
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Shift-problem lessons: Fostering mathematical reasoning in regular classrooms

Abrantes Garcêz Palha, S.

Publication date
2013

Link to publication

Citation for published version (APA):
Abrantes Garcêz Palha, S. (2013). Shift-problem lessons: Fostering mathematical reasoning
in regular classrooms. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/shiftproblem-lessons-fostering-mathematical-reasoning-in-regular-classrooms(0edf05df-961e-45c2-b858-a0276f04fe88).html


Chapter 4 Effect of a Shift-Problem Lessons
approach in the mathematics classroom5

Abstract It remains difficult to engage students in problem solving and 
mathematical reasoning in regular classrooms. In spite of the amount of 
research on mathematical learning, students’ knowledge is fragmented 
and superficial, which leads to unsatisfactory learning results. Teachers 
are committed with a pre-defined curriculum and prescribed textbook, 
which may prevent them to use effective instructional approaches to 
students’ learning. In our research, we developed a learning arrangement -
shift-problem lessons - that focuses on the enrichment of students’
mathematical knowledge by adapting part of the regular lessons for 
collaborative problem solving and reflection. In this chapter we discuss 
the effect of this learning arrangement on students’ learning outcomes. 

Keywords secondary education, student thinking, geometric proof, 
collaborative learning, integral calculus, mathematical tasks, textbook

5 Based on: Palha, S., Dekker, R., & Gravemeijer, K. (submitted). Collaborative problem solving and reflection in 
regular mathematics classrooms: the effect of a Shift-Problem approach in the 11th grade.



Chapter 4

Introduction

Insufficiencies in current regular classrooms

Generally speaking, regular classroom practices do not effectively help students develop well-

founded mathematical knowledge. Students’ knowledge is often fragmented and superficial 

(Lithner, 2004, 2008; Bergqvist, Lithner, & Sumpter, 2008; Mayer, 2002; Schoenfeld, 1992; 

Roorda, 2012) and to some extent comprises pseudo-mathematics (Vinner, 1983). In addition, 

students seem to lack the required flexibility and creativity to engage effectively in problem 

solving activity and high-level reasoning (Stigler & Hiebert, 2004). 

The insufficiencies in the learning environment can be related to the conventional nature 

of the textbooks and the mandatory curricula (Lithner, 2004, 2008; Mayer, 2002; Schoenfeld, 

1992). Namely: (i) new mathematical content is introduced step-by-step; (ii) students are 

expected to follow previously-established procedures supported by worked-out examples; (iii) 

the tasks do not often involve high-level reasoning or creative thinking; instead most require 

calculations and straightforward answers; (iv) the teacher has a central role in giving 

explanations and directions. Students in this kind of environment are not challenged to 

develop the resources, heuristics and autonomy required to engage in problem solving activity 

and construction processes.

In spite of insufficiencies in the learning environment, students may eventually come to 

grips with the mathematics taught (Roorda, 2012). Roorda’s study shows that over a two-year 

period Dutch students gradually develop a deeper, more coherent and correct understanding of 

Calculus. Given the fact that the students start out with fragmented and pseudo-mathematical 

knowledge, a ‘repair’ process apparently occurs in which the students fill in the gaps and 

reconstruct their knowledge by linking their superficial knowledge to what is meaningful to 

them. We assume the students’ knowledge will be revised, reconstructed, deepened and 

expanded in this ‘repair’ or enrichment process. This begs the question: can we adapt 

classroom practices so they support and strengthen repair or enrichment processes?

128



Effect of a Shift-Problem Lessons approach in the mathematics classroom

Instruction towards feasible innovation

Most researchers and educators agree that instruction to improve students’ learning in 

classroom settings should involve: (i) creating an opportunity for students to engage in good 

problems (tasks involving problem solving activity, high-level reasoning and reflection); and 

(ii) fostering the students’ active participation in mathematical discussions. However, these 

two guidelines are not easy to implement in regular classrooms (Stein, Grover, & Henningsen, 

1996; Stein, Remillard, & Smith, 2007; Stigler, & Hiebert, 2004; Schoenfeld, 1992). They 

involve learning situations that are not always positively experienced by students and teachers; 

these situations tend to be disorganized, involve feelings of uncertainty and frustration, and 

bring conflicting ideas to the fore. Consequently, the teacher often either reduces the 

complexity of the tasks in an attempt to make them more accessible to the students, or the 

teacher responds to pressure exerted by the students (Smith, 2000). In addition, students might 

not engage in the tasks at a high level if they do not have the prerequisite knowledge required 

(Stein et al., 1996); or some metacognitive skills and autonomy (Schoenfeld, 1992). Further,

students’ attitude to problem solving is influenced by their habits and strategies acquired in the 

mathematics classroom (Cobb, Stephan, McClain, & Gravemeijer, 2001) and may be impeded 

by insufficiencies in the learning environment (in conjunction with conventional textbooks 

and corresponding instruction).

