decrease of 45% in the required sample size.

Lastly, with respect to the influence of the effect size, the results indicated that for reliable
indicators power was high regardless of the value of the effect size. For unreliable indicators, power
increased as the effect size increased. Note, however, that the increase in power was generally more
pronounced —reaching nearly 0.40— for lower effect sizes, especially when the number of indicators
was high. Similarly, for reliable indicators, the necessary sample size was relatively low regardless
of the value of the effect size. For unreliable indicators, the necessary sample size decreased as the
effect size increased. This decrease varied between 70% and 30% over the levels of this factor.

To summarize, the results of the analyses indicated that power was substantially influenced by
the effect size and the number and the reliability of the indicators. For reliable indicators (i.e.,
from 0.55 to 0.80), power was high regardless of the effect size and the number of indicators. For
less reliable indicators (i.e., from 0.20 to 0.45), power increased as the effect size and the number of
indicators increased, with a corresponding decrease in the sample size required to reach sufficient
power.
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Table 7.2 Power to Detect the Distinctiveness of g and the Lower-Order Factors.

2 indicators 3 indicators 4 indicators
Effect size Reliable Unreliable  Reliable Unreliable  Reliable Unreliable
(0.75) (0.38) (0.68) (0.32) (0.70) (0.33)
0.05 Power at N=200 0.77 0.17 0.87 0.21 0.96 0.31
N at power=0.8 221 3016 160 1846 106 974
A 5.60 0.41 7.76 0.67 11.72 1.27
0.10 Power at N=200 1.00 0.33 1.00 0.47 1.00 0.69
N at power=0.8 66 853 46 509 30 268
A 18.76 1.45 26.98 2.43 41.24 4.62
0.15 Power at N=200 1.00 0.55 1.00 0.74 1.00 0.94
N at power=0.8 35 401 23 237 15 125
A 36.23 3.09 54.39 5.22 84.20 9.97
0.20 Power at N=200 1.00 0.72 1.00 0.90 1.00 0.99
N at power=0.8 24 249 16 146 10 s
A 52.84 4.98 82.42 8.51 129.61 16.23
0.25 Power at N=200 1.00 0.85 1.00 0.97 1.00 1.00
N at power=0.8 18 172 12 100 7 53
A 69.28 7.23 111.77 12.45 179.93 23.74

Note. The effect size reflects the value of the discrepancy between the correlations of g and the lower-order factor
under the M4 (i.e., correlation of one) and the Mp. The average reliability of the indicators is shown in brackets.
The reliabilities of the indicators in the Mp models were chosen as follows. In the two Mg models that featured
two indicators per first-order factor, the reliabilities of the indicators were set to 0.7 and 0.8 in the reliable condition
and to 0.3 and 0.45 in the unreliable condition. In the two Mg models that featured three indicators per first-order
factor, the reliabilities of the indicators were set to 0.55, 0.7 and 0.8 in the reliable condition and to 0.2, 0.3 and 0.45
in the unreliable condition. In the two Mp models that featured four indicators per first-order factor, the reliabilities
of the indicators were set to 0.55, 0.7, 0.75 and 0.8 in the reliable condition and to 0.2, 0.3, 0.35 and 0.45 in the
unreliable condition.

7.4 Power Analysis of Selected Case Studies

In this section, we investigate the approximate power of five published studies in order to highlight
the importance of power in the context of identifying g with lower-order factors. We reconstructed
the original factor models using reported parameter values and determined the power to reject the
equivalence of g and the proposed lower-order factors. We focused on studies that used hierarchical
factor models —with g as a second or third-order factor— and reported a (near) perfect correlation
between g and a lower-order factor.

Design

The selected case studies and some details of the investigated factor models are listed in Table 7.3.
It is important to note that some of these studies (e.g., Gustafsson, 1984; Undheim & Gustafsson,
1987) formally tested the presence of a perfect correlation and clearly emphasized the equivalence of
g and the proposed lower-order factors, whereas others (e.g., W. Johnson & Bouchard, 2005) merely
reported the perfect correlation between the two factors and did not draw further conclusions about
their equivalence. Nevertheless, the results of these publications provided interesting case studies
to investigate the power to detect the distinctiveness of highly correlated factors.

