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Norm statistics allow for the interpretation of scores on psychological and educational tests, by relating
the test score of an individual test taker to the test scores of individuals belonging to the same gender, age,
or education groups, et cetera. Given the uncertainty due to sampling error, one would expect researchers
to report standard errors for norm statistics. In practice, standard errors are seldom reported; they are either
unavailable or derived under strong distributional assumptions that may not be realistic for test scores. We
derived standard errors for four norm statistics (standard deviation, percentile ranks, stanine boundaries and
Z-scores) under the mild assumption that the test scores are multinomially distributed. A simulation study
showed that the standard errors were unbiased and that corresponding Wald-based confidence intervals had
good coverage. Finally, we discuss the possibilities for applying the standard errors in practical test use in
education and psychology. The procedure is provided via the R function check.norms, which is available
in the mokken package.
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1. Introduction

Norm statistics allow for the interpretation of scores on educational and psychological tests, by
relating the test score of an individual test taker to the test scores of a group of individuals having,
for example, the same gender, age, or education level. Examples of norm statistics frequently used
in practice are percentile ranks, linear standard scores such as Z-scores, and normalized standard
scores such as stanines (Mertler, 2007, Module 6). A norm statistic obtained from a normative
sample should be viewed as a point estimate of the norm in the population (Crawford, Garthwaite,
& Slick, 2009), which means that the norm estimate should be accompanied by an indication of
estimation precision.

The publication manual of the American Psychological Association (2010, p. 34) also requires
that when point estimates are provided, the authors “always include an associated measure of
variability (precision), with an indication of the specific measure used (e.g., the standard error)”.
In addition, on the same page the publication manual strongly recommends reporting confidence
intervals (ClIs). CIs, of which WalAd-based CIs are the most commonly used, are directly related
to the standard errors (SEs). Let 0 be the point estimate with standard error SE 5, and let o be
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the two-tailed p value and z/> the corresponding Z-score. Then the limits of the 100(1 — o) %
Wald-based CI are

024 SEg. 1)

Hence, CIs for norm scores serve to remind us that norm estimates based on normative
samples are fallible and quantify the degree of fallibility that is caused by estimation imprecision
(Crawford, Cayley, Lovibond, Wilson, & Hartley, 2011). However, norm developers commonly
fail to provide SEs or CIs to quantify estimation precision of the norms (e.g., Aardoom, Dingemans,
Slof Op’t Land, & Van Furth, 2012; Cavaco et al., 2013; Glaesmer et al., 2012; Goretti et al.,
2014; Grande, Romppel, Glaesmer, Petrowski, & Herrmann-Lingen, 2010; Kessels, Montagne,
Hendriks, Perrett, & De Haan, 2014; Mond, Hay, Rodgers, & Owen, 2006; Palomo et al., 2011;
Sartorio et al., 2013; Shi et al., 2014), because for many norm statistics the SEs are unknown,
difficult to derive, or if available not included in popular software. For example, Crawford et al.
(2011) described a procedure for obtaining CIs for percentile norms, but it cannot be used for
estimating CIs for other norm statistics such as stanine boundaries. For other norm statistics, the
SEs are known only under strong assumptions. For example, the SE of the standard deviation
assumes data to be normally distributed, but test scores often are discrete and their distribution
skewed because the test is too difficult or the attribute measured is rare (test-score distribution
skewed to the right), or the test is too easy or the attribute is highly prevalent (test-score distribution
skewed to the left).

We derived SEs for the test-score standard deviation, percentile rank scores, the boundaries
of the stanines, and Z-scores. The SEs were derived under the mild assumption that raw test
scores follow a multinomial distribution. Let a trial have three or more possible outcomes, and let
N represent the number of independent identical trials. The probabilities of obtaining a certain
outcome follow a multinomial distribution (Agresti, 2013, p. 6). This model can easily be extended
to the raw scores obtained by means of psychological and educational tests. For example, let the
number of items answered correctly be the raw score on such a test. The administration of the
test to a norm sample of N respondents then corresponds to N trials, and each value of the raw
score corresponds to a trial outcome. The probabilities of obtaining each raw score then follow a
multinomial distribution. Although the method is based on a discrete distribution, the test scores
need not be integers. Hence, the method can also be applied to continuous measures such as
reaction time or blood pressure. For large N, the multivariate normal central limit theorem (see,
e.g., Rao, 1973, p. 128) ascertains that the multinomial distribution is close to the multivariate
normal distribution if the model parameters are not near the boundaries of the parameter space
(i.e., probabilities are not close to 0 or 1). Hence, the method described in this article can also be
used for data that are (approximately) normally distributed.

This article is structured as follows. First, we provide an example that illustrates the use of
SEs and CIs for norm statistics in practice. Second, we explain the general framework for deriving
SEs for norm statistics. Third, using this general framework we derived the SEs for the test-score
standard deviation, the Z-scores, the percentile rank scores, and the stanine boundaries. Fourth,
using a simulation study we investigated the bias and the precision of the derived SE estimates
and the coverage of the corresponding Wald-based CIs. Finally, we briefly discuss the results and
provide computer code to obtain the SEs for norm statistics.

2. An [lustration of Using Norms With and Without Standard Errors

Because estimation precision, quantified by SEs or CIs, usually is not taken into account when
test constructors present norm statistics, norm statistics are often presented and interpreted as if
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FIGURE 1.

Comparison of raw scores to percentile norms when a no measurement or norm sampling error, b only measurement
error, or ¢ both measurement and norm sampling error are taken into account.

they were parameters. Ignoring imprecision of norm statistics may produce wrong conclusions
about test performance and can have serious consequences for individual test takers if decisions
are based on their test performance. As an example, Fig. 1 shows the scores on Social Skills
measured by means of the Preschool and Kindergarten Behavior Scales (PKBS; Merrell, 1994)
for three five-year-old boys named Oliver, Jack, and Harry. The horizontal lines at raw scores 59
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and 75 correspond to the 5th and 20th percentile ranks of the raw-score distribution, respectively.
These percentile ranks were estimated in a norm sample, and according to the PKBS test manual
(Merrell, 1994), a score below the Sth percentile rank (i.e., raw score 59) indicates a significant
deficit of social skills, a score between the Sth and 20th percentile ranks (i.e., raw scores 59 and
76, respectively) indicates a moderate deficit, and a score above the 20th percentile rank (i.e.,
raw score 76) indicates average social skills. In what follows, we distinguish the influence of
random measurement error on test performance, typical of classical test theory, and the influence
of sampling error on norm statistics.

In Fig. 1a, influence of measurement error and sampling error was not taken into account for
the individual scores and the norm score, respectively, which means that all values were treated
as population values. Oliver, Jack, and Harry had raw scores equal to 56, 82, and 61, respectively.
Based on Fig. 1a, we conclude that Oliver has a significant social skills deficit, Jack has average
social skills, and Harry has a moderate deficit.

