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Appendices

A First derivatives of S = ©€A and T = 4
aeT dvecT A

In (30), we defined

dvecA dX
_ dvec and

T = —wWT eV,
ot dvecTA VOV

34

(A-1)

To evaluate (34), we require the first derivatives of S and T. For the first derivative of S:

dvecS  d [dvecA}

doT  dot ¢ | der

(A-2)

Apply the commutation matrix (vec-permutation matrix) K, ,, a constant matrix of 0’s and 1’s

that can be calculated using the MATLAB function provided in Appendix D. For any m x n matrix

A, there is a unique mn x mn matrix K,, ,, such that:

K, nvecA = vec(AT) .

Using both the commutation matrix and the definition of the Hessian matrix in (9):

ot det a0t

—iK dvecA\T
~der etV |\ Tae

=K, 2 H [vecA; 0] .

dvecS d [dvecA}
vec

Note that for a m x n matrix X and a p X ¢ matrix Y,

Kn(X®Y)=(Y®X)K,;,

(A-3)

(A-4)
(A-5)

(A-6)

(A7)
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and
Kn,l = Kl,n = In (A_8)
0 (35) becomes
dvecS
(Is @ T) T = (Is ® T)K; 2 H [vecA; 0] (A-9)
= (T ®1I,)H [vecA; 0] . (A-10)

To find (36), differentiate the expression for T

dvecT d dA
0T dot " {dvecAT] (A-11)
and use the chain rule to rewrite it in terms of the derivative with respect to A
dvecT d dX dvecA
40T dvecAT . [dvecAT] o (A-12)
The first part of (A-12) is equivalent to the Hessian expression (9), so:
dvecT
T = H [X\;vecA]S . (A-13)

B Second derivatives of Rj to lower-level parameters: H [Ry; 6]

In Section 3.3, we calculated the second derivatives of the net reproductive rate Ry with respect to
U and F. Here, we present the fully general second derivatives of Ry with respect to a parameter
vector 6.

As written in (47), the general expression for the Hessian of Ry with respect to € is

HI[Ry;0] = - (B+BT) (B-1a)

N =
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531 where

dvecR
aet

dvecR
aet

T
532 B = (w}, ®v] ®I)H [vecR; 0] + ( ) H [Ry; vecR] (B-1b)

533 and wg and vy are the right and left eigenvectors of R. As noted in the main text, evaluating B
s requires the second derivatives of Ry with respect to R (the Hessian H [Ry; vecR], which is given
s35 by (25) using the dominant eigenvalues and eigenvectors of R rather than those of A), and the first
53 and second derivatives of R with respect to 8. We will now calculate these derivatives of R with

537 respect to 6.

538 The first derivatives of R with respect to 8 are
dvecR dvecF dvecU
— (NT T ;
539 ¥TT =(NT®1,) oI + (NT®R) 10 (B-2)
540 The second derivatives of R with respect to 8 are given by the definition of the Hessian matrix
541 (9)
d dvecR\ T
H [vecR; 0] = FT AL [( 0T ) } (B-3)
d dvecF\ T dvecU\ T
- N T -
dOTVGC{( oot ) ( ®In)+< doT ) (N®R)] (B-4)
542 To evaluate this expression, we will use the following rule (Magnus 2010) for derivatives of

ss3 matrix products: given matrices Y (n x v) and X (m x n), the derivative of their product with

saa - respect to a third matrix Z (p x q) is

dvec(XY) dvecX dvecY

d(vecZ)T = (YT®In) d(vecZ)T + e X)d(vecZ)T '

545
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ss6  Applying this product rule for matrix derivatives to (B-4) gives

547

548

549

550

551

552

553

554

aet doT doT doT
d dvecU\ T dvecU\T| d
T ¢ aveel ¢ T
+[(N®R) ®IS} dmvec[( 70 > ]Jr[lnz@( 707 > ]dOTvec(N®R)

(B-6)

H [vecR; 0] = [ (N®L) @ Is] 4 e [(dveCF> T} n [Inz ® <dveCF> T] 4 e (N®T,)

and recognizing Hessian matrices of the form (9), we obtain

dvecF\T] d
.0l — (NT .
H [vecR; 0] = (NT @ T,,,) H [vecF; 0] + [In2®< . ) ] —ovec (N @1,

dvecU\T] d
T . @ T }
+ (NT®R®L,) H [vecU; 0] + [In2®< ot ) ]dOTveC(N®R). (B-7)