The power analyses of the case studies were conducted as follows. First, we reconstructed
the Mp models and the corresponding population covariance matrices using the original factor
structures and the exact parameter values reported in the articles.® Although we attempted to

5In a few instances, our approximations of the original factor models have failed to converge. In these cases, we
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approximate the original factor models as closely as possible, we did not allow for cross-factor
loadings and residual correlations. Further, if the reported correlation between g and the lower-
order factor of interest equaled one —either because it was fixed to one or estimated to be one—
we set the standardized factor loading between the two factors to 0.95. Note also that in some
models the residual variance of the lower-order factor of interest was negative (i.e., Heywood case;
Heywood, 1931). Although a Haywood case raises important questions related to model misspec-
ification and/or over-parameterization (Joreskog & Sorbom, 1988), the issue of the adequacy of
these models is beyond the scope of the present article and will not be considered further. For
the purposes of the present investigation, if the reported residual variance of a lower-order factor
was negative, we set the standardized residual variance to 0.10, corresponding to a standardized
factor loading of 0.95. Next, we specified the M4 models of perfect correlation by constraining the
residual variances of the lower-order factors of interest to equal zero. The M4 models were then
fitted to the generated datasets using the original sample sizes. Lastly, we computed the power
to reject the various M, models using the obtained non-centrality parameters, dfyr; = 1, and
a=0.05x2=0.1.

Results

The results of the case studies are shown in Table 7.3. Across the various models, power varied
from 0.135 to 0.99. In most cases, however, power did not exceed 0.3, indicating that the power to
reject the equivalence of g and a given lower-order factor was generally very low. In the light of
the results reported above, this result was not unexpected. Most case studies featured extremely
low effect sizes and factor models with only a few (two or three) relatively unreliable indicators
per first-order factor. Also in line with our results, power was substantially higher for studies that
used relatively reliable or a large number of indicators, reaching 0.6 for Gustafsson’s (1984) model
and exceeding 0.9 for the first model of W. Johnson and Bouchard (2005). In summary, the results
suggested that the selected case studies, with a very few exceptions, were underpowered to detect
the distinctiveness of g and the proposed lower-order factors.

7.5 General Discussion

The goal of this study was to determine the power to reject the hypothesis that g and a lower-order
factor are perfectly correlated, given that the correlation is relatively high, but lower than one.
First, we established the power under a variety of realistic circumstances using artificial datasets.
Second, we investigated the power of five published studies by reconstructing the original factor
models using reported parameter values.

The results of our power analyses revealed that power was substantially influenced by the effect
size and the number and the reliability of the indicators. For highly reliable indicators, power
was high regardless of the effect size and the number of indicators. For less reliable indicators,
power increased as the effect size and the number of indicators increased. In the light of these
results, the ideal dataset to investigate the equivalence of g and a lower-order factor would feature
a relatively large number (i.e., three or four indicators per first-order factor) of reliable (i.e., from
0.55 to 0.80) indicators. Note, however, that Dolan (2000; see Jensen & Reynolds, 1982 for the
summary statistics) found the mean reliability of the indicators of the Wechsler Intelligence Scale for
Children-Revised (WISC-R; Wechsler, 1974) to equal approximately 0.44 (SD = 0.15). Similarly,
Dolan and Hamaker (2001; see Naglieri & Jensen, 1985 for the summary statistics) reported that

have slightly adjusted the factor structure or the parameter values of the models to assure convergence.
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Table 7.3 Power and the Details of the Factor Models Used in the Case Studies

Article Lower-order factor of in- Mean reliability = Number of Effect size N A Power N at
terest of indicators indicators power=0.80
Colom et al. (2004) Model 1 (p.284)*  Working memory 0.37 12 (3)° 0.05 198 0.24 0.14 5101
Model 2 (p.285) Working memory 0.36 15 (3) 0.05 203 1.20 0.29 1046
Model 3 (p.286) Working memory 0.39 15 (3) 0.07 193 0.69 0.21 2010
Dunham et al. (2002) Model 1 (p.159) Nonverbal reasoning 0.57 6 (2) 0.05 130 0.24 0.14 3349
Model 2 (p.159)¢  Nonverbal reasoning 0.49 9 (2) 0.05 130 0.40 0.17 2010
Model 3 (p.159)¢  Memory 0.49 9 (2) 0.05 130 021  0.14 3828
Gustafsson (1984) Model 1 (p.192) Fluid reasoning 0.67 18 (2) 0.05 981 3.60 0.60 1685
W. Johnson and Bouchard (2005) Model 1 (p.403) Fluid reasoning 0.47 42 (7) 0.05 436 22.01 0.99 123
Model 2 (p.408) Perceptual reasoning 0.52 42 (5) 0.01 436 0.30 0.15 8985
Undheim and Gustafsson (1987) Model 1 (p.155) Fluid reasoning 0.52 26 (3) 0.05 144 0.40 0.17 2226
Model 2 (p.157) Fluid reasoning 0.53 10 (3) 0.05 144 0.25 0.14 3561
Model 3 (p.161) Fluid reasoning 0.49 28 (3) 0.05 149 0.69 0.21 1336
Model 4 (p.163) Fluid reasoning 0.54 13 (3) 0.05 149 2.50 0.48 369
Model 5 (p.166) Fluid reasoning 0.51 18 (3) 0.03 148 0.36 0.16 2542

