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Abstract

The notion of a quantum tau-function for a natural quantization of the KdV hierarchy
was introduced in a work of Dubrovin, Guéré, Rossi, and the second author. A certain
natural choice of a quantum tau-function was then described by the first author, the
coefficients of the logarithm of this series are called the quantum intersection numbers.
Because of the Kontsevich—Witten theorem, a part of the quantum intersection numbers
coincides with the classical intersection numbers of psi-classes on the moduli spaces
of stable algebraic curves. In this paper, we relate the quantum intersection numbers to
the stationary relative Gromov—Witten invariants of (CP!, 0, 00) with an insertion of
a Hodge class. Using the Okounkov—Pandharipande approach to such invariants (with
the trivial Hodge class) through the infinite wedge formalism, we then give a short
proof of an explicit formula for the “purely quantum” part of the quantum intersection
numbers, found by the first author, which in particular relates these numbers to the
one-part double Hurwitz numbers.
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1 Introduction

The starting point of our considerations is Witten’s conjecture [12], proved by Kontse-
vich [7], which opened a new direction of research relating the topology of the moduli
space /\_/lg, » of stable algebraic curves of genus g with n marked points to the theory
of integrable systems. Denote by ¢; € H 2(Mg,n, Q) the first Chern class of the line
bundle £; over ./Vg, » formed by the cotangent lines at the i-th marked point on stable
curves. The classes ; are called the psi-classes. The intersection numbers on Hg,n

are defined by

(ta7a; - ), 1= /M

di; d
Uit € Qi dy € T,
g.n
with the convention that the integral is zero if Y d; # dimM,, = 3g — 3 +n.
Consider the generating series of intersection numbers

tgtg, ...t

. 2 ditdy d,

F(ty, t,...,8) 1= § g8 § (tdlrdz...tdn)g " " e Qllt, 11, - - ., €]l.
g.n>0 di,....dy >0 ’

. . . 27, .
Witten’s conjecture [12], proved by Kontsevich [7], states that u'°P := aaTj; is a solution
0

of the Korteweg—de Vries (KdV) hierarchy (we identify x = #()

au n &2

— = uu —Uyrxs

ot X 12 e

a_u _ Mzux + 82 (Muxxx quxx) + 84 Uxxxxx
ot 2 12 6 240 °

Note that the required solution of the hierarchy is specified by the initial condition
u'P|;,—o = x. The generating series  can be uniquely reconstructed from u'P =
PF

5T using the string equation
0

The KdV hierarchy is Hamiltonian,

Ty
— = U, s
31y r
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with

and the Poisson bracket {-, -} on the space of local functionals given by {h, g} =

f 5’13 85’ dx. Using the Hamiltonians hg, the statement of the Kontsevich—Witten
theorem can be equivalently written as

Shay — | - _
2¢ — 2%y
& <f0fd1 ‘L'dn>g— {{{{ Su ,hdz},hd3},...},hdn}

where we denote uy := d¥u.

s

ug=>0k,1

After the substitutionu = ), _, pne™ (and therefore uy = ZneZ(in)k ppei™),
the Hamiltonians 74 can be considered as elements of the algebra

B:=Clp1, p2, ... Mpo. p—1. ..., €ll,

with the Poisson bracket given by {p,, p»} := ia84+» 0. The Poisson algebra (Z/S’\, {.-H
admits a standard deformation quantization (g[[h]], *), where x is the Moyal prod-
uct with the commutation relation [py, pp]l = pa*pb — Pp*Pa = iahdatp.0. In [5],
the authors quantized the KdV hierarchy constructing pairwise commuting elements
H, € B[[h]], called the quantum Hamiltonians, satisfying Hy = hg + O (1). More-
over, the elements H; have the form Hy; = [ Hydx, where Hy is a polynomial in
u,ug, ..., & h

By a construction from [4], which was made precise in [1], one can associate to
the collection of quantum Hamiltonians H ; a quantum tau-function exp(F @), where
F@ e Cllt, t1, ..., € k]l is uniquely determined by the relations:

_ SHy; — _ _
IRl SARAREA

@ Springer
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dF@D dF@ 12 ih
T P 1.2
3o 2t o, T2 (1.2)

together with the explicit formula for the constant term F@)| _ = —=trse2h. Note

that F(@) | neo = F- Eq. (1.2) is called the quantum string equation. Note that it is a
close analog of the classical string equation for the formal power series F.

Quantum intersection numbers (Td1 ... Ty, )Z’g_ , are defined by
dj—3 3 3" F@)
(tay - ta,)y = 1= 3873 Coef o1t ——
8 dty, ... 014, o
=

Note that they are nonzero only if 2g —2 +n > 0.