Next, we assess the influence of random measurement error on test performance and follow
the classical test model, which assumes that an observable test score (X) can be decomposed
into an unobservable true score (7') and unobservable random measurement error (E), so that
X = T+ E.InFig. 1b, the norm value was treated as a population value, but random measurement
error related to individual test scores was taken into account using a 68% CI, or a score band.
The score band contained the likely values of the true score and was based on the standard error
of measurement (SEM), which indicates the magnitude of measurement error associated with a
particular test score and in the classical model it is equal for all test scores. Hence, the width of
the score band indicates the degree to which an individual’s test score is expected to vary across
replications. Several methods for estimating the SEM are available (Brennan & Lee, 1999; Lee,
Brennan, & Kolen, 2000). If the score band contained the norm value, the individual’s true score
was not significantly different from the norm value based on a 68 % confidence level. Oliver’s score
band (i.e., [53.2; 58.8]) was located completely below the 5th percentile rank (i.e., raw score 59),
meaning we conclude that Oliver has a significant deficit. Jack’s score band (i.e., [79.2; 84.8]) was
located above the 20th percentile rank (i.e., raw score 76), meaning we conclude that Jack’s skills
are average. However, Harry’s score band (i.e., [58.2; 63.8]) contained the Sth percentile rank
(i.e., raw score 59), meaning we are uncertain whether Harry’s deficit is significant or moderate.

In Fig. lc, in addition to random measurement error for the individual test scores, sampling
error was taken into account for the percentile rank values. The horizontal dotted lines correspond
to the boundaries of the 95% Cls for the percentile ranks. Using the heuristic rule that an overlap
of 25% or less between the ClIs of two statistics suggests a significant difference between statistics
(Van Belle, 2003, Sect. 2.6), we conclude that Jack’s true score differed significantly from the 20th
percentile rank, indicating that he has average social skills. On the other hand, we conclude that
Oliver’s and Harry’s true scores did not differ significantly from the 5th percentile rank, which
means that for both boys we are not sure whether they suffer from a significant or a moderate
deficit.

This example shows that the interpretation of the boys’ test results changed depending on
whether measurement error and sampling error were taken into account for the individual test
results and for the norm values, respectively. Especially for individuals that score close to norm
values, taking into account the sampling error of the norm values can have important consequences
for the interpretation of their test scores.

Crawford and Howell (1998) have argued that treating norm statistics as population values
is justifiable if the sample is large enough. However, there are no clear size requirements for a
norm sample. For example, Evers, Lucassen, Meijer, and Sijtsma (2009) have provided Dutch
test constructors with practical guidelines for the size of norm groups, but these guidelines lack a
sufficient statistical basis. The American Educational Research Association (AERA), the Amer-
ican Psychological Association (APA), and the National Council on Measurement in Education
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(NCME) have provided guidelines for test construction (AERA, APA, & NCME, 1999), without
sample size recommendations.

In addition to sample size, precision of a norm estimate also depends on the statistic’s location
in the norm sample distribution. It is well known that, empirically, extreme test scores show more
measurement error variation (Brennan & Lee, 1999; Lee et al., 2000). Hence, norms that are based
on extreme test scores are also expected to show more error variation. For example, for equal norm
sample size, Oosterhuis, Van der Ark, and Sijtsma (2016) found that raw scores associated with
percentile ranks further away from the median were estimated with less precision than percentile
ranks closer to the median. Hence, a norm sample might be large enough for precise estimation
of the median or the mean, but not for extreme percentile scores. SEs and CIs can be used to
quantify the sampling error associated with each norm statistic and might be used to determine
whether the sample was large enough to obtain precise estimates for all norm values of interest.

3. A General Framework for Deriving SEs Under a Multinomial Distribution

3.1. A Two-Step Procedure

We used a general framework consisting of two steps to compute the SEs of the norm statistics
(e.g., Bergsma, Croon, & Hagenaars, 2009; Kuijpers, Van der Ark, & Croon, 2013a). The first
step is to write the norm statistic as a function of the frequencies of the raw scores. Suppose that
the raw scores, obtained from administrating a test to a sample of N respondents, are collected
inan N x 1 vector X. It may be noted that the unique realizations of the raw score need not be
integers and need not include all possible realizations. The k unique realizations of the raw score

Ty, -+ -2 T (@) < r@is1y),fori =1,..., k, are contained in a k x 1 vector r, and the expected
and observed frequencies of the realizations r(y), ..., r«) are collected in a k x 1 vector m and
a k x 1 vector m, respectively. Let & = (01, ..., 6;) denote a vector containing [ —possibly

mutually dependent—norms, such as the [ = k Z-scores or the / = 8 boundaries of the stanines.
The first step encompasses showing that 0= g(m), where g( ) is a vector function. For a single
norm, such as the mean or the standard deviation, vector 0 reduces to scalar 9 and 0 = g(m)
reduces to 6 = g(m). The technique to obtain g(m) is called the generalized exp-log notation
and is described later.

In the second step, the delta method (e.g., Agresti, 2013, Sect. 16.1.4; Kendall & Stuart,
1977, pp. 246-247) is used to approximate the variance of the norm statistic. If m is a consistent
estimator, it converges to its true value m, and the central limit theorem can be applied to obtain
asymptotical normality,

(h—m) > N(0, V), )

where Vy;, is the covariance matrix of m. Let D(y) be a diagonal matrix with the elements of
vector y on the diagonal, and let Y’ be the transpose of Y. Under a multinomial distribution, let
Vi be the sample estimate of the variance of m,

Vi = D@h) — N 'R’ (3)

(e.g., Agresti, 2013, p. 6). Using the first two terms of the Taylor series, g(1) can be approximated
by

g(m) ~ g(m) + G'(th — m), “
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where G is the matrix of first partial derivatives, or the Jacobian, of g(ih) with respect to m,
evaluated at m. Equation 4 implies that the variance of g(m) is approximately

Ve ~ G (Vi) 6. )
Therefore, the delta method implies that

N D
(g(i) — g(m)) — N (0, GV3G'). (6)
Based on Eq. 6, the sample estimate of the asymptotic variance of g(m) is

Veuiy = GVaG'
= G (Dah) —mN i) 6
= GD()G’ — GMN 'm'G’. (7
By taking the square root of the diagonal elements of Vg(ﬁ,), the sample estimate of the asymptotic
SEs for g(m) is obtained. In some cases, Eq. 7 can be further reduced. Let the constant ¢ > 0; if

g(m) = g(rm), then vector function g(mm) is homogeneous of order 0. If g(m) is homogeneous
of order 0, then GfaN ~'f’G’ = 0, and Eq. 7 reduces to

Ve = GD(1)G’' (®)

(e.g., Bergsma, 1997, Appendix D). For example, if g(m) is homogeneous of order 0, then it does
not matter whether absolute frequencies () or relative frequencies (e.g., proportions P = m/N)
are used as the argument of g, because for t = 1/N, rin = P.

