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Introduction

General aim and context of this thesis

A challenge in mathematics classrooms is to support the construction of meaningful formal 

knowledge. In spite of research advances and practitioners’ efforts, it remains difficult to 

realize meaningful learning in everyday classrooms (Stigler & Hiebert, 2004; Stein, 

Remillard, & Smith, 2007). As a result, students develop scattered mathematical 

knowledge, which could include some informal practical knowledge and some elements of 

formal mathematical knowledge (Roorda, 2012). Successful instruction as can be found in 

the literature that could improve students’ learning may, however, not be feasible for

teachers in regular classrooms. The difference between what research recommends and 

what is feasible in classrooms shaped by textbooks and mandatory curricula is still too 

great. Therefore, in this thesis we examine a more pragmatic instructional approach with a 

view to improving students’ learning and we refer to this as shift-problem lessons.

The introduction first discusses the gap between the type of learning found in regular 

classroom practice and the ideal learning processes found in research literature. We then 

outline our intervention and the central question that guides our research. This is followed 

by the theoretical section, in which we describe the main theories and theoretical 

perspectives that we build on. We then go on to define four sub-questions and the research 

method applied in order to answer each of these sub-questions. We conclude with an 

overview of the entire thesis. 

Gap between textbook-centered and ideal learning 

Generally speaking, secondary-school mathematics students struggle with understanding 

formal mathematics. Students apparently do not have sufficient support in their learning 

environment to help them overcome their difficulties. Taking a social constructivist 

perspective (Cobb, 1994), in which learning is “a process of both self-organization and a 

process of enculturation that occurs while participating in cultural practices, frequently 
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while interacting with others” (ibid, p.18), we assert below that textbook-centered lessons 

may stand in the way of students’ individual self-organization processes.

On examining the learning environment of everyday classrooms, we found that the 

curriculum materials are the primary tools for teaching. The materials most used in the 

Netherlands and in a number of other countries are conventional textbooks that lead 

students towards a final form or procedure in a step-by-step manner, supported by worked-

out solutions (Lithner, 2003, 2008; Mayer, 2002). Several researchers have drawn attention

to this issue. Mayer (2002) refers to it as rote learning, and Lithner (2003, 2008) links 

textbook-centered instruction to students’ difficulty with learning. When facing problem-

solving situations, the students in Lithner’s study (2003, 2004) and Bergqvist, Lithner, and 

Sumpter (2003, 2008) displayed a lack of problem-solving competences, difficulty with 

complex learning and a focus on superficial reasoning. However, these students could

solve the tasks in the textbook. A refined analysis of these students’ individual reasoning 

while solving the tasks, showed they were able to solve these textbook tasks without 

considering intrinsic mathematical properties by simply finding and copying similar 

situations from the worked-out examples or solutions in previous exercises. The fact that 

the students succeeded in solving textbook tasks but were unsuccessful in problem solving

activities suggests that textbook-centered instruction:

(i) does not support mathematical reasoning and creative thinking;

(ii) does not support problem solving activity.

As far as mathematical reasoning and creative thinking are concerned, Lithner’s analysis 

focuses on the type of reasoning, which when solving textbook tasks, was generally 

superficial and imitative; creative reasoning rarely emerged when solving these tasks. As

the students are unsuccessful when faced with solving problems that require creative 

reasoning, we contend that textbook-centered instruction does not support the development 

of creative thinking. With regard to the learning processes, Lithner argues that following 

step-by-step procedures and following worked-out examples and solutions does not create 

the opportunity for students to develop problem-solving competences. The students will 

probably fail if asked to solve a non-standard task because they have not developed

strategies other than the following of procedures; in situations where the book is not at

hand, students will probably rack their brains for similar situations where they can usually 

8
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apply a similar strategy to find a method that can be used to solve the problem. We might 

question what actions are in fact to be reified in this situation (Sfard, 1991) and what 

mental mathematical objects are being constructed. Schoenfeld’s (1985, 1992) findings 

were similar to those of Lithner regarding students’ shortcomings in relation to problem 

solving. 

The type of learning that evolves from textbook-centered instruction can be opposed

with learning processes that come to the fore in teaching experiments. For instance, 

Zandieh and Rasmussen (2010) describe how students, when engaged in the mathematical 

activity of defining, constructed the formal definition of a triangle on a sphere using their 

knowledge of triangles on the plane. The students in this study engaged in creative 

reasoning and reasoning with mathematical properties. Moreover, while participating in the 

mathematical activity of defining triangles on the sphere, the students reified the mental 

mathematical object (definition) of a triangle on a sphere and the process that leads to its 

existence (defining). Examining the learning activities in this study they set tasks that 

created the opportunity for students to organize refined definitions of planar triangles and 

their own notions of spherical triangles, which then led to the emergence of the new 

mathematical reality of spherical triangles. This allowed the students to engage in 

meaningful mathematical activity while interacting with their peers and the teacher. 

However, as much as this type of instruction seems to successfully support 

meaningful mathematical activity, it is not easy to implement it in regular classrooms 

(Stein, Grover, & Henningsen, 1996; Stein, Remillard, & Smith, 2007; Stigler & Hiebert, 

2004; Schoenfeld, 1992). It involves substantial curriculum changes (Stein et al., 2007), 

includes extended teacher-training programs (see, for instance, Slavin, Lake, & Groff, 

2009) or requires specific implementation programs (De Corte, Verschaffel, & Masui, 

2004). Design research pays specific attention to practicality (Cobb, Confrey, diSessa, 

Lehrer, & Schauble, 2003; Kelly, 2006; Van den Akker, Bannan, Kelly, Nieveen, &

Plomp, 2007; Burkhardt & Schoenfeld, 2003; Van Velzen, 2012), however, implementing 

these approaches is still a considerable challenge for the regular teacher. 

Our research aims at a pragmatic alternative. Instead of offering instructional 

sequences that, in theory, would enable well-designed construction processes, we elected

9
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to attempt to create conditions in which the students could engage in collaborative problem 

solving activities and reflection based on the curriculum materials available.

Shift-problem lessons

The instruction model we seek should be doable for teachers and it must, at the same time,

improve the quality of students’ learning. According to current recommendations in the 

Dutch mathematics education community (cTWO, 2007; Drijvers, Van Streun, &

Zwaneveld, 2012), this involves reflection, problem solving and activities that enhance 

mathematical thinking and reasoning. This type of knowledge might be better fostered by 

having the students solve problems, make connections, and reconstruct what they know or 

construct new knowledge. For this we need mathematical tasks and a learning setting that 

creates situations in which students must explain and justify their thinking and reflect on 

their own ideas and those of others - preferably peers. This learning environment differs 

significantly from textbook-centered lessons in that:

- the learning activities are different: the students work from task sequences in which 

the tasks are not preceded by examples, or theory to be applied, and there are no 

worked-out problems. Instead, the tasks are adapted so they become problems to be 

solved. In addition, the task sequences incorporate reasoning questions which focus 

on conceptual thinking and the use of relations;

- the teacher has a different role: instead of providing explanations, the teacher

facilitates students in presenting and discussing their explanations;

- the students have a different role: they participate in mathematical discussions by

showing, explaining, justifying their ideas, asking other students for explanations, 

and criticizing each other’s work. To enhance this, they work together in small 

groups in accordance with the process model (Dekker & Elshout-Mohr, 1998, 

2004).

A learning environment with these characteristics may foster problem-centered activity but

be rooted in the regular classroom practice. If we replace a small part of regular lessons 

with these problem-centered lessons in a collaborative setting, this might be feasible for 

teachers even if they are committed to a mandatory curriculum and materials. Moreover, a 

10
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change of setting offers a justification for teachers to change their role towards their 

students (Pijls & Dekker, 2011). A temporary change (e.g. intermittent shift-problem 

lessons in regular classrooms) is also less challenging because it does not require a radical 

change in the operative social and mathematical classroom norms (Yackel & Cobb, 1996). 

We labeled our instructional model shift-problem lessons because we see the activity of 

solving problems as a catalyst for shifts in students’ thinking.  

Aim of the study and research question

The aim of this thesis is to examine if and how shift-problem lessons can contribute to 

improving students’ learning in regular classrooms. The central research question is:

- To what extent can shift-problem lessons contribute to improving the quality of the 

mathematical activity and corresponding learning processes of regular-classroom 

students? 

Below we endeavor to answer this central research question by defining four sub-

questions. However, we first discuss the main theories and educational perspectives that 

guided our search (see Fig. I1): realistic mathematics education, social constructivism 

perspective, problem solving activity, collaborative learning and mathematics topic-related 

frameworks. 

Theoretical framework

The domain-specific theory of realistic mathematics education, RME

In our research we used the domain-specific theory of realistic mathematics education, 

RME, (Freudenthal, 1991; Gravemeijer, 2008) as a reference for theories about helping

students construct mathematical knowledge. This theory defines mathematical activity as 

an activity of solving problems, looking for problems, and organizing subject matter. 

Organizing subject matter means organizing mathematical and other matter from reality. 

Freudenthal (1971) called this “local organizing” or, as later defined “mathematizing”

(Treffers, 1987). Students’ informal solutions to mathematical tasks play an essential role 

in the process of learning mathematics. When engaged in problem solving activity in an 

interactive setting, students might be constructing, integrating, and deepening informal and 

11
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formal mathematical notions that are meaningful to them (Gravemeijer, 1999, 2007, 2008). 

When reflecting upon these meanings (mathematical notions, personal meanings and the 

interrelationships) students construct knowledge that is new and learn how to apply this 

new knowledge. Formal mathematics emerging from this activity is considered a

framework of mathematical relations, which is grounded in the students’ personal 

meanings. In this context, a relational framework of mathematical concepts and relations 

will differ per mathematical topic and must, as such, be defined in relation to each 

mathematical topic. Our research examines shift-problem lessons with respect to geometric 

proof and integral calculus. This is discussed in more detail at the end of this section.

Problem solving and reflection

Problem solving activity requires students to rethink their current knowledge and make 

connections between different mathematical concepts and between old and new concepts. 

Mathematical tasks suitable for fostering problem solving usually involve some 

challenging element and cannot be solved simply by applying standard procedures (Simon 

& Tzur, 2004). This is the case with proof tasks (Selden & Selden, 2003) and tasks that 

require creative and higher-level reasoning (Stein et al., 1996). Students’ engagement in 

problem solving activity is influenced by their learning context (Yackel & Cobb, 1996;

Schoenfeld, 1985, 1992) and students’ perception of their own knowledge (Schoenfeld, 

1985). This thesis adheres to this psychological approach to problem solving, which is 

consistent with Freudenthal’s view of mathematics as an activity: an activity that can 

naturally arise when the learning tasks are genuine and meaningful to the students. An 

interactive learning setting can support this.   

Collaborative learning and interaction

Collaborative learning refers to a type of learning in which students work and think 

together. Their efforts to explain their thinking may encourage cognitive restructuring; in 

their efforts to explain their ideas to others, students could construct conceptualizations 

that are more detailed. Explanations might help students recognize their own 

misconceptions, try to repair gaps in their understanding and strengthen connections 

(Webb, 2009). During interaction, the language used by the students will also have a 

12
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regulating function and this could steer students towards mathematical discourse (Cobb,

Wood, & Yackel, 1993). For these reasons, learning in general and conceptual 

understanding in particular, can benefit from collaborative learning (Webb, 2009; Dekker 

& Elshout-Mohr, 2004). In addition, it relates positively to achievement if students actually 

use explanations when trying to solve problems or reformulate them in their own words 

(Webb & Mastergeorge, 2003).

Students’ participation in group work is influenced by several factors, such as 

mathematical tasks, classroom norms and teacher intervention. To engage students in rich 

explanations, the mathematical tasks should e.g. involve problems that are meaningful to 

the students or are complex, in the sense that several skills are required to perform the task 

(Dekker & Elshout-Mohr, 2004). Moreover, the way students engage in thinking and 

participate in small-group work is determined by the social norms operative in the 

classroom (Yackel, 2001; Yackel & Cobb, 1996) and influenced by teacher intervention 

(Pijls, Dekker, & Van Hout-Wolters, 2007; Webb, 2009). In our research we used

collaborative learning to create a suitable learning environment for problem solving and 

reflection focusing on reconstruction and construction processes. To help create this

environment, we followed the guidelines of the process model for student interaction 

(Dekker & Elshout-Mohr, 2004). The process model is constructed around four key 

activities: show, explain, justify and re-construct one’s own work, performed by the 

students when solving problem-centered tasks in a group. When the students work together 

on the same mathematical problem they might come up with different ideas and solutions. 

Meaningful learning can be revealed in the reconstruction of one student’s solution or 

argument, which is again shown or explained. To help the students regulate the key 

activities, the process model also comprises interactive activities: regulating activities that 

could elicit the key activities. 

In this thesis, we developed shift-problem lessons for two topics introduced in the 

11th grade at pre-university level: geometric proof and integral calculus. We needed 

domain-specific knowledge to help us plan instructional sequences, analyze and make 

sense of students’ specific learning processes and improve our intervention.

13
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Geometric proof framework

We build on two main research frameworks regarding geometry education and the relevant 

lines of research relating to the learning of geometry and proof: the framework of 

geometric paradigms (Kuzniak & Rauscher, 2011) and the levels of thinking (Van Hiele, 

1986). With respect to proof, we considered a comprehensive approach to mathematical 

proof (Harel & Sowder, 2007). Our theoretical framework is complemented by other 

relevant research on the learning of geometry (Laborde, 2004; Duval, 2006; Jones, 2000; 

Fischbein, 1993) and proof (Boero, Garuti, & Mariotti, 1996; Raman, 2003) and we 

discuss this in the following chapters.

The framework of geometric paradigms (Kuzniak & Rauscher, 2011) allowed us to 

define what can be considered informal and formal geometric meaning when observing 

students working on tasks. According to this framework, the students’ arguments can be 

characterized in relation to the specificity of the activities and learning goals. The authors 

distinguish between three paradigms: the world of natural geometry (Geometry I); the 

world of natural axiomatic geometry (Geometry II); and the world of formal geometry 

(Geometry III). We do not refer to the third paradigm below as geometry taught in upper-

secondary schools relates mostly to the first two worlds. If the students’ horizon is the 

world of Geometry I, statements are generated using arguments based on perception and 

experiment. These arguments are valid in the material and tangible world and any 

argument may be used to justify a statement or to convince someone; in this case, the 

geometric meaning of the diagrams is confused with their spatial-graphical features (traces 

on the paper). In contrast, statements in the natural axiomatic world of Geometry II are 

generated using theoretical constructs, such as, mathematical definitions and properties. In 

this world there is a well-defined theoretical framework (in the classroom community) and 

for a proof to be valid, it must be set up within this theoretical framework. In both 

geometries, students’ mathematical activity is related to their real world experience. In the 

context of our research, the students’ purpose would have to be reasoning within the 

paradigm of Geometry II but based on reasoning within the paradigm of Geometry I. 

The framework of levels of thinking (Van Hiele, 1986) provides us with a broad 

description of how geometric meaning develops in a gradual learning process. Van Hiele 

14
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distinguishes several levels in this process. At the ground level, the students recognize and 

refer to geometric objects by their external form. Students' verbal expressions then relate 

to: “configurations that have been made clear by observation” (ibid, p. 49). At higher 

levels, however, the geometric figures are determined by their properties, which become 

the source of students’ descriptions. Students’ references, in their arguments, become the 

mathematical properties and students’ verbal expressions include elements of them.

In the context of geometric proof, we considered a comprehensive approach (Harel & 

Sowder, 2007). Mathematical proof and the processes of proving emerge in this context as 

a response to both cognitive and social needs. When students are solving proof-tasks 

collaboratively, two cognitive-social processes occur simultaneously: individual social 

interaction within the group of students, which leads to local theories and arguments; and 

individual social interaction within the mathematical community, which leads to a general 

solution and formal proof. In our analysis, we attempt to capture both. We focus on 

students' development of a formal proof taking the local solutions produced by the group 

of students into account. When viewed in this light, the process of proving is much broader 

than usually considered in traditional education. It includes, among other things: the 

students’ individual (and shared) need to eliminate doubt, the need to understand an 

intellectual challenge, the need to explain phenomena that can be observed perceptually 

(for example, with dynamic geometry software). This perspective on proving is consistent

with our general theoretical framework. It also fits the goal of interpreting the students’ 

conceptualization of proof in our research setting. Here the students were introduced to 

mathematical proof but had not yet achieved a mature understanding of it.

Integral calculus framework

Research into students’ conceptual development of function (Vinner, 1983; Sfard, 1991; 

Gray & Tall, 1994; Slavit, 1997; Drijvers, Doorman, Boon, Van Gisbergen & Gravemeijer, 

2007) usually makes a distinction between an operational or action conception of function 

(in which function is seen as an input-output process to calculate single values) and a 

structural or more object-oriented conception (in which function can be treated as an object 

upon which it is possible to perform certain operations). An object view of function allows 

that distinct, but equivalent representations such as words, graphs, formulas and tables are 

15
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recognized and become related. In this way, an object view involves a more rich concept of

function than an action view, which allows to reason with functions at global level (for 

instance, to recognize a certain property of the graph reflected in the table or the formula),

to understand actions performed on a function (for instance, transformations) and,

understanding more advanced calculus concepts (Slavit, 1997). In addition, an object-

oriented view is also useful in establishing a proceptual understanding of functional 

notations (Gray & Tall, 1994), which involves the flexibility to think about function as an 

action, as an object and as both. 

Based on Thompson & Silverman’s (2008) work, we frame the students’

development of the notion of integrals in the idea of integral function. An operational 

conception is sufficient for calculating definite integrals and particular areas. In more 

object-oriented conceptions, the integral function describes the general accumulation 

processes. Central to this approach is covariational reasoning (Slavit, 1997; Oehrtman, 

Carlson, & Thompson, 2008), which involves, in the particular case of the integral 

function, imagining the accumulation varying and the rate of this variation. This view on

integration calculus is also in line with other dynamical approaches to calculus (Tall, 1986,

1996, 2009), in which calculus is about “how things change, the rate at which they change, 

and how their growth accumulates” (ibid, 1996, p. 29).

Students’ understanding of integrals involves the integration of different views of the 

integral function (Duval, 2006) and the flexibility to apply the most appropriate view to the 

situation under consideration (Slavit, 1997; Janvier, 1987; Van Streun, 2000; Duval, 2006). 

Students with a richer understanding of the integral function have probably developed a 

more object-oriented conception (Sfard, 1991), which is required in order to coordinate the 

various representations and meanings of the integral function. Students with a poor 

understanding and fragmented knowledge of the integral function have probably developed 

only an operational conception.

In summary, our theoretical framework is twofold, comprising a general and a topic-

specific part (see Fig. I1). The notion of shift-problem lessons is rooted in social 

constructivist perspectives on mathematics education and can be characterized within the 

general framework: it aims to improve the quality of the mathematical activity and 

corresponding learning processes through collaborative problem solving activity. This 

16
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thesis focuses on geometric proof and integral calculus. To this end we build on related 

topic-specific frameworks that guide us through the development of the content of shift-

problem lessons and help us identify formal and informal mathematical meanings in 

students’ reasoning and solutions. 

GENERAL THEORETICAL FRAMEWORK
RME and a social constructivism perspective

Problem solving activity and Collaborative learning

TOPIC-SPECIFIC FRAMEWORK(S)

Geometric Proof
Geometric paradigms

Levels of thinking
Comprehensive approach to proof

Integral Calculus
Object/process duality

Covariational reasoning
Accumulation function

Fig. I1 Theoretical framework of the thesis: an overview

The research question addressed in sub-questions 

Our research question is: To what extent can shift-problem lessons contribute to improving

the quality of the mathematical activity and corresponding learning processes of regular-

classroom students? We examined this question by observing mathematics-B students in 

the 11th grade studying the topic-specific framework of geometric proof and integral 

calculus. For this, we formulated four sub-research questions. The first question outlines

the notion of shift-problem lessons. The second and third sub-questions focus on students’

mathematical reasoning and interaction processes during the shift-problem lessons. The 

fourth sub-question examines the effect of learning arrangements with shift-problem 

lessons.  

Sub-question 1: In what way does working with shift-problem lessons in a regular 

classroom lead to mathematical reasoning and proving by the students?

To develop the notion of shift-problem lessons, we focused on one mathematical course 

that was introduced in the 11th grade: geometric proof. We strove here to concretize and 

17
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examine the idea of shift-problem lessons. We developed four lessons and examined the 

extent to which the students were reasoning mathematically and proving in these lessons,

as these two mathematical activities can be deemed essential to the topic under 

consideration. To answer the first sub-question, we use data resulting from a teaching 

experiment conducted in an 11th grade regular classroom (N=27). We also focused on the 

learning processes ensuing from two groups of students attempting to solve the tasks. We 

followed the qualitative methodology of grounded theory (Glaser & Strauss, 1967; Strauss 

& Corbin, 1998). 

Sub-question 2: How do students reason when solving problem-centered tasks 

collaboratively?

In our work with shift-problem lessons we observed students making connections between 

what they know and the mathematical constructs that emerged during group discussions.

The problem solving activity in the collaborative setting seemed to be the catalyst for this 

enrichment process. Apparently, the setting created by our intervention is feasible for 

investigating students’ construction and reconstruction processes that are probably already 

occurring at some level in regular classrooms (Roorda, 2012). Therefore, in our analysis,

we sought to identify the levels of reasoning in students’ collaborative discourse that 

would help us come to grips with this matter. 

Sub-question 3: At which levels do regular-classroom students reason in a learning setting 

that fosters reasoning and discussion?

At the beginning of this introduction we sought to characterize what we believe is the 

learning assumption behind textbook-centered lessons, namely: it is implicitly expected 

that students approach the tasks at a formal level, in line with the steps laid out in the 

worked-out examples and solutions. However, while attempting to answer sub-question 2,

we noticed that students’ reasoning patterns, when solving problems collaboratively, did 

not fit this assumption. We found this very interesting as learning mathematics in the 

Netherlands and several other countries, is shaped by textbook-centered instruction. The 

type of learning insufficiencies arising in this environment are cited in the literature (see 

e.g. Schoenfeld, 1992; Mayer, 2002) but apparently not in a manner that is clear to most 
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teachers, mathematics educators and researchers (Lithner, 2008). Moreover, insight into

this matter would help us understand how our intervention can support students’

mathematical activity. In our study, we applied the reasoning-levels instrument previously 

constructed and validated in the answer to sub-question 2, to the reasoning of 6 groups of 

students from three different schools. 

Sub-question 4: What are the effects of shift-problem learning arrangements on the 

students’ learning outcomes with respect to geometric proof and integral calculus in the 

11th grade?

The shift-problem lessons were designed in series of iterative cycles of, preparation, try 

out, and reflection. The iterations concerned both teaching experiments with regular 

classrooms, and one-on-one teaching experiments. In addition, we organized an expert 

group of mathematics educators, researchers and teachers, to get recommendations for 

improvement. We started with lessons on geometric proof and later expanded the endeavor 

to the topic of integral calculus. In both cases, the intervention was limited to replacing 

four out of twelve textbook lessons by shift-problem lessons. 

The research on the first three sub-questions resulted in several insights into potential 

learning processes occurring in the setting of shift-problem lessons. The question is: can

the shift-problem lessons affect students’ learning? We therefore examined the effect of 

learning arrangements that combine shift-problem lessons with regular lessons (SPLA). To 

answer this sub-question we conducted a quasi-experimental study. Following a switching-

replications design method (Shadish, Cook, & Campbell, 2002), we applied an untreated

control group design with dependent pre-test and post-test samples. The classes were left 

intact (as we envisaged examining the effect of SPLA in regular classroom settings), and 

used as each other’s control group. The study involved 131 eleventh grade students from 6 

classes, and 6 teachers from 4 different Dutch schools who all used the same textbook.

Overview of the thesis

The construction of formal mathematics is not effectively supported in regular classrooms 

by textbook-centered instruction. On the contrary, we argue that it may impede students 
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from developing the problem-solving competences and ways of reasoning required to deal 

with complex learning and high-level mathematical activity. Carefully designed 

reinvention routes and prototypical instructional sequences found in the research literature 

on problem-centered mathematics education might be too challenging to implement in 

regular classrooms that are shaped by textbooks and mandatory curricula. In order to 

bridge this gap, we developed a more pragmatic alternative and investigated if and how 

these shift-problem lessons could contribute towards improving the quality of the 

mathematical activity and corresponding learning processes. The innovative aspect of our 

approach is that, instead of providing instructional sequences that foster carefully designed 

long-term construction processes, we elected to create conditions in which the students 

could engage in collaborative problem solving activity and reflection based on the 

curriculum materials available. 

The core of the thesis consists of the chapters 1 through 4, which each address one of 

the four sub-questions. In chapters 1, 2 and 3 we focus on examining how shift-problem 

lessons work and how collaborative problem solving can contribute to improving the 

quality of students’ mathematical activity. In chapter 4, we assess whether the shift-

problem lessons we designed contributed to student learning. A greater understanding of 

this matter enables us to make improvements to our intervention and to contribute towards

our understanding of the theoretical underpinning of this intervention: problem solving, 

collaborative learning and mathematical reasoning. Finally, the conclusion (Chapter 5) 

discusses the results of our research and we endeavor to answer our central research 

question.

In Chapter 1, we describe the theoretical background that supported the development 

of our intervention; we outline the design principles that guided the design process and we 

discuss the results of an exploratory teaching experiment in geometric proof in one Dutch 

11th grade classroom. We address our first sub-question by discussing three paradigmatic 

episodes of the type of learning processes ensuing from students’ attempts to solve the 

tasks. 

Chapter 2 focuses on how the students’ thinking and reasoning evolved when 

engaging in collaborative problem solving activity and reflection, which are the learning 

processes we deem to be the catalyst of the working of shift-problem lessons. In answering 
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our second sub-question, we constructed a framework consisting of four levels of 

reasoning that could possibly emerge when students reason collaboratively during problem 

solving. The levels of reasoning discussed in this chapter are tailored to the topic:

geometric proof. Furthermore, we explore the potential usefulness of these levels by 

analyzing student interaction in a small group, working together during the experiment 

reported in Chapter 1.

In Chapter 3 we expand on the studies reported in the previous chapters to examine 

how students reason during problem-centered collaborative group work. We use the 

reasoning-levels framework presented in Chapter 2 to analyze the reasoning of 6 groups of 

students from different classes. Based on our theoretical framework we maintain that the 

way students reason and enrich their knowledge in the shift-problem lessons reflects how

students in regular classrooms expand and improve their understanding. We further state

that this collaborative problem-solving setting, in which the students exchange arguments 

and ideas, is also well-suited to observing students’ reasoning and learning. This is 

addressed by the third sub-question. In addition, we discuss the reasoning patterns 

observed in our data, the interaction pattern between the students and teachers intervention. 

In Chapter 4 we report and discuss the results of a quasi-experimental study that 

examined the effect of shift-problem learning arrangements, which combines four shift-

problem lessons with eight regular lessons. We answer our fourth sub-question by

examining the effect of these learning arrangements on students’ test performance and 

reasoning for two mathematical topics: geometric proof and integral calculus.

In Chapter 5 we discuss our main results and the limitations of our study. We then 

reflect on our findings and close with suggestions for further research. At the same time we 

discuss the implications for teachers, researchers and mathematics educators.
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Chapter 1 Developing Shift-Problem Lessons1

Abstract Meaningful learning of formal mathematics in regular 
classrooms remains a problem in mathematics education. Research 
shows that instructional approaches in which students work 
collaboratively on tasks that are tailored to problem solving and 
reflection, can improve students’ learning in experimental 
classrooms. However, these sequences involve often carefully 
constructed reinvention routes, which do not fit the needs of 
teachers and students working from conventional curriculum 
materials. To help to narrow this gap, we developed an 
intervention: shift-problem lessons. The aim of this study is to 
discuss the design of shift-problem lessons and to analyze learning 
processes occurring when students are working on the tasks. 
Specifically, we discuss three paradigmatic episodes based on data 
from a teaching experiment in geometric proof. The episodes show 
that it is possible to create a micro-learning ecology where regular 
students are seriously involved in mathematical discussions, ground 
their mathematical understanding and strengthen their relational 
framework.

Keywords conceptual understanding, rote learning, mathematical 
tasks, collaborative learning, secondary education, geometric
proof

1Based on: Palha, S., Dekker, R., Gravemeijer, K. & Van Hout-Wolters, B., (2013). Developing shift 
problems to foster geometrical proof and understanding. Journal of Mathematical Behavior, 32(2), 142-159.



Chapter 1

Introduction

Understanding abstract concepts, solving problems and mathematical proof are recognized 

as important goals for learning mathematics in upper-secondary education. However, 

achieving such goals in regular classrooms remains a central problem in mathematics 

education (Lithner, 2008). There will always be a difference between the way students 

reason and learn mathematics in regular classrooms and the kind of learning processes that 

lead to a deeper understanding in experimental settings. And that gap is hard to bridge. A 

more interesting question therefore may be how to find ways to narrow this gap in a way 

that is feasible for regular classroom practice. In the broad context of our research we

developed an intervention, which we called shift-problem lessons. The aim of the shift-

problem lessons is to narrow the gap between the ideal learning processes found in the 

literature, and regular classroom practices. The intervention is meant to be both feasible for 

regular teachers and stimulate students in regular classrooms to mathematical problem 

solving activity and reflection. The double aim of this chapter is to discuss the design of 

sequences of mathematical tasks used in these lessons and to describe and analyze learning 

processes that occur when students are working on these tasks. In addition, this chapter

illustrates how regular classroom teachers could adapt their regular textbooks in order to 

create opportunities for students to engage in creative mathematical thinking. At this point 

it should be made clear that the term ‘shift problem lessons’ has to be understood as a 

specific learning arrangement. We will, however, also use the term ‘shift problems’ for 

short, especially if the focus is on the tasks as in this case.

After this introduction, we present a review of relevant research about the learning of 

abstract and formal mathematical knowledge. We focus on the difficulty of developing 

such knowledge in regular classroom practices in upper-secondary education. In the 

theoretical section we outline the notion of shift-problems. We draw on the idea of 

mathematics as a human activity (Freudenthal, 1971, 1991) and related research. In the 

case of geometrical proof, we follow a comprehensive approach to this topic (Harel & 

Sowder, 2007) where proving is defined as a process employed by an individual (or a 

community) to remove doubt about the truth of an assertation. Next, we describe the notion 

of shift-problems, its design principles and the method that we followed to answer our 
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research question. Here we refer to data from a teaching experiment with shift-problem 

lessons. The kind of learning processes arising from students’ attempts to collaboratively 

solve the problems are presented in the results section. We illustrate this with three 

paradigmatic episodes. Finally, we discuss these classroom experiences in a broader 

perspective, including the usefulness of our findings for researchers, teachers and 

educators.

Problem analysis

Learning abstract and formal mathematical knowledge

Learning abstract and formal mathematical knowledge remains a problem in upper-

secondary mathematics education. Empirical studies based on regular mathematics 

classrooms report students’ difficulties with understanding complex concepts, problem-

solving competencies (e.g. Bergqvist et al., 2008; Lithner, 2004, 2008) and constructing 

and validating mathematical proof (Harel & Sowder, 2007; Selden & Selden, 2003). This 

issue has been studied extensively by several researchers. Some of the reasons for students’ 

difficulties that are pointed at the literature concern: (i) mechanisms of learning processes; 

(ii) kind of instruction and (iii) insufficiencies in the learning environment related to rote 

learning. 

Construction of abstract and formal mathematics involves a kind of learning that 

cannot be achieved just by added knowledge or simple enrichment of the existing 

knowledge. Abstract knowledge should emerge from a meaningful long-term learning 

process of abstracting or ‘abstraction-as-construction’ (Gravemeijer, 1999; Merenluoto & 

Lehtinen, 2004), which involves complex learning mechanisms such as reification (Sfard, 

1991), or conceptual change (Vosniadou & Verschaffel, 2004). In a process of abstracting, 

students create new (to them) mathematical knowledge that is grounded in their prior 

informal experience. However, in regular upper-secondary classrooms, learning abstract 

and formal concepts can follow a different path. When students are introduced to formal 

and abstract concepts, they already possess their own relational framework based on their 

own informal beliefs and daily-life experiences. And in their effort to maintain mental 

coherence (Vosniadou & Brewer, 1992 in Van Dooren, De Bock, Hessels, Janssens, & 
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Verschaffel, 2004), they can be creating what we call “pseudo-formal” knowledge, or 

superficial conceptual knowledge (Lithner, 2008). When the students try to connect the 

new pieces of formal and abstract knowledge to their own relational framework, this 

knowledge construction lacks mechanisms of reification or conceptual change. If this 

knowledge is too fragmented, it will not support the construction of new abstract concepts 

and will not help students to deal successfully with problem solving situations. According 

to Vosniadou & Verschaffel (2004), in order to overcome misconceptions and limitations 

of previous knowledge, students should become intentional learners. That is, they should 

develop metacognitive knowledge that allows them to distinguish between different kinds 

of learning and to apply them appropriately.

The kind of instruction that is needed to involve students as active and intentional 

learners is not always easy to implement in the regular classroom. In the literature we can 

find beautiful examples of mathematical lessons where students are involved as active and 

intentional learners by means of meaningful tasks and mathematical discussions. For 

instance, Zandieh and Rasmussen (2010) describe how students, when engaged in the 

activity of defining, themselves constructed the formal definition of a triangle on a sphere 

using their knowledge of triangles on the plane. This activity was, however, outside the 

regular classroom practice; it was part of a teaching experiment that took place during a 5-

week summer course. According to the researchers, what was important for the emergence 

of the students’ own definition was that they could build upon their informal knowledge 

since planar triangles were experientially real mathematical objects for them. Moreover, 

through organizing refined definitions of planar triangles and students’ own notions of 

spherical triangles, they have created the new mathematical reality of spherical triangles. 

Another example of meaningful instruction is given by Dekker and Elshout-Mohr (2004) 

within the topic of geometric transformations, also in an experimental setting. Here the 

students were working in small heterogeneous groups and were given tasks aiming at level 

raising. That is, the students could approach the task based on their understanding (in this 

case students were analyzing transformations in a drawing by Escher), but then they 

discovered that the knowledge they had was too simple to accomplish the task. In order to 

do so, they had to construct more appropriate knowledge and understanding which, in this 

case, involved the properties of the four transformations (reflection, glide reflection, 
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rotation and translation). Discovering many of the properties (which in this case was the 

level-raising factor) was brought about by a conjunction of several factors, e.g. the 

realistic, complex and constructive nature of the tasks and the collaborative setting. The 

problems allowed several approaches and starting points that resulted in visible actions and 

constructions, which were then discussed by the students. In both presented examples (as 

in many others) the instructional approach took place in an experimental setting and was 

not directly connected to the learning environment in which the main problem of 

developing a well-founded understanding occurs: in regular classrooms. In fact, good 

examples found in literature are difficult to execute, as they generally ask for major 

curriculum changes to be implemented in regular classrooms.

While the previous studies underline the need of using meaningful instruction to 

develop active and intentional learners, other studies confront us with insufficiencies in the 

learning environment in regular classrooms that make these goals difficult to achieve. In 

particular, rote learning (Mayer, 2002) is pointed to as being one of the barriers for 

learning about problem solving (Lithner, 2008; Schoenfeld, 1992) and mathematical proof 

(Harel & Sowder, 2007; Stylianides, 2008). Analysis of how students reasoned when 

solving mathematical tasks from textbooks (Lithner, 2004), revealed that their reasoning 

was mostly imitative and superficial. The students in Lithner’s studies were able to solve a 

large majority of the tasks without considering more sophisticated forms of reasoning, just 

by finding and copying similar situations from the worked-out examples or solutions of 

previous tasks. A consequence of learning mathematics in this way could be that in non-

standard situations, when the book is not at hand, students’ habits probably lead them to 

search their memories for similar situations on which to base a solution method, as this is 

the main strategy they know. Lithner’s findings suggest that working straight from regular 

textbooks is, therefore, not enough to foster either an active and intentional learner or 

problem-solving competences. Instead, it may undermine the students’ flexibility and 

creativity needed to solve non-standard tasks. These findings resonate with previous 

studies e.g. Schoenfeld (1992). Moreover, Lithner’s study points out that the consequences 

of rote learning do not seem to be fully accepted by or known to students, teachers, some 

researchers, mathematical educators and textbook writers. A lack of terminology to 

communicate this problem may play a role here.
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Concluding, analysis of previous research confirms that there is a gap between how 

mathematics should be learned according to curriculum reformers or researchers, and the 

regular classroom practice. This gap is well-known, as are some of the reasons for its 

existence and possible solutions. We agree with Lithner (2008) that some aspects of 

particular learning processes in regular classrooms have been underestimated. In contrast 

to rote learning, meaningful learning requires instruction that goes beyond factual 

knowledge (Mayer, 2002), e.g. tasks that are experientially real (Gravemeijer, 1999; 

Zandieh & Rasmussen, 2010) and aimed at level raising through mathematical discussions 

(Dekker & Elshout-Mohr, 2004). Research on the relation between mathematical 

development and the discourse in the classroom also shows the importance of social 

interaction and semiotic mediation (Cobb, Boufi, McClain, & Whitenck, 1997).

In this chapter we describe a part of a broader study in which we develop and study 

the effect of what we called shift-problem lessons. The aim of the shift-problem lessons is 

to narrow the gap between the ideal learning processes found in the literature, and regular 

classroom practices (mainly rote learning). The intervention is meant to be both feasible 

for regular teachers and create opportunities for students to engage in creative 

mathematical thinking. By this, our work extends the work of researchers who have 

studied students thinking and reasoning processes at regular classrooms (Lithner, 2008). 

We try to achieve our aim by: (a) limiting the intervention to only three of the twelve 

lessons of a textbook- chapter; (b) staying close to the teachers’ curriculum resources by 

inserting tasks that are adaptations of textbook tasks; (c) creating a problem-oriented 

classroom atmosphere in these shift-problem lessons (which can be supported by having 

students working collaboratively on tasks that are tailored to problem solving and 

reflection). The latter implies also that the student texts differ from those in textbook, in 

that the shift-problems are not direct applications of just reviewed theory, nor preceded by 

worked-out problems, nor framed in step-by-step procedural guidelines. Of course, we are 

aware that approaches to mathematical instruction in which students work collaboratively 

on tasks that are tailored to problem solving and reflection are not new. Mark, however, 

that the shift-problem lessons differ from the prototypical instructional sequences in the 

research literature, in that they do not presume a carefully constructed reinvention route 

along which the students construct new mathematical knowledge. The shift-problem 
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approach, instead, presumes that the students will have fragmented and incomplete 

mathematical knowledge which is revised, reconstructed, deepened and expanded in 

collaborative problem solving activity. In addition, in our approach we take into account 

the fact that teachers are usually bound to a pre-designed curriculum that is nailed down in 

the textbooks. And, by this, it is worthwhile to investigate how these materials can become 

a better source for teachers creating opportunities for students to learn.

Aim of the study and research question

The double aim of the study presented in Chapter 1 is to discuss the design of sequences of 

mathematical tasks used in shift-problem lessons and, to describe and analyze learning 

processes that occur when students are working on these tasks. We limit ourselves to 

geometric proof, a topic that is presented in the 11th grade (16 and 17 year-old students) at

regular schools in the Netherlands. The research question that fits this double aim is:

- In what way does working with shift-problem lessons in a regular classroom lead to 

mathematical reasoning and proving by the students?

In addition, this chapter illustrates how regular classroom teachers can adapt their regular 

textbooks in order to create opportunities for students to engage in creative mathematical 

thinking, as opposed to rote learning. 

Theoretical framework

Mathematics as a human activity and local organization

The development of shift-problem lessons is inspired by the domain-specific theory of 

realistic mathematics education, RME (Freudenthal, 1991), and related frameworks 

(Dekker & Elshout-Mohr, 1998, 2004; Gravemeijer, 1999, 2007; Rasmussen, Zandieh, 

King, & Teppo, 2005; Zandieh & Rasmussen, 2010). The central idea of this theory is that 

of mathematics as a human activity.

