
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Shift-problem lessons: Fostering mathematical reasoning in regular classrooms

Abrantes Garcêz Palha, S.

Publication date
2013

Link to publication

Citation for published version (APA):
Abrantes Garcêz Palha, S. (2013). Shift-problem lessons: Fostering mathematical reasoning
in regular classrooms. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/shiftproblem-lessons-fostering-mathematical-reasoning-in-regular-classrooms(0edf05df-961e-45c2-b858-a0276f04fe88).html


Introduction

General aim and context of this thesis

A challenge in mathematics classrooms is to support the construction of meaningful formal 

knowledge. In spite of research advances and practitioners’ efforts, it remains difficult to 

realize meaningful learning in everyday classrooms (Stigler & Hiebert, 2004; Stein, 

Remillard, & Smith, 2007). As a result, students develop scattered mathematical 

knowledge, which could include some informal practical knowledge and some elements of 

formal mathematical knowledge (Roorda, 2012). Successful instruction as can be found in 

the literature that could improve students’ learning may, however, not be feasible for

teachers in regular classrooms. The difference between what research recommends and 

what is feasible in classrooms shaped by textbooks and mandatory curricula is still too 

great. Therefore, in this thesis we examine a more pragmatic instructional approach with a 

view to improving students’ learning and we refer to this as shift-problem lessons.

The introduction first discusses the gap between the type of learning found in regular 

classroom practice and the ideal learning processes found in research literature. We then 

outline our intervention and the central question that guides our research. This is followed 

by the theoretical section, in which we describe the main theories and theoretical 

perspectives that we build on. We then go on to define four sub-questions and the research 

method applied in order to answer each of these sub-questions. We conclude with an 

overview of the entire thesis. 

Gap between textbook-centered and ideal learning 

Generally speaking, secondary-school mathematics students struggle with understanding 

formal mathematics. Students apparently do not have sufficient support in their learning 

environment to help them overcome their difficulties. Taking a social constructivist 

perspective (Cobb, 1994), in which learning is “a process of both self-organization and a 

process of enculturation that occurs while participating in cultural practices, frequently 
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while interacting with others” (ibid, p.18), we assert below that textbook-centered lessons 

may stand in the way of students’ individual self-organization processes.

On examining the learning environment of everyday classrooms, we found that the 

curriculum materials are the primary tools for teaching. The materials most used in the 

Netherlands and in a number of other countries are conventional textbooks that lead 

students towards a final form or procedure in a step-by-step manner, supported by worked-

out solutions (Lithner, 2003, 2008; Mayer, 2002). Several researchers have drawn attention

to this issue. Mayer (2002) refers to it as rote learning, and Lithner (2003, 2008) links 

textbook-centered instruction to students’ difficulty with learning. When facing problem-

solving situations, the students in Lithner’s study (2003, 2004) and Bergqvist, Lithner, and 

Sumpter (2003, 2008) displayed a lack of problem-solving competences, difficulty with 

complex learning and a focus on superficial reasoning. However, these students could

solve the tasks in the textbook. A refined analysis of these students’ individual reasoning 

while solving the tasks, showed they were able to solve these textbook tasks without 

considering intrinsic mathematical properties by simply finding and copying similar 

situations from the worked-out examples or solutions in previous exercises. The fact that 

the students succeeded in solving textbook tasks but were unsuccessful in problem solving

activities suggests that textbook-centered instruction:

(i) does not support mathematical reasoning and creative thinking;

(ii) does not support problem solving activity.

As far as mathematical reasoning and creative thinking are concerned, Lithner’s analysis 

focuses on the type of reasoning, which when solving textbook tasks, was generally 

superficial and imitative; creative reasoning rarely emerged when solving these tasks. As

the students are unsuccessful when faced with solving problems that require creative 

reasoning, we contend that textbook-centered instruction does not support the development 

of creative thinking. With regard to the learning processes, Lithner argues that following 

step-by-step procedures and following worked-out examples and solutions does not create 

the opportunity for students to develop problem-solving competences. The students will 

probably fail if asked to solve a non-standard task because they have not developed

strategies other than the following of procedures; in situations where the book is not at

hand, students will probably rack their brains for similar situations where they can usually 
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apply a similar strategy to find a method that can be used to solve the problem. We might 

question what actions are in fact to be reified in this situation (Sfard, 1991) and what 

mental mathematical objects are being constructed. Schoenfeld’s (1985, 1992) findings 

were similar to those of Lithner regarding students’ shortcomings in relation to problem 

solving. 

