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ON RELATIONS AMONG 1-CYCLES
ON CUBIC HYPERSURFACES

MINGMIN SHEN

Abstract

In this paper we give two explicit relations among 1-cycles modulo ra-
tional equivalence on a smooth cubic hypersurface X. Such a relation
is given in terms of a (pair of) curve(s) and its secant lines. As the
first application, we reprove Paranjape’s theorem that CH;(X) is al-
ways generated by lines and that it is isomorphic to Z if the dimension
of X is at least 5. Another application is to the intermediate jacobian
of a cubic threefold X. To be more precise, we show that the interme-
diate jacobian of X is naturally isomorphic to the Prym—Tjurin variety
constructed from the curve parameterizing all lines meeting a given ra-
tional curve on X. The incidence correspondences play an important
role in this study. We also give a description of the Abel-Jacobi map
for 1-cycles in this setting.

1. Introduction

Let X C P}, where n > 3, be a smooth cubic hypersurface in projective
space over an algebraically closed field k. In this paper, we are going to study
relations among 1-cycles on X. We explain the main theorem (Theorem [2])
of this paper in the following special situations. Let C' C X be a general
smooth curve on X. Then there are finitely many lines, E; C X, meeting
C in two points. These lines will be called the secant lines of C'. The first
relation we get is

(2e — 3)C + Z E; = const.

in CH;(X), where e = deg(C). A second relation is about a pair of curves
on X. A simple version goes as follows: Let C; and Cy be a pair of general
smooth curves on X. Then there are finitely many lines, E; C X, meeting
both C; and Cy. These are called secant lines of the pair (C1,C5). Then our
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540 MINGMIN SHEN

second relation reads
2e9C1 + 2¢1C5 + Z FE; = const.

in CH; (X)), where e; = deg(C1) and e3 = deg(C3). In all cases, the right-hand
side is a multiple of the class of the restriction of a linear P2 to X. Note that
in these relations the dimension of X does not appear in the coefficients and
they hold in all characteristics. As an application, we reprove the following
theorem of K. H. Paranjape, see [Parl, Proposition 4.2].

Theorem 1.1. Let X/k be a smooth cubic hypersurface as above. Then the
Chow group CH;(X) of 1-cycles on X is generated by lines. When dim X > 5,
we have CH1(X) 2 Z.

If X C P} is a smooth cubic threefold with char(k) # 2, then CH; (X)) is well
understood. Let A;(X) € CH;(X) be the subgroup of 1-cycles algebraically
equivalent to zero modulo rational equivalence. Then A;(X) is isomorphic to
the intermediate jacobian J(X) of X. A precise definition of the intermediate
jacobian will be given in section 5, Definition 4l Roughly speaking, J(X) is
the universal abelian variety with a principal polarization into which A (X)
maps. One important feature is that for any algebraic family Z — T of 1-
cycles on X, there is an induced Abel-Jacobi map Up : T'— J(X), which is a
morphism between varieties. Associated to ¥, we also have ¢ : Alb(T) —
J(X), which is a homomorphism of abelian varieties and is also called the
Abel-Jacobi map. There are two ways to realize J(X) from the geometry
of X. If we use F' = F(X) to denote the Fano surface of lines on X, then
the Albanese variety Alb(F') of F carries a natural principal polarization, and
the Abel-Jacobi map induces an isomorphism between Alb(F) and J(X) as
principally polarized abelian varieties. A second realization goes as follows.
Let | C X be a general line on X. Then all lines meeting [ are parameterized by
a smooth curve A of genus 11. The curve A carries a natural fixed-point-free
involution whose quotient is a smooth plane quintic A. Then the associated
Prym variety Pr(A/A) is naturally isomorphic to J(X).

As another application of the above natural relations, we give a third re-
alization of the intermediate jacobian J(X) as a Prym—Tjurin variety. We
refer to [Tju], [BM], and [Kan] for the basic facts about Prym—Tjurin vari-
eties. Let C' C X be a general smooth rational curve. We use C to denote
the normalization of the curve parameterizing all lines meeting C. Then let
Dy = {([l1], [l2]) € C x C} such that I; and Iy are not secant lines of C' and
that Iy and ls meet transversally in a point not on C. We take D to be the
closure of Dy in C' x C, which can be called the incidence correspondence on
C. Then D defines an endomorphism i of J = J(C). Our next result is the
following.
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ON RELATIONS AMONG 1-CYCLES ON CUBIC HYPERSURFACES 541

Theorem 1.2. Let X/k be a smooth cubic threefold, and assume that
char(k) # 2. Let C, C, J, and i be as above. Then the following are true.
(a) The endomorphism i satisfies the following quadratic relation

(t—1(GE+qg—1)=0,
where ¢ = 2deg(C).

(b) Assume that char(k) t q. Then the Prym—Tjurin variety P = Pr(C,i) =
Im(i — 1) C J carries a natural principal polarization whose theta divisor =
satisfies

@j‘P = qE.

(¢) Assume that char(k) { g. Then the Abel-Jacobi map ¢ = g : J —

J(X) factors through i — 1 and gives an isomorphism

uc : (PI‘(C,’L),E) - (J(X)a@J(X))

Remark 1.3. This is a simplified version of Theorem When C' is a
general line on X, the above construction recovers the Prym realization of
J(X).

We next study how the above construction varies when we change the
curve C. Let C7 and Cy be two general smooth rational curves on X. Let
Dy = {([lu], [l2]) € Cy x C‘g} such that {; meets lo. We view Dy as a
homomorphism from jl to j2.

Proposition 1.4. Assume that char(k) t qiq2. Then the following are
true:

(a) The image of Dsy is Pr(ég,ig). The homomorphism Ds1 factors
through i1 — 1 and gives an isomorphism

toq1 : (PI‘(Ol, il), El) — (PT(C’Q’ ig), 52)

(b) The isomorphism ta; is compatible with uc,, namely uc, o tay = uc, .

We also get a description for the Abel-Jacobi map for a family of 1-cycles.
Fix a general smooth rational curve C' C X such that char(k)  ¢q. Let € C
X x T be a family of curves on X parameterized by 7. Assume that for
general t € T, there are finitely many secant lines L; of the pair (C,%;). Then
the rule ¢ — > [L;] defines a morphism

\I/ij:T—>j.

Proposition 1.5. Let notations and assumptions be as above. Then the
image of W j is contained in Pr(é,i) c J. The composition uc o Wy 5 is
identified with the Abel-Jacobi map associated to € /T.

We summarize the structure of the paper. In section 2, we review the theory
of secant bundles on symmetric products. We state the results in the form that
we are going to use and all proofs are included for completeness. Section 3 is
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542 MINGMIN SHEN

devoted to the construction and basic properties of residue surfaces associated
to a curve or a pair of curves. Those surfaces play an important role in later
proofs in section 4. In section 4, we state and prove our main theorem on
relations among 1-cycles. We also derive Paranjape’s theorem as a corollary.
Section 5 is a review on basic results on the Fano scheme of lines and the
intermediate jacobian of a cubic threefold. In section 6, we show how one
can realize the intermediate jacobian of a cubic threefold as a Prym—Tjurin
variety described above.

Acknowledgments. The author would like to thank C. Vial for many inter-
esting discussions, B. Totaro for reading the manuscript, and R. Friedman for
informing the author of many useful references. The author thanks the referee,
whose suggestions significantly improved the exposition of this paper. This
work was carried out during the author’s first year of Simons Postdoctoral
Fellowship. He would like to thank the Simons Foundation for this support.