Remark 1.1 Our normalization of the quantum intersection numbers is different from
the one from the paper [1]: The coefficient i 2dj=3g—n+3 jg replaced by i$~! there.
In [1], the author proved that his normalization gives a rational number. The two
normalizations are different by the multiplication by i 2. dj=(=1=3) 1n[1], the author
proved that a quantum intersection number vanishes unless )~ d; = n—I/+1 mod 2. So
both normalizations give rational numbers, which coincide or differ by sign. We prefer
our normalization, because then there is no sign difference in the formula relating the
quantum intersection numbers with the relative Gromov—Witten invariants of CP' in

the theorem below.

e/_e/

Denote S(z) := € Q[[z]]- In [1], the first author proved that

1 2¢-3+n [Tj=1 S(j2)
> (e T et = (Z /L,) Coef 2 <W> :
(1.3)

forg > 0andn > 1+ 24, 0.

Remark 1.2 In [1], this theorem was interpreted in the following way. For two tuples
w= (i,..., Lk) € Z Spandv = (Ui, ..., V) € Z>1,k,m > 1, with Y pu; =
> vj, denote by Hj; , the double Hurwitz number (we assume that all the points in
the preimages of 0 and oo in the ramified coverings that we count are marked). In [6],
the authors proved that

-1 [Tizi Sujz)
8 — Y 1L=17N=
Hy oty =1 (Z “J) Coef 2, ( SQ) ;o nz1,

@ Springer
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where r := 2g — 1 + n. Therefore, formula (1.3) can be equivalently written as

Hy,
l‘«ja(l“ sssss Hn)
(le .. 'tdn)O,g = Coefﬂlljl"'ll;{” <W> , €20, n>1+23,4p.

In our paper, we relate the quantum intersection numbers <‘L’0 T4y - Td, ) 1g—1 © the

stationary relative Gromov—Witten invariants of (CP', 0, co) with an insertion of a
Hodge class. For two tuples u = (i1, ..., k) € Z’;l and v = (vi,...,vy) €
Z;;‘l, k,m > 0, with Y pu; = ) v; (we allow the case 4 = v = {J) denote by
M:,’n((CIP’l, W, v) the moduli space of stable relative maps from genus g, n-pointed
connected curves to ((CIP’l , 0, 00), with ramification profiles over 0 and oo given by the
tuples p and v, respectively. In our definition, we label the points in each ramification
profile. This moduli space was defined in the algebro-geometric setting in [8].

The moduli space /Vz, n

(CIP’I, u, v) is endowed with
e Psi-classes {; € HZ(JVZ,’”((C]P’I, n,v),Q), 1 <i < n, that are defined as the
. ° 1 .
first Chern classes of the cotangent line bundles over M g’n((C]P’ , M, V)5
e Evaluation maps ev; : Mg,n(@?l, W, v) —> CPL,1<i<n;

e Hodge classes A = c¢;(E) € H* (ﬂg,n (CP', u, v), Q), where E is the rank g
vector bundle over ﬂg,n((C]P’l, w, v) whose fibers are the spaces of holomorphic
differentials on nodal curves;

e Virtual fundamental class [mg,n((C]P’l, w, V)it e Hz(zg_2+k+m+n)(mg,n((CIP’1,
M’ v)’ Q)'

Letw € H? ((CIF’I, Q) be the Poincaré dual of a point. We denote by
n o]
<u,kzl_[fdi(w),V> , &nl>0, di,...,d, >0, (1.4
i=1 g

the invariant given by

n
d;
virt )“l 1—[ ijjevj' (a))
j=1

/[MZ,H«CP‘,;W)}

Note that the invariant (1.4) is zero unless 2g —2+1(u) +1(v) = Y_ d; +1. Therefore,
the genus can be omitted in the notation.

Let /\_/l; n((CIP’I, i, v) be the moduli space of stable relative maps with possibly
disconnected domains. The brackets ( )* will be used for the integration over the
moduli space of stable relative maps with possibly disconnected domains.

Theorem 1.3 Let g,l > 0,n > 1, andd = (dy, ..., dy,) € Z2,,

@ Springer
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(1) For any k > 1, the integral

P, atar, ... ax)
n o
= <A7)"[Hfdi(w)v(alv-"sak)> ) al,...,akGZZl, A=Zai,
j=1

is a polynomial in ay, . .., ay of degree 2g + n — 1 with the parity of n — 1.
(2) Letk :==) dj —2g +1+ 1. Then

wCoefaaqPyyg k=1,
d .
(‘L’()‘L’dl - Tdn>l,g—l ={(—-1)¢ fmgl )\g)ullﬂll, ifk=0andn =1,

0, otherwise.

In the case [ = 0, the invariant (1.4) is a classical stationary relative Gromov—
Witten invariant of CP!, for which Okounkov and Pandharipande [11] found an explicit
formula using the infinite wedge formalism. Combining this formula with our theorem,
we give a new, much shorter, proof of formula (1.3).