3.2. Generalized exp-log Notation

In general, obtaining function g(m) and Jacobian G requires tedious derivations. The gen-
eralized exp-log notation (Bergsma, 1997; Grizzle, Starmer, & Koch, 1969; Kritzer, 1977) is a
method that alleviates this problem by rewriting g(m) using a series of ¢ appropriate design
matrices A, A, ..., A, (to be explained below), such that

g() = A, -exp (Aq,l - log (Aq,z - exp ( ..log (A3 - exp (A2 -log (A1 : ﬁl)))))) .09

The reason for using such complex notation to write g(m) is to make it relatively easy to derive
the Jacobian using the chain rule (e.g., Larson & Edwards, 2013, pp. 129-135). The Jacobian for
Eq. 9 can be derived using the following steps (Bergsma, 1997, pp. 66—68; Kritzer, 1977; Kuijpers
et al., 2013a). First, a series of g + 1 functions go, g1, .. ., g, are defined, such that

and, fori =1,...,q,

g =log(A;-gi—1), ifi is an odd number, (11)
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and
gi =exp(A;-gi—1), if i is an even number. (12)
The last function in this series is
g(m) =g, = Ay - gg-1. (13)

Second, let Go, Gi, ..., G4 denote the matrices of the partial derivatives of go, g1, ..., g;,
with respect to m, respectively. Let I, denote an identity matrix of order p. Standard calculus
shows that

Go = gi’, = (14)
Furthermore, let Y~! be the inverse of Y. Fori = 1,..., q—1,
G; = ;i —D'(A;-g_1)-A; -Gy, if i is an odd number, (15)
and
G; =D (exp(A; -gi—1)) - A; - Gj_1, if i is an even number. (16)
Finally, the last function in the series is
G=G;,=A,-G,4_1. (17)

3.3. SEs for Norm Statistics

To illustrate the derivation of SEs for norm statistics, the case of the sample mean is discussed
extensively. For other norm statistics, the derivation is only outlined, and details can be found in
Appendices 1-4.

3.4. Mean Test Score

Sample mean X = > Xi/N (i indexes persons) can be cast in the generalized exp-log
notation (Eq. 5), using three design matrices as follows. Let 1, be a vector of ones of length p, let

A1 bea?2 x k matrix, defined as A| = [r 1 ]/, let Ap be a1 x 2 vector, defined as Ay = [ 1 -1 ]
and let A3 be a 1 x 1 matrix containing the scalar 1, that is, A3 = [1]. It follows that gy = m
(Eq. 10); next that

A /' A /N 1 Xi
w = othm) <s((en ] a) < ([ 5]) <[] om

(Eq. 11); then

g2 =exp (A2 - g1) = exp ([1 ~1]- [}gi(%xl)}) = [&] . (19)
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(Eq. 12); and finally that
gh) =g3 =A;3 g =[1]- [—} == (20)

(Eq. 13), which equals the sample mean. It may be noted that g(1) is homogenous of order 0.

Next, the Jacobian matrices Gg, G1, G2, and G3 can be derived for gy, g1, g», and g3, respec-
tively. First, it follows that Go = I (Eq. 14). Second, let y/p denote the element-wise division
of y by p. Then G is the 2 x k matrix,

Bg _ _ Xi / / Xl‘
Glzaﬁll/:])I[Al'gO]'Al'GOZDI[Z ]'[r]I:[r{;{Z/:N] @h

(Eq. 15). Third, G» is the 1 x k vector,

0g Xi 12X
G Iﬁ2,=D[exp(Az~g1)]oAz-G1=[ZT][l —1]["{% }

3
=('-X-1)/N (22)

(Eq. 16). Finally, G3 is the 1 x k vector,
G=G3=A;- G =[1]- (' =X -1})/N)=(r' =X -1}) /N (23)

(Eq. 17).
Because g(m) (Eq. 20) is homogenous of order 0, the variance of g(m) (Eq. 8) is approximated
by

Vg ~GDm)G = [(r' — X - 1)) D(h) (r — X - 1;)] /N?
k _
=2 il = X) /N (24)

Note that Eq. 24 equals the variance of a population of size N divided by N. The approximated
SE for the sample mean is then given by

Sy =/ Vx. (25)

Note that Eq. 25 equals the standard deviation of a population of size N divided by the square
root of N.
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3.5. Standard Deviation

The unbiased sample estimator of the standard deviation of the raw scores equals

1 N _
sy = —N — 121':1 (Xi — X)z. (26)

Leti and j be index realizations of r, let §;; be Kronecker’s delta (§;; = 1ifi = j,and §;; =0

ifi # j),letd; =r; — X, lete = ﬁ, and let S§ = > (X,- - )_()2. In Appendix 1, we show
that the standard error of sx can be approximated by

d? d3 L g
S5y ~ 0.5sx ZEZ](S_ZS - e)(S_fS' - e) ((Sijmi — lN /), 27

For large N, Eq. 27 reduces to

2 1Y
Sey A~ 0.5sx Zin% (S_lS — ﬁ) . (28)

Ahn and Fessler (2003) derived a SE estimate for the sample standard deviation under the assump-
tion that the data are normally distributed,

. _ SX
sy = A5 (29)

3.6. Percentile Rank Scores

Percentile rank score PR is the percentage of individuals in the normative sample that have
raw score x or lower. For example, if X = 20is associated with PR>o = 90, 90% of the individuals
in the normative sample have a raw score of 20 or lower. If researchers use percentile ranks as
norm statistics, they either associate the raw scores with particular percentile ranks (e.g., 75 or
95) or they present the percentile ranks for each possible raw score. Percentile ranks can also be
used as cut-off scores. For example, a job selection test may use the raw score corresponding to
the 95th percentile as the cut-off score. Then, individuals are only selected if they belong to the
highest 5% of the raw score distribution compared to individuals having, for example, the same
age, sex, or education. Let x be a particular raw score on the test of interest, and let P (-) denote
a sample proportion. Then PRy is estimated as

PR, = {P(X <x)+1/2- P(X = x)}- 100
=50-P(X <x)+50-P(X < x). (30)

In Appendix 2, we show that the sample estimate of the asymptotic standard error of PR, equals

SPR, ~ %\/Ziﬁli (i — P(X <x) — P(X < x))?, 31)

where y,; =0ifx < i,y =1ifx =i,and yy; =2ifx > i.
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3.7. Stanines