Notation and conventions:

1. G(r,V) is the grassmannian rank r quotient of V; &, is the canonical
rank r quotient bundle of V on G(r,V);

2. P(V) = Proj(Sym* V) = G(1,V);

3. G(ry,r2,V) is the flag variety of successive quotients of V' with ranks
T > 11,

4. N(e,g) = >452 +6 — 6g;

5. We use = to denote numerical equivalence;

6. A general curve on X means that it comes from a dense open subset of
the corresponding component of the Hilbert scheme of curves on X;

7. For two algebraic cycles D; and Ds, an equation D; = Dy can mean
equality either as cycles or modulo rational equivalence;

8. For P,Q € P(V) distinct, we use PQ to denote the line through both P
and Q.

2. Secant bundles on symmetric products

Most of the results in this section are special cases of that of [Matt]. We
state the results in the form we need and include the proofs for completeness.
Let C' be a smooth projective curve over an algebraically closed field k. We
use C'® to denote the symmetric product of C. Let 7 : C' x C' — C'® be the
canonical double cover which ramifies along the diagonal Ac € C x C. For
any invertible sheave .Z on C, we define the symmetrization &(L) of £ to
be m.pi.Z on C®) | where p;, : C x C — C is the projection to the first factor.

For example, if £ = we, then £(£) = Q).
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ON RELATIONS AMONG 1-CYCLES ON CUBIC HYPERSURFACES 543

To compute the Chern classes of &(.Z), we describe several special cycles
on C?). Let x € C be a closed point. We define

(1) D, =m.({z} xC) c C?.

If a =) x; is an effective divisor on C with x; # x; for different ¢ and j, we
write

(2) Da:ZDzm al? :Zw*(xi,xj), 5*a=Z7T*(:vi,:vi).

i<j

Here 6 = mo A : C — C). Note that the definition of Dy can be extended
linearly to all divisors. The projection formula implies

D, -Dy=mn.(zxC-m"m(y x C))
=m(zxC-(yxC+C xy))
=m(z,y)

for any z,y € C. Then we easily get
(3) (Dg)? = d.a+ 20l

Let AO = Cl(ﬂ—*OCXC) in CHl(C(Q))

Assume that . is very ample, and for some V C H°(C,.?), it defines
a closed immersion i : C' — P(V). Note that any two points z and y on C
define a line i(z) i(y) (the tangent line at i(x) if = y). This defines a natural
morphism ¢ : C?) = G(2,V). Let V® Og(2,v) = & be the universal rank 2
quotient bundle.

~

Proposition 2.1. We have an isomorphism & (L) = p*&s.

Proof. If we view G(2,V) as the space of lines in P(V'), then by pulling
back the universal family of lines, we get

P(p*&) ——> P(V)

c®)

and we have ¢*& = @, f*Op(y)(1). The fiber 771 (t) is the line ¢(t) € G(2,V),
and f is the inclusion of the line into P(V'). Note that there are two distin-
guished points  and y on the fiber #=1(t) = i(x)i(y), where t € C®) is the
point 7(x,y). Those distinguished points form a divisor D on P(¢*(&%)). By
choosing an isomorphism D = C x C, we can assume that f|p = iop; and
7t|p = m. Then f*Opv)(1)|p = p7i*Opvy(1) = piZ. Consider the following
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544 MINGMIN SHEN

short exact sequence

0 — f*Op)(1) ® Op(pre,) (—=D)
— [ Opvy(1) —— f*Op1y(1)|p — 0.

Apply Rm,. and note that as the left term restricts to Opi(—1) on each fiber
of T, we get ©*&s = 7. f*Opv)(1) = mupi L = E(L). O

Corollary 2.2. We have the equality co(6(.Z)) = all in CHy(C?)), where
a is a general element of the complete linear system |-Z|.

Proof. Tt is known from Schubert calculus (see [Ful, 14.7]) that c2(&2) is
represented by the cycle defined by the space of all lines that are contained
in a hyperplane H C P(V). When H is chosen to be general, then a = i*H
is an element of |.Z| such that al?l is defined. Then we have co(&(.L)) =
CQ((,O*@@Q) = Lp*CQ(éag) = Clm. ([

For very ample .Z, we take a general section s € H°(C,.%) and write
a = div(s) = Zle x;, where d = deg .. The section s defines a short exact
sequence

0— Oc —= <z @?:1 k(z;) — 0.
By pulling the sequence back to C' x C' via p] and then applying Rm., we get

0 — m.(Ocxc) E(L) 4>€B;7l:1(’)pzi — 0.

Since 7, Oc « ¢ admits a nowhere-vanishing section “1”, the second Chern class
of m.Ocxc is zero. Hence we have ¢(m.Ocxc) = 1 + Ag. By taking total

Chern classes in the above exact sequence and noting that ¢(Op,) = 171Di’
we get
<
c(&(L)) = (1+ Ao) H(ﬁ)
i=1 i
d
=(1+A0) [Ja+ D,, + D2)
i=1

d d
=(1+2)1+) Dp+> D2+ Y Dy -Dy)
i=1 i=1

1<i<j<d
=14 (Dg + Ag) + (Ag - Dy + 6.a + al?).
Hence we get
(4) 1 (E(L)) = Do+ Do, c2(E(ZL)) =a? + Ay D, + 6.a.
Comparing this with Corollary 22, we have
(5) Ag - Dy = —0,a.
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ON RELATIONS AMONG 1-CYCLES ON CUBIC HYPERSURFACES 545

Now let .Z and % be two very ample line bundles on C with degrees d;
and ds, respectively. Pick a general section s; € H(C, f) where i = 1,2. Set

a; = div(sy) E x;,  ag = div(sz) E Yi-

As before, we can use sy to construct the short exact sequence,

Z D=, k(y:) — 0.

Similarly, after applying R, we get a short exact sequence on C?),

S2

0 —>$1 ®$271

0—=&(L© L") —=E(H) — D2, Op, — 0.

One easily computes the Chern classes as
ds
(&L & L") = (14 Da, + Mg +a?) H

= (14 Dq, + Ao +a)(1 = Do, +d?)
=14+ (Ao + Dy, — Dy,)

+ @ +d? — Ay D, — Dy, - Da,).

We summarize the above discussion into the following:

Theorem 2.3. Let C be a smooth projective curve, and let £ be an invert-
ible sheaf. Let a1, as and a be effective divisors on C' such that each is a sum
of distinct points with multiplicity 1. Let & = &(L) be the symmetrization of
Z. Then the following are true.

(a) If £ = Oc(ay —az), then the following equalities hold in the Chow ring

of C):
(6) c1(€) = Ao + Da, — Da,,
(7) eo(€) = a4 ol 4 6,05 — Dy, - D,
(b) The following identities hold in the Chow ring of C?):
(8) Do~ Dy = d.a+2al?,
(9) Dy Ag = —04a,
(10) 2A) = —m(Ac),
(11) 2Ap - Ag = =6, K¢.

Proof. Only the last two equalities need to be proved. By construction we
have the exact sequence

0 — Ocxc — m"m.Ocxc

Ocxc(—Ac) —
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546 MINGMIN SHEN

This implies that 7*Ag=c1 (7*m.Ocxc) = —A¢. Hence —m A =m,.m*Ag=
2Ay and by the projection formula we have 2Ag - Ay = —mA¢ - Ay =
(Ao - Ac) = =0, Ke. O

3. Residue surfaces

Let X C P", n > 4, be a smooth cubic hypersurface over an algebraically
closed field k. In this section we will construct so-called residue surfaces
associated to a curve or a pair of curves on X. Let V = H°(X, Ox(1)).

Let C' C X be a complete at-worst nodal curve on X. Note that C' might
be disconnected. If x € C' is a nodal point, let 11, be the plane spanned by
the tangent directions of the two branches at x.

Definition 3.1. A line ! on X is called a secant line of C'if: (first type) it
meets C in two smooth points (which might be infinitesimally close to each
other); or (second type) it passes through a node z and lies in the plane II,,
and also it is not a component of C; or (third type) it is a component of C'
for some node z € I, and we have I, - X = 2[ + I’ for some line I’.

3.1. Residue surface associated to a single curve. Throughout this
subsection, we make the following assumption.

Assumption 3.2. The curve C C X is smooth irreducible of degree e > 2
and genus g. Furthermore, C' has only finitely many secant lines.