1.1 Plan of the paper
In Sect.?2, we recall the necessary background on quantum intersection numbers. In

Sect. 3, we prove Theorem 1.3. Finally, in Sect. 4 we give a new proof of formula (1.3)
using Theorem 1.3.

1.2 Notations and conventions

e Forn € Z>o, we denote [n] := {1, ..., n}.

e Given a tuple of numbers (ai, ..., a,), we denote by the capital letter A the
sum A := Y ¢, a;. For I C [n], we denote A; := Y, a;, I° := [n]\I, and
ar := (@i, ..., a,'m), where {i1, ..., i}, i1 < ... <.

e For a topological space X, we denote by H'(X) the cohomology groups with the
coefficients in Q.

e The moduli space /Vg, n 1s empty unless the condition 2g —2 +n > 0 is satisfied.
We will often omit mentioning this condition explicitly, and silently assume that
it is satisfied when a moduli space is considered.

@ Springer
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2 Quantum intersection numbers
2.1 Hamiltonian structure of the KdV hierarchy

Let us briefly recall main notions and notations in the formal theory of evolutionary
PDEs with one spatial variable (and with one dependent variable):

e We consider formal variables uy with d > 0 and introduce the algebra of dif-
ferential polynomials A= Clluolllu=11lle]l. We denote u := ug, uy = ui,
Uy := U2, .... Denote by ;l\d c Athe homogeneous component of (differential)
degree d, where degu; :=i and dege := —1.

e An operator 9y : A — Ais defined by 0y = Zdzo Ug+1 837(1.

e The operator of variational derivative %: A > A is defined by % =
Yiso(=3)" o

e The space of local functionals is defined by A = A/ (Im(3y) & C[[e]]). The
image of f € A under the canonical projection A A is denoted by [ fdx.The
grading on A induces a grading on A. We denote by Ag C A the homogeneous
component of degree d.

° The kernel of the operator 8 ‘A — Ais equal to Im(dy ) @ C[[¢]], so the operator

: A — Ais well defined.

e The space A is endowed with a Poisson bracket given by {#, g} = f sh 8X 25 dx,
where h, @ g€ A. ThlS bracket has a lifting to a bracket {-, -}: .A x A — A defined

_ 5g
by {f7 g} = Zn>0 uy, an+l 85

The KdV hierarchy is Hamiltonian, 37’: = {u, 17,,}, where the Hamiltonians %,

— 2d-+4 2d+3
can be described using the Lax formalism: 4y = (2€T+%)” [ res LT+dx, where L =

82 +2¢%u.
As we already discussed in the introduction, the Hamiltonians of the KdV hierarchy
can be considered as elements of the other spaceB (C[pl , P2, - - llpo, p=1, ..., €l

For this, we define a linear map ¢ : A— B[[e , e by
S = fluyes aytpoeiar € Blle™ e f e A

The map ¢ is an injection. Consider the decomposition

() =Y ¢l ¢a(f) € B.

ae’l

Denote ¢o(f) := ¢o(f) — ¢o(f)] ,—o- We have Im(d,) & C[[e]] C Ker(gy). There-

fore, the map ¢~50: A — Bis well defined. This linear map is injective, and moreover
it is compatible with the Poisson structures on A and B,

¢o ((F, 1)) = {¢o(), do()}, F.heA

@ Springer



131  Page 8 of 21 X. Blot, A. Buryak

where the Poisson structure on 3 is defined by

ébusing notation, we will denote a KdV Hamiltonian 7y € A and its image ¢N30 (hy) €
B by the same letter /4.

2.2 The Hamiltonians of the KdV hierarchy and the double ramification cycles

Consider an n-tuple of integers (aj, ..., a,) such that ¥ a; = 0. Let us briefly recall
the definition of the double ramification (DR) cycle DRg(ay, ..., a,) € Hzg(ﬂg,,,).
The positive parts of (ai, ..., a,) define a partition u = (i1, ..., py)). The nega-
tives of the negative parts of (ay, . .., a,) define a second partition v = (v, ..., Vi)).
Since the parts of (ai,...,a,) sum to 0, we have |u| = |v|. We allow the case
[u] = |v| =0.Letng :=n —I(n) — [(v). The moduli space

v 1

My o (CP, 1, v)

parameterizes stable relative maps of connected algebraic curves of genus g to rubber
CP! with ramification profiles u, v over the points 0, co € CIP’l, respectively. There
is a natural map

st: MN

8,10

(CP', pu,v) — M.,

~

8,10

forgetting everything except the marked domain curve. The moduli space M, , (CP!,

&:no

ogy class of degree 2(2g — 3 + n). The double ramification cycle

— virt
W, v) possesses a virtual fundamental class [/\/l (CP!, p, v)] , which is a homol-

DR,(ay, ..., a,) € H*$(Mg.,)

—_

virt
is defined as the Poincaré dual to the push-forward st, [/\/lg’n0 ((C]P’l, ", v)] €

H2(2 g—3+4n) (Mg,n)-

The crucial property of the DR cycle is that for any cohomology class 6 €
H*(,/Vg,,,) the integral fm&nﬂ AgDRg (— > ai,ai, ... ,a,,) 0 is a homogeneous
polynomial in ay, ..., a, of degree 2¢g [2, Lemma 3.2].