What is mathematics? Of course you know that mathematics is an activity 

because you are active mathematicians. It is an activity of looking for problems, 

but it is also an activity of organizing a subject matter. This can be a matter 
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from reality which has to be organized according to mathematical patterns if 

problems from reality have to be solved. It can also be a mathematical matter, 

new or old results, of your own or of others, which have to be organized 

according to new ideas, to be better understood, in a broader context, or by an 

axiomatic approach. (Freudenthal, 1971, p. 414)

Learning mathematics according to this view means that students experience mathematics 

as a mathematician. The core activity is that of organizing, and Freudenthal (1971) 

distinguishes between local and global organizing. Local organizing is, in general terms, 

what we do if we create and if we apply mathematics. At the upper-secondary school level 

this means, for example, solving problems, posing problems, establishing (new) relations 

between old and new knowledge, producing short deduction chains and defining. Global 

organization is usually out of reach of upper-secondary school students. It involves, for 

example, seeing the mathematical proof as a whole, overseeing the connection between 

theorems, definitions and properties, and structuring the mathematical matter in an 

axiomatic way. Local organizing is however the means to global organizing. And, in this 

sense, formal and abstract mathematics in regular classrooms should emerge from 

processes of local organization. 

Formal mathematics

Formal mathematics can be seen therefore as something that is, or should be, constituted 

by the students themselves. Within this perspective, the distinction between informal and 

formal mathematics is considered a relative distinction; a distinction with respect to a 

certain topic that can be made especially from an observer perspective (Gravemeijer, 

1999). What is experientially real to a person changes over time. Meaningful learning can 

start with contexts and situations that are from reality, but also with mathematical matter if 

this is experienced as real by the learner. In the long run this will result in the construction 

of a relational framework of mathematical concepts, rooted in students’ informal 

experiences (Gravemeijer, 1999).

Taking the case of geometry (Freudenthal, 1971; Van Hiele, 1986) at the ground

level, when introduced to the subject matter, students may organize the shapes and 

phenomena in space and plane by means of geometric concepts and their properties. For 
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instance, if students already have the notion of parallelogram and they recognize the form 

of a parallelogram, they might organize different representations and descriptions of this 

geometric figure in new ways, such as through formal definition. At the next level, 

students who know geometric figures and properties may organize geometric notions and

properties by means of relations of a logical nature, producing deduction chains and formal 

proofs. At a more advanced level, organizing involves analyzing the structure and the 

relations involved in a mathematical deduction or proof. What constitutes a relational 

framework is the mathematics that emerges from a students’ organizing activity which 

could be considered formal mathematics at its own level: a definition of a parallelogram; a 

mathematical proof; an axiomatic system. In the activity of organizing, the mathematics is 

used by the students as a means to understand and explain something, which puts the 

students in the role of active and intentional learners: “It is the way of exploration, in 

mathematics and in any science whatsoever, the way to understand and explain 

phenomena” (Freudenthal, 1971, p. 430).

An essential factor for the construction or enrichment of a relational framework is 

reflection. Through reflection students’ mathematical activity can become ground for 

formal mathematics (Freudenthal, 1991). The act of reflection can be related to the 

movement of folding back which induces the (re)construction of knowledge (Pirie & 

Kieren, 1994). According to the authors, when folding back to a previous inner level of 

understanding, the learner is not only recalling knowledge, but is also seeing that 

knowledge in a new perspective.

Mathematical experience and ready-made mathematics

In contrast, in regular classrooms students are usually presented with two independent 

worlds that have to be brought together: that of the students and that of the formal 

mathematics as is intended by the classroom community, teacher and textbook writers. 

Let’s take an example of a regular task in the topic of geometric proof (see also Fig. 1.1).

Task: Given the triangle ABC and the equilateral triangles ACQ and BCP.

Prove that AP = BQ
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Fig. 1.1. Prove that the line segments AP and BQ are equal.

After having been solved, the solution to this task can be written as follows:

60QCA (equilateral triangle) and 60BCP (equilateral triangle)

Thus (1)

AC=QC (equilateral triangle) and PC=BC (equilateral triangle) (2)

From (1) and (2) follow that APC QBC (congruence case Side-Angle-Side) and thus 

AP=BQ

This solution shows a clear and organized mathematical deduction. Without having tried to 

solve the question a less experienced student may think that this answer reflects the 

authors’ solution process. In our research we presented the task in Fig. 1.1 to several 

students in the eleventh grade and none of them started solving it by writing the first 

statement. In fact students usually started to solve the task by identifying two equal 

triangles, which is actually what is written in the last step (an example will be presented 

and discussed in the results section). As Freudenthal (1971) points out, the structure of the 

students’ learning process is very different from the deductive structure of mathematics 

and, in particular, from the worked-out solutions such as that in our example. However, the 

solutions in the worked-out answers are, as we have previously referred, the ones that 

students usually try to imitate or memorize. As Harel and Sowder (2007) stated in their 

review on the learning of proof, “students’ preference for proof is ritualistically and 

authoritatively based” (ibid, p. 45).

In the light of mathematics as an activity, we may argue that students’ focus on rote 

learning is connected with their mathematical experience as a ready-made system. If 
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students could see their mathematical knowledge as something that they can rely on to 

understand and explain matters from reality and mathematical matters, it should be 

difficult for them to accept mathematical concepts and procedures as imposed facts; 

worked-out examples or answers can be seen as such. Moreover, it might help students to 

focus on solving processes rather than on final answers, and to develop the necessary 

metacognitive knowledge to become intentional learners. The problem of learning formal 

and abstract mathematics can be then translated in the context of our research (from an 

instructional point of view) on designing an instructional approach that fosters students’ 

mathematical experience as a meaningful activity in ways that are within reach of the 

regular school settings, such as using textbook tasks.

The shift-problem lessons approach

Within the context of our research we define shift-problem lessons as a learning 

arrangement aiming at fostering a deeper mathematical understanding through problem 

solving and mathematical discussions in regular classrooms. The underlying instruction 

model consists of specific sequences of mathematical problems, which are to be solved in 

small heterogeneous groups. The sequences focus on given concepts and consist of 

textbook-tasks which are adapted in such a manner that they will be experienced by the 

students as real problems. A concrete example in the topic of geometric proof will be given 

in the following section.

According to our analysis, the aim of a deeper mathematical understanding may be 

ambitious, taking into account that we start with the pseudo-formal knowledge of the 

students and that we use textbook tasks. We will be relying on textbooks as these are the 

resources that are mostly used by teachers and students in the Netherlands, as well as in 

many other countries (e.g. Lithner, 2008; Stylianides, 2009). However, we believe that 

through processes of local organizing it is possible to create opportunities for students to 

ground their pseudo-formal or superficial knowledge in more concrete experiences. We 

also believe that there is room for students to make new connections and reorganize their 

mathematical thinking. This is what we are trying to achieve with shift-problem lessons.

Instruction that fulfills these aims should emphasize two main aspects (Gravemeijer, 

1999):
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(i) mathematics has to start at a level on which the notions and concepts are 

experientially real to the students;

(ii) through processes of orientation, organization and reflection, students will build the 

relationships that are necessary to construct a relational framework.

Learning tasks in shift-problem lessons are therefore selected and organized by their 

potential for addressing these two aspects. The sequences of mathematical tasks are

tailored to the mathematical concepts presented in the book, hook up with the textbook’s 

learning trajectory and build on the textbooks’ tasks. The main difference with the regular 

lessons concerns the students’ focus on solving problems, which are meaningful to them 

and discussing solutions to these problems with their peers. This focus differs 

fundamentally from the one in the regular lessons (with students working individually and 

following textbook and teacher explanations), which involves trying to imitate solutions 

from similar examples or worked-out solutions and follow pre-established procedures and 

rules. Instead, the students in the shift-problem lessons focus on solving problems in small 

groups, which challenge them to use their own mental activities and develop certain 

autonomy by validating their own statements.

Resuming, the notion of shift-problems involves and articulates a threefold action, 

which takes into account general principles, the particularities of the mathematical topic in 

question and the integration of the students’ views. These features will be specified in the 

form of three design principles, as we will explain in the rest of this section.

Mathematical tasks and hypothetical learning trajectory

Designing instruction that aims mathematics as an activity requires thought experiments 

(Freudenthal, 1971). That is, the designer must look at the phenomena and the mathematics 

that has to be organized through the eyes of the students and try to imagine how they will 

be using them as bases for more formal knowledge and understanding. These thought 

experiments can be related to one of the three aspects of a hypothetical learning trajectory

(Simon, 1995; Simon & Tzur, 2004), which are setting up learning goals, selection of 

tasks, and hypotheses about the mental activities of the students for one or more lessons. In 

the design of shift-problems we address these three aspects.
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Having established our instructional goals in the previous section, we select tasks and 

elaborate on hypotheses about students’ mental activities that will meet these goals. For 

example, considering the task in Fig. 1.1 a hypothetical learning process could be as 

follows: students, who know the notion of congruence but are not used to solve this kind of 

task, may notice and explain that triangles QBC and APC are equal through rotational 

arguments (rotating QBC it will fit APC, thus the triangles are equal), which is a 

phenomenon that may give rise to the students questioning themselves: why are the

triangles equal? Is this true for all triangles? The sides are given with equal dashes, is this 

enough to conclude that they are equal? By posing these questions students may discover 

that their empirical notion is too limited to justify the equality of the triangles; if the 

students are acquainted with the theoretical notion of congruence it will be possible for 

them, in the search for an explanation, to use this (new) concept of congruence to explain 

the phenomenon that they want to understand. Other students who are more experienced 

with proof tasks may follow another path. They may recognize in the diagram or in the 

wording of the task, elements that allow them to use the theoretical notion of congruence. 

They will pay attention to the equality of the sides and the fact that the triangles ACQ and 

BPC are equilateral. But, proving the equality of the angles can also be a challenge for 

these students in the sense that they may have difficulty in seeing the angles as part of 

broader figures. Recognizing the equality of the two triangles in the diagram may cause the 

students to wonder: why are the angles equal? What (theoretical) arguments can explain 

this? In the search for an explanation the students may notice that by rotating the triangles 

60 degrees they fit each other. This action may help the students to see that the angle 

ACB remains invariant and thus the angles QCB and ACP are equal. In this situation 

the students are establishing a (new) relation between two views of the same concept of 

congruence to find an explanation for a phenomenon that they want to understand.

When generating a hypothetical learning trajectory, the elaboration of hypotheses 

and selection of learning tasks are interrelated. On the one hand, elaborating hypotheses 

about student learning processes guides the designer in the selection of the tasks; on the 

other hand, the learning processes that are observed while tasks are used in the classroom 

contribute to redefining the elaborated hypotheses and consequently refining the tasks and 

selection criteria. So, for the selection and design of the particular tasks we used the
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following criteria, which are consistent with the kind of learning processes that we aimed 

at in our hypotheses.

- The task setting has to be experientially real to the student (Freudenthal, 1991; Zandieh 

& Rasmussen, 2010). This is a key aspect to enable students to seriously experiment, 

conjecture, analyze and organize the mathematical elements and relations that may then 

serve as ground for further constructions and analyses, leading to more formal 

knowledge. In the case of the task in Fig. 1.1, the phenomenon that was experientially 

real to the students was the equality of the two triangles, which could be explained 

through rotational arguments and through the congruence cases.

- Tasks aiming at level raising (Dekker, Elshout-Mohr, & Wood, 2004). The character of 

the tasks has to be such that they can be approached at several levels of knowledge. 

This means that students can start working on a task by recalling their personal 

knowledge, but they will discover that this knowledge is too simple to successfully 

accomplish the task. For this, they will have to construct (new) theoretical knowledge 

or establish new relations. In the case of the task in Fig. 1.1, the level-raising factor for 

some students involves discovering that the rotational argument is too simple because it 

is a particular solution of a more general problem. In order to successfully accomplish 

the task the students must recall or construct the theoretical notion of congruence, 

which will allow them to explain the equality of the two triangles in a broader sense, 

beyond the particular diagram.

- Cognitively demanding non-routine tasks (Simon & Tzur, 2004). This kind of 

mathematical task stimulates students to reflect, to recall known concepts and 

properties, and to establish new relations between them. For students to whom the task 

in Fig. 1.1 is non-routine, discovering that the two angles are equal can be a challenge 

and as such it can be considered a level-raising element.

- Fostering mathematical activity like arguing, proving, defining, generalizing, etc. The 

tasks engage students in actively participating in the creation of mathematics 

(Freudenthal, 1991; Rasmussen et al., 2005; Zandieh & Rasmussen, 2010). In order to 

understand and explain why the two line segments are equal, the students must find and 
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present arguments that are convincing to themselves and within their classroom 

community (proving).

In summary, we may say that the task presented in Fig. 1.1 fulfills the selection criteria for

shift-problems.

Reflection and mathematical discussions

As we mentioned before, reflection is an essential factor for the construction of a relational 

framework. The process of reflection is individual, but it also can be fostered by social 

interaction (Dekker & Elshout-Mohr, 1998, 2004; Pijls, 2007; Yackel, 2001; Yackel, 

Cobb, & Wood, 1991). In Dekker and Elshout-Mohr’s research the students were working

together in small groups according to the process model. In this framework students are 

stimulated to perform two types of activities: key activities and regulating activities. The 

function of the key activities (showing, explaining, justifying and reconstructing one’s 

work) in the individual learning process is connected to the kind of mental activities to 

which they correspond. When students show and explain their thinking or solution 

processes, they have to think about it, which promotes students’ awareness of own 

mathematical activity. When students re-construct their explanations and solutions, they 

first have to criticize and try to justify it, which involves reflection. These four activities 

can be fostered by the individual himself, but they can also be stimulated by the students as 

a group through regulating activities, e.g. asking for explanations, justifications, or 

reconstructions. When placing the process model in the context of shift-problem lessons 

we expect that students performing key and regulating activities help to raise the level of 

students’ discussions, once they start challenging each other to think mathematically and to 

develop reasons to support their thinking.

In addition, working in small groups may also induce reflection on one’s own and 

other students’ mathematical activity in the sense that students will be observing each 

other’s learning processes (Freudenthal, 1991). We organize the students in heterogeneous 

groups because we expect that each of them will approach the task in distinct ways because 

of their different personal and mathematical backgrounds. This will allow mathematical 

discussions where (old and new) concepts and relations can be negotiated in new ways. We 
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expect that this will help students to connect their pseudo-formal knowledge to more 

concrete knowledge, and to enrich their relational framework. In the process model, the 

teacher focuses on stimulating the ongoing discussions between the students by having the 

students perform the key and regulating activities themselves. Having students regulating 

their own learning process resonates with findings from research about conceptual change 

(e.g. Merenluoto & Lehtinen, 2004; Vosniadou & Verschaffel, 2004).

We may summarize that, based on the original work of Freudenthal (1971, 1991) and 

relevant related lines of research that worked out the idea of mathematical as an activity 

and within a collaborative setting, we concretized students’ deeper understanding, in 

particular instructional goals and we specified the conditions and means that help us in 

pursuing these learning goals. This results in three principles that guide the design of shift-

problems.

Design principles

D1 The very specific learning goal that guides the designer is aiming for a shift toward 

a deeper understanding of mathematics. This shift should emerge through the 

process of students using mathematics as a means to understanding and explaining 

matters from reality and mathematical matters. At regular classrooms we can 

describe this as a process of local organization (Freudenthal, 1971).

D2 Instruction that fulfills these goals should emphasize that mathematics has to start 

at a level on which the notions and concepts are experientially real to the students, 

and that through processes of orientation, organization and reflection, students will 

build the relationships that are necessary to construct a relational framework 

(Gravemeijer, 1999). The selection of the tasks that serve the instructional goals 

will be done by taking into account the criteria presented before. The tasks will be 

organized in sequences that include relevant activities for the topic in question. The 

designer takes the learner’s point of view and establishes hypotheses about the 

process of students’ learning (Simon, 1995; Simon & Tzur, 2004).

D3 Individual reflection on previous mathematical activity can be induced through 

mathematical discussions and reasoning. Students will be working together in small 
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heterogeneous groups and their discourse will be operationalized in terms of 

regulating and key activities (Dekker & Elshout-Mohr, 1998, 2004).

Developing shift-problems for geometric proof

Instructional goals for geometric proving (design principle 1)

To answer our research question we developed a sequence of mathematical tasks within 

the topic geometric proof by following a design research approach (Gravemeijer & Cobb, 

2007), which started by establishing initial design principles that guided us through the 

development and trials of the intervention. Through several teaching experiments, these 

principles, the learning tasks and their sequencing have been refined, and in this way we 

were not only developing an intervention but also gradually developing a better idea about 

the way this intervention works. The primary goal of the design experiments, however, was 

to create innovative learning ecologies in which we could study students ‘repairing’ their

fragmented knowledge in regular classrooms. In this section we illustrate how we have 

applied the three principles to design sequences of shift-problems for geometric proof.

The first design principle relates to the specific goal of designing instruction that 

aims at a shift toward a deeper understanding through processes of local organization. In 

the case of geometric proof, we follow a comprehensive approach to proof (Harel & 

Sowder, 2007) where proving is primarily “the process employed by an individual (or a 

community) to remove doubts about the truth of an assertation” (ibid, p. 6). The process of 

proving includes two sub-processes: ascertaining and persuading. The first one refers to the 

process that one individual (or community) employs to remove his or her owns doubts 

about the truth of an assertion. The second one refers to the process that one individual or 

community employs to remove others’ doubts about the truth of an assertion. These 

processes usually occur together: when one is convincing himself one is probably also 

convincing others, and the other way around. In this way, the activity of proving “emerges 

as response to cognitive-social needs rather than exclusively to cognitive needs or social 

needs” (ibid, p. 7).

The authors use the term proof schemes to define what constitutes ascertaining and 

persuading for a person (or community). In the context of upper-secondary school, 
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students’ solutions to proof tasks can be sorted into three main proof schemes: empirical 

proof schemes, which are based on evidence from examples or measurements of quantities 

and perceptions; external conviction proof schemes, which are dependent on an authority 

such as a teacher or textbook, and deductive proof schemes, which involve generalization, 

operational thought, local thought and axioms (the proving process must start with 

accepted principles). According to the authors, the goal of mathematical proving should be 

to help students develop an understanding of proof that is consistent with that shared and 

practiced in contemporary mathematics. At upper-secondary school this involves mostly 

deductive proof schemes. In this study, in the context of geometric proof, we use the term 

informal proof to refer to students’ solutions that have characteristics of empirical proof

schemes, and we use the term formal proof to refer to students’ solutions that have 

characteristics of deductive proof schemes.

Instruction that fosters more sophisticated proof schemes involves a student-centered 

approach to the activity of proving and appropriate instruction, which resonates with the 

kind of instruction that underlines a shift-problem approach (see design principle 2). Some 

examples of appropriate learning activities are validating own mathematical proofs (Selden 

& Selden, 2003) and making conjectures in small groups (Boero, Garuti, & Mariotti, 1996; 

Mariotti, 2006). In the latter of these, students progressively work out their statements in 

the process of conjecturing through an intensive argumentative activity in which they must 

justify the plausibility of their choices. During the proving stage the students, in cases 

where the conjecture process led to successful proofs, link up with the conjecturing process 

in a coherent way, organizing in a logical way some of the justifications (arguments).

The topic geometric proof is usually introduced in the Netherlands in upper-

secondary school in eleventh grade. For our research we selected schools that use the same 

mathematics textbooks, which are those most used in Dutch schools (cTWO, 2009).

Through analysis of the chapter on geometric proof we characterized the students’ learning 

context, identified the key concepts to be learned and planned the sets of shift-problem 

tasks that would complement the instructional sequence of the textbook. This analysis 

showed that there are many learning activities about constructing mathematical proof or 

completing part of proofs in this textbook-chapter, very few conjecturing and reflection 

tasks and no tasks in which students are asked to validate a proof. Together with the 
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introduction of geometric proof the students face new mathematical concepts like 

congruence, line bisector, angle bisector, cyclic quadrilaterals and related theorems. It is 

not completely clear if the textbook-chapter is about proving or about learning these 

concepts. The theory is presented in the form of definitions and explanations supported by 

worked-out examples. At the beginning of the textbook-chapter, most tasks consist of 

show-and-explain questions that require calculations and arguments. Later on these 

questions are replaced by proof-questions where more formal answers are required. 

However, the question is whether this gradual move toward formalization is realized while 

the students’ focus is on completing parts of proofs and following out worked-out 

examples. As Goddijn, Kindt and Reuter (2004) point out, the real problem for the students 

when learning to prove is to find proofs in situations that are still unfamiliar to them. And,

help for students in this respect:

(…) must have an open character. It needs to improve oriented searching, 

but can never give a guaranteed solution strategy (…). The emphasis lies on 

stimulating the search so that students will no longer say: I do not know that 

now, so I cannot do it” (ibid, p. 18).

In this regard, we see a role for interactive instruction, such as intended with the shift-

problem lessons, which is more student-centered and includes appropriate activities for 

proving, such as validating, conjecturing and organizing activities.

Lessons with shift-problems for geometric proving (design principle 2)

The second design principle relates to the concretization of the instructional goals in shift-

problem lessons. From the analysis of the textbooks we identified the key mathematical 

concepts and the learning trajectory of the textbook. Usually this textbook-chapter takes 

about 12 lessons of 50 min each, spread over three weeks. We limited the intervention to 

only four of the twelve lessons (see Fig. 1.2).

We stayed close to the textbook by inserting tasks that were close to, or adaptations 

of, textbook tasks. The selection of the tasks was done by taking into account the criteria 

presented in the theoretical section. And, as we argued before, the student texts differ from 

those in textbook, in that the shift-problems are not direct applications of just reviewed 

theory, nor preceded by worked-out problems, nor framed in step-by-step procedural 
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guidelines. The individual tasks were selected from the textbook when possible; sometimes 

we adapted these problems or we developed new problems in order to fit our instructional 

goals. In appendix 1 we present all three shift-problem worksheets, alongside the problems 

(and accompanied instruction) that were replaced. We have highlighted these 

modifications in the appendix, which includes small changes in the question-posing in 

order to foster argumentation, conjecturing, validation activity and re-formulation of the 

problems in order to become more accessible to the students.

R R R SP1 R R SP2 SP3 R R SP4 R

Lessons 1-4

Similarity and Congruence

Lessons 5-8

Triangles, 

Line and Angle bisectors

Lessons 9-12

Circles, Thales and 

Cyclic quadrilaterals

R=Regular Lesson SP=Shift-Problem Lesson

Fig. 1.2. Lessons with shift-problems (teaching experiment, October 2008)

Mathematical discussions and reasoning (design principle 3)

The third design principle relates to fostering students’ reflection by working in small 

groups. In a regular mathematics lesson, students work individually or in pairs and, when 

needed, some problems are solved by the teacher on the blackboard and discussed with the 

whole class. In the shift-problem lessons, students worked in groups of three according to 

the process model. To facilitate students’ interaction, each group of students worked from 

a single A3-format worksheet and received a hand-out with the double function of 

recalling pre-knowledge and offering a framework of mathematical definitions and 

theorems that could be used. The characteristics of the task, together with students working 

together in small groups, can provide a cognitive-social context in which proving can 

emerge.

Difference with regular lessons

As we previously stated the main difference between shift-problem lessons and regular 

lessons regards a different focus of the students, which in turn has to lead to different 
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learning activities. Specifically to the case of geometric proof this difference can be 

recognized in a focus on the activity of proving in the shift-problem lessons, whereas in the 

regular lessons the focus is on introducing and applying new concepts or theorems from a 

more axiomatic or ritualistic perspective. In addition, in the shift-problem lessons no 

worked-out answers are provided and the students must collaboratively construct and 

validate their own solutions; firstly within the small group and later within the whole 

classroom.

Our research question is: In what way does working with shift-problem lessons in a 

regular classroom lead to mathematical reasoning and proving by the students? In 

answering this question, our focus will be on the forms of reasoning, or lack thereof, that

relate to integrating and strengthening originally fragmented knowledge while students 

locally organize the subject matter within the topic of geometric proof.

Method

Data collection

In order to answer our research question we use data resulting from a teaching experiment 

conducted in an eleventh-grade classroom. This classroom may be considered a regular 

classroom where mathematics learning and teaching follows the current national 

curriculum. The data analyzed consisted of the students’ written answers, video recordings 

and lesson observations during four mathematics lessons in the fall of 2008. Two cameras 

were used to record the shift-problem lessons and one voice recorder was used to tape the 

teacher’s voice. Each camera focused on one group of three students and in this way we 

were able to follow the activity of two groups over four lessons.

Analysis

The small group interactions were analyzed in chronological order and divided into distinct 

but related episodes (Cobb & Whitenack, 1996). Each episode consisted of the students’ 

attempts to solve particular mathematical tasks. In total we defined 18 episodes. We 

distinguished three main phases in the analysis:
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(i) a first global analysis of all the lesson fragments, which took place in the fall of 

2008 and from which we selected three episodes that seemed to be representative of 

the whole data set.

(ii) from a deeper analysis of these three fragments we identified three main 

characteristics of students’ solving processes that could be connected to students’ 

enrichment of mathematical knowledge and understanding: (a) students were 

strengthening their relational framework and grounding their mathematical 

knowledge in knowledge that was more concrete to them; (b) students were 

induced to reflect through mathematical discussion and reasoning; (c) students were 

involved in solving the tasks.

(iii) having identified the three characteristics above we may assume that these 

characteristics could be representative of the whole data set. We have then tested 

this conjecture in a later systematic analysis of the whole data set (18 episodes).

Here we have followed the qualitative methodology of grounded theory (Glaser & 

Strauss, 1967; Strauss & Corbin, 1998). The results of this analysis showed that the 

three characteristics did typify 9 episodes. Some of these characteristics were 

present in 7 episodes, and in 2 episodes we could not find a significant presence of 

these characteristics and the students did not know what to do.

Analysis instrument

In the first retrospective analysis of the teaching experiment we have watched the 

videotapes and formulated conjectures on students’ reasoning. In the second phase we 

transcribed the three fragments and we analyzed them deeply on two aspects. One aspect 

concerned the students’ performance of key and regulating activities. This provided us 

with information about the students’ mathematical contribution to the groups’ solution 

method. For example, more abstract and formal ways of reasoning could be fostered by 

performing key activities such as justifying and reconstructing, or regulating activities 

which stimulate further reflection or challenge one’s thinking. This also gave us 

information about students’ involvement. The other aspect concerned identification of the 

mathematical topics that were brought up and discussed by the students, and how they used 
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these topics to understand and explain particular phenomena (see theoretical section). This 

gave us information about: the way students were grounding (or not) their formal concepts 

in more familiar concepts; were establishing mathematical connections (for instance, 

referring to a same concept or relation in different levels of sophistication); were relating it 

to other concepts.

Validity and reliability

In the first and second phases the validity of the analyses of the episodes involved peer 

examination. In the third phase we tested the inter-rater agreement of our results by 

comparing the conclusion of the first author of this chapter with the conclusions of the 

second author and calculating the reliability value. This analysis was based on a sample of 

the episodes and respectively analysis that offered for different kinds of conclusions. The 

inter-rater agreement was 85%.

Shift-problems in the regular classroom

Based on a thorough analysis of the data, we selected three episodes that we consider to be 

illustrative of the kind of learning processes and way of students’ reasoning arising in the

shift-problem lessons. In this section we present a detailed analysis of these episodes. Each 

episode corresponds with one particular mathematical activity that arose from the students’ 

attempts to solve these tasks. The three episodes relate to the same group of students Igor, 

Jan and Lia. The first two episodes were taken from the first shift-problem lesson and the 

third episode comes from the fourth and last lesson (see Fig. 1.2).

Episode 1: Building own definition

In task 1.1 students are asked to prove two statements.

Task 1.1 In most of the problems involving congruence of triangles you don’t know the 

measures of all three sides or angles of the triangles. But even so, in some of these 

situations, it is possible to prove that the triangles are congruent. For example:

a. “Two triangles are congruent if they have one equal side and two equal angles”

45



Chapter 1

b. “Two triangles are congruent if they have two equal sides and the angle 

between these sides is equal”

Prove that both statements are true for every triangle.

Both statements are properties of congruence that the students have seen before. When 

presenting these statements to the students, we aimed to engage them in the problem: 

“when can we say that two triangles are congruent?” Because the students have little 

experience with mathematical proof, we expected them to produce different examples of 

two congruent triangles and make conjectures about these examples and reflect upon the 

relation between the correspondent angles and sides involved in the congruence cases. The 

task fosters the activity of proving in the sense that students, through their search for 

understanding and when trying to explain the different examples, will be removing their 

own and each others’ doubts. The task setting is experientially real since the mathematical 

objects involved are known to the students, and making conjectures and reflecting upon 

them are meaningful proof-related activities. A level-raising element in the task is to 

become aware of the distinction between the situation in which two correspondent sides 

are equal and one angle (not necessarily the one between the sides) is equal, and the 

situation in which the correspondent sides are equal and the angle in-between is equal 

(congruence case Side-Angle-Side). These two situations are often confused by the 

students. We expected (particularly with task 1.1b) that students would produce examples 

of both situations and have the opportunity to notice, discuss and reflect upon this 

difference. Solving this task may result in a more general and extended definition of 

congruence cases that is now rooted in the students’ understanding.

Students’ solution methods in episode 1

The students’ attempts at solving the task have led to two interesting situations, even 

though the solutions were different than we expected. Students produced and discussed 

only one particular example and students’ statements and arguments were not always clear 

or they did not refer explicitly to the theoretical properties behind their statements. 

Students’ solution to task 1.1a (see also Fig. 1.3) is as follows:

If 2 angles are equal then the third angle is also equal = similar
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If 1 side is equal and 2 angles are equal = other side also equal

One knows that 1 side equal means that the magnifying factor is 1 and thus congruent

Fig. 1.3. Students’ definition of congruence

The first interesting aspect of the students’ solution was that they related the recent concept 

of congruence with the more familiar one of similarity, creating their own definition of 

congruence. The students started by considering that if two [correspondent] angles [in each 

triangle] are equal then the third angle [in both triangles] is also equal; therefore the two 

triangles are similar. Next, being that the two triangles are similar and having one 

correspondent equal side, then the magnifying factor should be 1, from where it can be 

deducted that the triangles are congruent. So, the students seem to be defining congruence 

in terms of similarity, which is a notion that they have used in past lessons. The second 

interesting aspect in this episode was that students used the definition constructed in task 

1.1a to justify a situation of congruence in the following task, task 1.1b (see also Fig. 1.4).

“ A= Q,

Line segment AB =QP, AC =QR

So, relative to each other, BC and PR lie at a fixed point and from here it follows that 

BC=PR

and because all sides are equal = magnitude factor is 1”

Fig. 1.4. Students’ use of their own definition

The students drew two identical triangles, which is a particular solution for the general 

statement. From this drawing they tried to explain why the two correspondent sides BC and 
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PR should be equal. This explanation lacks theoretical arguments; instead, students seem to 

consider that the sides are equal because each vertex C and R lies respectively at the same 

physical distance from the “fixed” vertices B and P (note that students marked on their 

drawing one point on each vertex B and P). It is interesting that the students’ conclusion is: 

because the sides are equal the magnitude factor is 1 (and thus congruent). Even though the 

students did not mentioned the word congruence in their written solution it is clear from 

the previous task that students were relating similarity and congruence through this idea of 

“magnitude factor 1.”

Reflection on episode 1

The main characteristic of this episode is that the students’ organizing process has resulted 

in a definition of congruence produced by themselves and which they have used to 

understand and explain two particular situations. In task 1.1a students were relating the 

recent concept of congruence with a more familiar concept to them, the concept of 

similarity, in a new way (defining) and, in task 1.1b, students were using the definition that 

they had constructed in one task in a following task, which suggests reflection on their own 

previous mathematical activity. Actually, we found two more situations in the lesson 

protocols in which these students explicitly refer to the use of this definition to identify and 

justify a situation of congruence. In relation to our hypotheses about students’ learning 

processes and reasoning, we point out two limitations of the task: first, it did not really 

activate students to make a variety of conjectures or to look for different examples; second, 

students missed the (expected) level-raising factor. This happened because they felt 

convinced they had found a solution and did not see a reason to question it, and there is 

nothing specific in the task that could trigger students to doubt about the correctness of 

their answer.

Episode 2: Geometric proving

Task 1.2 and hypotheses about students’ reasoning when approaching the task were

already introduced in the theoretical section (Fig. 1.1). In this task a triangle ABC is given 

and the equilateral triangles ACQ and BPC and, the students are asked to prove that the 
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sides AP and BQ have equal length. In the learning sequence, this task followed the task 

presented in episode 1.

Students’ solution method in episode 2

Students wrote (see also Fig. 1.5):

“QCB and ACP are congruent because QC=AC, CP=CB and C12= C23 (because

C1= C2=60)

Thus (Side-Side-Angle) congruent

Then if QC=AC and CP=CB then it follows that AP =BQ”

When solving the task the students identified the lines AP and BQ as sides of two 

congruent triangles and they attempted to prove this congruence using the congruence 

cases. Students reasoned correctly about the relation between the sides and angles of the 

two triangles but, in their final written answer, they used the wrong congruence case (it 

should be Side-Angle-Side instead of Side-Side-Angle). 

Fig. 1.5. Using congruence to prove that AP = BQ

Students followed a similar solution process and reasoning to those we had expected. The 

particularity of their solving process was that students seemed to be involved in the activity 

of proving, When solving the task, one of the students, Igor, quickly recognized on the 

diagram that the two triangles APC and QBC were identical and explained this through 

rotational arguments (students don’t use the term congruent in the beginning).The other 

two students checked the plausibility of Igor’s statement and explanation on the diagram, 

which seemed to give them a sense of understanding.  
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Igor: Wait…, look…you can turn this one (Igor points to triangle ACP) and then this one 

is this one (Igor points to triangle QBC). Thus ACP is QCB (…)

Jan: Yes, you say this one is this one (Jan points to triangles ACP and QCB) (…)

Lia: This one is this one (interrupting)

The equality of the two triangles in the diagram (empirical notion of congruence) is noticed 

by the three students from this moment on. Next, Igor proceeded to explain this equality, 

but now at a different level. The student refers to the property of the equality of the sides 

and the property of the equality of the angles, which are necessary conditions to apply the 

theoretical notion of congruence. 

Igor: Yes, and that happens because AC (…) is equal to QC and BC is equal to CP

Lia: Yes, so the other one must also be equal to this (Lia points to the diagram.) 

Igor: So, it means that A is equal to … 

Lia: Q (interrupting)

Igor: No.... We should look at angle C… (…) that this angle C is equal to this angle C

(Igor points to the diagram)

Jan: This and this? That can’t be…. Wait a minute

Igor: Only then we have proved it. Because then we have one angle and two sides. 

All three students participate in the discussion, although Igor is the one who most clearly 

expresses his reasoning and gives mathematical input to the conversation. The change from 

rotational arguments to the congruence cases results from Igor’s attempt to convince 

himself and to explain his reasoning to the other students. Igor’s final remark: “only then 

we have proved it. Because then we have one angle and two sides” gives two important 

bits of information about Igor’s reasoning. First, there is an explicit reference to the 

congruence cases, since the student specifically mentions one angle and two sides, so Igor 

knows the theoretical notion of congruence. Secondly, the student shows he is aware of the 

importance of the theoretical perspective; only through the theoretical notion of 

congruence can he be sure that the equality that he recognized in the diagram is true. The

other two students are actively following Igor’s reasoning, by questioning (“this and 

this?”) and making sense (“yes, so the other one…”) of Igor’s answers. In this sense, they 

are also benefiting from Igor’s explanations. 
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In the following fragment students attempt to justify in a theoretical way that the 

angles ACP and QCB are equal. As we expected, students displayed difficulty in 

conceiving that the angle ACB was part of both angles ACP and QCB and 

consequently in justifying the equality of ACP and QCB in the theoretical sense. On 

one hand, students in the previous fragment seemed to be convinced that the angles were 

equal; on the other hand, they still did not find an explanation that gave them the sense of 

understanding. 

Jan: What do we know? We know that this is this (Jan points to the angles in the 

diagram). And what else do we know?

Lia: But you know that here … eh… They are all 60 degrees because this is a … (…)

Igor: Indeed, we can try to fill that in. (Jan writes 60 degrees near the vertices of triangle 

ABC). And also at the other angles (Jan does what Igor says)

Jan: Eh… is it possible that…this, this makes the difference (and he points to the shared 

angle ACB)

Igor: Yes….wait a minute, I already know it! Because this is shared (he points to angle

ACB). Both angles have it. 

Jan: Yes!

Igor: This is 60 degrees and they have this shared piece.

Lia: Yes.

Several elements in the dialogue contributed to discovering a (theoretical) explanation for 

the equality of the two angles. Jan's initial remark probably stimulated the other two 

students to reflect on the situation. In her reaction, Lia notices that the angles (we assume 

that she is referring to the angles of the triangles ACQ and BPC) are all 60 degrees, which 

she probably deduced from the fact that the triangles are equilateral. Building on Lia’s 

utterance, Igor suggests marking the angles that are 60 degrees in the diagram. From this 

common action Jan notes that the angle ACB is the piece of the angles QCB and ACP

that is left (the other two pieces are 60 degrees). This observation probably helped Igor to 

reason that the angles QCP and ACP are of the same size. 

This discovery marks a change in the students' mathematical activity. Whereas the 

activity in the previous fragment had the character of solving problems, in the following 

fragment the students’ concern shifts towards communicating the solution process and the 

use of more formal language and notations. There is also a change from particular to 
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general statements. Igor begins by referring to the angle as "common piece" and finally 

refers to it as "C2 plus 60."

Igor: Thus, if we call it C (Igor grabs the pen from Jan)

Lia They must be exactly…

Igor: We can call them 1, 2 en 3. (Igor writes it down). Then they have both…. (On the 

worksheet he marks the angles QCA, ACB and CP and labels them 1, 2 and 

3).  

Jan: 1… C2

Igor: C2. C2 (we assume that students refer to the angle ACP) is C2 plus 60 degrees

Jan: Thus, they have to be equal.

Reflection on episode 2

There are two main characteristics of this episode: (i) students were involved in the activity 

of proving in ways that resulted in a formal proof where the arguments are based on 

theoretical notions and grounded in students’ understanding (which led to students having 

strengthened their relational framework). The students were explaining the equality of the 

two triangles in ways that were meaningful to them (the task setting was experientially 

real). Students used the empirical notion of congruence (through rotation) to verify in the 

particular case of the diagram that the two line segments were the sides of two equal 

triangles; they used the theoretical notion to prove that the equality holds, in general, for 

any two triangles (task was aiming at level raising); and students were relating both 

empirical and theoretical notions in their search for an explanation for the equality of the 

line segments and the equality of the angles. Actually, a challenging factor of the task was 

to prove the equality of the two angles (the task was cognitively demanding and non-

routine to these students); (ii) the three students seemed to have benefited from working 

together; they were showing, explaining, justifying and re-constructing their solutions and 

reasoning, which are key activities that can foster individual reflection. Crucial to this 

process was the fact that Igor already possessed the necessary formal knowledge at some 

level, which helped the students to frame the discussion in more conceptual and formal 

terms.
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Episode 3: Constructing a relation between parallel lines and angles

Task 3.1 (see also Fig. 1.6) on the learning sequence was presented at the end of the unit.  

Task 3.1 Prove that the line segments CF and DE are parallel (the complete question is given in 

appendix 1).  

Fig. 1.6. Prove that the line segments CF and DE are parallel

In order to prove that lines CF and DE are parallel, students should relate the angles that 

these lines form with line k (Fig. 1.6) and show that they are equal. By doing this the 

students will be applying the converse of Euclides’ parallel postulate: “If a straight line 

falling on two straight lines makes the alternate angles equal to one another, the straight 

lines will be parallel to one another” which can also be formulated as “ If the sum of the 

two interior angles equals 180°, the lines are parallel.” Actually, the students in our 

research had not been introduced to this result as a postulate, but they should know this 

theoretical result from previous lessons. In this task, in order to establish the relation 

between the parallel lines and the angles, students must first use the notion of cyclic 

quadrilateral (which is a quadrilateral that has all of its vertices lying on a circle) and the “a 

quadrilateral is cyclic if and only if opposite angles sum up to 180°” property to relate the 

angles of the quadrilaterals CABF and ADEB. When combining this relation with the fact 

that a straight angle is 180 degrees, it results that the angles between line segments CF and 

DE and line k are of equal sizes. 