So, fostering construction and reconstruction processes in regular classrooms cannot be 

done just by setting good problems since the normative setting as it exists in the classroom 

may not support the challenges this activity demands. If opportunities for students to engage 

actively in their learning process are to be created, a different classroom culture has to be 

developed. This must be a culture in which students have different mathematical attitudes and 

norms (Gravemeijer, 2008; Cobb et al., 2001; Yackel, Cobb, & Wood, 1991), and teachers 

who assist students to think for themselves and who prompt explanation and meaning (Stein et 

al., 1996; Webb, 2009). We do not expect to find such ideal classroom culture in regular 

classrooms, though it might be possible to bring this about by improving student and teacher 

interaction. It may, however, be necessary to adapt the learning setting.
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Collaborative learning settings are potentially able to support construction processes by 

requiring students to give explanations, and to justify and criticize their own solutions and 

those of others (e.g. Yackel et al., 1991; Webb, 2009; Dekker & Elshout-Mohr, 2004, Pijls & 

Dekker, 2011). Moreover, when assisting group work in this way, teachers are able to 

determine how students think. This might enable teachers to assist students in making 

connections between what they know, what is meaningful to them, and the mathematics they 

are meant to be learning.

Learning environment that fosters enrichment

However, there is a gap between the ideal learning practices found in the literature and regular 

classroom practice. Instruction that seems to successfully bridge this gap usually involves 

substantial curriculum changes (Stein et al., 2007), or includes extended teacher-training 

programmes (see, for instance, Slavin, Lake, & Groff, 2009). Furthermore, much instruction 

described in the literature refers to experimental settings or prototypical instructional 

sequences that presuppose a carefully constructed route for reinvention along which the 

students construct new mathematical knowledge. However, these solutions are not suitable for 

regular classrooms where conventional textbooks and mandatory curricula must be adhered to.

Shift-problem lessons and shift-problem learning arrangement

In order to bridge the gap between the ideal learning processes found in the literature and 

regular classroom practices we developed shift-problem lessons (Palha, Dekker, Van Hout-

Wolters, & Gravemeijer, 2013). Shift-problem lessons are intended to be feasible for regular 

teachers in regular classrooms and to stimulate students in their mathematical problem solving 

activity and reflection. We attempt to achieve this by limiting the intervention to four of the 

twelve lessons in a textbook chapter and by inserting tasks that are similar to, or adaptations 

of, the textbook tasks. The adapted texts differ from those in textbook as they are not direct 

applications of recently reviewed theory, neither are they preceded by worked-out examples or 

framed in step-by-step procedural guidelines. To create a problem-oriented classroom 
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atmosphere in these four shift-problem lessons we recurred to the heuristic process model 

(Dekker & Elshout-Mohr, 2004) in which students are encouraged to demonstrate, explain, 

justify and criticize their own thinking and that of others while working collaboratively on 

tasks tailored to problem solving and reflection. If the students follow this heuristic, 

differences among them require them to reflect on their own ideas and those of their peers. 

This will encourage them to make connections between their fragmented or pseudo-

mathematical knowledge and what is experientially real and meaningful to them. Moreover, 

the teachers can support the students’ learning process by encouraging them to perform these 

activities. Table 4.1 presents the three aspects that distinguish shift-problem lessons from 

regular lessons.

Table 4.1: Shift-problem lessons versus regular lessons

Regular lessons Shift-Problem lessons

Learning 
activities

The mathematical content is 
introduced step-by-step; The 
students are expected to follow 
previously-established procedures, 
often supported by worked-out 
examples; and the tasks require 
following the rules, calculation and 
straightforward answers.

The mathematical content unfolds from 
students’ discussions and teacher 
interaction; the students are involved in 
problem solving activity. Here tasks do 
not follow the textbook structure and no 
task is based on worked-out examples 
and prescribed procedures; all tasks 
require reasoning and/or conceptual 
thinking. 

Teacher 
role

The teacher has a central role in 
providing explanations and 
directions.

The teacher supports students’ thinking 
and facilitates student-centered
explanations in line with the process 
model.

Students 
role

The students work individually 
from the textbook, or together with 
peers; they follow the teacher’s 
instructions, solve the tasks, and 
check their answers against 
worked-out solutions. 

The students work together in small 
heterogeneous groups, participate 
actively in mathematical discussions in 
line with the process model.
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Aim of the study

This study examines the effect of learning arrangements that combine shift-problem lessons 

with regular lessons (SPLA). To study the effect of SPLA in student enrichment, we use pre-

test and post-test assignments, and compare the students’ learning outcomes following the 

SPLA with their outcomes when following a learning arrangement comprising only standard 

textbook-centered lessons, which we refer to as Regular Learning Arrangement (RLA). We 

used two mathematics courses that were introduced to students in the 11th grade: geometric 

proof and integral calculus. The research question that fits the aim of our study is:

- What are the effects of shift-problem learning arrangements on the students’ learning 

outcomes with respect to geometric proof and integral calculus in the 11th grade?

Topic-specific background to adapt instruction

In addition to a general framework for creating shift-problem lessons, these lessons also rely 

on topic-specific frameworks for learning the mathematical topics under consideration. This 

study covers geometric proof and integral calculus. 