An explicit formula for the KdV Hamiltonians 4, in terms of the geometry of Mg, n
was found in [2, Section 4.3.1]. For any d € Z>¢, define

&
hai= ) = Y Coefg i i

@ Springer



Quantum intersection numbers and the Gromov... Page9of21 131

/; AngDRg (—Zai,al,...,an) Udy - Ud,.
Mg,tl+l

Then these differential polynomials give densities for the KdV Hamiltonians: hy =
[ hgdx. In other language, as elements of B, the Hamiltonians hy are given by

_ (_82)g
hg = Z n! Z /M l)»gl/fleRg ©,ai,...,an) | pay -+ Pa,-
—VY, g.n+

2.3 Quantum KdV hierarchy and quantum intersection numbers

Consider the vector space B [[A]]. The Moyal product = on it is defined by

Zk>01h

fxh = BT (f (o &2 (G €. " gespe - f-h € BIIAL,

where gi, k € Z, are addltlonal formal variables and %(g«, &, h) := h|p,isq,. The
resulting algebra structure on B[[h]] is a deformation quantization of the P01sson
algebra (B, {-, -} in the sense that for f = leo fili and h = leoh K, fi hi € B,

we have [ f, h] = h{ fo, ho} + O ().

We extend the linear maps ¢: A — E[[ X o=ix]] and $0: A — B to linear
maps ¢: .;I[[FL]] — g[[h]][[eix ’”“]] and ¢>0 A[[ 1] — B[[ 11 by coefficient-wise
action. Note that if f € Im(¢p) C B[[h]][[e”‘ e *1]and h € Im(d)o) c B[[h]] then
[f, k] € Im(¢) [5, formula (2.2)]. This implies that the subspace Im(d)o) - B[[ﬁ]] is
closed under the commutator [-, -].

In [5], the authors defined elements H, € B [[~]] by

j=0

— 1 s _
Hi= ) — 3 (/MW (Z(zh)g f(—ezwj)w;’DRg(o,al,...,an))

Pay - Pay-

Clearly, Hyi=hs+0 (E). In [5, Theorem 3.4], the authors proved that [ﬁdl , Hdz] =
0, and so the elements H 4 give a quantization of the KdV hierarchy. As we already
mentioned in the introduction, the elements H ; are called the quantum Hamiltonians.

Since the integral fﬂ A -1//{1DR ©,ay,...,a,)isapolynomial inay, ..., a,

[5 Proposmon B 1], the elements Hy e B[[h]] belong to the image of the inclusion
$o: Al[A]] — BI[A]]. Therefore,

pl-n |:|: |:|:5§Iud1 ’ﬁd2j| ,ﬁd3:| ’j| ’ﬁdn:| c .,Zl\[[h]], n>1,d,...,d,>0.

@ Springer
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In [4], the authors checked that the multiple commutator here is symmetric with respect
to all permutations of the numbers dy, . . ., d,. In[1], the author proved that there exists
a formal power series ) e C[[19, t1, . . ., €, h]] satisfying Egs. (1.1) and (1.2), and
moreover a solution is unique up to the constant term F) ’ 1=0" This constant term
is chosen in such a way that the equation

3;1:<q) &2
o Zt,, +8—+2ha—h—2 }"(‘1)+ﬁ .1

called the quantum dilaton equation, is satisfied after the substitution 7, = 0. Since

L ifg=1=1,

24>
(T)1,6-1 = | 7955, ifg=2andl =1,
0, otherwise,

this gives the constant term F @[ _ = — =e562h. In [1], the author conjectured
that Eq. (2.1) is true: It is clearly compatible with the classical dilaton equation for
the formal power series F, and in [1] the author also showed that it is true after the
substitution ¢ = 0, however the quantum dilaton equation is not fully proved yet.

3 Proof of Theorem 1.3

We will establish using the degeneration formula that

SHy — | = —
Coef 2 jg—i4+n—1 |:|: |:|: 5 d Hd2:| , Hd3:| , :| , Hd":|
u
P<0=0

n o
= &=l Z ig+l+"1<A,)\zl_[fd,(w),(al ,,,,, ak)> wemx

i=1

+ 8080118 /7 Agh it 3.1

Mg.Z
where k :== ) d; —2¢g +1+ 1.

