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I II  . 1 

Chargedd black holes and phase transitions 

"" .. M i l l The Astronomical Institute at Utrecht, Zonnenburg 2, Utrecht. 
TheThe Netherlands 

Receivedd 1977 February 23; in original form 1977 January 10 

Summary.. The thermodynamic behaviour is discussed of a charged black hole 
inn a box in equilibrium with neutral thermal radiation, in the thermodynamic 
limitt (i.e. of a very massive black hole). The heat capacity at constant volume 
off  this system exhibits several types of discontinuities which resemble 
phasee transitions, and in an appropriate phase plane a critical point can be 
distinguished.. The correspondence with normal thermodynamic phase 
changess is discussed, and various other thought experiments are briefly 
mentioned. . 

11 Introductio n 

Inn a classical treatment one can assign to a black hole a finite value of the entropy which is 
equall  to a constant times the surface area of the event horizon (Bekenstein 1973). The 
analogyy with thermodynamics can be carried further to the point of formulating four laws 
off  black hole mechanics, corresponding to the four laws of thermodynamics (Bardeen, 
Carterr & Hawking 1973). But the analogy is only a formal one, since a classical black hole 
cannott emit anything, and the only temperature compatible with the second law of thermo-
dynamicss is therefore zero, leading to an infinite entropy (Hawking 1976). The discovery by 
Hawkingg that black holes do emit thermal radiation resolved this paradox (Hawking 1974, 
1975).. In his treatment of quantum fields propagating on a fixed background, he was able 
too show that the temperature of a black hole is T= KJln where K is the surface gravity of the 
hole.. As a consequence the entropy is S=Y4A, where A is the area of the event horizon. 
Heree and throughout this paper we use units in which c = h = G = * = l . 

Too explore the thermodynamic properties of black holes, a number of thought experi-
mentss can be envisaged. The simplest equilibrium system to be imagined is an uncharged 
andd non-rotating black hole in equilibrium with its thermal radiation. A Schwarzschild black 
holee formally possesses a negative heat capacity - however as such a statement applies only 
too closed systems, which a black hole is not, we should rather consider the hole and the 
radiationn to be confined to a box with perfectly reflecting walls to obtain a system in a 
stablee equilibrium state (Gibbons &  Perry 1976a, b). There are certain difficulties in defining 
thee genera] relativists energy and entropy density of the radiation, but these can be over-
**  Present address: Institute for Theoretical Physics, University of Utrecht, Utrecht, Netherlands. 
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comee (Perry 1976). For  a box much larger  than the Schwarzschild radius of the hole the 
relevantt  expressions tend to the well-known special relativisti c ones, which we shall use in 
thiss paper  There appear  to be possible two equilibriu m states; either  the entire energy is 
presentt  in the form of radiation, or  a black hole has condensed out, having the same 
temperaturee as the remaining radiation. This black hole condensation resembles a first̂ orde r 
nhssee chance 

Itt  would be interesting to extend these investigations to the full Kerr-Newman famUy of 
blackk holes. For, in contrast with the Schwarzschild case, extremely highly charged or 
rapidl yy rotating black holes have a positive heat capacity at constant charge and angular 
momentum.. At intermediate states there appears an infinit e discontinuity in the heat 
capacity,, which again reminds one of a phase transition (Davies 1977). There are, however, 
aa number  of complications in the treatment of charged and rotating thermal radiation fields, 
andd in the prescription of appropriate boundary conditions to them. Therefore, in this paper 
wee discuss what seems to be the simplest generalization of the Schwarzschild case, namely a 
chargedd black hole in equilibriu m with neutral radiation. This can be realized by taking a 
veryy massive black hole, since the emission rate of electrons and positrons, the lightest 
chargedd particles, falls off exponentially with increasing mass of the black hole (Carter 
19744 Gibbons 1975). In this thermodynamic limi t the system already exhibits some 
interestingg properties different from the Schwarzschild case. The treatment of a rotating, 
unchargedd system is presently being undertaken by Perry & Stewart (private communica-
tion). . 