Geometric proof

Based on the literature we expect students with a rich cognitive structure to recall and 

elaborate on key ideas at the theoretical level when constructing proofs (Van Hiele, 1986; 

Raman, 2003; Duval, 2006); they are aware of theoretical perspectives when solving 

geometric problems and can reason at a theoretical level with theorems and properties where 

appropriate (Laborde, 2004; Fischbein, 1993). By contrast, students with fragmented 

knowledge will probably not recognize essential connections and focus on the superficial 

features of arguments (Schoenfeld, 1992; Selden & Selden, 2003). For geometric tasks 

involving diagrams, students might have difficulty distinguishing between the features that 
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refer to geometrical meaning and the particular spatial graphical features presented on paper 

(Laborde, 2004; Fischbein, 1993).

Constructing proofs (proof construction) is, in itself, similar to mathematical problem

solving as it requires different concepts and relations to form in the minds of students at the 

right time (Harel & Sowder, 2007; Selden & Selden, 2003). In the shift-problem lessons, by 

removing the proof tasks from the textbook structure this increases the complexity of problem 

solving activity as the tasks would neither be direct applications of recently reviewed theory; 

nor would they be preceded by worked-out examples; nor would they be framed in step-by-

step procedural guidelines. To encourage students’ reflection and thereby possibly bring about 

knowledge construction, we developed tasks (see also appendix 3) in which the students 

would read and evaluate each other’s written proofs (proof validation) (Selden & Selden, 

2003). We also adapted textbook tasks, in which the students would construct and explore 

geometric constructions using dynamic geometry software that supports the students’ 

development of theoretical reasoning (Jones, 2000). Specifically, exploring and conjecturing 

activities serve as means to link different concrete images to one concept and as means to link 

different concepts. Students in the shift-problem lessons solve the tasks collaboratively, and 

this may result in intensified argumentative activity. According to Mariotti (2006) such 

conjecturing activity may lead to successful proofs if students coherently link up the proof 

they are constructing with the arguments arising during the conjecturing process. Table 4.2

gives an example of a task for each of the three learning activities mentioned above.

Integral calculus

Research into students’ conceptual development of function (Vinner, 1983; Sfard, 1991; Gray 

& Tall, 1994; Slavit, 1997) usually makes a distinction between an operational or action 

conception of function (in which function is seen as an input-output process to calculate single 

values) and a structural or more object-oriented conception (in which function can be treated 

as an object upon which it is possible to perform certain operations). Based on Thompson and 

Silverman’s (2008) work, we framed the students’ development of the notion of integrals in 
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Table 4.2: Examples of learning activities for geometric proof

the idea of integral function. An operational conception is sufficient for calculating definite 

integrals and particular areas. In more object-oriented conceptions, the integral function 

describes the general accumulation processes. Central to this approach is covariational 

reasoning (Slavit, 1997; Oehrtman, Carlson, & Thompson, 2008), which concernes, in the 

particular case of the integral function, imagining the accumulation varying and the rate of this 

variation.

Students’ understanding of integrals involves the integration of different views of the 

integral function as the flexibility to use the most appropriate view required for the situation 

under consideration. Students who have a richer understanding of the integral function have 

probably developed a more object-oriented conception. This is required to coordinate the 

various representations and meanings of the integral function. Students with a poor 

understanding and fragmented knowledge of the integral function have probably only 

developed an operational conception.

As in geometric proof, the shift-problem lessons for integral calculus (see also appendix 

4C) was limited to four of the twelve lessons in the textbook chapter and linked to the 

textbook-learning trajectory. Adapting the textbook tasks for integral calculus was, however, a 

greater challenge. We modified calculation tasks into tasks that could foster covariational 

reasoning (Oehrtman et al., 2008) and encouraged the students to communicate and reflect on 

the notion of integrals and its different meanings and representations. That is, tasks that 

Learning activities Example

Proof construction Given a circle with centre M and chord AB. The line segment MS is 
perpendicular to AB. Prove that AS=BS.

Proof validation Look critically (but constructively) at the proof given by a fellow group 
and comment on it. Aspects to be considered: is the proof correct? Are 
all steps well explained? Are the arguments valid?

Exploring and 
conjecturing

Draw a triangle, ABC, and two angle bisectors with Geogebra
(computer software). Examine whether the third line bisector passes 
through the other two angle bisectors. Explain your findings.
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2

0

a a

a

xdx x adx

stimulate students to reason qualitatively about integrals. For this, we adapted the tasks by 

asking for explanations rather than calculations, and by ensuring these tasks were suitable for 

students’ exploration (e.g. asking for judging on graphing situations, making predictions and 

communication about relationships). To foster problem solving activity, we applied various 

situations that involved dynamic processes that were meaningful to our students (such as total 

distance accumulation over time). When solving problems involving these dynamic contexts, 

the students were expected to connect and reflect upon different meanings of the integral 

function (Oehrtman et al., 2008). We also created or adapted various tasks to create 

opportunities for students to relate multiple representations of the integral function - table, 

formula, graph and words - (Oehrtman et al., 2008) and explore the variation of lower and 

upper limits which involve covariation reasoning on how the dependent and independent 

variables change (Thompson & Silverman, 2008; Yerushalmy & Swidan, 2012). Examples for 

each type of learning activity are given in Table 4.3.

Table 4.3: Examples of learning activities for integral calculus

Learning activities Example

Relate multiples 
representations

Given the graph (and no formula) of function f and the region bounded 
by the graph of f, the x-axis, the vertical line x = 0 and x = a. The student 
is asked to construct a table, the graph and use the integral notation to 
represent single values. 