First, let us denote H;_| := %, d > 0. We have

Hioi= Y (lmz ) (/M +2DRg(O,a1,...,am,—A)I[ffA (%))

where A(s) := 1+ sA; 4+ -+ 584,

@ Springer
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Then, we introduce the non-associative product fxg = fxg — fg. We will
adopt the following convention: when we write the product of several elements
using this non-associative product and don’t use parenthesis then this means that
the multiplications are done in the natural order from left to right. This slight mod-
ification of the star product is convenient for the following reason: the coefficient
of pg, - -pameAixezlhg_l+”_1 in both [[ .. [[Hdl—lyﬁdz] ,ﬁdS] . ] ,ﬁdn] and
Hdl_llﬁd2§~ . ~;ﬁdn are identical when ay, ..., a,; > 0 and m > 0. This occurs for
two reasons: First the bracket [, -] defined as the commutator of the x-product is also
the commutator of the x-product, and second
Coef Pay

,.,pa,'1eAixszlhg—1+;1—1ﬁdn;[. .. [[Hdl—lsﬁdz] ,ﬁd3] .. ] =0, ap,...,am > 0.

This vanishing happens because H 4, % (- - - ) involves a product of derivative % e
1

%, with kq, ..., ks > 0, from the star product acting on ﬁdn and since we use
the x-product we have s > 1. Consequently, when extracting the coefficient of
Day * ** Pay, A2l with the condition aj, ..., ay, > 0, the sum of the parts of each

DR-cycle from ﬁdn is positive, contradicting the requirement that they sum to zero.
This proves the vanishing. Then, a direct induction justifies the statement. Thus, in
(3.1) we equivalently write the LHS with commutators or with *-products.

Before establishing (3.1), we show how this formula proves assertions 1 and 2 of
Theorem 1.3.

3.1 Proving assertion 1

The polynomial behavior of Pg’lﬁ(al, ...,ar) follows from Eq. (3.1) by the
analysis of [1, Section 6]. More precisely, one first writes an expression for
Hy,_1*H g,% - - - *H 4, from the expression of Hy, _1%H g, - - - xH 4, given by Eq. (36)
in [1], this only accounts for adding the conditions y described in the same section.
Then, after extracting the coefficient of p,, - - - pakeAi"£21 hi¢~+1=1 in this expression
of Hy 1 iﬁdzi e iﬁdn, the polynomality, degree and parity properties follows from
[1, Lemma 6.3].

3.2 Proving assertion 2

The correlator (Tofdl o '(dn>1’g_1 is obtained from (3.1) by evaluating at u; = §; 1.
This evaluation is done using Lemma 6.2 in [3] and directly yields the result.

3.3 Proving (3.1)
By a direct dimension counting, the coefficient of pg, - - - p,, eA*e?!R8=+"=1 in
Hy _1%

H g, % - --%xH 4, can only be nonzero if m = k.

@ Springer



131 Page120f21 X. Blot, A. Buryak

If k = 0, then Coef21pe1n-1 Hay—1%H gy % - - ';ﬁd,1|p _o Vanishes for n > 1

since, once again, the parts of the DR cycles coming from H,, after the action of
the *-product and the evaluation p, = 0 cannot add up to zero. When n = 1, we
have Coef21p5-14+n-1 Hg -1 |p*:O = st fmgl DR, (0, O)lﬁfl1 A, and the property of
the DR cycle DR, (0, 0) = (—1)8 4, yields the result.

We now prove the main ingredient of (3.1): when k > 0, we show that

n o
p ...p .
Z <A’)"ll—[":dj(w)’ (alv-"’ak)> %e“&‘x

at,...,ap>0 i=1

= (_l-)g+l+n—l Coef 21 pg-14n—1 (Hd|71;ﬁd2; e ;ﬁdn)

peo=0 " 3.2)

The proof is done by the induction over n using the degeneration formula and the
following lemma.

Lemma3.1 Fix g,n > O such that2g — 1 +n > 0. Let by, ..., b, € Z such that
i bi = 0. We have

/7 DR, (0, by, ..., by) YA = /70 e MU Tevi(w),
Mg.n+l CPI,#»U)]

g I+ng

where u, v are the positive and the negatives of the negative parts of (0, by, ..., by),
respectively, and ny + 1 is the number of parts equal to O.