22 Equilibriu m states 
Onee of the fundamental aspects of black hole thermodynamics is the existence of the 
explicitt  fundamental relation for  the Kerr-Newman family between its charactenstic 
parameters s 

AirAir  S 2 J 
wheree M is the mass or  energy of the hole, S the entropy, and J and Q are the angular 
momentumm and charge respectively. An infinitesimal change in the energy relates to changes 
inn the other  parameters as follows 

dMdM = TdS + SldJ + <t»dö * 
wheree T is the temperature of the hole, fi  the angular  velocity and 4> the electromagnetic 
potentiall  at the event horizon. We refer  to Hawking's paper  for  more information and the 
originall  references (Hawking 1976). Equation (2) has the usual thermodynamic form and 
wee can therefore call S, J and Q together  with M, extensive parameters, and T, a and *> the 
correspondingg intensive parameters. However, there is an important difference from the 
ordinar yy thermodynamic situation, in that a black hole cannot be divided into smaller  parts. 
Therefore,, it is not surprising that M is a homogeneous function of degree V4 in S, J and 
QQ22 in this case, while normally the energy is a homogeneous linear  function in the extensive 

parameters.. , 
Wee shall further  restrict our  treatment to the Reissner-Nordstrom family of black.holes 

whichh have J = n = 0 in equation (2) and (3) and consider  a system formed by a hole in a 
boxx with volume V in equilibriu m with thermal radiation. The walls are taken to be rigid 
andd perfectly reflecting. As the charge of the hole is constant in the thermodynamic limi t 
wheree M-< ~ we can restrict ourselves to considering only neutral radiation. For  a given Q 
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andd V, we can find the equilibrium state of the system by maximizing the entropy 

SS = 2*M2{\ + VO ~Q2/M2)) *Q7 +4/3flK73 (3) 

whilee keeping the total energy constant which is given by 

EE = M + aV7'*. ( 4 ) 

Thee 'constant' a, determining the radiation contributions, depends in general on tempera-
ture,, but if we consider massless fields only it is a real constant, given by 

aa = — (nb + 7/s«f + Vin%) (5) ) 

wheree nb, n{ and ns are the number of boson fields with non-zero spin, the number of 
fermionn fields and the number of scalar fields respectively. Since the energy density of the 
backgroundd radiation in the universe is finite, among all elementary particles there must be 
onee or more having the smallest mass, say m0. If T* m0, the radiation will indeed contain 
masslesss particles only, and such will be the case in the thermodynamic limit of very large 
blackk hole mass we are considering here. 

Introducingg the parameters 

M M 

EE ' y ~ 3n 

(aV\(aV\U4 U4 

zz = 2- !(37r)4/s(a*0-' /5e e 

thee (meta)stable equilibrium states can be found by maximizing the function 

fy,z(x)fy,z(x) = x2\\ +(1 + 2 y i / V O , / 2 l + 2y(\ x)3M 
(6) ) 

withh respect to x on the interval (2U2y'vsz, 1). The parameter x has to be greater than this 
lowerr limit to avoid a (nearly) naked singularity where Q > M. The global maximum of ƒ 
indicatess a stable equilibrium, a local maximum indicates a metastable equilibrium, whereas 
aa minimum gives an unstable equilibrium state. A qualitative picture of the behaviour of the 
systemm is given in Fig. 1. When Q and V are kept constant and E is varied slowly there are 
fourr different possibilities: 

Figuree I. The values of x are shown for which fyz(x) is extremized, for four different values of z. Heavy 
liness indicate a global maximum, thin drawn lines a local maximum, and dashed lines a minimum. In 
physicall  terms: fyz(x) is a measure of the entropy, and the heavy, thin and dashed lines indicate a stable, 
aa metastable and an unstable equilibrium, respectively. 
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(1)) z = 0. An uncharged black hole can be in metastable equilibrium with radiation if 
yy < 2S3~15_S/4 = 1.4266, and in stable equilibrium if y < 1.0144. For pure radiation it is 
alwayss possible to exist in (meta)stable equilibrium. 