Stanines are norm scores 1, 2, ..., 9 that correspond to ranges under the normal distribution.
The first stanine corresponds to raw scores smaller than 1.75 standard deviations below the mean,
and the ninth stanine corresponds to raw scores larger than 1.75 standard deviations above the
mean. The remaining seven stanines (stanines 2, 3, . . ., 8) have a width of half a standard deviation
and divide the range between 1.75 standard deviations below the mean and 1.75 standard deviations
above the mean in segments 0.5 standard deviations wide. The raw score mean is located in the
middle of the fifth stanine. When stanines are used as norm statistics, the raw scores that correspond
to the eight boundaries of the nine stanines are presented. Let f be an 8 x 1 vector containing
values starting from —1.75 and ending at 1.75 with increments of 0.50. The elements of f are
denoted f, (b =1, ..., 8) and correspond to the eight boundaries of the stanines. On the scale of
the raw scores, the bth boundary of the stanines is given by

Sty = fp-sx + X. (32)

Letd! = diZ/SS = (ri— )_()2 / [Z Xl2 - Xl-)2 /N]. In Appendix 3, we show that the stan-
dard error of St;, can be approximated by

N k k o mm; Sosx d; oSy dj
Sst, & \/zjzlzizl[&jmj_ IN Ji| ) |:T : (dl?k—e)—i—ﬁl] : I:T . (d;‘.‘—e) + N]]

(33)

For large N, Eq. 33 reduces to

ko bS 1
Ssty ~ \/Zizlmi : [fzx : (di* - N) +

2
} . (34)

3.8. Z-Scores

Z-scores are expressed in standard deviations relative to the group mean. For instance, if the
mean raw score equals 15 and the standard deviation equals 2, a raw score equal to 18 corresponds
to a Z-score equal to (18 — 15)/2 = 1.5. When Z-scores are used as norm statistics, either a
selection of the raw scores or all raw scores are presented with the corresponding Z-scores. The
Z-score corresponding to X, is computed as

ZhZ(Xh—)_()/SX:Xh/Sx—)_(/Sx. (35)
In Appendix 4, we show that the standard error of Z;, can be approximated by

~ k k - ri 1 [ rj 1
NS (CH ) oy S A )

(36)

J N

A 2
m; - i 1
SZhN\/E lg(—X(ZXl —N—Fui)—rhui) . (37)

where t = é (Sijn% - "Awﬁj) and u; = 0.5 (d} — e). For large N, Eq. 36 reduces to
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4. Simulation Study

We performed a simulation study to investigate the bias and the precision of the SE estimates
of the standard deviation, the percentile rank scores, the stanine boundaries, and the Z-scores
(Egs. 23, 26, 29, and 32, respectively), as well as the coverage probability of Wald CIs based on
the SE estimates of these norm statistics for different sample and test characteristics.

4.1. Simulation Model

We simulated data using the 2-parameter logistic model (2PLM; Birnbaum, 1968; Van der
Linden & Hambleton, 1997). The 2PLM describes response probabilities to each item j (with
scores x = 0, 1) by means of a logistic function with a slope parameter « ; and a location parameter
B;. The probability of a score of X; = 1 on item j equals

exp [ (6 — )]
P(X;=1|6)= :
1 +exp [Olj (6 — ,3])]

(38)

Slope parameter «; = 0.85,0.95,1.05,...,1.75, where j = 1,2, ..., 10. For tests con-
sisting of more than 10 items, the first ten slope parameters oy, ..., @19 had the same val-
ues as slope parameters oy, ..., and azi, ..., a30, etcetera. Location parameter ; =
—2.25,—1.75, —1.25,...,2.25, where j = 1,2, ..., 10. For tests consisting of more than 10
items, the first ten location parameters By, ..., 810 had the same values as location parameters
Bi1, ..., Bro and B2y, ..., B3o, etcetera.

First, O values were randomly drawn from a standard normal distribution. Second, each 0
value was inserted in Eq. 38, and the resulting probabilities were used to generate item score
vectors by means of random draws from a multinomial distribution. The raw score for each 0
value was then computed as X = > X ; and could range from 0 to J, the total number of items
in the test. The simulated item scores were discrete; hence, the resulting raw test scores were also
discrete. Given that item location was symmetrically dispersed around 0, and that 6 was sampled
from a normal distribution, the raw scores were approximately normally distributed, especially
for a larger number of items. The simulation study consisted of Q = 10,000 replications, which
guaranteed the stability of the results.

4.2. Dependent Variables

Bias of the SEs. To estimate the bias of the SEs, we first computed the standard deviation of
the norm estimates across the Q replications. Let 0 = é Zqul 0,. Then

Standard deviation s estimates the variance of the norm statistic across replications and serves

as a gold standard for the SE. Let Sé denote the estimated SE of the gth norm statistic. Then,
q

the bias of the SE estimator equals

bias.se = é Zqul (S’éq — Sé) . (40)

RMSE of the SEs. The root mean square error (RMSE) was used as a measure of the precision
of the SE estimator of a statistic. To estimate the RMSE of the SEs, we first computed sy (Eq.
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39). The RMSE is then computed as follows:

I <0 /s 2
RMSEg, = \/5 > (S5, = 55) - @1

The bias and the RMSE of the standard deviation and the stanine boundaries could not always be
readily compared across design cells because the bias and the RMSE of these norm statistics are
scale dependent. To alleviate this problem, we divided the bias and the RMSE of the SEs of these
norm statistics by the average standard deviation of the simulated scores; that is, we divided by

o
fr=15 Zq=1 5Y,- (42)

where sY, is the standard deviation of the simulated raw scores in the gth replication. Hence, bias
and RMSE are expressed on a scale with mean 0 and standard deviation 1. Dividing the bias and
the RMSE by sy guaranteed a fair comparison of the bias and the RMSE of the standard deviation
and the stanine boundaries for different sample and test characteristics. For the bias and the RMSE
of the percentile rank scores, expressed on a scale from 0 to 100, and Z-scores expressed on a
scale with mean O and variance 1, such a correction was not necessary.

Coverage of the 95% CI. To investigate the coverage of the 95% CI, in each replication we
first constructed a Wald-based CI (Eq. 1) for 0,. The 95% coverage was defined as the proportion
of replications in which CI contained 6. Given that the lowest and highest scores might not be
observed in all replicated samples, only replications in which a particular raw score was observed
were used to compute the coverage.

4.3. Independent Variables
In the simulation study, the test and norm sample characteristics were varied as follows.

Number of items (J) The number of items was equal to either J = 10, 30, or 50. These values
were chosen to cover the range of test lengths often found in practice (Oosterhuis et al., 2016).

Sample size (N) The sample size was equal to either N = 500, 1000, 1500, 2000, or 2500.
These values were chosen to cover sample sizes often found in practice (Oosterhuis et al., 2016).

5. Results

For tests with 10, 30, and 50 items, sy (Eq. 42) was equal to 2.076, 5.530, and 8.966,
respectively. These values were used to adjust the bias and the RMSE of the SEs of the standard
deviation and the stanine boundaries.

