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Appendices503

A First derivatives of S = dvecA
dθᵀ and T = dλ

dvecᵀA504

In (30), we defined505

S =
dvecA

dθᵀ and T =
dλ

dvecᵀA
= wᵀ ⊗ vᵀ . (A-1)506

To evaluate (34), we require the first derivatives of S and T. For the first derivative of S:507

dvecS

dθᵀ =
d

dθᵀvec

[
dvecA

dθᵀ

]
. (A-2)508

Apply the commutation matrix (vec-permutation matrix) Km,n, a constant matrix of 0’s and 1’s509

that can be calculated using the Matlab function provided in Appendix D. For any m×n matrix510

A, there is a unique mn×mn matrix Km,n such that:511

Km,nvecA = vec(Aᵀ) . (A-3)512

Using both the commutation matrix and the definition of the Hessian matrix in (9):513

dvecS

dθᵀ =
d

dθᵀvec

[
dvecA

dθᵀ

]
(A-4)

=
d

dθᵀKs,n2vec

[(
dvecA

dθᵀ

)ᵀ]
(A-5)

= Ks,n2H [vecA;θ] . (A-6)

Note that for a m× n matrix X and a p× q matrix Y,514

Kp,m(X⊗Y) = (Y ⊗X)Kq,n (A-7)515
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and516

Kn,1 = K1,n = In (A-8)517

so (35) becomes518

(Is ⊗T)
dvecS

dθᵀ = (Is ⊗T)Ks,n2H [vecA;θ] (A-9)

= (T⊗ Is)H [vecA;θ] . (A-10)

To find (36), differentiate the expression for T519

dvecT

dθᵀ =
d

dθᵀvec

[
dλ

dvecAᵀ

]
(A-11)520

and use the chain rule to rewrite it in terms of the derivative with respect to A521

dvecT

dθᵀ =
d

dvecAᵀvec

[
dλ

dvecAᵀ

]
dvecA

dθᵀ . (A-12)522

The first part of (A-12) is equivalent to the Hessian expression (9), so:523

dvecT

dθᵀ = H [λ; vecA]S . (A-13)524

B Second derivatives of R0 to lower-level parameters: H [R0;θ]525

In Section 3.3, we calculated the second derivatives of the net reproductive rate R0 with respect to526

U and F. Here, we present the fully general second derivatives of R0 with respect to a parameter527

vector θ.528

As written in (47), the general expression for the Hessian of R0 with respect to θ is529

H [R0;θ] =
1

2
(B+Bᵀ) (B-1a)530
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where531

B = (wᵀ
R ⊗ vᵀ

R ⊗ Is)H [vecR;θ] +

(
dvecR

dθᵀ

)ᵀ
H [R0; vecR]

dvecR

dθᵀ (B-1b)532

and wR and vR are the right and left eigenvectors of R. As noted in the main text, evaluating B533

requires the second derivatives of R0 with respect to R (the Hessian H [R0; vecR], which is given534

by (25) using the dominant eigenvalues and eigenvectors of R rather than those of A), and the first535

and second derivatives of R with respect to θ. We will now calculate these derivatives of R with536

respect to θ.537

The first derivatives of R with respect to θ are538

dvecR

dθᵀ = (Nᵀ ⊗ In)
dvecF

dθᵀ + (Nᵀ ⊗R)
dvecU

dθᵀ . (B-2)539

The second derivatives of R with respect to θ are given by the definition of the Hessian matrix540

(9):541

H [vecR;θ] =
d

dθᵀvec

[(
dvecR

dθᵀ

)ᵀ]
(B-3)

=
d

dθᵀvec

[(
dvecF

dθᵀ

)ᵀ
(N⊗ In) +

(
dvecU

dθᵀ

)ᵀ
(N⊗Rᵀ)

]
. (B-4)

To evaluate this expression, we will use the following rule (Magnus 2010) for derivatives of542

matrix products: given matrices Y (n × v) and X (m × n), the derivative of their product with543

respect to a third matrix Z (p× q) is544

dvec(XY)

d(vecZ)ᵀ
= (Yᵀ ⊗ Im)

dvecX

d(vecZ)ᵀ
+ (Iv ⊗X)

dvecY

d(vecZ)ᵀ
. (B-5)545
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Applying this product rule for matrix derivatives to (B-4) gives546