Connect and reflect 
through different 
contexts

Given the graph representing the velocity of a car against time and the 
formula for the velocity. The students are asked to provide formulas that 
describe the distance travelled starting at different times. 

Explore the 
variation of lower 
and upper limits

Given the area of the surface between the graph of f, the x-axis, the line 
x = 0 and the line x = a, the student is asked to use computer software to 
explore the relationship between the values of x = a and the integral 
values. For instance, students may be asked to adjust the lower limit of 
the integral by starting with numbers 0, 1 and 2 and explain the graphs 
they obtain of the area function (using computer software).

Reason qualitatively Which of the following expressions are true? Explain.

4
3 3

5 1

( 1) ( 5)
a a

x dx x dx
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Methodology

Participants and method

The study involved 131 eleventh-grade students (aged 16-17) from 6 classes, and 6 teachers 

from 4 different Dutch schools that all used the same conventional textbook. This study refers 

only to the data recorded for the 109 students who attended all measurement assignments. The 

classrooms were left intact as we envisaged investigating the effect of SPLA in regular 

classroom settings. We applied a switching-replications design method (Shadish, Cook, & 

Campbell, 2002), applying an untreated control group design with dependent pre-test and post-

test samples (see Table 4.4). This enabled us to perform a quasi-experimental study; the 

classes were left in their entirety, and used as each other’s control group. We applied two 

mathematical courses: geometric proof, and integral calculus, both new to the students.

Table 4.4: Design of the experiment

Semester I Semester II

Group 1     N=52 O1 X1 O2 O3 O4

Group 2     N=57 O1 O2 O3 X2 O4

X1 = Shift-Problems geometric proof (G);  X2 = Shift-Problems integral calculus (I)

O1= pre-test G; O2= post-test G; O3= pre-test I; O4= post-test I

The SPLA condition (N=52 in geometric proof and N=57 in integral calculus) followed a

combination of shift-problem lessons and regular lessons and the RLA condition (N=57 

geometric proof and N=52 integral calculus) followed only the regular lessons. 

RLA condition and SPLA condition

The RLA condition (see also Table 4.1) worked from the textbook during the 12 lessons in 

each course. The students worked individually or in pairs, and the teachers were expected to 

assist them in line with their traditional instruction practices. Prior to the start of the 

experiment, classroom observation showed that the teachers’ mode of instruction comprised a 
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combination of teacher-centered explanation (using the board), and encouraging students to 

work independently from the textbook. In the latter case, teachers would walk around the class 

answering questions. 

The SPLA condition followed 4 shift-problem lessons and 8 regular lessons. Both, the 

general and topic-specific structure of these lessons are described in the theoretical section. 

Specifically, the instructional sequence comprised four worksheets with about four tasks each. 

Students were allowed to consult a theoretical aid distributed at the beginning of the course, 

comprising a handout giving main definitions, theorems and properties. To motivate the 

students’ collaboration and discussion, each student group was given one large worksheet 

(A3) and asked to produce a solution the entire group agreed on. The students wrote out their 

solutions on the worksheet and handed it to the teacher at the end of the lesson. Insofar as

possible, the student groups were heterogeneous as regards to school achievement level. The 

groups were formed at the beginning of the course on the basis of the pre-test results and the 

teachers’ judgement. We opted for heterogeneous groups because of their potential to foster 

enrichment processes: students with different personal and mathematical backgrounds 

involved in problem solving activity could generate different ways of solving the problems 

and discussing their solutions; it also allowed for old and new concepts to be recalled, 

deepened, integrated and expanded on into new perspectives. General instructions for the 

teachers included encouraging students to work according to the process model heuristic and

ensuring that students engaged in the mathematical activity as intended by the task. The 

teachers were instructed to go to each group, listen to the students’ conversations and ensure 

that all students participated. If students were unsure or confused, the teacher would first ask 

the students to discuss the problem in the group and refer to the handout. 

Preparing the teachers

Previous research on teachers’ intervention according to the process model (Pijls et al., 2007; 

Pijls & Dekker, 2011) shows that teachers find it difficult to encourage students to work in 

line with the process model, in a consistent manner, in their regular classroom. Findings from 
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this study suggest that temporarily limiting a role change to just a few lessons makes it easier 

for the teacher to remain consistent in the role of process help. Moreover, the different nature 

of the tasks and students’ interaction could help teachers modify their teaching style. We also 

introduced the teachers to the heuristic process model (one meeting, two hours) before the 

start of the experiment. During the experiment there were 4 meetings with teachers 

(approximately 8 hours in total) during which the materials were reviewed and discussed, 

lesson plans adjusted, and the teachers’ support discussed and agreed upon. The teachers were 

asked to look at the materials and prepare their own lesson plans (about 6 hours preparation in 

total) before the meetings. 

Data collection and data analyzes

To investigate the effect of SPLA in student achievement, we performed three different data 

analyzes. A comparison of pre- and post-proficiency test results with the SPLA and RLA 

conditions (ANOVA) provided information on the effect of SPLA in students’ learning 

outcomes. A more refined analysis (using pre-defined categories) of the students’ solutions to 

the post-test for each topic provided information on the students’ level of reasoning. 