The task setting can be experientially real to the students, in the sense that 

understanding and explaining the parallelism of two lines is a meaningful activity by 

proving. The students can explain the parallelism in the particular situation of the diagram 
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through translation arguments (if we translate one line it will fit the other, or by drawing 

lines CF, DE and AB and then comparing the angles that these lines form with line k). In 

this task the level raising for some students involves discovering that translating the two 

lines is too simple to construct an explanation that holds for a general case. To do so they 

must justify (using the notion and the property of cyclic quadrilateral) that the 

correspondent angles that both lines form with line k (or l) are equal. The task is non-

routine in the sense that there is no standard solving procedure available even for students 

who recognize a situation in which they could use the postulate and cyclic quadrilateral. 

The three students had been practicing geometric proof in the previous lessons, so they 

may pay attention to “what is given” in the question, such as the information about “the 

four points on the circle” and connect this fact with the notion of cyclic quadrilaterals. For 

these students the level raising involves linking these two theoretical notions in a (new) 

way that explains why the lines are parallel in the proposed situation.  

Students’ solution methods in episode 3

Students recognized a situation in which they could use the notion and the property of 

cyclic quadrilaterals but they could not elaborate on it because they did not know the 

converse of Euclides’ parallel postulate. In the following fragment, Lia comes up with the 

idea of using cyclic quadrilaterals. Igor agrees with Lia’s suggestion as he supports her 

statement, and also backs it up with the definition of cyclic quadrilaterals. Jan agrees with 

both. This dialogue shows that this knowledge was available to all three students.

Lia: (…) With cyclic quadrilateral and then you must compare…uhm…no, forget that, 

we don’t have parallel……

Igor: Yes, but it is true because you have four points that are on a circle (…) so it can be 

a cyclic quadrilateral

Lia: Yes, but it is a cyclic quadrilateral anyway …

Igor: We can also draw a line here (student draws line AB)

Lia: Yes...

Jan: Okay, cyclic quadrilateral.

Igor: And does that mean that angle F plus angle A is 180 degrees? 

Lia: Yes.

Igor: And angle C plus angle B is 180 degrees.
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However, after this dialogue the students dropped the notion of cyclic quadrilaterals and 

did not mention it again. One possibility is that the students didn’t use this notion because 

they could not recognize its utility, that being as a linking element between the parallelism 

of the lines and the equality of the angles. Notice that the questioning of the task is about 

parallel lines and there is no mention at all of angles. A student who doesn’t know the 

postulate will not understand the utility of the notion of cyclic quadrilaterals to solve the 

problem, and will therefore naturally drop it. We based this analysis on the following 

fragment which shows that the students are considering the relations between parallel lines 

and equal angles in a new way to them. 

Igor: Show that Z2 angles….is that possible?

Jan: It is, if they are parallel. You can only make Z angles and F angles if they are 

parallel lines.

Lia: Yes…. 

Jan: This was a good idea, right? 

Igor: Okay… imagine that they are parallel 

Jan: Then we must get a Z angle or an F angle 

From their chain of reasoning we deduce that the students seem to be constructing a

relation that is new to them: Igor’s initial utterance reveals some doubt; then Jan’s 

connection between the angles and parallel lines seems to have arisen from the dialogue 

because he seems a bit surprised by his own reasoning as he asks: “this was a good idea, 

right?” Jan’s answer to Igor’s first question refers to a general situation concerning 

hypothetical angles and lines (“if they are parallel…”). The link between this general 

statement and the particular problem situation is noticed by Igor when saying: “imagine 

that they are parallel.”

Reflection on episode 3

Characteristic of this episode is that the students established a (new to them) mathematical 

relation between parallel lines and equal angles built on their previous knowledge of Z and 

2 If a straight transversal line intersects two parallel lines, corresponding (as well as alternate) angles at the 
two points of intersection are equal in size. The corresponding angles are called ‘F angles’ and the alternates 
are called ‘Z angles’.
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F angles. The fact that the task setting was experientially real to the students probably led 

to them bringing up the notions of Z and F angles, which are notions familiar to students 

from previous years’ education. Students would then have used these notions to explain the 

relation between the angles and the parallel lines that holds for a general case. 

Furthermore, the level-raising element in this episode was different than we had expected 

when establishing our hypotheses about students’ learning processes. The students showed 

that they had knowledge of cyclic quadrilaterals, but they could not apply it. This may be a 

consequence of the students not (yet) having constructed the link between parallel lines 

and equal angles. 

Conclusion and discussion

In this chapter we developed the notion of shift-problem lessons. The central idea of these 

lessons is to support students in enriching their fragmented mathematical knowledge in 

regular classrooms in ways that are feasible to both teachers and students. In the previous 

sections we concretized the idea of shift-problems within the topic of geometric proof. We 

defined essential features that may foster opportunities for solving problems, creative 

mathematical thinking and reflection and we tried to characterize the learning processes

involved. Our research question was “In what way does working with shift-problem

lessons in a regular classroom lead to mathematical reasoning and proving by the 

students?” In particular, we focused on the forms of reasoning - or lack thereof - that relate 

to integrating and strengthening originally fragmented knowledge. In answering this 

question we analyzed small-group interactions from a teaching experiment conducted in 

one eleventh-grade class. For this study, we selected three episodes that we considered 

illustrative for the whole data set and we presented a more detailed analysis of the kind of 

learning processes that occurred in these episodes. The results of this more detailed 

analysis were taken as conjectures about the whole data set, which were tested by 

systematically checking whether these characteristics fitted with all episodes. We found 

that those characteristics did typify 9 of the 18 episodes, and also featured in 7 other 

episodes.

The main result of this analysis is that the mathematical tasks together with the 

interactive setting can create a micro-learning ecology (Cobb et al., 2003) in which 
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students develop other socio-mathematical norms and other forms of mathematical activity 

than those in regular classrooms. The students in our study were regular students who were 

used to learn mathematics in ways that do not necessarily lead to understanding (Lithner, 

2008) involving aspects of rote learning (Mayer, 2002). The interesting aspect of the three 

episodes is that the students were locally organizing the subject matter, which is using 

mathematical notions to understand and explain particular phenomena. In the first episode, 

students constructed themselves and then used a definition of congruence based on a more 

familiar concept of similarity in their attempt to explain this more recent notion of 

congruence. In the second episode students were involved in the activity of proving in 

ways that resulted in a formal proof in which the arguments were based on theoretical 

notions and grounded in students’ understanding. In the third episode, the students 

established a new and more direct relation between parallel lines and equal angles built on 

their previous knowledge about Z and F angles. We have also seen how students’ attempts 

to solve the problems were limited in certain situations even though they possessed the 

factual knowledge needed to solve the task. For instance, in episode 3 the students recalled 

the concept of cyclic quadrilaterals and discussed its definition and properties, but they 

were not able to further elaborate on this knowledge or connect it with the relation between 

angles and parallel lines they later created. Dropping potential solution processes without 

apparent reason could be related to a lack of metacognitive knowledge (Schoenfeld, 1992). 

Another possibility could be that the students were unable to use the notion of cyclic 

quadrilateral, because they had not yet constructed the necessary link between parallel 

lines and angles. 

We consider that three main learning processes occurred in the micro-learning 

ecology created by shift-problem lessons (and in relation to the features of the sequences of 

tasks and task setting) that may have enriched students’ mathematical knowledge:

Students were strengthening their relational framework and grounding their mathematical 

knowledge in knowledge that was more concrete to them.

The students tried to link more recent formal knowledge with particular features of the 

task setting and familiar mathematical concepts, such as the empirical notion of 

congruence (episode 2) and concepts of similarity (episode 1) and Z and F angles (episode 
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3). The notions were not given in the task; students brought these topics up in conversation 

by themselves. Recalling these concepts happened when the students were trying to 

understand and explain more abstract situations (respectively, the equality of two line 

segments, the congruence cases and the parallelism between two lines). This resonates with 

previous research on mathematics as an activity (e.g. Freudenthal, 1991; Gravemeijer, 

1999) which stresses the importance of students’ informal knowledge and understanding 

for dealing with more abstract and formal activity. Also, according to Pirie and Kieren 

(1994), such movements of folding back are essential for the construction of mathematical 

understanding.  

Reflection through mathematical discussion and reasoning.

In the three episodes the students did reflect on elements of the task setting or on familiar 

concepts, which helped them in grounding their knowledge and strengthening their 

relational framework. But the students also reflected and built on each other’s ideas and 

partial solutions. They seemed to have benefited from working in small groups and 

discussing mathematically according to the heuristic process model (Dekker & Elshout-

Mohr, 2004). This was particularly noticeable in episode 2 when the three students were 

showing, explaining and justifying their explanations and thinking to each other, which 

may have led to individual reflection and reconstructing of their own thoughts. Something 

that was important for the quality of the discussions was that one student (Igor), who 

already possessed the necessary formal knowledge at some level, helped the students to 

frame the discussion in more conceptual and formal terms.   

Students’ involvement

The students’ involvement in solving the tasks, which is visible by their participation in the 

mathematical discussions, probably helped them to overcome the difficulties experienced 

while solving the tasks (episodes 2 and 3). In all three episodes the students acted 

according to socio-mathematical norms that are different from those that characterize 

regular classroom settings (mainly rote learning).

Finally, it should be noted that this study was primarily concerned with the 

characterization of learning processes and not with students’ learning outcomes. An 
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interesting question in this area would be: in what way do these local experiences have an

impact on students’ learning outcomes? In addition, we state that the findings of this study 

so far have also been restricted to the topic of geometric proof and focus on students’ 

learning. What about other mathematical topics with shift-problem lessons? And will 

regular teachers be able to use and develop shift-problem lessons? These are two of the 

questions that we are now investigating in our research. 

Concluding: there is a gap between the ideal learning processes found in the 

literature, and regular classroom practices. This difference will always be there, but we are 

trying to find ways to transcend this dichotomy. Our research shows that shift-problems 

have the potential to do just that. In contrast with the instructional sequences that involve 

often carefully constructed reinvention routes, the shift-problem lessons may fit the direct 

needs of teachers and students working from conventional curriculum materials. 

Specifically, this study illustrates how regular classroom teachers can work from regular 

textbooks and give students opportunities to engage in problem solving, creative 

mathematical thinking and reflection. Moreover, shift-problems may offer footholds for 

developing better ways to discuss insufficiencies in the learning environment that lead to a 

poor and fragmented conceptual understanding, such as rote learning (Lithner, 2008; 

Mayer, 2002). The notion of shift-problems makes the problem more transparent and, at 

the same time, it can become a tool for teachers to act and reason with.

59





Chapter 2   Levels of reasoning in problem-centered 
   collaborative group work3

Abstract Even though various successful instructional approaches to 
mathematics education in which students construct meaningful 
mathematics have been reported in the research literature, little of it has 
trickled down to everyday practice in classrooms. The difference 
between advice offered in the research literature and what is feasible in 
regular classrooms shaped by textbooks and mandatory curricula is still 
too great. In our research we developed a more pragmatic approach with 
a view to creating conditions in which students are supported in 
constructing and reconstructing, grounding and integrating their 
presumably fragmented and shallow mathematical knowledge, which is 
also doable for teachers in regular school settings. The core element of 
this approach comprises replacing four of the twelve textbook lessons 
with problem-centered collaborative group work. To analyze the 
students' learning processes, we constructed a framework of four levels 
of reasoning that could possibly emerge when students participate in 
these activities. The levels of reasoning discussed in this chapter are 
tailored to the topic of the lessons of a teaching experiment relating to 
geometric proof in Dutch 11th grade classrooms. We explore the 
potential usefulness of these levels by analyzing student interaction in a 
small group working on geometric proof tasks.

Keywords student thinking, mathematical reasoning, geometric proof, 
collaborative learning, instruction, mathematical tasks

3 Based on: Palha, S., Gravemeijer, K., Dekker, R., & Mariotti, M.A. (submitted). Levels of reasoning in 
problem-centered collaborative group work
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Introduction

The belief that students should be given the opportunity to construct mathematical knowledge 

themselves - with the aid of a teacher - is widely accepted today among mathematics 

education theorists and researchers. A great deal of research reports on learning arrangements 

that successfully support students in such construction processes in experimental settings 

(Doorman & Gravemeijer, 2008; Gravemeijer, 1999; Rasmussen, Zandieh, King, & Teppo,

2005; Zandieh & Rasmussen, 2010; O'Callaghan, 1998; Cotic & Zuljan, 2009). The aim in 

these experimental settings is to support students in developing more advanced forms of 

mathematical reasoning by fostering a gradual process of constructing and inventing more 

formal insights, concepts, and procedures. Learning processes of this type are often situated in 

interactive and collaborative settings (Dekker & Elshout-Mohr, 1998, 2004; Yackel, 2001;

Yackel, Cobb, & Wood, 1991; Bartolini Bussi, 1998). 

However, there is still a considerable gap between the successful approaches reported in 

the literature and actual practice in regular classrooms. Processes such as constructing and 

deepening mathematical knowledge are often lacking (Lithner, 2008; Stylianides, 2009; Pijls 

& Dekker, 2011). Conventional school mathematics is dominated by a textbook culture in 

which students are led step-by-step towards a final form or procedure often supported by 

worked-out solutions. As a result, students are not challenged to develop the resources, 

heuristics and self-regulation, which are required when they face more complex problems or 

non-standard tasks (Vosniadou & Verschaffel, 2004; Lithner, 2008; Mayer, 2002; Schoenfeld, 

1985, 1992). Students therefore develop scattered mathematical knowledge, which might 

include some informal practical knowledge and some elements of formal mathematical 

knowledge (Roorda, 2012). Furthermore, such knowledge will probably be unrelated to the 

students’ experiential reality (Vinner, 1983; Thompson & Silverman, 2008; Pijls & Dekker, 

2011). Following Van Oers (2002) we refer to this as ‘pseudo-mathematics’, which he defines 

as a transition stage in the concept development process. The student has already learned 

definitions, properties, notations and their conventional use but still has to acquire the 

corresponding meaning. The students appear to be able to use and apply mathematical terms 
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and notations correctly but they cannot produce a plausible explanation or a justification for 

their correct use. Van Oers (2002) defines these pseudo-concepts as pseudo-mathematical in 

the sense that: ‘they are conscious actions already but not systematically reflected upon’ (ibid, 

p. 35). The mandatory curriculum, compulsory exams, and conventional textbooks make it 

extremely difficult for teachers of regular classrooms to adopt the prototypical instructional 

sequences or local instruction theories generated in educational research. 

We therefore developed an intervention that is feasible for regular classrooms, and 

which creates conditions in which students are supported in constructing and deepening their 

mathematical knowledge. Given the students scattered, partially formal mathematical 

knowledge and partially pseudo-mathematical knowledge, the alternative instructional setting 

must foster enrichment processes in which the students fill in gaps, reconstruct, and ground 

their pseudo-mathematical and mathematical knowledge. We assume that these processes will 

flourish when students engage in mathematical problem solving in collaborative, small-group 

settings. When reasoning collaboratively, the students will be comparing, adapting, integrating 

and eventually reconstructing their available mathematical and pseudo-mathematical notions, 

which then may become properly mathematized (Van Oers, 2002). To analyze the intended 

enrichment processes, we identified different levels at which students might reason. 

This chapter explores the potential usefulness of such levels of reasoning by analyzing 

student interaction in a small group working on geometric proof tasks. We first present the 

background of our intervention. We then describe how we constructed the levels of reasoning. 

To identify these levels in a given setting, these general levels must be tailored to the content 

of the actual lessons. In relation to this, we discuss mathematical reasoning in the context of 

geometric proof. This is followed by an elaboration of our framework in terms of observation 

categories for analyzing geometry lessons on proof. These categories are then applied to 

lessons in a teaching experiment in a Dutch 11th grade classroom. We close with a discussion 

of the main findings. 
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Research background

Creating an enriching learning environment in regular classrooms

To create an alternative learning environment in regular classrooms that might improve the 

quality of the students' mathematical learning, we must first establish the characteristics of the 

regular classroom practices that could actually hinder students in developing deep, coherent, 

well-grounded and sophisticated mathematics. We observed the following characteristics by 

studying Dutch 11th grade mathematics textbooks:

- new mathematical content is introduced in a step-by-step manner;

- students are expected to follow previously-established procedures, often supported by 

worked-out problems;

- the tasks require neither conceptual thinking nor rich explanations. Instead, they 

generally require calculation or straightforward answers;

- the teacher has a central role in giving explanations and instructions.

Research by Roorda (2012) suggests that students in regular classrooms eventually get to grips 

with the mathematics taught, though it might take a long time. A two-year study (from 10th to 

12th grade) of Dutch secondary-school students showed that they gradually developed a 

deeper, more coherent and correct understanding of calculus over that period. We can make an 

educated guess about how this process might develop. Given the fact that the students start out 

with fragmented, partially pseudo-mathematical and partially mathematical knowledge, a 

process is required in which they fill in the gaps, reconstruct and ground their knowledge by 

making connections between their pseudo-mathematical and mathematical knowledge, and 

what is experientially real and meaningful to them. We refer to this as an enrichment process. 

The question that then arises is: how do we foster such enrichment processes? 

It seems plausible that such processes could be encouraged by having the students solve 

problems that require them to rethink their current knowledge, make connections and 

reconstruct what they already know or construct new knowledge. Moreover, situations could 

be created where the students explain and justify their thinking and reflect on their own ideas 
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and those of others, preferably their peers. This requires a learning environment that differs 

significantly from standard textbook-driven classrooms i.e. a learning environment in which: 

(i) the learning activities differ in that: 

- new mathematical content is not introduced step-by-step;

- the tasks are not preceded by examples or theory ready to be applied. The tasks 

require more than calculations or straightforward answers;

- there are no worked-out problems where students are expected to follow a 

previously-established procedure. 

Instead:

- tasks are designed to be experienced by the students as problems to be solved; 

- the instructional sequence includes tasks that incorporate reflection questions that 

focus on conceptual thinking and the use of relationships. 

(ii) the teacher has a different role: instead of providing explanations, the teacher facilitates 

students in presenting and discussing their own explanations; 

(iii) the students have a different role: they participate actively in mathematical discussions 

by showing, explaining, justifying their ideas, asking other students for explanations 

and criticizing each other’s work.

Mark that what we are looking for is a learning environment suitable for regular classrooms. 

We have already stated that the gap between the types of learning environments in 

experimental settings and what is feasible in regular classrooms is currently too wide to 

bridge. Our aim is to advance the enrichment processes already found, in one form or another, 

in regular classrooms. 

Problem-centered collaborative group work

To achieve this, we replaced approximately one-third of the lessons in a chapter with lessons 

containing the characteristics mentioned above (referred to as shift-problem lessons, Palha,
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Dekker, Gravemeijer, & Van Hout-wolters, 2013). We hope these alternative lessons avoid the 

linearity of the textbook-task sequences and thereby create opportunities for problem solving 

and reflection, which in turn may foster enrichment processes. What is important here is that 

the students come to see the tasks as problems to be solved rather than as routines to be run 

through, and this is influenced by the learning context (Cobb & Yackel, 1996; Schoenfeld, 

1985, 1992). The idea underpinning our intervention is to influence the students’ learning 

context by adapting textbook tasks and promoting student collaboration. To support this shift 

towards problem solving and interaction in a collaborative setting, we followed the process 

model guidelines (Dekker & Elshout-Mohr, 1998, 2004) which encourage students to show, 

explain, justify and reconstruct their work (key activities) while solving problems 

collaboratively. Any meaningful learning that occurs will be revealed in the reconstruction of 

the solutions. The result of the reconstruction can be shown or re-explained, which completes 

the cycle of these four activities. The key activities can be elicited by regulating activities to 

be performed by the students themselves. For instance, a fellow student encourages other 

students to show and explain their work by asking questions such as: ‘What have you got? 

How did you get that?’ In addition, he can trigger the justification process by voicing 

criticism: ‘I think it’s wrong'. The main role of the teacher in the process model is to 

encourage students to perform the key and regulating activities and, in doing so, to assist 

students to become more active and to self-regulate their learning process (Pijls & Dekker, 

2011; Webb, 2009).

Levels of reasoning

When reasoning collaboratively, students will compare, adapt, integrate and eventually 

reconstruct their existing pseudo-mathematical and mathematical notions. Working with the 

process model, such differences require students to reflect on their own ideas and those of 

their peers. Key to this process is that individual student input will be on various levels. 

Studying enrichment processes means that we need to elaborate what these levels look like 

and how we might observe them. Below we construct a framework of different levels of 
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reasoning by building on the domain-specific instruction theory of realistic mathematics 

education (RME); in particular, the levels of activity in the emergent modeling heuristic 

(Gravemeijer, 1999, 2008), which provide a broad description of mathematical activity in 

carefully planned long-term reinvention processes.

Emergent modeling

The underlying idea of RME is that students use and develop mathematical notions that are 

meaningful to them in order to construct a rich network of mathematical relations. Students 

construct new knowledge and learn how to apply it when reflecting on the mathematical 

notions and personal meanings, and their interrelationships. A long-term instructional design 

perspective involves a reinvention process in which informal ways of reasoning gradually 

develop into more formal ways of reasoning. The objective of the emergent modeling design 

heuristic (Gravemeijer, 1999) is to support a shift in thinking about the specific situation of the 

task-setting towards thinking in terms of mathematical relations and formal concepts. From 

this emergent modeling perspective, the formalization process can generally be described by 

four levels of activity (Gravemeijer, 1999, 2008):

- Task setting activity: students’ solution methods are tied to the activity in specific settings 

and student reasoning, and explanations involve situation-specific imagery. 

- Referential activity: students’ solution methods and reasoning are based on models that 

refer to the activity in the task setting.

- General activity: students’ solution methods and reasoning involve models that derive 

their meaning from a framework of mathematical relations. 

- Formal mathematical activity: students’ reasoning is no longer dependent on the support 

of models. 

In this learning process the students’ mathematical activity at one level will become the basis 

for the activities at the next level (see also Van Hiele, 1986). Ideally, the starting points are in 

problem situations that are experientially real to the students, which they can then build on, 

thereby expanding their mathematical reality. The objective is that the students will base their 

67



Chapter 2

more formal ways of reasoning on earlier meaningful experiences. Models are a means of 

support as they first emerge as models of activity in the task setting and gradually develop into 

models for more formal mathematical reasoning. This transition is facilitated by the teacher 

who shifts the students’ focus from the actual problem situation to the mathematical relations 

involved.

Theoretical elaboration of reasoning levels

We use the emergent-modeling levels of activity as the starting point for our thinking on the 

students’ levels of reasoning in an enrichment process. It will be clear that we cannot simply 

transfer the levels of activity linked to modeling in a long-term process of guided reinvention 

to students working collaboratively on a single problem in an arbitrary classroom setting. 

These levels of activity can nevertheless guide us in our search process. In this respect, we 

refer to the link with directly accessible informal knowledge at the first level of activity; the 

support provided by the aforementioned informal knowledge to reasoning with more 

mathematical knowledge on the second level: referential activity; the focus on mathematical 

relations at the third level: general activity; and a more formal mathematical level that 

subsequently develops: formal activity. Building on these characteristics of activity levels in 

an emergent modeling process, we identified four levels of reasoning that could come to the 

fore when students collaboratively solve problems in regular classrooms: empirical-based 

reasoning; relational reasoning; theoretical-based reasoning, and formal expressed reasoning.

The first level: empirical-based reasoning, is analogous to the first level of activity; they 

both involve students’ reasoning solely in connection with the task-setting situation. The 

second level: relational reasoning, and the referential activity level are similar as they focus 

on the students’ interpretations of the task setting. However, because the task setting is 

different it will lead to different interpretations. While in referential activity, the students’ 

interpretations comprise models of the situation created by the students, at the relational 

reasoning level the students' interpretations comprise connections between elements of the 

task setting and mathematical notions, including pseudo-mathematics. Between the third level: 
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theoretical-based reasoning and the third level of activity - general activity, the focus on the 

mathematical relations, concepts and the properties involved is similar. The fourth and final 

level: formal expressed reasoning, and the formal mathematics activity level are connected in 

the sense that they both refer to students thinking independently of the situation-specific 

imagery of the task setting in question.

Observation categories to analyze students’ reasoning in geometric proof lessons

To investigate the practical usefulness of these levels of reasoning, we used data from a 

teaching experiment on geometric proof in a Dutch 11th grade classroom. This teaching 

experiment was part of a larger research project in which we examined the innovative lesson 

arrangements around problem-centered collaborative group work (Palha et al., 2013) described 

earlier. We analyzed the verbal interaction in a group of students working on a series of tasks. 

However, prior to this, we had to tailor the level descriptions to the content of the lessons: 

geometric proof. Consequently, we had to complement our framework of levels of reasoning 

with theoretical frameworks on geometry education and on proof.

We start by discussing the literature on the learning of geometry and proof, which was 

helpful in constructing a topic-specific version of the four levels of reasoning. We then 

describe how this was achieved and followed with an explanation of how the resultant 

framework was applied, and then report on the results. 

Informal and formal reasoning in the field of geometry

From an educational point of view, Kuzniak and Rauscher (2011) state that the geometric field 

can be structured by making a distinction between three paradigms: the world of natural 

geometry (Geometry I); the world of natural axiomatic geometry (Geometry II); and the world 

of formal geometry (Geometry III). Each paradigm can be characterized in relation to the 

specificity of its activities and its learning goals. If the students’ horizon is the world of 

Geometry I, statements are generated using arguments based on perception and experiment. 

These arguments are valid in the material and tangible world and any argument may be used to 
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justify a statement or convince someone; in this case, the geometric meaning of the diagrams 

is confused with its spatial-graphical features (traces on paper). In contrary, statements in the 

natural axiomatic world of Geometry II are generated using theoretical constructs such as 

mathematical definitions and properties. In this world there is a well-defined theoretical 

framework (in the classroom community), and for a proof to be valid, it must be set up within 

this theoretical framework. In both geometries, students’ mathematical activity is related to 

their real world experience. This is not the case with Geometry III, the third paradigm. The 

theory here is central to itself and unconcerned with possible applications to reality. Upper-

secondary geometry usually concerns the first two worlds. In the context of our research, the 

students’ purpose would have to be reasoning within the paradigm of Geometry II, but based 

on reasoning within the paradigm of Geometry I. We therefore refer to one’s reasoning within 

the characteristics of Geometry I as informal reasoning, and one’s reasoning within the 

characteristics of Geometry II as formal reasoning.

When students learn geometric proof they have difficulty distinguishing between spatial-

graphical features and geometric meaning, which coexist in the same visual representation 

(Fischbein, 1993; Laborde, 2004). The development of geometric meaning in school geometry 

involves a gradual ability to discern and describe the geometric objects from their 

mathematical properties (see Van Hiele, 1986). In the long-term, we can expect to see a 

change in students' thinking: from thinking about the specific spatial-graphical features of the 

diagram (Geometry I) to thinking in terms of theorems, mathematical properties and 

definitions without losing the relationship with the spatial-graphical reference (Geometry I and 

Geometry II). Furthermore, in addition to developing geometric concepts the students must 

become aware of what it means to prove.

Linking private and public arguments when proving

When learning about proving, students must come to realize the connection between their 

personal arguments and the arguments that meet the goals of the classroom and the 

mathematical community. One of the reasons for students’ limitations with formal proof is that 
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they often miss this linkage (Raman, 2003). Raman coined the notion of a key idea in this 

respect. In other words: ‘a heuristic idea which can map to a formal proof with an appropriate 

sense of rigor. It links together the public and private domains, and in doing so gives a sense 

of understanding and conviction’ (ibid, p. 323). In summary, with respect to geometric proof 

we envisage that the enrichment process will involve the students moving from the world of 

Geometry I to the worlds of Geometry I and II. It involves a gradual awareness of the 

theoretical perspective without losing the relationship with the spatial-graphical reference; in 

Raman’s words: ‘the linkage of private and public arguments’. 

Link with other frameworks

There are other frameworks for analyzing students’ reasoning when solving problems 

(Schoenfeld, 1985) or proving (e.g. Harel & Sowder, 1998) but they were not suited to the 

collaborative setting of our research. Note: our goal of discerning the different levels of 

reasoning in collaborative problem-centered lessons differs from that of Harel and Sowder 

(1998), who discern empirical proof schemes and analytical proof schemes. Their main 

concern is to categorize students’ solutions, and not the process by which a group of students 

develops proof and mathematical meaning. It is, however, the latter that is our main concern. 

Our focus also differs from that of Schoenfeld (1985), whose categories involve the problem-

solving process through the lens of meta-cognitive actions (such as reading, analyzing and 

planning) and focus on students’ generic behavior. We, on the other hand, are interested in the 

specific solution process in terms of the sequence of the acts of reasoning that lead to a 

solution.

Topic-specific observation categories

The literature indicates that the development of mathematical thinking is manifested in how 

students use and refer to their knowledge (Rasmussen et al., 2005; Zandieh & Rasmussen, 

2010; Van Hiele, 1986). We therefore endeavored to identify the four categories by 

specifically looking at what the students’ arguments refer to, the wording they use, and the 
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way they validate their statements. As the students work in small groups, collecting the 

observational records of student interaction is a reasonable approach to examining students’ 

mathematical reasoning (Dekker & Elshout-Mohr, 2004; Schoenfeld, 1985, 1992; Owens &

Clements, 1998). It seems that working in small groups encourages students to speak openly 

(Owens & Clements, 1998) and more authentically (Schoenfeld, 1985). 

To create observation categories to identify the levels of reasoning in lessons on 

geometric proof we developed these levels while incorporating the geometry framework 

outlined above. This led to the four categories below (see also appendix 2).

Empirical-based reasoning (ER)

The first category is characterized by its focus: reasoning about something specific to the task. 

At this level, the task setting involves geometric figures (theoretical constructs) that, because 

of their specificity, can be confused with the spatial-graphical features (reality, traces on 

paper), and the corresponding activity in the task may be essentially empirical. Therefore, the 

reference for the students’ arguments is the spatial-graphical features (including students’ 

work) used as a material object in their specificity. The expression of a line of thought is tied 

to the material world and involves wording and actions performed in this world: measuring or 

guessing by sight, rotating, superposing or other movements. The students’ wording or actions 

can – in an empirical sense – include key ideas for the proof and they might serve the students’ 

purpose to explore and understand the task. For the students, the validity of the arguments 

takes place in the material and tangible world of Geometry I.

When presented with the following task (see also Fig. 2.1) the purpose is to prove that 

the two line segments are equal.

Task: Given the circle with centre M and the chord AB. Segment MN is perpendicular to AB.

Prove that AN = BN.
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Fig. 2.1. Prove that AN =BN

An example of a statement categorized as empirical-based reasoning: the angles " MAB and 

MBA are equal because they are mirrored”. Here the proof of the equality of the two angles 

is stated in the material world of Geometry I and involves mirroring.

Relational reasoning (RR)

The second level of reasoning is about relations between the specific situation of the task 

setting and the mathematical notions. This category is transitional in nature and involves 

reasoning in Geometry worlds I and II. The reference of the students’ arguments can be the 

theory needed to solve the task but contextualized in the specific situation of the task setting. 

The students recognize the difference between the geometric meaning of the diagram and the 

spatial-graphical features but are not completely aware of these differences or their theoretical 

importance for solving the task. It may also include references to approaches and solutions to 

similar, previously solved tasks. What the students say involves general statements that may 

serve their purpose i.e. convincing themselves and others. Their wording and actions might 

include key ideas for the proof which, at this level, might be expressed in mathematical terms 

and notions but which, in all probability, have a more pseudo-mathematical character. 

Students seek the validity of their arguments beyond the world of Geometry I.

An example of a statement (with regard to the task in Fig. 2.1) categorized as relational 

reasoning: the triangle AMB must be equilateral because AM is the radius and AB is equal to 
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AM. The student states that triangle AMB is equilateral (instead of isosceles). He is likely to 

confirm the equality of the line segments AB and AM based on the spatial-graphical features of 

the diagram (Geometry I). But he correctly justifies the equality of the sides AM and BM using 

the theoretical notion of radius (Geometry II). 

Theoretical-based reasoning (TR)

The third category of reasoning is about something that can be set for all (general). The focus 

here is mathematical properties and relations. This category can be connected to the second 

geometric paradigm (Geometry II). In this category diagrams are general, definition-based and 

not confused with the spatial-graphical features. The students’ references are relationships 

stated by definitions and theorems; students elaborate on key ideas and other relationships 

required to solve the task at a theoretical level. Students express their reasoning within a 

defined system of properties using general statements, which might serve the students’ 

purpose of moving towards formal proof. In their wording key ideas are used at the theoretical 

level, but not formally expressed i.e. students’ wording contains personal ‘mathematical’ 

terms and notations and does not necessarily make explicit reference to the status of 

definitions, theorems and mathematical properties. Students seek the validity of their 

arguments in the defined system of properties of Geometry II. 

An example of a statement (with regard to the task in Fig. 2.1) categorized as 

theoretical-based reasoning: the two triangles ANM and BNM are congruent because they have 

two equal sides and one right angle. The equality of the two triangles is based on the 

theoretical notion of congruence and not confused with the spatial-graphical features. Hence, 

the student uses the key idea of congruence at the theoretical level (Geometry II).

Formal expressed reasoning (FR)

The fourth category concerns something that expresses awareness of the theoretical 

perspective. This category can be connected to the third geometric paradigm (Geometry III), 

which, at upper-secondary level, is probably only developed in most students at the level of 
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expression. The references of students’ arguments are relationships stated by definitions and 

theorems. The students not only use theoretical knowledge but also demonstrate (or refer to) 

how this knowledge is used within the norms of the mathematical community. The students 

express general statements, in a deductive way, which might serve their purpose of 

constructing a formal proof; the arguments refer to mathematical properties connecting 

premises and conclusions. Students’ wording involves mathematical terms and notations that 

meet the mathematical practices of the mathematical community. For the students, validity is 

stated in the well-defined system of properties of Geometry II. 

An example of a statement categorized as formal expressed reasoning: “we have two 

equal sides; AM and BM are equal, NM is the side of both triangles. So we must prove that the 

angle in between is equal in order to apply the congruence cases”. The student not only uses 

the key idea of congruence within the world of Geometry II, she also refers to the necessity of 

using it and she does so deductively. 

Methodological issues

We used the four categories defined above to understand the dynamics of enrichment 

processes in learning geometric proof. We expected to observe transitions between the levels 

when students solve geometric proof tasks collaboratively. In addition, the sequence of the 

levels occurring during the solution process will probably not conform to a specific order. 

When students collaboratively solve problems it can be expected that a mathematical 

discussion involves arguments adhering to a variety of levels of reasoning and that multiple 

shifts may occur in the series of arguments. 

Data gathering 

The data discussed in this study are the result of a teaching experiment conducted in a regular 

11th grade Dutch classroom. Cameras recorded the activities of two groups involved in solving 

these problems. The data comprise the groups’ verbal interactions and written answers. During 

the teaching experiment, 4 of the 12 regular textbook lessons were replaced with shift-problem 
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lessons. These lessons were spread through the unit and took place when students were 

expected to have acquired the prerequisite knowledge required for the tasks. The students 

worked from worksheets and the textbook was not available. The students were given a 

handout with essential theorems and definitions to help them recall relevant knowledge. They 

were encouraged to work in small heterogeneous groups in line with the process model. 

Data analysis

We started the data analysis by dividing the transcribed protocols into smaller units of analysis 

(sub-episodes) defined by the minimum number of statements containing sufficient 

information to categorize the reasoning process of a specific sub-episode in one of the four 

categories defined: empirical-based reasoning (ER); relational reasoning (RR); theoretical-

based reasoning (TR) and formal expressed reasoning (FR). This resulted in a sequence of 

reasoning levels (reasoning sequence). For instance, the analysis of the solution process 

developed by one group of students resulted in the following reasoning sequence: ER-RR-TR-

RR- ER- RR- ER-ER- RR- TR- FR- RR- FR. 

Validity and reliability 

To check the validity of our system of observation categories and how it was applied, we 

asked two mathematics education researchers, not members of our research team, to evaluate 

how we had categorized one complete episode (see the following section). Some differences 

were observed and discussed. This led to two aspects of the categories being refined:

(i) the first aspect pertained to situations in which the students use the solution of a 

previous task to justify their reasoning instead of using the theoretical definitions or 

properties. We had considered such situations to be relational reasoning, but viewed 

from a different perspective, they could be placed in the theoretical reasoning category. 

We consider it relational rather than theoretical, as it was not clear whether the 

students were elaborating on theoretical notions;
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(ii) the second aspect involved the subtle difference between students using spatial-

graphical features as a means to construct personal understanding, which we consider 

empirical-based reasoning, and referring to graphical features or a specific element in 

the task setting in relation to a higher purpose of proving, which we consider relational 

reasoning. For instance, a student’s utterance, such as ‘this one is equal to this 

one…this is what we must prove’ should, in our opinion, be coded as relational 

because the student’s purpose goes beyond the specificity of the diagram.

To measure the reliability of our coding system, two researchers independently coded a second 

episode. This resulted in a final inter-rate agreement of 87%.

Results of an analysis of a group of students solving a geometric proof task

In this section we use the four categories to analyze the discussion between three students 

solving the task in Fig. 2.2. We start by categorizing group reasoning (see the following sub-

sections). The general analysis of the reasoning pattern is presented at the end of this section. 

Mathematical task

We selected the following task (see also Fig. 2.2) from the textbook and integrated it into a 

sequence of tasks within the same topic: congruence. 

Task: Given the triangle ABC and the equilateral triangles ACQ and BCP.

Prove that AP = BQ

Fig. 2.2. Prove that AP and BQ are equal
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A key idea for solving this task is the theoretical notion of congruence. The diagram we 

provide to support students’ reasoning also allows the researcher to observe how the students’ 

reference to the elements in the diagram evolves (Laborde, 2004). The diagram creates an 

opportunity for the students to approach and discuss the task (and key ideas) at an empirical 

level; for instance, by measuring the length of the line segments, or by observing the equality 

of the shapes of triangles APC and QBC from the diagram. However, to accomplish the task at 

a theoretical level, the students must go beyond this physical experience and establish and use 

theoretical relations such as the properties of equilateral triangles and the concept of 

congruence. Another challenging element for the students is to justify that ACP= QCB,

because it might not be obvious to the students (Duval, 2006) that the angle ACB is part of 

both the angles ACP and BCQ.

Students' solution process

The solution produced by the students was not entirely correct (the congruence case to be 

applied should be Side-Angle-Side instead of Side-Side-Angle). Students wrote (see also Fig. 

2.3):

‘QCB and ACP are congruent because QC=AC,

CP=CB 

and C12= C23 (because) C1= C3=60

Thus (Side-Side-Angle) congruent

Then if QC=AC and CP=CB then it follows that AP =BQ’

The three students, Igor, Lia and Jan, constitute what we call a heterogeneous group. When 

presented with the task in Fig. 2.2 the students were expected to have the necessary resources 

required to solve the problem, though because they were heterogeneous we anticipated they 

would approach the task in different ways.
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Fig. 2.3. Students’ answer to the mathematical task

Categorization process

Following the procedure described before, we first divided the transcription of the protocol 

(fragments 1-3) into sub-episodes. We distinguished 16 sub-episodes (number before text in 

fragments 1-3). We then placed each of these sub-episodes in one of the four categories. We 

divided the protocol into three parts to help the reader make sense of the students’ discussion. 

Each part corresponds to three different topics of discussion: noticing and discussing 

geometric elements in the diagram (fragment 1); finding a theoretical explanation for the 

equality of the two angles (fragment 2); writing the formal proof (fragment 3). 

Analysis of students’ reasoning in fragment 1 

In the first fragment (sub-episodes 1-4) the two line segments QB and AP are recognized 

respectively as the sides of two equal triangles QBC and APC and the three students sought an 

explanation for this equality. 

1 Igor: AP is thus PQ, BQ

Jan: Wait ...let’s see. We must say that AP is.... 

Igor: Wait…, look…you can rotate this (Igor points to triangle ACP) and then this one is 

this one (Igor points to triangle QBC). So ACP is QCB …

Jan: Yes

Lia: Yes

Jan: Yes, you say this one is this one
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2 Igor: Yes, and that happens because AC...