We want to produce a surface on X which is birational to the symmetric
product of C. First we fix some notation. Set .Z = Ox(1)|c and ¥ = C?). As
in the previous section, we have a morphism ¢ : ¥ — G(2,V) with & & p*&,
where & = &(%) is the symmetrization of £ and &, is the canonical rank
2 quotient bundle on G(2,V). Set P = P(&), then we have the following
diagram

D~ Pt o pw

!

such that a fiber of # maps to a line on P(V) and D = C x C with f|p = p1
and m = 7|p is the canonical morphism from C x C' to C® . See the previous
section for more details. Let a € |.Z| be a general hyperplane section, and let
Ag = c1(1.Ocxc) as before. Set &€ = ¢1(f*O(1)). By Theorem 23] it is easy
to get

(12) Kp/s = ci(wz) = 7 c1(6) — 26 = (Do + Ag) — 2€.
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ON RELATIONS AMONG 1-CYCLES ON CUBIC HYPERSURFACES 547

Apply R7, to the exact sequence

0—>OP(—D) Op OD —>07

and we get the short exact sequence

0 — 7.0p =0Ox m.0p R'7,0p(—D) — 0.
By relative duality, we have
R'7,0p(—D) = (7,0(D + Kps))" = (7.0(D = 2§ + 7Dy + 7 Ap))".
Hence, by taking the first Chern classes, we get
Ao = ¢1(m1.0p) = c1(R*7.0p(=D)) = —c1 (7. O(D — 26 + 7* Dy + 7*Ay)).

Note that D — 2¢ is the pullback of some class from X, say D — 2§ = 7#*D’.
Then the projection formula implies

ToO(D =26+ 7" Dg+7*A0) 2 O(D' 4+ Dy +Ag) @7.0p = O(D' + Dy + Ay).
Combining the above two identities, we have
(13) D =26 — 7" (D4 + 2Ay).

Let s € HO(P(V), Opy(3)) = Sym?® V be the degree 3 homogeneous polyno-
mial whose zero defines X C P(V) = P4. Then

div(f*s) =D+ S

for some surface S in P.

Definition 3.3. The surface S together with the morphism ¢ = f|g : S —
X is called the residue surface associated to C C X.

Noting that the class of D 4 S is 3¢, we combine this with (I3) and easily
get

(14) S = ¢ + 7 (Dq + 2A0).

The following lemma was proved in [HRS|, Lemma 4.2]; here we give a different
proof.

Lemma 3.4. Counting with multiplicities, there are N(e,g) = w +
6 — 6g secant lines of C.

Proof. Let 0 = 7|g : S — . As a divisor on P, the surface S defines an
invertible sheaf Op(S) together with a section sg. Then sy can be viewed as
a section of 7,Op(S), and the zero locus of this section is exactly the scheme

B¢ of lines on X that meet C' in two points. To compute the length of B,
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548 MINGMIN SHEN

it suffices to compute co(7.Op(S)). From ([I4), we know that 7.Op(S) =
& ® Ox(Dy + 2Ay). It follows that

Cg(’fF*OP(S)) = Cl(g) . (Du =+ 2A0) + CQ((/)@) + (Da + 2A0)2
= (Dq + D) (Dq +200) + al@ + (D, + 24A0)?
=2D2 4+ 7Dq - Ag + 6A2 + al?
=50 — 56,0 - 30. K¢
=be(e—1)/2—-5e+6(1—g) = N(e,g).
Here = denotes numerical equivalence. ([
Definition 3.5. We define the multiplicity e(C;1) of a secant line [ to be
the length of B at the point [I]. The curve C' C X is well positioned if it
has exactly N(e,g) distinct secant lines or equivalently if all secant lines are
of multiplicity 1.
Proposition 3.6. Assume that C is neither a line nor a conic. Then the
following are true.
(1) The surface S is smooth if and only if C is well positioned. If C is well

positioned, then S is the blow-up of ¥ at N (e, g) points.
(2) Assume that C is well positioned. Then the following equalities hold in

N(e,9)
(15) ls =20"Dy+30 "N~ > Ej
i=1
N(e,g)
(16) Dls=30"Da+40"8g—2 Y E;,
=1
N(e,9)
(17) Slg =30"Dgq+50"Ag — Z E;,
i=1

where o : S — X is the blow-up and E; are the exceptional curves.

Proof. (1) 0 = 7|g : S — ¥ is an isomorphism away from the exceptional
locus F;, and each F; corresponds to a line on X that meets C' in two points.
Let E be one of those E;’s that meets C' in points P; and P,. Let (z,y)
be a set of local parameters of ¥ at o(E). We use [Tp : T1] to denote the
homogeneous coordinates of F with P, = [0 : 1] and P> = [A : 1]. Then we
have

fs=Q(To,T1) - (u(z,y)To + v(z,y)T1)
in a neighborhood of E, where Q(Ty,T1) is a quadratic form in Ty and T
with
Ql(z,y)=(0,0) = To(To — A\T1).
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ON RELATIONS AMONG 1-CYCLES ON CUBIC HYPERSURFACES 549

Hence the local equation for S is uTy + vT7; = 0. Thus S is smooth along
E if and only if (u,v) generate the maximal idea of o(F) in X. The last
condition is the same as 7.(f*s) and has a simple zero at o(E) as a section
of . (Op(S)). Hence S is smooth if and only if C' is well positioned.

(2) By adjunction formula, we have

Ks = [Kp+S]|s = (7" Ks + Kp/s +[S])|s = 0" Kx + 0" (2 Do + 3 A¢) — 5.
On the other hand S is the blow-up of ¥, and we have
Ks=0"Ks+ Y Ei
Comparing the above two identities, we get
€ls = 0" (2Da +300) = Y _ Ei.

Hence, D|s and S|s can be computed easily using (I3 and (4. O

3.2. Residue surface associated to a pair of curves. In this section
we fix two at-worst nodal complete curves i1 : C7 — X of degree e; and genus
g1 and iy : Cy — X of degree es and genus go. Let C = C7; UCy C X be the
union. We allow C; and Cs to meet each other transversally at x1,...,x,,
which are smooth points on each curve. If Cy and Cs do meet, we use 1I; = 11,
to denote the plane spanned by the tangent directions of C; and C5 at the
point x;.

Definition 3.7. A line | C X is called a secant line of the pair (C1, Cs) if
[ is a secant line of C7 U Cy but not of C; or of Cs.

We fix the following assumptions for the remainder of this subsection.

Assumption 3.8. Both C; and Cs are smooth irreducible. There are only
finitely many secant lines of the pair (C1,C3). If one of the curves is a line,
then they do mot meet each other.

Let £ = Ox(1)|¢, and % = Ox(1)|c,. By sending (z,y) € C; x Cs to
the line i1 (z)i2(y) C P(V), we get a rational map ¢g : C1 x Cy --» G(2,V).
The point z; € C;NCy determines T; € C; x Co, i = 1,...,r, which forms the
locus where g is not defined. Let 3 be the blow-up of C; x C5 at the points
Z;, and let F; be the corresponding exceptional curves, ¢ = 1,...,7. Then g
extends to a morphism

v: X = G(2,V)

such that ¢|p, parameterizes all lines through z; lying on the plane II;. This
can be easily seen from the local description of the map ¢g. Let ¢, be the
local parameter of C,, at z;, « = 1,2. In homogeneous coordinates, the line
i1(t1)i2(t2) can be parameterized by (1 —N)uq(t1)+ Aua(t2), where A is a local
coordinate of the line. Note that u;(0) = u2(0) = d@ as vectors of V*. Hence,
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up = d+t1v1(t1) and ug = @ + tava(t2). Thus the above parametrization can
be written as

ug + A(t1v1(t1) — tova(ta)).
A neighborhood of F; has two charts. On the chart with coordinates
(x =t1,y = ta/t1) we define p(x,y) to be the line parameterized by

uy + Av1(z) — yvz(2y)),

and on the chart with coordinates (@’ = t1/t2, 3y’ = t2), we set (2’ y") to be
the line parameterized by

uy + Mz v (2'y') — va(v))).
This gives the morphism ¢ as an extension of .
Let & = ¢*&,. The definition of ¢ implies that on X — | J F; the sheaf & is
isomorphic to pi.Z1 @ p5Z>. We also note that ¢(F;) is a line (with respect

to the Pliicker embedding) and hence ¢1(&) - F; = 1. Combining the above
two facts, we have

(18) ca(f)=a xCy+Crxay— Y F.

i=1
The Schubert calculus tells us that co(&2) is represented by the Schubert cycle
parameterizing all lines contained in a hyperplane. This gives

(19) Cg(g) =aq X ag.