(2)) z < zc. For small charges the line of constant z turns over between two non-zero 
valuess of y. Unlike the previous case a metastable equilibrium is no longer possible for an 
arbitrarilyy small volume. 

(3)) z=zc = 0.2914 (see Appendix 2). At this critical value of z no metastable states are 
possiblee any more. 

(4)) z > zc. For large Q all states are stable, (z > zc implies Q > 0.5626£"). 
Fig.. 1 seems to indicate that as £ decreases keeping Q and F constant the system reaches 

aa point where x = 1, i.e. there is no radiation left but only a maximally charged black hole 
(Q(Q = M = E). This limiting situation however cannot be reached since by that time the hole 
wUll  start to emit charged particles. The point is that for supermassive black holes the rate of 
emissionn of charged particles will drop much more rapidly with increasing mass of the hole 
thann the rate of emission of neutral massless particles. This can be seen by the following 
heuristicc argument: As the hole grows, the difference in electrostatic potential energy of the 
memberss of a virtual pair of particles drops far lower than the rest mass of the lightest 
chargedd particles, electrons and positrons. Therefore the superradiant discharge modes cease 
effectivelyy (Carter 1974). Thus in the thermodynamic limit where E-*°» and K-> °° keeping 
yy constant, i.e. V~ E5, Fig. 1 is valid over the whole energy range where x < 1. 

Too obtain a clearer physical picture of the behaviour of the system, the temperature 
iss plotted against the energy in Fig. 2 for the four different cases. For example, if the black 
holee has a small charge, Fig. 2(b), we can perform the following thought experiment. 
Startingg with a large amount of energy the hole will be very massive, having a low tempera-
ture.. When the energy is decreased, the temperature will increase, the hole becomes lighter 
andd the radiation field more intense, until the system will jump to the other branch, the hole 
losingg suddenly an amount of energy to the radiation. If the total energy is varied very 

Figuree 2. The temperature is plotted against the total energy in the box for  a constant volume. The Unes 
havee the same meaning as in Fig. 1. The dotted lines indicate the jump which the system wil l make if the 
totall  energy is varied very slowly. 
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p r e l uss case w th r i " * ' " " q U a l i t a t i ve b e h a V ,° U r W O u ld be t he » ™ as in «he 
previouss case with a cnücal p et at the border of a region where metastable equilibria are 

33 Phase changes 

Inl^LInl^L S T f f i S C O n; t am V°1UTe CV °' t hC SyS t6m 'S P l 0 t t ed 3S a f u n c t l ° " o f ^e total 
33 1 i C " g t hC d i f f C r e nt t y p CS ° f b e h a v i° U r o f ^ V t f ) we shall review 
bneflyy thes.mpler situation of one isolated Reissner^Nordstrom black hole only (Dav.es 

2S^^n^;r bee obtained from equat,ons > - <*  -*£% 
CCQQ = (MS3D/(2n2aA &nT2S3) 

Q,, = (5/4») 

where e 

r . - UU ;V ) 
Furtherr details are given in Appendix 1. 

(7) ) 

(8) ) 

(9) ) 

http://Dav.es
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Figuree 4. The heat capacities at constant charge CQ and at constant potential C*  for a Reissner-
Nordstromm black hole. 

Thee two specific heats are plotted in Fig. 4 as a function of the charge. While C* is 
finitefinite and negative everywhere, CQ has an infinite discontinuity at Q/M=Yi\/3 - 0.87. At 
thiss point its sign changes too: CQ is positive for more highly charged black holes. This 
remarkablee behaviour of CQ occurs because the Q, T coordinates are double valued, which is 
illustratedd in Fig. 5. The Q, * coordinates, however, form a non-degenerate coordinate 
systemm everywhere. The physical reason for the double valued M(Q, T) is that the 
temperaturee of a black hole tends to zero not only in the limit M^°°, but also in the lower 
limi tt Mi Q if Q is kept constant, since in both cases the surface gravity vanishes. This two-
valuednesss is also responsible for the occurrence of the metastable regions in Figs 1 and 2. 