Furthermore, an analysis of the groups’ results relating to the SPLA condition provided 

information on students’ participation and engagement in topic-specific learning activities, 

which may have contributed to the students’ enrichment. 

In the pre- and post-test assignments, the same tasks were given to the students before 

the course began and about one week following completion. A test with 5 items was 

developed for each course to measure students’ learning of the content covered during the 

intervention period. The complexity of the assignment increased along with the tasks, with the 

last task being the most complex. The tests for geometric proof and for integral calculus are 

set out in appendices 4A and 4B respectively. 

We defined three hierarchical and general categories that we applied to our data in order 

to analyze the students’ enrichment. We defined the categories on the basis of our general 

framework and considered the specific characteristics of the topic. Because a detailed 
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description of the three categories for each task would exceed the page limit for this chapter,

we only give a general description here (see Table 4.5), which we subsequently illustrate with 

an example.

Table 4.5: General characteristics of the categories

Category Description

Theoretical 
reasoning (TR)

The solution is based on general concepts or theoretical properties and 
definitions required to solve the task correctly. There might be small 
mistakes, or the solution might not be expressed in a formal way, but the 
answer clearly shows the student knows how to apply the general concepts 
or theoretical notions.

Relational 
reasoning (RR)

The solution is compound; it includes a reference to general concepts and 
particular values; or it refers to theoretical notions, but is contextualized in 
particular and specific features of the task setting. 

Empirical 
reasoning (ER)

The solution is based on the specific features of the task setting: spatial 
graphical features of graphs, formulas and/or subsequent actions 
(calculation of specific values); or geometric diagrams and/or subsequent 
actions (rotating, placing, reflecting, translating)

No answer (NA) No answer is given

The aim of task 1 (appendix 4.B) was to examine the extent to which the students enriched 

their concept image of the integral function. According to our theoretical framework, a rich 

concept of the integral function entails the students’ flexible use of different views on the 

integral function when solving problems. To solve task 1b, the students were required to 

conceive the variation of the area of the triangle as a mathematical function; in this case an 

operational view entailing the calculation of single values of the defined integral is 

insufficient. The student must have a more object-oriented view on function to describe the 

dynamic situation. Solutions of this kind were categorized as theoretical reasoning (TR). This 

included descriptions of the entire set of input-output pairs through a general formula (e.g. 

0 0

( ) 2
x x

A x tdt tdt ), or identification of the presence or absence of certain properties (e.g. 
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constructing a table with the successive values of the integral function, observing a linear 

pattern in the output values and concluding that the formula for the integral function must be 

quadratic). Solutions referring to general notions (formulas, tables or word descriptions) but 

unclear or contextualized in particular and specific features of the task setting were 

categorized as relational reasoning (RR). With respect to task 1b, this includes signs that the 

student can perceive the area accumulating as the variable x varies, the student attempts to 

explain how the accumulation varies but cannot yet express it in a formula or in general 

mathematical terms. For example: ‘the graph grows more and more’. Solutions based only on 

specific features of the task setting and without any signs of theoretical notions (relevant to the 

task) were categorized as empirical reasoning (ER). For instance, solutions, in which the 

students only presented the calculation of single values of the integral function.

Furthermore, to perform data quantitative analyzes, we attributed the value 0 to ER; 1 to 

RR and 3 to TR. The value 0 was given to ER and NA because both solutions were considered 

not acceptable mathematically. The value 3 was given to TR (instead of 2) because we 

consider that moving from ER to RR is less challenger than moving from RR to TR, which 

requires students’ elaboration on mathematical notions and the production of mathematically 

acceptable solutions. Using univariate analyzes (ANOVA) with the pre-test as covariate, we 

analyzed and compared pre- and post-test results in both conditions.

To investigate students’ participation and effective engagement during the shift-problem 

lessons, the groups’ written solutions to the tasks were collected and analyzed. The groups’ 

solutions for each task could be considered: (i) correct: if the solution was acceptable from the 

mathematical point of view; (ii) partially correct: if the solution was incomplete and/or 

comprised a number of mistakes, and (iii) incorrect: if the solution was incomplete and/or 

comprised serious mistakes; (iv) no answer: if no answer was given. We did not use the 

categories (Table 4.5) for these analyzes because the categories could not be applied to all 

tasks (e.g. construct a table, or find the error in the proof). 

Other data collected during the experiment (not used in this chapter) included lesson 

observations, videotapes of single group interactions, and audio recordings of the teacher.
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Results

Effect of SPLA and RLA in individual learning outcomes

Our research question was: What are the effects of shift-problem learning arrangements on the 

students’ learning outcomes with respect to geometric proof and integral calculus in the 11th

grade? We examined this question by using the data gleaned from a teaching experiment 

involving six regular classrooms (N=109). We applied a switching-replications design method 

(Shadish et al., 2002), the classes were left in their entirety and used as each other’s control 

group (see also Table 4.4). The reliability of the pre- and post-tests in both courses was high: 

Cohen’s kappa = 0.902 for geometric proof and 0.889 for integrals. 

Table 4.6 shows the mean proficiency score and standard deviations achieved by the students 

in each condition. The maximum value for the mean score is 3. 