The type of learning that evolves from textbook-centered instruction can be opposed

with learning processes that come to the fore in teaching experiments. For instance, 

Zandieh and Rasmussen (2010) describe how students, when engaged in the mathematical 

activity of defining, constructed the formal definition of a triangle on a sphere using their 

knowledge of triangles on the plane. The students in this study engaged in creative 

reasoning and reasoning with mathematical properties. Moreover, while participating in the 

mathematical activity of defining triangles on the sphere, the students reified the mental 

mathematical object (definition) of a triangle on a sphere and the process that leads to its 

existence (defining). Examining the learning activities in this study they set tasks that 

created the opportunity for students to organize refined definitions of planar triangles and 

their own notions of spherical triangles, which then led to the emergence of the new 

mathematical reality of spherical triangles. This allowed the students to engage in 

meaningful mathematical activity while interacting with their peers and the teacher. 

However, as much as this type of instruction seems to successfully support 

meaningful mathematical activity, it is not easy to implement it in regular classrooms 

(Stein, Grover, & Henningsen, 1996; Stein, Remillard, & Smith, 2007; Stigler & Hiebert, 

2004; Schoenfeld, 1992). It involves substantial curriculum changes (Stein et al., 2007), 

includes extended teacher-training programs (see, for instance, Slavin, Lake, & Groff, 

2009) or requires specific implementation programs (De Corte, Verschaffel, & Masui, 

2004). Design research pays specific attention to practicality (Cobb, Confrey, diSessa, 

Lehrer, & Schauble, 2003; Kelly, 2006; Van den Akker, Bannan, Kelly, Nieveen, &

Plomp, 2007; Burkhardt & Schoenfeld, 2003; Van Velzen, 2012), however, implementing 

these approaches is still a considerable challenge for the regular teacher. 

Our research aims at a pragmatic alternative. Instead of offering instructional 

sequences that, in theory, would enable well-designed construction processes, we elected
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to attempt to create conditions in which the students could engage in collaborative problem 

solving activities and reflection based on the curriculum materials available.

Shift-problem lessons

The instruction model we seek should be doable for teachers and it must, at the same time,

improve the quality of students’ learning. According to current recommendations in the 

Dutch mathematics education community (cTWO, 2007; Drijvers, Van Streun, &

Zwaneveld, 2012), this involves reflection, problem solving and activities that enhance 

mathematical thinking and reasoning. This type of knowledge might be better fostered by 

having the students solve problems, make connections, and reconstruct what they know or 

construct new knowledge. For this we need mathematical tasks and a learning setting that 

creates situations in which students must explain and justify their thinking and reflect on 

their own ideas and those of others - preferably peers. This learning environment differs 

significantly from textbook-centered lessons in that:

- the learning activities are different: the students work from task sequences in which 

the tasks are not preceded by examples, or theory to be applied, and there are no 

worked-out problems. Instead, the tasks are adapted so they become problems to be 

solved. In addition, the task sequences incorporate reasoning questions which focus 

on conceptual thinking and the use of relations;

- the teacher has a different role: instead of providing explanations, the teacher

facilitates students in presenting and discussing their explanations;

- the students have a different role: they participate in mathematical discussions by

showing, explaining, justifying their ideas, asking other students for explanations, 

and criticizing each other’s work. To enhance this, they work together in small 

groups in accordance with the process model (Dekker & Elshout-Mohr, 1998, 

2004).

A learning environment with these characteristics may foster problem-centered activity but

be rooted in the regular classroom practice. If we replace a small part of regular lessons 

with these problem-centered lessons in a collaborative setting, this might be feasible for 

teachers even if they are committed to a mandatory curriculum and materials. Moreover, a 
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change of setting offers a justification for teachers to change their role towards their 

students (Pijls & Dekker, 2011). A temporary change (e.g. intermittent shift-problem 

lessons in regular classrooms) is also less challenging because it does not require a radical 

change in the operative social and mathematical classroom norms (Yackel & Cobb, 1996). 