Inn order to interpret the discontinuity in CQ in terms of a phase transition, the 
appropriatee thermodynamic potential to consider would be the Helmholtz free energy 
F(T,F(T, Q) = M-TS instead of the usual Gibbs free energy G(T, * ) = F - Ö*, since the heat 
capacitiess can be written as CQ = - T(d2F/dT2) and C* = - T&G/bT2), respectively. 

Figuree 5. Isotherms and equipotentials for a Reissner-Nordström black hole. 
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Inn analogy to the Ehrenfest classification of phase transitions, we might call the dis-
continuityy in CQ a first order phase transition, since {dF/bT)Q becomes infinite at Q/M = 
V$V3-- But this terminology does not seem to be very appropriate here, as there is no such 
thingg as a latent heat in this case, and most other thermodynamic functions are well behaved 
(seee Appendix 1). 

Returningg to our charged black hole in a box, the finite discontinuity of the Schwarzs-
childd case, Fig. 3(a), together with the infinite discontinuity we have discussed above are 
seenn to be present in Fig. 3(b-f). For small charges the infinite jump lies in the metastable 
part,, Fig. 3(b), and therefore the behaviour of the stable state is completely analogous to 
thatt in the uncharged case. There is a definite value of z, z0 =0.2784, above which both 
discontinuitiess occur in the stable state. But zc > 2fc which can be seen as follows. At the 
criticall  point, a small change in M leaves E, V and Q all constant in first order (Fig. 1). If 
dMdM > 0, the energy in the form of radiation decreases, and so does the temperature of the 
radiation.. But in equilibrium the temperature of the hole is equal to that of the radiation, 
andd therefore the former drops at the same rate. Thus we have at the critical point CQ < 0 
andd since metastable regions occur only for smaller values of z, we have z0 < zc. 

Wee shall now discuss the physical significance of the behaviour of Cv. In the usual 
thermodynamicc treatment of phase transitions the appropriate thermodynamic potential is 
G(p,G(p, T), since normally the systems are kept at constant pressure and temperature. But in 
thee present case our system cannot be in stable equilibrium with a heat bath, due to the 
occurrencee of a negative Cv. Instead of the Gibbs free energy we must rather consider the 
entropyy S(E, V), since the system is kept at constant E and V. Indeed, generalizing the 
Ehrenfestt classification, we can call the finite jump in Cv a first order phase charge, since 
(d/dE)S(E,(d/dE)S(E, V) is discontinuous there. 

Thiss phaseline separating both stable phases is drawn in Fig. 6. Note that in our case an 
E,E, V phase plane takes the place of the usual p, T plane. Furthermore, a generalized 

OO 1 2 3 e 
Figuree 6. The phase plane for an isolated box containing a charged black hole in equilibrium with neutral 
radiation.. The dashed region is unphysical, since the total energy must exceed the charge of the black 
hole.. The full line indicates the first order phase transition, the dashed Unes the boundaries of the meta-
stablee regions, and the dotted line indicates the infinite discontinuity in Cy. The coordinates E and T 
aree a measure for i ' and V and are defined in the text 
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Clausius-Clapeyronn equation can be derived. Along the phase line S0 = S„  where a subscript 
00 denotes the 'hot'  side of the phase line, a subscript 1 the 'cool*  side (a smaller  or  bigger 
holee respectively). Using 

11 P 
dSdS = — dE + — dV 

TT T 
att  the two sides of the phase line we obtain 

{bSJWv{bSJWv dE + (bSjdV)E dV = (dSjmv dE + {bSxfdV)E dV. 

AA combination of these two relations gives 

dE/dVdE/dV = (pJTt-polWKUTo- UTj) 

andd using p - xh aT* we finall y get 

dE/dVdE/dV = *haTMn + T0Tt + 7?) (10) 

forr  the slope of the phase line. Note furthermor e that the critical point is really a critical 
pointt  in the thermodynamic sense, it being the terminal point of a phaseline. The 
coordinatess E and V in Fig. 6 are defined in order to have constant values at the critical 
point,, independent of Q. The definitions are 

ÊÊ = E/Q <n> 

VV = 2^3'6n-AaVQ-s. 0 2 ) 

Insteadd of calling the metastable states superheated or  undercooled, it seems more apt here 
too call them superenergized or  underenergized. 