Lia: That is that (interrupting Igor)

Igor: … is equal to QC and BC is equal to CP

Lia: Yes, so the other one must also be equal to this one

3 Igor: So it also means that A is equal to … 

Lia: Q

Igor: No. We must prove that angle C…

Lia: No...yes… 

Igor: That this angle C is equal to this angle C (Igor points to the Fig. 2.2)

Jan: This and this? That can’t be… wait a minute

4 Igor: Only then we will have proved it. Because then we have one angle and two sides. 

The analysis of the first four sub-episodes resulted in the reasoning sequence ER-ER-RR-FR, 

as reported in Table 2.1.

In this fragment, the resulting reasoning sequence demonstrates a movement from 

empirical-based reasoning (ER) to formal expressed reasoning (FR) which involves a shift 

from observing the spatial-graphical equality of the two triangles to focusing on the 

relationship between the corresponding sides and the corresponding angles in these triangles. 

In sub-episode 1 (ER) Igor mentally rotates the triangle APC to fit triangle QBC, thereby 

making the key idea of congruence visible (in the diagram) to the other students (they agree 

with him). In sub-episodes 2 (ER) and 3 (RR), the students seek to explain the equality 

observed in the diagram based on the properties of the sides and the angles. Note: the equality 

of the sides is worked out in the diagram (equal sides are illustrated with equal dashes) while 

the equality of the angles is not mentioned at all. The students’ focus on the two properties 

suggests they recognized and attempted to use the key idea of congruence related to 

congruence cases the angles is not mentioned at all. The students’ focus on the two properties 

suggests they recognized and attempted to use the key idea of congruence related to 

congruence cases (general and independent from the particular diagram). This becomes clear 

in sub-episode 4 (FR), at least for Igor.
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Table 2.1: Analysis of students’ reasoning in fragment 1

Students' utterances Level

1 The students' reference is the specific situation of the task setting (diagram); 
proving the two triangles are congruent is carried out in the material world. 
The wording is tied to the diagram: it describes the two triangles ('this one is 
this one'), actions on them ('turning') and the result of these actions ('so ACP
is QCB'). For the students, the validity of the arguments takes place within 
the material world of Geometry I: the two triangles are equal because through 
rotation they fit each other.

ER

2 Igor and Lia's reference is the diagram. Igor refers to the equality of the sides, 
which is given with equal marks on the drawing. Their expressions are linked 
to the diagram although Igor’s expression is more sophisticated than Lia’s; 
he uses symbols to designate mathematical relations ('AC is equal to QC')
whereas Lia uses deictic terms to refer to elements of the drawing (Lia points 
and says 'that is that'). The students check the equality of the triangles in the 
diagram within Geometry I.

ER

3 The students’ reference might be the notion of congruence but contextualized 
in the particular drawing. The students refer to the relationships between the 
particular sides and angles on the diagram: 'A is equal to...'; 'we must prove 
that angle C (...) is equal to this angle C'. So in their analyses the students 
only refer to elements that might be useful when applying the congruence 
criteria. The single arguments express a mixing of empirical deduction (the 
relationships result from recognizing elements in the figure) and theoretical 
experiment (expecting and questioning the recognized relations).

RR

4 Igor's reference is probably the theoretical notion of congruence, even though 
the term congruence is not mentioned: '[if] we have one angle and two sides' 
[we can prove that the triangles are equal]. Moreover, the students' reference 
seems to be the system of mathematical theorems, which is independent of 
situation-specific imagery; to prove that the triangles are equal, the use of a 
theorem is required 'only [if we have used the theorem] have we proved it'. In 
this case, the validity of the equality of the two triangles is stated within the 
well-defined system of the properties of Geometry II.

FR
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Analysis of students’ reasoning in fragment 2

In the second fragment (sub-episodes 5-11) the students’ reasoning leads to an attempt to 

explain the equality of the two angles beyond the spatial-graphical features of the diagram. 

5 Igor: May I…? He takes the pen from Jan

Lia: Yes, or you do P is B

Igor: This one is equal to this one (Igor draws two marks in the angles QCB and ACP-

Fig. 2.4). 

Fig. 2.4. Student draws two marks in the angles QCB and ACP

Igor: This is what we must prove 

Lia: Or A is Q then you can also prove

6 Jan: Mm… wait a minute (he takes the pen). You want to say that this here up to there 

(he points to angle QCB on the drawing) is equal to this here up to there (he points 

to angle ACP on the drawing)….eh

Lia: Or A is Q and B is P (Lia points on the drawing) but I don’t know what is easier.

(Students are silent for a moment)

Jan: Yes but AQ is equal to BC if you rotate it and AQ is not BP. AC is BP (unclear what 

the student means. Silence)

7 Jan: What do we know? We know that this is this (Jan points to the angles on the 

figure). And what else do we know?

Lia: But you know that here ... eh... They are all 60 degrees because this is a….

Jan: Yes, ok

8 Igor: Yes, definitely, we can fill that in. (Jan writes 60 degrees in the angles in triangle 

ACQ). 

Igor: We can also do this in the other (and he points to triangle BPC) (Jan writes 60 

degrees in the angles of triangles BPC and ACQ- Fig. 2.5)
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Fig. 2.5. Jan writes 60 degrees in the angles in triangles BPC and ACQ

9 Jan: Eh… is it possible that…this, this makes the difference (he points to the shared 

angle ACB)

Igor: Yes…but, wait a minute, I already know it! Because this is shared (he points to 

angle ACB). Both angles have it. 

10 Igor: So, if we call it C (Igor grabs the pen from Jan and writes the letter C)

Lia: They must be exactly…

Igor: We can call them 1, 2 and 3. (Igor writes it down). Then they both have.... (he 

divides the angle ACB into three parts and names them 1, 2 and 3-Fig. 2.6). 

Jan: One…C2

Fig. 2.6. Student divides the angle ACB into three parts and calls them C1, C2 and C3

11 Igor: C2. C2 is C2 plus 60 degrees (Student probably means “C2 is C1 plus 60”)

Jan: So they have to be equal

Lia: Yes

The analysis of the sub-episodes 5-11 resulted in the reasoning sequence RR-ER-RR-ER-ER-

RR-TR as reported in Table 2.2.

83



Chapter 2

Table 2.2: Analysis of students’ reasoning in fragment 2

Students' utterances Level

5 Igor and Lia's reference is the general relationships between the angles but 
contextualized in the diagram; Igor refers to the specific angles ACP and 

QCB but in relation to a 'higher' purpose: 'we must prove this'; Lia also 
refers to proving. Students’ expressions refer to specific elements in the task 
setting but serving the purpose of the construction of a proof. Lia and Igor 
look for the validity of their arguments in both worlds. In that of Geometry I: 
Lia states: 'you do P is B' and Igor draws two angles. In the world of 
Geometry II: 'this is what we must prove'; 'you can also prove….'

RR

6 Lia and Jan's reference is the particular angles on the drawing. The students' 
wording describes the two angles ('this here up to there is equal to this here up 
to there') and actions upon them ('AQ is equal to BC if you rotate it') are tied 
to the task setting; and 'A is Q and Q is B'. For the students, the validity of 
their arguments takes place in the world of Geometry I.

ER

7 Lia and Jan's reference is the diagram ('we know that this is this') but also the 
relationships recognized on it ('they are all 60 degrees because...'). The 
students’ expression is therefore mixed and contains general statements and 
deictic terms; the validity of the arguments is sought beyond the world of 
Geometry I: 'What do we know?', 'And what else do we know?'; 'they are all 
60 degrees because…'

RR

8 Igor and Jan’s reference is confined to the diagram. Igor’s wording is tied to 
the specific task setting 'we can try to fill that in'. Jan’s action is on the 
diagram: he marks 60 degrees in all the angles. For the students, the validity 
of the arguments takes place within the material world of Geometry I.

ER

9 Jan and Igor’s reference is the key idea (the unknown piece of angle, ACB, is 
an equal part of both angles ACP and QCB) but recognized in the diagram. 
Students’ wording describes elements of the task setting: Jan notices in the 
diagram the common part of the two angles: 'this makes the difference' and 
Igor notices the common angle as part of two broader angles: 'because this is 
shared. Both angles have it'; the validity of the equality of the two angles takes 
place within Geometry I.

ER
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In this fragment we observe students alternating between various levels of reasoning, which 

seems to reflect the students’ effort to make sense of and explain why the angle in between is 

equal. In sub-episode 5 (RR) the problem of proving the two angles are equal is clearly 

formulated by Igor (by marking the two angles on the diagram) and shared with the other 

students. Lia and Igor look for an explanation beyond the diagram, which shows that at least 

these students do not accept the equality in the diagram as proof. In sub-episode 6 (ER) Jan 

attempts to make sense of Igor’s statement by checking it in the diagram but it is not clear how 

he (and Lia) is using this information. In sub-episodes 7 (RR) and 8 (ER) the students explore 

the relationship between the spatial-graphical features of the angles in the diagram and their 

mathematical properties (they mark the angles of the equilateral triangles with 60 degrees in 

the diagram). Note: a key idea for solving the problem is to treat the unknown piece of angle, 

Students' utterances Level

10 Igor’s reference is the diagram but he seems to use it as support for 
generalization of the three angles. Student's expression is mixed; on one hand 
the wording describes elements of the task setting ('we can call them 1, 2 and 
3') and he performs actions on the figure (on the worksheet he divides the angle 

ACB into three parts and calls them 1, 2 and 3); on the other hand, by naming 
the angles in general terms ('So, if we call it C'), they become independent 
entities; general objects, not specific to the diagram. The validity of the equality 
of the angles is sought beyond Geometry I.

RR

11 The students’ references are general relationships ('C2 is C1 plus 60 degrees '(...) 
'So they have to be equal') that refer to the property of the equality of the angles 
(key idea). The use of general letters to describe something unknown seems to 
help the students get more control of this relationship. By naming the shared
angle C2 and expressing the unknown angle as C2 plus 60, Igor is gaining verbal 
control of the complex relationship between drawing and the general idea since 
this way of defining the angles is general and not dependent on the diagram 
(even though the diagram may play a role in the visualization of this property).
The other two students follow Igor's reasoning; Jan completes the deduction ('so 
they have to be equal') and Lia agrees ('yes'). For the students the validity of the 
equality of the angles is to be found in the general world of Geometry II.

TR
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ACB, as an equal part of both angles ACP and QCB. In sub-episode 9 (ER) Igor bears this 

key idea in mind but bases it on the spatial-graphical features of the diagram. Here Igor 

realizes he has found the solution to the problem, which the other two students agree with. In 

sub-episodes 10 (RR) and 11 (TR) the students attempt to generalize the relationship between 

the three angles; by naming them they become independent entities, i.e. not dependent on the 

spatial-graphical features of the diagram. Moreover, Igor’s verbal expression seems to help 

Jan to get control on this relationship; the equality of the angles is the result of logical 

deduction, not empirical experience. In other words, the two angles appear to be equal in the 

diagram but this might not be the case in general. They also formalize their solution, as the 

property of the equality of the angles is one of the two necessary conditions for applying the 

congruence cases (key idea).

Analysis of students’ reasoning in fragment 3

In the third and final fragment (sub-episodes 12-16) the students discuss how they should 

write the proof. 

12 Igor: This thing that we first saw

Jan: Write it down (on a piece of paper) before we have the answer

Igor: I know how we have to say it (Igor is the one writing the solution) 

Jan: You can say C, C…

Igor: Angle QCB (Jan traces the angle QCB on the drawing with his finger)

Igor: Congruent or similar?

Lia: Eh… congruent because the sides are equal

13 Igor: Yes ... congruent; QCB is ACP

Jan: It is possible

Igor: Because…?

Lia: Two sides…

14 Igor: QC is AC (and he writes it down)

Jan: Yes

Igor: And then still this thing (he means the symbol of congruence)

Lia: CP is CB (Igor writes it down)

Jan: Q is A and B is P (it is not understandable and Igor doesn’t write it down)
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Igor: And angle C12 is equal to angle C23 and we must work towards it… because

15 Jan: Congruent… again, you can explain it in the same way that you did in one and two 

(he means tasks 1a and 1b); because you know that one side is equal. If one side is 

equal … (Igor interrupts Jan)

16 Igor: These three things … Let’s see…Side-Side-Angle

Jan: But if this is 60 degrees….

Igor: That doesn’t matter…

Jan: Mmmh…ok

Igor: What matters is this piece… (he points to angle ACB). But now we have side, 

side, angle. And we have proved elsewhere …. (Igor points to task 1b) Side-Side-

Angle (he says this as he writes SSA down)

Lia: (Lia corrects Igor) SAS, right?

Igor: (Doesn’t react to Lia’s correction) So congruent. … and that’s it…

Lia: AP is QB

Jan: Let’s see what we’ve written so far….ok you have written so

Igor: So if QC is AC

Jan: Then …

Igor: CP is CB then 

Lia: AP is BQ

Igor: QB

Lia: No

Igor: BQ? (Igor looks at Lia)

Lia: BQ

Igor: BQ (he writes it down) ok

Jan: BQ is AP

The analysis of episodes 12-16 resulted in the reasoning sequence TR-FR-FR-RR-FR as 

reported in Table 2.3.

In this fragment, we observed the students’ reasoning alternating between various 

levels, which can be connected to their efforts to express in a formal way (using the theoretical 

notion of congruence) their solution to the task. In sub-episodes 12 (TR), 13 (FR) and 14 (FR) 

Igor and Lia are using the key idea of congruence in a theoretical and formal way. This is not 

so clear in Jan’s case.
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Table 2.3: Analysis of students’ reasoning in fragment 3

Students' utterances Level

12 The students' reference is the theoretical notion of congruence; the students refer 
to the angles and the sides of the triangles. Igor tries to express the groups’
solution using mathematical terms 'congruent or similar?'; 'angle QCB' and 
symbols 'this thing that we first saw'. The validity of the equality of the two 
triangles is sought and explained in the world of Geometry II: 'congruent or 
similar?'; 'congruent because the sides are equal'.

TR

13 The students' reference is the theoretical notion of congruence. The students’ 
wording expresses parts of the key idea in general terms, using mathematical 
terms: 'congruent'; 'QCB is ACP', 'QC is AC'. The validity of the equality of the 
two triangles is stated within the congruence cases (Geometry II).

FR

14 The students' reference is the theoretical notion of congruence. The students’ 
expressions refer explicitly to the correspondence of equal sides ('QC is AC' and 
'CP is CB') and equal angles ('angle C12 is equal to angle C23'), which are the 
conditions for applying the congruence cases. Igor tries to use mathematical 
symbols 'and then still this thing' and expresses awareness of the need to elaborate 
on the equality of the angles in a formal way ('we must work towards it'). For the 
students, validity of the equality of the two triangles is stated within the world of 
Geometry II.

FR

15 Jan’s reference is the notion of congruence 'constructed' in a previous task. Jan 
seems to try to establish a logical deduction between the term congruence and the 
conditions of the congruence cases 'because you know that one side is equal'; 'if 
one side is equal...'. Jan looks for the validity of the equality of the two triangles 
beyond the world of Geometry I: 'you can explain it in the same way that you did 
in one and two' (he means tasks 1a and 1b).

RR

16 The students' reference is the theoretical notion of congruence: 'these three things 
…let’s see…Side-Side-Angle'. The students express this relationship in a formal 
way: 'now we have Side-Side-Angle. And we have proved elsewhere'; 'SAS,
right?’ Moreover, the students' reference seems to be the system of mathematical 
theorems, which is independent of situation-specific imagery: Igor remarks 'that 
doesn’t matter' [the size of the angle] and Lia deduces the equality of the line 
segments from the congruence of the triangles. The validity of the equality of the 
two triangles and the validity of the equality of the two line segments is stated 
within the well-defined system of properties of Geometry II: 'these three things 
…let’s see…side, side, angle'(…) 'so congruent' and; 'So if QC is AC '(…)''CP is 
CB then'(…) 'AP is BQ'.

FR
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There are two interesting aspects in sub-episode 15 (RR): firstly, Jan refers to the term 

‘congruence’ with respect to a previous task and by doing so he links two different settings to 

the same concept; secondly, this shows the ‘hybrid’ status of his knowledge – he refers to 

congruence as an action: ‘you can explain it in the same way’, and not as a property that he 

can immediately apply. In sub-episode 16 (FR) Igor and Lia try to express the congruence 

relation in a formal way; Igor refers to the congruence case Side-Side-Angle instead of Side-

Angle-Side; Lia corrects him but he does not reconstruct his answer, which could mean that he 

is not completely aware of the difference between the two situations. 

Representation and general analysis of reasoning sequences 

The analysis of the whole solution process developed by one group of students resulted in the 

following reasoning sequence: ER-ER-RR-FR-RR-ER-RR-ER-ER-RR-TR-TR-FR-FR-RR-

FR. The graphical representation of this reasoning sequence is shown in Fig. 2.7. The sub-

episodes are represented as varying along the horizontal axis, while the four categories of

reasoning vary along the vertical axis. Here, we also draw a horizontal line that marks an 

imaginary boundary between empirical and theoretical domains.

Fig. 2.7. Representation of the categories in a reasoning sequence

The vertical shifts with regard to the horizontal line in the graph provide a general picture 

about the various levels evolving from the students’ mathematical discussion while interacting 

with each other. It specifically illustrates how reasoning fluctuated while the students 

compared, adapted, integrated and sometimes reconstructed their previously known pseudo-
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mathematical and mathematical knowledge, which in this case involved the notion of 

congruence (key idea). 

Discussion

We started this chapter by observing that there is a gap between the neat reinvention processes 

achieved in experimental research settings and the refractory reality of the classroom, where 

practical and institutional limitations may prevent teachers from following these examples. On 

the other hand, we argued that it is feasible to strengthen and improve the enrichment 

processes already occurring at some level in regular classrooms. By enrichment we mean a 

process in which students fill in gaps, reconstruct and ground their knowledge by making 

connections between their (pseudo)-mathematical knowledge, and what is experientially real 

to them. We discussed the creation of a learning environment (which we labeled shift-problem 

lessons, Palha et al., 2013) as a means of fostering enrichment processes designed to avoid the 

linearity of textbook instruction. Observing students collaborative discourse to solve problems 

in this setting suggested that differences in the students’ statements and arguments would be 

an indispensable catalyst for enrichment. We therefore sought to identify levels of reasoning 

that could assist in analyzing enrichment processes in shift-problem lessons. We expanded on 

this idea by identifying four levels of reasoning in students collaborative discourse (empirical-

based; relational; theoretical-based, and formal expressed), which were developed by analogy 

with the four levels of activity in emergent modeling (Gravemeijer, 1999, 2008). To assess the 

usefulness of these levels, we studied a group of students collaboratively solving geometric 

proof tasks in an 11th grade classroom. To apply these levels of reasoning, we had to tailor 

them to the geometric proof topic, which we did by taking into account specific frameworks in 

the field of geometric proof (Kuzniak & Rauscher, 2011; Laborde, 2004; Raman, 2003). 

Our results showed that the observation categories developed for geometric proof are 

reliable and make it possible to identify the levels of reasoning of individual utterances, which 

allows for an in-depth analysis of enrichment processes. A special feature of our approach is 

that we endeavour to do justice to the role of pseudo-mathematics in learning processes. This 
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may be considered a transitional stage following previous work in this area by Van Oers 

(2002) and other research that observed similar stages in the development of meaning (Vinner, 

1983; Thompson & Silverman, 2008; Pijls & Dekker, 2011).

The observation categories allow us to conduct a fine-grained analysis. As illustrated in 

the previous section, it allows us to see the use of different meanings in students’ reasoning 

when solving problems. The categories capture the dynamics between empirical and 

theoretical domains, which have been referred by several researchers, for the most part in 

general terms (see for instance Laborde, 2004; Jones, 2000). The graphical representation 

highlights the shuttling back and forth between the categories and this provides an overview of 

the way the mathematical notions evolve from student discussion. When it comes to proof, the 

link between personal meaning and public meaning can be revealed by this dynamic. We have 

illustrated this with regard to the theoretical notion of congruence (key idea). 

We also found that this way of analyzing the collaborative discourse of small groups 

while solving mathematical problems is promising in relation to understanding interactive 

learning processes. This, in turn, may aid us in our attempt to support the type of processes we 

envisage and, consequently, help us overcome the problems that mathematics education is 

currently struggling with.
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Chapter 3 Students’ levels of reasoning while 
solving geometric proof tasks 
collaboratively4

Abstract Promoting the development of deeper and well-founded 
mathematical knowledge is a major aim of mathematics education. 
Teachers have a central role in helping students pursue this goal by 
assisting their thinking and learning in everyday school practice. 
However, research has shown that students’ reasoning may differ 
significantly from teachers’ expectations when solving tasks, which 
makes it difficult for teachers to assist. To shed some light on how 
regular classroom students think, this study examines how students 
reason when solving proof tasks collaboratively. For this we use a 
framework developed in a previous study and examine the reasoning of 
six groups of students (16-17 years old) from different classes. In this 
chapter we discuss the reasoning patterns observed in our data, the 
interaction pattern between the students and the teachers’ interventions.
Findings indicated that in about half the episodes the students were 
reasoning within a variety of levels, supported by collaborative 
discourse. Moreover, the reasoning patterns found are quite different 
from those implicitly assumed in conventional textbook instruction. This 
study provides a framework for analysing students’ reasoning, which 
teachers could use to become better acquainted with how students 
reason and, consequently better support students’ thinking in everyday 
practice.

Keywords teachers, student thinking, geometric proof, collaborative 
learning, problem solving, mathematical tasks, textbook

4 Based on: Palha, S., Dekker, R., & Gravemeijer, K. (submitted). Students’ levels of reasoning while solving 
geometric proof tasks collaboratively.
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Introduction

Teachers and mathematics educators share a common goal: to support students’ mathematical 

learning. This is a challenge as learning formal mathematics involves developing 

mathematical knowledge and ways of thinking that cannot simply be transmitted by teacher 

explanations or textbook instruction. Design research and teaching experiments have shown 

that students can be supported to gradually expand their mathematical knowledge by building 

upon what they know and understand (Doorman & Gravemeijer, 2008; Gravemeijer, 1999; 

Rasmussen, Zandieh, King, & Teppo, 2005; Zandieh & Rasmussen, 2010; O'Callaghan,

1998), but little of this has been observed in everyday practice. 

Research (Bergqvist, 2005) shows that regular teachers have difficulty estimating how 

students’ thinking evolves when they are solving tasks that require abstraction and reasoning. 

The findings of this study suggest that the teachers’ difficulty with describing their 

expectations about students’ reasoning could possibly be the result of not being accustomed to 

observing students working with this type of tasks. Bergqvist states that this type of tasks is 

unusual in the textbooks (the major source of learning materials for secondary schools in 

Sweden). Moreover, some teachers in this study tended to consider algebraic solutions or the 

use of mathematical expressions as high-level performance. These findings suggest that the 

actual learning processes in regular classrooms shaped by textbooks and mandatory curricula 

differ significantly from what is advised in the research literature. This raises the question: 

How do students expand their mathematical knowledge in regular classrooms? 

We try to answer this question in an indirect manner by building on the study described 

in chapter 1, in which we investigated a pragmatic approach to improve mathematical learning 

in regular classrooms. This concerned an intervention aimed at creating conditions in which 

students are supported in constructing and reconstructing, grounding and integrating their 

mathematical knowledge, which would also be feasible for teachers in regular school settings. 

The core element of this approach (which we denoted shift-problem lessons, Palha, Dekker, 

Gravemeijer, & Van Hout-Wolters, 2013) comprised replacing a small part of regular lessons 

with problem-centered collaborative group work in which the tasks were adapted from the 
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textbook (see appendix 3). To analyze the students’ learning processes in these lessons, we 

identified four levels of reasoning (Palha, Gravemeijer, Dekker, & Mariotti, submitted) that 

could possibly emerge when students participate in collaborative problem solving activities. 

We explored the usefulness of these levels by analyzing the reasoning of one group of three 

students who were solving geometric proof tasks collaboratively in an 11th grade classroom. It 

showed that the reasoning patterns of these three students differed significantly from what 

textbooks seem to assume. The textbook tasks and the worked-out solutions reflect a view that 

students will approach the tasks at the formal level, go through the solving process step-by-

step and apply the theoretical arguments in line with the steps given in the worked-out 

examples and solutions. The actual process of the aforementioned group of students 

attempting to come to grips with the mathematical notions, however, involved various levels 

of reasoning. Moreover, the students appeared to be constructing and reconstructing, 

grounding and integrating their mathematical knowledge. 

We may argue that the way students reason and enrich their knowledge in this 

collaborative problem-solving setting, models the way students in regular classrooms expand 

and improve their understanding. We may further argue that this collaborative problem-

solving setting, in which the students exchange arguments and ideas, is also well-suited to 

observe students’ reasoning and learning. We therefore have chosen to study how regular-

classroom students reason in this setting. In the research reported in this chapter, we use the 

reasoning-levels framework to analyze students’ reasoning during problem-centered 

collaborative group work. We expand on our previous research and draw on the empirical data 

taken from six groups of students from three different classes. We start by describing our 

theoretical framework and go on to explain the reasoning-levels framework. We then describe 

the setting used to examine students' reasoning, which comprised Dutch 11th grade regular 

students working collaboratively on instructional sequences using adapted textbook tasks. In 

the methodological section we describe the data and data gathering, the method and the 

analysis instruments. The results are then presented and discussed. We end with our main 

conclusions and a discussion on the general applicability of the reasoning-levels framework 

and how it can be applied to better assist students’ thinking and learning. 
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Research Background

Student learning in regular classrooms

In the Netherlands, as in many other countries, textbooks are the primary learning source used 

by students and teachers. We observed the following characteristics by studying Dutch upper 

secondary-grade mathematics textbooks used in regular textbook-based classrooms:

- new mathematical content is introduced step-by-step;

- students are expected to follow previously-established procedures, often supported by 

worked-out problems;

- the tasks require neither conceptual thinking nor rich explanations. Instead, they 

generally require calculation or straightforward answers.

Moreover, in textbook-driven lessons the teacher’s role is usually to explain and instruct. 

Research (Lithner, 2008; Mayer, 2002; Schoenfeld, 1985, 1992) shows that students in this 

type of environment might not be challenged to develop the knowledge resources and self-

regulation skills required to develop a deep, coherent and well-grounded mathematical 

knowledge. Instead, students may develop scattered mathematical knowledge that includes 

some informal practical knowledge and some elements of formal mathematical knowledge 

(Lithner, 2008; Roorda, 2012). This knowledge will probably be unrelated to the students’ 

experiential reality (Vinner, 1983; Thompson and Silverman, 2008; Pijls and Dekker, 2011). 

Following Van Oers (2002), we refer to this as pseudo-mathematics, which he defines as a 

transition stage in the concept development process. The student has already learned 

definitions, properties, notations and their conventional use but has not yet appropriated the 

corresponding meaning. The students appear to be able to use and apply mathematical terms 

and notations correctly but they cannot produce a plausible explanation or a justification for

their correct use. 
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‘Repairing’ students’ fragmented knowledge 

Research by Roorda (2012) suggests that students in regular classrooms eventually come to 

grips with formal mathematics at secondary school. A two-year study of Dutch secondary-

school students showed that they developed a deeper, more coherent and correct 

understanding of calculus over that period. We attempted to construe how this process might 

develop. Given the fact the students start out with fragmented, partially pseudo-mathematical 

and partially mathematical knowledge, a process is required in which they fill in the gaps, 

reconstruct and ground their knowledge by making connections between their pseudo-

mathematical and mathematical knowledge, and what is experientially real and meaningful to 

them. This process, which we refer to as enrichment, is discussed below. 

Enrichment in regular classrooms is more likely to occur when students are solving 

problems as this requires the student to make connections between what is meaningful to them 

and the mathematical concepts that can be applied (Freudenthal, 1971). Moreover, it is 

possible that collaborative learning settings will enhance enrichment as, when reasoning 

collaboratively, students will be comparing, adapting, integrating and eventually

reconstructing their current pseudo-mathematical notions (Van Oers, 2002; Webb, 2009). The 

key to the enrichment or ‘repairing’ processes is that individual student input will be on 

various different levels. To study these processes, we have elaborated what these levels could 

be and how we could observe them (see Chapter 2).

In the following, we discuss the framework of different levels of reasoning which we 

developed in this earlier study, and which offers a reliable coding system (see Chapter 2). This

framework builds upon the domain-specific instruction theory of realistic mathematics 

education (RME) and it can be used to examine students’ reasoning when solving problems 

collaboratively. To apply this framework within specific mathematical topics, the general level 

description had to be complemented with topic-related content knowledge, which in this case 

is geometry education and proving. 
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Levels of reasoning

Geometric Proof

We built on two main research frameworks on geometry education and the relevant lines of 

research on the learning of geometry and proof. Namely: the geometric paradigms (Kuzniak &

Rauscher, 2011); the levels of thinking (Van Hiele, 1986); the notion of key idea (Raman, 

2003).

The framework of geometric paradigms (Kuzniak & Rauscher, 2011) allowed us to 

define what can be considered informal and formal geometric reasoning when observing 

students working on tasks. According to this framework, the students’ arguments can be 

characterized in relation to the specificity of the activities and learning goals. We may 

distinguish three paradigms: the world of natural geometry (Geometry I), the world of natural 

axiomatic geometry (Geometry II) and the world of formal geometry (Geometry III). We will 

not be referring to the third paradigm below as geometry taught in upper-secondary schools 

relates mostly to the first two worlds. When students approach the task within Geometry I, 

statements are generated using arguments based on perception and experiment. These 

arguments are valid in the material and tangible world and any argument may be used to 

justify a statement or to convince someone; in this case the geometric meaning of the diagrams 

is confused with their spatial-graphical features (traces on the paper). In contrast, statements in 

the natural axiomatic world of Geometry II are generated using theoretical constructs such as 

mathematical definitions and properties. In this world there is a well-defined theoretical 

framework (in the classroom community) and for a proof to be valid, it must be set up within 

this theoretical framework. In both geometries, students’ mathematical activity is related to 

their real world experience. In the context of our research, the students’ purpose would have to 

be reasoning within the paradigm of Geometry II, but based on reasoning within the paradigm 

of Geometry I. The dichotomy between the worlds of Geometry I and II might be compared 

with what Laborde (2004) referred as empirical and theoretical domains in Geometry. 
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The framework of levels of thinking (Van Hiele, 1986) provided us with a broad 

description of how geometric meaning develops in a gradual learning process. Van Hiele 

distinguishes between several levels in this process. At the ground level, the students 

recognize and refer to geometric objects by their visual and external form. Students' verbal 

expressions then relate to: ‘configurations that have been made clear by observation’ (ibid, p.

49). At higher levels, however, the geometric figures are determined by their properties, which 

become the source of students’ descriptions. Students’ references in their arguments become 

the mathematical properties and students’ verbal expressions include elements of them.

The frameworks referred to above could be complemented with relevant research on the 

learning of geometry (Laborde, 2004; Duval, 2006; Jones, 2000; Fischbein, 1993), which 

gives more specific information about the role of diagrams and specific task features in the 

learning of school-geometry.

We used the notion of key idea (Raman, 2003) for proof to trace relevant emergent 

mathematical meanings. In line with this framework, when learning about proving, students 

must come to realize the connection between their personal arguments and the arguments that 

meet the goals of the class and the mathematical community. One of the reasons for students’ 

limitations with formal proof is that they often miss this linkage (Raman, 2003). 

Four categories to observe students’ reasoning collaboratively

The reasoning-levels framework we constructed is founded on the domain-specific instruction 

theory of realistic mathematics education (RME); in particular, the levels of activity in the 

emergent modeling heuristic (Gravemeijer, 1999, 2008), which provide a general description 

of mathematical activity in carefully planned long-term reinvention processes. Building on the 

essential characteristics of the four levels of activity in an emergent modeling process we 

construed four levels of reasoning that could come to the fore when students solve problems 

collaboratively (see Chapter 2). Below we outline the four levels tailored to the topic: 

geometric proof. A detailed and schematic description is also given in appendix 2.
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The first level: Empirical-based Reasoning (ER) relates to students’ reasoning solely in 

connection with the task-setting situation. At this level in geometric proof, the task setting 

involves geometric figures (theoretical constructs) that could be confused with the spatial-

graphical features (reality, traces on paper). The wording or action could – in an empirical 

sense - include parts of key ideas for the proof. For the students, the validity of the arguments 

takes place in the material world of Geometry I.

The second level: Relational Reasoning (RR) regards students’ personal interpretations 

in relation to pseudo-mathematical and mathematical notions. At this level in geometric proof, 

the mathematical notions are mostly theorems and definitions contextualized in the specific 

situation of the task setting. The students seek the validity of their statements in the worlds of 

Geometry I and Geometry II.

The third level: Theoretical-based Reasoning (TR) concerns the mathematical relations. 

At this level the diagrams in the task setting are general, definition-based and not confused 

with the spatial-graphical features; it involves proving towards formal proof, using key ideas 

in the theoretical sense and arguments based on a defined system of properties. For the 

students, the validity of their arguments is in the world of Geometry II.

The fourth and last level: Formal expressed Reasoning (FR) refers to students thinking 

independently of the situation-specific imagery of the task setting in question. This level can 

be connected to the third geometric paradigm (Geometry III), which at upper-secondary level, 

is probably only developed in most students at the level of expression. The students’ 

arguments use theoretical knowledge and also demonstrate, or refer to, how this knowledge is 

used within the norms of the mathematical community. 

Our topic-specific framework shows that an important learning goal of geometric proof 

is to reason within the world of Geometry II, which means the student should develop ability 

to reason at higher levels. In this sense, it may be considered that the four levels are classified 

in conformity with a certain hierarchy. At upper-high schools there is an implicit expectation 

that students’ reasoning occurs only at the higher levels. Textbooks support this assumption 

through the worked-out examples and solutions. We illustrate this with the following example.  
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Example 1

Task 26a (Fig. 3.1) is taken from the textbook used by the schools in our research.

Fig. 3.1. Text of task 26a from the textbook

In the textbook task 26a appears below the definition of angle bisector and it follows the 

similar task 25, with the only difference that it regards line bisectors instead of angle bisectors 

(Fig. 3.2). In regular lessons, students usually first attempt to solve the task themselves, and 

subsequently check their answer against the worked-out solution, which reads as described in 

Fig. 3.3. Here, the worked-out solution presents a clear deductive line of reasoning, expressed 

at the formal level. The arguments linking the premises to the conclusions are underpinned by 

the key ideas worked out at the theoretical level. Namely: the definitions of angle bisector and 

distance (the shortest distance is a perpendicular to the line), and the theoretical notion of 

congruence. 

Aim of this study

We may recall that this study originates from an earlier research project in which we created a 

collaborative problem-solving setting which appears suitable for observing enrichment 

processes. It involves regular-classroom students and teachers, tasks similar to textbook-tasks

and provides a learning context in which students’ reasoning becomes observable while they

interact and solve problems. We assume that the kind of learning processes observed in these -

so-called shift-problem lessons - can serve as a model for the learning processes occurring in 

regular education in the long term (see Roorda, 2012). The main purpose of this study is to
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Fig. 3.2. Part of the textbook page

Fig. 3.3. Worked-out solution of task 26a
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expand on our previous research and to shed light on enrichment processes. Our research 

question is:

- At what levels do regular-classroom students reason in a collaborative problem-solving 

setting that fosters reasoning and discussion? 

Research setting 

Problem-oriented learning setting

Given that the characteristics of textbook-driven education could limit students’ mathematical 

reasoning, we created a learning environment in our intervention which significantly differed 

from these ones, namely:

(i) the new mathematical content was not introduced step-by-step; the tasks were not 

preceded by readily applicable examples or pieces of theory; students were not 

expected to follow previously-established procedures supported by worked-out 

problems. Instead, tasks were designed to be experienced by the students as problems 

to be solved and the instructional sequence included tasks that incorporated reflection 

questions focusing on conceptual thinking and the use of relations. We want to remark

that the subtle changes we made to the tasks meant that the students’ texts differed 

from those in textbook;

(ii) the students had a different role: they worked in small groups and participated actively 

in mathematical discussions;

(iii) the teacher had a different role: instead of providing explanations, the teacher 

facilitated students in presenting and discussing their own explanations. 

We stress that we sought a learning environment suitable for regular classrooms in order to 

examine enrichment processes already occurring in one form or other. In the broad context of 
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our research we developed an intervention encompassing these characteristics (which we 

named shift-problem lessons, Palha et al., 2013). During four lessons spread throughout a 

chapter, the students worked in small heterogeneous groups on these problem-oriented tasks. 

The heterogeneity of the group was arrived at on the basis of a pre-test, so the groups were 

heterogeneous in relation to their initial cognitive performance. In this setting we endeavoured 

to foster richer forms of reasoning which would enable us to come to grips with what 

enrichment processes are. 

Process model

To create a more problem-oriented atmosphere in the shift-problem lessons we created a 

collaborative setting in which the teacher focused on facilitating student-centered

explanations. We attempted to achieve this by applying the process model (Dekker & Elshout-

Mohr, 1998, 2004). The framework for student interaction is constructed around four key 

activities: show, explain, justify and reconstruct. These learning activities are likely to occur 

when students attempt to solve problem-oriented tasks collaboratively. In this setting, the 

students approach and discuss the tasks at their own level. When showing, explaining and 

justifying their solutions the differences between the students become visible and students are 

required to reflect on their own ideas and those of their peers. Meaningful learning that occurs 

can be revealed in the reconstruction of the solutions. The result of the reconstruction can be 

shown again or re-explained, which completes the cycle of these four activities. The four key 

activities accompany the mental activities (see middle column in Table 3.1). They have a role 

in the learning process and contribute to mathematical understanding (see also Webb, 2009; 

Yackel, 2001; Cobb & Yackel, 1996). While the mental activities are internal and accordingly 

invisible, the key activities are visible and can be observed. The key ideas can also be 

influenced by didactic factors, such as the nature of the problems and the help of the teacher. 

The key activities can be elicited by regulating activities (Table 3.1), which can be performed 

by the students themselves. The process model is described in Dekker and Elshout-Mohr

(1998). 
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Table 3.1: The three types of activities in the process model

Regulating activities Mental activities Key activities

A asks B to show her/his work B becomes aware of her/his own 
work

B shows her/his own work

A asks B to explain her/his work B thinks about her/his own work B explains her/his own work

A criticizes B’s work B thinks about A's criticism B justifies her/his own work

B thinks about her/his own 
justification

B criticizes her/his own work B reconstructs her/his own work

In their research, Dekker and Elshout-Mohr (2004) examine the teacher’s role when assisting 

students working according to the process model. The researchers distinguished two types of 

teacher support: process help - the teacher’s help focused on the quality of the interaction by 

encouraging the key and regulating activities; and product help - the teacher’s help focused on 

the quality of the mathematical product. Table 3.2 gives examples of both types of help. 

Dekker and Elshout-Mohr (2004) examined what type of teacher help (product or 

process) was most beneficial in terms of developing formal mathematical reasoning for 

students in the fifth year of pre-university education. The students worked in heterogeneous 

triads on geometric transformation investigation tasks and the two types of teacher help were 

compared. The results of the study showed that the ‘process students’ attained significantly 

higher results in the post-test than ‘product students’. The researchers concluded that 

providing process help creates more opportunities for students’ reflection while not interfering 

with their thinking. 

Teachers in our study on the shift-problem lessons were asked to follow the process 

model during the shift-problem lessons and to provide process help as much possible. We 

anticipated this would increase the opportunity for students to provide explanations and reflect 

on their own ideas and those of their peers. Moreover, when assisting group work in this 
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manner, teachers are able to determine how students think (Webb, 2009) and consequently, 

better connect to the students’ meanings (Simon & Tzur, 2004; Webb, 2009).

Table 3.2: Process and Product help

Process help Product help

Provides only process-related help; gives no 

hints on mathematical content.

Provides only content-related help when 

requested; gives no hints on interaction.

Initial instruction

I will not help you with the content, but I want 

you to discuss a lot, to show your work to one 

another, to explain to one another (that’s how 

you learn), and criticize one another, so that the 

work improves...

An example of process help to students who 

asked for help: 

I want you to decide by yourselves, think about 

it, be critical towards one another’s ideas.

Initial instruction

You will work on these tasks by yourselves; 

I am here to assist you.