Proof Let W, € H2 (Mg not1 ((C]P’l W, v )) be the first Chern class of the cotan-
gent line bundle at the point 1. The cotangent line bundle at the point 1 over
ﬂg no+1 (CP', i, v) is identified with the pull-back by the map st: Mg no+1
((CIPI, W, v ) - M ¢.n+1 of the cotangent line bundle at the point 1 over M g+l
since the component of the point 1 is not stabilized by the forgetful map, thus we have
Wy = st*(¢r1). Moreover, since the DR R cycle is, by definition, the push-forward by
st of the virtual fundamental class of M eno+1 ((C]P’l, ", v), and furthermore, since
Ai = st*(;), we get by the projection formula

/7 DR, (0, by, ... bW = /7~ v WA
Mg nt1 [M ((CPI,/,L,V)}

g.np+l1

Letp: Mg nOH((C]P’ w,v) = M,

S virt — 5
By [10, Lemma 2], we have [Mg’noH((C]P’l, “w, v)] = p*(ev’f(a)) N [Mg,no+l

gno+l (CP', i, v) be the canonical forgetful map.

(CP', u, v)]vm), which by the projection formula yields the result. O

The case n = 1 in (3.2) directly follows from the statement of the lemma.
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We now prove (3.2) for n > 2. The degeneration formula [9, Theorem 3.15] gives

n [ ]
<A,?~1 l_[ d; (@), (al,.~-,ak)>

j=1

n—1 ®
i
=2 > X g p<A~)‘lll_[fdj(w)ql/«> (1, Ay Ta, @), (a1, - )"
l1+lp=l p>1 w=(t1ses Mp)ezgl : j=1
i+t pp=A

(3.3)

where we considered that the target CP! degenerates to CP' U CP! intersecting at a
node, such that the first CP! contains the relative point associated to the total ram-
ification A and the images of the points 1,...,n — 1, and the second CP' contains
the second relative point and the image of the point n. Note that, as in [9], we label
the points in the ramification profiles. We now explain how the disconnected contri-
butions on each side of (3.3) compensate to give a formula involving only connected
invariants.

LHS of (3.3). The term <A,A1 H?:l T4, (w), (al,...,ak)>. on the left-hand side

(LHS) of (3.3) equals the connected contribution <A, Al ]_[7:1 T4, (w), (ay, ..., ak)>o,
plus contributions with disconnected domains. Since the preimage of 0 is given by a
unique point with total ramification A, the disconnected contributions correspond to
whenever the point 1, or the point 2, ..., or the point n is on a component of degree
0. Furthermore, since w® = 0, if the two marked points are on the same component
of degree 0, this contribution vanishes. We get

<A,Az [T (w>,<a1,...,ak>> = <A,Az [ @, (al,...,ak>>

j=1 j=l

+ ) > <A1)Lm(0) [1 fdj(w),(a1,~wak)> [ 112 2oy 7a; (). 0)°

I1C[n] m: {0}UI—>Z>q jel¢ iel
m(0)+) ey m(i)=I

n
oA LA Y H(@, m; Ty (@), 9)° (3.4)
=1/A mi+-+mpy=li=1
where ¢ := [n]\ 1, moreover we used in the last term that (A, A7, (aj, ..., ax))° #0

only for / = 0 and £ = 1 by dimension counting.

RHS of (3.3). Similarly, the factor (A, hy T2 h 7y @), (s e ,,)> on the right-
hand side (RHS) of Eq. (3.3) is equal to the connected contribution <A, Al H;’;% 74, (),

(141, ..., 11p))° plus disconnected contributions such that the point 1, 0r2, ... ,orn—1
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lies on a degree O component, we get

n—1 n—1 °
<A’ )‘-l| 1_[ de (CL)), (Mla A /J/p)>. = <Aa )‘-l| 1_[ de (CL)), (I‘Lls ] /“Lp)>

Jj=1 Jj=1

+ Y > <A»)\m(0) [] 7@, (1, --~,Mp)>

I1C[n—1] m: {0jul—Z>g jel¢
m(0)+>;c; m()=l

1_[ (Qa )\m(i)fd,' (CL)), ®>O

iel
n
+op1 (A 1A Y [0 e (). 0)°
mi+-+my=Il i=1
The factor ((/1,1, e, ,up) s My Ta, (@), (ay, .. ., ak)>' is more complicated because we

can split the profile above 0 and above oo on different domains, we get

<(M1»""Mp) AL Td, (@), (at, ..., ak)>.

Z Z /-'L]] P 1 a]] (Mlzv )\12 Td, (C()), a.]2>o

Liuh=[p] J1uJr=[k]

bt 0
—l—((u],...,,up), 1, (al,...,ak)).
(@, AL Td, (W), ﬂ)o .

Note that a dimension counting forces the A-class to entirely lie on the component
with the n-th marked point. In addition, the term ([L n.1,ay )' is, again by dimension
counting, equal to a product of relative connected invariants with genus O domain and

2 marked points, each of them contributing as (a, 1, a)°® = (%’ a > 0. Same story for
<(lu’17 "'5Mp) ’ 17 (a17 "'9ak)>.'