Althoughh the finit e discontinuity in Cv can be classified as a first order  phase transition, 
thee infinit e discontinuity cannot be considered as a phase change at all. Here the entropy 
iss continuous together  with all its derivatives with respect to E and V. But this infinit e 
discontinuityy has a physical significance which in a way transcends that of a phase transition. 
Althoughh the internal characteristics of the system do not change here, the way the system 
cann be brought into stable equilibriu m with an external environment changes. On the side 
withh a higher  Q/E, Cy > 0, and the system can be in equilibriu m with a heat bath. But at 
thee lower  Q/E side, Cv < 0, and the system can only be in equilibriu m if it is isolated 
fromm the outside world. Thus instead of a phase transition we encounter  here a transition 
fromm a region where only a microcanonical ensemble can be used to a region where both a 
canonicall  and a microcanonical ensemble are appropriate. 

44 Conclusion 
Wee have studied the thermodynamic behaviour of a charged black hole in a box in equi-
libriu mm with neutral radiation. As often occurs when treating systems where gravitation is 
important ,, there are regions where the system has a negativee heat capacity, and this implies 
thatt  we cannot keep the system in stable equilibriu m with a heat bath (Lynden-Bell & 
Woodd 1968; Lynden-Bell, D. &  Lynden-Bell, R. M., private communication). Instead of 
keepingg T and p fixed, as usual when discussing phase changes, we have now to keep E and 
VV fixed. Now, instead of minimizing the Gibbs free energy G(p,T)we have to maximize 
thee entropy S (E, V) to obtain the stable equilibriu m state. But in other  respects the 
situationn is entirely analogous to that of ordinary thermodynamics, in that we encounter 
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first-orderr phase changes, a critical point in the phase plane, and Clausius-Clapeyron 
equationss can be derived. 

Butt Cv is not negative everywhere. For relatively highly charged black holes, having 
QQ > %y/3M, the system has a positive heat capacity. In this region a stable equilibrium can 
bee attained with the system being in thermal contact with a heat bath. The equilibrium 
pointss can then be found by minimizing the Helmholtz free energy F(V, T). But since 
PP = (lf3)aTA

J the pressure is not an independent quantity, and the system cannot be kept in 
stablee equilibrium at constant p and T. At QfM = (]/2)>/3 the heat capacity has an infinite 
discontinuity.. Although this does not affect the internal state of the system as in the case of 
aa phase transition, it is physically important: It indicates a transition from a region where 
onlyy a microcanonical ensemble is appropriate to a region where a canonical ensemble too 
cann be used to describe the system. 

Althoughh we concentrated our attention on the behaviour of CV(E) we could have 
studiedd other thermodynamic quantities as well, like KS = - \/V(dV/bp)St the adiabatic 
compressibility.. Jt vanishes at the critical point, where a slight change in temperature leaves 
VV constant in first order in adiabatic changes. Note that Cp = T(bS/dT)p and KT = - {\jV) 
(èV/bp)(èV/bp)TT are not well-defined for the system under consideration, since the pressure 
dependss on temperature only. 

Finallyy we can consider a large number of replicas of our system in thermal contact with 
eachh other. If they are all in a region of positive heat capacity they can remain in metastable 
equilibriumm with each other. But as soon as one of them enters the region of negative 
specificc heat, e.g. by a fluctuation, it will grow until it has used up most of the energy 
availablee from the other systems. The black hole of this system will then be nearly a 
Schwarzschildd hole, while the other holes tend to the extreme limit where their masses 
equall  their charges. The heat capacity of the combination of all these systems, looked at 
ass one large system, will be negative, and the ensemble would in every respect behave as just 
onee big Schwarzschild black hole in a box. 
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Appendixx 1: infinite discontinuities in CQ j 