Two examples of product help to students 

who asked for help:

Do you understand the picture?

Yes, 20% of this. Yes, both lines end up in 

the same box.

Methodology

Data gathering and data collection

To study our research question (At what levels do regular-classroom students reason in a 

collaborative problem-solving setting that fosters reasoning and discussion?), we used the data 

from six groups of three students during four shift-problem lessons in a teaching experiment 

conducted in three regular Dutch 11th grade classrooms (from different schools) in the autumn 

of 2010. In this experiment 4 of the 12 lessons were replaced with shift-problem lessons (see 

also Appendix 3). The students worked individually or in pairs following the textbook and the 

teacher’s explanations during the regular lessons. Video cameras and/or voice recorders were 
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used to record the activity of two groups in each classroom while they solved geometric proof-

tasks in the four shift-problem lessons. These data form the basis of the study.

Method

We analyzed the data (N=6 groups of three students) in three phases.

Phase 1:the first author studied all the records to determine how the students approached and 

solved the tasks. The protocols of two arbitrary groups of students were transcribed 

for a more detailed analysis. 

Phase 2: the first author studied all the records again, this time systematically: the researcher 

listened to the task discussion of each student group from the first to the fourth 

lesson. Each attempt to solve a certain task was marked as one episode. 77 episodes 

were identified (16 in the first lesson, 13 in the second, 32 in the third, and 16 in the 

fourth; from two groups of students we only had the records of one lesson, the third 

lesson). The researcher listened to each episode taking three aspects into 

consideration: (i) Student interaction in conformity with the process model: which 

key activities emerged? (ii) Teacher intervention in line with the process and product 

help: what type of support did the teacher give to the student group? (iii) Students’ 

reasoning within the reasoning-levels framework: which reasoning levels emerged?

Phase 3: we organized broader categories and examined the analysis results of phase 2. We 

selected specific situations to illustrate the different reasoning patterns and we 

analyzed various episodes of the transcribed protocols in-depth. 

Instruments and analysis 

The analysis of the student interaction (phases 2-3) is based on the process model. The type of 

key activities performed by the students was assigned to each episode. The results were further 

organized in two main categories: three or more key activities and two or fewer key activities.
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We analyzed the teacher support (phases 2-3) given to group-work during the four 

lessons on the basis of Pijls, Dekker and Van Hout-Wolters (2007). We listened to the teacher 

during these lessons when supporting the six student groups and concluded that most of the 

teacher interventions involved product help and regulating activities. We subsequently 

considered it necessary to define a new category that we called ‘regulating’. We also deemed 

it necessary to refine the product-help category by making a distinction between two different 

kinds of support: hints and explanations. To clarify the four categories distinguished, we now 

present some of our data by way of example.

- Process help: At the beginning of the lesson the teacher tells the class: ‘I want you to 

discuss and explain the tasks collaboratively, and in particular, to write down what you 

agree on’ (…). This can be seen as an example of process help (Pijls et al., 2007) as the 

teacher only gives process-related help (encourages students to perform the regulating 

activities) and gives no hints on the mathematical content.

- Regulating: When asked to give an explanation, the teacher replies: ‘do you have an idea?’ 

(…); ‘What have you already done?’ (…); ‘What theories have you come up with?’ (…); 

‘the construction is not good’. The teacher’s role here is that of regulator. She tries to 

encourage the students to perform the key activities by performing the regulating activities 

herself. Bearing the process model mind, it is possible that this might be not considered 

process help as the help is given to the individual and not the group.

- Hint: When noticing that the students cannot proceed with a proof, the teacher asks: ‘What 

is given? (…) What do you want to prove? (…) What have you already established? (…)

What is the outcome? (…)’. ‘If you look at the figure, can you see two distinct triangles?’ 

In the first case, the hint (or explanation requested) relates to the process of proving: 

concentrate on what is given and what one must prove, which is essential when 

constructing a mathematical proof. In the second case, the hint relates to the mathematical 

content (two distinct triangles) and the mathematical activity (study the figure for 

something that is known). Both these examples encourage the students to make 
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connections between what they know and the task setting; the teacher intervention can be 

regarded as product help. We believe, however, this type of intervention is very different 

from providing an explanation (also product help). We illustrate this with the final 

example.

- Explanation: The teacher takes the initiative or is required to give an explanation. He looks 

at the figure and points to it. ‘So, the sum of the opposite angles is 180 and you have 

learned that there is some property about …..? Something with ….quadrilaterals…?’ In 

contrast to the previous examples, the students are not really encouraged to recall their 

knowledge and make connections. This type of questioning and giving explanations could 

provide the knowledge required at the time, but they do not encourage students to establish 

relations themselves or to continue looking for solutions.

The analysis of the students’ reasoning (phases 2 and 3) is based on the four levels described 

in the theoretical section and in Appendix 2: empirical-based reasoning (ER); relational 

reasoning (RR); theoretical-based reasoning (TR), and formal expressed reasoning (FR). The 

first author listened to each tape or assisted with the video, and each episode was assigned to 

one of the categories (in broad terms). Various episodes were also transcribed and analyzed in 

greater depth. The fragments were divided up into sub-episodes; each sub-episode comprises 

one or more statements. We define the length of the sub-episodes as the minimum number of 

statements that contain sufficient information to be categorized in a meaningful way. 

Validity of the results

The first author analyzed the six student groups in phases 1 and 2. The analyzes concerning

the example discussed in-depth (see the results section) were performed by the first researcher 

and then presented to a researcher in mathematics education, who was not a member of the 

research team, for reading. This researcher agreed with our categorization. 
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Results

Below we first characterize the implemented learning environment of the whole dataset, 

specifically the student interaction and teacher intervention, regarding the six groups of 

students. Secondly, we attempt to answer our research question by examining the reasoning 

patterns observed in the whole dataset. Thirdly, we select an episode that can be considered an 

example for the whole dataset, and we examine this episode in considerable detail through the 

reasoning-levels lens. 

Characterization of the implemented learning environment

Using the process model, we analyzed student interaction while working collaboratively with 

the instructional sequence. The results of these analyzes are presented in Fig. 3.4.

Fig. 3.4. Percentage of episodes in relation to the key activities

Fig. 3.4 shows that in the majority of episodes (71%), the students performed in line with the 

process model (three or more key activities). In other words, the students showed, explained, 

justified and/or reconstructed their ideas and solutions for the tasks. A more in-depth analysis 

of the type of learning activities revealed that most of the episodes in which only two or fewer 

key activities were observed, were situations in which students were constructing and 

exploring geometric figures using geometric software. 
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We can make a distinction between four types of teacher support: process, regulating, 

hint, and explanation. The analyzes of the six groups showed 15 episodes (15 out of 77) in 

which the teacher intervened. These interventions were analyzed in line with the four support 

types and led to the results in Fig. 3.5. Teacher intervention sometimes involved more than 

one type of intervention (e.g. hints and regulating) and, consequently, we have counted one for 

hints and one for regulating. In total we count 33 interventions.

Fig. 3.5. Percentage of teacher interventions in different types of process or product help

Fig. 3.5 shows that regulating (36%) was the type of support given the most, followed by 

explanation (33%) and hints (27%). The type of support given the least was process help 

(once). A more refined analysis has shown that process help was given only in the first lesson 

and that the explanations were mostly given in the last lessons. 

Characterization of students’ reasoning

Returning to the central question: at what levels do regular-classroom students reason in a 

collaborative problem-solving setting that fosters reasoning and discussion? To answer this 

question, we analyzed each episode using the reasoning levels (see Table 3.3). In 13 of the 77 

episodes analyzed, we failed to score within the reasoning levels. These were episodes where: 

the students were describing geometric constructions using a computer; their discussion was 
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too fragmented or incomplete to score and/or involved almost no discussion on mathematics.

Four main patterns emerged from our analysis of the remaining 64 episodes: 

- Variety of levels. The students discussed the task at several levels and a variety of levels

emerged. An example of this pattern is given and discussed in the following section.  

- Little variety of levels: reasoning at lower levels. The students discussed the task at the 

levels of empirical-based and relational reasoning (two lower levels). 

- Little variety of levels: reasoning at higher levels. The students discussed the task at the 

theoretical-based and formal expressed reasoning levels. 

- No variety of levels. In this situation the students reasoned at one reasoning-level only or, 

if they reasoned at two levels, the discussion soon came to an end. 

Fig. 3.6 shows the percentage of the episodes in each reasoning pattern.

Fig.3.6. Percentage of episodes in each type of reasoning pattern

Fig. 3.6 shows that over half the episodes (53%) comprise students reasoning at a variety of 

levels. About 17% of the episodes demonstrate little variety and 30% no variety at all. A 

variety of levels involved situations in which students approached the task at different levels 

and/or progressed through the task while working together. Little or no variety of levels 

involved mostly situations in which students did not engage in problem solving activity nor 
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reflection, at least collaboratively. Namely, with little variety at lower levels, the students 

either did not solve the task, or they could not recall the theoretical notions required to solve 

the task; with little variety at higher levels, one student usually solved the task at formal or

theoretical level, and the solution was discussed, but the students felt no need to elaborate on 

it; with no variety, most of the episodes related to non-mathematical talk; reasoning at lower 

levels or not knowing what to do. It goes without saying that simply because we did not 

observe enrichment does not mean it did not occur. 

A paradigm case; analyzing an episode of collaborative reasoning

We present a fragment of an episode that offers an example of the enrichment processes we 

observed, and which can be used to get some insights into how enrichment processes may 

evolve and how both the tasks and the process model may foster these processes. Several 

aspects are typical: student interaction involves three or more key activities; the group appears 

to be heterogeneous in that the students approached the task in distinct ways; and it displays 

characteristics of enrichment processes (reconstructing, grounding and integrating fragmented 

and pseudo-mathematical knowledge). In addition, it illustrates a solution process often 

observed in the whole dataset: the students were engaged, they worked through the task, they 

could reach the theoretical-based level of reasoning, but did not reach the level of formal 

expressed reasoning. For a teacher observing this process, the enrichment characteristics may 

not be obvious. The teachers in our study could recognize moments where learning had 

possibly occurred, but they were not fully aware of the learning processes taking place. 

Examples such as the one discussed next could be useful for teachers because here the 

learning processes are made visible.  

This fragment of student interaction involves the solution process found in one group 

when solving a task in the third of the four shift-problem lessons. The three students, Louise, 

Mary and John form a heterogeneous group according to the pre-test. The task was presented 

to the students after they had been introduced to the concepts and theorems involved. They 

should therefore possess the prerequisite required knowledge to solve it. This lesson was put at 
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almost the end of the chapter and related to proof-situations involving angle and line bisectors. 

The text of the task discussed here is identical to that in Example 1, but the task, as 

experienced by the students, differs from the one in the textbook in that it does not follow 

reviewed theory, and it is not preceded by worked-out examples or framed in step-by-step 

procedures. In contrast to following instructions, we see that the students saw the task as a 

problem to be solved.

In line with the procedure described in the previous section, we divided the verbal 

transcript into sub-episodes. We distinguished 9 sub-episodes (number before text). We 

categorized each of these sub-episodes in one of the four levels. 

Analysis of student reasoning (1)

In the first 5 sub-episodes the students see the equivalence of the definition of the angle 

bisector and the property they must prove, but they cannot unpack this equivalence. Students’ 

arguments are mostly abductive. An important point in their solution process is when they 

draw the figure. This seems to help them understand the situation better. After one student had 

read the task, the following dialogue ensued:

1 John: That is logical.

Louise: Yes, the angle bisector divides the angle into two equal parts.

2 John: Exactly, if the legs of the angle are at the same distance it must be the angle 

bisector; it cannot be something else. (Mary and Louise agree). Yes, but now how 

do we write this?

3 Mary: Shall we draw first?

John: Oh, we must show this. Ok, let’s just draw it. (The students draw Fig. 3.7).

Fig. 3.7. Students’ drawing
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4 Mary: Can’t we just write that any possible angle bisector divides the angle through 

the middle? So, this means that normally, in the ‘on going’ line angle bisector 

remains in the middle of the two sides of the triangle, right?

John: Once again.

5 Mary: Ok, the angle bisector divides the angle through the middle. So, if the line were to 

go on indefinitely, the angle bisector would remain in the middle because the angles

remain the same.

John: Yes, exactly… so, because …. (John starts writing).

The analysis of the 5 sub-episodes resulted in the reasoning sequence TR-RR-ER-RR-RR as 

shown in Table 3.3.

Table 3.3: Analysis of students’ reasoning in sub-episodes 1-5

Student Utterances Analysis Level

1 John: That is logical Louise's statement is an abductive argument that 
refers to a definition. The definition of the angle 
bisector. She expresses her reasoning using a general 
statement ‘the angle bisector…’ and her wording is 
general and not particular to a specific angle or angle 
bisector. Louise's argument belongs to the world of 
Geometry II.

TR

Louise: Yes, the angle bisector 
divides the angle into 
two equal parts

2 John: Exactly, if the legs of 
the angle are at the same 
distance it must be the 
angle bisector; it cannot 
be something else. 
(Mary and Louise 
agree). Yes, but now 
how can we write this?

John's reference is the hypothesis given in the task 
setting: ’if the legs are at the same distance’ (...). In 
this case the argument refers to a definition but also 
to personal conviction: ‘it must be’, ‘it cannot be 
something else’. Student’s wording involves general 
statements and serves the student’s purpose to 
convince himself and the others; his wording 
contains the key idea of angle bisector but has a 
more pseudo-mathematical character. Moreover, his 
statement ‘but now how do we write this?’ shows 
that, on the one hand he is satisfied with their 
interpretation – which they see as explanation - but, 
on the other hand, he is probably aware that some 
other explanation is expected from them. The 
students seek the validity of their statements beyond 
the world of Geometry I.

RR
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Student Utterances Analysis Level

4 Mary:

John:

Can we not just write that 
any possible angle 
bisector divides the angle 
through the middle; so 
this means that normally, 
on the ‘on going’ line, the 
angle bisector remains in 
the middle of the two 
sides of the triangle, 
right?

Once again.

Mary's reference is the theoretical notion of angle 
bisector but probably contextualized in the drawing. 
She is aware of the geometric meaning beyond the 
specific diagram (‘any possible angle bisector) but 
her arguments remain tied to the drawing: ‘on the 
‘on going’ line, the angle bisector remains in the 
middle...’). The student expresses her reasoning 
using general statements but her wording contains
descriptions that are probably based more on the 
drawing than on the theoretical properties. For 
Mary, the validity of the statement that the angles 
are equal is sought beyond Geometry I but not yet 
found in Geometry II.

RR

5 Mary: Ok, the angle bisector 
divides the angle through 
the middle. So, if the line 
were to go on indefinitely 
the angle bisector would 
remain in the middle 
because the angles 
remain the same.

There is no big difference with regard to the 
previous sub-episode. Student’s reference is the 
theoretical notion of angle bisector but 
contextualized in the specific situation. Mary’s 
argument is abductive (she uses the fact that the 
angles are equal, which is what she must prove). 
John seems convinced by Mary's argument that 
they have found the solution. Both students validate 
the equality of the angles beyond Geometry I but 
not yet in Geometry II.

RR

In sub-episode 1 (theoretical-based reasoning) Louise explains the equality of the angles; this 

equality is general and based on the theoretical definition of angle bisector. John agrees and 

justifies why in sub-episode 2 (relational reasoning). John’s justification is based on the 

general definition and his personal conviction (‘cannot be something else’). This makes sense 

3 Mary:
John:

John:

Shall we draw first?
Oh, we must show this. 
Ok, let’s just draw it. 
(the students draw the 
figure)

Yes, exactly… so, 
because ... (John starts 
writing).

The student’s reference is the spatial-graphical 
features of the drawing done by John (see Fig. 3.2).
The students’ wording and actions contain - in an 
empirical sense - the key ideas of angle bisector and 
distance (the perpendicular line to the legs of the 
angle) and seem to serve the students’ purpose,
which is to understand the task: ‘shall we draw 
first?’ The validity of the arguments takes place in 
the material world of Geometry I (‘Oh, we must 
show this’).

ER
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to the other students as they agree with him but they also need to produce a proof. This 

apparently prompts them to draw the figure. In this sense the drawing is very important 

because it marks the students’ need to prove and it also helps them understand the situation 

better. This is illustrated in the following sub-episodes. In sub-episode 3 (empirical-based 

reasoning): Mary and John show the equality of the angles in the drawing: ‘we must show 

this’ and in sub-episodes 4 and 5 (relational reasoning): Mary attempts to justify this equality 

beyond the diagram. However, although it seems as if there is movement towards theoretical 

reasoning, the students’ talk remains at the relational level: Mary describes (explains, justifies)

geometric elements and relations that can be made visible through the diagram (the equal 

angles, the line in the middle) in a general way (‘the continuous line’). Even when John asks 

her to repeat her justification, she reconstructs it using different wording, but the meaning 

stays the same. John is satisfied with Mary’s explanation as he starts writing the solution. In 

contrast, Mary’s explanation seems to help Louise notice general and other relations.

Analysis of student reasoning (2)

In the next 4 sub-episodes, the students look for a solution that is convincing to them but also 

accepted as proof. They seem to find this in the key idea of congruence, which is first noticed 

by Louise and then by Mary, but John only understands after his peers have explained it.  

6 Louise: Yes, you have those equal angles anyway, the equal distance and still one equal 

angle, right?

Mary: A-S-A

7 John: Ok, but we must not have a triangle in mind; it is about an angle. So if you draw 

one point here, this distance is equal to this one and this distance is equal to that 

one.

8 Mary: Yes, but you could also say that this is equal, that is equal, this is equal and this side 

is equal anyway.

John: Oh, you mean that we make a triangle here and another triangle there…

9 Mary: Yes, and then you can demonstrate that the two triangles are equal.

John: Oh yes, that also works... yes!

Mary: Do you agree? (This question was probably addressed to Louise, who agrees)
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The analysis of the 4 sub-episodes resulted in the reasoning sequence TR-ER-ER-TR, as 

explained in Table 3.4.

Table 3.4: Analysis of students’ reasoning in sub-episodes 6-9

Student Utterances Analysis

6 Louise:

Mary:

Yes, you have those equal 
angles anyway, the equal 
distance and still one equal 
angle, right?

A-S-A

Students’ reference is the theoretical notion of 
congruence. Louise' refers to the equality of the 
angles and the sides, which are the two necessary 
conditions for using the congruence cases. Most of 
student’s expression is general: 'you have (...) the 
equal distances anyway, and still one equal angle’; 
’A-S-A’ although Louise's wording also contains 
elements of the specific setting 'those equal angles’.

TR

7 John: Ok but we must not have a 
triangle in mind; it is about 
an angle. So if you draw one 
point here, this distance is 
equal to this one and this 
distance is equal to that one

John seems surprised and cannot connect the 
reference to congruence ’we must not have a triangle 
in mind’; up to this point he has focused on the 
individual geometric elements ’it is about an angle’. 
The arguments that the student uses to support his 
statement are confined to the spatial-graphical 
features of the drawing ‘this distance is equal to this 
distance’. His wording and actions are tied to the 
specific angles and line segments in the task setting. 
The validity is sought in Geometry I.

ER

8 Mary:

John:

Yes, but you could also say 
that this is equal, that is 
equal, this is equal and this 
side is equal anyway

Oh, you mean that we make a 
triangle here and another 
triangle there…

The students’ reference is the spatial graphical 
features of the drawing. Students’ wording contains 
elements of the key idea of congruence but in an 
empirical sense ‘we make a triangle here and 
another triangle there’. The validity of students’
argument is sought in Geometry I

ER

9 Mary:

John:
Mary:

Yes, and then you can show 
(prove) that the two triangles 
are equal

Oh yes, that also works... yes!

Do you agree? (this question 
was probably addressed to 
Louise, who  agrees)

Students’ reference is the general notion of 
congruence ‘then you can show that the two 
triangles are equal’. So, the equality cannot be stated 
in the drawing but it must still be shown. They
express their reasoning through general statements 
and it may serve their purpose of proving towards 
formal proof. The students seek the equality of the 
two triangles in Geometry II (that must be shown).

TR
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In sub-episode 6 (theoretical-based reasoning) Louise notices and explains the equality of two 

angles and one equal side. Crucial here was that she observes the diagram and notices the 

angles remain the same, but she also seeks an explanation; she endeavours to relate the equal 

angles to the notion of congruence. Louise makes implicit reference to the conditions 

necessary to apply the congruence cases, which also become visible to the other two students 

in a different way. Louise’s reference was sufficient for Mary to recall the notion of 

congruence (there is a general reference to the theoretical key idea, but it is not used correctly 

as the student muddled what she knows and what she must prove). The reasoning given by 

Louise and Mary makes no sense to John. In sub-episode 7 (empirical-based reasoning) he 

criticizes Mary and Louise’s reasoning and explains why. John’s reasoning is based on 

relations that are directly visible in the task setting (including the drawing). Proving the 

equality of the two angles through the notion of congruence is not evident and it was probably 

something that had not entered the mind of this student. Moreover, it is questionable whether 

he understands how it can be used to solve the task. Mary seems to understand John’s point 

and after her justification, in sub-episode 8 (empirical-based reasoning), he seems to accept 

the idea of using the triangles as he constructs them himself, and shows his work this way. 

(Mary only refers to the sides and angles). It is interesting to note that he probably would not 

have seen the figure in this way. Mary ‘forces’ him to interpret empirical features in a 

relational way. This notion is not yet sufficient to construct a proof at the formal level but it is 

something that is meaningful to the student and something he can subsequently build on. In 

sub-episode 9 (theoretical-based reasoning) Mary justifies that they can use this (the equality 

of the sides and angles) to show that the two triangles are equal. This means this student is 

aware of the need to use theoretical constructs when proving. Does John reconstruct his 

previous idea? In a sense, yes. However, this is not clear from what he says; he accepts this 

new perspective in a way that seems meaningful to him (Oh yes, that also works…yes!).

Reflecting on the whole episode, we see, as in the worked-out solution in example 1, 

that the three key ideas for solving the task are: the notion of angle bisector; the notion of 

distance from one point to a line; and the notion of congruence. However, instead of emerging 

in a formal organized way, these notions emerge and become related through the students’ 
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interaction. The students have different views, which change as a result of discussion as they 

gradually become aware of the differences between their own ideas and those of the others, 

and start to make connections between what they know and see and the mathematical concepts 

and emergent relations. Up to sub-episode 6, the key idea of congruence was not visible in the 

students’ arguments. Our analysis suggests that the notion of congruence did not seem 

necessary for John (as previously referred to in sub-episode 5). It also did not seem to make 

sense to him. This explains why he could not recognize this notion in Mary and Louise’s 

conversation. Mary’s explanation makes it possible for John to recognize that the two angles 

are part of the two triangles (in the diagram). Although this is still an empirical notion of 

congruence, it is a relation constructed by the students that might serve as a basis for more 

formal forms of reasoning. We believe that Mary’s explanation, at John’s level of reasoning, 

was crucial to this. Such a situation would probably not have occurred if John, Mary and 

Louise had been working individually supported by worked-out solutions as in Example 1. 

Because the students were facing the task as a problem to be solved, it created the need for the 

process we observed. In a textbook-driven lesson this need may never have come to fruition. 

In John’s case, we doubt whether discussing the solution showed in example 1 would make 

sense to this student.

Main findings

In a carefully designed guided reinvention process, students gradually expand their 

mathematical knowledge by constructing upon what they know and understand, starting with 

informal mathematical knowledge that is experientially real for them. In regular textbook-

based classrooms, the situation is quite different, as the students have to revise, connect and 

ground fragmented and partially pseudo-mathematical knowledge. In our research, we try to 

support and enhance this type of learning processes, and we try to come to grips with what 

such learning processes look like. The latter is the aim of this chapter. Our analyzes of the 

study reported in Chapter 1 (Palha et al., 2013) and Chapter 2 showed that students reasoning 

patterns when they progressed through solving problems collaboratively contrasted the idea 
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that, students work through the tasks at the formal level, in line with the steps laid out in the 

worked-out examples and solutions. In this study, therefore we examined the question: at 

which levels do regular classroom students reason in a learning setting that fosters reasoning 

and discussion?

To examine this issue, we used the four levels of reasoning (empirical-based, relational, 

theoretical-based and formal expressed) to analyze the collaborative reasoning of six groups of 

students in four shift-problem lessons. We want to remark that, during the course of our 

research, we realized that the shift-problem lessons is as a setting that makes visible ways of 

reasoning and learning that can be invisible in regular lessons. Apparently, this comes from 

the combination of problem solving activity and reflective discourse in small groups. 

Therefore we needed to determine whether the learning setting that we created was good 

implemented, fostering reasoning and discussion. For this, we analyzed students’ interaction 

and teachers’ support based on the process model (Dekker & Elshout-Mohr, 2004; Pijls et al., 

2007). The results of these analyzes have shown that, the implemented learning setting had in 

the majority of the cases characteristics of problem solving activity and collaborative learning. 

This will be discussed in the next section; first, we will try to answer our main question.

Our results with regard to students’ reasoning show that in the majority of episodes 

(53%) students’ reasoning pattern involved a variety of levels. That is, the students were 

approaching and discussing solutions to the tasks at levels of reasoning that changed during 

the solution process. These findings confirm the hypothesis that we elaborated based on the 

study presented in Chapter 2. A more in depth analysis of a number of episodes which we 

considered as paradigmatic cases showed that the students depart from their fragmented and 

pseudo-formal knowledge and by comparing and making connections between their available 

mathematical knowledge and what is experientially real to them they may develop a deeper, 

coherent and better founded knowledge. This analysis gave us also more insight into how

problem solving activity and group work may lead to mathematical discussions and reasoning, 

which in turn may foster enrichment processes. An essential condition seems to be that the 

student input is on various levels. The various levels of reasoning that came to the fore in the 
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shift-problem lessons demonstrate how mathematics notions may evolve from student 

discussions with peers. 

These findings show that the actual process of the students trying to become acquainted 

with new or undeveloped mathematical notions differs from the assumptions that underlie 

conventional textbook instruction, according to which students are expected to solve tasks at 

the formal level, build on theoretical arguments linking premises and conclusions in a clear, 

deductive line of argument. In this sense, we believe that our study offers some new insights in 

the construction processes in the classroom, which may help teachers in supporting these 

processes. We discuss this next.

Discussion

In this section, we start by examining the meaning of the levels of reasoning changing during 

the collaborative problem solving process and, how this is related with enrichment. Next, we 

discuss to what extent reasoning and discussion was supported by the shift-problem lessons 

and how this setting can be used to acknowledge and enhance enrichment processes. Finally, 

we contrast the processes observed with the textbook-centered instruction expectation and 

implication of this for teachers. 

‘Repairing’ processes: a reconstruction

The situation discussed at length in the paradigmatic example in the results section, illustrates 

how students might enrich their knowledge. The example also encompasses the characteristics 

of the enrichment process that, although observed in the specific setting of our research, we 

assume to occur in one way or another in regular classrooms in the long term. Specifically, the 

students start from their available knowledge, which comprises informal, formal and pseudo-

formal knowledge. The level at which each student starts will be probably different (since the 

groups were heterogeneous) but through the collaborative setting the differences become 

visible and object of discussion. When working according to the process model (showing, 

explaining, justifying and reconstructing) the students may come to construct more elaborated 
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conceptualizations of their shallow and fragmented knowledge. Moreover, when following 

each other’s explanations this may help them to recognize own misconceptions, try to repair 

gaps in their understandings and, strength connections (Webb, 2009). 

The levels of reasoning give an indication for the level at which the mathematical 

notions can be conceptualized. The variation of levels observed while students progress 

through the task can mean that students are ‘repairing’ their available knowledge and possibly 

constructing new knowledge. Probably, processes as these ones lead to students at long term 

develop a deeper, coherent and better founded knowledge, such as reported by Roorda (2012). 

Moreover, the framework we proposed helps to make these processes visible. 

The variety of levels, which accompanies the enrichment processes, also reveals a 

dynamic that contrasts with the formal linearity of the textbook solutions, which may shape 

teachers’ expectations of how students’ reasoning evolves (Bergqvist, 2005). With relation to 

this aspect, it is important that teachers become acquainted with designing and executing 

lessons in which enrichment processes become visible (as in the shift-problem lessons). Next, 

we examine how the shift-problem lessons were implemented as this can provide valuable 

information for the teachers.

Implementation of problem-oriented tasks in a collaborative setting

The situation presented in the example 1 points at which learning conditions are favourable for 

enrichment to occur: the students experienced the task as a problem they wished to solve, and 

the students’ interaction fostered their reflection and reconstruction. Our analysis of the results 

regarding the implementation of the learning setting shows that:

- the teachers initially encouraged the students to work according to the process model. In 

later lessons, they stopped giving this kind of support. Nevertheless, instead of providing 

explanations they, for the most part, continued to encourage students to think for 

themselves (regulating and hints).
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- the students engaged in at least three of the four key activities (showing, explaining, 

justifying, and reconstructing) in most episodes. Interestingly enough, this occurred 

without the teacher having to encourage them to work according to the process model.

With regard to the teachers support: we do not know why the teachers stopped giving process 

help. Bearing previous research on this type of teacher support in mind, we do know that 

teachers find it very hard to change their roles, even after agreeing to it and receiving special 

training and instruction (Pijls et al., 2007; Pijls & Dekker, 2011). This kind of intervention is 

apparently at odds with the teachers’ natural inclination to explain, and with the students’ 

habits and expectations (Webb, 2009; Pijls & Dekker, 2011; Smith, 2000). For instance, in 

Pijls et al. (2007) the researchers remark that although the process teacher made a considerable 

effort to encourage students to think for themselves, the majority of students wanted the 

teacher to examine their work and give them mathematical hints. Moreover, the process 

teacher in this study found it particularly difficult to maintain his role when the students were 

unable to see how to continue.

With regard to the students’ interaction: without the teacher encouraging the students to 

work according to the process model they engaged in at least three of the four key activities in 

most episodes. These results suggest that a collaborative setting, in which the students are 

given the opportunity to think and discuss, may considerably change the way students interact. 

With regard to the implementation of the tasks we have seen that the tasks were 

sometimes too challenging for our students; the tasks were not preceded by theoretical 

instruction or worked-out examples, which means that the students, had to recall and discuss 

the mathematical theorems and definitions required for solving the tasks. The students found 

this extremely challenging, particularly when none of the three students could think of a 

plausible solution or idea for solving the task. The students would then give up or approach 

the task at a lower level (no variety of levels). Sometimes the students attempted to solve the 

task but as they were unable to identify the key ideas, their reasoning remained at empirical 

and relational levels (little variety at lower level). 
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This result illustrates the complexity of designing tasks for enrichment. On one side 

there must be some challenging that triggers the need for new knowledge on the other side the 

task must still be doable for the students. We remark that proof-construction tasks can be 

considered as complex as tasks for problem solving (Selden & Selden, 2003) as they cannot be 

solved by simply applying an algorithm or standard procedure. Certain self-regulation is 

essential for students to be able to deal positively with the challenging situations and not 

dropping too quickly promising solution processes (Schoenfeld, 1985, 1992). The normative 

setting in these classrooms was also not optimal. Some students simply accepted a solution 

without understanding it - there was no discussion about how it was arrived at. In our analysis 

this was related with occurrence of the reasoning pattern: little variety at higher level.

Implications for teachers

Finally, we believe the reasoning-levels framework and the examples presented in this study 

offer a way for teachers to interpret students’ utterances and, consequently, to react in a more 

effective manner and support students’ enrichment processes. In relation to this we may add, 

that the teachers experienced their participation in our research by assisting student 

discussions as an eye-opener. In a reflection meeting held on this teaching experiment, a 

teacher was asked to comment on the value of these lessons. She answered: I acquired more 

insight into the students’ thinking.

The framework provides a means to analyze construction processes already occurring at 

some level in regular classrooms, probably already observed by teachers though not yet at a 

conscious level. It could be worthwhile investigating the extent to which the use of the 

reasoning-levels framework and examples, as presented in the result, might contribute to 

teachers’ awareness of the students’ thinking so that they are better able to support the 

students in developing deeper, coherent and broader mathematical knowledge.
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Chapter 4 Effect of a Shift-Problem Lessons
approach in the mathematics classroom5

Abstract It remains difficult to engage students in problem solving and 
mathematical reasoning in regular classrooms. In spite of the amount of 
research on mathematical learning, students’ knowledge is fragmented 
and superficial, which leads to unsatisfactory learning results. Teachers 
are committed with a pre-defined curriculum and prescribed textbook, 
which may prevent them to use effective instructional approaches to 
students’ learning. In our research, we developed a learning arrangement -
shift-problem lessons - that focuses on the enrichment of students’
mathematical knowledge by adapting part of the regular lessons for 
collaborative problem solving and reflection. In this chapter we discuss 
the effect of this learning arrangement on students’ learning outcomes. 

Keywords secondary education, student thinking, geometric proof, 
collaborative learning, integral calculus, mathematical tasks, textbook

5 Based on: Palha, S., Dekker, R., & Gravemeijer, K. (submitted). Collaborative problem solving and reflection in 
regular mathematics classrooms: the effect of a Shift-Problem approach in the 11th grade.
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Introduction

Insufficiencies in current regular classrooms

Generally speaking, regular classroom practices do not effectively help students develop well-

founded mathematical knowledge. Students’ knowledge is often fragmented and superficial 

(Lithner, 2004, 2008; Bergqvist, Lithner, & Sumpter, 2008; Mayer, 2002; Schoenfeld, 1992; 

Roorda, 2012) and to some extent comprises pseudo-mathematics (Vinner, 1983). In addition, 

students seem to lack the required flexibility and creativity to engage effectively in problem 

solving activity and high-level reasoning (Stigler & Hiebert, 2004). 

The insufficiencies in the learning environment can be related to the conventional nature 

of the textbooks and the mandatory curricula (Lithner, 2004, 2008; Mayer, 2002; Schoenfeld, 

1992). Namely: (i) new mathematical content is introduced step-by-step; (ii) students are 

expected to follow previously-established procedures supported by worked-out examples; (iii) 

the tasks do not often involve high-level reasoning or creative thinking; instead most require 

calculations and straightforward answers; (iv) the teacher has a central role in giving 

explanations and directions. Students in this kind of environment are not challenged to 

develop the resources, heuristics and autonomy required to engage in problem solving activity 

and construction processes.

In spite of insufficiencies in the learning environment, students may eventually come to 

grips with the mathematics taught (Roorda, 2012). Roorda’s study shows that over a two-year 

period Dutch students gradually develop a deeper, more coherent and correct understanding of 

Calculus. Given the fact that the students start out with fragmented and pseudo-mathematical 

knowledge, a ‘repair’ process apparently occurs in which the students fill in the gaps and 

reconstruct their knowledge by linking their superficial knowledge to what is meaningful to 

them. We assume the students’ knowledge will be revised, reconstructed, deepened and 

expanded in this ‘repair’ or enrichment process. This begs the question: can we adapt 

classroom practices so they support and strengthen repair or enrichment processes?
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Instruction towards feasible innovation

Most researchers and educators agree that instruction to improve students’ learning in 

classroom settings should involve: (i) creating an opportunity for students to engage in good 

problems (tasks involving problem solving activity, high-level reasoning and reflection); and 

(ii) fostering the students’ active participation in mathematical discussions. However, these 

two guidelines are not easy to implement in regular classrooms (Stein, Grover, & Henningsen, 

1996; Stein, Remillard, & Smith, 2007; Stigler, & Hiebert, 2004; Schoenfeld, 1992). They 

involve learning situations that are not always positively experienced by students and teachers; 

these situations tend to be disorganized, involve feelings of uncertainty and frustration, and 

bring conflicting ideas to the fore. Consequently, the teacher often either reduces the 

complexity of the tasks in an attempt to make them more accessible to the students, or the 

teacher responds to pressure exerted by the students (Smith, 2000). In addition, students might 

not engage in the tasks at a high level if they do not have the prerequisite knowledge required 

(Stein et al., 1996); or some metacognitive skills and autonomy (Schoenfeld, 1992). Further,

students’ attitude to problem solving is influenced by their habits and strategies acquired in the 

mathematics classroom (Cobb, Stephan, McClain, & Gravemeijer, 2001) and may be impeded 

by insufficiencies in the learning environment (in conjunction with conventional textbooks 

and corresponding instruction).

So, fostering construction and reconstruction processes in regular classrooms cannot be 

done just by setting good problems since the normative setting as it exists in the classroom 

may not support the challenges this activity demands. If opportunities for students to engage 

actively in their learning process are to be created, a different classroom culture has to be 

developed. This must be a culture in which students have different mathematical attitudes and 

norms (Gravemeijer, 2008; Cobb et al., 2001; Yackel, Cobb, & Wood, 1991), and teachers 

who assist students to think for themselves and who prompt explanation and meaning (Stein et 

al., 1996; Webb, 2009). We do not expect to find such ideal classroom culture in regular 

classrooms, though it might be possible to bring this about by improving student and teacher 

interaction. It may, however, be necessary to adapt the learning setting.
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Collaborative learning settings are potentially able to support construction processes by 

requiring students to give explanations, and to justify and criticize their own solutions and 

those of others (e.g. Yackel et al., 1991; Webb, 2009; Dekker & Elshout-Mohr, 2004, Pijls & 

Dekker, 2011). Moreover, when assisting group work in this way, teachers are able to 

determine how students think. This might enable teachers to assist students in making 

connections between what they know, what is meaningful to them, and the mathematics they 

are meant to be learning.

Learning environment that fosters enrichment

However, there is a gap between the ideal learning practices found in the literature and regular 

classroom practice. Instruction that seems to successfully bridge this gap usually involves 

substantial curriculum changes (Stein et al., 2007), or includes extended teacher-training 

programmes (see, for instance, Slavin, Lake, & Groff, 2009). Furthermore, much instruction 

described in the literature refers to experimental settings or prototypical instructional 

sequences that presuppose a carefully constructed route for reinvention along which the 

students construct new mathematical knowledge. However, these solutions are not suitable for 

regular classrooms where conventional textbooks and mandatory curricula must be adhered to.

Shift-problem lessons and shift-problem learning arrangement

In order to bridge the gap between the ideal learning processes found in the literature and 

regular classroom practices we developed shift-problem lessons (Palha, Dekker, Van Hout-

Wolters, & Gravemeijer, 2013). Shift-problem lessons are intended to be feasible for regular 

teachers in regular classrooms and to stimulate students in their mathematical problem solving 

activity and reflection. We attempt to achieve this by limiting the intervention to four of the 

twelve lessons in a textbook chapter and by inserting tasks that are similar to, or adaptations 

of, the textbook tasks. The adapted texts differ from those in textbook as they are not direct 

applications of recently reviewed theory, neither are they preceded by worked-out examples or 

framed in step-by-step procedural guidelines. To create a problem-oriented classroom 
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atmosphere in these four shift-problem lessons we recurred to the heuristic process model 

(Dekker & Elshout-Mohr, 2004) in which students are encouraged to demonstrate, explain, 

justify and criticize their own thinking and that of others while working collaboratively on 

tasks tailored to problem solving and reflection. If the students follow this heuristic, 

differences among them require them to reflect on their own ideas and those of their peers. 

This will encourage them to make connections between their fragmented or pseudo-

mathematical knowledge and what is experientially real and meaningful to them. Moreover, 

the teachers can support the students’ learning process by encouraging them to perform these 

activities. Table 4.1 presents the three aspects that distinguish shift-problem lessons from 

regular lessons.

Table 4.1: Shift-problem lessons versus regular lessons

Regular lessons Shift-Problem lessons

Learning 
activities

The mathematical content is 
introduced step-by-step; The 
students are expected to follow 
previously-established procedures, 
often supported by worked-out 
examples; and the tasks require 
following the rules, calculation and 
straightforward answers.

The mathematical content unfolds from 
students’ discussions and teacher 
interaction; the students are involved in 
problem solving activity. Here tasks do 
not follow the textbook structure and no 
task is based on worked-out examples 
and prescribed procedures; all tasks 
require reasoning and/or conceptual 
thinking. 

Teacher 
role

The teacher has a central role in 
providing explanations and 
directions.

The teacher supports students’ thinking 
and facilitates student-centered
explanations in line with the process 
model.