H [vecR;θ] =
[
(N⊗ In)

ᵀ ⊗ Is

] d

dθᵀvec

[(
dvecF

dθᵀ

)ᵀ]
+

[
In2 ⊗

(
dvecF

dθᵀ

)ᵀ] d

dθᵀvec (N⊗ In)

+
[
(N⊗Rᵀ)ᵀ ⊗ Is

] d

dθᵀvec

[(
dvecU

dθᵀ

)ᵀ]
+

[
In2 ⊗

(
dvecU

dθᵀ

)ᵀ] d

dθᵀvec (N⊗Rᵀ)

(B-6)

and recognizing Hessian matrices of the form (9), we obtain547

H [vecR;θ] = (Nᵀ ⊗ Ins)H [vecF;θ] +

[
In2 ⊗

(
dvecF

dθᵀ

)ᵀ] d

dθᵀvec (N⊗ In)

+ (Nᵀ ⊗R⊗ Is)H [vecU;θ] +

[
In2 ⊗

(
dvecU

dθᵀ

)ᵀ] d

dθᵀvec (N⊗Rᵀ) . (B-7)

Applying (51), the derivatives of Kronecker products appearing in (B-7) are548

d

dθᵀvec (N⊗ In) = (In ⊗Kn,n ⊗ In)
(
In2 ⊗ vec [In]

) dvecN

dθᵀ (B-8)

d

dθᵀvec (N⊗Rᵀ) = (In ⊗Kn,n ⊗ In)

[(
In2 ⊗ vec [Rᵀ]

) dvecN

dθᵀ + (vecN⊗ In2)
dvecRᵀ

dθᵀ

]
(B-9)

and note that549

dvecN

dθᵀ = (Nᵀ ⊗N)
dvecU

dθᵀ (B-10)

dvecRᵀ

dθᵀ = Kn,n
dvecR

dθᵀ (B-11)

where dvecR
dθᵀ is given by (B-2). Substitute (B-10) and (B-11) into (B-8) and (B-9), then back into550

(B-7) to obtain H [vecR;θ].551

While the expression forH [vecR;θ] may appear complicated, note that it simplifies considerably552

if only one of U or F is a function of θ, so that either dvecF
dθᵀ or dvecU

dθᵀ is a matrix of zeros (i.e., the553

parameters of interest affect only fertility or transitions, but not both).554
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If only U depends on θ:555

H [vecR;θ] = (Nᵀ ⊗R⊗ Is)H [vecU;θ] +

[
In2 ⊗

(
dvecU

dθᵀ

)ᵀ] d

dθᵀvec (N⊗Rᵀ) . (B-12)556

If only F depends on θ:557

H [vecR;θ] = (Nᵀ ⊗ Ins)H [vecF;θ] . (B-13)558

Ultimately, substitute H [vecR;θ] as given by (B-7) (or B-12 and B-13 if appropriate), and559

dvecR
dθᵀ as given by (B-2), back into (B-1) to obtain H [R0;θ].560

B.1 Life cycles with only one type of offspring561

In the common case where there is only one type of offspring (stage 1), the expression for H [R0;θ]562

simplifies considerably. In this case, the fertility matrix F has nonzero entries only in its first row,563

and R = FN is an upper triangular matrix. Then R0, the dominant eigenvalue of R, is the (1,1)564

entry of R:565

R0 = eᵀ1(R)e1 (B-14)566

where e1 is the n× 1 vector with 1 as its first entry and zeros elsewhere (Caswell 2009).567

The first differential of R0 is then568

dR0 = eᵀ1(dR)e1 (B-15)

= (eᵀ1 ⊗ eᵀ1) dvecR . (B-16)

By the first identification theorem (10),569

dR0

dθᵀ = (eᵀ1 ⊗ eᵀ1)
dvecR

dθᵀ (B-17)570
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and by the definition of the Hessian matrix (9):571