5.1. Standard Deviation

For none of the combinations of sample size and test length, the SE of the standard deviation
(Eq. 27) showed bias, whereas the SE of the standard deviation derived by Ahn & Fessler (2003;
Eq. 29), N sy (Eq. 29), was positively biased (Table 1). The bias of SSX decreased as sample
size increased. Precision of our SE was higher than the precision of SSX (Table 1). For both
SEs, precision increased as sample size increased. The precision of both SEs did not depend on
test length. The coverage of the 95% Cls that were based on our SE was close to 0.95 for all
combinations of sample size and test length, whereas the coverage of the CIs based on SSX was
too high (Table 1).
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TABLE 1.
Standardized bias, standardized RMSE, and coverage probability of 95% ClIs of the estimated SEs of the standard deviation.

Items N Bias RMSE Coverage
SSX SSx* SSX SSx* SSX SSx*
10 500 —0.0001 0.0037 0.0010 0.0038 0.949 0.973
1000 —0.0001 0.0026 0.0005 0.0026 0.951 0.974
1500 —0.0001 0.0021 0.0003 0.0021 0.947 0.971
2000 0.0000 0.0019 0.0002 0.0019 0.950 0.97
2500 0.0000 0.0017 0.0002 0.0017 0.951 0.976
30 500 —0.0004 —0.0033 0.0012 0.0034 0.946 0.970
1000 —0.0002 0.0024 0.0006 0.0024 0.949 0.972
1500 0.0000 0.0021 0.0004 0.0021 0.944 0.971
2000 —0.0001 0.0016 0.0003 0.0017 0.948 0.971
2500 0.0000 0.0016 0.0002 0.0016 0.949 0.973
50 500 —0.0002 0.0035 0.0011 0.0036 0.951 0.975
1000 —0.0001 0.0024 0.0006 0.0025 0.952 0.973
1500 —0.0001 0.0020 0.0004 0.0020 0.952 0.975
2000 0.0001 0.0019 0.0003 0.0019 0.950 0.973
2500 —0.0001 0.0014 0.0003 0.0015 0.95 0.972

* SE based on Ahn & Fessler (2003, Eq. 29).

5.2. Percentiles

For a test consisting of 10 items, for none of the sample sizes, the SEs of the percentile rank
scores (Eq. 31) showed bias. On the other hand, for tests consisting of >30 items, the lowest
and highest raw scores showed small positive bias (Fig. 2). For these extreme raw scores, bias
decreased as sample size increased. For N = 500, precision of the SE estimates only increased
as test length increased (Fig. 2). For other sample sizes, test length did not influence estimation
precision. The RMSE of the SEs first increased as scores became more extreme, but decreased
for the most extreme scores. For all conditions and percentile rank scores, the coverage of the
95% Cls was generally close to 0.95, except when the raw scores were closer to the extremes of
the scale (Fig. 3). For these extreme raw scores, the coverage was lower than 0.95. Furthermore,
a sharp increase of the coverage was visible for the most extreme raw scores.

The increase of the RMSE and the decrease of the coverage for scores further away from
the mean can be explained by the decrease of the observed scores further away from the mean,
whereas the decrease of the RMSE and the increase of the coverage for the most extreme scores
were caused by the proximity of the corresponding percentile ranks to 0 and 100, respectively.
Considering that the extreme raw scores had a low prevalence in the samples, in absolute terms
they did not change much from sample to sample. This resulted in a lower RMSE and a higher
coverage.

We further investigated which percentile rank scores were associated with the extreme raw
scores that corresponded to low coverage. We found that the coverage of the CIs was close to
0.95 when N > 500 and the population percentile rank scores were > 1% or < 99%. For a test
consisting of 10 items (Fig. 3), percentile ranks > 1% and < 99% corresponded to the raw scores
of 2 and 10, respectively. For tests containing 30 or 50 items (Fig. 3), the raw scores for percentile
ranks > 1% and < 99% were equal to 4 and 28, or 7 and 45, respectively. For N = 500, the
coverage of the CIs was close to 0.95 when the population percentile rank score was > 2.5% and
< 97.5%. These percentile rank scores corresponded to raw scores 2 and 9, 6 and 26, and 9 and
43 for tests containing 10, 30, and 50 items, respectively.



572 PSYCHOMETRIKA

e w
s ~ 7]
o ] ]
S i
=] ] o _]
. h w ]
10items § s 1 — R
m © A x 1
0 ] 0 —
= 4 - . J—
ol' 7 _//_ ~ea - L P ,-:_— ~.
- E :__,;::.—:;;\: ;\__:,_E_;:::_'—;z:—_':T\:
S 1 1T T T T T T 1 e 1T T T T T T T 1
01 2 3 4 5 6 7 8 9 10 01 2 3 4 5 6 7 8 9 10
Score Score
= ©
s 7 = ]
o 1 ]
i 4
(=} 1% ,-' o 4 .
. ? o :i& —— ‘) u 177 T
30 items S S e RN S T o] g 1 '
] i hd i
8 _: © _. T ~ . et \
‘? n "/—"—‘\-\\ N ' 4 —_———
4 i VSR == b S e
o ] FETIEIRIR s gt 3
S e e © T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Score Score
8 e
s =]
o 1 ; ]
S 1 ;! - .
e 0 : o i
. 2 o N R e e e o] ;
S0items 8 S SumemE N EINPNRESS = ]
. - ¥ _
©w ] 0 —;
S 7 J:
OI ] T
o ]
; IIIIIIIIllllllllllllIIlI'IllIIIIIIIllllllllllllll o
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Score Score
FIGURE 2.

Bias and RMSE of percentile rank SEs for N = 500 (dotted), 1000 (dot-dashed), 1500 (long dashed), 2000 (two-dashed),
or 2500 (dashed).

5.3. Stanine Boundaries

For none of the combinations of sample size and test length, the SEs of the stanine boundaries
(Eq. 33) showed bias (Fig. 4). Precision of the SE estimates increased as sample size increased
(Fig. 4). Precision was lower for the lowest and highest stanine boundaries, which can be explained
by the smaller number of observations located further away from the mean. For all conditions and
stanine boundaries, the coverage of the 95% CIs was close to 0.95 (Fig. 5).

5.4. Z-scores

For none of the combinations of sample size and test length, the SEs of the Z-score estimates
(Eq. 36) showed bias (Fig. 6). Precision of the SE estimates increased as sample size increased
(Fig. 6). For all conditions and Z-scores, the coverage of the 95% Cls was close to 0.95 (Fig. 5).
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6. Discussion

We derived SEs for the standard deviation, percentile rank scores, stanine boundaries, and
Z-scores, assuming that the data were multinomially distributed. This is a reasonable assumption,
which does not restrict the applicability of the SEs. The SEs were derived using the delta method
in conjunction with the generalized exp-log notation. A simulation study suggested that for all
practical purposes the SEs of the standard deviation, the stanine boundaries, and the Z-scores
were unbiased, whereas the SE of the standard deviation proposed by Ahn and Fessler (2003,
Eq. 29) was found to be biased. We also found that Wald-based CIs based on the SEs of the
standard deviation, the stanines, and the Z-scores had good coverage.