Students 
role

The students work individually 
from the textbook, or together with 
peers; they follow the teacher’s 
instructions, solve the tasks, and 
check their answers against 
worked-out solutions. 

The students work together in small 
heterogeneous groups, participate 
actively in mathematical discussions in 
line with the process model.
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Aim of the study

This study examines the effect of learning arrangements that combine shift-problem lessons 

with regular lessons (SPLA). To study the effect of SPLA in student enrichment, we use pre-

test and post-test assignments, and compare the students’ learning outcomes following the 

SPLA with their outcomes when following a learning arrangement comprising only standard 

textbook-centered lessons, which we refer to as Regular Learning Arrangement (RLA). We 

used two mathematics courses that were introduced to students in the 11th grade: geometric 

proof and integral calculus. The research question that fits the aim of our study is:

- What are the effects of shift-problem learning arrangements on the students’ learning 

outcomes with respect to geometric proof and integral calculus in the 11th grade?

Topic-specific background to adapt instruction

In addition to a general framework for creating shift-problem lessons, these lessons also rely 

on topic-specific frameworks for learning the mathematical topics under consideration. This 

study covers geometric proof and integral calculus. 

Geometric proof

Based on the literature we expect students with a rich cognitive structure to recall and 

elaborate on key ideas at the theoretical level when constructing proofs (Van Hiele, 1986; 

Raman, 2003; Duval, 2006); they are aware of theoretical perspectives when solving 

geometric problems and can reason at a theoretical level with theorems and properties where 

appropriate (Laborde, 2004; Fischbein, 1993). By contrast, students with fragmented 

knowledge will probably not recognize essential connections and focus on the superficial 

features of arguments (Schoenfeld, 1992; Selden & Selden, 2003). For geometric tasks 

involving diagrams, students might have difficulty distinguishing between the features that 
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refer to geometrical meaning and the particular spatial graphical features presented on paper 

(Laborde, 2004; Fischbein, 1993).

Constructing proofs (proof construction) is, in itself, similar to mathematical problem

solving as it requires different concepts and relations to form in the minds of students at the 

right time (Harel & Sowder, 2007; Selden & Selden, 2003). In the shift-problem lessons, by 

removing the proof tasks from the textbook structure this increases the complexity of problem 

solving activity as the tasks would neither be direct applications of recently reviewed theory; 

nor would they be preceded by worked-out examples; nor would they be framed in step-by-

step procedural guidelines. To encourage students’ reflection and thereby possibly bring about 

knowledge construction, we developed tasks (see also appendix 3) in which the students 

would read and evaluate each other’s written proofs (proof validation) (Selden & Selden, 

2003). We also adapted textbook tasks, in which the students would construct and explore 

geometric constructions using dynamic geometry software that supports the students’ 

development of theoretical reasoning (Jones, 2000). Specifically, exploring and conjecturing 

activities serve as means to link different concrete images to one concept and as means to link 

different concepts. Students in the shift-problem lessons solve the tasks collaboratively, and 

this may result in intensified argumentative activity. According to Mariotti (2006) such 

conjecturing activity may lead to successful proofs if students coherently link up the proof 

they are constructing with the arguments arising during the conjecturing process. Table 4.2

gives an example of a task for each of the three learning activities mentioned above.

Integral calculus

Research into students’ conceptual development of function (Vinner, 1983; Sfard, 1991; Gray 

& Tall, 1994; Slavit, 1997) usually makes a distinction between an operational or action 

conception of function (in which function is seen as an input-output process to calculate single 

values) and a structural or more object-oriented conception (in which function can be treated 

as an object upon which it is possible to perform certain operations). Based on Thompson and 

Silverman’s (2008) work, we framed the students’ development of the notion of integrals in 
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Table 4.2: Examples of learning activities for geometric proof

the idea of integral function. An operational conception is sufficient for calculating definite 

integrals and particular areas. In more object-oriented conceptions, the integral function 

describes the general accumulation processes. Central to this approach is covariational 

reasoning (Slavit, 1997; Oehrtman, Carlson, & Thompson, 2008), which concernes, in the 

particular case of the integral function, imagining the accumulation varying and the rate of this 

variation.

Students’ understanding of integrals involves the integration of different views of the 

integral function as the flexibility to use the most appropriate view required for the situation 

under consideration. Students who have a richer understanding of the integral function have 

probably developed a more object-oriented conception. This is required to coordinate the 

various representations and meanings of the integral function. Students with a poor 

understanding and fragmented knowledge of the integral function have probably only 

developed an operational conception.

As in geometric proof, the shift-problem lessons for integral calculus (see also appendix 

4C) was limited to four of the twelve lessons in the textbook chapter and linked to the 

textbook-learning trajectory. Adapting the textbook tasks for integral calculus was, however, a 

greater challenge. We modified calculation tasks into tasks that could foster covariational 

reasoning (Oehrtman et al., 2008) and encouraged the students to communicate and reflect on 

the notion of integrals and its different meanings and representations. That is, tasks that 

Learning activities Example

Proof construction Given a circle with centre M and chord AB. The line segment MS is 
perpendicular to AB. Prove that AS=BS.

Proof validation Look critically (but constructively) at the proof given by a fellow group 
and comment on it. Aspects to be considered: is the proof correct? Are 
all steps well explained? Are the arguments valid?

Exploring and 
conjecturing

Draw a triangle, ABC, and two angle bisectors with Geogebra
(computer software). Examine whether the third line bisector passes 
through the other two angle bisectors. Explain your findings.

134



Effect of a Shift-Problem Lessons approach in the mathematics classroom
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stimulate students to reason qualitatively about integrals. For this, we adapted the tasks by 

asking for explanations rather than calculations, and by ensuring these tasks were suitable for 

students’ exploration (e.g. asking for judging on graphing situations, making predictions and 

communication about relationships). To foster problem solving activity, we applied various 

situations that involved dynamic processes that were meaningful to our students (such as total 

distance accumulation over time). When solving problems involving these dynamic contexts, 

the students were expected to connect and reflect upon different meanings of the integral 

function (Oehrtman et al., 2008). We also created or adapted various tasks to create 

opportunities for students to relate multiple representations of the integral function - table, 

formula, graph and words - (Oehrtman et al., 2008) and explore the variation of lower and 

upper limits which involve covariation reasoning on how the dependent and independent 

variables change (Thompson & Silverman, 2008; Yerushalmy & Swidan, 2012). Examples for 

each type of learning activity are given in Table 4.3.

Table 4.3: Examples of learning activities for integral calculus

Learning activities Example

Relate multiples 
representations

Given the graph (and no formula) of function f and the region bounded 
by the graph of f, the x-axis, the vertical line x = 0 and x = a. The student 
is asked to construct a table, the graph and use the integral notation to 
represent single values. 

Connect and reflect 
through different 
contexts

Given the graph representing the velocity of a car against time and the 
formula for the velocity. The students are asked to provide formulas that 
describe the distance travelled starting at different times. 

Explore the 
variation of lower 
and upper limits

Given the area of the surface between the graph of f, the x-axis, the line 
x = 0 and the line x = a, the student is asked to use computer software to 
explore the relationship between the values of x = a and the integral 
values. For instance, students may be asked to adjust the lower limit of 
the integral by starting with numbers 0, 1 and 2 and explain the graphs 
they obtain of the area function (using computer software).

Reason qualitatively Which of the following expressions are true? Explain.

4
3 3

5 1

( 1) ( 5)
a a

x dx x dx
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Methodology

Participants and method

The study involved 131 eleventh-grade students (aged 16-17) from 6 classes, and 6 teachers 

from 4 different Dutch schools that all used the same conventional textbook. This study refers 

only to the data recorded for the 109 students who attended all measurement assignments. The 

classrooms were left intact as we envisaged investigating the effect of SPLA in regular 

classroom settings. We applied a switching-replications design method (Shadish, Cook, & 

Campbell, 2002), applying an untreated control group design with dependent pre-test and post-

test samples (see Table 4.4). This enabled us to perform a quasi-experimental study; the 

classes were left in their entirety, and used as each other’s control group. We applied two 

mathematical courses: geometric proof, and integral calculus, both new to the students.

Table 4.4: Design of the experiment

Semester I Semester II

Group 1     N=52 O1 X1 O2 O3 O4

Group 2     N=57 O1 O2 O3 X2 O4

X1 = Shift-Problems geometric proof (G);  X2 = Shift-Problems integral calculus (I)

O1= pre-test G; O2= post-test G; O3= pre-test I; O4= post-test I

The SPLA condition (N=52 in geometric proof and N=57 in integral calculus) followed a

combination of shift-problem lessons and regular lessons and the RLA condition (N=57 

geometric proof and N=52 integral calculus) followed only the regular lessons. 

RLA condition and SPLA condition

The RLA condition (see also Table 4.1) worked from the textbook during the 12 lessons in 

each course. The students worked individually or in pairs, and the teachers were expected to 

assist them in line with their traditional instruction practices. Prior to the start of the 

experiment, classroom observation showed that the teachers’ mode of instruction comprised a 
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combination of teacher-centered explanation (using the board), and encouraging students to 

work independently from the textbook. In the latter case, teachers would walk around the class 

answering questions. 

The SPLA condition followed 4 shift-problem lessons and 8 regular lessons. Both, the 

general and topic-specific structure of these lessons are described in the theoretical section. 

Specifically, the instructional sequence comprised four worksheets with about four tasks each. 

Students were allowed to consult a theoretical aid distributed at the beginning of the course, 

comprising a handout giving main definitions, theorems and properties. To motivate the 

students’ collaboration and discussion, each student group was given one large worksheet 

(A3) and asked to produce a solution the entire group agreed on. The students wrote out their 

solutions on the worksheet and handed it to the teacher at the end of the lesson. Insofar as

possible, the student groups were heterogeneous as regards to school achievement level. The 

groups were formed at the beginning of the course on the basis of the pre-test results and the 

teachers’ judgement. We opted for heterogeneous groups because of their potential to foster 

enrichment processes: students with different personal and mathematical backgrounds 

involved in problem solving activity could generate different ways of solving the problems 

and discussing their solutions; it also allowed for old and new concepts to be recalled, 

deepened, integrated and expanded on into new perspectives. General instructions for the 

teachers included encouraging students to work according to the process model heuristic and

ensuring that students engaged in the mathematical activity as intended by the task. The 

teachers were instructed to go to each group, listen to the students’ conversations and ensure 

that all students participated. If students were unsure or confused, the teacher would first ask 

the students to discuss the problem in the group and refer to the handout. 

Preparing the teachers

Previous research on teachers’ intervention according to the process model (Pijls et al., 2007; 

Pijls & Dekker, 2011) shows that teachers find it difficult to encourage students to work in 

line with the process model, in a consistent manner, in their regular classroom. Findings from 
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this study suggest that temporarily limiting a role change to just a few lessons makes it easier 

for the teacher to remain consistent in the role of process help. Moreover, the different nature 

of the tasks and students’ interaction could help teachers modify their teaching style. We also 

introduced the teachers to the heuristic process model (one meeting, two hours) before the 

start of the experiment. During the experiment there were 4 meetings with teachers 

(approximately 8 hours in total) during which the materials were reviewed and discussed, 

lesson plans adjusted, and the teachers’ support discussed and agreed upon. The teachers were 

asked to look at the materials and prepare their own lesson plans (about 6 hours preparation in 

total) before the meetings. 

Data collection and data analyzes

To investigate the effect of SPLA in student achievement, we performed three different data 

analyzes. A comparison of pre- and post-proficiency test results with the SPLA and RLA 

conditions (ANOVA) provided information on the effect of SPLA in students’ learning 

outcomes. A more refined analysis (using pre-defined categories) of the students’ solutions to 

the post-test for each topic provided information on the students’ level of reasoning. 

Furthermore, an analysis of the groups’ results relating to the SPLA condition provided 

information on students’ participation and engagement in topic-specific learning activities, 

which may have contributed to the students’ enrichment. 

In the pre- and post-test assignments, the same tasks were given to the students before 

the course began and about one week following completion. A test with 5 items was 

developed for each course to measure students’ learning of the content covered during the 

intervention period. The complexity of the assignment increased along with the tasks, with the 

last task being the most complex. The tests for geometric proof and for integral calculus are 

set out in appendices 4A and 4B respectively. 

We defined three hierarchical and general categories that we applied to our data in order 

to analyze the students’ enrichment. We defined the categories on the basis of our general 

framework and considered the specific characteristics of the topic. Because a detailed 
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description of the three categories for each task would exceed the page limit for this chapter,

we only give a general description here (see Table 4.5), which we subsequently illustrate with 

an example.

Table 4.5: General characteristics of the categories

Category Description

Theoretical 
reasoning (TR)

The solution is based on general concepts or theoretical properties and 
definitions required to solve the task correctly. There might be small 
mistakes, or the solution might not be expressed in a formal way, but the 
answer clearly shows the student knows how to apply the general concepts 
or theoretical notions.

Relational 
reasoning (RR)

The solution is compound; it includes a reference to general concepts and 
particular values; or it refers to theoretical notions, but is contextualized in 
particular and specific features of the task setting. 

Empirical 
reasoning (ER)

The solution is based on the specific features of the task setting: spatial 
graphical features of graphs, formulas and/or subsequent actions 
(calculation of specific values); or geometric diagrams and/or subsequent 
actions (rotating, placing, reflecting, translating)

No answer (NA) No answer is given

The aim of task 1 (appendix 4.B) was to examine the extent to which the students enriched 

their concept image of the integral function. According to our theoretical framework, a rich 

concept of the integral function entails the students’ flexible use of different views on the 

integral function when solving problems. To solve task 1b, the students were required to 

conceive the variation of the area of the triangle as a mathematical function; in this case an 

operational view entailing the calculation of single values of the defined integral is 

insufficient. The student must have a more object-oriented view on function to describe the 

dynamic situation. Solutions of this kind were categorized as theoretical reasoning (TR). This 

included descriptions of the entire set of input-output pairs through a general formula (e.g. 

0 0

( ) 2
x x

A x tdt tdt ), or identification of the presence or absence of certain properties (e.g. 
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constructing a table with the successive values of the integral function, observing a linear 

pattern in the output values and concluding that the formula for the integral function must be 

quadratic). Solutions referring to general notions (formulas, tables or word descriptions) but 

unclear or contextualized in particular and specific features of the task setting were 

categorized as relational reasoning (RR). With respect to task 1b, this includes signs that the 

student can perceive the area accumulating as the variable x varies, the student attempts to 

explain how the accumulation varies but cannot yet express it in a formula or in general 

mathematical terms. For example: ‘the graph grows more and more’. Solutions based only on 

specific features of the task setting and without any signs of theoretical notions (relevant to the 

task) were categorized as empirical reasoning (ER). For instance, solutions, in which the 

students only presented the calculation of single values of the integral function.

Furthermore, to perform data quantitative analyzes, we attributed the value 0 to ER; 1 to 

RR and 3 to TR. The value 0 was given to ER and NA because both solutions were considered 

not acceptable mathematically. The value 3 was given to TR (instead of 2) because we 

consider that moving from ER to RR is less challenger than moving from RR to TR, which 

requires students’ elaboration on mathematical notions and the production of mathematically 

acceptable solutions. Using univariate analyzes (ANOVA) with the pre-test as covariate, we 

analyzed and compared pre- and post-test results in both conditions.

To investigate students’ participation and effective engagement during the shift-problem 

lessons, the groups’ written solutions to the tasks were collected and analyzed. The groups’ 

solutions for each task could be considered: (i) correct: if the solution was acceptable from the 

mathematical point of view; (ii) partially correct: if the solution was incomplete and/or 

comprised a number of mistakes, and (iii) incorrect: if the solution was incomplete and/or 

comprised serious mistakes; (iv) no answer: if no answer was given. We did not use the 

categories (Table 4.5) for these analyzes because the categories could not be applied to all 

tasks (e.g. construct a table, or find the error in the proof). 

Other data collected during the experiment (not used in this chapter) included lesson 

observations, videotapes of single group interactions, and audio recordings of the teacher.
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Results

Effect of SPLA and RLA in individual learning outcomes

Our research question was: What are the effects of shift-problem learning arrangements on the 

students’ learning outcomes with respect to geometric proof and integral calculus in the 11th

grade? We examined this question by using the data gleaned from a teaching experiment 

involving six regular classrooms (N=109). We applied a switching-replications design method 

(Shadish et al., 2002), the classes were left in their entirety and used as each other’s control 

group (see also Table 4.4). The reliability of the pre- and post-tests in both courses was high: 

Cohen’s kappa = 0.902 for geometric proof and 0.889 for integrals. 

Table 4.6 shows the mean proficiency score and standard deviations achieved by the students 

in each condition. The maximum value for the mean score is 3. 

Table 4.6: Pre- and post-test scores for the proficiency test in both conditions SPLA and RLA

The results in Table 4.6 show that in both learning arrangements the students improved their 

knowledge significantly during the course; the mean score increased from 0.50 to 1.50 when 

the students followed the SPLA, and increased from 0.45 to 1.30 when they followed the 

RLA. To examine whether the students’ improvement in the SPLA was significantly higher 

than the RLA, we performed a univariate analysis (ANOVA) with the pre-test as covariate. 

Results from this analysis indicated that the difference was not significant (F(1.215)=3.394, 

p=.067). In addition, the mean post-test scores in both conditions were substantially lower 

than the maximum score (3 points), showing that students’ improvement was somewhat 

limited.

SPLA (N=109) RLA (N=109)

Mean                     SD Mean                    SD

Pre-test 0,50 0,53 0,45 0,42

Post-test 1,50 0,74 1,30 0,74
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The previous analysis suggests that the SPLA, as a general learning arrangement, did not 

significantly affect the students’ achievement. For these students, participation in the SPLA 

was insufficient to enrich their knowledge or at least lead to satisfactory learning outcomes. 

Some enrichment did, however, occur. The quality of the knowledge developed and, should its 

quality differ from the learning arrangement, is examined next. Here we must consider each 

mathematical course separately as we have a framed mathematical understanding within each 

mathematical topic under consideration. 

Topic specific effect of RLA and SPLA  

We start by examining the extent of improvement of the students’ proficiency in each course. 

Table 4.7 shows the mean proficiency scores of pre- and post-test in both groups for geometric 

proof (G), and integral calculus (I). 

Table 4.7: Proficiency mean scores of pre- and post-test for geometric proof and integral calculus

Geometric proof
SPLA(G) (N=52) RLA(G) (N=57)

Integral calculus
SPL(I) (N=57) RLA(I) (N=52)

Mean SD Mean SD Mean SD Mean SD

Pre-test 0,48 0,46 0,58 0,48 0,51 0,59 0,30 0,30

Post-test 1,82 0,66 1,74 0,58 1,21 0,69 0,82 0,58

For the geometric course, Table 4.7 (columns 2-5) shows that the learning outcomes from pre-

test to post-test improved significantly in both groups, SPLA(G) and RLA(G). However, using 

covariance analysis with the pre-tests as a covariate, no significant difference was found

between the students who followed SPLA(G) and those who followed regular geometric proof 

lessons (F(1.106)=1.540, p=.217). For the integral calculus course, Table 4.7 (columns 6-9) 

shows that the learning outcomes in both groups, SPLA(I) and RLA(I) from pre-test to post-

test also improved significantly. Using covariance analysis with the pre-tests as a covariate, 

we found that the learning outcomes of the students participating in the SPLA(I) significantly 
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outperformed those of the students who followed regular Integrals lessons (F(1.106)=5.003, 

p=.027). 

The previous results suggest that the SPLA(I) may have significantly affected the 

students’ achievement. The geometric proof shows improvement but it is unclear if this relates 

to the shift-problem lessons.

Reasoning 

To investigate the students’ reasoning, we analyzed and categorized the students’ solutions to

the post-test assignments in each course. We applied the three categories previously defined 

on the basis of our research framework (see also Table 4.5) to the data. Namely: TR 

(Theoretical Reasoning), RR (Relational Reasoning) and ER (Empirical Reasoning). Fig. 4.1

shows the results of the analysis of the students’ solutions for geometric proof. 

Fig. 4.1. Level of students’ reasoning in the geometric proof post-test

Fig. 4.1 shows that the percentage of TR solutions is similar in SPLA(G) and RLA(G) for all 

the tasks. In tasks 3 and 5, the SPLA(G) shows a slightly higher percentage than the RLA(G)

and the opposite is true for task 1. Greater variation between both groups is found in the RR 

0% 

10% 

20% 

30% 

40% 

50% 

60% 

70% 

80% 

90% 

100% 

SPLA RLA SPLA RLA SPLA RLA SPLA RLA SPLA RLA 

Task 1 Task 2 Task 3 Task 4 Task 5 

NA 

ER 

RR 

TR 

143



Chapter 4

solutions. In this situation, the SPLA(G) has a higher percentage of solutions in this category. 

The only exception is task 3, but the SPLA(G) has a higher percentage of TR solutions in this 

task. Furthermore, we see that the percentage of TR solutions in both groups decreased 

dramatically from task 1 to task 5. What is interesting is the higher percentage of TR and RR 

solutions in the SPLA(G) with regard to the more complex tasks 4 and 5.

Evidence of a rich cognitive structure (Van Hiele, 1986; Duval, 2006) can be traced to 

the presence of TR solutions. We see in Fig. 4.1 that students (in both conditions) demonstrate 

enriched knowledge when solving proof tasks requiring basic geometrical notions or more 

simple tasks (tasks 1, 2 and 3), and poor and fragmented knowledge when constructing 

complex proofs (tasks 4 and 5). The higher percentage of RR solutions for the SPLA(G) 

suggests that the students could recall relevant mathematical notions for solving the problems 

although they had difficulty explaining these notions. We also found a higher percentage of 

TR and RR in the SPLA(G) with regard to tasks 4 and 5, which suggests that these students 

were better equipped to cope with complex tasks. 

Fig. 4.2 shows the analysis of the students’ solutions for the integral course.  

Fig. 4.2. Level of students’ reasoning in the integral calculus post-test
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Fig. 4.2 shows that the higher percentage of TR solutions relates to the SPLA(I) for all tasks 

except for task 4. Moreover, most of the solutions reached by the SPLA(I), with the exception 

of task 4, are in the two higher categories (RR or TR), while in the RLA(I), all the solutions, 

except for task 2, are in the majority and they are in the two lower categories (NA or ER). In 

addition, the figure shows that the percentage of TR solutions in all tasks is actually very low 

in relation to the other categories. 

Following Thompson and Silverman (2008) and Gray and Tall (1994), we could argue 

that a richer understanding of integrals involves the integration of different views of the 

integral function and the flexibility to apply them appropriately: as an input-output process to 

calculate areas and distances and as an object-oriented notion that describes general 

accumulation processes. According to the categories we defined, evidence of the students’ 

enrichment concerning the integrals concept would be revealed by the presence of TR 

solutions. Analyzes of the results presented in Fig. 4.2 suggest that the students in the SPLA(I) 

seem to have developed a richer concept image of the integral function than the students who 

followed the regular lessons. This understanding is, however, somewhat limited taking into 

account the low percentage of TR solutions in all tasks. 

In summary, two main aspects came to the fore from the previous analyzes: firstly, 

students’ knowledge in SPLA(G) is similar to that in the RLA(G), but the students seem more 

capable of engaging in complex tasks; secondly, students’ knowledge developed in the 

SPLA(I) seems to be richer than in the RLA(I). The major difference between the SPLA and 

the RLA is the shift-problem lessons; the rest of the lessons are, in principle, similar for both 

groups of students. We therefore examined student engagement by analysing the products 

constructed collaboratively in the shift-problem lessons. 

Student engagement in shift- problem lessons 

In both courses, the four shift-problem lessons were spread throughout the chapter. Table 4.8

presents the results of the analysis of students’ solutions to the tasks in geometric proof. Table 

4.8 shows that the percentage of tasks solved correctly decreased dramatically at the end of the 
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Table 4.8: Percentage and number of groups' solutions with respect to the lessons in geometric proof

Solution
Lesson 1 (N=20)

beginning
Lesson 2(N=20)

middle
Lesson 3(N=17)
after the middle

Lesson 4(N=18)
end

Correct 29% (23) 55% (44) 15% (13) 9% (8)

Partially 33% (26) 12,5% (10) 24% (20) 29% (26)

Incorrect 25% (20) 20% (16) 26% (22) 23% (21)

No answer 14% (11) 12,5% (10) 35% (30) 39% (35)

course. In the last shift-problem lesson, engagement in an effective solving process was very 

low (only 9% of tasks were solved correctly) and much lower than in the first lesson (29% of 

tasks). The best results were achieved in lesson 2, which focused on explorative tasks using 

geometric software. The previous results suggest that the learning quality of the tasks was far 

less in the last lessons. 

Based on our topic-specific framework, we identified a number of learning activities that 

could support enrichment processes within each mathematical topic. Each learning activity can 

be fostered by one or more of the tasks used in the shift-problem lessons. The analysis of the 

students’ success on the tasks, which we see as an indicator of their engagement in these 

learning activities, provides more insight into the quality of the content of the shift-problem 

lessons. An overview is given in Table 4.9 for geometric proof.

Table 4.9: Percentage and number of groups' solutions to the three types of tasks for geometric proof

Solution Proof construction Proof validation Exploring and 
conjecturing

Correct 20% (36) 11% (8) 55% (44)

Partially correct 34% (61) 15% (11) 12,5% (10)

Incorrect 24% (44) 25% (19) 20% (16)

No answer 22% (39) 49% (37) 12,5% (10)

The analysis of the results in Table 4.9 shows considerable difference between the solutions to 

tasks fostering the three kinds of learning activities as regards performance. Most of the proof-
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validation tasks were not answered or were answered incorrectly; only 11% of the groups’ 

solutions were correct. In contrast, most of the exploration-and-conjecturing tasks were 

answered correctly (55%). Most of the answers to the proof-construction tasks were partially 

correct (34%) and the remaining solutions can be more or less equally divided among the 

other categories.

The results in Tables 4.8 and 4.9 suggest that the students had difficulty coping with the 

ever-increasing complexity of the lessons, which could explain their difficulty with complex 

tasks in the post-test assignment. Moreover, the students barely engaged in proof-validation 

tasks. The instructional sequence was probably not always in line with most students’ level of 

knowledge and understanding at the time they were given the tasks. The more positive results 

for exploring-and-conjecturing tasks using a computer are interesting. Although the students 

did not always focus on the relevant connections when exploring the geometric figure., they 

were able to explore geometric constructions in dynamic ways. This exploration work 

combined with argumentation may have assisted some students in solving the more complex 

tasks (such as tasks 4 and 5 in the final assignment). It is, however, quite probable that most 

students were unable to develop a sufficiently rich knowledge-base to succeed in coming up 

with proof - which would have been required for becoming more involved in intense reflection 

work as was envisaged by the proof-validation tasks.

Table 4.10 shows the results of the analysis of the students’ solutions to the tasks 

regarding the integral calculus course.

Table 4.10: Percentage and number of groups' solutions in respect of the lessons in integral calculus 

Solution
Lesson 1 (N=20)

beginning
Lesson 2 (N=20)

middle
Lesson 3 (N=20)
after the middle

Lesson 4 (N=20)
end

Correct 61,1% (77) 33,3% (35) 50,0% (63) 45,7% (48)

Partially correct 19,8% (25) 36,2% (38) 15,1% (19) 30,5% (32)

Incorrect 4,0% (5) 20,0% (21) 9,5% (12) 14,3% (15)

No answer 15,1% (19) 5,7% (6) 25,4% (32) 9,5% (10)
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Table 4.10 shows that in contrast to the geometric proof course, most tasks were solved 

correctly or partially correctly (about 70% in total) in all four lessons. This suggests that the 

students’ effective engagement in the shift-problem lessons was reasonable. In addition, we 

see that most of the correct solutions (61%) were given in the first shift-problem lesson; and 

that the percentage is slightly lower (46%) in the last lesson, which suggests that the students’ 

engagement was more or less constant during the course. The lowest percentage of correct 

solutions was to be found in the second lesson (33%), which, in contrast, does have the most 

partially correct solutions (36%). This lesson involved tasks using computer software, in 

which the students’ written solutions and explanations were often unclear and incomplete. 

This could explain these values. 

A more refined analysis of the content of the lessons is presented in Table 4.11. 

Table 4.11: Percentage and number of groups' solutions to the four types of tasks for integral calculus

Solution Relate multiples 
repres.

Connect and 
reflect 

Explore  
variation 

Reason 
qualitatively

Correct 50% (103) 50% (123) 37% (91) 42% (96)

Partially 26% (53) 25% (61) 32% (80) 30% (68)

Incorrect 15% (30) 11% (27) 18% (44) 13% (30)

No answer 10% (20) 15% (37) 13% (32) 16% (36)

Here we examined the extent to which the students were involved in the topic-specific 

learning activities. Table 4.11 shows that about half the solutions regarding the first two kinds 

of learning activities were correct through the lessons. The tasks set to explore the variation of 

upper and lower limits were completed with less success. The relatively high percentage of 

correct and partially correct solutions in Table 4.11 is interesting in that it shows the students’ 

high response to tasks that were fundamentally different from the tasks they were solving in 

regular lessons. We may argue that the students in the SPLA(I) had to develop different socio-

mathematical norms, strategies and ways of reasoning in order to engage in these tasks in the 

shift-problem lessons.  
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Conclusion, Discussion and Implications

Prototypical instructional sequences found in the research literature on problem-centered

mathematics education are extremely difficult to realize in regular classrooms that are shaped 

by textbooks and mandatory curricula. We developed shift-problem lesson arrangements 

(SPLA) as a pragmatic alternative. They are designed to be feasible for regular classrooms and 

allow for the genuine mathematical activity of the students. Instead of offering instructional 

sequences that would enable well-designed construction processes, we chose to create 

conditions in which the students could repair or enrich their fragmented and partly pseudo-

mathematical knowledge. Typical of the shift-problem approach is that the intervention is 

limited to replacing a few of the textbook lessons with lessons in which students work 

collaboratively in a problem-oriented atmosphere; the tasks require problem solving and 

reflection but are still closely related to textbook tasks. We researched the effect of SPLA in a 

switching-replications design method (Shadish et al., 2002). The results showed a small, but 

not significant, positive overall effect for the SPLA condition, which can be specified as a 

non-significant positive effect for the SPLA-geometric proof lessons, and a significant positive 

effect for the SPLA-integral calculus lessons. 

A more refined analysis of the students’ solutions for the integral calculus course 

revealed that the students in the SPLA(I) condition could reason at higher levels at the end of 

the course than the students in the RLA(I) condition. This suggests that the SPLA(I) 

contributed towards enriching students’ knowledge. The refined analyzes also showed that the 

students experienced more difficulty when attempting to solve the complex tasks in the 

geometric proof assignment. In the geometric proof course, the students in the SPLA(G) and 

RLA(G) generally did not answer or could not correctly solve the most complex tasks in the 

post-test. A higher percentage of students in SPLA(G) could recall key concepts and make 

associations essential to solving the tasks, but were unable to elaborate on them. 

Further analysis of the shift-problem lessons revealed that the students’ success in 

solving the tasks followed a different pattern in both courses. During the integral calculus 

course the students’ effective engagement in the tasks was average and remained more or less 

149



Chapter 4

constant during the course; as a rule, the students also engaged in the learning activities 

envisaged by the tasks. In the geometric proof, however, the students’ effective engagement in 

the tasks decreased dramatically during the course. 

The overall results indicate that implementing the SPLA characteristics is not enough to 

foster enrichment processes that significantly impact on the students’ achievements. A 

limitation of the study, however, is that the intervention was restricted to four shift-problem 

lessons, which may be insufficient to impact greatly on student learning. 

Nevertheless, the results of the SPLA condition in the integral calculus course suggest 

that the SPLA approach does have potential. But the differences between the two courses 

imply the need for good topic-specific didactic elaboration. Adapting textbook tasks to create 

a culture of problem solving, reflection and discussion in small-group settings must be 

complemented by a concentrated instructional design effort in which potential learning routes 

are previously thought, avoiding pitfalls, and taking account of the essential features of the 

mathematics under consideration. In addition, a longer intervention period with a multiple of 

four shift-problem lessons may be necessary to measure effects. 
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Various successful instructional approaches to mathematics education, in which students 

construct meaningful mathematics, have been reported in the research literature, but little 

of it has trickled down to everyday practice in classrooms. The difference between advice 

offered in educational research and what is feasible in regular classrooms shaped by 

textbooks and mandatory curricula is still too great. In our research we developed a more 

pragmatic approach with a view to creating conditions in which students are supported in 

constructing and reconstructing, grounding and integrating their presumably fragmented 

and shallow mathematical knowledge, which is also doable for teachers in regular school 

settings. The core element of this approach comprises replacing four of the twelve textbook 

lessons with problem-centered collaborative group work; we called this approach shift-

problem lessons.

Approaches to mathematical instruction in which students work collaboratively on 

tasks prepared for problem solving are not new. However, what sets shift-problem lessons 

apart from the prototypical instructional sequences in the research literature is that they do 

not presume a carefully constructed reinvention route along which the students construct 

new mathematical knowledge. Instead, shift-problem lessons are tailored to the curriculum 

materials deployed by the teachers in day-to-day practice. In the Netherlands, as in most of 

the countries, this is the textbook.

The main goal of this thesis is to research if and how shift-problem lessons can 

contribute to improving the quality of the mathematical activity and corresponding 

learning processes of regular-classroom students. In this respect we researched both 

student activity in shift-problem lessons and the effect of shift-problem lessons on student 

progress. We developed and applied a framework of levels of reasoning to analyze student 

interaction in shift-problem lessons, or more generally, in problem-centered collaborative 

group work. In doing so we arrived at our understanding of the way students reason and 

learn in shift-problem lessons as being informative for studying and improving regular 

lessons in regular classrooms. 



Conclusion and Discussion

In this last chapter, we discuss our main findings and the limitations of our study. We then 

reflect on our findings and close with suggestions for further research. At the same time we 

discuss the implications for teachers, researchers and mathematics educators.

Discussion of the main findings

In answering our central research question (To what extent can shift-problem lessons 

contribute to improving the quality of the mathematical activity and corresponding 

learning processes of regular-classroom students?) we defined four sub-questions:

1. In what way does working with shift-problem lessons in a regular classroom lead to 

mathematical reasoning and proving by the students?

2. How do students reason when solving problem-centered tasks collaboratively?

3. At which levels do regular-classroom students reason in a learning setting that 

fosters reasoning and discussion?

4. What are the effects of shift-problem learning arrangements on the students’ 

learning outcomes with respect to geometric proof and integral calculus in the 11th

grade?

To answer the first question, we outline the notion of shift-problem lessons and present an

initial analysis of its mode of operation in Chapter 1. The second and third sub-questions 

(respectively Chapters 2 and 3) focus on students’ mathematical reasoning and interaction 

processes during the shift-problem lessons, or more generally, when students are engaged 

in problem solving in a collaborative setting. The fourth sub-question (Chapter 4)

examines the effect of learning arrangements with shift-problem lessons.  

Designing shift-problem lessons for collaborative problem solving 

In Chapter 1 we discuss the design of shift-problem lessons and the mathematical activity 

occurring in these lessons in the setting of an exploratory study in geometric proof. The 

sub-question addressed here is: In what way does working with shift-problem lessons in a 

regular classroom lead to mathematical reasoning and proving by the students? In 

answering this question, we analyzed the interaction of small groups observed in a teaching 

experiment conducted in one 11th grade class. For this experiment we designed an 
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intervention that was meant to be feasible for teachers and, at the same time, create 

opportunities for students to engage in creative mathematical thinking. We tried to achieve 

our aim by: (i) limiting the intervention to a small part of the lessons of a textbook chapter;

(ii) adhering to the teachers’ curriculum resources as much as possible by inserting tasks 

adapted from the textbook; (iii) creating a problem-oriented classroom atmosphere 

supported by students working collaboratively. The latter implies that the students’ texts 

differ from those in textbook as the shift-problems are not direct applications of recently

reviewed theory, and are neither preceded by worked-out problems, nor framed in step-by-

step procedural guidelines. 

Our main finding is that the mathematical tasks together with the interactive setting 

can create a micro-learning ecology (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003) in 

which students develop socio-mathematical norms and other forms of mathematical 

activity that are different from those observed in regular lessons and described in the 

literature (Lithner, 2000, 2004, 2008; Mayer, 2002). We found that three main learning 

processes occurred in the micro-learning ecology created by the shift-problem lessons,

which may have enriched the students’ mathematical knowledge: (i) strengthening their 

relational framework and grounding their mathematical knowledge in terms that are more 

meaningful to the students’ knowledge; (ii) reflection through mathematical discussion and 

reasoning; (iii) involvement. 

These results resonate with our theoretical framework which stresses the importance 

of students’ informal knowledge and understanding as a basis for dealing with more 

abstract and formal knowledge (Freudenthal, 1991; Gravemeijer, 1999), and students 

explaining and justifying their explanations and thinking to each other, which was 

enhanced by working in small groups in accordance with the process model (Dekker & 

Elshout-Mohr, 2004). In addition, students’ involvement in solving the tasks probably 

helped them overcome difficulties experienced during the solving process. We also found 

the students’ attempts to solve the problems were limited in certain situations even though 

they appeared to possess the factual knowledge needed to solve the task. The students did 

not recognize or use the key ideas to successfully solve a mathematical proof. The 

literature states that this lack of epistemological knowledge could be a consequence of 

students not being able to link their personal ideas to what they expect to produce as formal 
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proof (Raman, 2003). Furthermore, Harel and Sowder (2007) remark in their review on the 

learning of proof that some elements of mathematical proof and deductive reasoning are 

not natural to a student repertoire and it is not clear “how these elements should be 

developed so they are recognized and utilized in mathematical proofs” (ibid, p. 47).

Constructing an analytical framework to study students’ reasoning 

Observing the students’ discourse in shift-problem lessons suggested that differences in the 

students’ statements and arguments could be a catalyst for enrichment. By enrichment we 

mean a process in which students fill in gaps, reconstruct and ground their knowledge by 

making connections between their pseudo-mathematical and mathematical knowledge, and 

what is experientially real to them. We therefore sought to identify levels of reasoning that 

could help us analyze such processes in regular classrooms in general, and shift-problem 

lessons in particular. This is the central issue that we address in Chapter 2: How do 

students reason when solving problem-centered tasks collaboratively?

The reasoning-levels framework that we developed is founded on the domain-

specific instruction theory of realistic mathematics education, in particular, the levels of 

activity in the emergent modeling heuristic (Gravemeijer, 1999, 2008) that provide a 

general description of mathematical activity in carefully planned long-term reinvention 

processes. We use the emergent-modeling levels of activity as the starting point for our 

thinking on the students’ levels of reasoning in an enrichment process. It will be clear that 

we cannot simply transfer the levels of activity linked to modeling in a long-term process 

of guided reinvention to students working collaboratively on a single problem in an 

arbitrary classroom setting. These levels of activity can nevertheless guide us in our search 

process. In this respect, we refer to the link with directly accessible informal knowledge at 

the first level of activity; the support provided by the aforementioned informal knowledge 

to reasoning with more mathematical knowledge on the second level: referential activity; 

the focus on mathematical relations at the third level: general activity; and a more formal 

mathematical level that subsequently develops: formal activity. Building on these 

characteristics of activity levels in an emergent modeling process, we identified four levels 

of reasoning that could come to the fore when students collaboratively solve problems in 

regular classrooms: 
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- empirical-based reasoning involves students’ reasoning solely in connection with the 

task-setting situation;

- relational reasoning focuses on the students’ interpretations of the task setting, which 

comprises connections between elements of the task setting and mathematical notions, 

including pseudo-mathematics;

- theoretical-based reasoning focuses on the mathematical relations, concepts and the 

properties involved;

- formal expressed reasoning refers to students thinking independently of the situation-

specific imagery of the task setting in question.

An important goal in the learning of mathematics is to be able to reason at the formal level, 

which means the student should develop ability to reason at higher levels. In this sense, it 

may be assumed that the four levels have been classified in conformity with a certain 

hierarchy. However, when used in order to analyze how students reasoning unfolds during 

collaborative problem solving, they do not follow a specific order; here higher levels mean 

the mathematical notions are being discussed on the basis of mathematical properties and 

lower levels mean that aspects of the task setting and pseudo-mathematical notions are 

being discussed.