Applying (51), the derivatives of Kronecker products appearing in (B-7) are

d dvecN
—orvec (N8 1) = (I 8 Knp © 1) (1n2 ® vec [In]> e (B-8)
d dvecN dvecRT
el Ty — T .
—ovee (N@RT) = (L, 9 Ky © L) [(Inz @ vec [R ]) o+ (veeN ® L) (B-9)
and note that
dvecN dvecU
aet (NT@N) aot (B-10)
dvecRT dvecR
=K,n— B-11
doT deT ( )

where d‘é%CTR is given by (B-2). Substitute (B-10) and (B-11) into (B-8) and (B-9), then back into
(B-7) to obtain H [vecR; 0].
While the expression for H [vecR; 8] may appear complicated, note that it simplifies considerably

if only one of U or F is a function of 0, so that either LeF op @veeU ig o matrix of zeros (i.e., the
Yy ’ doT doT )

parameters of interest affect only fertility or transitions, but not both).
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555 If only U depends on 6:

dvecU\T] d
556 H [vecR;0] = (NT®@ R ® 1) H [vecU; 0] + [In2 ® ( \;;;T ) } PT AR (N®RT). (B-12)
557 If only F depends on 6:
558 H [vecR; 0] = (NT ® I,,5) H [vecF; 0] . (B-13)

550 Ultimately, substitute H [vecR; 8] as given by (B-7) (or B-12 and B-13 if appropriate), and

s0 DR a5 given by (B-2), back into (B-1) to obtain H [Ry; ).

ss0 B.1 Life cycles with only one type of offspring

ss2  In the common case where there is only one type of offspring (stage 1), the expression for H [Ry; 6]
s63  simplifies considerably. In this case, the fertility matrix F has nonzero entries only in its first row,
s and R = FIN is an upper triangular matrix. Then Ry, the dominant eigenvalue of R, is the (1,1)
s6s  entry of R

566 Ry = e{ (R)ey (B-14)

ss7  where e is the n x 1 vector with 1 as its first entry and zeros elsewhere (Caswell 2009).

568 The first differential of Ry is then

dRo = e{(dR)el (B—15)
= (e] ® e]) dvecR . (B-16)
seo By the first identification theorem (10),

dRy - T\ dvecR
aor ~ 1@ e g

(B-17)

570
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and by the definition of the Hessian matrix (9):

H [Ro: 0] = d%vec [(‘flﬁ)ﬂ (B-18)
- d%lTvec KdZ;CTRy (e1® el)] . (B-19)

Applying the product rule for matrix derivatives in (B-5) to (B-19),
d dvecR\ T
0l — (o] & T ;
H[Ry;0] = (e] ® e] ® 1) deTvec[( 10 ) ] (B-20)

= (el ® e] ® I,) H [vecR; 6] (B-21)
where H [vecR; 6] is given by (B-7) (or B-12 and B-13 if appropriate).

C Sensitivity of the stochastic growth rate
As shown in Caswell (2001), Tuljapurkar’s (1982) approximation for the stochastic growth rate can

be written as

DCDT

logAs ~ log\ — ———
0g og 2

(C-1)

where C is the symmetric covariance matrix for the population projection matrix and D is the
Jacobian matrix (in this case, a row vector) for the dominant eigenvalue A of the mean population

matrix A:

D=D [)\; vecA]

)
~ OvecTA

(C-2)

To find the sensitivity of the stochastic growth rate to A, differentiate (C-1) with respect to
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sz vecTA:
dloghs D D 1 0(DCDT)
—— =—+=(DbCDT) - — ——~ C-3
OvecTA )\ + A3 ( ) 202 OvecTA (C-3)
D DCDT 1 0(DCDT)
= — 1 - T a -~ = . C'4
A ( T > 22 OvecTA (€-4)
583 To evaluate the derivative of DCDT with respect to A in the second term, we will apply the

se«  product rule for vector derivatives (Magnus 2010). Given vectors y (n x 1) and x (1 x n), the

ses  derivative of their product with respect to a third vector z is

) sty e
ss7 Because DCDT is a scalar, vec (DCDT) = DCDT. Thus
(m _ DCTSV\:CCTI; + Dcm . (C-6)
.9 Note that the Hessian of A with respect to A is
H [X;vecA] = d vec [( ar >T] (C-7)
dvecTA dvecTA
L) o) =
soo  Letting H=H [)\; vecA] and noting that C is a symmetric matrix, (C-6) simplifies to
‘m _ DCTH + DCH (C-9)
=2DCH . (C-10)

501 Substituting (C-10) into (C-4), we see that the sensitivity of the stochastic growth rate with
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sz Tespect to A is

OlogAg D DCDT DCH
— = —— |1 — -11
OvecTA A ( LY > A2 (C-11)
D CH DCDT
=5 (1 -t ) (C-12)

s D Commutation matrix code

s The following MATLAB code calculates the commutation matrix K, ,:

595

596 1 % Calculates the commutation matrix K_(m,n) such that:

597 2 % K_(m,n)xvec(A) = vec(A') where A is dimension m by n

598 3 %

599 | 4 % Based on http://m.feng.li/r—tips/r—commutation—matrix

600 5 function K = Kmn (m,n)

601 6

602 7 K = zeros (mxn, m#n);
603 8 mO = 1: (mxn);

604 9

605 | 10 N = reshape(m0, m,n)"';

606 | 11 nO = N(:);

607 | 12
608 | 13 for 1 = 1: (m*n)
609 | 14 K(mO (i), nO(i)) = 1;

610 | 15 end
611