Here 0y € |.Z| and ay € |Z| are general elements from the corresponding
complete linear systems. We are also viewing a; x Cy, C7 X a3 and a; X ay as
cycles on X. Let

Pt pw)

|

by
be the total family of lines over ¥. The morphism 7 admits two distinguished
sections D1 C P and Dy C P corresponding to points on Cy and Cy, respec-
tively. It is easy to see that D and Do meet above F;. Let D = D1 + Ds. If
s € Sym® V is the homogeneous polynomial that defines X, then f*s can be

viewed as a section of Op(3) = f*Op()(3), whose zero defines
div(f*s) =D+ S
for some divisor S C P.

Definition 3.9. The surface S together with the morphism ¢ = f|s : S —
X is called the residue surface associated to the pair of curves C and Cs.
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In order to determine the divisor classes of D and S, let §& = ¢;(Op(1)),
where Op(1) = f*Opvy(1). Let 7 = 7[p : D — X. Consider the following
short exact sequence

0—>Op(—D) Op OD—>0.

By applying R7. to the above sequence, we get

0—>Og :7~T*Op W*OD Rlﬁ'*Op(—D)—>0.

By duality, R'7,Op(—D) = (7.O(Kp/s+D))* =(7.0p(—26+D+7*c1(&)))*
Hence, we get
D =2 —7"c1 (&) — 7% c1(7.Op).

Note that we have the following short exact sequence on D,

0—Op,(->F) Op Op, — 0.

Here we view F; as divisors on D7 by identifying D with 3. By taking direct
images, we have

0—>Og(—ZFi) W*OD 02—>0,

and it follows that ¢1(m.Op) = — Y F;. This gives the class of D by

(20) D=2(— 7 (m x Co+Cy x az) +2» 7 Fj.

=1

Since D + S = 3£, we get

(21) S=¢+a"(a x Ca+Cy xap) —2) 7*F;.
i=1
Lemma 3.10. Counted with multiplicity, there are bejes — 6r secant lines

of the pair (C1,Cy), where v is the number of points in which the two curves
meet each other.

Proof. The surface S gives rise to a section sy of Op(S). Then sy can
also be viewed as a section of 7,Op(S), whose zero locus defines the scheme
Bg, ¢, of secant lines of (Cq,C2). By [21)), we easily see that

7.0(8) =8 @p1 =L @p3La @ Os(— Y _F).
Hence one easily computes
Cg(ﬁ'*OP(S» =5a; X ag + 6(2 Fi)2 = bejeq — OT.

This implies that the length of B¢, ¢, is bejea — 67. ([
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Definition 3.11. For each secant line [ of (Cy,Cs) we define the multi-
plicity, e(Cy, Ca;1), of | to be the length of B¢, ¢, at the point [/]. The pair
(C1,Cy) is called well positioned if it has exactly bejeq — 67 distinet secant
lines; namely, all the secant lines are of multiplicity 1.

Proposition 3.12. Let Cy and Cy be two smooth complete curves on X
as above. Then the following are true.

(1) The residue surface S associated to (Cy, C2) is smooth if and only if the
pair (O, Cy) is well positioned. In that case, S is a blow-up of ¥ at 5ejeq — 6r
points.

(2) Assume that (Cy,C3) is a well-positioned pair. The following equalities
hold in CH1(S):

T S5e1ea—61
(22) ls =20" (1 x Ca+Cr xag) =3> o*Fi— > Ej
i=1 i=1
5e1eo—61

T
(23)  Dls=30"(a xCa+Cr1xa) =4 o*F, -2 Y Ej
=1 =1

T 5e1e2—61
(24) Sls =30" (a1 x Ca+Cy x a) =5 o*Fi— >  Ej
i=1 i=1

where 0 = 7t|g : S — X is the blow-up and E; are the exceptional divisors of
.

Proof. The statement (1) follows from direct local computation as before.
For (2), note that under the assumption, S is a smooth surface. By the
adjunction formula,

KS = (Kp + S)|s = U*KZ — §|S + 20*(511 X CQ + Cl X Clg) — 3ZU*FZ-.
i=1
On the other hand the blow-up gives
5e1ea—671
Ks=0'Ks+ Y E;.
i=1
We easily get £|s by comparing the above two equalities. The other equalities
follow easily. O

4. Relations among 1-cycles

In this section we assume that X C P(V) = P} is a smooth cubic hyper-
surface. We want to investigate the cycle classes represented by a curve on
X.
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Let Hilb, 4(X) be the Hilbert scheme of degree e genus g curves on X.
Let H®9 = H*9(X) be the normalization of the reduced Hilbert scheme
(Hilbe,g(X))rea. We use Z C X x H®Y to denote the universal family over
He9. Note that Z is nothing but the pullback of the universal family over
Hilb, 4(X). Let U*9 C H*9 be the open subscheme of all points [C] whose
corresponding curve C' is well positioned. When %9 # (b, we define

Yo = {(2,[C]) € X xU*? : x € | for some secant line | of C'}

and take Y =Y, C X xH*9. We need to generalize the concept of secant lines.

Definition 4.1. Let [C] € H®Y9 be a closed point. Suppose that the
fiber Yo = UEZ is purely one dimensional. Let F; be E; with the reduced
structure. Then we call F; a generalized secant line of C' with multiplicity
e(C; E;) being the length of E; at its generic point. For a pair (Cy,Cs) of
curves on X, a generalized secant line [ of the pair is defined to be a generalized
secant line of C7 UCy with multiplicity e(C1, Ca;l) = e(C1UCs;1) —e(Cy;l) —
e(Cy;1). If the above multiplicity is 0, we do not count ! as a generalized
secant line of the pair.

Let T%9 C H®9 be the open subset of all curves (including reducible ones)
that have finitely many generalized secant lines. Then we have U9 C T<9.
We use U[%‘]] C 7'[2}9 C H[eég] to denote the corresponding subsets of the com-
ponent containing the point [C].

Theorem 4.2. Let X C P} be a smooth cubic hypersurface of dimension
at least 3. Let h denote the class of a hyperplane section on X.

(a) Let [C] € H*9(X) be a connected curve of degree e and genus g on
X. Assume the following: (al) C is not a line; and (a2) C has finitely many
(generalized) secant lines E;, i = 1,...,m, with multiplicity a; = e(C; E;).
Then we have

(25) (2e —3)C + Em: a;E; = (%(e —1)(3e — 4) — 2g)h" 2

(b) Let Cy and Cy be two connected curves on X with degrees e; and es,
respectively. Assume the following: (b1) Cy and Cy only meet each other

transversally at v smooth points x1,...,x.; (b2) any component of C1 or Co
containing any of the x;’s is not a line; and (b3) (C1,C2) has finitely many
(generalized) secant lines E;, i = 1,...,m, with multiplicities a;. Then we
have

m
(26) 2e5C1 + 2e1Co + ZaiEi = (36162 — 27‘)}1,"_2

i=1
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(c) Let L C X be a line, and let C C X be an irreducible curve of degree e
on X. Assume the following: (c1) L meet C transversally in a point x; (c2)
C' has finitely many (generalized) secant lines; and (¢3) the pair (L,C) has

finitely many (generalized) secant lines E; with multiplicity a;, i = 1,...,m.
Then

m
(27) (2 = 1)L +2C+ > a;E; = (3e — 2)h" >

i=1

Corollary 4.3. For smooth cubic hypersurfaces of dimension at least 2,
the Chow group CHy(X) is generated by the classes of all lines on X. If
dim X > 3, then algebraic equivalence and homological equivalence are the
same for 1-cycles on X. For dim X > 5, we have CHy(X) & Z.