SEs of the percentile ranks were unbiased, unless the statistic was close to 0 or 100. We found
that small samples (i.e., N < 1000) resulted in unbiased SE estimates and CIs with good coverage
if the percentile ranks were > 2.5% and < 97.5%. SEs or CIs for more extreme percentile ranks
(e.g., the 99th percentile rank) were unbiased and had good coverage if a larger sample (i.e.,
N > 1000) was used to obtain unbiased estimates. It is well known that the Wald CI may have
poor coverage for small samples and for parameters close to the boundary of the parameter space
(e.g., Agresti & Min, 2001). Score and profile likelihood CIs for contingency tables (Lang, 2008;
also see Agresti, 2012, Sect. 2.3.3) are range preserving, and in the future, they may provide an
alternative for norm statistics close to the boundary of the parameter space. Currently, these CIs
are not ready to be used in the application at hand as models for norm statistics have not yet
been developed. If the intended use of the test requires the distinction between extreme percentile
ranks (i.e., < 2.5% and > 97.5%), the poor coverage of CIs for extreme percentile ranks can be
alleviated by increasing the size of the normative sample. This will result in narrower ClIs, so that
the boundaries of the CI are less likely to cross the parameter boundaries. Alternatively, if a larger
normative sample is not feasible, the methods described by Crawford et al. (2011) can be used to
derive SEs. However, these methods can only be used to calculate SEs for percentile ranks, which
means that test developers still need to employ a different method to estimate SEs for other norm
statistics, such as stanine boundaries. Given that the Wald-based CIs performed very well in most
cases and given the computational complexity in score and profile likelihood CIs, we recommend
using Wald Cls.

The same simulation study also suggested that the precision of the SE estimates of the
percentiles ranks, the stanine boundaries, and the Z-scores increased as the number of observations
for the corresponding raw scores increased. Hence, the norm estimates that are of interest for the
intended use of the test should be based on a sufficient number of observations. For example, if
extreme percentile ranks or Z-scores are of interest, a larger sample is required, whereas the SE
of the standard deviation can be precisely estimated in relatively small norm samples.
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Bias and RMSE of stanine boundary SEs for N = 500 (dotted), 1000 (dot-dashed), 1500 (long dashed), 2000 (two-
dashed), or 2500 (dashed).

The procedure to derive SEs assumes that a simple sampling design was used. However,
normative samples are often based on stratified sampling, which means that the SEs should be
adjusted to represent the sampling design. For a range of different sampling designs, Lehtonen
and Pahkinen (2004, pp. 61-64) provide an overview of methods to adjust SEs of point estimates.
These methods are based on the design effect of the type of sampling that was used to obtain the
normative sample and can be readily applied to the SEs derived by our procedure.

The delta method only uses the first partial derivatives to approximate the function of arandom
variable, which means that this method assumes that the function is linear in the expected range
of the parameter. If the function is highly nonlinear and the data show considerable variation, the
delta method might not result in a close approximation of the variance of the function (Cooch &
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White, 2015, Appendix B). For percentile rank scores, the delta method can be readily used to
approximate the SEs of percentile rank scores, because these statistics are linear combinations
of the observed raw score frequencies. On the other hand, the standard deviation, the stanine
boundaries, and the Z-scores are nonlinear transformations. Incorporating higher-order Taylor
expansions in the derivation of the corresponding SE might result in closer approximations of the
SEs. However, such higher-order Taylor expansions very quickly resultin lengthy and complicated
derivations, which according to the results of our simulation study are unnecessary. Furthermore,
the delta method is based on the central limit theorem and therefore cannot be applied to small
samples. However, using small samples is not advocated in establishing norms for psychological
and educational tests.

The methodology proposed in this article can also be applied to other statistics that can be
written as a function of the observed frequencies of the unique realizations of the scores. For
example, SEs have been derived for Cronbach’s alpha (Kuijpers, Van der Ark, & Croon, 2013b)
and coefficient H (Kuijpers et al., 2013a; Van der Ark, Croon, & Sijtsma, 2008). Further research
is necessary to determine whether the methodology used in this article can be applied to other
functions, such as coefficients, association measures, or goodness-of-fit statistics.

We recommend test developers to provide ClIs for norm values that are presented in norm
tables. Individual test results can then be compared to the CIs of the norms, instead of the point
estimates. As a result, sampling error of norm values is taken into account and, especially for test
scores close to the norm values, the comparison of test scores to the norms is less likely to result
in erroneous decisions. Applied researchers can easily access the procedure for obtaining SEs and
CIs for the mean, standard deviation, percentile ranks scores, stanine boundaries, and Z-scores
via the R (R Core Team, 2015) function check.norms, which is available in the mokken package
(Van der Ark, 2012).



576 PSYCHOMETRIKA

[Te}
o
o
C; —~
10items 9 9 1 ] %)
o g T e AR R L L v v = o =
_ o
o
o
< T T T T T T T T T
<
01 2 3 4 5 6 7 8 9 10
Score
[Te}
o
o
d -
. i w
30items § g | ________ ]
o g T Bt e T =
o ... ST (i'd
o
8
0‘4 llllllIIIIIIIIIIIIIIlIIIIIIlI
0 5 10 15 20 25 30
Score
w0
o
S
© -
. » i L
50 items © 8 Q
m S =
1=} x
o
8
S I

0 5 10 15 20 25 30 35 40 45 50
Score

FIGURE 6.

0.006

0.003

0.000

0.006

0.000 0.003

0.006

0.003

0.000

~Soon R
~JoS0 RPN it
s gpE T
e

I
b
/
/

T™TrTT I rrTrT ] LELELIN ] l TrTT I TrTT I T™rTT
0 5 10 15 20 25 30
Score

N e
gy . -
~ T~ ST
=~ IS =TT

S,

IllllllllIIIIIIII||lll.lllllllllllllllllllllllllll

0 5 10 15 20 25 30 35 40 45 50
Score

Bias and RMSE of Z-score SEs for N = 500 (dotted), 1000 (dot-dashed), 1500 (long dashed), 2000 (two-dashed), or

2500 (dashed).

Acknowledgments

The funding was provided by Nederlandse Organisatie voor Wetenschappelijk Onderzoek

(NL) (Grant No. 406-12-013).

Appendix 1

The sample estimate of the standard deviation, sx, can be written using the generalized exp-log

notation (Eq. 5) as

sx = As -exp (A4 - log (A3 - exp (Az - log (A -m)))) .