Inn the Reissner-Nordstrom family of black holes CQ -*  « i f Q-> a , /3 M. But only those 
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functionss arc affected which depend on the locally degenerated coordinates Tand Q. We can 
showw this by explicitly calculating them, for  example 

a - - l / ö [3ö /a7 l4 .== ll*«T 

KKSS S UQWI**\s = 1/* 

KKTT s I/O[30/9*1 T = - 0 * a "  M**Q) 

whichh are analogous to the coefficient of thermal expansion, the adiabatic and the 
isothermall  compressibility, respectively. At Q = fc>/3Mwe have 

aa = 9Mfi\KS = >/%M\KT = 0 

Ass expected, only KT is affected. . , , . . * . „,« 
Althoughh only charged black holes were considered, with respect to the infinities in LQ 

thiss is not much of a restriction. Similar  phenomena occur  in qualitatively the same fashion 
inn the Kerr  family with respect to Cj. In the general Kerr-Newman family the same picture 
appUess with respect to CJtQ (Davies 1977), the heat capacity at constant angular 
momentumm and charge. It is given by 

Cj,Cj,QQ - (Af53r)/(8^ 2 + 2**0*  -&*T*S>). 

Noww there is a whole line along which Q Q =  - , which can be parametrized by 

aa =*  J2IM 4 0 < a < 2>/3 - 3 - 0.46. 

Too show explicitly that here too aU principle thermodynamic functions are well behaved, we 
givee them as a function of a along the line where the heat capacity is infinit e 

SS = ff/4 (a + l)(o + 9)Af2 

TT = (ir(a + 9)}'lM~l 

JJ = y/aM 

nn = ^ JIT' 
(aa + l)(a + 9) 

QQ = %V3-a 2-6a-Af 

Appendixx 2: some analytical relations 
Too compute £c and Vc (Fig. 6), we have to put (d/dx)fy. ,(*) equal to zero, as given by 
equationn (6), together  with the second and third derivatives. We then have three equations 
relating* ^^  and zc. By a happy coincidence an equation for* c can be separated 

831875*cc -4719000*1 + 10979100*2 - 13407840*? 

++ 9066816**  - 3220992*c+470016 = 0 
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andd solved numerically giving as the physical rootxc =0.7319. Expressions for  yc and zc 

cann be found giving 

aa „ , f 6 5* c -108xc+48 \ 
ycyc = % (1 -xc)

VA 2xc + — - 1.4757 

zcc = 2- 1 / aj ; c ^ / s[ y * ( -55 4 + 1 0 8 J CC - 4 8 ) ] 1 / 2 - 0.2914. 

Thee resulting values for  Ec and Vc are Ëc = 1.7774 and P"c ~ 0.5842. 

Inn the simpler  case of a Schwarzschild black hole in a box, the phase change occurs at the 
pointt  where aV= (3nylfE

$, where yt can be calculated explicitly to be 

yiyi = % J C , ( 1 - * i ) 1 / 4 

where e 

x,, = 1 + >/is0l7 2,<V35-, /3[(29 + 9VTT) ,/3 + (29 9VTT) I/, ]I I 

Finallyy it can be seen lhat the curves of constant Q/M are straight lines in the E V plane, 
ass drawn in Fig. 6 for  the case Q=^/3M. For  if Q/M is kept constant, and if Q is kept 
constantt  by varying only E and V, then M must remain invariant . An increase in E can thus 
onlyy feed the energy in the form of radiation. But since the hole does not change, its 
temperaturee too is constant, as must be the temperature of the radiation. So the increase of 
energyy in the form of radiation must be compensated for  by an expansion, giving dE = 
aT*dV. aT*dV. 

Thereforee the curves of constant Q/M are straight lines. In terms of Ê and V they turn 
outt  to be represented by 

VV = 3-*/?"  [2 + 2(1 - 02) , /2 + 02(1 - 02yU2}4- (Ê - /T1) 

wheree 0 = Q/M. 