We labeled our instructional model shift-problem lessons because we see the activity of 

solving problems as a catalyst for shifts in students’ thinking.  

Aim of the study and research question

The aim of this thesis is to examine if and how shift-problem lessons can contribute to 

improving students’ learning in regular classrooms. The central research question is:

- To what extent can shift-problem lessons contribute to improving the quality of the 

mathematical activity and corresponding learning processes of regular-classroom 

students? 

Below we endeavor to answer this central research question by defining four sub-

questions. However, we first discuss the main theories and educational perspectives that 

guided our search (see Fig. I1): realistic mathematics education, social constructivism 

perspective, problem solving activity, collaborative learning and mathematics topic-related 

frameworks. 

Theoretical framework

The domain-specific theory of realistic mathematics education, RME

In our research we used the domain-specific theory of realistic mathematics education, 

RME, (Freudenthal, 1991; Gravemeijer, 2008) as a reference for theories about helping

students construct mathematical knowledge. This theory defines mathematical activity as 

an activity of solving problems, looking for problems, and organizing subject matter. 

Organizing subject matter means organizing mathematical and other matter from reality. 

Freudenthal (1971) called this “local organizing” or, as later defined “mathematizing”

(Treffers, 1987). Students’ informal solutions to mathematical tasks play an essential role 

in the process of learning mathematics. When engaged in problem solving activity in an 

interactive setting, students might be constructing, integrating, and deepening informal and 
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formal mathematical notions that are meaningful to them (Gravemeijer, 1999, 2007, 2008). 

When reflecting upon these meanings (mathematical notions, personal meanings and the 

interrelationships) students construct knowledge that is new and learn how to apply this 

new knowledge. Formal mathematics emerging from this activity is considered a

framework of mathematical relations, which is grounded in the students’ personal 

meanings. In this context, a relational framework of mathematical concepts and relations 

will differ per mathematical topic and must, as such, be defined in relation to each 

mathematical topic. Our research examines shift-problem lessons with respect to geometric 

proof and integral calculus. This is discussed in more detail at the end of this section.

Problem solving and reflection

Problem solving activity requires students to rethink their current knowledge and make 

connections between different mathematical concepts and between old and new concepts. 

Mathematical tasks suitable for fostering problem solving usually involve some 

challenging element and cannot be solved simply by applying standard procedures (Simon 

& Tzur, 2004). This is the case with proof tasks (Selden & Selden, 2003) and tasks that 

require creative and higher-level reasoning (Stein et al., 1996). Students’ engagement in 

problem solving activity is influenced by their learning context (Yackel & Cobb, 1996;

Schoenfeld, 1985, 1992) and students’ perception of their own knowledge (Schoenfeld, 

1985). This thesis adheres to this psychological approach to problem solving, which is 

consistent with Freudenthal’s view of mathematics as an activity: an activity that can 

naturally arise when the learning tasks are genuine and meaningful to the students. An 

interactive learning setting can support this.   

Collaborative learning and interaction

Collaborative learning refers to a type of learning in which students work and think 

together. Their efforts to explain their thinking may encourage cognitive restructuring; in 

their efforts to explain their ideas to others, students could construct conceptualizations 

that are more detailed. Explanations might help students recognize their own 

misconceptions, try to repair gaps in their understanding and strengthen connections 

(Webb, 2009). During interaction, the language used by the students will also have a 
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regulating function and this could steer students towards mathematical discourse (Cobb,

Wood, & Yackel, 1993). For these reasons, learning in general and conceptual 

understanding in particular, can benefit from collaborative learning (Webb, 2009; Dekker 

& Elshout-Mohr, 2004). In addition, it relates positively to achievement if students actually 

use explanations when trying to solve problems or reformulate them in their own words 

(Webb & Mastergeorge, 2003).