Finally, the contributions of the LHS and RHS of (3.3) such that at least one marked
pointfrom 1, . . ., n lies on a component of degree 0 compensate. After simplifications,
one gets

<A, ml] 4; (), (a1, .., ak)>

j=1

n—1 °
= Z Z a P‘ ad <Av )\11 l_[ tdj (w), (Ma a]])> <Ma )"lztd,l (w), a.]2>0 s

JiuJr=[k] =] ey MP)GZZI le
L +lh= e = A
p=1 123! Hp=Aal,

(3.5)

where (M, a jl) is the (p 4 |J1])-tuple obtained by concatenation from the tuples p and
ay,. Now, using Lemma 3.1 and the induction hypothesis, we find that after the multi-
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plication by ﬂ Ax and summingoveray, ..., ay > 0the RHS of (3.5) equals the

coefficient of 821 he~1+n=1 in the *-product ((Hy —1%Ha,* - *Hg,_ ) *Hy,) P00’

after the multiplication by (—i)8 +HAn=1_ This establishes (3.2), thereby concluding
the proof.

4 A new proof of formula (1.3)

Using the quantum string equation, we observe that formula (1.3) follows from the
equality

d
S X o ral
gEOdlwmanO

~ N2 [T S (i (2 1 )2) n>
= (X w) S(zups) "R

which can be equivalently written as

di—2g+1,,di
Z (‘[()‘[dl...tdn>0 Z 8 My ,bLn

g.di,..sdy >0
-1 (Z“ .>”_2 [T S (i (C p)t)
j )
S (X ny)
n>2. 4.1
For two tuples u = (u1,..., Uk) € ZkZ] andv = (vi,...,Vy) € Z>],k,m >0,

with )~ p; = ) v;, we introduce the generating series
o d 1
Fo Gz =y <u,]_[rd (), V> AREREE Lan
di,....dp,>0 i=1
Using Theorem 1.3, we see that formula (4.1) follows from

1 . /i
71 CoC a5 (ay, o @0 20) = <]‘[ z,) 5D = __Coef ks (HS(z, Zt))

i=1
k>1,n>1,

which is equivalent to

];Coefal...ak Fy ayoan @155 2n)

! —Coef Z k>1,n>1 4.2
=722 oef it l_[g(zz 1) >1Ln=1, (4.2)

i=1
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where Z 1= Y"_| z; and 5 (2) 1= zS(z) = €¥/? — ¢7%/2,

Recall that a relative Gromov—Witten invariant (i, [T 74, (@), v);, ge€Z,n>0,
di,...,d, >0,iszerounless 2g —2+1(n) +1(v) = Y_ d;. We adopt the convention

i=1 i=1

<u, rz(w)lm(w>m]"[rd,.<w),v> = am,o<u,1_[rd,.(w>,v> :
8 g+l

So we will consider the numbers

n L]
</L,l_[rki(a)),v> , g€, n>0, ki,...,kp>-2.

i=1 <

Note that it is still true that such a number vanishes unless the condition 2g —2+1 () +
1(v) = > k; is satisfied. So we can still omit the genus in the notation. Introduce the
generating series

n L]
. ki+1 kn+1
Fl:’v(zl,._,,zn) = E <y,,l_[‘rki(a)),v> le ...Znn+ )
, i=1

Note that (see e.g. [11, eq. (0.26)])

1 1
3 0, (@), 9)° 2 = — —
d=0 s(@ =z
which implies that
3 (@), ) = —
s(2)

d>-2

and then using (3.4) we obtain

Fi (zJge)
. Aay...
Ff @) = @ 2220 k> 1, ay, a1

Note that
Loifk=1,

ap’

F¢ =
A ar )V 0, ifk>2.

So formula (4.2) implies that

Coeflk+1 (Hje]c S (Zl ZJcI))

JCln] <Hje] §(Zj)> Zjes (Zye)

,,,,,
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On the other hand, using the induction on n, one can easily see that formula (4.3)
implies formula (4.2). Let us now prove formula (4.3).

We will use an explicit formula for F;’( . ak)(z 1, .-.,2n) obtained in [11] using
the infinite wedge formalism (see [11, Section 2]), which we briefly recall now. We
consider a vector space V with basis {k} indexed by the half-integers:

v= P Ck

keZ+}
Denote by A 7V the vector space spanned by the infinite wedge products

1
aiNa) A ... witha; =—i+§+cf0rsomeceZandibigenough.

Forany k € Z + %, define linear operators ¥, ¥ : ATV > ATV by
Y@ Aax AN..)i=kAnaiANap A ..,

o0
: i1 ~
UilaiAap AL = E (=D""gkar AL NG
i=1

These operators satisfy the anti-commutation relations
VY Ui =8y, i VY = YT+ YTy =0.

Normally ordered products are defined by

gt [P i =0
T | =y, it <o
Let vy := —% A —% A .. .. For an operator A: ATV — ATV denote by (A) the

coefficient of vy in the decomposition of A(vy) in the basis

oo
aiANapN...€ A2V

1
ay>ay> ..., a; :—i+5+cforsomece(Candibigenough}.