H [R0;θ] =
d

dθᵀvec

[(
dR0

dθᵀ

)ᵀ]
(B-18)

=
d

dθᵀvec

[(
dvecR

dθᵀ

)ᵀ
(e1 ⊗ e1)

]
. (B-19)

Applying the product rule for matrix derivatives in (B-5) to (B-19),572

H [R0;θ] = (eᵀ1 ⊗ eᵀ1 ⊗ Is)
d

dθᵀvec

[(
dvecR

dθᵀ

)ᵀ]
(B-20)

= (eᵀ1 ⊗ eᵀ1 ⊗ Is)H [vecR;θ] (B-21)

where H [vecR;θ] is given by (B-7) (or B-12 and B-13 if appropriate).573

C Sensitivity of the stochastic growth rate574

As shown in Caswell (2001), Tuljapurkar’s (1982) approximation for the stochastic growth rate can575

be written as576

logλs ≈ logλ− DCDᵀ

2λ2
(C-1)577

where C is the symmetric covariance matrix for the population projection matrix and D is the578

Jacobian matrix (in this case, a row vector) for the dominant eigenvalue λ of the mean population579

matrix Ā:580

D = D
[
λ; vecĀ

]

=
∂λ

∂vecᵀĀ
. (C-2)

To find the sensitivity of the stochastic growth rate to Ā, differentiate (C-1) with respect to581
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vecᵀĀ:582

∂logλs

∂vecᵀĀ
=

D

λ
+

D

λ3
(DCDᵀ)− 1

2λ2

∂ (DCDᵀ)

∂vecᵀĀ
(C-3)

=
D

λ

(
1 +

DCDᵀ

λ2

)
− 1

2λ2

∂ (DCDᵀ)

∂vecᵀĀ
. (C-4)

To evaluate the derivative of DCDᵀ with respect to Ā in the second term, we will apply the583

product rule for vector derivatives (Magnus 2010). Given vectors y (n × 1) and x (1 × n), the584

derivative of their product with respect to a third vector z is585

dvec(xy)

dvecᵀz
= yᵀ dvecx

dvecᵀz
+ x

dvecy

dvecᵀz
. (C-5)586

Because DCDᵀ is a scalar, vec (DCDᵀ) = DCDᵀ. Thus587

∂ (DCDᵀ)

∂vecᵀĀ
= DCᵀ ∂vecD

∂vecᵀĀ
+DC

∂vec(Dᵀ)

∂vecᵀĀ
. (C-6)588

Note that the Hessian of λ with respect to Ā is589

H
[
λ; vecĀ

]
=

d

dvecᵀĀ
vec

[(
dλ

dvecᵀĀ

)ᵀ]
(C-7)

=
∂vec(Dᵀ)

∂vecᵀĀ
=

∂vec(D)

∂vecᵀĀ
. (C-8)

Letting H = H
[
λ; vecĀ

]
and noting that C is a symmetric matrix, (C-6) simplifies to590

∂ (DCDᵀ)

∂vecᵀĀ
= DCᵀH+DCH (C-9)

= 2DCH . (C-10)

Substituting (C-10) into (C-4), we see that the sensitivity of the stochastic growth rate with591
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respect to Ā is592

∂logλs

∂vecᵀĀ
=

D

λ

(
1 +

DCDᵀ

λ2

)
− DCH

λ2
(C-11)

=
D

λ

(
1− CH

λ
+

DCDᵀ

λ2

)
. (C-12)

D Commutation matrix code593

The following Matlab code calculates the commutation matrix Km,n:594

595

1 % Calculates the commutation matrix K (m,n) such that:596

2 % K (m,n)*vec(A) = vec(A') where A is dimension m by n597

3 %598

4 % Based on http://m.feng.li/r−tips/r−commutation−matrix599

5 function K = Kmn(m,n)600

6601

7 K = zeros(m*n, m*n);602

8 m0 = 1:(m*n);603

9604

10 N = reshape(m0, m,n)';605

11 n0 = N(:);606

12607

13 for i = 1:(m*n)608

14 K(m0(i), n0(i)) = 1;609

15 end610
611