Students’ participation in group work is influenced by several factors, such as 

mathematical tasks, classroom norms and teacher intervention. To engage students in rich 

explanations, the mathematical tasks should e.g. involve problems that are meaningful to 

the students or are complex, in the sense that several skills are required to perform the task 

(Dekker & Elshout-Mohr, 2004). Moreover, the way students engage in thinking and 

participate in small-group work is determined by the social norms operative in the 

classroom (Yackel, 2001; Yackel & Cobb, 1996) and influenced by teacher intervention 

(Pijls, Dekker, & Van Hout-Wolters, 2007; Webb, 2009). In our research we used

collaborative learning to create a suitable learning environment for problem solving and 

reflection focusing on reconstruction and construction processes. To help create this

environment, we followed the guidelines of the process model for student interaction 

(Dekker & Elshout-Mohr, 2004). The process model is constructed around four key 

activities: show, explain, justify and re-construct one’s own work, performed by the 

students when solving problem-centered tasks in a group. When the students work together 

on the same mathematical problem they might come up with different ideas and solutions. 

Meaningful learning can be revealed in the reconstruction of one student’s solution or 

argument, which is again shown or explained. To help the students regulate the key 

activities, the process model also comprises interactive activities: regulating activities that 

could elicit the key activities. 

In this thesis, we developed shift-problem lessons for two topics introduced in the 

11th grade at pre-university level: geometric proof and integral calculus. We needed 

domain-specific knowledge to help us plan instructional sequences, analyze and make 

sense of students’ specific learning processes and improve our intervention.
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Geometric proof framework

We build on two main research frameworks regarding geometry education and the relevant 

lines of research relating to the learning of geometry and proof: the framework of 

geometric paradigms (Kuzniak & Rauscher, 2011) and the levels of thinking (Van Hiele, 

1986). With respect to proof, we considered a comprehensive approach to mathematical 

proof (Harel & Sowder, 2007). Our theoretical framework is complemented by other 

relevant research on the learning of geometry (Laborde, 2004; Duval, 2006; Jones, 2000; 

Fischbein, 1993) and proof (Boero, Garuti, & Mariotti, 1996; Raman, 2003) and we 

discuss this in the following chapters.

The framework of geometric paradigms (Kuzniak & Rauscher, 2011) allowed us to 

define what can be considered informal and formal geometric meaning when observing 

students working on tasks. According to this framework, the students’ arguments can be 

characterized in relation to the specificity of the activities and learning goals. The authors 

distinguish between three paradigms: the world of natural geometry (Geometry I); the 

world of natural axiomatic geometry (Geometry II); and the world of formal geometry 

(Geometry III). We do not refer to the third paradigm below as geometry taught in upper-

secondary schools relates mostly to the first two worlds. If the students’ horizon is the 

world of Geometry I, statements are generated using arguments based on perception and 

experiment. These arguments are valid in the material and tangible world and any 

argument may be used to justify a statement or to convince someone; in this case, the 

geometric meaning of the diagrams is confused with their spatial-graphical features (traces 

on the paper). In contrast, statements in the natural axiomatic world of Geometry II are 

generated using theoretical constructs, such as, mathematical definitions and properties. In 

this world there is a well-defined theoretical framework (in the classroom community) and 

for a proof to be valid, it must be set up within this theoretical framework. In both 

geometries, students’ mathematical activity is related to their real world experience. In the 

context of our research, the students’ purpose would have to be reasoning within the 

paradigm of Geometry II but based on reasoning within the paradigm of Geometry I. 

The framework of levels of thinking (Van Hiele, 1986) provides us with a broad 

description of how geometric meaning develops in a gradual learning process. Van Hiele 
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distinguishes several levels in this process. At the ground level, the students recognize and 

refer to geometric objects by their external form. Students' verbal expressions then relate 

to: “configurations that have been made clear by observation” (ibid, p. 49). At higher 

levels, however, the geometric figures are determined by their properties, which become 

the source of students’ descriptions. Students’ references, in their arguments, become the 

mathematical properties and students’ verbal expressions include elements of them.