Proof of Theorem 42l First, we will prove both statements (a) and (b) in
a similar way, under the additional assumption that the curve C' (resp. Cj
and Cy) is (are) smooth and C' (resp. the pair (Cy,C3)) is well positioned.
Consider the following situation. Let X be a surface together with a morphism
v :3 — G(2,V) and a diagram

’ ’
¥ p

Y X

A
o

E—>G2

DUS

where all the squares are fiber products. Let ¢ : S — X and ¢/ : D — X
be the natural morphisms. Assume that the image of D in X is at most one
dimensional and the image of S in X is two dimensional. Then we compute

¢S =po(D + 5) = pLiy ¢ P = ixpp. P = (p+p:P)|x.

Note that p.@.P = a[P?] in CH3(P(V)) for some integer a > 0. It follows
that ¢S = ah™ 3. Let £ = ¢1(Op(1)), where Op(1) = @*p*Op(v)(1). Then
by the projection formula, we get

(28) D« (€]s) = ¢ud™h = h- .S = ah" >
Namely, ¢.¢|s is an integral multiple of "2, Let 2A be a divisor on . By
construction,

O (T U p + 7T Us) = G Ay = 0. Aly.
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By applying p,, we get that
(29)
G (T A|D) + ¢ (T U|s) = pliym oA = (pomo o) |x = b[P?]|x = bA" >

for some integer b.

To prove Theorem [2(a), we take ¥ to be C(®) and S to be the associated
residue surface. We know that D = C x C and ¢ = p;. We take A = D,
in 29), where a C C a general hyperplane section of C. Recall that D, =
(7|p)«(a x C) is defined in ([2)). Note that ¢/ (7*Dq4|p) = ¢, (ax C+C xa) =
e[C]. We know that

¢« (7" Dals) = —€[C] + (- )" 2.

Similarly, in ([29) if we take 2 = Ag (see section 2 for the definition of Ag)
and note that ¢ (7*Ag|p) = —[C], we get

O (T Agls) = [C] + (- )h"_2,

Putting all these into the equality for £|s in Proposition B.6l we have
(26 =3)[C]+ Y Ei = —¢.(E]s) + (---)h"~ = multiple of h" 2.

We know that the degree of h"~2 is 3, hence by comparing the total degrees
of the two sides of the above equality, we see that the right-hand side is
(1/2(e — 1)(3e — 4) — 2g)h"~2.

For (b), we take ¥ to be the blow-up of C; x C3 at the points where
the two curves meet. We use the notation from Proposition First we
notice that ¢*F; maps to a singular plane cubic whose class is A" ~2. This is
because the image of o*F; in X is the intersection of II; and X. Then taking
A =a; x C2 + C; x ag in 29) and noting that ¢ (7*A|p) = e2[C1] + e1[Ca],
we get

¢u(07U) = —e2[C1] — e1[Ca] + (---)h" 2.
Putting this relation into the equality for &|g in Proposition B12] we get

2e2[Ch] + 2e1[Co] + Y By = (--+ )b

By comparing the degrees, we know that the right-hand side is
(3e1eq — 2r)h"~2.

Note that if the statement of (b) holds for each pair (Ci,,C5 ;) where
C1,; is a component of C; and Cs; is a component of Cy, then (b) holds for
(C1,C3). This means that we proved (b) when all components of Cy and Cs
are smooth and the components are pairwise well positioned.

To prove the theorem in full generality, we need the following.
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Lemma 4.4. Let B/k be a smooth projective curve. Let y € Z,11(X X B)
be an algebraic cycle of relative dimension p (over B). Let v : B(k) —
CH,(X) be the map induced by y. Assume that there exists a Zariski open
U C B such that v is constant on U. Then v is constant on B.

The proof of this lemma is easy since any closed point of B is rationally
equivalent to a linear combination of points of U.

Observation I: If [C] € T*9 is a smooth point and U[ec"‘]’ # (), then (a) holds
for C.

Set z = (2¢ —3)Z +Y € CH" %(X x H*9). We can pick a smooth curve
B that maps to ’H[ecq] and connects [C] with a general point. Then we apply
Lemma 4] with y being the pullback of z. Since (a) holds for a general point
of B, then the lemma implies that it holds for all points of B, whose images
are smooth points of T[ec]g . Completely similarly, we have the following:

Observation II: Using notation as in (b), let [C1] € F¢, ¢, be a smooth
point, where F¢, ¢, C H[eégl ] is the subscheme of curves meeting Cs in r
smooth points. If (b) holds for (Cf,Cs) for a general point [C{] € Fey.cys
then (b) holds for (Cy, Cy).

We first prove (b) in its full generality. Step 1: We assume that Cy has
smooth components. Without loss of generality, we assume that Cs is smooth
irreducible. 'We can attach sufficiently many very free rational curves Cj
to C; at smooth points and get C’ = C; U (|J, C;) of degree € and genus
9" = ¢1, such that (i) the deformation of C' in X, fixing the points where the
curve meets Cq, is unobstructed (see [Kol, I1.7]); (ii) the pairs (C/,C5) are
all well positioned; (iii) for a general point [C’] € Fcr,c,, the pair (C, Cy) is
well positioned. Note that (i) implies that [C'] € Fer ¢, is a smooth point.
Furthermore, (i) and (iii) imply that (b) holds for (C/,Cy) and (C,Cy). By
Observation II, we know that (b) holds for (C’,Cs). Then by linearity, we
know that (b) holds for (Cy,Cs). Step 2: This is the general case. We can
repeat the above argument by attaching a very free rational curve to one of
the curves.

So for (a) with C' being general, the only case we need to verify is when
U9 = ) or [C] € H®Y is not a smooth point. In either case we can attach
very free rational curves C; to C at smooth points and get a curve C' =
C U (U; Ci). We may assume that the following conditions holds: (i) The
deformation of the curve C’ in X is unobstructed and hence gives a smooth
point [C"] € H®9'. (ii) The pair (C,C;) has finitely many generalized secant
lines E; ¢ of multiplicity a; .. (iii) Each pair (C;, C;) is well positioned with
secant lines L;; ;. (iv) Each curve C; is well positioned with secant lines L; .

(v) A general point [C] € ’H[%’,g]/ corresponds to a well-positioned curve C' C X.
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By Observation I, (i) and (v) imply that (a) holds for C’, i.e.,

(2e+2) e =3)(C+>_C)

+ g g L; s+ g g Lij s+ E E a; B s + E a; E;
i s i,j s i s =1
is a multiple of "2, By (iv), we have

(261’ — 3)01 + ZLi?S = ( ‘. )hn72.

By (ii), we have
2¢,C + 2eC; + Zai,sEi)s = ( .- )hniz.

By (iii), we have
281‘03‘ + 26]'01' + ZLij7S = ( e )hniQ, 1< .

Let ¢ (and j) run over all possible choices and sum up the above three equa-
tions, then take the difference of that with the first big sum above. We get
(a) for the curve C.

To prove (c), let L; be the (generalized) secant lines of C, and let b; be the
corresponding multiplicities. Then by (a) for L U C, we have

(2 = 1)(L+C)+ > biLi+ Y aB=(--)h"
By (a) for the curve C, we get
(2 —=3)C'+ > biLi = (- )h" 2.