To examine the practical usefulness of these levels of reasoning, we studied a group 

of students collaboratively solving geometric proof tasks in an 11th grade classroom. We

tailored the levels of reasoning to this topic by taking into account specific frameworks in 

the field of geometric proof, namely: the geometric paradigms (Kuzniak & Rauscher, 

2011); the levels of thinking (Van Hiele, 1986); and the notion of key idea (Raman, 2003). 

This led to the following levels:

- Empirical-based Reasoning: At this level, the task setting involves geometric figures 

(theoretical constructs) that could be confused with the spatial-graphical features 

(reality, traces on paper). The wording or action could – in an empirical sense -

include parts of key ideas for the proof. For the students, the validity of the arguments 

takes place in the material world of Geometry I.

155



Conclusion and Discussion

- Relational Reasoning: At this level, the mathematical notions are mostly theorems and 

definitions contextualized in the specific situation of the task setting. The students 

seek the validity of their statements in the worlds of Geometry I and Geometry II.

- Theoretical-based Reasoning: At this level the diagrams in the task setting are general, 

definition-based and not confused with the spatial-graphical features. It involves 

proving towards formal proof, using key ideas in the theoretical sense and arguments 

based on a defined system of properties. For the students, the validity of their 

arguments is in the world of Geometry II.

- Formal expressed Reasoning: This level can be connected to the third geometric 

paradigm (Geometry III), which at upper-secondary level, is probably only developed 

in most students at the level of expression. The students’ use theoretical knowledge 

but also demonstrate, or refer to, how this knowledge is used within the norms of the 

mathematical community.

Our results showed that the reasoning-levels developed for geometric proof are reliable and 

make it possible to identify the levels of reasoning of individual utterances, which allows 

for an in-depth analysis of enrichment processes. It allows us to see the role of different 

meanings in students’ reasoning when they are solving problems, including the role of 

pseudo-mathematical notions. The latter, according to Van Oers (2002) and other 

researchers who observed similar stages in the development of meaning (Vinner, 1983, 

Thompson & Silverman, 2008; Pijls & Dekker, 2011), may be considered a transitional 

stage. Moreover, the categories capture the dynamics between empirical and theoretical 

domains, which have been referred to by several researchers, for the most part in general 

terms (see for instance Laborde, 2004; Jones, 2000). The graphical representation that 

accompanies our analysis highlights the shuttling back and forth between the categories, 

and this provides an overview of the way the mathematical notions evolve from student 

discussion. When it comes to proof, the link between personal meaning and public 

meaning can be revealed by this dynamic. 
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Investigating students’ reasoning while solving problem-centered tasks collaboratively

Our analyses of the reasoning of one small group of students in the aforementioned study

showed that the reasoning patterns they progressed through when solving problems 

collaboratively contrasted with the expectations of textbook-centered instruction: students 

progress through the tasks at the formal level in accordance with the steps laid out in the 

worked-out examples and worked-out solutions. In other words, students are expected to

approach the task from a theoretical perspective, using theoretical notions and then go

through the solving process, step-by-step, maintaining the theoretical level. In Chapter 3,

therefore, we examined the question: At which levels do regular-classroom students reason 

in a learning setting that fosters reasoning and discussion?

To examine this issue, we used the reasoning-levels presented in Chapter 2 to 

analyze the data from six groups of three students during four shift-problem lessons in a 

teaching experiment conducted in three regular Dutch 11th grade classrooms (at different

schools). We analyzed students’ reasoning while solving problems collaboratively during 

four lessons spread through the unit. Each attempt to solve a certain task was marked as 

one episode. 77 episodes were identified (16 in the first lesson, 13 in the second, 32 in the 

third, and 16 in the fourth; from two groups of students we had the records of only one 

lesson, the third lesson). We wish to remark that, during the course of our research, we 

became aware that the setting of the shift-problem lessons made it possible to see how 

students’ reason and learn. This is likely to remain invisible in regular lessons. Apparently, 

the combination of problem solving activity and reflective discourse in small groups was a 

prerequisite for making student reasoning visible. To answer our sub-question we therefore 

had to determine whether the learning setting we created did indeed foster reasoning and 

discussion. We did this by analyzing students’ interaction and teachers’ support based on 

the process model (Dekker & Elshout-Mohr, 2004; Pijls, Dekker, & Van Hout-Wolters, 

2007; Pijls & Dekker, 2011). 

Our results with regard to the students’ reasoning (which cover 63 episodes) show 

that in 53% of the cases students’ reasoning patterns involved a variety of levels. In other 

words, the students were approaching and discussing solutions to the tasks at levels of 

reasoning that changed during the solution process. The findings indicate that, at least in 
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this setting, the actual process of the students trying to become acquainted with new or 

undeveloped mathematical notions is quite different from the one expected by 

conventional textbooks and teacher-centered education. These findings confirm the 

hypothesis we developed on the basis of the study described in Chapter 2. A more detailed

analysis of several episodes, which we deemed paradigmatic cases, showed that at the start, 

the students’ knowledge was fragmented and pseudo-formal, and by comparing and 

making connections between their shallow and pseudo-mathematical knowledge and what 

is experientially real and meaningful to them, they began to develop a deeper, more 

coherent and better founded knowledge. Moreover, this enrichment process was embedded

in students interaction, which is something the teacher is in a position to facilitate.

The analysis focusing on teacher involvement in line with the process model showed 

that teacher behavior changed over the course of the lessons. Initially, they encouraged the 

students to work in line with the process model. In subsequent lessons they no longer 

stressed the process model, but continued to encourage the students to think for themselves

by providing regular support and hints. The analysis of students’ interaction showed that in 

the majority of the episodes (71%), the students acted in line with the process model (three 

or more key activities). It is interesting to note that this occurred even without the teacher 

specifically instructing them to work in line with the process model. These results suggest 

that creating a collaborative setting in which the students are given the opportunity to 

discuss and think for themselves, triggers a considerable change in the nature of student 

interaction.

Examining the effects of a shift-problem lesson arrangement (SPLA)

We consider the insights into the potential enrichment processes described in the 

aforementioned chapters as valuable information yielded by our research on the shift-

problem-lessons approach but we also wished to know whether the shift-problem lessons

themselves could provide a contribution. In Chapter 4 we therefore examined the effect of 

learning arrangements that combine shift-problem lessons with regular lessons (SPLA). 

We extended the idea of shift-problem lessons to a different mathematical topic: integral 

calculus and, following a design research method similar to the one used for geometric 

proof, we developed an instructional sequence on integral calculus, which is a topic also 

158



Conclusion and Discussion

covered in the 11th grade. For both topics the intervention was limited to replacing four of 

the twelve textbook lessons with shift-problem lessons. The question that we addressed 

here is: What are the effects of shift-problem learning arrangements on the students’ 

learning outcomes with respect to geometric proof and integral calculus in the 11th grade?

We used a switching-replications design method (Shadish, Cook, & Campbell, 2002), and 

applied an untreated control group design with dependent pre-test and post-test samples. 

This enabled us to conduct a quasi-experimental study (N=109); the classes were left in 

their entirety and used as each other’s control group. 

The results showed a small, but not significant, positive overall effect in the case 

where shift-problem lessons were worked with. Specifically, we found an insignificant 

positive effect for the shift-problem groups in the geometric proof lessons, and a 

significant positive effect for the shift-problem group in the integral calculus lessons. The 

results indicate that implementing the SPLA characteristics was not enough to foster 

enrichment processes that significantly impact on the students’ achievements. Presumably,

four lessons were not enough to measure the effects on the students’ performance. 

Nevertheless, the results of the SPLA condition in the integral calculus course suggest that 

the SPLA approach does have potential. 

Further analyses of pre-defined categories of students’ solutions in each topic 

showed that the students in the shift-problem lessons’ condition with regard to the integral 

calculus course - SPLA(I), could reason at higher levels at the end of the course than the 

students in the RLA(I) condition. The analyses also showed the students, in general,

experienced more difficulty when attempting to solve the complex tasks in the geometric 

proof assignment than in the integral calculus assignment. In the geometric proof course, 

the students, generally speaking, did not answer or could not correctly solve the most 

complex tasks in the post-test. A higher percentage of students in the SPLA(G) were able 

to recall key concepts and make associations essential to solving the tasks, but they were 

unable to elaborate on them. 

An analysis of the groups’ results relating to the SPLA condition provided 

information on students’ participation and engagement in topic-specific learning activities, 

which in turn may illuminate the enrichment process occurring in the shift-problem 

lessons. The results of our analyses revealed that the students’ success in solving the tasks 
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followed a different pattern in both courses. During the integral calculus course, the 

students’ effective engagement in the tasks was average and remained more or less 

constant during the course. As a rule, the students also engaged in the learning activities 

envisaged by the tasks. In the geometric proof course, however, the students’ effective 

engagement in the tasks decreased dramatically during the course. We argue that these 

results can be explained by the fact that the learning activities in integral calculus were 

more attuned to students’ pre-knowledge than the learning activities in geometric proof. 

On the basis of these findings we therefore conclude that the shift-problem lessons’

approach has potential but it places considerable demands on the quality of the design, in 

particular concerning the extent to which the tasks are tailored to the actual knowledge of 

the students. 

Limitations

One of the limitations of this research is the specific sample which comprises 11th grade 

students at pre-university level studying mathematics B. These students probably have a 

high cognitive level and are motivated to learn school mathematics. This may have 

facilitated the implementation of problem solving activity using relatively “normal” tasks. 

These students are, in principle, capable of experiencing tasks, in a formal mathematical 

context, as problems to be solved. That is, they can put themselves in a position in which it

is meaningful for them to solve these tasks. Moreover, these students might also have a

reasonable capacity of self-regulation, which could have enhanced the performance of the 

key activities in the process model. Consequently, it is possible that other groups of 

students of different ages, with a lower cognitive level or who are less adept at academic 

learning, need more challenging tasks and more encouragement to perform the key 

activities. For instance, more process support from the teacher may be needed for the

students to engage in productive mathematical discussions.

We acknowledge that the effects of the intervention, as reported in Chapter 4, were 

rather small. We may, however, speculate whether a greater number of shift-problem 

lessons could have a greater impact on student learning. 

Another limitation of this study concerns the findings relating to the students’ 

learning processes. We did not study enrichment processes in a regular classroom setting 
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with students working individually or in pairs following the textbook and the teacher’s

explanations. When we adapted the lessons for collaborative problem solving and 

reflection activity, we created a new learning environment comprising characteristics that 

differ from what we deem to be typical textbook-centered lessons.

Reflection on the findings

The design process and the experimental study have led primarily to a better understanding 

of whether and how shift-problem-lessons can contribute to improving the quality of the 

students’ mathematical activity and corresponding learning processes. However, during

our research we realized that the findings on how students reason and learn in shift-

problem lessons can be informative for studying and improving regular lessons. 

An important insight gained from this research is the realization that the fact that 

students develop scattered, and in part pseudo-mathematical knowledge in regular 

classrooms, implies that there is a need for enrichment processes, in which students fill in 

gaps, reconstruct and ground their knowledge by making connections between their 

pseudo-mathematical and mathematical knowledge, and what is experientially real. 

Moreover, we found that these enrichment processes could be fostered and made visible in 

problem-centered collaborative group work, which regular-classroom teachers could 

reasonably be expected to implement through shift-problem lessons.

During our work with shift-problem lessons, the difference between tasks set as text 

on paper and those, set-up during a student group interaction, became increasingly clear. It 

also became clear that problem solving activity is deeply influenced by the classroom 

culture. Bearing the background of the designer (a mathematics teacher) of shift-problem 

lessons in mind, we wonder whether a teacher going through the design of shift-problem 

lessons will also experience a similar awareness. We further learned that a problem-

centered classroom culture can be advanced by deviating from the intensive scaffolding 

that textbooks offer, combined with promoting collaborative group work with help of the 

process model. Apart from offering the shift-problem-lessons approach as a promising 

intervention with which regular-classroom instruction can be improved, we believe that the 

aforementioned insights into the learning processes of students provide tools for teachers to 

observe, analyze and support enrichment processes in regular classroom lessons.
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Further research and didactical implications

In relation to the shift-problem lessons our findings suggest that this approach has potential 

but can still be much improved upon. In our experimental study, we replaced only four 

regular lessons with shift-problem lessons. It would be worthwhile investigating whether

we could measure effects by replicating the shift-problem approach over a longer 

intervention period (for instance with a multiple of four shift-problem lessons). The 

different results for the geometric proof and integral calculus courses point to the need for 

good topic-specific didactic elaboration. In this sense the design of shift-problem lessons 

can be complemented by more instructional design effort and by taking account of the 

essential features of the mathematics under consideration. Moreover, the teachers in our 

research had a partial role as designers of instructional sequences. It would be interesting 

to examine to what extent teachers themselves could develop shift-problem lessons and 

whether this would impact the development of their pedagogical content knowledge. 

We found that the reasoning levels that we developed for geometric proof are reliable 

and allow us to see the role of different meanings (including pseudo-mathematics) in 

students’ reasoning when they are solving problems. We believe that this analytical 

framework can be extended to include other mathematical topics. For instance, in the case 

of advanced calculus, more research is needed on the way students’ reasoning evolves 

when they attempt to come to grips with concepts involved (see Thompson & Silverman, 

2008).

Finally, the analytical framework presented in this thesis provides a way to analyze

construction processes already occurring at some level in regular classrooms. In our 

research we have used this as a research instrument, however, it is worthwhile examining

how it can be used by teachers and to what extent it can contribute to teachers’ awareness 

of how students think and how their thinking is fostered by the learning activities they 

participate in. This is an important issue, as assisting students’ thinking adequately is 

essential for their learning.
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Appendix 1 Shift-problem lessons about geometric 
proof

In appendix 1 we present the first version of the shift-problem 
worksheets, which were developed in the fall 2008 and used in the first 
exploratory teaching experiment with an 11th grade classroom (Chapter 
1). The following pages contain the three shift-problem worksheets, 
alongside the problems (and accompanied instruction) that were 
replaced in the regular textbook. We have highlighted some of these 
modifications, which include changes in the question-posing in order 
to foster argumentation, conjecturing, validation activity and re-
formulation of the problems in order to become more accessible to the 
students. The students’ worksheets are A3-format and there is space 
for the students to write their answers.
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Original textbook lesson (4th out of 12 lessons)

Task 1.1
Given the right triangle ABC with = 90°, = 15 and =8.The line DF is a perpendicular bisector of line segment AC and, 
E is the intersection point of DF and BC. F is the intersection point 
of the perpendicular line to BC that goes through B and DF. 
Calculate BF.

Worked-out example
Given a quadrilateral ABCD with AB//CD and AD//BC. Show that 
AB=CD and AD=BC

Solution
Draw the quadrilateral ABCD with the diagonal AC1 = 1  ( )2 = 2  ( )=   ( ), =   =
Task 1.2
Given a quadrilateral ABCD with AB//CD and AD//BC. Show that the diagonals AC and BD intersect 
each other in the middle.

Task 1.3
Given a quadrilateral ABCD with AB=CD and BC=AD. Show that =
Task 1.4
Given the triangle ABC and the equilateral triangles ACQ and BCP.
Prove that AP = BQ.

Task 1.5

Given the circle and the middle point M and the chord AB. Segment 
MN is perpendicular to AB. Prove that AN = BN.
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Shift-problem lesson 1

I expect from your group that you can give, by each problem, a clear and correct mathematical poof. 
This means that in all problems: justify each step; use only mathematical arguments; work together 
because three people think better than only one! Write clearly your answer in a way that everyone can 
follow and understand your reasoning.

Task 1.1
In most of the problems involving congruence of triangles you don't know the measures of all three 
sides or angles of the triangles. But even so, in some of these situations, it is possible to prove that the 
triangles are congruent. For example:
a  “Two triangles are congruent if they have one equal side and two equal angles” 
b “Two triangles are congruent if they have two equal sides and the angle between these sides is equal”
Prove that both statements are true for every triangle.

Task 1.2
Given the triangle ABC and the equilateral triangles ACQ and 
BCP.
Prove that AP = BQ. 

Task 1.3
Given the circle and the middle point M and the chord AB.
Segment MN is perpendicular to AB. Prove that AN = BN.

Task 1.4
Given the right triangle ABC with = 90°, =15 and = 8. The line DF is a perpendicular bisector of 
segment and point E is the intersection point of DF and BC. 
Point F is the intersection point of the perpendicular line to BC
that goes through B and DF
Is it possible to calculate the length of the line segment BF with 
the given information? Justify your answer.
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Original textbook lesson (7th & 8th lessons out of 12)

Task 2.1
In a previous task you developed a conjecture about the three line 
bisectors of a triangle. We formulate this conjecture in the 
following theorem:  

“The three line bisectors of the sides of a triangle go through one 
point”. 

In this task you are going to prove this theorem. 
a. Formulate what is “Given” and what “To prove”. Use the 

figure
b. Complete the proof in your workbook. 

Task 2.2
Prove the following theorem: 

“The intersection point of the three line bisectors of the sides of a triangle is the center of the 
circumscribed circle of the triangle”.

Task 2.3
In a previous task you have developed a conjecture about the three angle bisectors in a triangle. 
We formulate this conjecture in the following theorem:

“The three angle bisectors intersect each other in one point”. Complete the proof in your workbook. 

Task 2.4
Prove the following theorem: 

“The intersection point of the three angle bisectors of a triangle is the center of the inscribed circle of 
the triangle”.

Task 2.5
In the diagram is given the triangle ABC and the circumscribed circle with regard to the side BC. The 
middle point NA of the circle is the intersection point of the external angle bisectors B and C.
Prove that the line bisectors through A and the external angle bisectors through B and C go 
through one point.
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Shift-problem lessons 2 & 3

Make clear, in all tasks, your line of reasoning to the others. For this, you should always:
justify each step; discuss with each other in a constructive way; write clear all your solutions

Task 2.1
The following theorem is true for any triangle:  “The three line bisectors from each side of the triangle 
intersect each other in a single point”.
Check this theorem through constructing some examples. There are three situations that can occur 
with regard to the intersection point: it can lie inside the triangle, it can lie outside and it can lie on the 
side. Give in your answer at least one example for each situation and explain in which conditions that 
will occur. 

Task 2.2
In this task you are going to prove the theorem from the previous task. In task 2.1 you have explained 
a theorem through examples; probably you also presented some reasons in your justification. But, this 
doesn’t really count as a mathematical proof. In a mathematical proof you should use mathematical 
theoretical arguments based on mathematical definitions and properties. 
Prove (using mathematical arguments) the theorem: “The three line bisectors from each side of the 
triangle intersect each other in one point”.

Task 2.3
Look critical (but constructive) to the proof constructed by a group of fellow students with regard to 
task 2.2 and evaluate it. Here are some aspects that you should attend to:
- Is the proof correct and clear? 
- Are all the steps in the proof justified? 
- Are the arguments valid?
Use other pen color in order to remain clear what the original proof is and what are your remarks and 
corrections. Write the name of the group that you looked to and what you think about it.

Task 2.4
Prove the following theorem: “The three angle bisectors intersect each other in one point”. 

Task 2.5
In the diagram is given the triangle ABC and the circumscribed circle with regard to the side BC. The 
middle point NA of the circle is the intersection point of the external angle bisectors B and C. Prove 
that the line bisectors through A and the external angle bisectors through B and C go through one 
point.
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Original textbook lesson (11th out of 12)

In task 3.1 you are going to prove that in the case point C lies outside the circle through A,B and D than + < 180°.

From:
if C lies inside the circle that goes through A,B and D, than + > 180° and,
If C lies outside the circle that goes through A,B and D, than, + < 180°,
It follows that C lies on the circle if + = 180°.
With this the inverse theorem of the cyclic quadrilateral is proved.

Task 3.1
Given the points A, B and D and the circle that go through these points. Point C lies outside the 
quadrilateral ABCD. You are going to prove that for the quadrilateral ABCD is true that + <180°. Complete the proof in your workbook.

Task 3.2
Given two circles that intersect each other in points A and 
B. The line k goes through A and, the line l goes through B.
The points C, D, E and F are the intersect points of the 
lines k and l with the circles. Prove that CF // DE.

Task 3.3
In task 3.2 you have proved that CF // DE for a particular situation. Imagine that the line l turns around 
point B; E will come between A and D. This becomes a new situation. Do you think that CF // DE?
Prove your conjecture or give a counter example.

Task 3.4
Given an arbitrary quadrilateral ABCD and the four 
internal angle bisectors, These line bisectors form a 
quadrilateral EFGH. Prove that EFGH form a cyclic 
quadrilateral.
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Shift-problem lesson 4

The following tasks are about reasoning and proving. As we already have previously agreed: 
- write on what is ‘given’ and what you must ‘prove’; justify each step; reason mathematically, 

using definitions and theorems
Further, it is expected that in all tasks you:
- discuss with each other and in a constructive way; three people can get more results than only one;
- write clearly your solutions and reasoning, to ensure that everyone who read it can understand it.

Task 3.1
Given two circles that intersect each other in points A and 
B. The line k goes through A and, the line l goes through B.
The points C, D, E and F are the intersect points of the 
lines k and l with the circles. Prove that CF // DE.

Task 3.2 
In task 3.1 you have proved that CF // DE for a particular 
situation. Imagine that the line l turns around point B; E
will come between A and D. This becomes a new situation. 
Do you think that CF // DE? Prove your conjecture or give 
a counter example.

Task 3.3
Given an arbitrary quadrilateral ABCD and the four 
internal angle bisectors, These line bisectors form a 
quadrilateral EFGH. Prove that EFGH form a cyclic 
quadrilateral.

Task 3.4 (same task as task 1.4 )
This task is already known to you from the first worksheet. Perhaps in that time you could not solve it. 
If that is the case, now you have a second chance to do it! If you were already successful the first time, 
now try to find a second different way to solve it!
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Appendix 2 Levels of reasoning for geometric 
proof

Building on the essential characteristics of the four levels of 
activity in an emergent modeling process we construed four 
levels of reasoning that could come to the fore when students 
solve problems collaboratively. In this thesis we outline the four 
levels tailored to the topic: geometric proof (Chapters 2 and 3).
A detailed description is given in appendix 2.
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Empirical-
based 
reasoning 

In geometric proof, the task setting involves geometric figures (theoretical constructs) that, at 
this level, can be confused with the spatial-graphical features (reality, traces on paper), and 
the corresponding activity in the task may be essentially empirical. The reference of students’ 
arguments is the spatial-graphical features (including students’ work) that are used as a 
material object. Students’ expression is tied to the material world and involves wording and 
actions that are carried out in this world: measuring or guessing by sight, rotating, 
superposing or other movements. 
The wording or actions could – in an empirical sense - include parts of key ideas for the 
proof and may serve the students’ purpose to explore and understand the task. 
For the students, the validity of the arguments takes place within the material world of 
Geometry I.

Relational 
reasoning 

This level of reasoning is about relations between the specific situation of the task setting and 
the mathematical notions. The reference of the students’ arguments can be the theory needed 
to solve the task, but contextualized in the specific situation of the task setting. The students 
recognize the difference between the geometric meaning of the diagram and the spatial-
graphical features but they are not completely aware of these differences or of their 
theoretical importance in solving the task. It may also include reference to approaches and 
solutions to similar tasks solved previously.  
The students’ expression involves general statements and it may serve the students’ purpose 
of convincing themselves and the others. Their wording and actions could include parts of 
key ideas for the proof which, at this level, might be expressed through mathematical terms 
and notions but they probably have a more pseudo-mathematical character.
Students look for the validity of their arguments beyond the world of Geometry I and this 
involves reasoning in both Geometry worlds I and II. 

Theoretical
-based 
reasoning 

At this level the diagrams in the task setting are general, definition-based and not confused 
with the spatial-graphical features. The students’ references are relationships stated by 
definitions and theorems; students elaborate on key ideas and other relationships that are 
required to solve the task on a theoretical level. 
Students express their reasoning within a defined system of properties using general 
statements, and it may serve the students’ purpose of proving towards formal proof.  Their 
wording is not yet formally expressed; it contains personal ‘mathematical’ terms and 
notations and does not necessarily make explicit reference to the status of definitions, 
theorems and mathematical properties. 
For the students, the validity of their arguments is in the defined system of properties of 
Geometry II.

Formal 
expressed 
reasoning

This level can be connected with the third geometric paradigm (Geometry III), which, at 
upper-secondary level, will probably only be developed in most students at the level of 
expression. The reference of students’ arguments is relationships stated by definitions and 
theorems. The students are not only using theoretical knowledge but demonstrating, or 
referring to, how this knowledge is used within the norms of the mathematical community. 
Students express awareness of the theoretical perspective; they use general statements in their 
wording that may serve their purpose of constructing a formal proof in a deductive way; the 
arguments refer to mathematical properties connecting premise and conclusions. Students’ 
wording involves mathematical terms and notations that meet the mathematical practices of 
the mathematical community. 
For the students, validity is stated within the well-defined world of Geometry II.
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Appendix 3 Shift-problem lessons about 
geometric proof 

In appendix 3 we present the fifth version of the shift-
problem worksheets, which were developed in the fall 2010
and used in the teaching experiment with three 11th grade 
classes (Chapters 3 and 4). The original worksheets are A3-
format and there is space on them for students to write their 
answers.
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Shift-problem lesson 1
Motivating and reasoning in geometry

In these lesson series you will be proving mathematical theorems. You are going to do this in a small group. 
Make sure that everyone is involved. Be critical (but constructive) to each other.  Challenge each other to get 
explanations and arguments that become more clear and sharp through discussion.
You got a hand-out that you can use if you need to find a certain definition or theorem. If you get stuck, you 
can find there a few hints that can help you to move forward.

Task 1

Are all triangles isosceles? If the answer was “yes” this would make geometry much easier. The next proof is 
not correct….. It is your job to trace the error. 

Given: An arbitrary triangle ABC
To prove: ABC is isosceles, that means |AC| = |BC|
Proof step: Motivation:

1: Consider Q the intersection point of the
line bisector given ABC of angle ACB
and the perpendicular line bisector of side AB

2: |AQ| = |BQl                                    Q on the perpendicular line bisector from AB
3: < ACQ = < BCQ Q on the perpendicular line bisector from C
4: |CQ| = |CQ|
5: Thus: |AC| = |BC| Triangles ACQ and BCQ are congruent                        
6: Thus triangle ACB is isosceles. because of steps 2, 3 and 4

Task 2

Given the triangle ABC ACQ and 
BCP.

Prove that AP = BQ. 

Task 3

Given a circle with centre M and chord AB. The line segment MN is 
perpendicular to AB.
Prove that AN=BN

Task 4
Look critically (but in a constructive way) at the proof given by a fellow group to Task 2 and comment on it. 
Aspects to be considered: is the proof correct? Are all steps well explained? Are the arguments valid?
Write down the proof of the other group of students and your commentary to their proof.
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Shift-problem lesson 2
Conjectures thinking and investigating with GeoGebra

You are going to investigate special relationships in geometric figures with the computer program GeoGebra. 
These conjectures, even when they seem very strong, are only a beginning. You’ll be later on proving them. 
So, don’t forget to write enough information about what you found because you will need it later. Save the 
constructions that you make with GeoGebra to use it when needed. 

Task 5

a Draw an arbitrary triangle ABC and two angle bisectors 
with GeoGebra. Investigate whether the third line 
bisector passes through the other two bisectors. 

b Explain your findings.

Task 6

a Draw a circle and the points A, B, C and D on the circle with GeoGebra, so that you get a quadrilateral 
ABCD. Calculate with GeoGebra A+ C and B+ D. What conjectures can you make?

b Draw a quadrilateral ABCD and the circle through 
points A, B and D (point C doesn’t need to be on the 
circle) with GeoGebra. Calculate A+ C.
Move point C in so that:

A + C is smaller than 180º   
A + C is bigger than 180º
A + C is equal to 180º

What conjectures can you make?

c A quadrilateral that has all its vertices on a circle is called cyclic quadrilateral.
What conjectures can you make about cyclic quadrilaterals based on your answers to questions a and b?

Task 7

a Draw two circles and the intersection points A and B with 
GeoGebra. Draw lines l and k that go through the intersection 
points A and B. Name the intersection points of the two lines 
with the circles C, D, E and F.

b Drag point E. What happens with the lines ED and CF?
Formulate a conjecture about the relation between these lines.

Task 8
a Draw a circle with diameter AB with GeoGebra and take a 

point C on the circle. Your drawing should have the same 
elements as in the figure alongside. 

b Check if the construction you made is correct: points A and B
are fixed on the circle and point C must move along the circle.

c Triangle ABC has a special property. Formulate a conjecture 
about it.

d Calculate ACB with GeoGebra. Does this result correspond 
to what you expected? The theoretical result is known as the 
theorem of Thales. In the following lesson you will prove this 
theorem. 
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Shift-problem lesson 3
Reasoning and proving

Task 9
a Prove that each point, equidistant from the legs of an angle, lies on the angle bisector.
b Prove that the conversely statement is also true.

Task 10

Look at the triangle in the figure. The angle bisector 
from A and the angle bisector from B intersect each 
other in a point S.
a Prove that point S lies on the angle bisector 

from C.
b Prove that the intersection point of the angle 

bisectors of a triangle is the center of the 
inscribed circle of the triangle.

Task 11
Look at triangle ABC in the figure. The internal 
angle bisector through A and the external angle 
bisectors through B and C are given in the figure 
with equal marks. 
a Prove that the three line bisectors go through 

one point.
b Prove that this point is the center of an 

inscribed circle. 
c Below you see an answer given by a group of 

students to question a. What suggestions can 
you think of to improve their work?

Task 12

In the figure you see an arbitrary parallelogram 
ABCD and the four internal angle bisectors. 

Conjecture: 
If ABCD is a parallelogram, then the internal angle
bisectors form a rectangle EFGH.

Prove this conjecture.
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Shift-problem lesson 4
Proving on your own

Task 13
a Which three cyclic quadrilaterals do you recognize in the figure 

1? Explain.

b In the figure 2 you see three half circles. The sum of the 
diameters of the two small circles equals the diameter of the 
bigger one. BD is the common tangent line to the small half 
circles. 
Look for the main theme of the figure. This means, do you see 
some familiar relations? It is present several times on the 
figure! 

c Prove that DEBF is a cyclical quadrilateral. 

Task 14
Given two circles and two lines l and m through the intersection 
points A en B of the circles.  
Prove that CF // DE.

Task 15
See the figure. Points P, Q and R lie on the sides of triangle ABC.
Points A, P and R define a circle c1 and points B, Q and P define a 
circle c2. These two circles intersect each other inside the triangle 
ABC in point S. Points C, R and Q define a circle c3.

a Prove that circle c3 also goes through point S.
Suggestion: Look for the main theme in the figure. This means: 
what familiar ideas do you recognize? And which associations 
can you make between what you recognize and what you are 
trying to prove?

b Look critically (but in a constructive way) at the proof given by 
a fellow group to Task 15a and comment on it. Aspects to be 
considered: is the proof correct? Are all steps well explained? 
Are the arguments valid?
Write down the proof of the other group of students and your 
commentary to their proof.

Task 16
Given any quadrilateral ABCD and the four internal angle
bisectors,

Conjecture: If ABCD is a quadrilateral, then the internal angle of 
vertices A, B, C and D form a cyclic quadrilateral.

Prove this conjecture.
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Appendix 4A Assignment geometric proof

In the pre- and post-test assignments (see also Chapter 4), the 
same tasks were given to the students before the course began 
and about one week following completion. A test with 5 
items was developed for each course to measure students’ 
learning of the content covered during the intervention 
period. The complexity of the assignment increased along 
with the tasks, with the last task being the most complex. The 
tests for geometric proof is set out in appendix 4A. 
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Assignment geometric proof

Task 1
The external angle of a triangle is the angle between the side of 
the triangle and the extension of the adjacent side.  In the figure, 
angle B2 is one of the external angles of triangle ABC.
Prove that the measure of an exterior angle at a vertex of a 
triangle equals the sum of the measures of the interior angles at 
the other two vertices of the triangle.

Task 2
Given parallelogram ABCD and the equilateral triangles ADR and 
CSD. Prove that BS = BR.

Task 3
Two circles with center M and N intersect each other in points B
and D. AB and BC are diameters. Prove that the points A, D and C
are collinear.

Task 4
Given the right triangle ABC with 90B . Point D is on the 
circumscribed1 circle of triangle ABC in such a way that

BAC CAD . Prove that AB = AD.

Task 5
Given the quadrilateral ABCD. The line segments AB and DC
intersect at point P and the line segments AD and BC intersect at
point Q. The angle bisectors of APD and BQA intersect at 
point S. Prove that the four points A, B, C and D lie on a circle. 

1 In geometry, the circumscribed circle or circumcircle of a polygon is a circle that passes through all the 
vertices of the polygon
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Appendix 4B Assignment integral calculus

In the teaching experiment reported in Chapter 4 we used 
pre- and post-test assignments (the same tasks were given to 
the students before the course began and about one week 
following completion). A test with 5 items was developed for 
each course to measure students’ learning of the content 
covered during the intervention period. The test for integral 
calculus proof is given in appendix 4B.
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Assignment integral calculus

Task 1

The figure shows the graphs of and 1

2
y x . The line x = 2 is 

also drawn.  These three lines enclose a triangle OAB. If the vertical 
line of triangle OAB (line x=2) is moved to the right, the area of the 
triangle becomes, of course, bigger. 
a. Calculate the area of triangle OAB for x= 2.
b. Describe in what way the area of triangle OAB changes if the 

vertical line is being moved to the right. Use in your 
description one or more of the following ways: words, a 
sketch of the graph, a formula or a table.

Task 2
On the right, the graph of a derivative function f’ is drawn and below 
you see three possible graphs of the function f.
a. Which of the following graphs (I, II or III) can be the graph 

of function f ? Explain why you think that.

          
I                                               II                                              III

In general the graph of the derivative function gives information about the shape of the graph of the function 
itself. 
b. Imagine that you must help another student to construct the graph of a function from the graph of 

the derivative function. Give at least two hints for constructing it in a clever way. 

Task 3
A car starts to brake at t = 0. From that moment on, the formula 
for the speed of the car is v(t) = 0.7 (t - 6)2. Between t = 0 and t=6
the car drove a certain distance. At what time did the car first 
completed half of that distance?

Task 4

Given is the derivative function . There are two possible initial functions h of which the 
graph is tangent to the x- axis. What are the two formulas for h?

Task 5
Given a function f and a number k, with k = 0, 1, 2, 3, ….. Is the following equality true or not true? Explain. 

( ) ( )
b k

b

a
a k

f x dx f x k dx

2y x

 

2'( ) 4h x x x
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Appendix 4C Shift-problem lessons about
integral calculus

In appendix 4C we present the fifth version of the shift-
problem worksheets for integral calculus, which were 
developed in the fall 2010 and used in the teaching 
experiment with three 11th grade classes (Chapter 4). The 
original worksheets are A3-format and there is space on
them for the students to write their answers.
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Appendix 4C

Shift-problem lesson 1
Velocity, distance and area

This worksheet is intended as an introduction to the subject: integral calculus.
Here you will face velocity-time graphs and distance-time graphs, which are topics that you already know. At 
the end of this lesson you should be able to answer the following question:

What is the relation between a velocity-time graph, the area under the graph and the distance-time graph?

Task 1
A train runs on a railroad track. Every minute, the speed is measured. The graph below shows the results of 
the measurements during a 40-minute drive. From the velocity- time graph is possible to deduce how far the 
travel was and to construct a distance-time graph.

a How many minutes did it take the train to travel 15 km? Explain.

b Did the train travel more or less than 35 km in 40 minutes? Explain.

c Sketch the distance-time graph. That is, a 
graph that represents the distance traveled 
against time.

Tip: Look globally first at the speed-time graph 
and indicate at which points the buttons (fast) 
and acceleration (hard) brakes were used. What 
impact do they have on the distance-time graph?

d Explain how the questions a and b can be 
answered with the help of the graph you 
sketched in question c.
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Task 2
Two trains run on two parallel railroad tracks. In the figure below, the velocity-time graphs of the two trains 
is given. Which train did travel the longest distance? Explain your answer using the two given graphs.

Task 3
The figures below show the velocity-time graphs of two trains which have traveled different paths.
a Find, in both situations, which trajectory is the longest one: the trajectory of train A or train B. 

Explain how you can deduct that information from the graphs.

b Construct a velocity-time graph for a situation 
where train A and train B travel at different 
speeds but drive the same distance. Explain.

Task 4
Read again the introduction of this worksheet. What is 
your answer to the question posed there?

192



Appendix 4C

Shift-problem lesson 2
Varying area and distance

Task 5
In the figure, the graph of a function f and the region
bounded by the graph of f, the x-axis, the vertical line x =
0 and x = a are given.

In the figure you see the area that corresponds to a = 3.

If you slide the line x = a to the right, starting at x = 0.5, 
then you get different values for the area of the shaded 
region.
The variation of the area can be described by the 
function A:

Here, it is true that: A(0) = 0 and A

We restrict ourselves to values of a with

a Fill in the table with the approximate values of the area function A(a).
b Sketch the graph of function A between 0 and 3.

Between 0 and a Approximation for

between 0 en 0,5 5,5

between 0 and 1 11,5

between 0 and 1,5 …….

between 0 and 2 …….

between 0 and 2,5 …….

between 0 and 3 …….

c Use the integral notation to give A(3), A(4)  and A(5)  

( ) ( )
a

o

A a f x dx

40 a

( ) ( )
a

o

A a f x dx
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Task 6
In the figures A, B and C you see three colored regions, in which the variable is a. Assume that the value of a
is between 0 and 8.

For each picture belongs therefore an area function.

Which graph on the six cards I - VI (see bottom of page) represents the area function of each figure? Explain 
your choice.
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Task 7
In the figure you can see that the shaded area changes 
as you take on different values for a,
In this way you get a new function: the integral 
function. This function can be represented by:

a The values of the integral function can be 
approximated using the middle sums. For 
example if you have a step size of 0.32 it is true 
that: I(0) = 0 en I
Use the diagram to verify this.

b Sketch the graph of the integral function between 
0 and 2

Tip: first create a table

“Area” between 0 and a Approximation 
with step 0.32

(middle sum)

between 0 and 0,9

between 0 and 1,6

..........

( ) ( )
a

o

I a f x dx

( ) ( )
a

o

I a f x dx

0 2a
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Shift-problem lesson 3
Integration and antiderivative

In this lesson you will explore expressions that can represent the area function with VU-Graph.

Task 8
a Using VU- Graph, plot the graph of f(x)=3x.

The area of the surface between the graph of f(x), the x-axis, the line x = 0 and the line x = a is given by the 
formula:

If you move the line x = a one step to the right, you get a new value for the integral.

b Calculate with VU- Graph these values for a equal to 
1, 2, 3, 4 and 5 and fill in the table. 

c What kind of function fits the values of the table?
Enter a formula that fits there and plot the graph by 

this formula.

d Plot the graph of the area function between 0 and 5 
and compare the graphs you now get with the ones 
that you got in the previous question.

e Change the lower limit of the integral by starting with
the numbers 0, 1 and 2 (the upper limit remains 5). 
Explain the graphs of the area function you get.

between 0 and a Approximation for

between 0 and 1

between 0 and 2

between 0 and 3

between 0 and 4

between 0 and 5

f Go to the option ‘primitive’ and check in the option "constant c adjust". Plot the graph of the function 
area function between 1 and 5. Which formula you need to enter to make the graphs of the primitive and 
the area function coincide? Explain.

Task 9
What are the formulas for the area function of the four 
functions in the table?

Check your answer with VU-Graph

f(x)

6x

8x

4,5x

-4,5x

.

O(a) f (x) dx
o

a

a

dxxf
0

)(

a

dxx
0

........)6(

.......)8(
0

a

dxx

.......)5,4(
0

a

dxx

0

( 4,5 ) ........
a

x dx

( ) (3 )
a

o

O a x dx

To check your formula, select the option area function
and the option primitive in the menu above. Here you 
can enter the formula. Then click on play and ensure that 
the interval is between 0 and 5.

Start Vu-Graph and choose VU-Graph plus and then the option Area
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Task 10
What are the analytical expression for the area 
function of the region bounded by the x-as, the y-as 
and the function in the table?