Table 4.6: Pre- and post-test scores for the proficiency test in both conditions SPLA and RLA

The results in Table 4.6 show that in both learning arrangements the students improved their 

knowledge significantly during the course; the mean score increased from 0.50 to 1.50 when 

the students followed the SPLA, and increased from 0.45 to 1.30 when they followed the 

RLA. To examine whether the students’ improvement in the SPLA was significantly higher 

than the RLA, we performed a univariate analysis (ANOVA) with the pre-test as covariate. 

Results from this analysis indicated that the difference was not significant (F(1.215)=3.394, 

p=.067). In addition, the mean post-test scores in both conditions were substantially lower 

than the maximum score (3 points), showing that students’ improvement was somewhat 

limited.

SPLA (N=109) RLA (N=109)

Mean                     SD Mean                    SD

Pre-test 0,50 0,53 0,45 0,42

Post-test 1,50 0,74 1,30 0,74
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The previous analysis suggests that the SPLA, as a general learning arrangement, did not 

significantly affect the students’ achievement. For these students, participation in the SPLA 

was insufficient to enrich their knowledge or at least lead to satisfactory learning outcomes. 

Some enrichment did, however, occur. The quality of the knowledge developed and, should its 

quality differ from the learning arrangement, is examined next. Here we must consider each 

mathematical course separately as we have a framed mathematical understanding within each 

mathematical topic under consideration. 

Topic specific effect of RLA and SPLA  

We start by examining the extent of improvement of the students’ proficiency in each course. 

Table 4.7 shows the mean proficiency scores of pre- and post-test in both groups for geometric 

proof (G), and integral calculus (I). 

Table 4.7: Proficiency mean scores of pre- and post-test for geometric proof and integral calculus

Geometric proof
SPLA(G) (N=52) RLA(G) (N=57)

Integral calculus
SPL(I) (N=57) RLA(I) (N=52)

Mean SD Mean SD Mean SD Mean SD

Pre-test 0,48 0,46 0,58 0,48 0,51 0,59 0,30 0,30

Post-test 1,82 0,66 1,74 0,58 1,21 0,69 0,82 0,58

For the geometric course, Table 4.7 (columns 2-5) shows that the learning outcomes from pre-

test to post-test improved significantly in both groups, SPLA(G) and RLA(G). However, using 

covariance analysis with the pre-tests as a covariate, no significant difference was found

between the students who followed SPLA(G) and those who followed regular geometric proof 

lessons (F(1.106)=1.540, p=.217). For the integral calculus course, Table 4.7 (columns 6-9) 

shows that the learning outcomes in both groups, SPLA(I) and RLA(I) from pre-test to post-

test also improved significantly. Using covariance analysis with the pre-tests as a covariate, 

we found that the learning outcomes of the students participating in the SPLA(I) significantly 
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outperformed those of the students who followed regular Integrals lessons (F(1.106)=5.003, 

p=.027). 

The previous results suggest that the SPLA(I) may have significantly affected the 

students’ achievement. The geometric proof shows improvement but it is unclear if this relates 

to the shift-problem lessons.

Reasoning 

To investigate the students’ reasoning, we analyzed and categorized the students’ solutions to

the post-test assignments in each course. We applied the three categories previously defined 

on the basis of our research framework (see also Table 4.5) to the data. Namely: TR 

(Theoretical Reasoning), RR (Relational Reasoning) and ER (Empirical Reasoning). Fig. 4.1

shows the results of the analysis of the students’ solutions for geometric proof. 

Fig. 4.1. Level of students’ reasoning in the geometric proof post-test

Fig. 4.1 shows that the percentage of TR solutions is similar in SPLA(G) and RLA(G) for all 

the tasks. In tasks 3 and 5, the SPLA(G) shows a slightly higher percentage than the RLA(G)

and the opposite is true for task 1. Greater variation between both groups is found in the RR 
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solutions. In this situation, the SPLA(G) has a higher percentage of solutions in this category. 

The only exception is task 3, but the SPLA(G) has a higher percentage of TR solutions in this 

task. Furthermore, we see that the percentage of TR solutions in both groups decreased 

dramatically from task 1 to task 5. What is interesting is the higher percentage of TR and RR 

solutions in the SPLA(G) with regard to the more complex tasks 4 and 5.

Evidence of a rich cognitive structure (Van Hiele, 1986; Duval, 2006) can be traced to 

the presence of TR solutions. We see in Fig. 4.1 that students (in both conditions) demonstrate 

enriched knowledge when solving proof tasks requiring basic geometrical notions or more 

simple tasks (tasks 1, 2 and 3), and poor and fragmented knowledge when constructing 

complex proofs (tasks 4 and 5). The higher percentage of RR solutions for the SPLA(G) 

suggests that the students could recall relevant mathematical notions for solving the problems 

although they had difficulty explaining these notions. We also found a higher percentage of 

TR and RR in the SPLA(G) with regard to tasks 4 and 5, which suggests that these students 

were better equipped to cope with complex tasks. 

Fig. 4.2 shows the analysis of the students’ solutions for the integral course.  