(43)
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Let y@® be the vector containing the squares of the elements in y. Then, the 4 x k matrix A
equals

Al =[rr? 1, 1], (44)
the 4 x 4 matrix Aj equals
20-1 0
=100 1 o | @)
001 —1
the 2 x 4 matrix Az equals
A3=[_olé(1)—01] “0)
the 1 x 2 vector A4 equals
A=[h -1, @)

and As equals the scalar 1. It follows that gy = m, the 4 x 1 vector g; equals

log (X X,z)
g1 = log (A - go) = log ([r r®1,1,] ﬁl) - 101g0(gZ(l]j§i) , (48)
log (N)
the 4 x 1 vector g, equals
20-10 log (3 X,) (= x)"
aoanmen|[050 0 || G0 || 2| 2% | e
001 -1 log (N) 1
the 2 x 1 vector g3 equals
(Z;}q)z
e I A R e
1

2
where S = ZXIZ - %, and

1 SS
s = exp (A4 - £3) = exp ([% ~11 [logfl\gsf)l)}) = [ 22 (51)
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because As = 1, g(m) = g5 = g4 = sx.
After some tedious algebra, it may be verified that Go = I,

G =D"'[A;-g] A Gy

N -
Z]iV:IXé %(2)){'
=D! ZiTVlXi [rr@ 1, 1k]’.1= ZlLX? , (52)
N
N L
N
G2 =D[exp(A2-g)] A2 Gy
r/
Exr ) r2o0-10 DS w'X — X2
2y
_ ZXz |01 0 0 X2 | r
D N 001 0 1, 1, ' (53)
1 00 1 —1 i 0,
N
Then, G3 is a 2 x k matrix,
Gy =D""[A; 2] -A3- G2
r'X — X2
o] oss ~110 0 @ ey
=D [N—l][OOl—l ' 1; Tle ] S
k
where the k x 1 vectord =r — X ande = 13 /(N — 1),
and Gy is the 1 x k vector
G4 =D [exp (A4 . g3)] . A4 . G3
ae d?
=D[sX]-[%—%]-|:SeS:|:0.5sX(§—e). (55)

Finally, one can derive that G =G5 = Gy4.

Because the sample estimate of the standard deviation is obtained by dividing the sum of
squared deviation scores by N — 1, g(i) (Eq. 51) is not homogeneous of order 0. As a result, the
asymptotic variance is approximated by Vs, ~ GD()G'—GmN ~'m'G’ (cf. Eq. 2). Inserting
the Jacobian G (Eq. 55) in Eq. 2 results in the sample estimate of the asymptotic variance of sy,

d? d? g
Vi & 255% Zizj(S_lS - e)(ﬁ - e) (&ymi - ’). (56)

For large N,

2 1Y
Viy A~ .255% - Z,-"A“ (E - ﬁ) : (57)
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Appendix 2
The sample estimates of the percentile ranks, collected in vector PR = (PR, --- PR,k)/
(Eq. 26), can be written as
PR = A3z -exp (Az - log (A} - ). (58)

Let L, be a lower triangular matrix of ones. The (k + 1) x k matrix A; equals

L
A= [ 1/‘} : (59)
k
and the k x (k 4+ 1) matrix A, equals
Ay = [Ik —lk]. (60)

Let A3z be a lower bidiagonal £ x k matrix in which each nonzero element equals 50; that is,

/
Az =50 (Ik + [‘I)k—l 00 ]) (61)
k—1 Yk—1

It follows that gy = m. Let m* = (Zil:l n;, 21'2:1 m;,..., Zle m;) be a vector of cumulative
frequencies; that is, m* = L; - m, and let P* = m*/N = (P (X <r)),..., P(X <rp)).
Function gj isa (k + 1) x 1 vector,

. Ly | . m*
g1=log(A1~m)=10g([1;€:|-m)=10g[N:|, (62)
g isak x 1 vector,
Ifl*
g2=exp(A2-g1)=exp([Ik —lk]~log|:N ]) =P", (63)

and gz isa k x 1 vector,

0 0
M) =g3=A3-g =501+ | k-1 i|) -P* = PR. 64
g(m) = g3 3-8 ( k |:Ik—1 01 (64)

It follows that Gy = I, the (k + 1) x k matrix G| equals

G = D! [A1~g0] A1 - Go= D! (|:I]I:7*i|) : |:];;I:i| ) (65)

the k x k matrix G, equals

G2 =D[exp(A2-g1)]-A2- G =D (P*) - [It =1, ] - D™ ([‘}‘v D : [fﬂ . (66)
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and the k x k matrix G3 equals
G=G3;=A3-G&,
=50 (Ik + [(I)ic:ll 0k0—1 D D ([P]) - [Lk 1] -D! ([ljlv*D : [Ifﬂ . (67
Some tedious algebra shows that the elements of G equal

2—P;71—P; ifg >i

50 . .
Gi =5 1-P; =P, ifg=i, (68)
O—PZ_I—PZ ifg <i

where Pj = P (X < x).Because the percentile ranks are homogeneous of order 0, the asymptotic
variance is approximated by Vpr ~ GD(1)G’ (cf. Eq. 3). The sample estimates of the elements
of the asymptotic covariance matrix of PR are

2500 A
Vo ~ Sl = Py 3) O P )

forg,h=1,...,k.

Appendix 3

The sample estimates of the eight boundaries of the stanines (Eq. 28) can be written using the
generalized exp-log notation (Eq. 5) as follows:

Sty = As - exp (A4 - log (A3 - exp (Az - log (A} - m)))). (70)

Let A be the 4 x k matrix,

A= [l’ r® 1; 1% ]/, (71)
let Aj be the 5 x 4 matrix
200 —1
010 0
A,=({000 1 |, (72)
100 —1
001 —1
let Az be the 3 x 5 matrix
—-1100 0
As=| 0010-1{, (73)

00010
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let A4 be the 2 x 3 matrix,

and let A5 be the 8 x 2 matrix

It follows that gg = m, g; is the 4 x 1 vector

EZAXE
g1 =log(A; - gp) = log ([l‘ r® 1, 1, ]/ . Ifl) = log Z]\i(l ,
N
g isthe 5 x 1 vector
- = x)’
200 —1 S X X
0100 Sy >
g =exp(Ay-g)=exp| [ 000 1 |-log e = N
100 —1 X
N
001 —1 1
g3 is the 3 x 1 vector
= x)?
~1100 0 X2
g3 =log(A3-g)=1log|| 0 0101 N ,
00010 X
1
SS
= log N -1 ,
X
g4 is the 2 x 1 vector
SS
1 _1
g =oxpAs-g=exp (|2 29 o[ | N1 [)) =%,
0 1 % X

and gs is the 8 x 1 vector

gs=As- g =|[f 18][?} = g(m) = Sty

581

(74)

(75)

(76)

(77)

(78)

(79)