Check your answers with VU-Graph.

f(x)

x2

3x2

4x3

ex

1/x

Task 11
For each function f in the table, find a general 
formula for the integral function f(x)

ax

ax2

ax3

axn

aex

a/x

Task 12

In the graph you can see the velocity of a car against time. The formula for the velocity is v(t) = 3t
With this information you can determine the traveled distance at any time t = a. The function s that describes 

the traveled distance by the car at time t = a with is:

a. What formula describes the traveled distance 
of the car from t = 0 until t = a?

b. What will be the formula that describes the 
traveled distance when you start counting from 
time t = 2?

a

dxxf
0

)(

0 8a

0

( ) ( )
a

s a v t dt

a

dxxf
0

)(
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Shift-problem lesson 4
Task 13

Given the function 

The region V is situated above the line y = 1, and is enclosed by the line y = 1 and the graph of f. The region
W lies below the line y = 1, and is enclosed

by the line y = 1 and the graph of f. In the 
figure part of the graph is drawn.

Which of the following expressions can NOT
be the region of V and W together? Explain. 
You can draw a picture to support your 
explanation.

Task 14
The region V is enclosed by the graph of  , the x-as, the y-as and the lines x=8 and y=8. The line x = a divides 

region V into two sub-regions V1 and V2. By sliding the line x = a, the areas of V1 and V2 will vary.

a Which of the following expressions can 
be the expression for the area of V1 and 
which one cannot? Explain. You may use
a sketch of the graph in your explanation.

b Line x = a slides in such a way that it divides the region V in the sub-regions V1 and V2 so that the area A
of both regions compare as A(V1):A(V2)=2:1. 
Find the equation that describes this relationship.

165)( 23 xxxxf

2 3

0 2

3

0

2 3

0 2

2 3

0 2

( ) ( )

( )

( ( ) 1) ( ( ) 1)

( ( ) 1) (1 ( ))

f x dx f x dx

f x dx

f x dx f x dx

f x dx f x dx

a

dxxf
0

)(

a

dxxf
1

)(8

88

0

)()(
a

dxxfdxxf

a

dxxf
0

))(8(

a

dxxfdx
1

1

0

)(8

2

8
)(

x
xf
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Task 15
The graph shows the speed of a car that brakes 
against time. With this information you can 
determine the distance the car traveled, at any time
t = a ( ), from the moment he began to 
slow down (t = 0).

The function s describing the distance traveled by 
the car for is:

Another car that runs at the same speed, starts four 
seconds later braking and follow exactly the same 
pattern as the first car, which is described through 
the graph.

Which expression alongside describes the distance
traveled by the second car at any time t = a, from 
the moment he began to slow down (t = 4)? 
Explain with the help of the graph above.

Task 16
Which of the following expressions are correct? Explain.

0 8a

0 8a

0

( ) ( )
a

s a v t dt

4

0

( )
a

v t dx

4

0

( )
a

v t dx

4

4

( 4)
a

v t dx

4

4

( 4)
a

v t dx

1
2 2

0 1

( 1)
a a

x dx x dx

2

0 2

2
a a

xdx x dx

4
3 3

5 1

( 1) ( 5)
a a

x dx x dx

2

0

a a

a

xdx x adx
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Summary

Research literature includes various examples of ideal learning processes where students 

gradually expand their mathematical knowledge supported by carefully constructed 

instructional materials and corresponding teacher support. However, little of this has 

trickled down to everyday practice. The difference between advice offered in educational 

research and what is feasible in regular classrooms shaped by textbooks and mandatory 

curricula is still too great. In our research, we developed a more pragmatic approach - shift-

problem lessons - with a view to creating conditions in which students are supported in 

expanding their mathematical knowledge and an instructional model that is doable for 

teachers in regular school settings. The core element of this approach comprises replacing 

a small part of the textbook lessons, with problem-centered collaborative group work. In

addition, during the course of our research, we developed and applied a framework of 

levels of reasoning to analyze student reasoning during their interaction in these lessons, or 

more generally, when involved in problem-centered collaborative group work. In doing so 

we arrived at our understanding of the way students reason and learn in shift-problem 

lessons as being informative for studying mathematical learning in regular classrooms.

The main goal of this thesis is to research if and how shift-problem lessons can 

contribute to improving the quality of the mathematical activity and corresponding 

learning processes of regular-classroom students. In this respect, we studied both student 

activity in shift-problem lessons and the effect of shift-problem lessons on student 

progress. The central research question that fits our aim is: To what extent can shift-

problem lessons contribute to improving the quality of the mathematical activity and 

corresponding learning processes of regular-classroom students? To address this issue, we 

formulated four sub-questions, which we have answered in four chapters in this thesis. We 

base our research on the domain-specific instruction theory of realistic mathematics 

education (RME) and we build on theoretical constructs that are compatible with a social 

constructivist view on learning; namely: problem solving activity, reflective discourse, and 

collaborative learning and reasoning.

Approaches to mathematical instruction involving collaborative learning tasks 

prepared for problem solving are not new. The literature provides excellent examples of 



Summary

mathematical lessons where students’ mathematical activity develops through meaningful 

tasks and mathematical discussions. The central learning activities observed in these 

lessons (e.g. problem solving activity, reflection and collaborative learning) are usually 

accompanied by carefully constructed instructional sequences, which are embedded in

appropriate socio-mathematical norms. Translating these examples into practice, however,

appears very challenging for regular classrooms shaped by textbooks and mandatory 

curricula. This thesis therefore discusses the need to create a more pragmatic instructional 

model to narrow down this difference. In line with the literature, we also envision creating 

an appropriate learning setting in which problem solving, reflection and mathematical 

reasoning flourish, but instead of offering a carefully constructed prototypical instructional 

sequence, we tailor the mathematical tasks and student interaction to the learning setting 

that already exists in the classroom. In the Netherlands, as in many other countries, this is 

shaped at pre-university level by conventional textbooks, pre-determined lesson plans and 

final exams, which may prevent teachers from deviating from their daily practice. 

For our study, we designed an intervention for 11th grade students meant to be 

feasible for teachers and, at the same time, create opportunities for students to engage in 

problem solving and creative mathematical thinking. We tried to achieve our aim by: 

- limiting the intervention to a small part of the lessons of a textbook chapter; 

- adhering to the teachers’ curriculum resources as much as possible by inserting 

tasks adapted from the textbook;

- creating a problem-oriented classroom atmosphere supported by students 

working collaboratively in line with the process model (Dekker & Elshout-Mohr, 

1998, 2004).

The process model is constructed around four key activities: show, explain, justify and re-

construct one’s own work, which can be performed by the students when solving problem-

centered tasks in a group. These four activities can be fostered by the individual himself, 

but they can also be stimulated by the students as a group through regulating activities, e.g. 

asking for explanations, justifications, or reconstructions. This implies that the students’

texts differ from those in the textbook as the mathematical tasks are not direct applications 

of recently reviewed theory and are neither preceded by worked-out problems, nor framed 

in step-by-step procedural guidelines. We called this intervention shift-problem lessons.
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In Chapter 1 we formulate the essential features of these lessons designed to foster 

problem solving activity, creative mathematical thinking and reflection. Moreover, we 

attempt to characterize the forms of reasoning and learning processes emerging in these 

lessons. The sub-question addressed is: In what way does working with shift-problem 

lessons in a regular classroom lead to mathematical reasoning and proving by the 

students? In answering this question, we analyzed the interaction of a small group

observed in a teaching experiment conducted in one 11th grade class. We selected three 

episodes that we considered illustrative for the whole dataset and analyzed in detail the 

type of learning processes that occurred in these episodes. The results of this analysis 

showed that the mathematical tasks coupled with the interactive setting could create a

micro-learning ecology (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003) in which 

students develop both social norms and forms of mathematical activity that are different 

from those observed in regular lessons and described in the literature (Lithner, 2000, 2004, 

2008; Mayer, 2002). Moreover, we found that three main learning processes occurred in 

the micro-learning ecology created by the intervention, which may have enriched the 

students’ mathematical knowledge (they typify 9 of the 18 episodes and feature in 7 other 

episodes): (i) strengthening their relational framework and grounding their mathematical 

knowledge in terms that are more meaningful to the students’ knowledge; (ii) reflection 

through mathematical discussion and reasoning; (iii) involvement. We also found that the 

students’ attempts to solve the problems were limited in some cases even though they 

appeared to possess the factual knowledge needed to solve the task. The students did not

recognize or use the key ideas to successfully solve a mathematical proof. Some elements 

of mathematical proof and deductive reasoning are not natural to a student repertoire and it 

is still not clear how these elements should be developed in order that they are recognized 

and utilized in mathematical proofs (Harel & Sowder, 2007). The literature states that this 

lack of epistemological knowledge could be a consequence of students not being able to 

link their personal ideas to what they expect to produce as formal proof (Raman, 2003). 

During the course of our research we came to realize that the way students reason 

and learn in shift-problem lessons provided information on how students’ reasoning 

unfolds during problem solving activity in a collaborative setting. Observing the students’

collaborative discourse in shift-problem lessons suggested that differences in the students’ 
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statements and arguments could be a catalyst for students making connections between 

their pseudo-mathematical and mathematical knowledge, and what is experientially real to 

them. We therefore sought to identify levels of reasoning that could help us analyze such 

processes. In Chapter 2 we therefore address the sub-question: How do students reason 

when solving problem-centered tasks collaboratively? The reasoning-levels framework 

that we developed is founded on the domain-specific instruction theory of realistic 

mathematics education; in particular, the levels of activity in the emergent modeling

heuristic (Gravemeijer, 1999, 2008) that provide a general description of mathematical 

activity in carefully planned long-term reinvention processes. We use the emergent 

modeling levels of activity as the starting point for our thinking on the students’ levels of 

reasoning in an enrichment process. In this respect, we refer to the link with directly 

accessible informal knowledge at the first level of activity; the support provided by the 

informal knowledge to reasoning with more mathematical knowledge on the second level: 

referential activity; the focus on mathematical relations at the third level: general activity;

and a more formal mathematical level that subsequently develops. That is, the fourth level: 

formal activity. Building on these characteristics of activity levels in an emergent modeling

process, we identified four levels of reasoning that could come to the fore when students 

collaboratively solve problems in regular classrooms: 

- Empirical-based reasoning, which involves students’ reasoning solely in 

connection with the task-setting situation; 

- Relational reasoning, which focuses on the students’ interpretations of the task 

setting, which comprises connections between elements of the task setting and 

mathematical notions, including pseudo-mathematics; 

- Theoretical-based reasoning, which focuses on the mathematical relations, 

concepts and the properties involved;

- Formal expressed reasoning, which refers to students thinking independently of the 

situation-specific imagery of the task setting in question. 

We examined the practical usefulness of these levels of reasoning by studying a group of 

three students collaboratively solving geometric proof tasks in an 11th grade classroom

during shift-problem lessons. We tailored the levels of reasoning to this topic by taking 
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into account specific frameworks in the field of geometric proof. Our results showed that 

the reasoning-levels developed for geometric proof are reliable (inter-rater agreement 87%)

and make it possible to identify the levels of reasoning of individual utterances, which 

allows for an in-depth analysis of enrichment processes. It allows us to see the different 

meanings in students’ reasoning when they are solving problems, including pseudo-

mathematical notions. The latter, according to Van Oers (2002) and other researchers who 

observed similar stages in the development of meaning (Vinner, 1983, Thompson & 

Silverman, 2008; Pijls & Dekker, 2011), may be considered a transitional stage. Moreover, 

the categories capture the dynamics between empirical and theoretical domains, which 

have been referred by several researchers, for the most part in general terms (see for 

instance Laborde, 2004; Jones, 2000). 

The analyses presented in Chapter 2 showed that the reasoning patterns of this group 

of three students when progressing through the tasks contrasted with the expectations on 

which textbooks seem to be based, namely, students progress through the tasks at formal 

level. In other words, students are expected to approach the task from a theoretical 

perspective using theoretical notions and, then go through the solving process, step-by-

step, maintaining the theoretical level in accordance with the steps laid out in the worked-

out examples and worked-out solutions. In Chapter 3, we therefore examined the question: 

At which levels do regular-classroom students reason in a learning setting that fosters 

reasoning and discussion? To examine this issue, we analyzed the data from six groups of 

three students during four shift-problem lessons in a teaching experiment conducted in 

three regular Dutch 11th grade classrooms (at different schools). 77 episodes were 

identified (one episode details each attempt to solve a certain task). Our results with regard 

to the students’ reasoning (which cover 63 episodes) show that in 53% of the cases 

students’ reasoning patterns involved a variety of levels. In other words, the students were 

approaching and discussing solutions to the tasks at levels of reasoning that changed 

during the solution process. The findings indicate that - at least in this setting - the actual 

process of the students trying to become acquainted with new or undeveloped 

mathematical notions was quite different from the one expected by conventional textbooks 

and teacher-centered education. A more detailed analysis of a number of episodes, which 

we regarded as paradigmatic cases, provided us with more insight into students’
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enrichment process. Our analysis showed that the students started with their fragmented 

and pseudo-formal knowledge and by comparing and making connections between their 

shallow and pseudo-mathematical knowledge and what is experientially real and 

meaningful to them, they began to develop a more coherent and better founded knowledge.

Moreover, the enrichment process was embedded in interactive, collaborative student 

activity (in most episodes the students acted in line with the process model), which is 

something the teacher can facilitate. As far as teacher involvement is concerned, we 

noticed that although teachers ceased stressing the process model over the course of the 

intervention, they continued to encourage the students to think for themselves by providing 

regular support and hints. 

We consider the insights into the potential enrichment processes described in the 

chapters referred to above as valuable information yielded by our research on the shift-

problem lessons approach but, we also wished to know whether the shift-problem lessons

themselves could provide a contribution. In Chapter 4 we therefore examined the effect of 

learning arrangements that combine shift-problem lessons with regular lessons (SPLA). 

We extended the idea of shift-problem lessons to a different mathematical topic: integral 

calculus and, following a design research method similar to the one used for geometric 

proof, we developed an instructional sequence on integral calculus, which is a topic also 

covered in the 11th grade. The question that we addressed here is: What are the effects of 

shift-problem learning arrangements on the students’ learning outcomes with respect to 

geometric proof and integral calculus in the 11th grade? In answering this question, we

used a switching-replications design method (Shadish, Cook, & Campbell, 2002) and 

applied an untreated control group design with dependent pre-test and post-test samples. 

This enabled us to conduct a quasi-experimental study (N=109); the six classes were left in 

their entirety and used as each other’s control group. The results showed a small, but not 

significant, positive overall effect in the case where shift-problem lessons were worked 

with. Specifically, we found an insignificant positive effect for the shift-problem group in 

the geometric proof lessons, and a significant positive effect for the shift-problem group in 

the integral calculus lessons. The results indicate that implementing the SPLA 

characteristics in four lessons was not enough to foster enrichment processes that 
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significantly affect the students’ achievements. Presumably, four lessons were not enough 

to measure the effects on the students’ performance. 

Further analyses of each topic showed that the students in the shift-problem lessons 

condition with regard to the integral calculus course - SPLA(I) could reason at higher 

levels at the end of the course than the students in the regular condition - RLA(I). The 

analyses also showed that, in general, the students experienced more difficulty when 

attempting to solve the complex tasks in the geometric proof assignment than in the 

integral calculus assignment. An analysis of the groups’ solutions to the tasks relating to 

the SPLA condition revealed that the students’ success in solving the tasks followed a 

different pattern in both courses. During the integral calculus course the students’ effective 

engagement in the tasks was average and remained more or less constant during the course.

As a rule, the students also engaged in the learning activities envisaged by the tasks. In the 

geometric proof course, however, the students’ effective engagement in the tasks decreased 

dramatically during the course. One possible explanation could be that the learning 

activities in integral calculus were more attuned to students’ pre-knowledge than the 

learning activities in geometric proof. On the basis of this quasi-experimental study, we 

therefore conclude that the shift-problem lessons have potential but they place considerable 

demands on the quality of the design, in particular, concerning the extent to which the 

tasks are tailored to the students’ actual knowledge.

Reflecting on the primary issue that motivated our research into shift-problem 

lessons, we see the gap between the ideal learning processes found in the literature where

students gradually expand their mathematical knowledge supported by carefully

constructed instructional materials, and the everyday classroom practice shaped by 

textbooks, mandatory curriculum and final exams. We ask ourselves to what extent the 

alternative instruction model we created has shed light on this matter and contributed to 

bridging this gap. We believe this research has deepened our understanding but also 

acknowledge that the effects of the intervention, bearing the results of the quasi-

experimental study in mind, were relatively minor. First, the realization that the fact that 

students develop scattered and in part pseudo-mathematical knowledge in regular 

classrooms implies there is a need for enrichment processes, in which students fill in gaps, 

reconstruct and ground their knowledge by making connections between their pseudo-
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mathematical and mathematical knowledge, and what is experientially real. Second, we 

found that the enrichment processes could be fostered and made visible through problem-

centered collaborative group work, which regular-classroom teachers could reasonably be 

expected to implement. We learned that a problem-centered classroom culture can be 

advanced by deviating from the intensive scaffolding that textbooks offer, combined with 

promoting collaborative group work with the aid of the process model. Third, the 

intervention that we called: shift-problem lessons, showed that it can potentially enhance

enrichment processes although it also places considerable demand on the quality of the 

design, in particular, concerning the extent to which the tasks should be tailored to the 

actual knowledge of the students. Fourth, the reasoning levels that we developed helped us 

analyze students’ collaborative discourse during shift-problem lessons (or, more generally,

in problem-centered lessons), and examine how formal mathematics could emerge from 

students’ mathematical activity. 

Our research findings suggest that the notion of shift-problem lessons and the 

analytical framework we developed could become tools for teachers to observe, analyze

and support enrichment processes in regular-classroom lessons and, consequently,

contribute to teachers assisting their students more effectively. Further research is required 

to examine this assumption but it seems plausible to us that by observing students’

reasoning and the reasoning patterns emerging from students’ discussions, teachers will 

become more aware of how students think and how their thinking is fostered by the 

learning activities they participate in.
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De onderzoeksliteratuur bevat verschillende voorbeelden van ideale leerprocessen waarin 

de leerlingen geleidelijk hun wiskundige kennis uitbreiden, ondersteund door zorgvuldig 

opgebouwd lesmateriaal en bijbehorende steun van leerkrachten. Hiervan is echter weinig 

tot de praktijk van het onderwijs doorgedrongen. Het verschil tussen advies uit onderzoek 

en wat haalbaar is in reguliere klassen, bepaald door schoolboeken en bindende 

onderwijsprogramma's, is nog steeds te groot. In ons onderzoek hebben we een meer 

pragmatische aanpak ontwikkeld - shift-problem lessons - met oog op het scheppen van 

condities die leerlingen de gelegenheid bieden hun wiskundige kennis uit te breiden, 

binneneen instructie-model dat voor de leerkrachten in het reguliere onderwijs haalbaar is. 

De kern van deze aanpak bestaat uit het vervangen van een deel van de lessen uit de 

methode (het schoolboek) door probleemgericht samenwerken in kleine groepen.

Daarnaast hebben we in de loop van het onderzoek een raamwerk van niveaus van 

redeneren ontwikkeld om het redeneren van leerlingen tijdens deze interactieve lessen te 

analyseren, en dat ook meer algemeen bruikbaar lijkt voor het analyseren van de interactie 

tussen leerlingen die probleem-gericht samenwerken in kleine groepen. We gaan ervan uit 

dat de wijze waarop leerlingen in shift-problem lessen redeneren en leren informatief kan 

zijn voor het wiskundeonderwijs in de reguliere lessen.

Het belangrijkste doel van dit proefschrift is om te onderzoeken of en hoe shift-

problem lessen een bijdrage kunnen leveren aan de verbetering van de kwaliteit van de 

wiskundige activiteit en de bijbehorende leerprocessen van leerlingen in reguliere klassen.

In verband hiermee bestudeerden we zowel de leerling-activiteiten in de shift-problem 

lessen als het effect van shift-problem lessen op de voortgang van de leerlingen. Deze 

doelen worden gereflecteerd in de centrale onderzoeksvraag: In hoeverre kunnen shift-

problem lessen bijdragen aan de verbetering van de kwaliteit van de wiskundige activiteit 

en de bijbehorende leerprocessen van leerlingen in reguliere klassen? Om deze vraag te 

beantwoorden, formuleerden we vier sub-vragen, die we in vier opeenvolgende 

hoofdstukken in dit proefschrift hebben beantwoord. We baseren ons onderzoek op de

domein-specifieke instructietheorie van het realistisch wiskunde-onderwijs (RME) en we 

bouwen voort op theoretische constructen die compatibel zijn met een sociaal-
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constructivistisch perspectief op leren; te weten: problem-solving activiteiten, reflectieve

discours, en samenwerkend leren en redeneren.

Het gebruiken van samenwerkend leren en probleemgerichte opgaven voor het leren 

van wiskunde is niet nieuw. De literatuur geeft uitstekende voorbeelden van wiskundige 

lessen waar de wiskundige activiteit van de leerling zich ontwikkelt op basis van zinvolle 

opgaven en wiskundige discussies. De centrale leeractiviteiten die in deze lessen worden 

geobserveerd (bijv. probleemoplossende activiteit, reflectie en samenwerkend leren),

worden meestal vergezeld door zorgvuldig geconstrueerde instructiereeksen en ingebed in 

passende sociale normen. Het vertalen van deze voorbeelden naar de lespraktijk blijkt 

echter zeer uitdagend voor reguliere klassen te zijn. Dit proefschrift behandelt daarom een 

meer pragmatisch instructiemodel om dit verschil te verkleinen. In lijn met de literatuur, 

kiezen we voor het creëren van een passende leeromgeving waarin probleemoplossende 

activiteit, reflectie en wiskundige redeneren centraal staan. Maar, in plaats van een 

zorgvuldig geconstrueerd prototypische lessenreeks aan te bieden, sluiten we ons aan bij 

het soort opgaven, de leerling-interactie en de leeromgeving die al in de klas bestaat. In 

Nederland wordt dit op pre-universitair niveau - net als in vele andere landen - bepaald 

door conventionele methoden, vooraf vastgestelde lesplannen en eindexamens. Deze 

aspecten kunnen leraren verhinderen af te wijken van de dagelijkse praktijk. 

Voor ons onderzoek hebben wij een interventie voor klas 5 ontwikkeld die haalbaar 

is voor docenten en, tegelijkertijd, de mogelijkheid voor leerlingen creëert om deel te 

nemen aan de problem-solving activiteiten en creatief wiskundig denken. We hebben 

geprobeerd om ons doel te bereiken door: 

- beperking van de interventie tot een klein deel van de lessen uit een hoofdstuk, 

- ons te conformeren aan de leermiddelen die door de leraren worden gebruikt, door 

zo veel mogelijk (aangepaste) opgaven uit het leerboek te gebruiken,

- het creëren van een probleemgerichte sfeer in de klas, ondersteund door 

samenwerken leren op basis van het procesmodel (Dekker & Elshout-Mohr, 1998, 

2004). 

Dit laatste houdt in dat de teksten van de opgaven verschillen van die in het leerboek 

aangezien de aangepaste opgaven niet de directe toepassingen zijn van recent geleerde 
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theorie en niet worden voorafgegaan door uitgewerkte opgaven, noch ingebed worden in 

stap-voor-stap procedures. We noemden deze interventie shift-problem lessen.

In Hoofdstuk 1 formuleren we essentiële kenmerken van deze lessen, die bedoeld 

zijn om de problem-solving activiteit, het creatief wiskundig denken en reflectie te 

bevorderen. Bovendien proberen we de vormen van redeneren en de leerprocessen in deze 

lessen te karakteriseren. De betreffende deelvraag is: Op welke manier leidt het werken met 

shift-problem lessen in een reguliere klas tot wiskundig redeneren en bewijzen door de 

leerlingen? Bij de beantwoording van deze vraag, hebben we de interactie van een kleine 

groep leerlingen geanalyseerd uit een onderwijsexperiment in klas 5 van het vwo. We 

hebben drie episoden geselecteerd die we illustratief achtten voor de hele dataset en de

leerprocessen die zich in deze episodes afspeelden, in detail geanalyseerd. Uit deze analyse 

bleek dat de wiskundige opgaven in combinatie met de interactieve omgeving een micro-

learning ecologie kunnen creëren (Cobb, Confrey, diSessa, Lehrer, & Schauble, 2003) 

waarin leerlingen andere sociale normen en wiskundige activiteiten hanteren dan die welke 

geobserveerd zijn in reguliere klassen (Lithner, 2000, 2004, 2008; Meyer, 2002). 

Bovendien vonden we dat er drie belangrijke leerprocessen hebben plaatsgevonden in de 

door de interventie gecreëerde micro-learning ecologie, die de wiskundige kennis van de 

leerlingen hebben verrijkt (ze kenmerken 9 van de 18 episodes en komen voor in 7 andere 

episoden): (i) het versterken van hun relationele referentiekader en het grondvesten van 

hun wiskundige kennis in begrippen die meer betekenis voor de leerlingen hebben, (ii) het 

reflecteren, als gevolg van wiskundige discussie en argumentatie, (iii) het vergroten van 

hun betrokkenheid. Het bleek echter ook dat de pogingen van de leerlingen om de opgaven 

op te lossen in sommige situaties beperkt waren, ook al bleken de leerlingen over de 

feitelijke kennis die nodig was om de desbetreffende opgave op te lossen te beschikken.

Sommige elementen van wiskundig bewijzen en deductief redeneren zijn geen natuurlijk 

onderdeel van het repertoire van de leerlingen en het is nog niet duidelijk hoe deze 

elementen zo kunnen worden ontwikkeld, zodat ze wel worden herkend en gebruikt in 

wiskundige bewijzen (Harel & Sawder, 2007). De literatuur vermeldt dat het ontbreken 

van epistemologische kennis een gevolg kan zijn van het feit dat de leerlingen hun 

persoonlijke ideeën niet kunnen koppelen aan wat ze worden verwachten te produceren als 

formele bewijzen (Raman, 2003).

211



Samenvatting

Tijdens het verloop van ons onderzoek beseften we dat de manier waarop leerlingen 

redeneren en leren in shift-problem lessen ons informatie geeft over hoe leerlingen 

redeneringen ontwikkelen tijdens de probem-solving activiteit in een samenwerkend-leren 

omgeving. De observaties van de samenwerkend-leren discours van de leerlingen

suggereert dat de verschillen in de argumenten die worden ingebracht, voor de leerlingen 

een katalysator kunnen zijn om hun pseudo-mathematische en wiskundige kennis, en wat 

werkelijk reëel is voor hen, met elkaar te verbinden. Om daar meer zicht op te krijgen

hadden we redeneerniveaus nodig die ons hielpen om dergelijke processen te identificeren.

In Hoofdstuk 2 gaan we daarom in op de deelvraag: Hoe redeneren leerlingen bij het 

oplossen van probleemgerichte opgaven? De redeneerniveaus die we hebben ontwikkeld, 

zijn gebaseerd op de domein-specifieke instructietheorie van het realistisch 

wiskundeonderwijs, in het bijzonder, de niveaus van activiteit in de emergent modelling 

heuristiek (Gravemeijer, 1999, 2008), die een algemene beschrijving geeft van de 

wiskundige activiteit in zorgvuldig geplande, lange termijn heruitvindt-processen. We 

gebruiken de emergent-modeling niveaus van activiteit als uitgangspunt voor ons denken 

over de niveaus van redeneren in een verrijkingsproces. In dit verband verwijzen we naar 

de link met direct toegankelijk informele kennis op het eerste niveau van de activiteit en de 

steun van de informele kennis om te redeneren met meer wiskundige kennis op het tweede 

niveau: referentiële activiteit; de focus op wiskundige relaties op het derde niveau: 

algemene activiteit, en een meer formele wiskundige niveau die zich vervolgens 

ontwikkelt: formele activiteit. Voortbouwend op deze kenmerken van activiteit in een 

emergent-modeling proces, identificeerden we vier niveaus van redeneren die naar voren 

kunnen komen wanneer de leerlingen probleemgerichte samenwerken in kleine groepen in 

de reguliere klassen:

- Empirical-based reasoning, waarin het redeneren van de leerlingen alleen verband 

houdt met de situatie in de opgave-setting;

- Relational reasoning, waarin het redeneren gebaseerd is op de leerling-

interpretaties van de opdracht-setting, die bestaan uit connecties tussen elementen 

van de opgave-setting en wiskundige eigenschappen, inclusief pseudo-wiskunde;

- Theoretical-based reasoning, waarin het redeneren is gebaseerd op de relatie tussen 

wiskundige concepten en eigenschappen;
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- Formal expressed reasoning, waarin het leerling-redeneren onafhankelijk is van de 

specifieke voorstelling van de opgave-setting.  

We hebben gekeken naar de praktische bruikbaarheid van deze niveaus van redeneren door 

het bestuderen van een groep van drie leerlingen bij het oplossen van meetkundige bewijs-

opgaven tijdens shift-problem lessen. We hebben de niveaus van redeneren aangepast aan 

dit onderwerp door theoretische kaders op het gebied van meetkundige bewijzen te 

gebruiken. Onze resultaten toonden aan dat de redeneer-niveaus voor meetkundige 

bewijzen betrouwbaar zijn te observeren (inter-rater overeenkomst 87%) en het mogelijk 

maken om de niveaus van redeneren van individuele uitingen te identificeren, waardoor 

een diepgaande analyse van de verrijkingsprocessen mogelijk is. Een dergelijke analyse

laat ons de verschillende betekenissen van leerling-redeneringen zien wanneer zij 

problemen oplossen, met inbegrip van de pseudo-wiskundige begrippen. Dit laatste, kan 

volgens Van Oers (2002) en andere onderzoekers die een soortgelijke stadium in de 

ontwikkeling van betekenissen waargenomen hebben (Vinner, 1983, Thompson & 

Silverman, 2008; Pijls & Dekker, 2011), worden beschouwd als een overgangsfase. 

Bovendien vangen de niveaus van redeneren de dynamiek tussen empirische en 

theoretische domeinen die door meerdere onderzoekers genoemd worden, maar, in het 

algemeen alleen in algemene termen worden beschreven (zie bijvoorbeeld Laborde, 2004; 

Jones, 2000). 

De hierboven beschreven lessenanalyses (Hoofdstukken 1 en 2) toonden aan dat de 

redeneerpatronen van deze groep van drie leerlingen bij het oplossen van de opdrachten 

contrasteerden met de verwachtingen waarop leerboeken lijken te zijn gebaseerd. Namelijk 

dat de voortgang van de leerlingen door de opgaven op formeel niveau plaatsvindt. Met 

andere woorden, er wordt verwacht dat de leerlingen de opgave benaderen vanuit een 

theoretisch perspectief, met behulp van theoretische noties en vervolgens stap-voor-stap

door het oplossing proces gaan, blijvend op het theoretische niveau, overeenkomstig de 

stappen die in de uitgewerkte voorbeelden en uitgewerkte oplossingen worden 

aangeboden. In Hoofdstuk 3 zijn we daarom ingegaan op de vraag: Op welke niveaus

redeneren leerlingen uit regulieren klassen in een leeromgeving die redenering en 

discussie bevordert? Om deze kwestie te onderzoeken, hebben we de gegevens 

geanalyseerd van de interactie van zes groepen van drie leerlingen gedurende vier shift-
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problem lessen in een onderwijsexperiment in drie reguliere Nederlandse vwo 5 klassen 

(op verschillende scholen). Er werden 77 episoden geïdentificeerd (een episode betreft 

iedere poging om een bepaalde opgave op te lossen). Onze resultaten met betrekking tot de 

leerling-redeneringen (63 episoden) toonden aan dat in 53% van de gevallen de 

redeneerpatronen van de leerlingen een verscheidenheid aan niveaus omvatten. Met andere 

woorden, de leerlingen benaderden en bespraken oplossingen voor de opgaven op 

redeneerniveaus die tijdens het oplossingsproces veranderen. De bevindingen wijzen erop 

dat, althans in deze setting, het feitelijke proces van de leerlingen die nieuwe of 

onontwikkelde wiskundige begrippen proberen te leren kennen, anders was dan verwacht 

door conventionele methoden en leraren die deze methoden volgen. Een meer 

gedetailleerde analyse van een aantal episoden, die we als paradigmatische cases

beschouwden, gaf ons meer inzicht in het verrijkingsproces van de leerlingen. Onze 

analyse toonde aan dat de leerlingen startten bij hun gefragmenteerde en pseudo-formele 

kennis en door vergelijking en het maken van verbindingen tussen hun oppervlakkige en 

pseudo-wiskundige kennis met wat werkelijk reëel is en betekenis voor hen had, begonnen 

ze meer samenhangende en beter gefundeerde kennis te ontwikkelen. Bovendien werd het 

verrijkingsproces ingebed in samenwerkend leren (in de meeste episodes werkten de 

leerlingen in lijn met het procesmodel) en dat is iets wat de leraar kan faciliteren. Wat de 

docenten betreft, hebben we gemerkt dat, hoewel de docenten in de loop van de interventie 

geen nadruk meer op het procesmodel legden, zij de leerlingen wel bleven aanmoedigen 

om voor zichzelf te denken en regelmatige ondersteuning en hints bleven geven.

Wij beschouwen de inzichten in de bovengenoemde hoofdstukken beschreven 

verrijkingsprocessen als een waardevolle uitkomst van ons onderzoek naar de shift-

problem lessen aanpak, maar we wilden ook weten of de shift-problem lessen zelf een 

bijdrage zouden leveren aan het leren van de leerlingen. In Hoofdstuk 4 hebben we daarom

het effect onderzocht van leerarrangementen die shift-problem lessen met de reguliere 

lessen (SPLA) combineren. We hebben het idee van shift-problem lessen uitgebreid naar 

een ander wiskundig onderwerp: integraalrekening en, volgens een designmethode 

vergelijkbaar met die welke gebruikt werd voor meetkundige bewijzen, ontwikkelden we 

een leergang voor integraalrekening, een onderwerp dat ook in de 5e klas behandeld wordt.

De vraag die we hierbij hebben gesteld luidt: Wat zijn de effecten van shift-problem 
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leerarrangements op de leerresultaten van de leerlingen met betrekking tot meetkundig 

bewijzen en integraalrekening in de 5e klas van het vwo? Bij de beantwoording van deze 

vraag hebben we gebruik gemaakt van een switching-replications onderzoeksmethode 

(Shadish, Cook, & Campbell, 2002) en een untreated control group design toegepast met 

afhankelijke pre-test en post-test samples. Dit stelde ons in staat om een quasi-

experimenteel onderzoek uit te voeren (N = 109), de zes klassen bleven in hun geheel en 

werden gebruikt als controlegroep voor elkaar. De resultaten toonden een klein, maar niet 

significant, algemeen positieve effect in het geval dat met shift-problem lessen werd 

gewerkt. We vonden een niet-significant positief effect voor de shift-problem groep bij 

meetkundig bewijzen, en een significant positief effect voor de shift-probleem groep bij 

integraalrekening. De resultaten gaven aan dat de uitvoering van de SPLA-kenmerken in 

vier lessen slechts een beperkte invloed hadden op de leerling-prestaties. Vermoedelijk 

waren vier lessen niet genoeg om meetbare effecten op de leerling-prestaties te 

bewerkstelligen.

Uit verdere analyses per wiskundeonderwerp bleek dat de leerlingen in de shift-

problem lessen conditie met betrekking tot integraalrekening - SPLA(I) aan het eind van 

het hoofdstuk op een hoger niveau redeneerden dan de leerlingen in de reguliere conditie -

RLA(I). De analyses toonden ook aan dat de leerlingen in het algemeen meer moeite 

hadden met de complexe opgaven bij meetkundig bewijzen dan bij integraalrekening. Uit 

de analyse van de groepsoplossingen met betrekking tot SPLA-conditie bleek dat de 

leerlingen verschillend succes-patroon hadden bij het oplossen van de opgaven bij beide 

onderwerpen. Tijdens integraalrekening was de effectieve betrokkenheid van de leerlingen 

bij de opgaven gemiddeld en bleef deze min of meer constant gedurende het hoofdstuk. 

Als regel: de leerlingen waren ook betrokken bij de leeractiviteiten die bij de opgaven 

beoogd werden. Bij meetkundig bewijzen was de effectieve betrokkenheid van de 

leerlingen bij de opgaven tijdens het hoofdstuk sterk gedaald. Een mogelijke verklaring 

zou kunnen zijn dat leeractiviteiten bij integraalrekening beter waren afgestemd op de 

aanwezige kennis van de leerlingen dan de leeractiviteiten bij meetkundig bewijzen. Op 

basis van deze quasi-experimentele studie hebben we geconcludeerd dat shift-problem 

lessen potentieel hebben, maar hoge eisen stellen aan de kwaliteit van het design van de 
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lessen, met name met betrekking tot de mate waarin de opgaven worden afgestemd op de 

werkelijke kennis van de leerlingen.

Reflecterend op de primaire kwestie die ons tot onderzoek van shift-problem lessen 

gemotiveerd heeft, zien we de kloof tussen de ideale leerprocessen in de literatuur waar

leerlingen geleidelijk hun wiskundige kennis uitbreiden, ondersteund door zorgvuldig 

geconstrueerde educatief materiaal, en de dagelijkse praktijk in de klas, bepaald door 

methoden, verplicht curriculum en eindexamen. We vragen ons af in welke mate het 

onderzoek naar het alternatieve instructiemodel dat we creëerden, deze problematiek heeft 

verhelderd en heeft bijgedragen aan het overbruggen van deze kloof. Hoewel de effecten 

van de interventie relatief gering waren (denk aan de resultaten van het quasi-

experimenteel onderzoek) menen wij dat ons begrip door dit onderzoek is verdiept, en wel 

op de volgende punten. Ten eerste, het besef dat leerlingen gefragmenteerde en deels 

pseudo-wiskundige kennis ontwikkelen in het reguliere onderwijs impliceert de noodzaak 

van verrijkingsprocessen, waarin leerlingen lacunes vullen en hun kennis reconstrueren

door deze te grondvesten, en door verbindingen te maken tussen hun wiskundige kennis en 

wat experientially real is voor hen. Ten tweede, we vonden dat de verrijkingsprocessen 

kunnen worden gestimuleerd en zichtbaar kunnen worden gemaakt door middel van 

probleemgericht samenwerken in kleine groepen; een werkwijze waarvan redelijkerwijs 

verwacht mag worden dat reguliere leraren deze kunnen implementeren. We hebben in dit 

verband geleerd dat een probleemgerichte klassencultuur kan worden bevorderd door af te 

wijken van het intensieve scaffolden dat leerboeken bieden, in combinatie met het 

bevorderen van samenwerkend leren in kleine groepen met behulp van het procesmodel. 

Ten derde, de interventie die we shift-problem lessen noemden, toonde de potentie te 

hebben om verrijkingsprocessen te verbeteren, hoewel het ook hoge eisen stelt aan de 

kwaliteit van het ontwerp van de lessen, met name met betrekking tot de mate waarin de 

opgaven moeten worden afgestemd op de aanwezig kennis van de leerlingen. Ten vierde, 

de ontwikkelde redeneerniveaus hebben ons geholpen om de samenwerkend-leren discours 

van de leerlingen tijdens shift-problem lessen (op een manier die in principe bruikbaar is 

voor probleemgericht samenwerken in kleine groepen in het algemeen), te analyseren en te 

onderzoeken hoe formele wiskunde zou kunnen ontstaan uit de wiskundige activiteit van 

de leerlingen.
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Samenvatting

Onze onderzoeksresultaten suggereren dat het instructiemodel van shift-problem 

lessen en het analytisch kader dat we ontwikkelden, instrumenten voor leraren kunnen 

worden om verrijkingsprocessen in reguliere klassen te observeren, te analyseren en te 

ondersteunen (en zo kunnen bijdragen aan het efficiënter assisteren van hun leerlingen).

Verder onderzoek is nodig om deze veronderstelling te uit te diepen, maar het lijkt ons 

aannemelijk dat door het observeren van het redeneren van de leerlingen en de 

redeneerpatronen die zich in de discussies van de leerlingen voordoen, leraren zich meer 

bewust kunnen worden van hoe leerlingen denken en hoe hun denken kan worden

bevorderd door de leeractiviteiten waaraan ze deelnemen.
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