In the context of geometric proof, we considered a comprehensive approach (Harel & 

Sowder, 2007). Mathematical proof and the processes of proving emerge in this context as 

a response to both cognitive and social needs. When students are solving proof-tasks 

collaboratively, two cognitive-social processes occur simultaneously: individual social 

interaction within the group of students, which leads to local theories and arguments; and 

individual social interaction within the mathematical community, which leads to a general 

solution and formal proof. In our analysis, we attempt to capture both. We focus on 

students' development of a formal proof taking the local solutions produced by the group 

of students into account. When viewed in this light, the process of proving is much broader 

than usually considered in traditional education. It includes, among other things: the 

students’ individual (and shared) need to eliminate doubt, the need to understand an 

intellectual challenge, the need to explain phenomena that can be observed perceptually 

(for example, with dynamic geometry software). This perspective on proving is consistent

with our general theoretical framework. It also fits the goal of interpreting the students’ 

conceptualization of proof in our research setting. Here the students were introduced to 

mathematical proof but had not yet achieved a mature understanding of it.

Integral calculus framework

Research into students’ conceptual development of function (Vinner, 1983; Sfard, 1991; 

Gray & Tall, 1994; Slavit, 1997; Drijvers, Doorman, Boon, Van Gisbergen & Gravemeijer, 

2007) usually makes a distinction between an operational or action conception of function 

(in which function is seen as an input-output process to calculate single values) and a 

structural or more object-oriented conception (in which function can be treated as an object 

upon which it is possible to perform certain operations). An object view of function allows 

that distinct, but equivalent representations such as words, graphs, formulas and tables are 
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recognized and become related. In this way, an object view involves a more rich concept of

function than an action view, which allows to reason with functions at global level (for 

instance, to recognize a certain property of the graph reflected in the table or the formula),

to understand actions performed on a function (for instance, transformations) and,

understanding more advanced calculus concepts (Slavit, 1997). In addition, an object-

oriented view is also useful in establishing a proceptual understanding of functional 

notations (Gray & Tall, 1994), which involves the flexibility to think about function as an 

action, as an object and as both. 

Based on Thompson & Silverman’s (2008) work, we frame the students’

development of the notion of integrals in the idea of integral function. An operational 

conception is sufficient for calculating definite integrals and particular areas. In more 

object-oriented conceptions, the integral function describes the general accumulation 

processes. Central to this approach is covariational reasoning (Slavit, 1997; Oehrtman, 

Carlson, & Thompson, 2008), which involves, in the particular case of the integral 

function, imagining the accumulation varying and the rate of this variation. This view on

integration calculus is also in line with other dynamical approaches to calculus (Tall, 1986,

1996, 2009), in which calculus is about “how things change, the rate at which they change, 

and how their growth accumulates” (ibid, 1996, p. 29).

Students’ understanding of integrals involves the integration of different views of the 

integral function (Duval, 2006) and the flexibility to apply the most appropriate view to the 

situation under consideration (Slavit, 1997; Janvier, 1987; Van Streun, 2000; Duval, 2006). 

Students with a richer understanding of the integral function have probably developed a 

more object-oriented conception (Sfard, 1991), which is required in order to coordinate the 

various representations and meanings of the integral function. Students with a poor 

understanding and fragmented knowledge of the integral function have probably developed 

only an operational conception.

In summary, our theoretical framework is twofold, comprising a general and a topic-

specific part (see Fig. I1). The notion of shift-problem lessons is rooted in social 

constructivist perspectives on mathematics education and can be characterized within the 

general framework: it aims to improve the quality of the mathematical activity and 

corresponding learning processes through collaborative problem solving activity. This 
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thesis focuses on geometric proof and integral calculus. To this end we build on related 

topic-specific frameworks that guide us through the development of the content of shift-

problem lessons and help us identify formal and informal mathematical meanings in 

students’ reasoning and solutions. 