Fig. 4.2. Level of students’ reasoning in the integral calculus post-test
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Fig. 4.2 shows that the higher percentage of TR solutions relates to the SPLA(I) for all tasks 

except for task 4. Moreover, most of the solutions reached by the SPLA(I), with the exception 

of task 4, are in the two higher categories (RR or TR), while in the RLA(I), all the solutions, 

except for task 2, are in the majority and they are in the two lower categories (NA or ER). In 

addition, the figure shows that the percentage of TR solutions in all tasks is actually very low 

in relation to the other categories. 

Following Thompson and Silverman (2008) and Gray and Tall (1994), we could argue 

that a richer understanding of integrals involves the integration of different views of the 

integral function and the flexibility to apply them appropriately: as an input-output process to 

calculate areas and distances and as an object-oriented notion that describes general 

accumulation processes. According to the categories we defined, evidence of the students’ 

enrichment concerning the integrals concept would be revealed by the presence of TR 

solutions. Analyzes of the results presented in Fig. 4.2 suggest that the students in the SPLA(I) 

seem to have developed a richer concept image of the integral function than the students who 

followed the regular lessons. This understanding is, however, somewhat limited taking into 

account the low percentage of TR solutions in all tasks. 

In summary, two main aspects came to the fore from the previous analyzes: firstly, 

students’ knowledge in SPLA(G) is similar to that in the RLA(G), but the students seem more 

capable of engaging in complex tasks; secondly, students’ knowledge developed in the 

SPLA(I) seems to be richer than in the RLA(I). The major difference between the SPLA and 

the RLA is the shift-problem lessons; the rest of the lessons are, in principle, similar for both 

groups of students. We therefore examined student engagement by analysing the products 

constructed collaboratively in the shift-problem lessons. 

Student engagement in shift- problem lessons 

In both courses, the four shift-problem lessons were spread throughout the chapter. Table 4.8

presents the results of the analysis of students’ solutions to the tasks in geometric proof. Table 

4.8 shows that the percentage of tasks solved correctly decreased dramatically at the end of the 
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Table 4.8: Percentage and number of groups' solutions with respect to the lessons in geometric proof

Solution
Lesson 1 (N=20)

beginning
Lesson 2(N=20)

middle
Lesson 3(N=17)
after the middle

Lesson 4(N=18)
end

Correct 29% (23) 55% (44) 15% (13) 9% (8)

Partially 33% (26) 12,5% (10) 24% (20) 29% (26)

Incorrect 25% (20) 20% (16) 26% (22) 23% (21)

No answer 14% (11) 12,5% (10) 35% (30) 39% (35)

course. In the last shift-problem lesson, engagement in an effective solving process was very 

low (only 9% of tasks were solved correctly) and much lower than in the first lesson (29% of 

tasks). The best results were achieved in lesson 2, which focused on explorative tasks using 

geometric software. The previous results suggest that the learning quality of the tasks was far 

less in the last lessons. 

Based on our topic-specific framework, we identified a number of learning activities that 

could support enrichment processes within each mathematical topic. Each learning activity can 

be fostered by one or more of the tasks used in the shift-problem lessons. The analysis of the 

students’ success on the tasks, which we see as an indicator of their engagement in these 

learning activities, provides more insight into the quality of the content of the shift-problem 

lessons. An overview is given in Table 4.9 for geometric proof.

Table 4.9: Percentage and number of groups' solutions to the three types of tasks for geometric proof

Solution Proof construction Proof validation Exploring and 
conjecturing

Correct 20% (36) 11% (8) 55% (44)

Partially correct 34% (61) 15% (11) 12,5% (10)

Incorrect 24% (44) 25% (19) 20% (16)

No answer 22% (39) 49% (37) 12,5% (10)

The analysis of the results in Table 4.9 shows considerable difference between the solutions to 

tasks fostering the three kinds of learning activities as regards performance. Most of the proof-
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validation tasks were not answered or were answered incorrectly; only 11% of the groups’ 

solutions were correct. In contrast, most of the exploration-and-conjecturing tasks were 

answered correctly (55%). Most of the answers to the proof-construction tasks were partially 

correct (34%) and the remaining solutions can be more or less equally divided among the 

other categories.

The results in Tables 4.8 and 4.9 suggest that the students had difficulty coping with the 

ever-increasing complexity of the lessons, which could explain their difficulty with complex 

tasks in the post-test assignment. Moreover, the students barely engaged in proof-validation 

tasks. The instructional sequence was probably not always in line with most students’ level of 

knowledge and understanding at the time they were given the tasks. The more positive results 

for exploring-and-conjecturing tasks using a computer are interesting. Although the students 

did not always focus on the relevant connections when exploring the geometric figure., they 

were able to explore geometric constructions in dynamic ways. This exploration work 

combined with argumentation may have assisted some students in solving the more complex 

tasks (such as tasks 4 and 5 in the final assignment). It is, however, quite probable that most 

students were unable to develop a sufficiently rich knowledge-base to succeed in coming up 

with proof - which would have been required for becoming more involved in intense reflection 

work as was envisaged by the proof-validation tasks.

Table 4.10 shows the results of the analysis of the students’ solutions to the tasks 

regarding the integral calculus course.