For any r € Z, define an operator &, (z) on ATV by

8}',0

E@= ) & eyl 5

keZ+}

These operators satisfy the commutation relation
[€a(2), Ep(w)] = g(aw — b2)Eqyp(z + w).
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Finally, we define operators oy := & (0) fork # 0. We have the commutation relations

lag, Ep(2)] = c(az)Eayp(2), a#0,
[og, ap] = ada+s,0, a, b #0.

By [11, Proposition 3.1], we have

FIZ (ay,..., ak)(Zl,-..,zn)

aAl_[€0(Zl l_la—a> k,nzl
A]_[J 1a ]< i=1 ’

In order to transform the expression <oe A H?:l Eo(zi) ]_[];:1 Og; >, we move the oper-

ators o_,, through the operators £y(z;) to the left, using the commutation relation
; g P g

[€r(2), a—k] = g (k2)Er—k(2).

We obtain

n k
1
——{aa] | o) | | a—q,
A Hl;=1 aj < ,11 ,1:[1 >
_ Z [T [iey, s(@izo)

X aal-ny, (21) - E-ay, (@)
LU, =[k] ATl a; < ! )

1)
+ 221 (ctay0—a, E0(z1) -+ E0(zn)).
1

In order to transform the expression (oeAE,A I (z1)---&_4 I (z,,)), we move the

operators £_ 4 ; (zi) through the operator a4 to the left, using the commutation relation
[€a(2), Ep(w)] = g(aw — b2)Eayp(z + w).

At the first step, we obtain

<0lA5—A11 (z1) -+ E-a,, (Zn)> = ¢(Az1) <8A—A11 (2)€-a;,(z2) -+~ E—ay, (Zn))

+ 1,0 <50(Zl)01A5—A,2 (z2)-+-E-ny, (Zn)>~

In the same way, at each step the number of summands doubles. After n steps, we
obtain 2" summands that are in one-to-one correspondence with subsets J C [n]: the
summand corresponding to a subset J C [n] contains the coefficient [ | jes ) 1;.9- Note
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that the summand corresponding to J = [r] vanishes, because at least one from the
subsets /; is nonempty. The summand corresponding to the subset J = (J is equal to

Q(Alls R Alnvzla "'7Z}’Z)7
where

QMb1,....bpsz1,...,20)
S(Bz1)s((B=b1)z2+b221)s (B—b1 —b2)z3+b3(z21+22)) s (B=b1—...=by—1)2n+bn (21 +-.-4+2n—1))

c(z1+...4zn)

In total, we obtain

31,0
(0aga, @ Eon, @) = D0 TT =25 | QAo Ay 2o Zige),

/S \jes @D
where J¢ = {ji,..., e}, j1 < j2 < ... < jjje|. As aresult,

F,Z.(,,]’“_’ak)(ZIa ey Zn)

1] .
Z Z I1=1 1_[1‘5]1 §(aiZj1) Q(A11!~-~3A1uc" Zj]s“-szjurl)
l_[jejg( ) ap---ag A

JClnl Nu..ul| e =lk]

8k,1
+o5 (otayot—a, E0(z1) -+ Eo(zn)) -
1

Now we need to take the coefficient of a; - - - a;. Note that

[T Thiey, s(@izio el L
=1 1lieq [ O VY 1€
ay---ax =i Zjiel HHS(Q’Z”)
I=1iel;
Therefore,
k_Coefl/ll"'ak FZ (at,... ak)(Zl s Zn)

1] el 1
Z Z i e k!C efara

JCln HJEJ sz N, e =Ik]

<Q(A117'~-1AIJC;Zjls~-°7ZjJC|)>

A

Let us fix J C [n] and denote m = |J¢|. Then we compute

1

|‘1| . _Z|_Im|
J1 Jm k!

Lu..Uly=[k]

—Coefy,...q;

Q(A[l,...,A]m;Zjl,...,ij)
A
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1 Ll 111 [ ]! QWi,oibms zjys s 2jy,)
Z Zl ! Zlm‘ Coef 1171 [Im| / Jm
b1 "'bm

J1 Jm !

NU. Ol =[k] k! by + ...+ bm
= Z Zk_l "‘Zk~mCOef X . Q(bl”"’bm;zjl""’zjm)

Ktk =k J1 Jm bll"'brr:n b1++bm

etk =
Otz s n 12j5 s o0 Zjy)
=Coeftk( =
JC
1

= Z—FCoeftk+1 QUZjys e s 23 Zjys s Zjp)-

It remains to note that

[licse 5(zjZyet)

Az oo 823 g e e es L) =
Q J1 Jm> % J1 ]m) g(Z]C)

’

which completes the proof of equality (4.3).
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