GENERAL THEORETICAL FRAMEWORK
RME and a social constructivism perspective

Problem solving activity and Collaborative learning

TOPIC-SPECIFIC FRAMEWORK(S)

Geometric Proof
Geometric paradigms

Levels of thinking
Comprehensive approach to proof

Integral Calculus
Object/process duality

Covariational reasoning
Accumulation function

Fig. I1 Theoretical framework of the thesis: an overview

The research question addressed in sub-questions 

Our research question is: To what extent can shift-problem lessons contribute to improving

the quality of the mathematical activity and corresponding learning processes of regular-

classroom students? We examined this question by observing mathematics-B students in 

the 11th grade studying the topic-specific framework of geometric proof and integral 

calculus. For this, we formulated four sub-research questions. The first question outlines

the notion of shift-problem lessons. The second and third sub-questions focus on students’

mathematical reasoning and interaction processes during the shift-problem lessons. The 

fourth sub-question examines the effect of learning arrangements with shift-problem 

lessons.  

Sub-question 1: In what way does working with shift-problem lessons in a regular 

classroom lead to mathematical reasoning and proving by the students?

To develop the notion of shift-problem lessons, we focused on one mathematical course 

that was introduced in the 11th grade: geometric proof. We strove here to concretize and 
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examine the idea of shift-problem lessons. We developed four lessons and examined the 

extent to which the students were reasoning mathematically and proving in these lessons,

as these two mathematical activities can be deemed essential to the topic under 

consideration. To answer the first sub-question, we use data resulting from a teaching 

experiment conducted in an 11th grade regular classroom (N=27). We also focused on the 

learning processes ensuing from two groups of students attempting to solve the tasks. We 

followed the qualitative methodology of grounded theory (Glaser & Strauss, 1967; Strauss 

& Corbin, 1998). 

Sub-question 2: How do students reason when solving problem-centered tasks 

collaboratively?

In our work with shift-problem lessons we observed students making connections between 

what they know and the mathematical constructs that emerged during group discussions.

The problem solving activity in the collaborative setting seemed to be the catalyst for this 

enrichment process. Apparently, the setting created by our intervention is feasible for 

investigating students’ construction and reconstruction processes that are probably already 

occurring at some level in regular classrooms (Roorda, 2012). Therefore, in our analysis,

we sought to identify the levels of reasoning in students’ collaborative discourse that 

would help us come to grips with this matter. 

Sub-question 3: At which levels do regular-classroom students reason in a learning setting 

that fosters reasoning and discussion?

At the beginning of this introduction we sought to characterize what we believe is the 

learning assumption behind textbook-centered lessons, namely: it is implicitly expected 

that students approach the tasks at a formal level, in line with the steps laid out in the 

worked-out examples and solutions. However, while attempting to answer sub-question 2,

we noticed that students’ reasoning patterns, when solving problems collaboratively, did 

not fit this assumption. We found this very interesting as learning mathematics in the 

Netherlands and several other countries, is shaped by textbook-centered instruction. The 

type of learning insufficiencies arising in this environment are cited in the literature (see 

e.g. Schoenfeld, 1992; Mayer, 2002) but apparently not in a manner that is clear to most 
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teachers, mathematics educators and researchers (Lithner, 2008). Moreover, insight into

this matter would help us understand how our intervention can support students’

mathematical activity. In our study, we applied the reasoning-levels instrument previously 

constructed and validated in the answer to sub-question 2, to the reasoning of 6 groups of 

students from three different schools. 

Sub-question 4: What are the effects of shift-problem learning arrangements on the 

students’ learning outcomes with respect to geometric proof and integral calculus in the 

11th grade?

The shift-problem lessons were designed in series of iterative cycles of, preparation, try 

out, and reflection. The iterations concerned both teaching experiments with regular 

classrooms, and one-on-one teaching experiments. In addition, we organized an expert 

group of mathematics educators, researchers and teachers, to get recommendations for 

improvement. We started with lessons on geometric proof and later expanded the endeavor 

to the topic of integral calculus. In both cases, the intervention was limited to replacing 

four out of twelve textbook lessons by shift-problem lessons. 