Table 4.10: Percentage and number of groups' solutions in respect of the lessons in integral calculus 

Solution
Lesson 1 (N=20)

beginning
Lesson 2 (N=20)

middle
Lesson 3 (N=20)
after the middle

Lesson 4 (N=20)
end

Correct 61,1% (77) 33,3% (35) 50,0% (63) 45,7% (48)

Partially correct 19,8% (25) 36,2% (38) 15,1% (19) 30,5% (32)

Incorrect 4,0% (5) 20,0% (21) 9,5% (12) 14,3% (15)

No answer 15,1% (19) 5,7% (6) 25,4% (32) 9,5% (10)
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Table 4.10 shows that in contrast to the geometric proof course, most tasks were solved 

correctly or partially correctly (about 70% in total) in all four lessons. This suggests that the 

students’ effective engagement in the shift-problem lessons was reasonable. In addition, we 

see that most of the correct solutions (61%) were given in the first shift-problem lesson; and 

that the percentage is slightly lower (46%) in the last lesson, which suggests that the students’ 

engagement was more or less constant during the course. The lowest percentage of correct 

solutions was to be found in the second lesson (33%), which, in contrast, does have the most 

partially correct solutions (36%). This lesson involved tasks using computer software, in 

which the students’ written solutions and explanations were often unclear and incomplete. 

This could explain these values. 

A more refined analysis of the content of the lessons is presented in Table 4.11. 

Table 4.11: Percentage and number of groups' solutions to the four types of tasks for integral calculus

Solution Relate multiples 
repres.

Connect and 
reflect 

Explore  
variation 

Reason 
qualitatively

Correct 50% (103) 50% (123) 37% (91) 42% (96)

Partially 26% (53) 25% (61) 32% (80) 30% (68)

Incorrect 15% (30) 11% (27) 18% (44) 13% (30)

No answer 10% (20) 15% (37) 13% (32) 16% (36)

Here we examined the extent to which the students were involved in the topic-specific 

learning activities. Table 4.11 shows that about half the solutions regarding the first two kinds 

of learning activities were correct through the lessons. The tasks set to explore the variation of 

upper and lower limits were completed with less success. The relatively high percentage of 

correct and partially correct solutions in Table 4.11 is interesting in that it shows the students’ 

high response to tasks that were fundamentally different from the tasks they were solving in 

regular lessons. We may argue that the students in the SPLA(I) had to develop different socio-

mathematical norms, strategies and ways of reasoning in order to engage in these tasks in the 

shift-problem lessons.  
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Conclusion, Discussion and Implications

Prototypical instructional sequences found in the research literature on problem-centered

mathematics education are extremely difficult to realize in regular classrooms that are shaped 

by textbooks and mandatory curricula. We developed shift-problem lesson arrangements 

(SPLA) as a pragmatic alternative. They are designed to be feasible for regular classrooms and 

allow for the genuine mathematical activity of the students. Instead of offering instructional 

sequences that would enable well-designed construction processes, we chose to create 

conditions in which the students could repair or enrich their fragmented and partly pseudo-

mathematical knowledge. Typical of the shift-problem approach is that the intervention is 

limited to replacing a few of the textbook lessons with lessons in which students work 

collaboratively in a problem-oriented atmosphere; the tasks require problem solving and 

reflection but are still closely related to textbook tasks. We researched the effect of SPLA in a 

switching-replications design method (Shadish et al., 2002). The results showed a small, but 

not significant, positive overall effect for the SPLA condition, which can be specified as a 

non-significant positive effect for the SPLA-geometric proof lessons, and a significant positive 

effect for the SPLA-integral calculus lessons. 

A more refined analysis of the students’ solutions for the integral calculus course 

revealed that the students in the SPLA(I) condition could reason at higher levels at the end of 

the course than the students in the RLA(I) condition. This suggests that the SPLA(I) 

contributed towards enriching students’ knowledge. The refined analyzes also showed that the 

students experienced more difficulty when attempting to solve the complex tasks in the 

geometric proof assignment. In the geometric proof course, the students in the SPLA(G) and 

RLA(G) generally did not answer or could not correctly solve the most complex tasks in the 

post-test. A higher percentage of students in SPLA(G) could recall key concepts and make 

associations essential to solving the tasks, but were unable to elaborate on them. 

Further analysis of the shift-problem lessons revealed that the students’ success in 

solving the tasks followed a different pattern in both courses. During the integral calculus 

course the students’ effective engagement in the tasks was average and remained more or less 
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constant during the course; as a rule, the students also engaged in the learning activities 

envisaged by the tasks. In the geometric proof, however, the students’ effective engagement in 

the tasks decreased dramatically during the course. 

The overall results indicate that implementing the SPLA characteristics is not enough to 

foster enrichment processes that significantly impact on the students’ achievements. A 

limitation of the study, however, is that the intervention was restricted to four shift-problem 

lessons, which may be insufficient to impact greatly on student learning. 

Nevertheless, the results of the SPLA condition in the integral calculus course suggest 

that the SPLA approach does have potential. But the differences between the two courses 

imply the need for good topic-specific didactic elaboration. Adapting textbook tasks to create 

a culture of problem solving, reflection and discussion in small-group settings must be 

complemented by a concentrated instructional design effort in which potential learning routes 

are previously thought, avoiding pitfalls, and taking account of the essential features of the 

mathematics under consideration. In addition, a longer intervention period with a multiple of 

four shift-problem lessons may be necessary to measure effects. 
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