Then we take the difference of the above two equations and get (c). O

Proof of Corollary 3. Let C C X be an irreducible curve on X. First
assume that C' is smooth and has finitely many secant lines. Then (a) implies
that (2e—3)C is an integral combination of lines. We choose a line L such that
(C, L) has finitely many secant lines, then (b) implies that 2C is an integral
combination of lines. Hence C' itself is an integral combination of lines in
CH;(X). If C has infinitely many secant lines, then we attach sufficiently
many very free rational curves C; to C' and get C' = C U (|J,; C;) such that
(i) the class each C; can be written as integral combination of lines; (ii) the
deformation of C” in X is unobstructed; (iii) C’ can be smoothed out to get
a complete family 7 : S — B to a smooth complete curve B; (iv) Sp, is the
curve " and a general fiber S} is well positioned on X. By associating the
secant lines of S to the point b, we get a rational map g : B --» Sym™ (F),
where F' = F(X) is the Fano scheme of lines on X. Pick a general line L
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on X. By associating the secant lines of (L, Sp) to b, we have a rational map
¢o : B --» Sym™?(F). Both of the two maps can be extended to the whole
curve B and get morphisms ¢ and ¢. Assume that ¢(by) = > a;[L;] and
@(bo) = D" ai[E;]. Then the Lemma 4 implies that the following equalities
hold in the Chow group:

(2¢' =3)C"+ Y a;Li = (---)h"?
and
20"+ (2¢/ = 1)L+ Y b;E; = (- )h" 2.

Hence C’ is an integral combination of lines. This implies that C itself is also.

When n > 4, the scheme, F' = F(X), of lines on X is smooth irreducible.
This shows that algebraic equivalence agrees with homological equivalence for
1-cycles on X. When n > 6, the scheme F = F(X) is a smooth Fano variety;
see Theorem [5.J] This implies that F' is rationally connected; see [KMM] and
[Cam|. Hence all lines on X are rationally equivalent to each other. O

5. Fano scheme of lines
and intermediate jacobian of a cubic threefold

In this section we first review some geometry of the Fano scheme of lines on
a cubic hypersurface and then collect some known results about intermediate
jacobians of a cubic threefold.

5.1. General theory on Fano schemes. Let X C P} be a smooth cubic
hypersurface over an algebraically closed field. Let F' = F(X) be the Fano
scheme of lines on X. Let V = H°(P",O(1)). By definition, F(X) can be
viewed as a subscheme of G(2,V), the grassmannian that parameterizes all
lines on P". Let

(30) G(1,2,V) —>G(1,v) =pr

|
G2, V)

be the universal family of lines on P* = P(V). Let s € Sym®V be the
homogeneous polynomial defining X. Then s can also be viewed as a section
5 of T, f*Opn (3) = Sym® (&), where &, is the universal rank-2 quotient bundle
on G(2,V). Then F' C G(2,V) is exactly the zero locus of §.
Theorem 5.1 (J[AK]). Notations as above, then the following are true.
(a) F is smooth irreducible of dimension 2n — 6.
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(b) The dualizing sheaf wp =2 Op(5—n), here Op(1) comes from the Plicker
embedding of G(2,V). In particular, if n > 6, then F is a Fano variety.

5.2. Intermediate jacobian of a cubic threefold. In this subsection
we fix X C P} = P(V) as a smooth cubic threefold, and we assume that
char(k) # 2. Let F = F(X) the Fano surface of lines on X. Let

(31) p—tox

F
be the universal family of lines on X. Let | C X be a line on X, and let [I]

be the corresponding point on F. Let .4;,x be the normal bundle. Then we
have the short exact sequence

0— AM/x N pa Nxpa| —=0.

Since A ps = O(1)% and Ay pa|; = O(3), we get A x = O% or O(1) @
O(—1). The line [ is of first type if Aj/x = O?; otherwise, [ is of second
type. Let Dy C F be the locus whose points are all lines of second type. The
condition for [ to be of second type is equivalent to the existence of a plane
IT C P* such that IT- X = 2]+’ for some other line I’ C X; see Lemma 1.14 of
[Mul]. A point z € X is called an Eckardt point if there are infinitely many
lines through x. We know that there are at most finitely many of such points;
see the discussion on p. 315 of [CG].

Proposition 5.2 ([CG], [Mull, [AK]). The following are true:

(a) We have a canonical isomorphism QL = &|f.

(b) Dy is a smooth curve on F whose divisor class is 2K .

(¢c) The ramification divisor of f in diagram ([B1)) is given by R = 71Dy C
P. If we write B = f(R) C X, then B is linearly equivalent to 30h, where h
s a hyperplane section of X .

(d) We have the following equalities:

hO(F,0p) =1, Y (F,OF) =5, R*(F,OF) = 10,
hO(F>wF):107 hl(FuwF):57 hQ(FuwF):l'

Proof. (a) is proved in [AK| Theorem 1.10]; (d) is proved in [AK] Proposi-
tion 1.15]. For (b), we note that smoothness of Dy is Corollary 1.9 of [Mul]
and the class of Dy is computed in [CGl Proposition 10.21]. If [I] € Dy,
then HO(I, 4] /x) does not generate .4;,x. This implies that infinitesimally
only moves in the O(1) direction of .4],x. Hence f ramifies along 7~ !([l]).
If [I] ¢ Do, then A4],x is globally generated and f is étale along 7 '([l]).
Since X has Picard number one, to know the divisor class of B, we only need
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to compute the intersection number B - for a general line [ C X. By the
projection formula,

B-l=(f.n*Dy) -1 =Dy-(mf*l) = 2Kp - Dy,

where D; C F is the divisor of all lines meeting [. It is known (see [CGl Section
10]) that Kp is numerically equivalent to 3D; and (D;)? = 5. Hence we have
B -1 =30. This proves (c). O

Definition 5.3. Let T'/k be a variety, then the group of divisorial corre-
spondence, Corr(T) is defined to be
B Div(T x T)
~ piDiv(T) + pi Div(T)’

For the Fano surface F', there is a natural divisorial correspondence I €
Corr(F), called incidence correspondence. To be more precise, we have the
universal line P C X x F'. Let p and ¢ be the two projections from X x F x F’
to X x F and r be projection to F' x F'. Then

I=r.p"P-q¢"P—P),

Corr(T)

where Py = {(x,[l],[/]) : € {}. Equivalently, I is the closure of all pairs
(I1,12) of distinct lines such that {; meets l5. Then I induces a homomorphism
A7 : Alb(F) — Pic%..

Let A1(X) be the group of algebraic 1-cycles on X that are algebraically
equivalent to 0 modulo rational equivalence. Let ¢ : A;(X) — A be a homo-
morphism from A;(X) to an abelian variety A. The homomorphism ¢ is said
to be regular if for any algebraic family Z C X x T of curves on X parameter-
ized by T, the rule t — ©([Z;] — [Z,]) induces a morphism from T to A. The
homomorphism ¢ is said to be universal if for any regular homomorphism
¢ A1(X) — A’ to an abelian variety A’, there is a unique homomorphism
¥ : A — A’ of abelian varieties such that ¢’ = 1 o . By the main result
of [Mu3|, there is a universal regular homomorphism o : A1 (X) — J(X)
from A;(X) to an abelian variety J(X). In [Mu2], J(X) is naturally realized
as a Prym variety. To be more precise, let [ C X be a general line on X,
and let A be the smooth curve of genus 11 that parameterizes all lines on
X meeting [. We use S; to denote the surface swept out by lines parame-
terized by A. There is natural involution o on A. Here o([l1]) is defined to
be the residue line [lo] of I Ul;. Let A = A/o be the quotient curve which
is a smooth plane quintic, hence of genus 6. The involution ¢ induces an
involution i : J(A) — J(A). The Prym variety associated to A/A is de-
fined to be Pr(A/A) = Im(1 — i) € J(A). Theorem 5 of [Mu2] says that
J(X) = Pr(A/A). There is a natural principal polarization on Pr(A/A)

whose theta divisor = is half of the restriction of the theta divisor from J(A);
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see part iii of [Mum]. This induces a principal polarization on J(X) whose
theta divisor will be denoted by ©. It is shown in Section IV of [Mu2] that
the principal polarization © essentially comes from the Poincaré duality on
H3(X). Here H3(X) = H3(X, Q) is the f-adic cohomology with ¢ # char(k).