The research on the first three sub-questions resulted in several insights into potential 

learning processes occurring in the setting of shift-problem lessons. The question is: can

the shift-problem lessons affect students’ learning? We therefore examined the effect of 

learning arrangements that combine shift-problem lessons with regular lessons (SPLA). To 

answer this sub-question we conducted a quasi-experimental study. Following a switching-

replications design method (Shadish, Cook, & Campbell, 2002), we applied an untreated

control group design with dependent pre-test and post-test samples. The classes were left 

intact (as we envisaged examining the effect of SPLA in regular classroom settings), and 

used as each other’s control group. The study involved 131 eleventh grade students from 6 

classes, and 6 teachers from 4 different Dutch schools who all used the same textbook.

Overview of the thesis

The construction of formal mathematics is not effectively supported in regular classrooms 

by textbook-centered instruction. On the contrary, we argue that it may impede students 
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from developing the problem-solving competences and ways of reasoning required to deal 

with complex learning and high-level mathematical activity. Carefully designed 

reinvention routes and prototypical instructional sequences found in the research literature 

on problem-centered mathematics education might be too challenging to implement in 

regular classrooms that are shaped by textbooks and mandatory curricula. In order to 

bridge this gap, we developed a more pragmatic alternative and investigated if and how 

these shift-problem lessons could contribute towards improving the quality of the 

mathematical activity and corresponding learning processes. The innovative aspect of our 

approach is that, instead of providing instructional sequences that foster carefully designed 

long-term construction processes, we elected to create conditions in which the students 

could engage in collaborative problem solving activity and reflection based on the 

curriculum materials available. 

The core of the thesis consists of the chapters 1 through 4, which each address one of 

the four sub-questions. In chapters 1, 2 and 3 we focus on examining how shift-problem 

lessons work and how collaborative problem solving can contribute to improving the 

quality of students’ mathematical activity. In chapter 4, we assess whether the shift-

problem lessons we designed contributed to student learning. A greater understanding of 

this matter enables us to make improvements to our intervention and to contribute towards

our understanding of the theoretical underpinning of this intervention: problem solving, 

collaborative learning and mathematical reasoning. Finally, the conclusion (Chapter 5) 

discusses the results of our research and we endeavor to answer our central research 

question.

In Chapter 1, we describe the theoretical background that supported the development 

of our intervention; we outline the design principles that guided the design process and we 

discuss the results of an exploratory teaching experiment in geometric proof in one Dutch 

11th grade classroom. We address our first sub-question by discussing three paradigmatic 

episodes of the type of learning processes ensuing from students’ attempts to solve the 

tasks. 

Chapter 2 focuses on how the students’ thinking and reasoning evolved when 

engaging in collaborative problem solving activity and reflection, which are the learning 

processes we deem to be the catalyst of the working of shift-problem lessons. In answering 
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our second sub-question, we constructed a framework consisting of four levels of 

reasoning that could possibly emerge when students reason collaboratively during problem 

solving. The levels of reasoning discussed in this chapter are tailored to the topic:

geometric proof. Furthermore, we explore the potential usefulness of these levels by 

analyzing student interaction in a small group, working together during the experiment 

reported in Chapter 1.

In Chapter 3 we expand on the studies reported in the previous chapters to examine 

how students reason during problem-centered collaborative group work. We use the 

reasoning-levels framework presented in Chapter 2 to analyze the reasoning of 6 groups of 

students from different classes. Based on our theoretical framework we maintain that the 

way students reason and enrich their knowledge in the shift-problem lessons reflects how

students in regular classrooms expand and improve their understanding. We further state

that this collaborative problem-solving setting, in which the students exchange arguments 

and ideas, is also well-suited to observing students’ reasoning and learning. This is 

addressed by the third sub-question. In addition, we discuss the reasoning patterns 

observed in our data, the interaction pattern between the students and teachers intervention. 

In Chapter 4 we report and discuss the results of a quasi-experimental study that 

examined the effect of shift-problem learning arrangements, which combines four shift-

problem lessons with eight regular lessons. We answer our fourth sub-question by

examining the effect of these learning arrangements on students’ test performance and 

reasoning for two mathematical topics: geometric proof and integral calculus.

In Chapter 5 we discuss our main results and the limitations of our study. We then 

reflect on our findings and close with suggestions for further research. At the same time we 

discuss the implications for teachers, researchers and mathematics educators.
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