Note. ¢ The page number of the original factor model is shown in brackets. * The average number of indicators per first-order factor is shown in brackets. ¢ The
original factor model featured perfect correlations between g and both the nonverbal reasoning and memory factors. In the present analysis, we examined the
power to reject the equivalence of g and the two first-order factors using two separate factor models.
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7.5. General Discussion

the mean reliability of the indicators of the WISC-R and the Kaufman Assessment Battery for
Children (K-ABC, Kaufman & Kaufman, 1983) equaled approximately 0.45 (SD = 0.18).

Our examination of published studies revealed that most of our case studies, which reported a
perfect correlation between g and a lower-order factor, were underpowered, with power coefficient
rarely exceeding 0.3. Consistent with our previous results, power was substantially higher for
studies that used relatively reliable (i.e., Gustafsson, 1984) or a large number of indicators (i.e.,
W. Johnson & Bouchard, 2005). In the light of these findings, we recommend that one consider the
issue of power before concluding that g and a given lower-order factor are perfectly correlated. In a
study designed to address the possibly perfect relationship between g and a lower-order factor, one
would ideally conduct power calculations beforehand. However, in a study in which one encounters
a (possibly) unexpected perfect correlation, post-hoc power calculations can be useful.

With respect to the correlations between g and the proposed lower-order factors, there is little
doubt that these may be quite large. Such correlations do certainly require an explanation. We
believe that the high correlations often found between g and lower-order factors may partly result
from using the same instrument to measure the common factors. Specifically, using the same instru-
ment (e.g., WISC-R) to define the lower-order factors may introduce variance that is attributable
to the particular measurement instrument (i.e., method variance; Campbell & Fiske, 1959), which
in turn may increase the correlations between the measures and ultimately the correlation between
g and the lower-order factors. For instance, two tests of a given construct, which employ the same
method (e.g., paper and pencil), are likely to correlate higher than two tests that employ different
methods (e.g., paper and pencil vs. experimental task). Also, the high correlations may partly be
attributable to sampling fluctuations or may result from using heterogeneous samples to assess the
equivalence of g and the proposed lower-order factors. For instance, IQ test scores are generally
more highly correlated in a sample of participants with a wide age range (say 18 to 76 years of age)
than in a sample with a smaller age range (18 to 36 years of age). Lastly, the reported high cor-
relations may result from disattenuation effects associated with the unreliability of the composite
scores derived from the aggregation of subtests loading on the lower-order factors (Gignac, 2007).

Nevertheless, it is possible that g may indeed be identical to a certain lower-order factor.
However, given the very mixed results and the lack of power of most published studies, we are
reluctant to accept this. We point out that if such an identity did truly exist, it would imply,
by the application of Occam’s razor, the demise of g as a causal factor in the study of individual
differences in cognitive abilities: why entertain the notion of a single, essentially ill-defined higher
order factor, if it is in fact identical to a well-defined lower-order factor (say, working memory)?

We also note that the focus on individual differences, which characterizes studies of g, has its
inherent interpretational limitations: the presence of a perfect correlation between two variables
is not sufficient to conclude that the variables are identical or that they share a common causal
substrate. Suppose, for the sake of argument, that in a sample of children, who vary sufficiently in
age, an appropriate statistical test reveals that the correlation between height and weight is equal
to one. The perfect correlation between height and weight does obviously not imply that the two
variables are identical nor that they necessarily share a common causal substrate.

In conclusion, the goal of the present study was to highlight the importance of considering
power in the context of identifying g with lower-order factors. Our results provide useful guidelines
on the ideal dataset and the necessary sample size required to reach sufficient power in a variety of
realistic situations. Furthermore, the procedure used here to investigate power is easy to implement
and the R code presented in Appendix D.1 provides a helpful tool to establish the power and the
necessary sample size in the particular situation at hand. As pointed out above, the failure to do so
might result in mistakenly concluding that g and a lower-order factor are perfectly correlated and
therefore —at least from the perspective of individual differences— can be considered identical.
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