Definition 5.4. We define the intermediate jacobian of X to be J(X)
together with the principal polarization ©.

Remark 5.5. When k = C, the above definition agrees with the classical
definition using Hodge theory; see [CG], and see [Mu3] for a proof of this fact.

Suppose that we are given a family Z — T of algebraic 1-cycles on X. We
have a natural homomorphism ¥t : Ag(T) — A1(X) by sending a point of T'
to the class of the 1-cycle it represents. Since ¢g : A1(X) — J(X) is regular,
the composition oo ¥r : T — J(X) is a morphism, and hence it induces a
homomorphism

Y Alb(T) — J(X)
of abelian varieties. Both U and v will be called the Abel-Jacobi map. In
particular, we have the Abel-Jacobi maps ¥ and ¥ associated to the Fano
surface F.

Theorem 5.6 ([CG], [Mu2], [Beal], [Bea2]). Let X/k be a smooth cubic
threefold, and let char(k) # 2. Let F = F(X) be the Fano surface of lines on
X. Then the following are true.

(a) The incidence correspondence I € Corr(F') defines a principal polariza-
tion on AIb(F). Namely, A; : AIb(F) — Pic% is an isomorphism.

(b) The homomorphism @o : A1(X) — J(X) is an isomorphism of abelian
groups.

(¢) The homomorphism Vg induces a isomorphism

b« AIb(F) = J(X)

as principally polarized abelian varieties.

(d) X is completely determined by J(X) together with the polarization.

Proof. For (a), see Theorem 8 in [Mu2]. We use the realization of J(X)
as Pr(A/A). Let X; be the blow-up of X along the general line | C X.
Then the projection from [ defines a morphism p : X; — P2. This makes X
into a conic bundle over P? and A/A is the associated double cover. Then
by Théoreme 3.1 of [Beall], we get Pr(A/A) = A (X;). Since | = P!, we
also have A;(X;) = A;(X). Hence (b) follows easily. For (c), it is known
that ¢p is an isomorphism; see Theorem 7 of [Mu2]. Hence we only need to
track the polarizations. Fix sg € F, then we have the Albanese morphism
a : F — Alb(F) which sends sg to 0. Let f = ¢p o a. Then by Lemma
7 of [Mu2], we know that (f x £)*© = I, where © C J(X) x J(X) is the
divisorial correspondence on J(X) that induces the principal polarization.
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By passing to the Albanese variety, the above fact says that the polarization
on J(X) pulls back to the polarization A;. The statement (d), also known as
the Torelli theorem, was first obtained in [CG| for k£ = C and then generalized
to the general case in [Bea2]. O

6. Intermediate jacobian of a cubic threefold
as Prym—Tjurin variety

In this section, we use the relations among 1-cycles to study the intermedi-
ate jacobian of a smooth cubic threefold X. To be more precise, we show that
the intermediate jacobian is naturally isomorphic to the Prym-Tjurin variety
constructed from curves on X. Throughout this section we fix X C P} to be
a smooth cubic threefold over an algebraically closed field. Let F' = F(X) be
the Fano surface of lines on X, and let I C F' x F be the incidence correspon-
dence.

Definition 6.1. Let I' be a smooth curve which might be reducible. Let
J = J(T') be jacobian of I'. Let ¢ : J — J be an endomorphism which is
induced by a correspondence. Assume that ¢ satisfies the quadratic equation

(32) i—1D@G+g—1)=0

for some integer ¢ > 1. Then we define the Prym—Tjurin variety associated
to ¢ as

(33) Pr(C,i) =Im(1 —i) C J(C).

Now let C' be a possibly reducible smooth curve on the cubic threefold X.
Assume that C has only finitely many secant lines. Let C be the normalization
of the curve that parameterizes all lines meeting C'. Hence we have a natural
morphism 7 : C — F. Let D(I) = (1 x 7)*I be the pullback of the incidence
correspondence of F. Let ig : J = J(C) — J be the endomorphism induced
by D(I). Let [L] € C be a general point, and let L; be all the secant lines
of the pair (L,C). Let U C C be the dense open subset of lines L such that
(L, C) has finitely many secant lines L;. The association

L) = (L]

defines a correspondence Dy on the dense open subset U of C. Let D ¢ C'xC
be the closure of Dy .

Definition 6.2. A smooth complete curve C C X is admissible if the
following conditions hold: (i) C' has only finitely many secant lines; (ii) if a
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line L meets C, it meets C transversally; (iii) C' meets the divisor B C X (see
Proposition [(.2]) transversally in smooth points of B.
The following lemma will be needed in later proofs.
Lemma 6.3. Let x € X be a general point, and let L;, j =1,...,6, be the
six lines on X passing through x. Then
6

> L =2hn
j=1

in CHy(X), where h is the hyperplane class on X .

Proof. Fix a line L = Lg passing through x. Let F;, t € T, be a one-
dimensional family of lines on X such that E;, = Ls. By choosing E; general
enough, we may assume that (L, E;) is well positioned for ¢ close to but
different from ¢9. Let L; j, j =0,...,4, be the secant lines of (L, E;), t # to.
By (b) of Theorem 2 we have

4
2F; + 2L+ Y Ly ;= 3h°.
§=0
Now let ¢ — ¢, and assume that L, specializes to the residue line Lj of
L5 U Lg and that L ; specializes to L; for j = 1,2, 3,4. By taking the limit
(see §11.1 of [Ful]), the above identity gives

4
2Ls +2Ls + Lo+ »_ L; = 3h°.
j=1
Since Ly 4+ Ls + Lg = h?, the lemma follows. O

Theorem 6.4. Assume that char(k) # 2. Let C = |JCs C X be an
admissible smooth curve of degree e. Assume that all components of C' are
rational. Let C be the normalization of the curve parameterizing lines meeting
C as above. Let i =io+ 1 € End(J). Then the following are true.

(a) The endomorphism i satisfies the quadratic relation [B2) with ¢ = 2e.

(b) The correspondence D € Corr(é’) is symmetric, effective, and without
fized point. The endomorphism i is induced by D.

(c) Assume that char(k) { q. Then the associated Prym-—Tjurin variety
Pr(é’, i) carries a natural principal polarization whose theta divisor = satisfies
the equation

@|Pr(é,i) =5,
where O is the theta divisor of J.
(d) Assume that char(k) { q. Then the Abel-Jacobi map 5 : J — J(X)

factors through Pr(é’, i) and induces an isomorphism
uc : Pr(C,i) — J(X)

as principally polarized abelian varieties.
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Proof. To prove (a), we consider the following commutative diagram.

(34) J T Alb(F)
k
10 A1 J(X)

s m .
J <—— Pic%

Here the map J(X) — Pic% is induced by the map A;(X) — Pic(F), which
sends a curve on X to the divisor (on F') of all lines meeting the curve. Let
[L],[L'] € C be two general points from the same component such that the pair
(C, L) (resp. (C,L')) is well positioned. Let Ej; (vesp. E%), j =1,...,5¢ — 5,
be all the secant lines of the pair (C, L) (resp. (C,L')). Let L; (resp. L%),
j=1,...,5, be the other five lines on X passing through CNL (resp. CNL’).
Then by [21) (and also ([26) if C' is disconnected), we have

5e—5 5e—5
2e—1)L+ > Ej=Q2e—-1)L'+ Y Ej
j=1 j=1

Note that io([L]) = D(I)([L]) = _;_; [L;] + S[E;] and that L+ °_| L; =
2h?; see Lemma Then we get
Y on. o (io + q)([L] — [L'])
=2e(L-L)+ (O _Li=> L)+ _E; - > E)
=2(L—-L)+(L'-L)+(1—2e)(L—-L")
=0.
Since g is isomorphism, this implies that
(35) 7. 0 (io +q) = 0.
Hence
io(io +q) =n" o Aron. o (io +q) =0,
which is the same as the quadratic equation ([B2]). By construction, we have
(D) = DY([L) = [L']) = Y L] = (L]
= —([L) = [L'D) + (L] + D IL]) = (] + Y _[)).