(80)
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Next, Gg = I. Gy is the 4 x k matrix,

r/
2. Xi
EZJYQ e
2
G=D"! [Al'go] A1 -Go=D"! Z]\ifi . [r r® 1, lk]/ - ZIX,
N N
1
N
Then G, is the 5 x k matrix
G2 =D[exp(Az2-g1)] A2 Gy
— l,/ —_— — /— . —2_
= x) 200—171] =X wx-X
Tz 010 0 el ry
-D ZXi ZXIZ _ /
= N 000 1 = 1, ,
% 100 -1 &+ &
1 001 -1 1, N
L v 1 L 0
G3 is the 3 x k matrix
G:=D""[A; 2] A3 -G,
r'X — X?
SsS —1100 0 r®’ a*
=D '{|N-1]|])-|] 0O010~1]-: 1, = ¢
¥ d '
X 00010 S X
0;
where d* = %.Then Gy is the 2 x k matrix
G4 =D [exp(As-83)] - As-G3
1 1 - SX %/ /
_[sx 07 [3-30]. ¢ |[_[% @—¢)
“LoXx] [001 a | a4 ’
> Xi

and Gs is the 8 x k matrix

2

SX . (d* _ o .
G5=G=A5'G4=[f18]|:2 (d e)j|=f sX~(d*/—e/)+

d/
N

15-d’
N

81)

(82)

(83)

(84)

(85)

The stanine boundaries are not homogeneous of order 0, because St is obtained using sx. As
a result, the asymptotic variance is approximated by Vg ~ GV4G’ (cf. Eq. 2). Some tedious
algebra shows that the sample estimates of the elements of the asymptotic covariance matrix of

Vst are
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Vsty, ~ Z/ 12, 1 -[fgsx-(d;‘—e)+%][%-(dj—e)+%] (86)

where t = §;;m

) fg Sx *_l é fh'sX *_l d_l
VStg”Nzlll[ '(d" N)JFN][ 2 '(df N)JFN} e

Appendix 4

The sample estimate of the k standardized scores corresponding to r, collected in a k x 1 vector
z (Eq. 31), can be written as

Z=A7-exp (A6 -log (A5 - exp (A4 -log (A3 - exp (A2 -log (A1 . ﬁl)))))) . (88)

Let A; be the (k 4+ 2) x k matrix

A= [Ik 1; 1% ]/ . (89)
- . X0 .
Let & indicate the direct sum, for example XY = 0Y . Then Aj isthe (k + 1) x (k +2)
matrix
A= e[l -1], (90)
Ajzisthe (k +4) x (k + 1) matrix
As=[r? 1, ] or, 1)
Ay isthe (5 4+ k) x (4 + k) matrix
100 -1
200 —1
Ay=1010 0 | @I, 92)
000 1
001 -1
As is the (k 4+ 3) x (k + 5) matrix
As=1o[-11]a[l-1]aL, (93)

Ag is the (1 4+ k) x (3 + k) matrix

|- oo
A6=|: 0 k}, (94)
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and A7y is the k x (k + 1) matrix
Ar=[-1L L]
It follows that gg = m, the (k 4+ 2) x 1 vector g; equals
g = log (A; - 1) = log ([Ik 1; 1k ]/ . Iil) = log ([ﬁl’ N N]/) ,
the (k 4+ 1) x 1 vector g equals
g =exp (A - g)) :exp(Ik ®[1-1] ~10g([ﬁ1’ N N]/)) = [’ 1]/,

the (k +4) x 1 vector g3 equals

2 X
> X7
g3 =log (A3 - &) = log (([r r® 1; 1, ]/ Gar) [’ 1]/) =log| N |,
N
r
the (k 4+ 5) x 1 vector g4 equals
g4 = exp (A4 - g3)
100 —1 S X [ X
- i x)’
200 -1 > x? N
2
= exp 0100 |@L | -log| N = 22X |,
000 1 N N
001 —1 r 1
— r -
the (k + 3) x 1 vector g5 equals
g5 = log (As - g4)
A
(215,-)2 X
2 SS
=log|[t@[-11]®[1 -1]®L]- Z]\f, = log No1l
1 r
- r -
the (k 4+ 1) x 1 vector g equals
g6 = exp (A¢ - g5)
1 1 X
1 — 5 0 X
= exp 12 1 fl NSSI AR
0 —5 -1 5 -1 I - x

95)

(96)

97

(98)

99)

(101)
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and the k x 1 vector g7 equals

X d
g7=g(ﬁl)=A7'g6=[—1ka]'[S,X}=|:—:|=z. (102)
sx 5x
Next, Go = I, the (k + 2) x k matrix G| equals
G =D"' [A1-20] Al Go
) ) D! (i)
=o' ([ NNT) [l k] = | /N |, (103)
1./N
k
the (k + 1) x k matrix G, equals
G2 =D [exp(Az - g1)] A2~ Gy
D~ () I
A /
=p([m1])-ma[t-1]-| /N =[0’;], (104)
1, /N k
the (k + 4) x k matrix G3 equals
ZXE g)/ZXi2
/
G 1 in @) , Ik r //ZXi
3=D N e wnd ex] | =] u/a | a0s)
N k 1,/N
r 0kxk
the (k + 5) x k matrix G4 equals
G4 =D [exp(As-83)] - As-G3
- % - / )
(ZXi)z 100 —1 r/ZX,‘ N
N 200 —1 r® /3> x?2 r'2X — X2
=p|| 2X 0100 |@L|-| /N |=]| ¢
N 000 1 1,/N 1,
i 001 —1 Os i 00+ 1)xk

(106)
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the (k + 3) x k matrix G5 equals

Gs=D""[As g] A5 G4

d/
% N _
SXS r'2X — X?
=p7'| 7 |te[-11]e[1-1]eL] r@
1;
r
01y xk
1
SX;, N
*/
— & , (107)
e
Or x &

and the (k + 1) x k matrix G¢ equals

Gs =D [exp (A¢ - g5)] - As - Gs

[E[&- % _os (@ -¢)] . (108)

Finally, the k x k matrix G7 equals

G=A7-Gs=[-L L] é'[i—;{_%—o-S(d*’—e’)]

_ sl_; | [_x [Z?X _ %k s (a - e)} Cose(a - e)] o)

with elements

Gij = é . <_5([ U 05 (4 _e)] ~ 0.5 (d —e)}. (110)

The Z-scores are not homogeneous of order 0, because z is obtained using sx. As a result, the
asymptotic variance is approximated by V, ~ GVG’ (cf. Eq. 2). Some tedious algebra shows
that the sample estimate of the asymptotic covariance matrix of Vy is

Nk k - ri 1 ~f 1j 1
Vg = ijlzl_zlt |:—X- (ZX - N—ui)—rgu,-:| . [—X (ZX N uj | —rpuj|,

(111)
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where u; = 0.5 [dl* — e]. For large N,

Vz %Zﬁ -X il —l—u- —reui |- | =X ) —l—u- —rpu;
h is2 >x N o >x N a8
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