We also know that ([L] + > [L;]) — ([L'] + >_[L%]) is the pullback of x — 2" on
C, where x = LN C and 2’ = L’ N C. Since C has rational components, the
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class of z — ' is trivial. Hence we get
(D(I) = D)([L] = [L']) = —([L] = [L']).

This implies that ¢ is induced by D. By definition, D is symmetric and
effective. We still need to show that D is fixed point free. If [L] € C is a
fixed point of D, let x be the point of L meeting C'. This is well defined even
if L is a secant line of C'. This is because when L a secant line of C, the
point [L] of f~1C is a nodal point; here f is the morphism in (B1I). Hence [L]
gives rise to two points [L] and [L'] of the normalization C' corresponding to
the choice of a point of L N C. Let II be the plane spanned by the tangent
direction of C' at x and the line L. The condition [L] € D([L]) implies that
IT- X = 2L+ L'. This implies that L C B and C is tangent to B at the
point z. But this is not allowed since C' is admissible. The statement (c)
follows from (b) by applying [Kan, Theorem 3.1]. Furthermore, (c) implies
that ker(i — 1) is connected and equal to im(i + ¢ — 1); see Lemma 7.7 of
[BM]. Hence in diagram (34)), the morphism 7, factors through Pr(C,7) via
io. In this way we get uj, : Pr(C,i) — Alb(F) such that u}, oig = 7..
We take uc = ¥ o uf. Hence we only need to prove that uy induces an
isomorphism between principally polarized abelian varieties. To do this, let
¢ : C'— A= Alb(F) be the natural morphism (determined up to a choice of
a point on C). After identifying A with J(X), we have

R R WAL W2
= (1 —-2e)L —2C + const. = (1 — q)3([L]) + const.

Also notice that 7, is an epimorphism (since n(C) is ample on F). By a

theorem of Welters (see Theorem 5.4 of [Kan]), this condition together with

B8] implies

(37) ¥ (C) = (g/24)0",

where 6 is a theta divisor of A. Then by Theorem 5.6 of [Kan|, we know
that (A,6) is a direct summand of (Pr(C, i), Z). But we know that n* o \; is
surjective, hence ug has to be an isomorphism. O

Now let C; and C5 be two smooth admissible rational curves on X which do
not meet. Let C' = C7;UC5 be the disjoint union of two admissible curves, and
assume that C is again admissible. We use the a subscription for notations of
the corresponding curve. So we have C, Cy, C = Cy UCy and, correspond-
ingly, Ji, Jo, J = J; @ Jo. Assume that char(k) { g1g2. The correspondence

D on C can be written as
D, D12>
D = .
<D21 Dy
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Let [L] € Oy, then Dy ([L]) = Y[L;] where L; are all secant lines of (Cy, L).
We also see that *Dis = Ds;.

Proposition 6.5. Let notations and assumptions be as above. Then the
following hold.

(a) The induced morphism Da; : jl — j2 fits into the commutative diagram

~ Do ~
Jl e JQ

i1+q1l liQL

~ —Dsy =~
J ——=Jo

(b) The following equalities hold:
Do1(in +q1 —1) = (i2+ g2 — 1) Doy = 0.

Also we have Im(Da;) = Pr(é’g,ig) C Ja, and the endomorphism Doy factors
through iy — 1 : J; = Pr(C1,41) and induces an isomorphism

toq : (Pr(C‘l,il),El) — (Pr(ég,ig),ag)

of principally polarized abelian varieties.

(c) The isomorphism ta1 is compatible with uc, and uc,, namely uc, ote; =
uc, -

Proof. By (a) of Theorem [6.4] we know that (D —1)(D+¢—1) =0 as an
endomorphism of J. This can be written in the matrix form,

(38) ( q2(i1 — 1) + D12D2y (t1 —1)D12 + Dia(ia + ¢ — 1)) _0
Do (i1 +q—1) + (i2 — 1) Dy D31 Do + q1(i2 — 1) '

In particular, we have Doy (i1 + ¢ — 1) + (i2 — 1)D2; = 0. This is the same
as the commutativity of the diagram in (a). If we write P, = Pr(Cy,4;) and
Q1 = Im(il +q— 1) C jl, then jl = P, + Q1 and i1|P1 =1—-aq, i1|Q1 =1;
see [BM|. Hence the morphism 43 + ¢ — 1 is surjective. This implies that
Im(Dsy) C P = Pr(C~’2,i2), which implies (i + g2 — 1)Do; = 0. Hence, we
get the commutative diagram

z Do
J—— P

i1+qll lqz

Thus g2D21(r) = D21(iy + ¢ — 1)(a) = D21(qev), ie., q1Dai(e) = 0, for all
«a € Q1. This implies that D1 (i1 + ¢ — 1) = 0. Hence Ds; factors through
Py and gives the morphism to; : Py — Py, ie., to1 0 (i1 — 1) = Do;. One
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easily verifies that Daj|p, = —qit2;. We have similar identities for Dq5 and
t12. Note that the equations of the diagonal entries of ([B8]) lead to

(D12D21)|p, = q1q2, (D21D12)|p, = q1¢2-
These relations give to1t12 = 1 and t12t21 = 1. The compatibility of to; and
u; = uc, is an easy diagram chasing from

jl Doy P, J2 j2

il—ll o luz ld{jz.

—q2

P — J(X) —2s J(X)

Note that uj o (i1 —1) = 5 and the up left triangle, the right square, and the
outside square are all commutative. Then one easily sees that
g2(ug o te; — u1) = 0, which implies ug o ta; = uy. O

Corollary 6.6. Let C C X be a smooth admissible rational curve, and let
char(k) f q. Let L and L' be two lines without meeting C. Let L; (resp. L})
be all the secant lines of the pair (L,C) (resp. (L',C)). Then

SO =Y (L) e Pr(Cli) C .

Proof. Choose another smooth admissible rational curve C; that meets
both L and L’ transversally in a single point. Take Co = C, then the left
hand side is just Doy ([L] — [L']). O

Fix a smooth admissible rational curve C' C X such that char(k)  g. The
above corollary allows us to define a map

vt A(X) = Pr(Ci), L—L'— Y [L]-Y [Li].

Corollary 6.7. The above map induces an morphism ve : J(X) —
Pr(C,i) = P, which is the same as ug".
Proof. We have the following commutative diagram.

T(X) < p(\j\\ F2 g(x)
J(X) s P/

Then we have —quc ocve = ¢jojove = —q on J(X). This implies that
uc ove = 1. O

Now we study the Abel-Jacobi map associated to a family of curves on
X. Let € C (X x T) be a family of curves on X parameterized by T. The
Abel-Jacobi map ¥ associated to this family is given by sending ¢ to the
class of €;. Assume that for a general point ¢t € T, the curve %; does not meet
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C' and the pair (%}, C) has finitely many (generalized) secant lines. The rule
associating all the (generalized) secant lines of (%;,C) to the point ¢ defines
a correspondence

Uro:T--»C.

Up to the choice of a basepoint of T', one gets a morphism
VpjiT — J.
Proposition 6.8. Let T and \IITJ~ be as above, then the following are true.
(a) The image of V. 5 is in P = Pr(C,i) C J.

\I[ -
(b) The composition T i pS J(X) is identified with the Abel-
Jacobi map Y.
Proof. By definition, W, 7(t) = v&(€:). Then the proposition follows eas-
ily. O
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